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L.OI CAM ON

Tac gid bay t6 long kinh trong va tri an sau sac t6i thay gido huéng dan
khoa hoc - PGS.TS Nguyén Thanh Quang - ngusi da danh nhiéu thoi gian va
cong stc dé chon deé tai va chi dan ching toi hoan thanh nhiém vu nghién ctu
cua luan van.

Tac gid xin gt 161 cAm on sau sac dén cic thay co gido thudc chuyén nganh
Dai s6 va Ly thuyét s6, khoa Toan hoc va Phong Dao tao Sau Dai hoc - Truong
Dai hoc Vinh da tan tinh gidng day va tao moi diéu kién thuan lgi cho ching
toi hoan thanh chuong trinh hoc tap va nghién ctu.

Tac gia xin gt 16i cAm on chan thanh t6i Truong Trung hoc Phd thong Kiem
Tan, don vi cong tac clia tac gia, da gitp dé nhiéu vé thoi gian, tinh than va
vat chat cho toi dé hoan thanh chuong trinh hoc tap

Noi dung ctia luan van 1a c6 ¥ nghia thyc sy va méi mé doi véi ban than toi
- mot gido vien day toadn & trudng trung hoc phd thong. Dau ring da hét stc
c6 gang, song viéc trinh bay mot cach chi tiét noi dung 1y thuyét sé6 chuyen sau
mot cach chat ché sé chic chan khong tranh khoi nhitng thiéu sot. Vi vay, tac
gid mong mudn nhan dudc su gép ¥, chi bao clia cac thay co gido va cac ban
hoc vién cluing 16p sau dai hoc khoéa 28 chuyén nganh Dai s6 va Ly thuyét so,
nganh Toan, Truong Dai hoc Vinh dé ban luan vin nay dudc hoan thién hon.

Tac gia
PHAM THI THU
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MOT SO Ki HIEU DUNG TRONG LUAN VAN

Thw tu | Ki hiéu Tén goi

1 N Tap hop céc s6 tur nhién

2 N* Tap hop cac sb tu nhién khac 0

3 P Tap hop céac s6 nguyeén to

4 7 Tap hop cac sd nguyén

5 Y/ Tap hop cac s6 nguyén duong

6 Q Tap hop cac so hitu ti

7 C Tap hop cac sb phiic

8 P, q,r Cac s6 nguyén t6

9 v, (n) S6 mi cua Séonguyén /t(‘) p trong dang phan
P tich tiéu chuan ctia s6 nguyén duong n > 1

10 a:b S6 nguyén a chia hét cho s6 nguyén b

11 bla S6 nguyeén b 1a uéc clia s6 nguyen a

12 ged(a, b) Ué6c chung 16n nhat ctia hai sé6 nguyén a, b

13 lem(a, b) Boi chung nhé nhat ctia hai s6 nguyen a, b

B Diéu kién cong tinh trén hai s6
14 flp+a) = fp) + fla) nguyén t6 1é p, ¢ cia ham nhan f
15 f(ab) = f(a)f(D),

Va,b € Z", ged(a,b) = 1.

Tinh chat nhan ctia ham s6 hoc f




MG DAU
1. Li do chon dé tai

Mbdi ham s6 f xac dinh trén tap hop cac s6 nguyén duong Z* v nhan gia
tri trong truong cac so6 phitc C dudce goi 1a mot ham sé6 s6 hoc. Mot ham s6 s

hoc f ducgc goi 1a ham nhan néu
f(ab) = f(a)f(b), Ya,b € Z7, ged(a,b) = 1.

Gia st E 1a mot tap hop cac s6 nguyén duong va S 1a mot tap hop cac ham sb
s6 hoc. Khi d6, néu ton tai duy nhat mot ham s6 s6 hoc f € S théa man diéu

kién cong tinh
fm+n)=f(m)+ f(n), Vm,n € E

thi ta sé goi F 1a tap xac dinh duy nhat cta S.

Véi cong cu tap xac dinh duy nhat, nhiéu nha toan hoc da quan tam viéc mo
ta ddc trung ctia ham s6 s6 hoc dong nhat (xem [1], [2], [3], [4], [5], [6]). Nam
1992, Claudia A. Spiro [6] da ching minh rang, tap hop P tat ca cac s6 nguyén
t6 1 tap xac dinh duy nhat ctia tap hop S cac ham nhan f théa man dieu kien
f(po) # 0 v6i mot s6 nguyén t6 py nao dé. Noi rd hon, Claudia A. Spiro [6]
da chi ra rang, néu mot ham nhan khac khong f 1a cong tinh trén tong hai sb

nguyén tod, nghia 1a

flp+q) = f(p)+ flq), Vp,qe P

thi f 1a ham s6 dong nhat: f(n) = n,Vn € N*.

O cubi bai bao [6], Claudia A. Spiro dua ra hai cau hoi:

1) Tap hop tat ca cac s6 nguyen t6 du 16n ¢6 phai la tap xac dinh duy nhat
cua tap hop S hay khong?

2) Ton tai hay khong mot tap hop con ctia tap hop cac s6 nguyen t6 co ti
trong duong di nhé ma khong phai 1a tap xac dinh duy nhat cong tinh ctia tap

cac ham nhan?



Bai bao [6] ctia Claudia A. Spiro da truyén cam hing cho rat nhiéu nha toan
hoc dé ho cong bd cac két qua lien quan dén tinh xac dinh duy nhat ctia céc
ham s6 s6 hoc. Trong bai bao [1], hai nha toan hoc Trung Quéc 1a Kang — Kang
Chen va Yong — Gao Chen da dwa ra mot dac trung cho cac ham nhan f # 0 bdi
diéu kién cong tinh trén moi sd nguyén to6 1é p, . Nhu mot hé qua, ham nhan
£ # 0 Ia ham s6 ddng nhét khi va chi khi £(3) = 3 va f(p+¢) = f(p) + f(q),
v6i moi s6 nguyén t6 1é p, g. Ngoai ra, hai cau héi trén ctia Claudia A. Spiro dat
ra vao nam 1992 ciing dugc tra 16i trong bai bao [1] béi hai nha toan hoc Kang
— Kang Chen va Yong — Gao Chen. Tt hé qua da nhic & trén hai tac gid Kang
— Kang Chen va Yong — Gao Chen da dua ra dugc mot gia thuyét nhu 1a mot
hé qua triyec tiép ciia giad thuyét Goldbach. Va tit d6 Kang — Kang Chen va Yong
— Gao Chen két luan rang néu gia thuyét ctia ho sai thi gid thuyét Goldbach
cling sai.

Tham khao cac bai bao [1] v [6], ching t6i Ia chon dé tai luan van “Diéu
kién 2-cong tinh trén moi sé6 nguyén t6 1&” nhim tim hiéu sau hon nhing
két qua trong 1y thuyét tap xac dinh duy nhat déi véi cac ham nhan - mot linh

vite ¢6 lien quan truye tiép dén cac gid thuyét Goldbach.
2. Muc dich nghién ctu

- Tim hiéu khai niém, tinh chat va tng dung clia cac ham s6 sb6 hoc.

- Tim hiéu gid thuyét tap xac dinh duy nhat déi v6i cac ham nhan - mot
linh vite ¢6 lien quan trice tiép dén cac gid thuyét Goldbach trong sé hoc.

- Khéo sat dac trung 2-cong tinh trén moi s6 nguyén to 1é ciia ham s6 s6 hoc
dong nhat.

