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Abstract

Stability estimates of Holder type for the problem of evaluating the Caputo fractional
derivative are obtained. This ill-posed problem is regularized by a Tikhonov-type
method, which guarantees error estimates of Holder type. Numerical results are pre-
sented to confirm the theory.
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Tikhonov-type regularization method - error estimates

1 Introduction

Fractional differentiation, including Riemann-Liouville and Caputo derivatives, has
been proposed for a long time [17, 20, 21]. Recently, Caputo fractional derivatives
received great attention due to their applications in interdisciplinary research prob-
lems. Caputo fractional derivatives are usually used to model heterogeneous systems
and phenomena exhibiting anomalous diffusion [14, 16, 19]. Numerous references
on numerical methods for computing fractional derivatives are available [12, 13, 15,
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18, 20]. The challenge arises when the function requiring derivative calculation is
not precisely defined; we only have its approximation with a known margin of error.
In this scenario, utilizing traditional calculation methods is impractical because the
problem is ill-posed (in the sense of Hadamard). An effective regularization method
is necessary to address this challenge. Several methods have been proposed for the
problems involving Caputo fractional derivative and fractional partial differential equa-
tions [4, 10]; however, they still need further enrichment. In this paper, we investigate
a new regularization approach to this problem in the square-summable function space
L?[0, T]. The ill-posedness of the problem in L?[0, T is discussed in more detail in
Section 2. The proposed regularization method is based on the regularization of noisy
data by employing the Tikhonov regularization technique combined with an appropri-
ate modification. This modification allows us to avoid the choice of the regularization
parameter, which is needed for the classical Tikhonov regularization method, and
obtains an error estimate of order % (see Remark 4.4).
For a fixed T > 0, the Caputo fractional derivative, D%g, of a function ¢ (¢) of order
a with o € (0, 1) is defined by
t /
DY) = — ) 4o 0<r<T. (1)
P —a) Jo (1—s5)"

where I' is the Gamma function. In this paper, we consider the problem of evaluating
D“q given by (1) for @ € (0, %) to guarantee that D%g is square-summable in [0, 7']
for each ¢ () € C[0, T].

Throughout the paper, notations (-, -) and || - || are used to denote the regular inner
product and norm in L2[O, T1], respectively, i.e.

1

T T 2
(f.g) = /0 Fg(t)dr and | f] = ( /0 |f<t>|2dr> Vf.geL’0.T].

We assume that the exact data, ¢(¢) in (1), is unknown; but instead, we know the
measured data, denoted by ¢° () € L?[0, T] satisfying

lg® —qll < 6. )

The parameter § > 0is called the noise level. We assume further that the exact data ¢ ()
is of twice continuously differentiable function on [0, T'] satisfying ¢ (0) = ¢’(T) = 0
and there exists a constant £ > 0 such that

lg”ll < E. 3

The condition ¢(0) = ¢'(T) = 0 can be replaced by ¢'(0) = ¢(T) = 0 while still
ensuring this method works. However, this condition is necessary to hold theoretical
analysis and numerical implementation of the method. More details about this point
will be discussed in Section 3 and Section 5.

The rest of the paper is organized as follows: Section 2 presents an example to demon-
strate the ill-posedness of the problem in L2[0, T']. Section 3 is devoted to the Stability
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estimate. Section 4 presents the Regularization method. The numerical partis discussed
in Section 5.

2 Analysis of ill-posedness

In this section, we analyze the ill-posedness of the problem of evaluating the Caputo
fractional derivative of a function in space L2[0, T]. We consider

f(( Ly

qn(t) =
n

(T)2n
o ,1€[0,T],n=1,2,3, ...
n2

(t)=0,t€[0,T].

We have foralln = 1,2, 3, ...

gn(0) =0,

n—1 2n—1
g, (1) = f; ((%) - (%) ) >0, Vte[0,T],
q,(T) = 0.

