Chuong 1

Phuong trinh dao ham riéng cap mot

Phuong trinh dao ham riéng cap mot 14 "cau ndi" gitta phuong trinh vi phan
thuong véi phuong trinh dao ham riéng néi chung, dac biét 1a phuong trinh dao
ham riéng cap 2 6 phan sau.

Phuong trinh c6 dang sau day dugc goi 14 phuong trinh dao ham riéng cap

mot:

(1.1)

F(SBl,iL’Q,..., Ju Ou 81&) =0

Ty 7ax17 81:27 7axn

trong d6 u = u(x1, x9, ..., x,) 1a ham phai tim ctia n bién doc 1ap x1, s, ..., T,
F' 1a ham da cho cta cac d6i s6 trong mot mién nao dé trong khong gian (2n+1)
chiéu.

1.1 Phuong trinh dao ham riéng cap mot tuyén tinh
thuan nhat

Phuong trinh dao ham riéng cAp mot tuyén tinh thuan nhat 14 phuong trinh c6
dang

Xl(l’l,xg,... )a—xl—l—XQ(SIJl,ZL'Q, ..,gjn)—

e

ox,

~~
—_
\)

~—

1.1.1 Nghiém tong quat ctia phuong trinh tuyén tinh thuan nhéat

Ta xét phuong trinh (1.2)), Gié st rang X1, Xo, ..., X, xac dinh va lien tuc cling
v6i cac dao ham riéng cap mot clia ching theo tat ci cac bién trong mot lan
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can nao do cia diém (29,29, ...,2Y) va khong dong thoi bang khong tai diém

nay, chang han:

Viéc tim nghiém cta phuong trinh xac dinh trong mot lan can nao do
ctia diem da cho 1a tim ham v = u(x1, 22, ..., 7,) xac dinh va kha vi lien tuc
(u € C1) trong lan can diém (29,29, ..., 2%) va khi thay vio phuong trinh
n6 trd thanh dong nhat.

Ta thay rang ham sob:

u = C(C = const) (1.4)

luon ludn la moét nghiém cta phuong trinh . Ta goi nghiém 1a nghiém
hién nhién clia phuong trinh . Ngoai nghiém hién nhién ra, ta sé chiing to
rang véi nhitng giad thiét ndo do6, phuong trinh sé ¢c6 mot tap hop vo so
nghiém khong hién nhién.
Cung véi phuong trinh (1.2), ta xét hé phuong trinh vi phan thudong dang
do6i xiing sau day:
dzy dzo dx,,

Xi(z1, 22, ...,2n)  Xo(x1, 29, ..., Ty) Xo(x1, 22, ..0s ) (15)

Heé phuong trinh ((1.5)) goi 1a he ddi xting tuong ting véi phuong trinh ((1.2)).

Dinh 1i 1.1.1. 1) Néu ham s6 o(x1, T2, ..., T,) la tich phan kha vi lién tuc cia
hé (L1.5) thi ham u = p(x1, Ta, ..., Ty) la nghiém cia phuong trinh (1.2)).

2) Néu ham s6 u = (x1,xs, ..., x,) # 0 la nghiém cia phuong trinh (1.2)),
thi ham (x1, xa, ..., T,) la tich phan cia hé (1.5)).

Tu dinh 1y trén ta suy ra rang viéc tim nghiém ctia phuong trinh ([1.2)) tuong
duong véi viec tim tich phan ctia he (1.5)). Ta gid st rang heé (1.5]) c6 n — 1 tich
phan doc lap:

901(5617 L2, ..y LUn), @2(1'17 L2y ey len), SRS @n(fl, L2y ey xn) (16)
xac dinh va kha vi lién tuc trong mot lan can nao d6 ctia diém (29,29, ..., 29).
Ta lap mot ham kha vi lién tuc cia cac tich phan (1.6)):

U = @(@1’@2’...,@n_1) (17)

khi d6 ham s6 xac dinh bdi (1.7) cing 1a tich phan cia ((1.5]), do d6 ciing la

nghiém ctia phuong trinh ((1.2)).
Ta goi nghiém (1.7) trong d6 ® 1a ham bat ky (kha vi lién tuc clia cac tich
phan ciia n6) 1a nghiém tong qudt ctia phuong trinh (T.2).
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1.1.2 Bai toan Cauchy déi véi phuong trinh thuan nhat
Ta tim nghiém

u=u(xy,T,...,T) (1.8)
ctia phuong trinh sao cho khi ¢4 dinh mot bién s6 (chang han, z,,) thi n6
tré thanh ham kha vi lién tuc ctia cac bién con lai, tic la:

u=@(r1,29,...,0,-1) khi x, = x%. (1.9)
Diéu kien (1.9) goi 1a diéu kién ban dau ctia phuong trinh (1.2).
Dé tim nghiem Cauchy déi véi phuong trinh (1.2)), ta tién hanh nhu sau. Gia
St 1,02, ..., @n_1 12 (n— 1) tich phan doc lap ctia hé (1.5) va dat z, = 20, ta
ki hiéu ¢y, @, . .., @,_1 nhu sau:

1(z1, 0, ..., T, 2) = Gy
QOQ(ﬂfl,.fUQ,.--,xn_l,ﬂTg) - QO_Q (1 10)
SDn—1(fE1, Loy ooy Tp_1, ZE‘%) = gp,{_l.