- Tap duot mot s6 ki nang chiing minh s6 hoc.

3. Nhiém vu nghién citu

- Doc va trinh bay lai mot s6 két qua nghién citu trong bai bao tiéng Anh
thuoc linh vuc 1y thuyét so lien quan dén cac ham so6 sé hoc.

- Tim hiéu mot gia thuyét c6 lien quan dén gid thuyét Goldbach.
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4. P6i tuong va pham vi nghién ciu

- Dieu kién cong tinh trén moi so6 nguyén to lé

- Ham s6 s6 hoc, ham nhan, ham dong nhat.
5. Phuong phap nghién citu

- Tham khao bai bao [1] ctia cac tac gid Kang-Kang Chen and Yong-Gao
Chen ciing nhu déi chiéu véi bai bao [6] ctia Claudia A. Spiro va tim hiéu 4 bai
bao khac c6 lien quan.

- Khai thac su biéu dién sé nguyén chin du 16n qua tong hai s6 nguyeén t6.

- St dung tinh chat cia ham s6 nhan.

- Stt dung tinh chat duy nhat cong tinh ctia tap hop céc s6 nguyen to 1é doi
v6i cac ham nhan.

- St dung nguyen 1y cuc tiéu ctia tap hop céc sb6 tu nhién trong ching minh.
6. Noi dung chinh va két qua méi cuia luan vin

Ngoai phan mé dau, két luan va danh muc tai lieu tham khao, luan van nay
gom c6 hai chuong.

Chuong 1 trinh bay cac khai niem va két qua clia cAc ham nhan; khao sat
mot s6 tinh chat ctia ham s6 céc ude.

Chuong 2 trinh bay mot dic trung ctia ham nhan bdi dieu kién cong tinh
trén tong moi sd nguyeén t6 18. Giai thich duge vi du vé tap cac sd nguyéen duong
13 tap duy nhat cong tinh ciing nhu tap cac sé6 nguyén duong chdn khong 1a tap
duy nhat cong tinh ctia tap hop cadc ham nhan khong dong nhat khong. Chiing
minh chi tiét mot bo dé ma cac tac gid khong trinh bay trong [1].

Mot sb6 két qua va ki thuat chiing minh da trinh bay trong luan vin co the
dua vao noi dung gidi thieu va gidng day trong hoc phan sé hoc cho sinh vién

nganh su pham toan va chuyén dé boi dudng hoc sinh gidi trung hoc pho thong.



CHUONG 1

KIEN THUC CO SO

1.1 Ham nhan

1.1.1 Dinh nghia. Md&i ham s6 s6 hoc f 1a mot ham s6 xac dinh trén tap hop
Z* cac s6 nguyén duong va nhan gia tri trong tap hop C céic s6 phitc. Ham s6
s6 hoc f goi 1a ham dong nhat khong va ky hieu f = 0 néu f (n) =0,Vn € Z™.
Nhu vay, f # 0 khi va chi khi ton tai s6 nguyén duong ng sao cho f (ng) # 0.

1.1.2 Dinh nghia. Néu diéu kién sau dugc thdéa man
f(ab) = f(a) f (b),Va,b € Z", ged(a,b) =1,

thi ham s6 s6 hoc f dugdc goi 1a mot ham nhan.

Néu dieu kién sau dude théa méan

f(ab) = f(a)f(b),Ya,beZ",
thi ham s6 s6 hoc f dugc goi 1a mot ham nhan manh.

1.1.3 Vi du. Cac ham s6 s6 hoc sau day 1a ham nhan:
1) Ham s6 dong nhat e (n) = n,Vn € Z*;

2) Ham s6 don vi 1 (n) = 1,Vn € Z;

3) Ham sb nghich ddo i (n) = 1,Vn € Z*;

4) Ham s6 dém cac uée 7 (n) = >, 1,Vn € Z%;

(
(
(
(

dn
(5) Ham sb tong cac uéc o (n) = >S_d, Vn € ZT;
dln
(6) Ham s6 Euler ¢ (n) = >. 1, Vn € Zt;
1<m<n
ged(n,m)=1
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7) Ham s6 Mobius p (n) xac dinh nhu sau:

(
(1) p(1) =

(1) pu(n) = (—1)k néu n = p1ps - - - pi 1a tich cia k s6 nguyen t6 phan biét,
(791) p(n) = 0 véi cac truong hop con lai;

(8) Ham 6 lity thita f (n) = n®, Vn € Z*, trong d6 a 1a mot s6 thue.

1.1.4 Cha y. Ham da thic f (n) = n?> + 3, Vn € Z* 13 ham s6 s6 hoc nhung
khong phai la ham nhan.

1.1.5 Nhan xét. (1) Néu f(n) 1a ham nhan va my, ..., m; 1a cac s6 nguyéen
duong, nguyén t6 ciing nhau ting doi mot thi f (my ---myg) = f(mq) -+ f (my) .
(2) Néu f la mot ham nhan va n > 1 1a s6 nguyen duong c6 dang phan tich
tieu chuan la n = p* - - pp* thi f (n) = f (p1*) -+ f (p*) .

1.1.6 Ménh dé. Néu f # 0 la mot ham nhan thy f(1) = 1.

Chatng minh. Tt gia thiét f # 0 suy ra ton tai mot s6 nguyén duong ng sao cho
f (ng) # 0. Mt khac, do f 1a ham nhan nén

f(no) = f (1 xng) = f (1) f (no).-
Vi f (ng) # 0 nén chia hai vé dang thitc trén cho f (ng) ta c6 f (1) = 1. O

1.1.7 Ménh dé. Néu cic ham sé6 s6 hoc f va g la cdc ham nhan thi ham tich
theo tiung diém fg wdc dinh bdi fg(n) = f(n)g(n) cing la mot ham nhan.

Chiing minh. V6i moi cap so6 nguyén duong a, b nguyén to cing nhau, do cac

ham f va g da cho la ham nhan nén ta co6

Tu d6 suy ra ham tich fg 1a mot ham nhan. Ta c6 diéu can phai ching
minh. [J



1.1.8 Dinh 1i. (Cong thiic tong trai) Néu sé nguyén duong n cé su phan tich
tieu chudn lan = p{* - - p* thi vdi moi ham nhan f ta cé cong thic tong trdi

trén cdac udc cua n nhu sau

Chaing minh. That vay, st dung tinh chat nhan ctia ham s6 s6 hoc f, khai trién

tich 6 vé phai ctia hé thic trén ta co6

Nhu vay, cong thic tong trai duge chitng minh. [

1.1.9 Vidu. (1) Gidstin =6 =2 x 3 ta cd
P=(f(2) + f(2") x (f (3°) + £ (3"))
= (M +752)x(f1)+f3))
FO IO+ f)+7rQ)fB)+72)fEG)
FO+fR2)+fB)+[(6)=2>f(d)

d[6
(2) Gid st n =72 = 2% x 32 ta c6

P=(f2")+ f(2" + f(22) + F2))(f(3%) + f(3") + f(3%))
= (f()+ f2)+ f(2) + F2)(f(1) + f(3) + f(3%))
3%) + f(2
) f

1
= f()f) + F)FB3) + F)F(3%) + F(2)f (1) + f(2)f(3) + f(2)(3*) +
F) (D) + F(22)f(3) + f(22) £(3%) + fF(2°) (1) + £(2°) F(3) + f(2°) £ (37)
)+ £(3) + f(3%) + f(2 x 3) + f(2 x 3°) + f(2°) + f(22 x 3) + f(2° x
3°) + f(2°) + f(2° x 3) + (27 x 37)
= > f(a)

d|72

1.1.10 Pinh li. Gid st f la ham nhan sao cho ton tai mot sé6 nguyén to py dé
cho f(p) # 0 . Khi dé, néu f théa man dicu kién
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fot+tq =)+ f(q),Yp,qe P
th f(2) = 2.