We notice that ¢, g, € LZ[O, T], Vvn=1,2,3,...and

T

lgn — qll* = /0 (gn(s) — q(s))*ds
n / T((7)" %
n% Jo n
30T 2n 1 an 1 3n
n S S S
n—afo <n—z(?) taa () -2 (3) )‘“

1 s\ 2n+1 1 s\ 4n+1 1 s\ 3n+1 T
<2n+1<7) Y aan+ (T) _3n+1(7> )‘0

1 1 1
<2n+1+4(4n+1)_3n+1>

o, 1
e \24+1 " q@ 4y 34 Ll)”

This implies that

=T

=T

n

ne
n

ne

1 1 1 1
lgn —qll = — -+ — - NT.Vn=1,23.. &
n2 2+Z 4(4+Z) 3+z
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We notice that

~T 1 1 1
lim i 1 + 1~ 7= 0. (5)
=00 p2 2+z 4(4+ﬁ) 3+z
From (4) and (5), we obtain
lgn —qll - Oasn — oo. (6)

On the other hand, we have
T
ID%q, — D%q|* = / (D%gy (1))*dt
0
, 2
T 1 t
- f WS 4\ ar
o \I'—a) Jo -5~
, 2
1 T t
= —/ / ACEFR I )
r’2(l—a) Jy o (t—s)

WithO < s <rwehaver —s > 0 and

rkghml s gnmkgk=l o=l e = 1.2, n,Vn=1,2,3, ..
Therefore, we obtain

"= = - s 3 s
>t —s)" T +s" 445"

=n(t —s)s" L.

This implies that
" — "

®)

t—s5 =<

nst—1°

With0 <s <t < T wehave 0 < & < £ < 1. Therefore 0 < (£)" < (%)n*1 and

0< (L)n — (1)" < 1foralln =1,2,3,... We have

T T
"—s" T (7)' = ()
nsn—l - ; (%)n—l
< Z ! < Z ! )
et (3)
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From (8) and (9), we have

T 1
1—s=<—.— ,0<s<t<T,Vn=1,2,3,.
no(F)"
or
@ T” ! v 1,2,
(t —s) §n—a.(%)m,0<s<t<T n= 3,.

This implies that

1 n* (7)™

> L 0<s<t<T,Vn=1,23,.. (10)
(t —s)® T«

From (10) and q,;(s) >0, Vs € [0, T], we obtain

/Ot (tq;l_(z))a ds > ;_‘: /Ot (%)m q;l(s)ds

t \/_3 _ B
) ) e
_ n%f /Ot % <<%)n(l+a)l 3 (%>n(2+a)1> s

nZvn3 (( )"(H‘O‘) (%)n(2+a)>

S

S

t

T« n(l +a) n2+a)

n(14+a) 1 \n(2+a)
:nw_(( ) () ) an

T* 1+ 2+

From (7) and (11), we have
n(l+a) 1 \n(2+a) 2
1D, — DI = — / (”f< 0 ) )) dr
F(l—oe) o (1+a) 2+ a)

nn T (%)n(l—ka) (%)n(2+oz) 2
- F2(1—a)T2°‘,/0 ( I+a) Q4o ) a

B n%n /T ((;—)Zn(lﬂx) ~ (%)n(3+2a) (%)Zn(2+a) ) .

T2l — )T (1+a)? 2(1+a)(2+o{) 2+ a)?
2 2n o n(3+2a
_wnr () e (5) !
21 —-e)\2n(1 +a)+1H(1 + a)? nB+20)+ DU +a0)2+a)
(L)Zn(2+0t)+l T
+ L ‘

2nQ2+a) + 12 +a)?
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n“nT‘fZ“( 1 B 2
l-o\Cnl+a)+ DA +a)? @n@+20)+ D1 +a0)2+ )

1
* 2n2+a) + 1)(2+a)2)
B n* -2 ( 1 B 2
S Pl-o\el+a) +D0+a)?  (B+20)+ D1+ )2 +a)

1
+ .
2Q2+a) + )2+ a>2)

Since

. no 12 < 1 2
1m —
= P21 —a) N2+ o)+ D1+ 0)? (B+20)+ D1 +a)2+w)

1
Teero+he ) =

we obtain
|D*q, — D*q| — o0 asn — oo. (12)

From (6) and (12), we conclude that the problem of evaluating the Caputo fractional
derivative of a function in space L>[0, T is ill-posed.