Giai dugce tit he (1.10) ddi v6i a1, 29, . . ., 7,1 trong lan can ctia diem (29,29, ..., 20):

n

Il = wl(@la 90_27 SR <Pr?—1)
T2 :W2(S51a952,---7</77;1> (1.11)

Tn-1 = Wn_l(@_l, D2, -+, 307;—1)'
Ham s6 ¢6 dang
u= (w1, 92, Pn-1)s -, wn-1(P1, 2, - -, Pn-1)) (1.12)

trong d6 ¢; = pi(x1, 9, ..., ,),7 = 1,n sé 1a nghiém clia bai toan Cauchy clia

phuong trinh (1.2)), (1.9).



1.2 Phuong trinh dao ham riéng cip mot tuyén tinh
khong thuan nhat

1.2.1 Nghiém tong quat ctia phuong trinh tuyén tinh khéng thuan

nhat
Phuong trinh c6 dang:
ou ou
X ooy Ty W)= + Xo(T1, To, ooy Ty U)=— + ...
1(z1, 79,00 T u)8x1+ o1, 7o x u)8x2+
ou

+ X (z1, 29, ..., Ty 1) = f(x1, 29, ..., xn,u) (1.13)

ox,
dudc goi 1a phuong trinh dao ham riéng tuyén tinh cap mot khong thuan nhat.
Chi ¥ rang néu vé phai ciia phuong trinh dong nhat bang khong (f = 0),
con cac ham s6 X;(i = 1,n) khong phu thuoc ham s6 phai tim « thi phuong
trinh trd thanh phuong trinh thuan nhat (1.2)).

Ta xét phuong trinh trong d6 cac ham X;(i = 1,n) va ham f xac dinh
va lien tuc cling cac dao ham riéng cap mot clia ching theo cac bién trong mot

lan can nao d6 cia diém (29,29, ..., 2% %), ngoai ra
X2V, 25, ... 2% ) # 0. (1.14)

Ta sé chiing té ring nghiém ctia phuong trinh (1.13) c6 dang an:
V(xy,zoy ..., 2p,u) =0 (1.15)

trong d6 V' 1a ham s6 nao d6 kha vi lién tuc theo cac déi s6 va thoa man:

Z—Z(:U?,:cg,...,xg,uo) # 0. (1.16)

That vay, lay vi phan he thitc (1.15) theo xy, k = 1,n trong d6 u 1a ham cla
T1,To,...,T,, ta dugc:

ou ov. oV S

- - . = i 1.17
0z}, oxr, Ou’ a (1.17)
Pat (LT7) vio (LT3, ta dioe
oV oV oV oV
Xi—+Xo—4+ -+ X,,— — =0. 1.18
18x1 + 28x2 o ox,, + ou ( )



Phuong trinh ((1.18)) 14 phuong trinh tuyén tinh thuan nhat véi ham s6 phai tim
v

Hé phuong trinh vi phan ddi xing tuong tng ciia phuong trinh ((1.18)) 1a

dry  dx dx, du
dny _dry o _ 4Fn _ dw (1.19)
X1 Xy X /
Hé (1.19) c¢6 n tich phan doc lap:
©1(T1, X2,y ooy Ty W), (L1, T2y o ooy Ty W)y ooy (X1, Toy ooy T, w). (1.20)
Khi d6 ham sb6
V: q)(90179027"'7g0n) (121)

13 nghiém tong quat clia phuong trinh (1.18)). Néu dat (1.21)) vao (1.15) ta duge
nghiém ctia phuong trinh ((1.13) 6 dang

V =®(p1,02,---,0n) =0. (1.22)
D6 1a diéu can chitng minh.

Cha y 1.2.1. 1) Nghiem (1.22)) la nghiem tong qudt cia phuong trinh (1.13).
2) Néu tw phuong trinh (1.22), ta gidi ra dugc

u=@(x1,x9,...,2,) (1.23)

trong dé @ la ham so tuy ¢ khd vi lién tuc, thi (1.23) la nghiem tong qudt ¢
dang tuong minh cia phuong trinh (1.13)).

1.2.2 Bai toan Cauchy dbi véi phuong trinh khéng thuan nhat
Ta tim nghiém
u=u(r1, T2, ..., Ty) (1.24)
ctiia phuong trinh sao cho khi ¢6 dinh mot bién s6 (chang han, z,,) thi n6
tré thanh ham kha vi lién tuc cia cac bién con lai, tic la:
u=@(r1,29,...,0,-1) khi x, = x%. (1.25)
Dieu kién goi 1& diéu kién ban dau ciia phuong trinh .

