Chuong 2

Phuong trinh dao ham riéng tuyén
tinh cap hai

2.1 Phan loai vA dua vé dang chinh tic phuong trinh
dao ham riéng tuyén tinh cap hai

Trong khong gian R" cho phuong trinh tuyén tinh cap 2 sau day:

n

Z ”8 (99[:] Zb

ij=1 i=1

c(x)u = f(z) (2.1)

6 day céc ham s6 a;;(x), bi(x), c(z) va f(x) xac dinh trong R” . Gid st a;; = aj;.
Da thtc dac trung ctia phuong trinh (2.1 14 dang toan phuong:

Z a;j(2)&E;. (2.2)

i,j=1

Ta c6 dinh diém 2° = (29,29, ..., 2%) va xét phuong trinh (2.1)trong lan can ctia

diém 2 nay. Khi d6 ma tran (a;(2°));;_; 1a ma tran héng so.
Dung phép bién doi tuyén tinh khong suy bién y = Az, véi A = (ag)?

va det(a;)s j—1 # 0, khi do ta c6

Ys = Zasj:cj, s=1,2,...,n (2.3)
j=1
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Viét phuong trinh (2.1)) duéi dang bién s6 mdi, ta co

ou " Ou Oy ou ,

_— . = s ’ — 1’ ceey , 24
axj 2y, axj Loy, ! 24)
8x 8,27] Z Sz:: 8y18y8 OéstklZ'. (25)

Phuong trinh (2.1]) trong bién méi tai diém 2° c6 dang:

. 0 *u : 0 ou 0
Z aij(z”) Z @sj@lim + Z bi(z ) 9y, ——ag; +c(z”).u = f(z). (2.6)
5 i=1

ij=1 ls=1

Thay doi thit tu lay tong ta c6

~ d%u ou ou
aii(2%).aga)——— = F(y1, oo, Yn, Uy —, .., —) = 0. 2.7
;(]2 H00)-0j0u) 5 = Pl st s ) (2.7)

Da thtc dac trung ctia phuong trinh (2.7)) 1a

n n n
Z Z aij(:po).ocsj.ali Ne. 1 = Z a:l(xo).ns.m. (2.8)
s,l=1 \1,5=1 s,0=1

Néu bay gio ta dat
n
= Z%ﬂ?s, (j=1,...n) (2.9)
s=1

tic 1a ¢ = A'n, trong d6 A" 1a ma tran chuyén vi clia ma tran A. Khi d6 ta c6

Z a;jGiCj = Z ajj Z Qg QUMM

i,j=1 i,j=1 5,0
n n n
*
= E E QijQsiQpy | Ms- T = E Qgp-Ts-M1- (2.10)
s,l=1 \1i,7=1 s,0=1

Nhu vay, phép bién d6i (2.3) bién phuong trinh (2.1)) tai diém z° vé phuong
trinh (2.7)), thi phép bién doi béi ma tran chuyén vi ctia (2.3)), tiic 1a phép bién
ddi ([2.9) bién ddi da thic dic trung cta (2.1) vé da thic dic trung cia (2.7)
va ngudgc lai.
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Ta c6 cac nhan xét sau:
a) Trong dai s6 nguoi ta chiing minh dugc rang ton tai phép bién doi tuyén
tinh thue, khong suy bién (2.9)) bién dang toan phuong

n n
Z a;;Gi¢;  ve dang Za}"mz, v6i ay = £1 hoac 0. (2.11)
ij=1 =1
S6 cac s6 hang mang dau duong, dau am hay bang 0 bat bién déi véi phép bién
doi khong suy bién.

b) S6 cac s6 hang mang dau duong, dau am hay bang 0 dung bang s6 nghiem
duong, am hay khong ctia phuong trinh |a;; — Ad;;| = 0,

(1 Khi i=j
5”'_{0 khi i+ J. (2.12)

¢) V6i phép bién doi (2.9) dua da thiic ddc trung clia phuong trinh (2.1)) vé dang
(2.11)), thi phép bién ddi bdi ma tran chuyén vi cia (2.9)), tidc 1a (2.3) sé bién
phuong trinh (2.1)) vé dang

" 0% ( ou 8u>
g a— =F sy Un, U, e 2.13
£ L oy? s It O (2.13)

trong do
af =4 —1 (2.14)

Day la dang chinh tic ctia phuong trinh (2.1)) tai diém z°.

Dinh nghia 2.1.1. a) Phuong trinh tai dieém x° dugc goi la eliptic néu
tat cd cdc hé so aj trong khdc khong va mang cing mot dau, tic la hodc
ai =1 hodc af = —1, VI =1,n.

b) Phuong trinh tai diem 2V dugc goi la hypecbolic néu tat cd cdc a; #0
va trong dé c6 mot s6 hang mang dau trai vdi (n — 1) s6 hang con lai cila af.

c) Phuong trinh tai diem x° duoe goi la parabolic néu cé s6 hang a;
nao dé bang 0, tat cd a} con lai khdc khong va mang cung mot daw va hé so cia
s0 hang 5;—1; khdac khong.

d) Phuong trinh phi tuyén cap hai

2
ou ou 0u):0

Qlay,x9,. ., Ty Uy — ey — e, ———
Y Y Y Y 783:'1’ 7axn7 7axzaxj
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vdi an ham u(xy, o, ..., x,) tai diem ¥ = (29,25, ...,20) duoe goi la eliptic,

hypecbolic hay parabolic néu phuong trinh

- 0%u
At
Z K (91’281'J

1,7=1

(¢ day A;j = a{ %‘i }) la eliptic, hypecbolic hay parabolic tai diem z° =
ariazj

(29,29, ..., 20).

Bai tap

Bai 1. Phan loai cac phuong trinh sau:

)
) 2y + 2Ugy + Uyy + 2uy +2uy —u =0

) uxm+2uxy+uyy+ux+uy+u—xy2 =0

) Uz + 2Ugy + 2uy, + 4y, + Suz, — Uy +yu, =0

) 2y — 2Uy, + 2uy, +3u, —u =0

) Ugy — AUy + 2Uy, + duyy + usy — 20yu, + 3zu = 0

) Uz + Uy + Usyy — 3:E2uy +ysinzu +ze ¥ =0

) BUyy + Uy + 5y + 4y — Sy, — duy, — u+y2isinz =0
) 2, + Uyy — Uy = 0 m 1a s0 nguyén khong am
0) TUzz + Yty —u =0

Bai 2. Phan loai va dua vé dang chinh tac cidc phuong trinh sau
1) Upy — 2Ugy — Uy, +uy =0

) Uz — 6Uzy + 10wy, + uy — 3uy, =0

) Uz + Yuyy + %uy =0

) (14 2%z + (14 y*)uy, + 2u, +yu, =0

) €Uy, + 26" Uy, + euy, + (e — e )u, = 0
) Ugy — 2Ugy — 3ty + 2, + 6uy =0

) Ugz — TUgy + 120y + uy — 2u, =0

) Ugy + Ay + Uyy + Uy +uy — T2y =0

) Upy — 2CO8 TUyy — (3 + sin? T)Uyy — YUy =0

0) Ugy + 2Ugy + DUy — 2uy + 3u, =0

1) 2ugy + 2ugy + Uy + 2uy +2uy —u =0

2) Uy + 4Uyy + duyy + duy +uy +12u =0

3) Ugy + 2Ugy + Uyy + Uy +uy +u =0

— === O 00 0 Ot
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2.2 Phuong trinh loai eliptic

2.2.1 Phuong trinh Laplace va ham diéu hoa

Gia stt mién bi chin € C R".Ta xét phuong trinh Laplace trong mién .

n
0*u
— =
i=1 0]

Ay = 0 (2.15)

Dinh nghia 2.2.1. Nghiém lién tuc ctia phuong trinh Laplace duge goi la ham

diéu hoa. N6i mot cach khac, ham u dudc goi 1a ham diéu hoa trong mien €2
3

£ . ~ ~ , ~ u ? ~ ~
neu u lien tuc trong € va c¢6 cac dao ham —— théa man phuong trinh ((2.15)
14

7
Cac bai toan bién
Cié st bien ciia mién Q 1a 9Q. Trén bien OQ cho mot ham lién tuc p(z'), z € 9.
a)Bai toan bién thit nhat (bai toan Dirrichlé)

Tim ham diéu hoa trog mién  va nhan gia tri trén bien 90 1a ham ¢(z).
N6i mot cach khac 1a tim ham u(x) lien tuc trong Q. gia tri bien la ¢(z') va
thoa man phuong trinh (2.15]).

Ta c6 thé viét ngan gon bang ki hieu:

{ Au=0,z €

 Joa= (,0(517/),517/ c 00 (2.16)

b)Bai toan bién thi hai (bai toan No6iman)
Tim nghiém lien tuc ctia phuong trinh (2.15)va dao ham theo huéng phap

L, au ’
tuyén o nhan gia tri bién 1a ¢ (z ), 2’ € 9Q; tic la:
n

Au=0,x €
{ g—z loo=1(x), 2’ € 0Q (2.17)
c)Bai toan bién thit ba (bai toan hén hgp)

Tim ham u thoa man phuong trinh trong mien ) va dieu kién bién
hén hop (pu + qg—Z) loa= ®(z) tiic 1a :
Au=0,z € ) }

ou

(pu + q(?_n) lon= (I)(l’/),l’/ € 0f) (2.18)
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Nghiém co ban ctia phuong trinh laplace
Ham s sau sé goi 1a nghiém co ban ctia phuong trinh Laplace trong mién
R™\z° :

1 1

on(n =) [z = a0 2 neu n > 2

e(x —2%) = (2.19)

%lnm, neun =2

trong d6 w, 1a dién tich mat cau don vi R", R"\z° 14 toan khong gian trit
diém 2°.

Nhan xét 2.2.2. Ching ta dé dang thit duge As(z — 2°) = 0. Sau day ta sé
biéu dién nghiém ctia phuong trinh Laplace qua nghiém co ban.

Ham Green Gia stt ham s6 w(z,2°) € C*(Q) N C(Q) va gid st Aw =0,
w(z, 2%) |agg= —e(x — 2°) |0

Khi d6, ta goi ham s6 sau 13 ham Green : G(z,2°) = e(z — 2%) + w(z, 2°).
Ta 58 c6 AG(x,2%) = 0 va G |go= 0.

Bo dé 2.2.3. Gid si p(z) lien tuc trong lan can x° € Q, va gid s S% la mat
cau tam x, ban kinh © di nhé. Khi do:
e(s — %)

50 o p(s)ds = p(z") (2.20)

b) lim [ (s —2%)p(s)ds = 0. (2.21)

Ching minh. Ta sé chting minh trong truong hgp n > 2, truong hop n = 2 lam
tuong tu.

i) Vitren S%y, | s — 2" |=r, nén

Oe(s — a0) de 1 1

on or  w, rv!
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Theo dinh Ii gia tri trung binh cta tich phan, ta c6 :

, Oe(s — a0) , 1 1
e TR A
S;;O S;So
i | (&) !
_51—1% w.é”flw “n ’

¢ 1a mot didm nao d6 thuoe S%. Khi § — 20 thi £ — 0, do p(z) lién tuc tai 22,
nén gidi han & tren bing p(x”) khi § — 0 . Phan i) ctia B6 dé duge ching
minh.

i) Tren S% ham (s — 2°) = ﬁ%, chiing minh tuong ty nhu phan

D). 0
Bo dé 2.2.4. Gid st p(x) lien tuc trong lan cin 2° € Q, khi do :
i) hm f aG” o(s)ds = p(a)

d day 11 la phap tuyén trong cia Sgo.

i) hm [ G(s,2%¢(s)ds = 0.
55

Chitng minh B6 dé tuong ty nhu Bo dé [2.2.3|
Dinh 1i 2.2.5. (Dinh lz”éz'é?u dién ham diéu hoa) Gid st Q C R*, 00 € O, p €
C(00),u € C*(Q)NC(Q). Khi dé, nghiém ctia bai todn bién thi nhat (néu cd)
S€ co dang :
OG (s, 2"
u(z?) = —/Mgp(s)ds (2.22)

on
99

¢ do 2V € Q, 7 la phdp tuyén ngoai cia OS).

Chiing minh. Ta ki higu V% 1a hinh cau tam 2°, ban kinh 6 ( v6i § > 0). Ta xét
mién Q7 = Q\ (V3). Gia stt u(z) 1a nghiem ciia bai toan bien thit nhat, tic 1a
Au=0vau |po= @(x),r € 00 Trong mién Q° ta ap dung cong thiic Green
ddi véi hai ham s6 u(z) va G(z,2°) :

oG ou
//[UAG — GAuldx = / [u% — G%] ds

09 oo
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§ day 7 1a phap tuyén ngoai ctia 9.

Vi Au = 0, AG = 0 nén vé trai ctia ding thic tich phan trén bang khong.Con
0Q° = o0 S;jo.

Phap tuyén ngoai ctia 9Q° trén S%,. Vay ta c6 :

oG ou oG ou oG ou
0:/[u%—Gan]dS:/[u%—Gan]dSnL/[u%—Gﬁn]d
o0 5

0o 5%

Trén 02 ham G = 0, u |go= (), z € 9.

oG ()ds—/[u%—Ggu] ds

Vay ta co :

on on on
S;‘O

Khi chuyén qua gi¢i han (6 — 0), tng dung Bo dé ta co :

oG oG ou

el = i - _ — u(2

aﬁap(s)ds 550 [u on G@n] ds = u(@").
S%

2.2.2 Bai toan Dirichlé dbi véi hinh tron
Trong mat phang R?, cho hinh tron tam O ban kinh don vi. Ta xét bai toan
Dirichlé trong hinh tron

Au=0
{u — f(s) (2.23)

S
trong d6 S} 1a bien ctia hinh tron don vi.