3 Stability estimate

This section presents a stability estimate for the problem of evaluating the Caputo
differential derivative in the space L2[0, T']. We begin with discussing the stability

estimate for the problem of evaluating the first-order derivative, summarized in Lemma
3.1 below.

Lemma 3.1 Supposethatq;(t),i = 1, 2 are twice continuously differentiable functions
in L?[0, T satisfying q; (0) = q/(T)=0,llg/| <E,i=1,2, and

g1 — gq2ll < 6. (13)
The following estimate holds
lgi — g5ll < V28E.
Proof Set q(t) = q1(t) — q2(t), t € [0, T]. Using the integration by part, we get

T T T
fo (q’(S))zds=/0 q’(S)dq(S)=q/(T)61(T)—q’(0)61(0)—/0 q(s)q" (s)ds

T
_ /0 4()g" (5)ds. (14)
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By the Cauchy-Schwarz inequality, we have

2 2

T T T
(/0 (q/(S))ZdS> :(_/0 Q(S)q//(S)dS> :(/0 Q(S)q//(S)dS)

T T
< /0 g (s)2ds /O 1q" (5)Pds

//“2

2

= llgl*liq
= llg1 — @21*llg} — g5 11?

2
< llgr — a0 (g Il + llgs 1)
< 82(QE)* = 48 E>. (15)

From (14) and (15), we obtain
2

T
lgi — g3ll* = (/0 (q’(s))zds> < 482E2,

which is equivalent to

gy — q3ll < V23E. (16)
The lemma is proved. O
Theorem 3.2 (Stability estimate) Suppose that q;(t), i = 1, 2 are twice continuously

differentiable functions in L*[0, T satisfying ¢;(0) = g/(T) = 0, ¢/l < E,i = 1,2,
and

g1 — gq2ll < 6. a7)

The following estimate holds

\/ETI_Q\/E
(1 —a)/T=2a

Proof Set q(t) = q(t) — q2(¢), t € [0, T]. We have

D%g1 — D%qa|| <

2

T
2
||D“q1—D°‘qz||2=/ |DYq(1)| dt
0
1 t /
q'(s) dt

T
zfo Td—a) Jo (-5
T ’ 2
E;f </l )] ds) dr. (18)
r’2(1—a) Jy o (& —s)"

@ Springer

ds




448 Numerical Algorithms (2025) 99:441-462

By the Cauchy-Schwarz inequality, we have

Tl N (1, ?
</0 <r—s)ads> - (/0 (r— el (S)'ds)
2
<f0 T /|q (s)Pds
! 1 / 2
</ mds/(; lg"(s)|ds

1 —2u
f (q'(5))*ds

2ds. (19)
We conclude from (18), (19) and Lemma 3.1 that
1 T T1—2a
ID“q) — D q||* < / 28 Edt
a—-a) oy 1-2a
1 T2—2ot
=20F 20
Naa-—-ol-—2«a 20
or
1D Dol < VAT /5E
& Ll = - 2a
The theorem is proved. O

Remark 3.3 The following example demonstrates that if the homogeneous boundary
conditions do not hold for both functions at both endpoints, then the stability results
in Theorem 3.2 do not hold although other conditions are satisfied. For 7 > 0, let
f(t) =2024¢ and g(¢r) = 0, Vr € [0, T] then

f(0)=¢g0)=¢(T)=0;
f(T) =2024T #0, f/(T) = 2024 # 0.

Thus, g(¢) satisfies the boundary condition stated in Theorem 3.2 while f (z) does not
satisfy. Futhermore, in this case, we see that

T3
If —gll = 2024 £l 0;

I — gl =2024T > 0;

" N 2024 7372
ID*f — D%l = > 0;
1—a)'d—a)V 3 —2a

') =g"(t) =0, Vi € [0, T].
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T3
Therefore, if we choose § = 2024,/ 3 > 0, E > 0 small enough then

If—sgl<s
If"Il < E (21)
lg"Il < E.
However, we have
I =gl > V28
and
V2T /SE

ID* f — D%l >

I'(l—a)/1-2a

which contradicts the estimate in Theorem 3.2.