Ching minh. Ta c6 f(2)+ f(3) = f(5). Do d6, néu f(p) = 0 v6i moi s6 nguyen
t6 1é p thi f(2) = 0 va do d6 f(p) = 0 v6i moi s6 nguyén t6 p. Diéu nay, trai
véi gia thiét rang ton tai mot s6 nguyen t6 py sao cho f(p) # 0. Nhu vay, ta co
thé gid thiét pg 14 s6 nguyen t6 18 hay ged (2, pg) = 1. St dung tinh chat nhan

cua ham f ta co

£(2) f (po) = f (2po) = f (po +po) = f (po) + f (po) = 2 (o) -
Vi f(py) # 0 nén chia hai vé cho f(py) ta c6 f(2) = 2. Dinh 1y dugc chiing
minh. [
1.2 Ham sb cac udc va ham tong cic udc

1.2.1 Dinh nghia. (Xem [7]). Gia st n 1a mot s6 nguyén duong. Khi do
(i) 7 (n) 1a s6 cac udc s6 nguyén duong ciia n (bao gom ca 1 va n).

(ii) o (n) 1a tong cac udc sd nguyen duong ciia n (bao gom ca 1 va n).

1.2.2 Vidu. (1) Taco7(1) =1, o (1) = 1.
(2) Cac ude s6 nguyen duong cta 12 1a 1, 2, 3, 4, 6, 12. Do do,

7(12) =6, 0(12) =1+24+3+4+6+412 = 28,

(3) 7(15) =4, 0 (15) =1 +3+5+ 15 = 24;
7(19) =2, o (19) = 1+ 19 = 20.
(4) Néu p la s6 nguyen t6 thi 7 (p) =2, o (p) =p + 1.

1.2.3 Dinh li. Gid st s6 nguyén duong n > 1 ¢é dang phan tich tieu chuan la
n = p?IPSQ .. 'pzk-

Khi do, cac wdc phan biét cua n la cic so hang khdc nhau ciua khat trién cua

tich sau day:



P=1+pi+pi+-+p") - (I+pe+pi+---+ %)

Chitng minh. 1) M6i uée d ctia n = p{'py® - - - pi* c6 dang pflpgz . -pg’“ trong d6

0< B <a1,0< By <an,...,0<B <ap T dé suy ra rang, cac udc d co
mit trong cac s6 hang ciia khai trién cta p.

ii) Mdi s6 hang trong khai trién ctia p c6 dang pflpg2 = -p/g’“ va do d6 mdi sd
hang nay la w6c cua n.

iii) Moi s6 hang trong khai trién ctia p 1a khac nhau.

Dinh Iy duge ching minh ngay ti (i), (ii) va (iii). O
1.2.4 Pinh li. Gid st s6 nguyén duong n > 1 ¢ dang phan tich tieu chudan la
n=pripst - pit
Khi do

T(n)=(ar+ 1) (aa+1) (o + 1),

+1 +1 ag+1
) = B
p1—1 pa—1 pr—1 °

Chaing minh Theo Dinh 1§ 1.2.3, 7 (n) 1a s6 tat ca cac s6 hang trong su khai
trien ctia p. Do d6, 7 (n) = (a1 + 1) (ag + 1) -+ (ag + 1)

Tuong tu o (n) 1a tong cac s6 hang trong khai trién ctia p & trong Dinh 1y
1.2.3 tic la p. Do d6, dinh 1§ dugc chiing minh béi vi

. pa+1_1

L+tp+p*+ - +p* =1

v6i mdi s6 p 1a u6e cia n. [
1.2.5 Vi du. Gia st n = 2700 = 22 x 3% x 52. Khi d6

7(2700) = (2+1)(3+1) (2+ 1) = 36,

o (2700) = 271 x 321 x 221 = 8680.

Diéu nay c6 nghia 1a s6 2700 c6 36 udc nguyen duong (ké c 1 va 2700) va tong
cac udc nguyen duong clia 2700 (ké ca 1 va 2700) 1a biang 8680.
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1.2.6 Dinh li. 7 (n) la s6 Ié khi va chi khin la s6 chinh phuong.
Chaing minh. Gia st s6 nguyéen duong n > 1 ¢6 dang phan tich tieu chuan la
n=pripst - pit
(i) Gi& st n 1a 86 chinh phuong. Khi d6 ag, s, ..., a 1a s6 chén, do do
7(n)=(an+1)(ag+1) - (ar+1).

14 mot tich cac s6 1é nén né 1a mot so 1é.
(ii) Gia st 7 (n) 1a 6 1é. Khi d6 (a; + 1) (ag +1)--- (o, + 1) 1a 86 18, do d6

aq, Qa, ..., g 1a cac s6 chidn. Do d6, n 1a s6 chinh phuong. [
1.2.7 Hé qua. 7 (n) la s6 chan khi va chi khi n khong la sé chinh phuong.

1.2.8 Dinh li. Mot s6 nguyén duong n cé thé phan tich thanh tich cia hai thia
s
(i) bing 17 (n) cdch khi va chi khin khong la s6 chinh phuong;

(ii) bang 5 (7 (n) + 1) cdch khi va chi khin la s6 chinh phuong.

Chiing minh. Gia st t = 7(n) va dy,ds, ..., d; 1a day tat ci cac uée nguyen
duong ctia n dugce sap xép theo thi tu tang dan. Ta c6 dy 1a uéc nguyen duong
bé nhat va 7 la udc lon nhat ctia n. Do d6 7 = di hay n = did;. Tiép tuc do
13 u6c nguyén duong bé nhat tiép theo va 7 la uée lon nhat tiép theo cia n.
Do doé dﬂz = d;_1 hay n = dod;_1. Tuong tu ta co

n = dldt = dgdt,l = d3dtf2 == d%d%
néu ¢ 1a s6 chén va

n = dldt = dgdtfl = d3dtf2 == dtzldtzl
néu ¢t 1a sb 18.

Ap dung Dinh 1y 1.2.6 ta thu dude diéu can ching minh. [
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1.2.9 Vi du. Ta c6 n = 24 1a s6 khong chinh phuong. Cac uéc ctia 24 1a 1, 2,
3,4, 6,8, 12, 24. Do d6 7 (24) = 8 va 24 ¢6 %7‘ (24) = 4 céach phan tich thanh

hai thtra s6, d6 1a
24 =1x24=2x12=2x12=3 x8&.

1.2.10 Vi du. Ta c6 n = 36 1a s6 chinh phuong. Cac udc cia 36 1a 1, 2, 3, 4,

6, 12, 18, 36. Do d6 7 (36) = 9 va 36 c6 "9 — 941 — 5 cach phan tich thanh

hai thira s6
06=1%x36=2x18=3x12=4%Xx9=06X6.
1.2.11 Cha y. Gid st n = p1ps - - - pi, VOi p1, P2, ..., P 1a cac s6 nguyen td phan
bict. Khi d6,
Tn)=0+1)1+1)---(14+1)=2"
Vay n c6 thé phan tich thanh tich clia hai nhan tit bang 37 (n) = 257! cach.