Gia st ham f(s) lien tuc tren S1. Ki hiéu s 1a do dai cung ctia dudng tron
tinh tit mot diém c6 dinh nao d6 va gid st f(0) = f(2n), f € C?(S)).

Ta s& gidi bai toan nay bang phuong phap Fourier (phuong phap téch bién).
Phuong trinh Laplace trong toa do cuc c6 dang:

*u  10u 1 0%u

gw, w2 o9u_ 2.24
5p2+p8p+p20902 ! (2.24
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Ta sé tim nghiem (2.24]) duéi dang:

u(p, ¢) = R(p)®(p) # 0 (2.25)
Thay (2.25)) vao (2.24) va tach bién, ta c6
"+ AP =0
1 / 2.2
{pQR +pR — AR =0. (2.26)
Nhu vay déi v6i ham ® ta c6 bai toan:
"+ AP =0
{@(0) — B(2n). (2.27)

Dé giai bai toan nay ta xét gia tri ciia \:

a) Néu A =0, khi d6 ® = ap + b va &(0) = b = a.2r + b = ®(27). T d6 suy
ra a = 0. Vay ®(p) = b.

b)Néu A < 0 thi ®(p) = C1eV ¥ +Che V2. Vi ®(0) = &(27) nen Cy = Cy = 0.
Suy ra ® = 0. Day 1a nghiém tam thuong.

¢) Néu A > 0 thi ®(p) = C) cos(vVAp) + Cosin(v/Ap). Vi ®(0) = &(27) nén
C) = C} cos(vVX27) + Cysin(v/A27). Tit d6 suy ra

{COS(\/X27T) =1
sin(v/A2m) = 0.

Vay v A2m = 2n7 hay A = n?. Do d6 ®,, = a, cos(ny) + b, sin(ng). Tit d6 va
tur (2.26) ta co:

(2.28)

p*R’ + pR —n’*R = 0. (2.29)

Phuong trinh nay c¢6 2 nghiém doc lap tuyén tinh R = p" va R = p~", nhung
vi nghiém tht hai tai géc toa do, nén nghiém lién tuc trong hinh tron don vi

dang ([2.25)) 1a cac ham:
un(p, ) = p"(ay, cos(ny) + by, sin(nep). (2.30)

Trong truong hgp A = 0 nghiém wug(p, ¢) = const, ta ki hieu né la ¢. Ta thay
véi ay, b, tuy ¥, bi chin, thi chudi

u(p, @) = % + Z p" (ay, cos(ny) + by, sin(ny) (2.31)
n=1
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hoi tu tai tat ci nhitng diém trong cia hinh tron don vi, vi ring khi p < 1 chudi
nay cé thé duge lam troi béi chudi:

M(+pr+pi+-+pl+...) (2.32)

6 day p < p1 < 1.
Ta c6 thé bicu dién chudi (2.32) dudi dang toa do clia x va y nhd cong thic:
(x4 iy)" = p"(cos(ny) + isin(nep));

D ZRe[ b + )" (2.3

Chuoi va cac chudi nhan dugc bang cach dao ham ting sd hang cla
chubi theo x vA y mot s6 lan tiuy ¥, sé hoi tu déu v6i 0 < p < py < 1.
Vi rang cac chudi nay dugce lam troi bdi chudi va cac chudi nhan dugce tu
(2.32)béng cach vi phan theo py. T d6 suy ra rang u(x,y) théa man phuong
trinh Laplace, vi méi s6 hang ctia chudi la mot ham diéu hoa.

khi dat p =1 va u(l,p) = f(p), tu (2.31)) ta nhan duge

flp) = —|— Z a, cos(ny) + by, sin(ny)). (2.34)

n=1

Dang thitc trén sé dung véi gia thiét da cho déi véi ham f(p) va néu ag, a,, by,
1a cac hée s6 Fourier d6i v6i ham f(¢):

( 1 -
ap = — 02 f(@)dgp
7{ 2w

an = — Jo [(). cos(nep)de (2.35)

7'('

o

= _fo (). sin(ny)dep.

Dé chubi véi cac he s6 duge xac dinh béi cong thiic (2.35) cho nghiem
ctia bai toan Dirichle, con can phai chitng minh tinh lién tuc ctia ham nay trong
hinh tron p < 1.

Tinh lién tuc ctia ham u(p, ©)-

a) Ham f(s) c6 dao ham cap 2 lien tuc. Khi p < 1, chudi (2.31)) c6 thé lam troi
bdi

a o0
% + > (lanl + [ba)). (2.36)
n=1
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Tu (2.35) lay tich phan ting phan, ta co:

2

27
o= == [ (@) sinlng)de+ = f(e)sin(ng)

0

1 1 [2m 27, 1 2
S / [ @ eostngld = = () costng)|
Tu do, ta co
1
an = O (ﬁ) . (2.37)

Tuong tu déi véi b, ta co:

b, = O (i) . (2.38)

n2

Do vay, chudi lam troi hoi tu. Theo dau hieu Vayostraxo, chudi hoi
tu déu, do d6 no lien tuc khi p < 1.
b)Bay gid ta xét truong hop ham f(s) chi lién tuc trén dudng tron p = 1. Khi
d6 ta xay dung day ham f,,(s) kha vi lien tuc hai lan, hoi tu déu vé ham f(s)
lién tuc trén duong tron p = 1. Gia st u,, la nghiém ctia bai toan Dirichlé tuong
ting v6i ham f,,(s). Theo phan a) thi ham w,, sé lién tuc trong mién Q. Theo
Dinh lys [2.2.8) day ham wu,, sé hoi tu déu t6i ham diéu hoa u(z,y) trong €.
Hién nhién, khi p = 1, u(x,y) triung véi f(s).

Ta chitng minh réng khi p < 1 ham u(z,y) duge thiét lap bdi chudi
véi cac he s6 xdc dinh theo cong thic ([2.35)).

That vay véi m du 16n va véi moi n, ta co

|an — a,| < e, ‘bn—bv(zm” S€

G day e > 0, tuy ¥, do f,,, hoi tu déu t6i f(s) trén hinh tron p = 1. T d6

% + Z p" (@, cos(nyp) + by, sin(ny)| =

n=1
_m) oo
= |+ D0 0 (4 — a) cos(ng) + (b, — b)) sin(ng)
n=1
< 2 i pl = 2¢ !
n=0 1 - P

Nhu vay 1a ham w(z,y) duge thiét lap bdi chudi (2.31)) va 1a nghiem cta bai
toan Dirichlé tuong tng véi ham bien f(s).

23



2.2.3 Ham Green dbi véi hinh cau, céng thiic poisson

Ham Green trong nita khong gian
Gia st 2¥ € R, 2% 1a diém déi xing véi 2V qua siéu phang R"!. Khi dé
ham Green trong nita khong gian la :

G(z,2%) = e(z,2") — e(z — ™). (2.39)

Dé& dang kiém tra ham G(x,2") 14 ham Green trong nita khong gian : AG = 0
va G |Rn—1: 0.
Ham Green dbi véi hinh cau Gia stt cho hinh cau tam O ban kinh
R > 0, gia sit diem 2° thuoc hinh cau dé.

Ta goi % 1a diém déi xing véi 2V qua mit cau. Diém z chay trén mit cau.
Ki hieu p = Oxo,p/*iOxO*, r = Zox, r* = 2%z, Ta xét hai tam giac Ox’z va

Ozxz"™ . Ta c¢6 goc 290z chung; pp* = R? (do Y vag" ddi xting qua mit cau),

. N * 0%
tu’cla%:p—hayﬁzoi

R 020 Oz *
Vay AOzz ~ AOzxz%, do dé ta co
* R *
L (2.40)
r p R

Khi n > 2, ham Green déi véi hinh cau sé c6 dang

1 1 R\" 2 1
0y _ _
G(x’x)_wn(n—Q) [|x—a}0 "2 (p) | 2 — 20 ”2] (241)

1 1 R
Khin=2:G(z,2")= —|n— —In————— (2.42)
2 |z — 20 | p|x— x|
Cong thic Poatxong O muc 2.2.1] ta da c6 cong thiic biéu dién nghiém
ctia bai toan Dirichlé trong hinh cau V. Tam O, ban kinh R.
G (s, 2"
u(z) = —/%@(S)d&’ (2.43)
n

9]

G day 0 1a mat cau S¥ tam O, ban kinh R.
a EN 4 2 oG
Bay gio ta xét cu the hon 52 |gr
Xét truong hop n > 2.
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Vitrén SE: 2z —a% |=r, |z — 2% |=r*, nén tit [2.42 ta co :

oG, 1 9|1 (R\"? 1 | _
on 5  wp(n—2)0m |2 ) =2

e N R\"? 1 or (2.44)
Cw, |l on 0 =l o '
Mat khac ta co
or EH: or cos(z;, T) (2.45)
- = T, T .
o~ Ox;
n
Nhung r =| & — zg |= 4/ > (z; — 2¥)? nén
i=1
or T; — x? Lo
= = cos(z;, 2.46
oL s ) (246
Tir (2.45) va (2.46) ta c6 :
a n
8_;5 = Zcos(fi,F). cos(x;, 1) =
i=1
= cos(7, 1) = cos (2.47)
& day ta ki hieu goc (7, 7) 1a a.
Tuong tu véi ki hieu gée (r*,7) = o, ta co:
or*
= cosa’ 2.48
57 a (2.48)
Vay, tit (2.44), (2.47) va (2.48) ta co :
oG —1| 1 R\"* 1 .
a7 lse= - lrnl.cosa — (;) 1 cosQ ] (2.49)
Ta xét AOzz" v AOzz". Theo dinh 1f ham s6 cosin, ta co:
R2_|_7n2_p2 R2+T*2—p*2
— = : 2.50
Cos & SRy Cos & SR (2.50)
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T do ta co :

oG 1] 1 R2—|—T2—p2_<R>n_2 1 R?+4 72— p*

o % T W, |l 2Rr P “prn—l 2Rr
(2.51)
T quan hé (2.40) ta c6 : r* = %,p* = %2. T do ta co :

oG —1 R? — p?
— = —. 2.52
on |S‘I’2 w, Rr? ( )

hoac
-1 Rn—Q RZ 2

- (7= p) (2.53)

 wy Rl rm
Vay nghiém ctia bai toan Dirrichlé trong hinh cau c6 dang :
oG R? — p? d
u(z?) = —/ (s)ds = P / p(s)ds (2.54)

on v wp R rn
SE SR

o

hoac

(e = B2 [ el

TSR] - (2.55)

SR

o

Cong thic (2.54)( hodc (2.55)) duge goi la cong thiic Poatxong. Con ham sb
sau dudgc goi la nhan Poatxong :

R2 . p2
Pz’ x) = 2.56
(:C ) .T) wanrn ( )
Vay cong thiic (2.54) con dugc viét
u(z?) = / P(2®, 5)p(s)ds. (2.57)
S5
Tinh chat ctia nhan Poatong
P(2° z) > 0,Va" € Vi, vz € SE. (2.58)
/P(:CO, s)ds = 1. (2.59)
S5
ApP(2" x) =0, (2.60)
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Chatng minh. i) Hién nhien vi 2 € V. nen R > p.

ii) Ta thay bai toan Drichle sau day trong V.7

Au =
{ u=0 4 nghiéem u = 1 . Theo cong thitc (2.55) ta c6 V¥ € VI .

u |sr=1
w(@®) = 1 = / P20, 5)p(s)ds — / P20, 5)ds.

S5 S5

i4i) Tru6c hét ta ching minh tinh d6i xting ctia ham Green trong mién €2
cho trude; tiic 1a Val, 22 € Q ta c6 G(z!, 2%) = G(2?, 2'). vi 2!, 2% 14 cac diém
trong ciia £ nén 36 > 0 di nhé dé Vafsl C Qva Vx‘z C €.

Ta xét Q% = Q\ (V3 U V).

Ap dung cong thitc Green déi v6i hai ham G(2!, x) va G(22, 2) trong mién
0%,
[ [G(z!, 2)AG(2?, z) — G(a?, 2)AG (2!, z)] do =

036

. 1 OG(x%s) 2 G (z*,s)
_ag}faa [G(m ) e i CLC) }ds.

Vi trong Q% cac ham G(z', z), G(2?, x) diéu hoa nén ta cé vé tréi clia déng
thiic trén bang khong. Con vé phai tich thanh 3 tich phan,vi

Sau d6 st dung bo deé ta co két qua :
G(z', 2% = G(2*, 21).

Bay gio ta ching minh tinh chat iii). Ta ¢6 :

APz, x) = Ay (_aa(a%,@) = —2NWG(a0x) = —LA0G(x,20) = 0.

Tinh chat iii) duge chiing minh. O

Ham duoc biéu dién bing cong thitc Poatxong la nghiém ciia bai toan Dirichle
trong hinh cau V..
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That vay, Vz¥ € V.E ta c6 :

Tac dong toan tit Laplace vio hai vé theo bién 2°, ta c6 :
Apou(z?) = Ao [ P(2°, 8)p(s)ds = [ AP (2, s)p(s)ds
s& s&

Theo tinh chat iii) ctia nhan Poatxong ta co :

Axou(xo) =0

Bay gid ta can chiing minh ring Vo' € S ta c6 :
lim u(z) = p(z).

x0—x
That vay,theo tinh chat ii) cia nhan Poatxong ta c6 :

o) = [ Pl 9)pla)ds

SR

o

Vay:

UQ%—ﬂfﬁzgﬂﬁﬁHﬂ@—¢Wﬂ@

Cho &€ > 0 nhd tuy ¥, vi ham ¢(s) lién tuc nén 30 > 0 sao cho
| s—a' |[<d=]p(s)—p(x) |< 5. Vivay ta tach tich phan trén thanh hai tich

phan :

[u(@®) —p@) | < [ P@’s)]e(s)—e@) | ds+
SIS

+ [ Pa%s)|e(s) —el@) | ds.