4 Regularization method

As stated in the introduction, we assume that the exact data ¢ (¢) is twice continuously
differentiable function on [0, T] satisfying ¢ (0) = ¢’(T) = 0 and (3). We denote by V
the set of such functions, that is, V is the set of all functions p that is twice continuously
differentiable function on [0, 7] such that p(0) = p’(T) = 0. Obviously, g € V. With
this definition, V is a nontrivial subspace of L2[0, T'].

Theorem 4.1 V is a nontrivial subspace of the Hilbert space L*[0, T1.
Proof 1t is easy to see that V is a subspace of L2[0, T]. Indeed, for any p;,pp €V,
for any B8, u € R, we have

(Bp1 + up2) (0) = Bp1(0) + up2(0) =0,
(Bp1+ 1p2)' (T) = Bp i (T) + up5(T) =0,

and S p1 + u p> is atwice continuously differentiable function. Therefore Bp;+ups €
V. Furthermore, consider

pt)=te " +Te Tt,0<t<T,
then p is a twice continuously differentiable function, p(0) = 0 and p’(T) = 0; thus,

p(t) € V. Therefore, V is a nontrivial subspace of the Hilbert space L2[0, T]. O

The proposed regularization method aims to find an approximation to D%g from the
measured data ¢’ (¢). This approximation is expected to be D p, where p € V.Lemma
3.1 and Theorem 3.2 guarantee the stability of the first-order and the Caputo fractional
derivative of p due to both p belonging to V. To find p, we first consider the functional.

2
(9 ) 82
J(p) = z lp I"+1p—q°l", peV. (22)
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Then, J(p) is convex on V. The convexity of J(p) follows immediately from the
convexity of || p || and | p — ¢°||%.
The existence of the minimizer of J(p) on V is unsure; however, let denote I :=

ing J(p) then for each T > 0, there always exists p € V such that
pE

J(P) < I+ 18 (23)

This function p is the one whose Caputo fractional derivative of order « is the approx-
imation of D%g. The error estimate result is stated in the theorem below.

Theorem 4.2 If q(¢t) is twice continuously differentiable function on [0, T'] satisfying
q(0) = ¢'(T) = 0 and (3), the measured data qa(t) e L?[0,T] satisfies (2) and
P €V satisfies (23) then

V2(t + 2+ VT + )T /SE
(1 —a)v/1=2a ’

|D*p — D] =

Proof We have 5
. (S _n _
J(p) = (E) 17 17+ 17— 4° I

Therefore, we have

17 —¢’1><J(P) <I+18= inf J(p) + 82

IA

J(q) + 782

S\2 .
= (E) g 1%+ llg — g°I* + =82

By assumption,
lg Il < E,llg® —qll <8,

we obtain

_ §\2
17— 41> < (E) E?+ 8%+ 18 = (t +2)8°.

This implies that

17— °ll < VT +26. (24)
From (2) and (24), we get
17—qll <17 -4+ 14’ —qll <+ T +2)s. (25)
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Similarly, we also have

5\ .
<E> 17 17 <J(@P) <1+ 1t8* = inf J(p) + 8>
peV

J(q) + 782

s\?
= (E) g 1*+llg —g°I* + ©8?

IA

S 2
< (E) E?+ 8%+ 18% = (t +2)8°.

Hence, ,
7 Il <+~t+2E. (26)

Furthermore, we have

gl < E < T +2E. 27)

Combining (25), (26), (27) and applying Theorem 3.2, we obtain

V2t + 2+ VT + )T /SE
(1 —a)/1=2a ’

|D*P — D] =

The theorem is proved. O

Remark 4.3 With p defined in Theorem 4.2, the following error estimate for the first
order derivative holds

[7 = 4’| < {2 +2+ VT DE.