1.2.12 Dinh li. Gid st s6 nguyén duong n > 1 c¢6 dang phan tich tiéu chuan
n = pi'py?---pit. Khi dé, so cach phan tich n thanh tich hai thiia s nguyén

t6 cung nhau la 281
Chatng minh. Gia st & va y 1a hai nhan ti bat ky clia n sao cho

n=uxy, ged (z,y) = 1.
Khi d6, ro rang 1a khong c6 s6 nguyén ndo trong cac liy thita nguyén to
Pt P52, ..., pRF ¢6 the phan tich thanh tich cta z va y bdi vi ged (z,y) = 1.
Do d6, chiing ta chi c¢6 thé c6 mdi mot trong cac s6 nay la bang x hoic 1a bing
y. T do6 s6 cach phan tich n thanh tich hai thita s nguyén t6 cling nhau ciing

bang s6 cach phan tich ctia p1ps - - - pr thanh tich hai thita s6. Theo cht y trén
s6 cach phan tich nay sé la bang 281, Dinh 1y dugc ching minh. O

1.2.13 Vidu. Taco n = 3% x 53 x 74, Khi d6, k = 3. Do d6, s6 cach phan tich

n thanh tich hai thita sé nguyén té ciing nhau bing 237! = 4. Vi vay, ta c¢6
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n=xy=1x(32x53x7%) = (32)x (53x 7% = (5%) x (32x T*) = (%) x (32 x 5?).

1.2.14 Dinh li. Ham s6 cdc véc T (n) va ham tong cic vée o(n) la ham nhan.
Néi khac di, gia st ged (m,n) =1, khi do

() 7 (mn) =7 (m) 7 (n);

(i1) o (mn) = o (m) o (n).
Chitng minh. (i) Néu m = 1 thi
r(mn)=7(n)=1x7(n)=7(1)7(n)=1(m)r ).
Tuong tu néu n = 1 thi
T(mn) =7 (m)=7(n) x1=7(m)7 (1) =7(m)7(n).

Gia st cac s6 nguyen duong m,n > 1 c¢6 dang phan tich tieu chuan la

m=plpy - plt = pPps e pik,

Khi d6, do ged(m, n) = 1, suy ra cac s6 nguyen t0 p; va g; la khac nhau va do

d6 mn c6 dang phan tich tiéu chuan la

mn = p{'pyt - pprps? - ppt

Ap dung cong thitc tinh gia tri ctia ham sé 7 (n) ta c6
T(mn)= G +1)---(B+1)(an+1)---(ag+1)=7(m)7(n).
(i) Phan nay ctia dinh 1y c¢6 thé chitng minh tuong ty nhu phan (1) é trén. O

1.2.15 Dinh li. 7(n) la s6 cdc diém nguyén ndm trén hyperbol xy = n trong

goc phan tu thi nhat.

Chitng minh. Gid st dy, do, ..., d; 1a tat ca cac u6c nguyén duong ctia n. Khi
de, 7 (n) cac diém nguyén (dl, dﬂl) , (dg, d%) R <dt, d%) nam trén hyperbol
xy = n trong goc phan tu thit nhat. Mat khac, néu (a,2) 1a mot diém nguyen
bat k¥ trén hyperbol zy = n thi diém nay thudc vao tap hgp cac diém nguyén
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vita xét ¢ trén bdi vi 2 nguyeén va a la ude ctia n. Tt d6 suy ra 7 (n) la s6 cac
diém nguyen nam trén hyperbol 2y = n trong géc phan tu thi nhat. Dinh 1y
dugce chiing minh. [

1.2.16 Vi du. Néu n = 10 thi 7 (10) = 4 va do d6 cdc diém nguyén nim trén
hyperbol zy = 10 1a bén diém sau (1,10), (2,5), (5,2), (10,1).

1.2.17 Dinh li. o (n) la tong cdc hoanh do (hodc la tong cdc tung do) ciia tat

cd diém nguyén nam trén hyperbol xy = n trong géc phan tu thi nhat.

Chaitng minh. Gia st dy, ds, ..., d; 13 tat ci cac udc nguyen duong ctia n. Khi do,

theo Dinh 1y 1.2.15 céc diém nguyeén trén hyperbol zy = n la

(d17 d%) ) (d27 d%) PENERER) (dt7 d%)
nam trén hyperbol trong géc phan tu thit nhat. Do dé6
O'(n) :d1+d2+"'—|—dt

la tong céc hoanh do clia tat ca cac diem tren hyperbol zy = n. Ta ciing c6
on)=dit+dp+--+di=7+ 3+ + 7. Tuds suyrao(n) 13 tong céc
tung do clia tat ca cac diem nguyéen trén hyperbol xy = n trong géc phan tu

thtt nhat. Dinh 1y dugc chiing minh. [
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CHUONG 2

DIEU KIEN CONG TiNH TREN HAI SO NGUYEN TO LE

2.1 Tap duy nhat céng tinh ctia tap hdp cac ham nhéan

Gia st m va n 1a cac s6 nguyén duong va p,q,r 1a cac s6 nguyén t6. Chon
f(n) 1 mot ham nhan va gid st F 14 tap con clia tap hop Z*1 cac sd nguyen
duong.

Chu ¢ rang, ham nhan f(n) khong dong nhat 0 néu va chi néu ton tai s6

nguyén duong ng sao cho f (ng) # 0 va khi d6 f(1) = 1.

2.1.1 Dinh nghia. Gi4 st S 13 mot tap hop cac ham s6 s6 hoc. Néu c6 ding

mot phan tii f(n) clia S thod man
fm+n)=f(m)+f(n), VmneckE

thi F dudc goi 1a tap duy nhat cong tinh ctia S.
Nhiéu téac giad da sit dung cong cu tap duy nhat cong tinh, dé mo ta cac dic

trung ctia ham s6 s6 hoc dong nhat (xem [1], [2], [3]).

2.1.2 Ménh dé. Tap hop Z*t cic s6 nguyén duong la tap duy nhat cong tinh
ctia tap hop cdc ham nhan khong dong nhat 0.

Chiing minh. Trude hét, v6i m6i ham nhan f(n), tu diéu kien
fm+n)=f(m)+ f(n), Ym,n e Z*
Ta suy ra

fmy+mo+ -+ my) = fm) + f(ma) + -+ f(my),
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v6l moi my, mo, ..., my € Z+, k> 2.
Do gia thiét ham nhan f (n) khong dong nhat 0 nén ta c6 f (1) = 1. Do d6

v6i moi s6 nguyén duong n co

N
n

fn)=f <;+1+---+L> — fW+f ()44 f(1)=1+1+-+1=n,

Tt day suy ra trong tap hop cac ham nhan khong dong nhat 0, ton tai duy

nhat ham s6 s6 hoc dong nhat f (n) = n,Vn € Z* théa man
fm+4+n)=f(m)+ f(n), Ym,n € Z*.

Nhu vay, tap hop Z" cac s6 nguyén duong 1a tap cong tinh duy nhat cia tap
hop cac ham nhan khong dong nhat 0. [

2.1.3 Ménh dé. Tap hop 277" cdic s6 nguyén duong chdn khong phdi la tap duy

nhat cong tinh cia tap hop cdc ham nhan khong dong nhat 0.
Ching minh. RS rang 1a ham dong nhat f(n) thdéa man diéu kien
f(m+4+n)=f(m)+ f(n), Ym,n € 2Z*.