SEAVY,
T

Tich phan tht 2 ¢ vé phai ctia bat dang thic duge danh gia nhu sau:

| Pl L els) o) s < (2.61)
sV
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Con tich phan thit nhat duge danh gia :

| Pt el - ela) lds <
SIS,

O 20 R
< T (/w pla') | ds < (R = p?)

Vi ¢(s) lién tuc nén bi chan, gid si :

lo(s) | < M.

Khi 2° — 2 ta c6 R? — p?> — 0, titc 1a : 35, > 0 sao cho
| 20 — 2 |< 1 taco -

2 9 £.0"
Tu do ta co :
| Pt let) - ela) s < (2.62)

SE\VS,

Tir (2.61) va (2.69) suy ra
|
Vay lim u(z") = p(z ).

(2%) — ( Y |<echican | 2° — 2" |<§.

2

Ham u(x) diéu hoa trong hinh cau thi gia tri tai tam hinh cau bang
gia tri trung binh ciia né trén mit cau, tidc 1a :

1
u(azo):w/us
) §n

Sfo | 1a dién tich m#t cau Sﬁ).

Chiing minh dugc suy ra tt cong thitic Poatxong.
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2.2.4 Céac tinh chit ctia ham diéu hoa
Nguyén li cuc tri

Dinh li 2.2.6. Cho Q la mién bi chan trong R". Néu ham diéu hoa trong mién
Q, lien tuc trong mién Q, dat gid tri l6n nhat hay nhé nhat tai mot diém trong
ctia mién S, thi ham dé phdi la hang so.

Chatng minh. Ta sé ching minh cho truong hop dat gia tri 16n nhat, truong hop
dat gia tri nhé nhat sé dudc lam tuong tu.

Gia st 2° € Q sao cho u(2") = max.
z€f)
Vi z? € Q nén ton tai r > 0 dé V), C Q.
a) Ta sé chiing minh Vz € S, : u(z) = u(z2?).
That vay, gia st u(z) % u(2”) khi d6 Jz' € 57, dé u(z') < u(aV).
Vi u(z) lien tuc trén Q nén ton tai lan can o(z!) cta 2! dé
Vo € o(x!) ta c6 u(zr) < u(z).Ta ki hieu & = o(x!) N S,

Theo hé qua ctia cong thitc Poatxong ta o :

u(z") = |51;0| [ u(s)ds = ISE [ 1l u(s)ds+fu(s)ds] <
Sro Sro\@ T

< @ [ f_ u(20)ds +fu(a:0)ds] = u(x?).
Sro\o o
Diéu d6 vo li. Vay u(x) = u(2?),Vz € S%,. Véi moi v’ € (0,r), lap lai If luan
trén ta c6 u(z) = u(z), Vo € S%,. Vay suy ra u(z) = u(2"), Ve € VL.
b) Bay git ta sé chitng minh Vo € Q thi u(z) = u(z?).
That vay, Vo* € Q , ta nbi 2° va 2* bsi dusng gap khic [ ndm tron trong

Q. Ta goi 0 = dist(l,0)(x). Cac hinh cau tam nim trén [, ban kinh 7 = 2 s8

nam tron trong .
Theo chiing minh phan a) ta c6 :

u(z) = u(z?), Vo € V1.

Goi o' = S} N lyoys, ta c6 u(z!) = u(2?) = maxu(z).
z€efd
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Theo a) ta ¢ u(z) = u(z!), Vo € V1.

Goi @ = ST N1y, ta 6 u(z?) = u(z!) = u(2") = maxu(x).
z€efd

Theo a) ta c6 u(zr) = u(z?),Vz € VZ?

Bing quy nap, sau n budc ta sé c6 z* € VI va Vo € V!
u(z) = u(z") = u(x"") = ... = u(2?).

Vay u(z*) = u(2°), vi z* bat ki thuoce Q, nén ta c6 u(z) = u(z?), Vo € Q.

[]

Nhan xét 2.2.7. . Ddi v6i ham lien tuc trén Q va thoa man : gia tri tai tam
hinh cau bang gia tri trung binh ctia ham d6 trén mat cau, thi nguyén i cyc tri
con dung.

Hé qua  a) Ham diéu hoa trong mién bi chan , lién tuc trén 2, néu khac

hing s6 thi sé nhan gia tri 16n nhat va gia tri nhé nhat trén bien 9. Khi do ta

6 1 ml < < .
¢6 : min u(z) <u(r) < iré%gu(x)

Hé qué nay dé dang suy ra tit nguyén li cyc tri.
b) Nghiém ctia bai toan Dirichle sau day 14 duy nhat :

Au=0,2 € )
u o= QO(ZE‘,),ZE‘, € N2

That vay, gia st ¢6 2 ham wu;, us la nghiém cta bai toan. Khi do, ham
v = u; — up s& 1a ham diéu hoa va nhan gia tri bien dong nhat bang khong,
theo nguyén 1i cyc tri thi v = 0 hay u; = us.

¢) Nghiém ctia bai toan Dirichlé phu thuoc lién tuc vao gia tri bién.

That vay, gid st rang u; va us 1a nghiém ciia bai toan Dirichlé trong mién
Q) nao d6 véi cac gia tri bien ¢ va @y tuong ting sao cho khap noi trén bién
00, | p1 — @2 |< . Khi d6 gia tri bien ctt ham diéu hoa u; — up hién nhién 1

1 — o théa man diéu kien :

—e < Y1 — Py <E.
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T nguyeén li cyc tri suy ra khap noi trong 2

—e < u; —uy < e.ld

Dinh i 2.2.8. (Ve day hoi tu deu cic ham dieu hoa) Neu day ham ug(x), k =
1,2, ... dieu hoa trong mién Q va lién tuc trén Q, hoi tu deu trén bien 0, thi
né hoi tu déu trong mién ). Khi dé ham gidi han sé diéu hoa trong €).

Chaing minh. Dau tién ta ching minh day wuy(x) hoi tu déu trong  t6i ham
u(z) nao do6. Sau d6 ta sé ching minh u(z) diéu hoa trong €.

Gia sit day ug(z), k = 1,2, ... nhan day céc gia tri bien tuong ing ('), z €
0. Theo gia thiét day ¢ hoi tu déu trén bien €. Theo tieu chuan Cosi doi
v6i moéi € > 0, ton tai s6 N > 0, sao cho v6i moi n, m > N, khap nai trén OS2
ta ¢6 : | op — ©m |< €. Nhung theo nguyén li cyc tri trén bién ctia ham dieu
hoa, ta suy ra | u, — u,, |< € khap noi trong Q. Trén co sd tiéu chuan Cosi ta
két luan rang day {ux} hoi tu déu trong €2 t6i mot ham u(x) nao do.

Bay gio ta con phai chitng minh u(z) diéu hoa trong 2. Theo dinh Ii v& bicu
dién ham diéu hoa (bai 1 ch.IT), déi véi mdi k va v6i moi 2° € €, ta co :

oG : ,
0 0 /
up(x’) = — | —=(x",x x)dx .
(o) =~ [ 290, 2w
o0
Do g—g(ajo, ') lien tuc trén 9Q,khi chuyén qua giéi han véi k — oo, ta c6 :
OG (20, = /
u(z’) = —/(—j)gok(x’)dx.

on
o0

Tu day dé dang suy ra u(z) dieu hoa trong €. O

Dinh 1i 2.2.9. Néu ham u(x) dieu hoa trong mién bi chan 0, khd vi lién tuc
tren Q th [ Sids = 0.
o0

Chiing minh. Chon v = 1 va st dung cong thiic Green d6i véi hai ham u, v

trong € :
ov ou
//[UAU — vAuldr = / (ua—ﬁ — v%) ds,
0

[)9]
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vi Au = 0, Av = 0 nén vé phai bang khong, con vé trai thi do g—% = 0, nén ta
c6: [ Sids = 0. O
o0

Dinh 1i 2.2.10. Néu ham diéu hoa u(x) khong doi dau duong (hodc am)
trong toan khong gian sé la hang so.

Chitng minh. Ta sé ching minh cho truong hop u(x) > 0 con truong hgp
u(z) < 0 thi ta chi can dat v = —u(x) va ap dung trudng hgp trén.

Gia st 2¥, 2 € R".Khi d6 ton tai R > 0 sao cho hinh cau tam z", ban kinh
R, ki higu 1 V.F chua diém x.

Ta dat p = dist(2°, z) (dist 1a khodng cach tit 2° dén x),
r=dist(z,z), z € SE.

0

sz / Z
Trong tam giac x xx , ta co :

O<R—-—p<r<R+p.

Tw do6 ta suy ra :

1
R+p

1
R—p

1
<-<
r

hay:

RE -2 uld RO ) ul) R ()
ST (R+p)" ™ s T ST (R=p)
¢ day | S | 1a dién tich mat cau SE. Tit d6 sau khi it gon va lay tich phan

tréen ST, ta co :

< Riip >"‘2 (R~ p) ) /u(x/) < B =) /u(:c’) L

TS| (R+p | S| "
Sk SE,
R )n_2 R+p 1 ’ /
< | — —— | u(z )dx .
_<R—p R—pISER @)

0

Theo hé qué clia cong thic Poatxong 6 [2.16] ta c6 bat ding thic sau:

(%)H 2 Lale) < ulw) < (%)H 2 Cae) (269
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Chuyén qua gidi han bat dang thic trén, khi cho R — oo, ta ¢6 : u(z) = u(x?).

Vi x 1 bat ki nén dinh 1i dugc chitng minh. O]
Sau day ta sé gidi thieu mot s6 dinh 1i ma khong chitng minh.
Dinh 1i 2.2.11. (Vé day don diéu cic ham dieu hoa) Néu day cic ham dicu

hoa trong mién Q, u,(x) hoi tu tai mot diém trong x° ciia Q va vdi n bat ki :

Un_|_1(l’) > un(x)avx € (1

thy day un,(x) khap noi trong mién Q hoi tu tdi ham dieu hoa u(z) nao dé. Khi
dé trong mien con déng bi chin bat ki cia Q, su hoi tu sé la déu.

Dinh 1i 2.2.12. Néu ham u(z) diéu hoa trong mién Q thi gidi tich trong mién
do.

Dinh 1i 2.2.13. (Vé danh gid dao ham ciia cac ham diéu hoa) Gid st cho mot
ho cdc ham diéu hoa bi chan déu trong mién Q2. Khi dé trong bat khi mién con
Q' c Q cdic dao ham ciia tét cé cdc ham ciia ho bi chin déu.

Dinh 1i 2.2.14. Ve tinh compdc ciia ho cic ham diéu hoa bi chan déu) T mot
ho v6 han cdac ham diéu hoa bi chin déu trong mién €, c6 thé trich ra mot day
con v6 han hoi tu déu trong mién con bi chan bat ki Q' C Q.

Su khd?ng dinh nay suy ra tu dinh i Aczenla, vi theo dinh [i ho cac

ham nay lién tuc dong bac trong Q.

Dinh i 2.2.15. (dinh li Liuvvin) Ham u(z,y) diéu hoa trong toan b mdt phing
khong thé cé can trén hay can dudi néu né khdc hdng so.

Tt cac dinh 1i|2.2.11) dén doc gid co thé tham khdo trong cudn sdch
ctia Pétropxki (Petrovski).

Bai tap
Bai 1. K¢ hicu

Q={(z,y) e R*: 2” + 9 < 1},

0N ={(z,y) eR*: 2 +¢y* =1}, Q={(2,9) eR*:2*+¢* <1}
Tim ham u € C(9) théa man

a)
{Au =0, (r,y) € Q

U’ =X
00
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{Au: 0, (z,y) € Q

:33 22 53
u’m T’ + 207y + oy

{Au— 0, (z,y) € Q

=3 — 4y? — day?
]y = 3= 49— day

{Au z, (z,y) € Q

u’ =0
o0

{Au =2z, (z,y) € Q

u’ =x — 2’ + 2z1°
00

{Au—1%ﬁ+y5,@w)69

U‘ =X
9 J

Bai 2. Ky hicu

Q= {(z,y) e R®: 2” +9° <4},

00N ={(z,y) eR*: 2?2 +y* =4}, Q={(2,9) € R*: 2% +y* < 4}.
Tim ham u € C(9) théa man

5 {Au:(), (z,y) € Q

— 3 — 4y? — day?
ﬂm y* — day

{Au—O, (x,y) € Q

=3 3 2 2 53
u’m T’ + 207y + oy
Bai 3. Ky hiéu

Q= {(z,y) € R?: 2® +9* + 22 < 0},
0N ={(z,y) eR*: 2* +y* +22 =0}, Q= {(z,y) € R*: 2 + y* + 22 < 0}.
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Tim ham u € C(Q) théa man
{Au =0, (z,y) €

u‘ = 4a2% 4+ 62 — 1
o0

2.3 Phuong trinh hypecbdlic

2.3.1 Bai toan hon hop

Xét phuong trinh dao dong nho, ngang ctia sgi day

Uy = a*uyy + f(2,1), 0<2<I (2.64)
v6i dieu kién bien
uw(0,t) =0, wu(l,t)=0 (2.65)
va diéu kién ban dau
u(z, ty) = () (2.66)
u(z,0) = P(z) (2.67)

trong do6 o va 1 1a hai ham cho trude. Cac dieu kién (2.66]) va ([2.67) phai phu
hop vdéi dicu kien (2.65) trong doan [0, 1] .