Proof The above error estimate is obtained straightforwardly from (25), (26), (27),
and Lemma 3.1. O

Remark 4.4 The order of the error estimate in Theorem 4.2 is % Indeed, the error
estimate in Theorem 4.2 has the form

| D*p — D%q|| < €82 (28)

where C is a constant. Obviously, the Holder exponent in estimate (28) is % The
order of our error estimate in Theorem 4.2 is the same as that in Theorem 3.1 in [4].
Furthermore, we noticed that the order of error estimate in Theorem 2.1 in [10] does
not exceed %

@ Springer



452 Numerical Algorithms (2025) 99:441-462

5 Numerical Implementation

In numerical implementation, we will try to avoid the role of the term 782 in (23).
Employing the denseness of V' in the Sobolev space H02O defined below

HEy = {u € H*([0, T)|u(0) = 0, u/(T) = 0}, (29)

with the norm ||u||Hg0 = \/Ilull2 + ||u'||? + ||u”||?, we replace P in (23) by the

minimizer p* of J(p) in Hgo. The existence and uniqueness of the minimizer,

p* = argminJ (p), is guaranteed. Before proving this claim, we first present the

peH&O
Lemma 5.1 below. This is an application of Friedrichs inequality (see [22], Theorem
1.9), but we here prove it for the readers’ convenience.

Lemma 5.1 There exists a constant C > 0 such that

(i) llull < CQu©)] + llu')
(i) Nlull < C(Ju(T)] + llu’ll)

forallu € H'([0, T)).

Proof We provide the proof for item (i). The proof for item (i) can be done similarly.
By contradiction, if the property is not true, there exists a sequence (u,) C H' ([0, T])
such that

llnll > n(lu(0)] + llu, 1) (30)

We can choose u,, such that [lu,|| g1 = /|lunll* + |lu,|> = 1. The sequence u, is
bounded in H' implies that there exists a sub-sequence, still denoted by (u,,), that

converges strongly to u in L2([0, T]) (due to the compact embedding of H Lo, D
in L2([0, T'])). Condition (30) implies that u), converges strongly to 0 in L Asa
result, u,, converges in H'. The uniqueness of the limit implies that the limit is still .
In addition, u(0) = 0. On the other hand, since u;l — 0asn — oo, itdeduces u’ = 0.
Thus, u is a constant. Combined with u#(0) = 0, we obtain u = 0, which contradicts
ll|| 1 = 1 (since ||u, || 1 = 1 for all n). O

By applying Lemma (5.1) twice we have that, there exists Co, C; > 0 such that for
eachu € HOZO:

lu”ll <= Cu' (D) + ') = Cll| 3D
W'l < C1(ju(O)] + flulh) = Cyllull (32)

As a result, there exists cx, C* > 0 such that c.|lu”|| < llullgy, < C*|lu”|l, which
indicates that ||| is a norm in HO20' We now use this property to prove the existence
and uniqueness of the minimizer of J(p) in Hgo.

Theorem 5.2 The functional J(p) defined in (22), has a unique minimizer in HOZO'
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Proof Let
Iy = inf{J(p)|p € HY) > 0.

There exists (p,) C H020 such that J(p,) — [ asn — oo. It is easy to see that
(pn) is bounded in H&). Indeed, by contraction, if (p,) is unbounded, there exists a
sub-sequence, still denoted by p,, such that || p, ||z — oo asn — oco. Thus J(p;,) >
(%)2 ||p//||2 — 00 as n — 00. The boundedness of (p,) in H(%O deduces that there
exists a sub-sequence, still denoted by p,, such that ||p, ||z converges weakly to
p* € Hgo as n — 00. By compact embedding of H? to L?, p, — ¢° converges
strongly to p* — ¢°. Thus,

J(p*) = limsup J(py) = lim J(py) = 1I.

n—o0

Therefore p* is a minimizer of J. The uniqueness of p* is obtained straightforwardly
from the strict convexity of J. O

As mentioned at the beginning of the section, D¢’ is regularized by D® p*, where
p* in Theorem 5.2 (instead of p in Theorem 4.2). The Holder-type error estimate
established in Theorem 4.1 always holds. In addition, the first order derivative of ¢°

is regularized by p as shown in Remark 4.3. In practice, p is replaced by p*.