Dé tim nghiém ctia bai toan Cauchy ta thuc hién nhu sau: Tim n tich phan
doc lap tit hé phuong trinh vi phan déi xting

dxq dxo du

Xi(z1, 29, ..., Ty, 1) N Xo(z1, %9, ..., Ty, 1) R(x1,x9, ..., Ty, u)
(1.26)



Gia st n tich phan doc lap tim duge la

¢1(3§1,SB2, ce ,xn,u) = Cl
¢2(37175527 S ,xn,u) — 02

(1.27)
wTL(xl)va ,Q?n,U) — Cn
Dat
¢1(9517$27- ,ZC%,U) — ¢1
w2(x171;27’ ,QZ’%,U) = ¢2 (128)
¢n(3317 Loy 75[;(7)17 U) = %
Tit he (1.28), ta giai o1, 29, ..., Ty_1,u theo 91, 1a, ... Uy, ta cb
f:lj‘l = wl(@,@, cen ,@)
To = Cd2('¢1,¢2, o 7¢n)
o (1.29)
xn—l — Wn—_l(wla ¢27 e 7¢n)

\U = W(E, ¢27 cee 7%)
Nghiém ctia bai toan Cauchy dugc suy tit phuong trinh ham an

W(wl,d}Q, RN ,77/)n) — go(wl(g/q,@DQ, N ,?7/}”), RN ,wn,l(wl,wg, .. 7¢n)> = 0.

(1.30)



Bai tap chuong 1

Bai 1. Tim nghiém tong quat clia cdc phuong trinh thuan nhat

|
Q
S

—(y+22)58 + By +42)3 = 0.

Q
8

mz —ny) % + (nz — lz)az (ly — ma)2e = 0.

Q?3+3$y )8u+2y38u+2y3 ou —0.

W DN
—~

)

)

)

4) (x + 2y) yay =0.
5)(x—z)gz+(y—z)g—z+2z%:0.

6) x9- +yay + (2 — Va2 + 2+ 22)% = 0.
7) §e =2yt — 294 = 0.
8)x1§;+x2§—;‘2+- + a2 =0

9) (z =g +(@—2)5 + (y—2)5 =0

Bai 2. Tim nghiém cac bai toan Cauchy clia phuong trinh thuan nhat

1) yax — Ia = 0 biét 2(0,y) = ¢(y) véi ¢(y) 1a ham kha vi lien tuc cho trudc.
2)xax—kyzau—Obletu—xykhlz—l

3) (1+ %)% +:cyg“—0b1etu—y khi z = 0.
4)yax+zau—0b1etu—lnz— khi x = 1.

5)( )221;+zay+yaz—Obletu:2(y—z)y khi z = 0.

6) & ( v )a;—Obletz:ykhix:O.

7) aZ:Obiétu:yzkhigc:1.

8) \/_ —Obiétz:kahile.

9) x 8m+yay+:cya = 0 biét u = 2% +y? khi z = 0.

10)yax—azay—0bletZ—y khi z = 0.
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11)m%+yg—z+§%20;u=y+22khix:1

Bai 3. Tim nghiém tong quat clia cac phuong trinh khong thuan nhét

)
) (y+zt+u)+tuta)P+(utrty)fE=cty+z
3) %qtbg—qy‘ + 2% = zyz; (b,c la cac hing s6 khac 0)
4) (yzw—%;)%ﬂ?y“—wgy)g—; = 92(a? — y*)

2 —

b) €' g +y 5, = ye'
6) Qx%—l—(y—a:)g—;—x?:o
7)y%8—x ;
8) Vag: + Uz, =5

) ou

0

2.0z 2,0z __
Tz, Ty, =Tty

0z 0z __ _z
16) yz5- —Tzg, =€

)
)
)
)
)
)
)
17) xy% + (x — 22)@ =yz
)
)
)
)
)
)
)

oy

Bai 4. Tim nghiém céac bai toan Cauchy ciia phuong trinh khong thuan nhat

1) x%+(y+x2)g—z:z;z:y—4khix:2.
2) z(m+z)%—y(y+z)g—;:o;z:\/gkhile.
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3 yzax‘Ffay—O;Zzajzkhiy:l

W

ﬂfax—z z—ykhia:—l

l’az+yay+zaz—u u=3(y+z) khiz = 2.

)
)
5)
6)3/22;4'3@3 =2;2=9y>khiz =0
) @
)
)

J

+262—02—ykh1:c—1

8 :L‘aeryay—Zz y=zkhiz=1

9) wfE —y5i = 2*(x —3y); yz + 1 =0khiz = 1.
10)$ax+yay—z 2 -yt z=x—2?khiy=—2
1) 232 =2y =2’ +y% 2 =2 khiy =1

12) @ ax+yay—2—$y;22y2+1khix:2
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