Néu mot dau ciia sgi day chuyén dong theo mot quy luat thi dieu kién bién
c6 dang

u(0,t) = i (t), wu(l,t) = pa(t) (2.68)
trong d6 py(t), pa(t) duge cho trude.
Diéu kién bién ciing c¢6 thé c6 hinh thic khac.Chang han mot dau soi day co6
dinh, cho z = 0 va dau kia tu do thi

u(0,t) =0 (2.69)
va dau tu do cang thang dan hoi:
ou
T(l,t) =k=—/|4,= =0
11 = k2,
hay
uz(l,t) = 0. (2.70)

Néu tai x = 0 s¢i day dao dong véi mot quy luat nhat dinh p(t), trong khi tai
xr = [ tac dong mot luc o(t) thi:

u(0,8) = p(t), us(l,t) =v(t) | ”(t)zg
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Mot dang khac ciia diéu kién bién 1a

uz(l,t) = —=hlu(l,t) — 0(t)] (2.71)
Do d6, chiing ta c6 cac loai dieu kién bién sau
+ Diéu kién bien loai I: u(0,t) = pu(t)
+ Diéu kién bien loai IT: u,(0,t) = v(¢)
+ Diéu kien bien loai II: u,(0,t) = hlu(0,t) — 0(t)].
Néu khoang thoi gian nhé thi diéu kién bién khong 4nh huéng nhiéu dén sy dao
dong ctia day. Vi vay, ching ta c6 thé xem bai todn nhu trusng hgp gisi han
cho bai toan gia tri ban dau trong mién khong bi chan.
Tim nghiém ctia phuong trinh

Uy = @*Ugy + f(2,1), —00< T <00, >0 (2.72)
v6i ty s6 dan nd ban dau
u(z,t) o= p(x) , —o0o<x <00 (2.73)
va van toc ban dau
ur(z,t) o= (z) , —o0 <z < oo0. (2.74)

Day la bai toan Cauchy cua phuong trinh hyperbolic.
Néu ching ta muén nghién cttu dang diéu gan mot dau ctia mot sgi day véi mot
gid dinh, 4nh huong ctia diéu kién bién 1a nhé thi ta co

w(0,t) = u(t), t>0 (2.75)
u(z,0) =p(x), 0<z<oo (2.76)
u(z,0) =(z), 0<x < oc0. (2.77)

D6i v6i mot qua trinh chuyén dong cu thé, ching ta phai tim diéu kién bien
thich hgp véi né.

Dinh 1i 2.3.1. (Tinh duy nhat nghiém ctia bai toan hén hop) Phuong trinh vi
phan dao ham riéng

Pu 0 ou

c6 khong qud mot nghiém théa man diéu kién gid tri bién va cic diéu kién ban
dau

u(x,0) = ¥(x), (2.79)



(0,t) = m(t),

(,1) = pa(2).

O day ching ta giG st ring ham u(z,t) va dao ham cip mot, cip hai cia né
lien tuc trong khoang 0 < x <[, t > 0 va p(x) > 0, k(x) > 0 la lien tuc, cho
trudc.

u
u

Ching minh. Gia st ton tai uy(z,t) , us(z,t) 1a hai nghiém ctia phuong trinh
trén. Khi do:
v(x,t) = up(z,t) — us(z,t)

théa man phuong trinh dong nhat
v 0 Ov

S 2.80
'0(9752 3:6( 8x) (2.80)
va diéu kién thuan nhat
v(z,0) =0,
Ut(xa O) - 07
0(0,4) = 0, (2.81)
v(l,t) = 0.

Chung ta sé chiing minh réng véi dieu kien (2.81)) thi v(z,t) dong nhat bang 0.
That vay, xét ham

1 l
B() = / (k(v)? + pl(vr)?) da. (2.82)
0
Ham E(t) ¢6 ¥ nghia vat 1y, n6 la tong nang luong ctia soi day tai thoi diém .
Vi v(z,t) 1a ham kha vi lién tuc hai 1an nén ta c6 thé 1ay vi phan ham E(t) va
thu dugce
dE(t)

l
—_— = / (]{ZUx’Uxt + pvtvtt)dac. (283)
dt .

Tu v(0,t) =0, v(l,t) = 0 suy ra v¢(0,t) = 0 va v(l, ) = 0. Do d6, ta c6

l ! l
/ kv, vppdr = kv,vy |f) —/ v (kvy)dx = —/ v (kvy)dx. (2.84)
0 0 0

T do6 suy ra

dE(t)

l l
— = / [pvivy — v (kvy),]de = / [pvy — (kvy)Joedz = 0.
0 0

38



Nghia 1a, E(t) = const. Hon nita, tit v(x,0) =0, v;(x,0) = 0 ta ¢

1

l
E@%:wmizEm%:§AHmwz+Mwﬁhﬂdx:O (2.85)

Mat khac, ham p(x) va k(z) duong. Tu (2.83)) va (2.85)), ta c6
ve(x,t) =0, vz, t) =0.

Do d6 v(z,t) = const = v(zx,0) = 0.
Két qua nay van ding doi véi dieu kien bien loai II, trong do:

uw(()) t) - ,ul(t)a ux(la t) - MQ(t)

béi vi v,(0,t) = v, (I, 1) = 0.
Chiing minh cho trudong hgp bai toan gia tri bién loai III

u,(0,t) — hqu(0,t) = 111(0,¢), hy >0,
Uz (,t) + hou(0,t) = p2(0,t), he >0
c6 su khac biét. Trong truong hgp nay

v:(0,t) — hyv(0,t) = 0,
0

va két hop (2.84) ta co

ko
kv b= _58_[h2U (1,t) + hiv?(0,1)].

Lay tich phan & dE tir 0 dén ¢ ta dugc

/ / ve[pve — (kvg)z|dxdt

——am 2(1,t) — v*(1,0)] + ha[v*(0, 1) — v*(0,0)]) .
Mat khac, ta co
/ (kv? + pv2) |10 da = 0

va v(0,1) = v(0,0) = 0. Do d6 E(t
Mat khac E(t) > 0 suy ra E(t) =

) = —% (hov?(1,t) + h1v*(0,¢)) < 0.
0. T do suy ra v(z,t) = 0. O
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Tiép theo, ching ta sé gidi bai toan thuan nhat

Uy = A Uyy, 0<z <l t>0, (2.86)
uw(0,t) = u(l,t) =0, t>0, (2.87)
u(z,0) = @(x), w(x,0)=1¢), 0<z<I (2.88)

Chiing ta tim nghiém ctia bai toan (2.89)-(2.88) thong qua tong hgp nhing
nghiém diic biét v6i hé s6 thich hgp. Véi muc dich nay chiing ta xét bai toan bo
tro: Tim mot nghiem khong tam thuong ctia bai toan:

Uy = *Uyy, 0<x <l t>0, (2.89)

thoa man diéu kién bién thuan nhat:
uw(0,t) =0 , wu(l,t)=0 (2.90)
va cO dang
u(x,t) = X(x)T'(t), (2.91)
trong d6 X chi phu thudc vao x va T chi phu thudc vao t.
Thé ([2.91]) vao (2.89)) ta duge
11 1 1
X'T=ST'X (2.92)
Chia hai vé ctia phuong trinh (2.92) cho XT ta duge:
X'(z) 1T'(t)

X0~ 2T (2.93)

Ham wu(x,t) duge xac dinh bdi (2.91]) 1a mot nghiém ctia bai toan (2.89) néu

(2.92)) hoac (2.93) dugc théa man.
Vé phai ctia (2.93)) chi phu thuoc vao ¢, trong khi d6 vé phai chi phu thuge vao
x nén phuong trinh (2.93)) phai bang hang s6, gid st bang —\

X'(z) 1
X(x) a2

()
T = —\, (2.94)

4 day, chiung ta diat dau tri trude A dé thuan tién cho viéc tinh toan.
Tu (2.94)) ching ta c6 duge hai phuong trinh khéac biet doi véi X va T

X' (z)+ XX (x) =0, (2.95)
T"(t) + a®XT'(t) = 0. (2.96)
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Tu diéu kién gia tri bien (2.90)), ta c¢6
u(0,t) = X(0)T'(t) = 0, (2.97)
u(l,t) = X()T(t) =0, (2.98)

Suy ra
X(0)=X({)=0 (2.99)

vi néu (2.99) khong dugc théa man thi T'(¢t) = 0 va u(x,t) = 0 1a nghiem tam
thuong cua bai toan. Do do, ta ¢6 dugc bai toan gia tri riéng: Tim A sao cho
ton tai nghiem khong tam thuong ctia bai toan

{X" +AX =0

X(0) = X(1) = 0 (2.100)

va tim nhitng nghiém tuong tng véi nhing gia tri A, A (nghiém khong tam
thuong) duge goi la gia tri riéng va tuong ting nhing nghiém cta A duge goi la
vecto riéng. Sau day, ching ta c6 ba truong hgp:

1. Néu X < 0 bai toan c6 nghiem tam thuong. Nghiem téng quat cta co
dang

X(x) = CreV ™ 4 Cye V7, (2.101)

Nghiém nay phai théa man diéu kién bien
X(O) =C1+Cy=0, (2.102)
X(1) = CreV "+ Cre VA = 0. (2.103)

Do d6 Cy = —Cy va O} (el\/j‘ _ e_l\/j‘) — 0. Vi A< O0nenv—x la duong,

suy ra !V — e VA L0 Do d6 ) =0, Cy = 0 va X(z) = 0.
2. Néu A = 0 thi nghiém tong quét c6 dang

X(x) = ax +b. (2.104)

Tu diéu kién bién ta co
X(0) =[ax +b] |,=o=b=0 (2.105)
X(1) = al = 0. (2.106)

Dodéa=0,b=0va X(z)=0.
3. Néu X\ > 0, nghiém tong quat c6 dang:

X(z) = D1cos VAx 4+ Dysin vV Ax. (2.107)
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T dieu kién biéen ta c6

X(0) = Dy =0,

X(l) = Dysin VAl = 0.

Vi X (z) 1a nghiem khong tam thuong nén Dy # 0. Do do:

sinm:O

hay VA= neN.
Vi vay, nghiém khong tam thuong 1a
™

)\n:(7>2, n € N.

Tuwong tng véi nhitng gia tri riéng ta c6 ham riéng

X,(x) = Dy, sin ?az

Vi thé, véi nhitng gia tri A ma
TN\ 2

ton tai nghiem khong tam thuong
™

X,(x) = sin -

Nghiém ctia phuong trinh (2.96) tuong ting 1a

T,(t) = A, cos Wl—nat + B, sin 7TTnat

trong d6 A,, va B,, dugc xac dinh. R6 rang, ham

up(z,t) = X, ()T, (t) = (An COS ?at + B, sin ?at) i

(2.108)
(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

14 nghiem dac biét cta ([2.89) théa man diéu kién bien (2.90)). Vi (2.89) 1a tuyén

tinh, thuan nhat nén ta xét ham u(x,t) c6 dang

= nio;u”(x t) i (A cos —at + B, sin Wlnat) '

n=1
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T dieu kien ban dau c6
u(z,0) Zun z,0) ZA” sin —3: (2.118)

u(z,0) = P(z) = 85” (x,0) = Wl—naB sin Wlna:. (2.119)
n=1 t n=1

Néu ¢ va 1 1a hai ham kha vi lién tuc thi

- . ™ 2 [ ™

— ; PusSin ==, pp = 7/0 (&) sin T£d£ (2.120)
> !

_ ;wn sin e, W, = %/O () sin “-¢de. (2.121)

T (2.118), (2.119), [@2.120), (2.121)) ta 6

[
An — (pn’ Bn — —wn. (2.122)
™na

Do d6, u(z,t) duge xac dinh bdi (2.117) 1a hoan toan xac dinh.
Trudce tién, ta ching minh tinh lién tuc ctia ham

Z U (1, t) Z (An COS @at + B, sin Z—nat) sin @x (2.123)

— [ [
khi | up(z,t) |<| Ap | + | Bn | -
Néu chudi .
> (Al + 1B (2.124)
n=1

hoi tu thi chudi (2.123) hai tu déu va u(x,t) lien tuc. Tuong tu dé chiing minh
tinh lien tuc ctia w(z,t) ta ching minh chudi

<. Ju,, =, 7
u(x,t) ~ 5 2.0 (

. ™ ™ . T
—A,, sin —at + B,, cos Tat sin —x

[ [

(2.125)
hoi tu déu hoac chudi sau hoi tu
AT —
TSl A+ B ).

n=1
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Chiing ta sé chtiing minh cac chudi sau hoi tu déu

~ Al = — 'y n? (A, cos UL + B, sin Tt sin g
Z Ox? l l l

n—

Z aa;;n _ (?)2 niog n? (An cos ?at + B, sin Wl—nat) sin ?w

Tuong tng cic chudi sau hoi tu

S n2( Ay |+ 1 Ba ) (2.126)

khi A, = ¢,, B, = -1, trong d6

2 ™

l
gonzj/ o(z) sinTa:dx = /zp Sin—xdgj
0

Ta sé hoan thanh chitng minh néu ta ching minh duge cic chudi sau hoi tu
Sonflen] (k=012 , > nf|v.| (k=-1,01) (2127
n=1 n=1

Két qua sau tir Iy thuyét chudi Fourier.
Cho F 13 ham tuan hoan chu ky 2/, mé rong F' dé F' 1a chudi Fourier

—I—Z(ancos —x + b, sin?m)

1/ 1 /!
=7 / F(¢)cos ede. b= [ Pe)sin e

—1 -l
Néu F(x) 1a ham 16 thi a,, = 0 va

vOl

: T : T
m:%/P@mm%%g:%AF@gmgwg

=l
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Néu F(x) chi x4c dinh trong (0,7) thi ta mé rong dé F(z) x4c dinh trong (-1,1).
Ta biét réing, néu F € C* va F® lien tuc thi chudi

o

> n*(lan |+ ba])

n=1

hoi tu.
T nhitng két qua trén ching ta rat ra két luan:
0

1. Chudi Y. n* | ¢, | (k=0,1,2) hoi tu khi ¢ € C?, ¢ lien tuc ting khic
n=1

va

e(0) =), ¢ (0)=¢ ()=0. (2.128)

2. Chudi ioj nk |, | (k= —1,0,1) hoi tu khi ¢ kha vi lién tuc, c6 dao ham
cap hai liz;lltuc tung khiic va

W(0) = (1) = 0. (2.129)

V6i nhitng diéu kién nay, u(x,t) duge xac dinh bdi (2.117) 13 mot nghiem cta
bai toan ([2.89)-(2.90) va nghiem nay la duy nhat.