5.1 Discretization and Algorithm

Let N > Obe anevenintegerandt = [¢,] € RN+ such thats, = nh,¥n =0, ..., N,
h = % be a mesh of [0, T']. Corresponding to a generic function p(z), we denote by
p = [pn] a vector in RN+ such that p, is an approximation of p(t,) under the finite
difference method. By the centered difference approximation, the approximation of
p"(t)), D?p,, is written as

_ Pn+1 — 2pn + Pn—1
= 2 ,

D?p,

At n = 0, the boundary condition p(0) = 0 implies po = 0. Atn = N (ty = T), by
employing the condition p’(T) = 0, we write the approximation of p"(¢y) as

_Pn-D)—p'tNy) _ PN—PN-1 _ PN-1— DN

D2
PN “h —n2 h?

We denote p € RY, the vector obtained from p by removing the first entry, i.e.,
p = [p1; Pl. Then the vector D2p ~ [p”(t,)],n = 1, ..., N is written in the form of
matrix-vector multiplication as follows:

D?p = AP,
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where matrix A is given by

-2 1
1 -2 1
1 1 -2 1
Azﬁ e e
1-21
i 01 —1 |
The functional J is written as
- S\ o~ o
J(P) = (E) IABI® + 1P — @I (33)

The first task is to seek the minimizer 1;* e RN of J:

~ . ~ A ~ 52
p* = arg min J (p) = arg mm(E) IABI + 1P — @°1I°
peRVN peRY

Then, [;" is such that
($)?*ATA+1)p* - =0. (34)

When §/E small enough, matrix (%)ZATA +1 is invertible, which implies the unique-
ness of p*, p* = ((%)2ATA + I)_IT]"S.

In the following examples, we consider some particular functions g (¢) such that their
Caputo fractional derivative can be calculated analytically. The perturbed data, G, is
obtained from ¢(r) by adding a random noise. In particular, §° is defined by:

gy =q(t) +8, n=1,....N (35)
where §,, n = 1, ..., N are uniformly distributed random numbers in (-3, §). The

algorithm is summarized as follows:

1. Solve equation (34), then define p* := [0; f)jk ].

2. The function p*(¢) is such that: p*(t,) = p; foralln =0, ..., N.

3. Evaluate (p")' (1) at 1, by: (p") (t0) = 2. (p*) (ty) = 0, and (p) (1) =
Pt Pict oy = 1,2, N -1,

4. Calculate D p* using the trapezoidal rule.

Values of parameters 7 = 3, N = 3000, t = 0 are fixed for all examples.
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The exact and noisy data with 10% noise 09 ‘The exact ar‘|d reconslrut‘;!sd data wiu‘1 10% noise

Exact data Exact data
Noisy data — reconstructed data

02 L L L L . 0 L
0 05 1 15 2 25 3 0 05 1 15 2 25 3

Fig. 1 An example of the noisy data and the corresponding regularized data for Example 1. Left - The
noisy data with 10% noise (the zigzag orange curve) and the exact data (the smooth blue curve). Right -
The regularized data (the smooth orange curve) compared to the exact data (the smooth blue curve)

5.2 Numerical examples

Example 1: In the first example, the exact data has the formula ¢(f) = r2e* — ct
where A < 0 and c is chosen such that ¢/(T) = 0. Follow [4], D¥(r?¢*!) is given by

DY (t%M) = hus — @At + 2uy + Q1774 + AT E 5 o (A1),

where
1 -1,., l1—-a,,
= —F—1 —t E12 o(At
“SFl e n +— 12— (A1)
1 -1, 2 -« 1 -1 ,_ l—a |_
=——¢"° —r ¢ —— 1t TYE 1 p_o (At
“TT0Za) A t= (F(l—a)k T 1.2-a (M)
o0 Z
and E, 5(z) = ZO m is the two - parameter function of Mittag - Leffler type.
Thus,
c tlfot
D% (t) = D*(1%e") - ———— — .
rN—w)l —«
Here we choose particularly A = —1 and ¢ = —3e~ 7. The noisy data §° is given
by (35), where §,, n = 1, ..., N obtained numerically. Fig. 1 illustrates the noisy

data, with noise level § = 10% (left) and the associated regularized data (right). The
approximation D*p* o = 0.1,0.2,0.3,0.49 associated with 10% noisy data (see
Fig. 2) is shown in Fig. 2. Table 1 claims the efficiency of the method, which indicates
that the ¢>—norm relative error estimates between D% p* and D%g are small enough
although § large.
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Caputo fractional derivatives, a = 0.1 Caputo fractional derivatives, a = 0.2