Ngoai ra, ham nhan ¢ (n) duge xac dinh nhu sau: g (n) = 0 véi n 1a s6 nguyen

duong chén va g (n) = 1 v6i n 1a s6 nguyen duong 1é ciing thoa méan diéu kién
gm+n)=g(m)+g(n)=0,Vm,n € 2Z*.
Nhu vay, ton tai hai ham nhan khac nhau théa man diéu cong tinh. Do do6, tap

hop 2Z7" cac s6 nguyen duong chén khong phéai 1a tap cong tinh duy nhat cia
tap hop cac ham nhan. [

2.1.4 Ménh dé. Tap hop cic sé6 nguyén duong lé khong phdi la tap duy nhat

cong tinh cia tap hop cac ham nhan khong dong nhat 0.

Chiing minh. Gia st gy (n) = n véi moi s6 nguyén duong n va go (n) = 1 néu
n 12 s6 18 va gy (n) = 2 néu n 1a s6 chén. Kiém tra duge g; (n) vd g2 (n) 1a hai

ham nhan khong dong nhat 0. Ngoai ra, ta con c6

16



gi (n+m) = gi(n) +gi(m), i =1,2.

v6i moi s6 nguyén duong 1& m,n tuy y. That vay, véi cac s6 nguyén duong 1é

m,n tiy ¥, ta luon c6 m + n 1a s6 chin, do do

g(m+n)=m+n=g (m)+g(n),
g2(m+n)=2=1+1=go(m)+ga(n).
Nhu vay, tap cac s6 nguyén 1é khong phai 1a tap duy nhat cong tinh cia tap
hop cac ham nhan khong dong nhat 0. [

2.1.5 Chu y. Tap hop cac s6 nguyén to 1a tap duy nhat cong tinh ctia tap hop

cdc ham nhan khong triét tiéu it nhat tai mot s6 nguyén té6 nao do.

Nam 1992, C. A. Spiro [6] da ching minh réng tap hgp tat cd cac s6 nguyen
t6 1a mot tap hop duy nhat cong tinh clia tap hop cac ham nhan f sao cho
f (po) # 0 v6i mot s6 nguyén t6 py ndo dé. N6i ro hon, Claudia A. Spiro [6] da
chiing minh rang: Gid st f la mot ham nhan sao cho ton tai mot s6 nguyén to

po ma tai dé [ khong triét tieu. Khi dé, néu

f+fl@=fp+q),Vp,q€ P,

thi f(n) =n,V¥n € N*,

O cubi bai béo [6], C. A. Spiro da dua ra cau héi: Néu tap hop tat ca céc
sO nguyen to du 16n 1a tap duy nhat cong tinh ctia tap hgp cac ham nhan f
sao cho f (po) # 0 v6i mot s6 nguyén t6 py nao do, thi licu rang ton tai mot
tap hop con clia cac s6 nguyén t6 c6 mat do duong thap trong tap hop cac sd
nguyéen to, khong phai 1a tap duy nhat cong tinh cho tap cac ham nhan khong
triet tieu hay khong?

2.1.6 Chi y. Tap hop cac sd chinh phuong 1a tap hop duy nhat cong tinh ctia

tap hop cac ham nhan khong triét tieu it nhat tai mot sd nguyén t6 nao do.

Nam 1996, Pham Van Chung (xem bai bao: P. V. Chung, Multiplicative
functions satisfying the equation f (m2 + n2) =f (m2) +f (nz), Math. Slovaca,
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46 (1996), 165-171) da dua ra mot dac trung cho ham dong nhat béi tap cong
tinh duy nhat F gom cac s6 chinh phuong nhu sau:

Gid st f la mot ham nhan va ton tai mot s6 nguyén to py sao cho f(py) # 0.
Khi dé, néu

f(m?+n?) =f(m?) + f(n?), Vm,n e Z*
thi f(n) =n,Vn € Z*.

2.1.7 Chu y. Tap hop céc s6 nguyén to hgp véi tap cac s6 chinh phuong 1a tap
hop duy nhat cong tinh cua tap hop cdc ham nhan.

Nam 1997, Jean — Marie De Koninck, Imre Katai va Bui Minh Phong [4] da
chi ra tap duy nhat cong tinh F gom cac s6 nguyén té va s6 chinh phuong cho
cac ham nhan béi két qua sau:

Gia st f la mot ham nhan sao cho f(1) =1 va théa man

f(p+m?) = f(p)+ f(m?)

vdi moi s6 nguyén té6 p va s6 nguyén m > 1 thi f(n) = n vdi moi s6 nguyén

n>1.

2.2 Mot sb6 bo dé chuan bi

Gia st g1 (n) = n véi moi 86 nguyén duong n, gs (n) = 1 néu n 1a s6 1é va
g2 (n) = 2 néu n la s6 chin. Kiém tra duge g; (n) vd go (n) 1a hai ham nhan

khong dong nhat 0. Ngoai ra, ta con co
g(n+m)=g;(n)+g(m), i=1,2.

v6i moi s6 nguyén duong 1& m,n tuy y. That vay, véi cac s6 nguyén duong 1é

m,n tiy ¥, ta luon c6 m + n 1a s6 chin, do do6

gi(m+n)=m+n=g(m)+g(n),
g@(m+n)=2=1+1=gy(m)+g2(n).
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Dé chitng minh dinh 1y chinh ctia bai béo, cac tac gid Kang — Kang Chen va
Yong - Gao Chen da phai dién dat va chiing minh bay bd dé sau day.

2.2.1 Bb dé. (xem [1, Lemma 1)). Gid st f va g la cac ham nhan sao cho ton

tai mot so nguyén to 1é pg ma tai dé f khong triét tieu. Khi dé, néu

fo+a)=f)+f(@), glp+9) =g +g(q)

vdi moi s0 nguyén to 16 p, q va f(n) =g (n) vdin=2, 3, 4 thi

(1) f(n)=g(n), Vn <18.

(ii) Néu f(3) # 0 thi hodc f(n) = g1 (n) véin = 1,2, 3, 4 hodc f(n) =
go(n) vdin =1, 2, 3, 4.

Chitng minh. Béi vi f(2) f(po) = f(2po) = f(po + po) = 2f (po) va f (po) # 0
nén f(2) =2. Laido f(2) = f(2x 1) = f(2)f(1) taco f(1) =
Bay gio ta viét f (n) nhu mot da thic cua f(3) va f(4). Vi rdng

2f(5) = f2)f(5) = f(2x5)=f(10) = fB+T)=f(3)+ [(7),
() fB)=r12)=f06+7)=f06)+1(7),

Ta co



f16) =f(11)+ f(5) = 3/ (3) (5f (4) —4),
F(13)=f(16) = f(3) =3/ (3) (4f (4) = 7),
f8) = f(A1) + f(7) = 2f(3)(f(4) — 1),

f _

)

)= f(3) + f(17) nén
3) =3f (3)(7f(4) — 11).
2 (do gia thiét ctia bo dé) va g(1) = f(1) =1 (do
f, g 1a ham nhan khong dong nhat 0) va véi mdi 5 < n < 18, g (n) la da thrc
ciia g (3) va g (4) gidng nhu f (n) 1a da thic cta f (3) va f (4). Vi f(3) = ¢ (3)
va f(4) =g (4) nén ta co f(n) = g(n) véi moi n < 18.