Tiép theo, ta xét phuong trinh hyperbolic khong thuan nhat
Uy = a*ug, + f(2,t), 0<z<l, t>0, (2.130)
v6i dieu kién ban dau
u(z,0) = (x), w(z,0)=1¢(x), 0<z<], (2.131)
va diéu kién gia tri bién thuan nhat

u(0,t) = u(l,t) =0, t>0. (2.132)

Ta sé tim nghiém cia bai toan (2.130))-(2.132)) c6 dang

> ™
1) =S u,(t) sin —ax, 2.133
u(x,t) nz_:lu()sm l:z: ( )

trong d6 u,(t) sé& duge xac dinh sau. V6i muc dich nay, ta khai trién f, o,
theo chudi Fourier

- . TN 2 [ . ™
o) = 3 At o flt) =7 [ flet)sim e
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00 l
=Y usin T, ou=7 [ (e sin ede, (2.134)
n=1

> ™ ™
=S usin L, g, in ede.
) n1¢81nl$ l/¢ sml§§
Thé (2.133) vao (2.130), ta dugc

n=1
Do do6 )
y ™
iin(t) + (57) aPua(t) = ful®) (2.135)
Mat khac
. - . ™
u(z, Zun sin —a: ;gon sin Tx,
. - . ™
u(z, Zun sin —:1: = ;¢n sin T:c
Suy ra _
un(0) = (1), in(0) = . (2.136)

Do do, ta c6 thé tim u,(t) c6 dang

trong do
[ t ™
(D (4) = — in [t —
=— | sm( Calt T)) Fulr)dr (2.137)
(1) () = ™ / il
uy () = pn cos( l at> + g ¢nszn< l at> (2.138)
Ta co

= [
+ ; (gpn COS 7TTat + p— ——), sin ?at) sin 7rl_n$ (2.139)
= uD () +u'D(x,t). (2.140)



Thé (2.134) vao f,(t), ching ta biéu dién u)(t) dusi dang

(x,1) / / ( msin Wl—na(t — 7)sin Wl—nx sin ?5) fl&, m)dédr
= / / Gz, &t —7)f(&, 7)dédr, (2.141)
0o Jo
trong do
Gz, &t —T) 2 f: ! sin 7ma(t ) sin T sin 7rn€ (2.142)
—7):=— ) —sin—a(t—7 — — :
7 ma = n l [ [
Xét bai toan
Uy = a*ugy + f(z,1), 0<z <l t>0, (2.4.1)
u(z,0) = p(z), w(z,0)=(z), 0<z<l, (2143)
uw(0,t) = (t), u(l,t) = pa(t), t>0. (2.144)
Dé tim ngiém clia bai toan nay ching ta sé tim mot ham U kha vi sao cho
U0,t) = ui(t), U, t) = po(t) (2.145)

va tim mot phuong trinh dang (2.4.1) ma U(x,t) 1a nghiem. Dé thay
T
Ule,t) = pu(t) + 7lu2(t) — i (t)] (2.146)
thoa man ([2.145)) va phuong trinh
Ut = a*Use + 11 (t) + 7[#2(75) — (1))
= a*Uy,, + f(z,1). (2.147)
Xét bai toan
v = @ + = T,
U(IL‘,O) - 90(33) - U(iL‘, 0)7
ve(x,0) = Y(x) — Uz, 0) (2.148)
v(0,t) =0, o(l,t)=0.
R0 rang, ta c6 the tim v(z,t) c6 dang (2.3.10) va
u(z,t) = Ul(x,t) +v(x,t). (2.149)
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Cho cac ham (), k(x), g(x) duong. Xét bai toan

Llu] := 5% [k(x)g—z] —q(x)u = p(x)%, (2.150)
w(0,6) =0, u(l,t)=0, t>0, (2.151)
u(z,0) = @(x), wlz,0)=v(x), 0<x<l. (2.152)

Ta stt dung phuong phap Fourier dé gidi bai toan nay. Cu thé 1a tim mot nghiem
khong tam thuong ctia (2.5.1) thdéa man diéu kién bien

uw(0,t) =0, wu(l,t)=0

va c6 dang
u(z,t) = X (x)T'(t).

Tuong tu nhu bai toan (2.1.1) ta c6

d dX
— |k(x)— | —qX + ApX =0
o] - ax
va ,
T +\T'=0.
Ta c6 bai toan gia tri riéng: Bai toan gia tri bién
LIX]+ XX =0, 0<z<l, (2.153)
X(0)=0, X() =0, (2.154)

c6 mot nghiem khong tam thuong, A\ ducc goi 1a gia tri rieng va tuong tng vdi
cac gia tri rieng 1a nghiem khong tam thuong ctia (2.153)-(2.154) duge goi la
ham riéng.

Tinh chat ctia bai toan (2.153)-(2.154):
1. Ton tai dém duge nhitng gid tri rieng Ay < Xy < ... < A\, < ... VA tuong
ting v6i nhitng gia tri rieng 14 cac nghiém khong tam thuong (ham riéng)
Xl(x)a XQ(x)J Xn(l')v
2. Cho ¢ > 0 thi moi )\, déu duong.
3. Cac ham riéng 1a phan bu tryc giao trong [0, 1] véi p(x) nghia la:

I
/0 Xn()Xp(z)p(x)de =0 | m+#n (2.155)
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4. Ham F'(x) bat ki xac dinh trong [0, {], kha vi, lién tuc va théa man dieu kién
bien F(0) = F(I) = 0 c¢6 thé khai trién thanh chudi hoi tu déu va hoi tu tuyet
d6i cia X, ()

o0 1 l
F) = 3. RXu(o) Fa= /0 F(2) X, (2)p(x)dx,

N, / X%(x (2.156)

Ta chi ching minh tinh chat 2 va 3 (tinh chat 1 va 4 ¢6 trong i thuyét phuong
trinh vi tich phan). Trudce tién, chung ta c6 cong thitc Green. Cho u va v la cac
ham xac dinh trong [a, b], u,v € C?(a,b) va u,v € Ca,b]. Khi d6

uL[v] — vL[u] = u(kv) —v(ku')
= [k(uw' —vu)]'.

Lay tich phan tit a dén b ta dudc
b
/ (uL[v] — vL[u]) = k(uv' —vu') |V .

Ching minh tinh chat 3. Cho X,,(z), X,,(z) 1a hai vecto rieng va A, A, 12
hai gi4 tri rieng tuong ting. Tu diéu kién bién ([2.154) ta co:

l
/ (X L[X,] — X, L[X,])dz = 0.
0
Két hop (2.153)) ta duge
l
O — M) / Xo(2) X () pl()daz = 0.
0

Vi A\, # A, nén
l
/ Xon(2) X () pl()daz = 0. (2.157)
0
Ta sé chiing minh véi méi gia tri rieng chi c6 mot ham rieng tuong tng. Dé

chiing minh diéu nay, ta st dung két qud nghiém ctia phuong trinh vi phan
tuyén tinh thong thuong xic dinh duy nhat.
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That vay: Gia sit X va X la hai ham riéng tuong ting véi gié tri rieng A,
Vi X(0) = X(0) = 0 nén X’(0) # 0 va X'(0) # 0. Dat:

s

(0

X/(O)X(x).

X*(x) :

Ham X*(z) théa man phuong trinh (2.153)) va

x(0) = 20% ) =0
X'(0)
x(0) = 2 W5(0) = (0
X'(0)
Do d6 X*(z) = X(z) va
X(2) = X(2) = D% (1) = AT (a),
X'(0)

Ta da biét, néu X, (x) 1a ham riéng ting vé6i gia tri rieng A\, thi 4, X, (z) (4, 1a
hing s6 khong doi) ciing 1a ham riéng. Vi vay, nhiing ham riéng nay chi khac
nhau béi mot yéu t6 1a hang so, gia tri clia yéu t6 nay khong quan trong nén

l
N, = /0 X%(2)p(z)dx = 1.

Néu vecto rieng X, (z)khong chuén héa thi ching ta chudn héa né béi:
X,
Xo(w) = ——= @)
VI X (@) pla)da

Theo cach nay ching ta sé tim duge mot hé truc giao cac ham rieng X, (z) cua
bai toan (2.153)-(2-154)

/ol Xon(2) Xn(2)p(2)dz = {0 néu m#n,

1 néu m=n.

Chitng minh tinh chat 2: Gia sit X,,(z) 1a cac vecto riéng chuan hoa ting véi
gid tri riéng \,:
LIX,] = —Aup(x) X, (2).
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Nhan hai vé phuong trinh v6i X, (x) va lay tich phan tit 0 dén [ ta dugc

An /0 | X2(z)p(x)dw = — /0 | X, (z)L[X,]dx

Vi fol X2(x)p(x)dz = 1 nén

/X dx[ df]d +/Olq(x)X5(x)dx.

Lay tich phan ting phan ta dugc

M= =Xk X+ [ @)X @)+ [ gl X @
l l
= [P+ [ o

Vi k(x) > 0, q(z) > 0, X,, € C?%(0,1), X/ (x) khong dong nhat bing 0 nén
A, > 0. Cho ham F(x) x4c dinh trong (0,1), ta khai trién F'(x) nhu sau

:ZFan(:z:)
F, = fof v)F( ( )dx, n e N

F,, 1a hé s6 Fourier ctia ham F trong he {Xi, X, ...}. Tuong tu nhu phuong
phap trong (2.1.1) ching ta ching minh rang

:i (Ancos\/)\i,ﬂf—%anin\/)\Tbt)X x

n=1

trong do
Un

vV

& day, o, va 1), 13 hé s6 Fourier tuong ting ciia ¢ va 1. Phuong phap nay dugc
xay dung bdi Steklov.

An = ©n, Bn -
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2.3.2 Bai toan Cauchy
Xét bai toan

utt—a2um:0, —o<r<oo, t>0

U(.’L‘,O) :90(‘%')7 Ut(l',O) :w(x)v —00 < I < Q.
Trudc tién, ta bién doi phuong trinh (2.158)) vé dang chinh téc.

Phuong trinh dac trung
dz® — a?dt* = 0
hay
dxr —adt =0, dx+ adt=0.
Nghiém ctia n6 ¢6 dang
r—at=C, x—at=C,.
Thuc hién phép doi bién
E=x+at, n=x—at.
Ta co

Up = Ug + Uy, Ugy = Uge + 2Ugy + Uy,

up = alug — uy),  up = (uge — 2ugy + upe)a’.

Phuong trinh tré thanh
ugy = 0.
R6 rang moi nghiém ctia phuong trinh c6 dang:
uy(§,m) = (),

trong d6 f*(n) 1a ham tuy ¥ chi ¢6 bién 7.
Lay tich phan ta dugc

ulé,n) = / Fmdn + F(€) = F(E) + faln),

trong d6 fi phu thuoc & , fo phu thudc 7.

(2.158)
(2.159)

(2.160)

(2.161)

(2.162)

(2.163)

(2.164)
(2.165)

(2.166)

(2.167)

(2.168)

Nguge lai, néu f; va fy 14 hai ham kha vi, tily ¥ thi ham w(€,n) xac dinh béi

(1.3.4) 1a mot nghiém ctia (2.166). Do d6
u(z,t) = filr + at) + fa(r — at)

92
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13 mot nghiém tong quét cta (2.166)).
Gia st ton tai mot nghiém ciia bai toan Cauchy (2.158)), (2.159) thi nghiém do6
duge xac dinh béi (2.169). Ham f; va fo duge xac dinh béi

u(z,0) = fi(z) + fo(z) = ¢(2) (2.170)

u(x,0) = afi(x) — afy(r) = (x). (2.171)
Tu (2.171)) ta co

filz) = folz) = 2/31: P(a)do + c, (2.172)

trong d6 xp va c 1a hiang s6. Két hop (2.170) ta dugc

fl():l CU—I-afI Y(a)da + 5
{f2( ) = % (z) — z ¢(a)da _ ; (2.173)
Do d6
u(z,t) = o(z + at) —2H0(:E — at) +% </g: a b(a)da— /J:a ¢(a)da>
(2.174)
" +at
ut) = — JQF ple—d % /Ht U(a)do. (2.175)

Cong thiic ducc goi 1a cong thiic D’Alembert. R6 rang, néu ¢ € C? va
¢ € C! thi u(x,t) duge xac dinh bdi cong thiic 12 mot nghiém cua bai
toan (2.158) - (2.159). Nhu vay, phuong phap ctia D’Alembert khong nhing chi
ra tinh duy nhat nghiém ma con chi ra si ton tai nghiém ctia bai toan.