0.8
0.8+
0.6
0.6
04+
04+
0.2
0.2 Exact Exact
—— Approximation —— Approximation
0 : : : : : 0 : : : : :
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
7 Caputo fractional derivatives, a = 0.3 07 Caputo fractional derivatives, a = 0.49
0.6 - 1 0.6
051 1 05+
04+r 1 04+
0.3+ 1 03+
021 1 02+
o1l Exact | o1l Exact
’ —— Approximation ’ —— Approximation
0 : : ‘ ‘ ‘ 0 : : ‘ ‘ ‘
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3

Fig.2 Example 1: Approximations of Caputo Fractional Derivatives (CFD). For each sub-figure, the blue
curve plots the CFD of the exact data, D% q; the orange curve plots the corresponding approximation, D% p*,
where the measured data is perturbed by 10% noise. Values of « are indicated in the title of each sub-figure

Example 2: In this example, we choose the exact data g (1) = t>e~!/> —ct*, where c is

chosen such that ¢’(T') = 0. With the choice 7 = 3 from the beginning, ¢ = ¢~3/2 /4.
The noisy data ¢° is defined as same as in Example 1. The Caputo derivative of the
exact data is given by

ré) o

D% (1) = Da(tze_t/z) - m )

where D(1?¢'/?) is provided in Example 1 that applies to A = —1/2.

Table 1 Relative errors for

Example 1 for different values of o =01 «=02 @ =03 « =049
dand 5 =0.02 0.0022 0.0031 0.0043 0.0065
8 =0.05 0.0044 0.0058 0.0077 0.0105
§=0.1 0.0072 0.0092 0.0120 0.0156
§=02 0.0116 0.0144 0.0180 0.0227
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The exact and noisy data with 10% noise The exact and data with 10% noise
T T T T T T T T

08

06

04t

02

Exact data || —— Exact data
data — reconstructed data
. . . . n 0 I 1 . N N
0 05 1 15 2 25 3 0 05 1 15 2 25 3

Fig. 3 An example of noisy data and the corresponding regularized data for Example 2. Left - The noisy
data with 10% noise (the zigzag orange curve) compared to the exact data (the smooth blue curve). Right -
The regularized data (the smooth orange curve) compared to the exact data (the smooth blue curve)

Caputo fractional derivatives, a = 0.1 14 Caputo fractional derivatives, a = 0.2
1.2 1.2
1 1
0.8 1 0.8
0.6 [ 1 0.6
0.4 1 0.4
02l Exact ‘ . 02l Exact . .
—— Approximation —— Approximation
0 : : : : : 0 : : : : :
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 25 3
12 Caputo fractional derivatives, a = 0.3 1 Caputo fractional derivatives, a = 0.49
T 08}
0.8
0.6
0.6
0.4+
0.4
0.2} Exact 02y Exact
—— Approximation —— Approximation
0 : : : ‘ : 0 : : : : :
0 0.5 1 1.5 2 25 3 0 0.5 1 15 2 2.5 3

Fig. 4 Example 2: Approximations of Caputo Fractional Derivatives (CFD). For each sub-figure, the blue
curve plots the CFD of the exact data, D¥q; the orange curve plots the corresponding approximation, D% p*,
where the measured data is perturbed by 10% noise. Values of « are indicated in the title of each sub-figure
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Table 2 Relative errors for

Example 2 for different values of @=01 «=02 ®=03 o« =049
dand o 5 =0.02 0.0014 0.0019 0.0028 0.0046
5 =0.05 0.0025 0.0032 0.0044 0.0064
§=0.1 0.0039 0.0049 0.0064 0.0086
§=02 0.0068 0.0083 0.0103 0.0131

Similar to Example 1, we provide an example for the measured data, q‘s, with 10%
noise and the corresponding regularized data (see Fig. 3). The approximation of the
D‘)‘q‘s fora = 0.1,0.2, 0.3, 0.49 and the £2—norm relative error estimates are shown
in Fig. 4 and Table 2, respectively.