Béivi f(4) f(5) = f(20) = f(13) + f (7) nén ta cb

s BV f A (@) +1)=3fB3)(7f(4) - 8).

Néu f(3) # 0 thi f (4) = 2 hodc f (4) = 4. Do

FB)f(8) = f(24) = f(11) + f(13)

nén ta co
Tu do

Nhu vay, f (n) = g1 (n) hodc f(n) = g2 (n) v6in = 1,2, 3, 4. Bo dé 2.2.1
dugce chiing minh. [

2.2.2 B6 dé. (xem [1, Lemma 2]). Gid st f,g la cic ham nhu trong Bo dé
2.2.1. Néu mdi so chin 2m vdi 4 < 2m < 2N wiét dugc thanh tong cia hai so

nguyén to, thi f (n) =g (n) vdi mein < N.

Trong bai bao [1] cac tac gia Kang — Kang Chen va Yong - Gao Chen khong
chting minh B6 dé nay va ho da chi ra phép chitng minh nay tuong tu véi phép
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chiing minh Bo dé 3 trong bai bao [6] ctia Claudia A. Spiro (xem [6], Lemma
3). Tham khao bai bao [6], tac gid luan van da thuc hién viéc ching minh nhuw
sau. Chu y rang trong [6] Claudia A. Spiro phat biéu cho ham nhan f va ham
dong nhat con & day trong Bb dé 2.2.2 phat biéu cho hai ham nhan f, g.
Chaing minh. Theo B6 dé 2.2.1 ta c6 f(n) =g(n), 1 <n < 18. Gia st M la
so nguyen v6i 18 < M < N —1,vatadaco f(n) =g(n), VYn < M. Ching ta
sé chitng minh rang f (M + 1) = g (M + 1) . That vay, néu M + 1 1a s6 nguyén
chin thi theo gid thiét clia bo dé sé ton tai cac sd nguyén td 1é p, g sao cho
M +1 = p+ q. Do d6, tit gid thiét cong tinh trén hai s6 nguyén t6 1é ctia ham
f va tur gid thiét quy nap f (n) =g (n), Vn < M, ching ta suy ra

fIM+1)=fp+a)=f)+f(@ =9 +g(q =g(M+1).

Nhu vay, ching ta chi can ching minh f (M + 1) = g(M + 1) khi M + 1 1a 86
nguyén 1&. Néu M + 1 1a s6 nguyeén t6 1¢, thi gid stt ¢ € {3,5} dugc chon sao
cho M + 1+ ¢ = 2(mod4). Tu gia thiét cong tinh trén hai s6 nguyeén t6 1¢ ciia

ham f ¢6
fIM+1+q)=f(M+1)+ f(q)-

Vi 2 va % nguyén t6 cling nhau nén st dung tinh chat ctia ham nhan ta

nhan dugc ding thic
FOM A 1+q) = f(2(M550)) = 2f (M) = F (M +1)+ £ (q).
Béi vi f (n) = g (n),¥n < N, suy ra
29 (M550) =g (M + 1)+ g(q) = F (M +1)+ f (a).

Tudosuyra f(M+1)=g(M + 1). Bay gio, néu M + 1 khong 1a s6 nguyéen

t6, thi do M < N — 1, nén c6 cac sd nguyén t6 1é p, ¢ sao cho
2(M+1)=p+q, p<M+1<q.

Stt dung gia thiét cong tinh trén hai sé nguyén to 1é va tinh chat nhan cia f ta

co
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2f(M+1)=fRM+1)=fl+aqg=Ff()+f(a).
Vip< M+ 1,nén f(p) =g (p). Vivay
2f(M+1)=g(p)+ f(a). (*)
Chon r € {3, 5, 7, 17} dé cho ¢ + r = 4 (mod8) . S dung gia thiét cong tinh
trén hai s6 nguyén t6 1& va tinh chat nhan ctia ham f cho ta
Fla)+fr)=flg+r)=F@E) =F@r ).
Mit khéc, theo Bo dé 2.2.1 ta ¢6 f(r) = g(r). Do d6, st dung gid thiét
f(n)=g(n), Vn < M, suy ra
fla+gr)=9g@)g()=9(@+r)=gla)+g(r).

Tu do f(q) = g (q). St dung hé thic (*) ta co

2f(M+1) = g(p)+ f(q) = g(p) +9(q) = g(p+4q) = g(2(M +1)) = 2g(M +1).

Nhu vay, f (M +1) = g(M + 1) va B6 dé 2.2.2 dugc chiing minh. [
V6i mdi s6 nguyen t6 bat ky p va n 1a s6 nguyen duong, Claudia A. Spiro ky
hiéu trong [6] nhu sau:

H={n:v,(n) <1khip > 1000; v, (n) < [9log10/logp] — 1 khip < 1000 }.

v6i v, (n) 1 s6 mii clia p trong dang phan tich tiéu chuan cia n.

Ta c6 thé viét lai nhu sau
H={n: v,(n) <1, khi p>1000; p*»"*+ < 10° khi p < 1000 }

2.2.3 Bo dé. (xem [6, Lemma 5)) Vdi méi s6 nguyén to p > 10'° ton tai s6

nguyén to ¢ < p sao cho p+q € H.

Phat trién két qua ctia Claudia A. Spiro trong [6], cac tac gid Kang — Kang
Chen va Yong - Gao Chen thu duge bo dé sau.

2.2.4 Bo6 dé. (xem [1, Lemma 3]) V&i méi s6 nguyén to p > 10'° ton tai it
nhat 3 x 107 s6 nguyén té ¢ < p sao chop+q € H.
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Chatng minh. Theo B6 dé 2.2.3 (xem [6, Lemma 5]) ta c6 s6 N (p) cac s6 nguyén
t6 ¢ < p sao cho p + g € H théa man

N(p) > 0,315 > 0,3 x il >3 x 107,

g(p—1)
Bat dang thic trén két thic ching minh Bo dé 2.2.4. [

101

2.2.5 Bo dé. (xem [6, Lemma 4]) Hau nhu cic s6 nguyén duong chin déu cé

thé bieu dién bang tong ciua hai s6 nguyén to.

Cht ¥ rang, Bo dé 2.2.5 1a mot hé qua truc tiép ctia dinh 1y chinh & trong bai
bao sau day: T. Estermann (1938), “On Goldbach’s problem: Proof that almost
all even positive integer are sums of two primes”, Proc. London Math. Soc., 44
(2), 307-314. C6 thé xem trong [6, Lemma 4] hodc xem trong [1, Lemma 4].

T nam 1938, T. Estermann trong cong trinh trén da cong bd két qua bat
ngo sau day: Hau nhu cdc sé nguyén duong chin déu viét duge dudi dang tong
ctia hai s6 nguyén t6. Tuy nhién, gitta hau nhu dén toan bo con 1a khoang cach
rat xa ma dén tan nay loai ngudi van chua giai quyét dudc.

Mot tap con S cac s6 nguyén duong dugce goi 1a cé tyj trong m néu

lim %:m,véisn:{xES: r<n}.

n—oo
2.2.6 Vi du. Goi S 1a tap hop ciia cic sd6 nguyén duong chin, sao cho mdi s6
khong biéu dién dude thanh tong clia hai s6 nguyeén t6. Khi do, S co ty trong
duong.