Bai tap
Bai 1. Sit dung cong thitc D’Alembert cho nghiém u(z,t) ctia bai toan Cauchy

utt—azumzo, —o<r<oo, t>0
U(SE,O) = QO(.’L'), ut(x,O) - w(x)7 —00 < x <09,

dé ching minh:
a) Néu (x), ¢ (x) la nhitng ham 1¢ thi «(0,t) = 0,
b) Néu ¢(x), 1 (x) 1a nhitng ham chén thi u,(0,¢) =
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Bai 2. Tim nghiém cta cac bai toan Cauchy sau

a)
Ut = Ugy, LUGR, t>0
u(z,0) =2z, v €R
ur(z,0) =3z, v €R
b)
Uy = 4y, T ER, >0
u(z,0) =2z, v €R
ur(z,0) =5z, x € R
c)
utt:4um+t, CUG]R, t>0
u(x,0) =0, z € R
u(z,0) =z, x €R
d)

utt:9um, JZ’ER, t>0
u(r,0) =32 z€R
u(z,0) =2z, x € R

uﬁ=9um—i—x2, IER, t>0
u(z,0) =322, v €R
u(r,0) =z, x €R

Bai 3. Tim nghiém ctia cac bai toan hon hop sau

Uy = 4y, 0<$<7T, t>0
uw(0,t) =u(m,t)=0,t>0
u(z,0) =sinx, z € [0, 7]
ur(z,0) = —2sinz, = € [0, 7.

2.4 Phuong trinh loai parabon

Cac khai niém co ban
Ta xét phuong trinh parabolic

ou 0 ou

o4



c6 dang don gian

U = a2 Uyy, (2.177)
k

a? = —. (2.178)
cp

Gia s rang ta xét quy trinh ctia ching trén doan [0,1]. Ta c6 céc diéu kien
bién nhu sau
a) O hai ddu mit = 0 hosic = [, nhiet do duge cho bdi u(0,t) = u(t)
u(l,t) = p(t), voi p(t), u(t)) 1a cac ham duge xac dinh trén [tg, T.
b) O hai ddu mat z = 0 hodc x = [, lay dao ham clia ham u(x,t) theo bién =
ta dudce

ou ou
—(0,t) =v(t), =—(I,t) = u(t). 2.179
9400,0) = 1), 2400.6) = () 2179
¢) Cudi cung, ta ¢c6 modi quan he gitta nghiem va dao ham ctia n6 nhu sau
0
a—Z(l,t) = Nu(l,t) — 0(1)]. (2.180)

Diéu nay tuong tng v6i dinh luat Newton vé sut truyen nhiét ciia vat thé véi
moi trudng bén ngoai,& day nhiét do 0(¢) cua n6é da duge cho.Tai x = 0, ching
ta c6 them dieu kien

%(0,2&) — A[u(0, 1) — 6(8)]. (2.181)

d) Néu doan [0, (] rat dai va khoang thoi gian [tg, T] rat nho thi ta b qua dieu
kién bien bang cach xét phuong trinh parabolic trong mién xic dinh co < x <
00, t >ty v6i dieu kien ban dau

u(z,ty) = p(x), o0 <z <00, (2.182)
6 day ¢(x) la mot ham da cho.
e) Tuong tu, néu nhiet do 6 mot dau mat cia doan da duge xac dinh va dau kia 6

rat xa thi ta c6 thé xét phuong trinh parabolic trong mién xac dinh 0 < z < oo,
t > to thod man nhiing diéu kien

u(z,t) = p(x), 0<x < oo, (2.183)
u(zx,0) = pu(t), t=>to, (2.184)
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6 day, ¢ va p la nhitng ham dugce cho.
f) Chiing ta ciing c6 nhing diéu kien bién phi tuyén. Chang han nhu
ou

ka—(o t) = o[u*(0,t) — 6*(0,1)]. (2.185)

Diéu kién nay dudce goi 1a dinh luat Stefan- Boltzmann.

Dinh nghia 2.4.1. Mot ham u(x,t) duge goi la nghiém cia bai todn gid tri
bién thit nhat cho phuong trinh parabolic, néu

i) N6 dugc zdac dinh va lién tuc trong hinh ch@ nhat dong 0 < x <[, ty <t < T.
i) N6 thod man phuong trinh parabolic trong mien 0 < x <1, tog <t < T.

i) N6 thod man diéu kién ban dau va dieu kién bién

u(x, ty) = (x), (2.186)
u(0,1) = (1), (2.187)
u(l,t) = pa(t), (2.188)

Vai (), pi(t), pa(t) la cic ham lien tuc va ©(0) = p(to)[= u(0,t0)], ¢(I) =
p2(to)[= u(l, to)].

Dinh nghia 2.4.2. Néu dieu kién iii) trong Dinh nghia |2.4.1 dugc thay thé
bang

u(x,ty) = (x), (2.189)
20,1 = n (1), (2.190)
U0, 1) = ), (2.191)

thi ching ta co bai toan gia tri bién thi hasi.

Dinh nghia 2.4.3. Néu diéu kién i) trong Dinh nghia dugc thay thé

bang
u(, o) = (), (2.192)
g“ (0,1) = A[u(0,t) — 6 ()], (2.193)
g;(z £) = —A[u(0,t) — 02(1)], (2.194)

thi ching ta co bai toan gid try bién thi ba.
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Nguyén li cuc dai
Trong phan nay, ta sé xét phuong trinh véi hé s6 khong doi

U = A%y + PUy + YU (2.195)

Néu ta thuyc hién phép bién doi v = eF*=Mu, = —55, A=~ — 4%22 thi ta c6
phuong trinh

Uy = @ Uy (2.196)

Vi vay, ta chi can xét phuong trinh [2.196|

Dinh 1i 2.4.4. (Nguyen li cyc dai) Cho ham u(x,t) zdc dinh va lién tuc trong
hinh chi nhat dong 0 <t < T, 0 < x <[ va thod man phuong trinh
trong mien mé 0 <t < T, 0<ax <. Khi dé, ham u(x,t) dat gid tri cuc dai
(cuc tieu) tai t = 0, hodc tai v = 0 hodc tai v = L.

Chitng minh. Goi M la gia tri cuc dai cta u(x,t) khi ¢ = 0 hodc x = 0 hoac
r = [. Gid st rang ham u(xz,t) dat cuc dai clia n6 tai diém (zg,ty) nao d6 véi
O<a2o<;0<ty<T

u(l‘o,to) =M+4e, €>0. (2197)

Vi0 < zy <l vau(z,t)dat cuc dai tai (xg,tp) nén ta co

ou 9%u
%(1?0, to) = 0, O D) (QTO, to) 0. (2198)
Hon ntta, vi ham u(xg,t) dat duge cuc dai ctia n6 tai ¢y € (0,7] nén
ou
t 0 2.199
5 — (0, t0) > (2.199)

(That vay, 57 (:L'O, to) =0néuty<T,?2 Si(wo,t9) > 0 néu tg = T). Ta sé tim mot
diém khéc (z1,t1) € (0,1) x (0,T] sao cho

0%u ou
B Q(xl,tl) O, E(.Il,tl) > 0.
Xét ham
v(z,t) = u(x,t) + k(ty — t), (2.200)

véi k 13 mot hang sb. Ta cc’) v(xg, ty) = u(xo, to) = M + € va k:(to —t) < kT.
Chon k > 0 sao cho kKT < § hay k < 57. Ta thay rang cuc dai ctia ham v(z,t)
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tait=0(0<z<I),hoactaiz =0(0<t<T) hoactaiz =1 (0<t<T)
khong vugt qua M + 5. Dieu d6 c6 nghia la

u@at)5;AJ+—%x@it:@hoaCXZOkmacx:l (2.201)

vi 86 hang dau trong vé phai ctia (2.200)) khong 16n hon M va s6 hang thit hai
khong 16n hon 5. Vi ham v(w,t) lién tuc trong hinh chit nhat déng [0, 1] x [0, T']
nén ton tai mot diem (z1,t) € [0,1] x [0, T] sao cho v(z,t) dat cuc dai tai diém
do

v(z1,t1) > vz, tg) = M + €.

Tt (2.201)) ta thay ring véi 0 < 1 <Iva 0 <t; < T
Ve (X1, t1) = Upe (21, t1) < 0 va ve(z1,t1) = w(1,t1) — k > 0.

Bat dang thic nay cho ta thiy rang wu(x1,t1) > k > 0. Vi vay, ham u(x,t)
khong théa méan phuong trinh (2.196) trong mot lan can nado dé cia diém
(x1,t1). Diéu ndy mau thuan véi gia thiét. Vi vay, phan dau ctia nguyen 1i cyc

dai da dudc ching minh. Dé chiing minh phan thit hai ta xét ham u; = —u
thod man (2.196]) va tat ca cac diéu kieén khac ciia phan thit nhat trong nguyén
Ii cuc dai. []

Mot s6 ing dung ctia nguyén li cuc dai

Dinh 1i 2.4.5. (vé tinh duy nhat nghiém trong mién bi chan) Cho ui(x,t) va
ug(x,t) la cic ham lién tuc xdc dinh trong 0 < ¢ < [; 0 < t < T théa man
phuong trinh

U = a*Ugy + flo,t), 0<az<l, t>0 (2.202)
va théa man cdéc dieu kién ban dau cung diéu kién bién

uy(z,0) = ug(x,0) = p(x), 0<z <],

ul(O,t) ZUQ(O,t) :Ml(t); OStST,

ul(l,t) :Ug(l,t) :/Lg(t), OStST

Khi do, uy(x,t) = ug(x,t).

Chitng minh. Dat v(x,t) 1= uy(z,t) —us(x, t). Viug va us lién tuc trong [0, [] X
[0, 7] nén ham v cing lién tuc trong [0,1] x [0,7]. Ngoai ra, ham v théa man
phuong trinh vy = a®v,, v6i 0 < & < [, t > 0. Vi vay, v théa man nhiing
diéu kién bién ctia nguyeén li ciyc dai, dieu dé ching t6 v dat duge cuc dai tai
t = 0 hodc x = 0 hodc x = [. Vi v(z,0) = 0, v(0,t) = 0 va v(l,t) = 0 nén
v(z,t) = 0. Do d6, ui(x,t) = us(x,t). O
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Nhan xét 2.4.6. (Su so sanh cac nghiem) Cho uq(x,t) va ug(x,t) la hai nghiém
ctia phuong trinh truyén nhiét vdi ui(x,0) < ug(x,0), u1(0,t) < wus(0,t),
ur(l,t) < wus(l,t). Khi dé uy(z,t) < ug(x,t) vdi (z,t) €[0,1] x [0,T].

That vay, ham v = us — u1 théa man phuong trinh truyén nhiét va v(z,0) >
0, v(0,t) > 0, v(l,t) > 0. T nguyen li cuc dai ta c¢6 v(z,t) >0 v 0 < x <
[LO<t<T.

Cho uy(x,t) va ug(x,t) 1a hai nghiém ctia phuong trinh truyén nhiet thoa
man bat dang thic |uj(x,t) — us(z,t)] < e véit =0, x = 0, hoic z = [. Khi
d6 |ui(x,t) — ug(z,t)| < e V(x,t) €[0,1] x [0,T].

Dinh 1i 2.4.7. (vé tinh duy nhat nghiém trong mién khong bi chin) Gid
st uy(x,t) va ug(x,t) la hai nghiém lién tuc va bi chan bdi M (|uy(z,t)| <
M, |us(z,t)] < M, V(x,t) € R x [0,+00)) ciia phuong trinh

U = a2Uyy, —00 < T < 00, > 0. (2.203)
théa man uy(z,0) = ug(z,0) , —co < x < 0o th
u(z,t) = ug(x,t), —00 < x < 0o,t > 0.

Chitng minh. Dat v(x,t) = ui(x,t) — us(x,t). Ham v(x,t) lien tuc trén R x
[0, +00), théa man phuong trinh truyén nhiét va bi chan béi 2M

lo(z, )] < |ug(z, t)] + |uz(z,t)] < 2M, —00 < 2 < 00,t > 0.
Hon ntta, v(z,0) = 0, —00 < & < oo. Ching ta sé ting dung nguyén 1i cyc dai

dé chiing minh rang v(z,t) = 0, —oo < z < 0o, t > 0. That vay, lay L 1a mot
s6 duong bat ky. Dt

2
V(z,t) = % (”% - a2t> : (2.204)

Khi d6, ham V' (x,t) lién tuc tréen R x [0, +00),théa man phuong trinh truyén
nhiét (2.203). Hon nita, V(z,0) > |v(z,0)| = 0, V(£L,t) > 2M > v(£L,t).

Ung dung nguyeén i cyc dai trong mién |z| < L, ta c6

AM 22 9 AM 22 9
—?(3 +a’t) <wv(x,t) < 7(3 +a’t).