Examples 3 and 4 below, we consider two more cases of ¢ (¢). In each example, briefly
illustrate 10% noisy data compared to the exact data, the regularized data, figures
about the behavior of the approximation associated with various values of «, and
tables showing the relative error estimate of the method.

Example 3: We choose ¢ (t) = 1 — cos(2t) — ct, where ¢ = 2sin(27') is chosen such
that ¢’(T) = 0. The Caputo derivative of the exact data is given by

¢ tlfa

Dq(t)=—it""* (E12-a(i21) — E1 p—a(—i20)) = ——— ’
q()==it ™ (E12-a(i20) = E12-a(=i20)) rl-—o)l—«

VO<a <.

Similar to Example 1, we provide an example for the measured data, q‘s, with 10%
noise and the corresponding regularized data (see Fig. 5). The regularization for D%¢°,
a =0.1,0.2,0.3,0.49 and the ¢2—norm relative error estimates are shown in Fig. 6
and Table 3, respectively.

The exact and reconstructed data with 10% noise

3 The exact and noisy data with 10% noise
T T A T

AP

Exact data — Exact data
Noisy data —— reconstructed data
05 . . L L n 0 . . . n n

0 05 1 15 2 25 3 0 05 1 15 2 25 3

Fig. 5 An example of noisy data and the corresponding regularized data for Example 3. Left - The noisy
data with 10% noise (the zigzag orange curve) compared to the exact data (the smooth blue curve). Right -
The regularized data (the smooth orange curve) compared to the exact data (the smooth blue curve)
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3 Caputo fractional derivatives, a = 0.1 3 Caputo fractional derivatives, a = 0.2
25 J 251
2 2l
1.5 1.5
1 1
0.5 Exact — 05} Exact
—— Approximation —— Approximation
0 : : : : : 0 : : : : :
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25 3
3 Caputo fractional derivatives, a = 0.3 3 Caputo fractional derivatives, a = 0.49
2.5 | 25¢
2 L
2
15}
15
1+
1
0.5
0.5 Exact 0 Exact
— Approximation —— Approximation
0 : ‘ ‘ ‘ : -0.5 ‘ ‘ ‘ ‘ :
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 2.5 3

Fig.6 Example 3: Approximations of Caputo Fractional Derivatives (CFD). For each sub-figure, the blue
curve plots the CFD of the exact data, D g; the orange curve plots the corresponding approximation, D p*,
where the measured data is perturbed by 10% noise. Values of « are indicated in the title of each sub-figure

Example 4: In the last example, we choose the exact data ¢ (1) = 1> — 6¢. The Caputo
derivative of ¢ is given by

ra 6 1l
pig(ty = e 0 L
ré—ow rMN—-—ao)l —«o

The measured data, g%, with 10% noise and the corresponding regularized data is
illustrated in Fig. 7. The approximation of the D%¢® for @ = 0.1,0.2, 0.3, 0.49 and
the £2—norm relative error estimates are shown in Fig. 8 and Table 4, respectively.

Table 3 Relative errors for

Example 3 for different values of @ =01 «=02 @ =03 « =049
dand 5 =0.02 0.0014 0.0020 0.0031 0.0056
8 =0.05 0.0045 0.0060 0.0083 0.0119
§=0.1 0.0110 0.0141 0.0183 0.0243
§=02 0.0265 0.0324 0.0402 0.0502
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0 Caputo fractional derivatives, a = 0.1

Exact
2 —— Approximation
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0 Caputo fractional derivatives, a = 0.3

» Exact
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Fig. 8 Example 4: Approximations of Caputo Fractional Derivatives (CFD). In each sub-figure, the blue
curve plots D%g; the orange curve plots D% p*, where q‘s is perturbed by 10% noise. Values of « are
indicated in the title of each sub-figure

Table 4 Relative errors for
Example 4 for different values of

§and o

a=0.1 a=02 a=03 a =0.49
5 =0.02 0.0008 0.0011 0.0017 0.0035
8 =0.05 0.0018 0.0024 0.0034 0.0053
§=0.1 0.0039 0.0050 0.0067 0.0092
§=02 0.0087 0.0109 0.0138 0.0179
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