2.2.7 B6 dé. (xem [6, Lemma 7]) Vdi mdi s6 nguyén duong n, ta dat
H,={mn: me H, ged(m,n) =1} khi n la so chdn;
={2mn: 2m € H, gcd (m,n) = 1} khi n la so Ié.
Khi dé, H,, théa man cdc tinh chat sau:
(i) Méi phan ti cia H, la so nguyén chdn,
(ii) Tap hop H,, c6 ti trong dudi duong.

2.2.8 Bo dé. (xem [6, Lemma 8]) Néu n € H, thi moi udc nguyén duong ciia
n deu thuoc H.
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Chatng minh. Két qui nay dugce suy tit dinh nghia ctia tap
H={n: v,(n) <1, khi p>1000; v, (n) <10°, khi p <1000 }.

2.2.9 B6 dé. (xem [1, Lemma 7)) Gid st f va g la cic ham nhan sao cho ton

tai mot s nguyén to 1é py ma tai do f khong triét tieu. Khi dé, néu

fo+a=fp)+f(@), glp+q =g +9(q)

vdi moi s6 nguyén to 16 p, q va f(n) =g(n) véin=2,3,4th f(n)=g(n)

vdi moi s6 nguyén duong n € H.

Chaitng minh. Vi gid thuyét Goldbach dang véi moi s6 nguyén duong chin n <
2 x 101% nén theo B6 dé 2.2.2 ta ¢ f (n) = g (n) v6i moi n < 1010, Bay gio gia
st n € H van > 10" va gia thiét quy nap rang f (m) = g (m) véi moi m < n
va m € H. Néu n khong phai 1a Ifiy thita clia mot sd nguyeén t6 thi n = mk
v6im > 1, k> 1, ged (m, k) = 1. St dung Bo dé 2.2.7 (xem [6, Lemma 8]) ta
c6 m, k € H. Do d6 st dung tinh chat nhan ctia cac ham f, g va gid thiét quy

nap ta co

f(n) = f(mk)=f(m)f(k)=g(m)gk)=g(mk)=g(n).

Néu n 1a lity thita ctia mot sé nguyen t6 thi khi dé do n € Hva n > 10'° nen
n 14 mot s6 nguyén t6. Theo Bo dé 2.2.4 (xem [1, Lemma 3]) ton tai s6 nguyén
t6 16 ¢ < m dé chon +q € H. Néu n + ¢ 1a liiy thita ctia s6 nguyén to6 thi do
n+q € H van+q > 10'° nén n+ ¢ phai 1a sé nguyen t6. Diéu nay dan dén mot
mau thudn véi n va ¢ déu 1a nhitng s6 nguyen t6 1é. Néu n + ¢ khong phai 1a iy
thita ctia 86 nguyén t6 thi n +q = m'k véim' > 1, ¥ > 1, ged (m/, k') = 1.
Theo Bb dé 2.2.7 (xem [6, Lemma 8]) ta c6 m/, ¥ € H. Vi réing ¢ < n nén ta
c6 m' < n, k' <n.Do do, st dung tinh chat nhan va tinh chat cong tinh trén
cac sd nguyen t6 18 clia cac ham f, g va gia thiét quy nap ta c6 day cac ding

thitc sau
f)+fl@=fn+tq=fk)=fm)fF)=g(m)gk)
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=g(m'k)=gn+q)=gn)+g).
Vi ¢ 1a s6 nguyén t6 nén ¢ € H. Do ¢ < n nén st dung gia thiét quy nap ta
c6 f(q) = g(q). Tit d6 suy ra dudc f (n) = g (n). Phép chiing minh b6 dé nay
dugc hoan thanh. O

2.3 DPac trung dong nhat ctia ham nhan bdéi diéu kién
2 - c¢ong tinh trén cac s6 nguyén to 1é

Nam 1992, Claudia A. Spiro [6] da chiing minh rang, tap hop P tat ca cac
s6 nguyen t6 1a tap xac dinh duy nhat ctia tap hop S cdc ham nhan f thoa
man diéu kien f (pg) # 0 v6i mot s6 nguyen t6 py ndo doé. Néi 16 hon, Claudia
A. Spiro [6] d& chi ra rang, néu mot ham nhan khéac khong f 1a cong tinh trén

tong hai sé nguyeén t6, nghia 1a

fo+q) =) +f(q),Yp.q€P,

thi f 1a ham s6 dong nhat: f (n) = n, Vn € N*,

O cubi bai bao [6], Claudia A. Spiro dua ra hai cau hoi:

1) Tap hop tat ca cac s6 nguyen t6 du 16n c¢6 phai la tap xac dinh duy nhat
cua tap hop S hay khong?

2) Ton tai hay khong mot tap hop con ctia tap hop cac s6 nguyeén t6 co ti
trong duong dit nhé ma khong phai 1a tap xac dinh duy nhat ctia tap cac ham
nhan?

Trong bai béo [1] cac tac gia Kang — Kang Chen va Yong - Gao Chen da tra
161 cau hoi 1) ciia Claudia A. Spiro bang viéc xay dyng hai ham nhan lam phan

vidu la g1 (n) va g (n) sau day.

2.3.1 Ménh dé. Tap hop cic sé nguyén to lé khong phdi la tap zdc dinh duy
nhat ciia tap hop cac ham nhan khong dong nhat 0.

Chiing minh. Gia st gy (n) = n véi moi s6 nguyén duong n va go (n) = 1 néu
n 12 s6 18 va go (n) = 2 néu n 1a s6 chén. Kiém tra duge g; (n) vd g2 (n) 1a hai

ham nhan va khong dong nhat 0. Ngoai ra, ta con c6
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gi (n+m) = gi(n) +gi(m), i =1,2.

v6i moi s6 nguyén duong 1& m,n tuy y. That vay, véi cac s6 nguyén duong 1é

m,n tiy ¥, ta luon c6 m + n 1a s6 chin, do do

g(n+m)=n+m=gi(n)+g (m)
gn+m)=2=1+1=gy(n)+g2(m).

Tt d6 suy ra tap hgp cac s6 nguyén duong 1é khong phai 1a tap xac dinh duy
nhat clia tap hop cdc ham nhan khong dong nhat 0. Va vi vay, tap hop céc sb
nguyéen to 1é ciing khong phai 1a tap xac dinh duy nhat cia tap hop cac ham
nhan khong dong nhat 0. [

2.3.2 Nhan xét. Menh dé 2.3.1. da tra 16i cau hoi 1) § trén cta Claudi A.
Spiro. N6i 16 hon, tap hop tat ca cac s6 nguyen t6 (18) di 16n khong phai 1a tap

x4c dinh duy nhat ctia tap hop S cac ham nhan.

2.3.3 Dinh 1i. (Theorem 2, [1]) Gid st f va g la cdc ham nhan sao cho ton tai

mot so nguyén to lé pg ma tai do f khong triét tieu. Khi do, néu
fo+a)=f+f@), gp+a) =9/ +9()

vdi moi s6 nguyén to Ié p, q va f(n) =g(n) vdin=2,3,4th f(n)=g(n)

vdi moi s nguyén duong n.
Chitng minh. Gid stt f (3) = 0. Ta dinh nghia mot ham g3 bdi

95(2) =1(2), 93(3) =0, g3(4) = f(4), gs(n) = f(n), n>5.