Gitt (z,t) ¢d dinh va cho L tién t6i 400, ta duge v(z,t) = 0 v6i moi (x,t) €
R x [0, 4+00). Vi vay, ui(z,t) = us(z,t), —00 < x < 0o,t > 0. O
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2.4.1 Bai toan hoén hop

Trong phan nay ta sé ting dung phuong phap Fourier vao cdc phuong trinh sau

w = Uy, + flo,t), 0<z<Il, 0<t<T, (2.205)
u(z,0) = p(x), 0<z<], (2.206)

Tim nghiém cta bai toan

U = a*uy,, O0<z<l, 0<t<T (2.208)
u(z,0) =¢(x), 0<z<] (2.209)
u(0,t) =u(l,t)=0, 0<t<T. (2.210)

Dé lam dugc diéu nay ching ta sé di tim nghiém khong tam thuong ciia phuong

trinh )

théa man cac dieu kién bién
w(0,8) =0, u(l,t) =0. (2.211)
Hon nita nghiém nay con c6 thé viét duéi dang
u(x,t) = X(x)T'(t), (2.212)

v6i X (x) 1a ham chi phu thuoc vao x va T'(t) chi phu thudc vao t. Thay (2.212)

vao (2.229) va sau d6 chia hai vé cho a?X T ta dugc
1 T/ X//
T X ( )

véi A la hang s6 (vi TT/ chi phu thuoc vao t va XTH chi phu thuoc vao ).
Do do, ta xét cac phuong trinh sau

X"+ 22X =0 (2.214)
T +a’\XT =0 (2.215)

Theo (2.211]) ta c6
X(0)=X()=0 (2.216)

Vi vay ta thu duge bai toan gia tri rieng cho X (x) nhu sau

X"+XX =0, X0)=X(1)=0 (2.217)
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Cac gia tri riéeng cuia phuong trinh nay la

A, = (?)2 n=1,23.. (2.218)

Va ham riéng tuong ting la

X, (2) = sin ?m (2.219)

Vé6i nhitng gia tri A, nghiém cta c6 dang
T (t) = cpe Mt (2.220)
v6i ¢, 1a cac hang s6. Ta thay rang cong thic
Un(,1) = Xp(2)To(t) = cne "M X, (2) (2.221)

1a nghieém ctia (4.4.4), thda man cac dieu kién bién thuan nhat ([2.241]).
Xét chudi hinh thite sau

Z cpeUT) @ gin (?x) : (2.222)
Néu u(x,t) cling thoa man diéu kién ban dau thi
o(z) = u(x,0) ch sin < > : (2.223)

Vi vay, ¢, 1a he s6 Fourier ctia (), tic 1a

o(€) sin ( 5) de. (2.224)

2

o _

Chudi (2.222)) bay gio dugc xac dinh hoan toan. Ching ta sé tim nhing diéu
kien dam bao chudi hoi tu va hon nita c6 thé lay vi phan chudi (2.222) ting sb
hang 2 lan theo bién x va mot lan theo bién ¢. Ta sé chitng minh rang cac chudi

8un 9%u,,
va Z 3

n=1
véit >t >0 (tcodinh) hoi tu déu. V6i dieu nay, ta cha y rang
8un

_ ‘_ 2a2n2e (T)%a 2tsm(7m )‘ < |Cn‘( )2a2n26—(TL)2a2t.

[
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Cho ¢ bi chan bsi M

o) < M.

Khi do

lcn| = ' ‘ / )sin(—=¢€)d€| < 2M.

0

Do do,

ouy, wny2, 27 -

(;Lt < 2M(~ l )2a2n26_(T)2a2t, t>t,

) o
U’n 2 9 _(mn 2 2t —

52 2M(l)ne(l) , >t

Mot cach tong quat, ta co

< 2M(§)2k+1n2l+1a2k6_<7)QG%, t >t

8k+1u
| Otk o

Xét chudi ham troi
o0
> o
n=1

soe

VOl 5 97
n = Anfle ()07t (2.225)

Chudi vita xét 1a chudi hoi tu béi vi theo tiéu chuan D’Alembert

Apt1
7

lim
n—oo

T (n + 1)qe_(7)2a2(n2 +2n + 1)t

n—o00 n 6_(%)2612"2%

= lim (1 + l)qe—@)%?(?”*lﬁ = 0.

n—00 n

Vi vay, chudi v6i t >t > 0 1a kha vi vo han. Vi £ > 0 bé tuy ¥ nén
chiing ta c6 thé néi rang u(z,t) véi t > 0 1a kha vi vo han, hon nita, 16 rang
v6i t > 0 n6 théa man phuong trinh ([2.229).

2.1.1 Dinh li. Néu ¢ la ham khd vi tung khiic va p(0) = p(1) =0, thi chudi

Z cpe UP) e gin (Wln:v) (2.226)

la mot ham lién tuc vor t > 0.
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Tu ([2.226]) ta co6
u(z,t)

[
WK

Cp€ ~(P)re*t gin (Wlnx>

3
I
—

[
WK

l
%/gp(ﬁ) sin(WTng)df e~ PVt gin (77136)
0

2~ (m
(l Ze* T i (Wlnx) sin (?5)) p(&)dE.
Ta c6 thé thay doi thit tu ctia phép lay tong va phép lay tich phan véi t > 0, vi

chuoi
Z e~ e i (Wlnx) sin <7rl_n£>

v6i t > 0 hoi tu deu. Dat

—_

I
o —0_ _ 3

o

G(z,&,t) = %Z e (T et gin (Wlnx) sin (Wl—né“) : (2.227)

n=1

Ham u(z,t) c6 the dugc viét dudi dang

l
/G z, &, t)p(€)dE. (2.228)
0

Ham G(x,&,t) duge goi 1a ham Green.
Ta xét bai toan gia tri bién thi nhat trong 16p cdc ham lién tuc trong hinh
chit nhat dong [0, 1] x [0, 7.

Dinh 1i 2.4.8. Cho ¢ la mot ham lién tuc zac dinh trén [0,1] va ¢(0) = (1) =0
thi nghiém lién tuc trén [0,1] x [0,t] cta phuong trinh

u = a’u,, (0<z<I, t>0) (2.229)
théa man dieu kién

u(0,t) = u(l,t) =0, t € [0,T] (2.230)

u(z,0) = ¢(x), x € [0, (2.231)



la duy nhat va cé thé duge biéu dién bdi

l
/Gxgt £)de. (2.232)
0

Ching minh. Xét chudi cac ham lién tuc, kha vi tung khic ¢,(x), (¢,(0) =
©n(l) = 0), hoi tu déu dén p(x). Véi mdi @,(z), ta xac dinh u,(x,t) béi
(4.4.24). Khi d6, do ¢, () lién tuc va kha vi tung khie, day ham {u,(z,t)} hoi
tu déu dén u(x,t). That vay, véi € > 0 di nho, ton tai n(e) sao cho

[on, () = n(2)] <& (0 <2 <)

Vni,ne > n(e) vi ¢, hoi tu déu t6i p(x). Theo nguyen 1i cyc dai thi
U, (z,t) — up,(z,t)| <e (0<zx<Il 0<t<T)

Vi ng, ng > n(e). Diéu nay c6 nghia la day ham {w,(z,t)} hoi tu déu dén u(x, t).
Vi uy(x,t) lien tuc nén u(x,t) cing lien tuc. Lay bat ki (x,t) € [0,1] x [0,T] ta
co:

l I

(e, t) = lim uy(,) = lim [ Gl €066 = [ Gl & D0(E)E
n—oo n—o0
0
Vi vay, ham u(x, t) lién tuc va thod méan diéu kien (2.241]). Hon ntta, ham u(z, t)
ciing thod méan (2.4.4). Cubi cung tinh duy nhat nghiem dugc suy ra tryc tiép
tr nguyeén 1i cuc dai. ]
Dinh 1i 2.4.9. Cho ¢ la ham lién tuc tung khic. Mot ham u(x,t) xdc dinh bdi

([2.232) la nghiem ciia phuong trinh (2.229)), théa man diéu kién (2.4.4) va lien

tuc neu @ lién tuc.

o

Chiing minh. Trudc tién, dat ¢ xac dinh béi
o(x) = c. (2.233)
Xét day

cr, 0<z<l(1-1),
on(z) = {c(n — 1)l — x), l(l — L)<z <lneN-.

Vi ham ¢, (z) lién tuc va ¢,(0) = ¢, () = 0 nén ham u,(x,t) duge xéc dinh
bdi (2.232) véi ¢ duge thay bdi ¢, la cac nghiém cta (2.229) ma thoa man .

Hon nita,
un(z,0) = pu(z).
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Vi g, (z) < pnt1(z) (0 <2 <) nén theo nguyén li cyc dai, ta co
un(xa t) < un—Fl(xa t)

Ham Uy(z) = cx 1a nghiém lién tuc ctia phuong trinh truyén nhiét. Nguyen 1i
cuc dai cho ta

U, (z,t) < Up(w),
vi diéu nay dang véi t =0, z = 0 va x = [. Day {u,(z,t)} 1a ....va bi chén trén
béi ham bi chan Uy(z). Vay né hoi tu. Ta c6

I
u(z,t) = lim u,(z,t) = T}l_)ﬂ()lo G(x, &, t)pn(&)dE

n—oo

o

l

- [ Gt
< [0]0(96')7

vi ta c6 thé lay gisi han dudi dau tich phan. Do d6 u(0,t) = u(l,t) = 0 va
u(x,t) thoa (2.229) v6i ¢ > 0. Tiép theo ta thay rdng né con lien tuc vdi

t=0,va0 <2 <1l Cho 2y < [ Ta chon n sao cho zy < I(1 — 2). Trong

n
truong hop nay ¢,(zg) = Up(xg). Cha y rang u,(z,t) < u(z,t) < Up(z) va
lim w,(x,t) = lim Up(x) = @(xg). Ta két luan rang ton tai giéi han

11—>:E0 T—T
t—0 0

lim u,(x,t) = p(xg).

T—I()
t—0

Diéu nay, kéo theo u(z,t) lién tuc tai (xg,0). Ham nay bi chan béi Uy(z). Vi
vay, dinh 1i duge ching minh vé6i ¢(z) = cx.

Thay  bdi [ —z, ta thay rang dinh li cling duge chiing minh véi p(z) = b(l—1z).
Vi vay, dinh i luon ding v6i cac ham c6 dang p(z) = B+ A(x). Hon nita, dinh 1i
ciing dung véi moi ham lién tuc ¢(z) khong théa man diéu kien ¢(0) = (1) = 0.
That vay, méi ham déu c6 thé duge biéu dién dusi dang

pla) = [2(0) + 7 (p(l) = (0)] + ¥(2),

§ day ¢ (x) 1a mot ham lien tuc va triet tieu ¢ hai dau mat ¢¥(0) = (1) = 0.
Tit dinh 1i chong chat ta thay rang dinh li duge chiing minh.
Cho ¢ 13 mot ham lién tuc theo tiing bién, ta sé ching minh rang ham u(x, t)

dinh nghia béi (2.232)) 1a nghiém cua (2.229)) va théa man (2.241)).
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Gia st rang ¢ lién tuc tai diém . Ta sé chiing minh rang véi moi € duong
ton tai d(¢) sao cho néu |z — xo| < g, t < o(e) thi |u(z, t) o(xo)| <e. Vigp
lien tuc tai 2o nén ton tai n(e) sao cho |p(x ) ©(x0)] < 5 V6l |z — 20| <7 )
Tt d6 suy ra ¢(29) — 5 < p(x) < @(xg) + 5 véi

|z — x0| < n(e). (2.234)

Dat @(x) va p(z) 1a cac ham kha vi lién tuc sao cho

Bla) = plao) +5 V6 |z — o] <n(e),
P(x) 2 @(x) véi [z —z0| > 1(€), (2.235)
p(a) = plae) = 5 Vi |o — 20| < (e),
o(x) < o(r) véi |z — 20| > n(E). (2.236)
T (2.234)) ta c6
p(x) < p(z) < Plx) (2.237)

Xét cac ham

l l
O/Ga:{t O/Gl‘ﬁt §)dg.

Vi @(x) va @(z) lien tuc nén w(x,t) va u(x,t) lien tuc tai zo. Suy ra ton tai
d(g) sao cho [u(z,t) —P(x)| < 5, va |u(x,t) — p(x)| < 5 véi |z — x0| < 6(e),
t < d(e). Nghia la
£ £
(e 1) < B(e) + 5 = plan) + ¢ v u(w.t) 2 pla) — 5 = play) - <

Vol |z — x0| < 0(g), t < §(¢). Vi ham G(x,&,t) khong am nén nén theo bat
dang thic (2.237)) ta c6

u(z,t) <ul(z,t) <u(z,t). (2.238)

Do d6 p(z9) — e < u(z,t) < @(xg) + € véi |z — x| < 0(g),t < d(e) hay
lu(z,t) — p(xo)| < € v6i |z — 29| < §(¢),t < §(¢). Hon nita, tit (2.235)) ta suy
ra u(x,t) bi chin. O

Xét phuong trinh truyén nhieét khong thuan nhat
Uy = a*ugy + fla,t), 0<2z <, 0<t<T, (2.239)
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v6i dieu kien dau
u(r,0) =0, 0 <z <] (2.240)

va cac diéu kién bién
w(0,8) = u(l,t) =0, 0 <t <T. (2.241)

Ta sé tim nghiém cta bai toan dudi dang

Zun sin ( ) . (2.242)

Dé xac dinh u(z,t), ta phai tim u,(¢). V6i muc dich nay, ta biéu dién f(z,t)
duéi hinh thic

f(x,t) = io:fn(t) sin (?x)
\(O! l
fult) =5 / F&.t)sin (=€) de. (2.243)
0

Thé (2.242) va ([2.243) vao (2.250) ta dugce

i_o: sin (?x) <<7Tl_n)2 auy, () + U, (t) — fn(t)> —0

Suy ra
ln(t) = —aQ(Wl—n)Qun(t) + falt). (2.244)
Mat khac
Z u,,(0) sin ( ) =0
do do

u,(0) = 0. (2.245)
Giai ([2.244)) véi didu kien dau ([2.245) ta duge

up(t) :/e FIEET) £ (F)dr (2.246)



Do dé6

n=1

= i i e P f (7)dr | sin (o) (2.247)
0

Thay (2.243) vao ([2.247) ta c6 thé viét

£l -~
— /0/ (% ;e (7)%a(t=7) i (Wlnaj) sin (?f)) f(&, m)dedr
0 "=
£l
_ //G(a:,f,t _ ) f (€, ) dédr, (2.248)
0 0
VOl -
G(z,&,t—71) = %nz::l e (F) (=) gin <7Tln > sin <7rl_n€> (2.249)

la ham Green duge dinh nghia 6 ([2.227)).
Tim nghiém cta bai toan

Uy = a gy + f(z,t), 0<z <, 0<t<T, (2.250)
u(z,0) = ¢(x), 0 <z <, (2.251)
w(0,8) = pi(t), u(l,t) = pa(t), 0 < t < T. (2.252)

Dé giai bai toan nay, ta bién doi né thanh bai toan bién thuan nhat. That vay,
xét ham .