Khi d6 g3 (p)+93 (q) = g3 (p + ¢) v6i moi s6 nguyen t6 1é p, q. Theo Bo dé 2.2.9
taco f(n)=g3(n), Yne€ H. Vipy € H néntaco f (py) = g3 (po) = 0, ta gap
mau thuin véi f (pg) # 0. Do d6 f (3) # 0. Theo Bo dé 2.2.1 ton tai i € {1, 2}
sao cho f (n) = g; (n) véin =1, 2, 3, 4. Theo B6 dé 2.2.9 ta c6 f (n) = g; (n)
v6i moi n € H. Bay gio néu Dinh 1y 2.3.3 sai v gid stt n 14 s6 nguyén duong
nhé nhat trong phan vi dy, nghia la f (n) # ¢; (n) . Khi d6 méi k € H,,, gid su
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k=mnm, tacom e H, ged(m,n) =1, k 1a s6 chdn va do d6 f (m) = g; (m).
Vi méi s6 nguyen t6 p € H nén ta ¢6 f (p) = ¢; (p) v6i moi s6 nguyen t6 p. Do
do, néu k la tong ciia hai s6 nguyen t6 16 thi f (k) = g; (k). Vi g; (m) # 0 va

9i (n) gi (m) = gi (nm) = gi (k) = [ (k) = f (nm) = f (n) f (m) = f (n) gi (m)

nén ta ¢6 f (n) = g; (n) 12 mot mau thuan véi gia thiét ctia n. Nhu vay, khong
c6 s6 nguyen duong chin nao thuoc H,, 13 tong ctia hai sé nguyén t6 1é. Theo Bo
dé 2.2.5 ta c6 H,, 1a tap hop c6 ti trong bang 0. Két qua nay mau thuin véi Bo
de 2.2.7 n6i rang H,, 1a tap hop ¢6 ti trong duong. Béi vi, g (n) = f (n) = g; (n)
véin =1, 2, 3, 4, nén lap luan tuong tu cho ta g (n) = g; (n) v6i moi s6 nguyén
duong n. Diéu nay két thiac phép chiing minh ctia dinh ly. [

Ap dung Dinh 1y 2.3.3 céc tac gia Kang — Kang Chen va Yong - Gao Chen
thu dugc dinh 1y sau day.

Nhéc lai rang, ky hieu g; (n) = n véi moi s6 nguyén duong n va gs (n) = 1
néu n 14 s6 18 v go (n) = 2 néu n 14 s6 chin. Kiém tra duge g1 (n) va g2 (n) 1a

hai ham nhan va khong dong nhat 0.
2.3.4 Dinh li. (xem [1, Theorem 1]) Gid st f la ham nhan sao cho ton tai mot

s0 nguyén to 1é pg ma tai dé f khong triét tieu. Khi dé, néu

flot+a)=f(p)+ ()
vdi moi s6 nguyén to 1€ p, q thi f = g1 hodc f = go.

Chatng minh. Stt dung phan dau ctia phép chiing minh trong Dinh 1y 2.3.3 ta c6
f(3) # 0. Theo Bb dé 2.2.1 ton tai cac chi s6 4 € {1,2} sao cho f (n) = g; (n)
véin =1, 2, 3, 4. Theo Dinh 1y 2.3.3 ta ¢c6 f = g; hodc f = g». Diéu nay két
thiac phép chiing minh cta dinh 1y. [

Mot két qua tryc tiép ctia Dinh 1y 2.3.4 14 hé qua sau.

2.3.5 Hé qua. (xem [1]) Mot ham nhan f la ham s6 s6 hoc dong nhat khi va
chi khi f (3) = 3 va
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flo+a) =71+ ()
vdi moi sO nguyén to 1€ p,q.

Chitng minh. Ap dung Dinh 1y 2.3.4 v6i py = 3 ta ¢6 f (n) = g1 (n) véi moi s6
nguyen duong n vi f (3) =3 # ¢2(3) = 1 hay f = ¢y 14 ham s6 s6 hoc dong
nhat. [

2.3.6 Nhan xét. Cho hai s6 a, b, gia su f(1) =1, f(2) =a, f(4) = b va
f(n)=0v6imoin#1, 2 4. Do dé6 ¢6 vo s6 cac ham nhan f véi f (2) # 0 va

fp+a)=f()+f(q)

v6i moi s6 nguyeén to6 1é p, g. Ngudc lai, Kang — Kang Chen va Yong - Gao Chen

dat ra gid thuyét sau.

2.3.7 Gia thuyét. ([4, Conjecture 1]) Néu f la ham nhdn sao cho f(2) #
0, f(3) =0wa f(p+q) = f(p)+ f(q) vdi moi s6 nguyén to 1é p, q thi
f(n) =0 vdi moin>>5.
2.3.8 Nhan xét. Néu f thoa man cac dieu kién cia Gid thuyét 2.3.7, thi
f(p) = 0 v6i moi s6 nguyén t6 p > 5 (xem phan chiing minh ctia Dinh 1y
2.3.3). Nhu vay bang quy nap theo n , chiing ta c6 thé chitng minh rang tit gia
thuyét Goldbach suy ra duge Gia thuyét 2.3.7 (xem [1, Conjecture 1]). Diéu nay
ngu ¥ rang néu gia thuyét 2.3.7 1a sai, thi gid thuyét Goldbach ciing sai.

Dugc thic day bsi Bé dé 2.2.1, cac téc gid Kang — Kang Chen v Yong -
Gao Chen dat ra gid thuyét sau.
2.3.9 Gia thuyét. (xem [1, Conjecture 2]) Gid st f la ham nhdn sao cho
f(2)=2wa

fp+a)=f()+f(q)

vdi moi s nguyén to lé p,q thi
f@2n)=35f(3)((n—3)f(4)+12—2n),
fCn—1)=35fB)(n—2)f(4)+T7—2n), n=3,4,....
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Néu gid thuyét nay dude tra 10i, thi ching ta nhiéu khi ning xay dung dugc
cac tap duy nhat cong tinh cho tap hop cac ham nhan théa man diéu kien

F(2) =2.
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KET LUAN

Gia thuyét Goldbach manh néi ring moi sé nguyén chén 1én hon 2 1a tong
ctia hai s6 nguyén t6 van dang thu hdt sy quan tam clia cong dong toan hoc
khi gan day nha toan hoc Terence Tao da tiém can dugc véi viec chiing minh
gid thuyét Goldbach yéu. Dieu kién cong tinh trén cic sb6 nguyeén t6 1& clia ham
nhan c6 lien quan chit ché dén cic gia thuyét Goldbach. Do vay, dua vao tai
lieu [1] ctia téc gia Kang — Kang Chen va Yong - Gao Chen, luan vén ctia ching
t61 c6 cac déng gop cu thé sau:

1 - He thong lai cac khai niem, két qua vé cac ham so6 s hoc,

2 - Trinh bay lai bai bao [1] nhdm tim hiéu sau thém tinh x4c dinh duy nhat
bdi dieu kién cong tinh ctia tap cac ham nhan trén tap cac sd nguyén to 18,

3 - B6 sung va lam 16 cac chitng minh ctia bdy bo dé va hai dinh 1y (Dinh
Iy 2.3.3, Dinh 1y 2.3.4) cting mot hé qua (Hé qua 2.3.5) trong [1] mot cach chi
tiét va tuong minh hon,

4 - Tim hiéu mot s6 két qua nghién ctu vé tinh xac dinh duy nhat ciia ham
nhan béi dieu kién cong tinh trén cac s6 nguyén to, s6 chinh phuong clia cac
tac gia C. Spiro [6], J. H. Fang, P.V. Chung va B. M. Phong ([2], [3]. [4], 3],
[6])-
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