Uz, t) = u(t) + 7 (n2(t)pu(t)). (2.253)
Ham U thoa méan cac diéu kien bien U(0,t) = ui(t), U(l,t) = po(t) va phuong
trinh U; = a*U,, + fi(z,t) véi fi(z,t) = Up(z,t) — a*Ue(x,t). RO rang ham
v(x,t) =u(x,t) — U(x,t) la nghiém cta bai toan

U(t) = AUy + 77
v(0,t) =v(l,t) =0,
v(x,0) = p(x) — U(z,0).

Nghiem v c6 thé dude tim bang phuong phap Fourier.
Ta da biét ham Green

Gilr. 0= 230 i (T sin (The) (25

n=1
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cho bai toan trong mién hitu han (0,1). O day, ta st dung chi s6 [ dé am chi
mién (0,1). Ta mudn phat trién Ii thuyét khi mién duge khuéch dai trén toan
tap R. Dé lam dugc nhu vay, ta viét (2.254) dudi hinh thiic khéc sao cho hai

dau mut cta doan 1a —é VA %
o / . . N N 2 N N
Dat 2/ = x — %, £ =§— % Khi d6, 2’ va ¢ nam trong khoang (—%, %) va ham

Green c6 dang
G2, & t) = gie_(ﬂlny *tgin 1 2 4 — : Sin— £+ = : (2.255)
AT I gt l 2 2 .

Ta viét lai (2.255)) nho lap luan sau
Néu n 1a 6 chan thi n = 2m. Khi do

. 2mm ,+£ . 2mm £/+£ . (2mm )\ 27rm€/
sin—— {2’ + 7 | sin— 5 ) =sin| — 2 )sin{ ——¢ ]

Hon nita néu n 1a s6 1é thi n = 2m + 1. Khi do6

2 1 2 1 /
sin—( m;i— )™ (x’—l—é) sin—( m;l— )™ (5 -I-é)

Cm+1)m ,  (2m+ 1)%5/

— COS ———— T COS

[ [
Vi vay

0= 15 7 i (s ()
P25 () o (e). (e

Ky hicu " 1a téng v6i n chin va >’ 1a tdng véi n 1é. Ching ta sé xét gisi han
cia Gy(2',&',t) khi | — oo. Ta ¢6

_Z”e_v “tsin(Ap2’) sin(Ang) Z fi(A (2.257)

vai fi(\) = e X sin(Aa’) sin(A), AN = T\, = ™. Téng ([2.257) la tdng
tich phan ctia ham fi(\) trong khodng 0 < A\ < 0o0. Cho I — oo, AN — 0 ta
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dugce

25 s o
= 0
= %/ “Nt gin(Az') sin(A)dA (2.258)
0

Chua y 2.4.10. 0 day ching ta st dung két qud: cho mot ham lién tuc trong
[0,00), néu tong tich phan

oo

DDA = X)) (N

1=1

Aic1 = AN Xio <A < \)

hoi tu vdi bat ki A7 thi luon ton tai tich phan

/ FONAA
0
Tuong t,
2 i' Ve os(M\ ) _ ! i (2.259)
- (& COS COS — .
l n=1 7T n=1
vl 5
A=, = Wl—”

Fr(A) = e M cos(A') cos(AE), A l

Khi A\ — 0, ta c6

lim — Z fa(N

AXN—=0 TT

fa(A)dA

aw

0\8 0\8

e cos(Ar') cos(AE')dA (2.260)

3 |
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Cudi ciing, ta c6

G(LI}, £, t) - lliglo Gl(aj: £, t)

1
T

e sin(\x) sin(\E)d€ + %/e_v“275 cos(Az) cos(AE)dE
0

1 2.2
— [ e cos Mz — €)dE.
T

0\8 0\8

Ham Green trong mién khong bi chin (—o0, 00) ¢6 dang

o

1 2.2
Gz, & t) = —/e—A “teos Mx — &)dA. (2.261)
T
0
Bay gio ta tinh tich phan
I = /e_va cos(AB)dA  (a > 0). (2.262)
0

v6i o va B 1 céc tham s6. Dé tinh tich phan nay ta c6 dinh o va xem I 1a ham
ciia 3. R6 rang rang

I
Z—ﬁ = — / e Asin(AB)d\
0
_ 1 —Na 5 ! —Na
—811’1()\5)2@6 . 204/6 cos(AB)dA
0
5
= -2 1(p).
5o 1(B)
Vivay £ = —£. Do d6 1(8) = Ce . Mat khac,

Vi vay

I(B) = /e‘va cos(A\B)d\ = ——=e 4a. (2.263)



Ap dung cong thitc (2.263) vao (2.261)), ta c6

1 (2=&)?
G(x,&t) = e 2.264
(x,€,1) SWewn (2.264)

Ham G(z, &, t) xac dinh bdi cong thiic (2.264]) duge goi la ham Green trong mién
khong bi chan (—o0; +00). N6 cling duge goi 1a nghiém co ban ctia phuong trinh
truyen nhiét.

Nhitng tinh chit ctia nghiém co ban
i) Ham G(x,&,t — tp)nhu 1a ham cia z, ¢ 1a nghiém cta phuong trinh truyén

nhiét. That vay, ta co

1 xr — __(@=g)?
Gx — f e 4a2(t—t0)7

VT2 (a2t — 1))

_ )2 w—£)2
YR B O SR S et M =)
2./ 2 (a2(t — t9))?

2 200 )2 )2
Gt = L — a + a (.CU €> 67452@20) .
2V 2(a2(t — ty))

Vi vay Gy = a’Gyy.
i) [ G(z,&t —to)dr =1 v6i t > to. That vay

[ ][9]
IS
—
Q

[N
~
~
~
(e
N——
N—

[C][eV

r 17 d I
/G(a:,g)t 0)dr = — /6 = t0> ‘ = /e_o‘ da =1
VT Va(t —ty) VT

2.4.2 Bai toan Cauchy

Xét bai toan tim mot ham bi chan u(z,t) (—oo < x < 400, t > 0) thod méan
phuong trinh truyén nhiét

U = AUy, —00 < T < 400, t >0 (2.265)
va dieu kién ban dau

u(z,0) = p(x), —00 <z < 400, (2.266)
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Vi u bi chdn nén nghiém ctia bai toan (2.265)-(2.266) 1a duy nhat. Ta sé chiing
minh rang néu ¢ bi chan, nghia 1a |p(z)| < M, Va € R thi v6i ¢ > 0 tich phan

Poison
_(@=9)?

442t gp(f)dé’

u(x,t)

t) /
2\/_ V a2
la nghiém cta (2.265]) va giéi han

lim u(z,t) = ¢(z0)

T—T()
t—=0

néu o 13 mot ham lién tuc tai zp. Ta luu ¥ rang

(w0 < [ Gl elp(©lds < M [ Glagityde =M,

(2.267)

Vi vay, ham wu(x,t) bi chian.Ta sé chtiing minh rang véi ¢ > 0, u(x,t) théa man
phuong trinh truyen nhiét (2.265). Dé lam diéu d6, ta ching minh rang ta cé
the lay dao ham (2.267)) du6i tich phan. Truée hét, ta chiing minh ring ton tai

mot ham duong F(€) ma khong phu thuoc vao x va t sao cho

|Gz, €, 8)p(§)] < F(E),

7OF(§)d§ < 00, 7 F(&)d¢ < oo

v6i 21 14 mot s6 thuc nao do.
That vay véi |x — x| < T vat; <t <ty taco

2 Gl €, )| (€)=

va

M3t khac, véi sd thuce xp thich hop ta c6

oo

i — (1= Iol )2
[reds= [ 5 Sl T S
e 2ﬁ 2 CLQtlg

/oo M & +92% _ 8
o 2\/_2\/ a2t1

1
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Ro6 rang tich phan nay hoi tu. Vi vay
ou [0

— = | —@G t dg. 2.271

R I GLS 2:271)

Tuong tu, ta c6 thé ching minh rang v6i ¢ > 0 ham u(z, ) kha vi 2 lan theo
bién z, 1 lan theo bién ¢ va thod man phuong trinh truyén nhiet ([2.265). Cho
¢(x) 1a ham lién tuc tai diém xg. Ta sé chiing minh réng

U(Z', t) — SO('%'O)

khi ¢ — 0 va x — xy. V6i bat ki € > 0 ta can chi ra rang ton tai d(¢) sao cho
lu(z,t) — o(z0)| < € néu |z — o] < () vat < §(e). Vi ¢ lien tuc tai diém g
nén ton tai () sao cho |p(x) — ¢(x9)| < § véi

|z — x0| < 7. (2.272)
Ta tach tich phan ctia u(x,t) thanh ba phan nhu sau

2

S p(€)de

u(x,

tzfﬂ@

R

= up(x,t) + us(z,t) + ug(z,t), (2.273)
Vi

X1 =1xTg— M Va Ty =T+ 1. (2.274)
Véi tich phan tha hai ta co

(@=5)?
(. t) = /W'WMNJW'WW”WW
=1+ IQ.
Tich phan I; c6 thé tinh nhu sau

I = T aa?
' 2/ /\/a2t6
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voi o = 25\/_(%, da = 2F Khi |[z—x¢| < 1, 21 = x9—n, 2 = 29+7), ta thiy rang
rn — &
— —oo khi t — 0, —>—|—ookh1t—>0
2V a’t 2\/a2t
Suy ra

lim [y = ©(xp).

t—0

Vi vay, ¢6 mot d1(g) sao cho

|Il — QO(ZL’Q’ < % vOl ‘l‘ — l‘o‘ <dvat<ad. (2275)
Ta danh gia Is nhu sau

1 1
I <
’”‘%ﬁ/@e

S (E) — lao)|de.

[2.274), v6i x1 < € < X9, ta thay rang |£ — xo| < n. Tt (2.272) va bat dang
thic

(0. ¢]

1 2 1 2
ﬁfe_a da<ﬁ/€_a doz:LVx/,x”ER

ta co
.’L‘2—fL’
L] < S / e = 21 / eda < = (2.276)
25607 ) Vit 67 6 '
Hon ntra
1|7 1 e
‘US(x7t)| Qﬁ me 4at @(g)dé.
M7 .
<7/ “da— 0 khit — 0 va z — x, (2.277)
T
ZL’27Z

5



s (z, )| / Vot e~ p(€)de

y e
< —= / e da — 0khit — 0 va z — zg (2.278)
VT

—0o0

Vi vay, ¢6 mot do(e) sao cho

lug(, )| < % va |ui(z, 1)) < % VGi & — xo| < 0y vt < s (2.279)

Két hop (2.275)), (2.276) va (2.279) cho ta

€ 9 9 €
[u(z, ) = (o)l < Jur] + |1y = p(@o)| + [ Do + |us| < 5+ 5+ o+ 5 (2.280)

khi |z — 2| <6 vat < 4, v6i § = min(dy, 7).
Nhu vay, ching ta chiing minh rang ham

_(@=9)?

o) =5 / e p(e)ie

bi chan va thod man phuong trinh truyén nhiét véi dicu kién ban dau.
Néu diéu kien ban dau dugce cho tai ¢ = ¢y thi nghiém cé dang

(z—8)?

e 1o p(£)dE.

u(x

. / 1
RN ANy

Bay gio ta thit tim nghiém cta bai toan (2.265)) va ([2.266) trong truong hop

11, r <0,
w0 =0 = {7 230
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Trong trucng hop nay

1 7 1 @-¢?
u(x, t) = e a2 p(&)dE
0= 57z | e
0 00
T _@e? dE T _@e? dE
= - e 4aZt -+ €  4a?t
ﬁ_ a2t T / 2va’t
_2 zaQt o0
T
= \/_QE / e~ da + \/—% / e da
T +Ty, T —-T)
1+ 1o 1— 12 o2
— “d 2.281
5 + N / e a, ( )
0
vi
1 L 17 1 1
— / e do = — / e~ doy + —/e_o‘Qda = —+ —/e_o‘Qda
NG T s 2 s
—00 —00 0 0
va
1T 1 1 1 7
— | e da == + —/eo‘zdcx = — — —/eO‘chy
VT 2 s 2 T
—z —z 0

z

Ham &(z) = \% 1l e~ da duge goi 1a ham sai s6. N6 ¢6 nhidu ting dung trong
0

cac ly thuyét xac suat.

Bai tap
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Bai 1 St dung cac cong thiic co ban

+00 )
/ e Vdt =7

—00

+o00
/ e sin(8z)dz = 0, a, 8 1a cac hing s6

—00

+00 \/— 2
—a?x? T BT
/ e~ % cos Bzdz = Y—e 12 a, 3 1a cac hang s6 va o > 0
Q
—0Q0

tim nghiém cua cac bai toan Cauchy sau
a)
U = Upz, TER, >0
u(z,0) = e xeR.

b)
U = Uzyy, TER, >0
u(x,0) =coszx, x € R.
c)
Ut = Ugy, TER, £>0
u(x,0) =sinz, z € R.
d)
u = 4uy,, r€ER, >0
w(z,0) =e, zeR.
€)
ur = 44Uz, TER, >0
u(z,0) = e =2 g e R,
f)
ur = Nyy, TR, >0
w(x,0) = e +cos(5z), z € R.
g)

U = Upzy, TER, >0
w(x,0) = ze ™, z € R.

Bai 2 Tim nghiém cua phuong trinh

U = Uy, 0<z <, t>0
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théa man dieu kién bién
u(0,t) =u(l,t) =0, t >0
va dieu kién ban dau:

_ frkhi0<r <
u(x’o)_{l—xkhi%<x<l.
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