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Lol cam on

Pé hoan thanh chuong trinh Cao hoc va viét luan van, t6i da nhan duoc su day do
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huéng dan va giai dip nhitng thiac mac cla tdc gid trong sudt qud trinh 1am luan vin.
Nho su huéng dan chi bao tan tinh ctia thady ma luan van da duoc hoan thanh mot
cach khoa hoc va ding tién do.

Téac gia xin dugc cam on quy Thay - Co trong T6 Dai s6 - Hinh hoc thuoc Khoa
Todn cua Truong Su pham, Truong Pai hoc Vinh nhitng nguoi da truc ti€p giang day,
truyén thu kién thic cho tic gia trong sudt qua trinh hoc cao hoc.

Tac gia xin duge cam on quy Thay - Co, dong nghiép, ban be noi tac gia dang
giang day va cong tac da tao diéu kién thuan 1gi, c6 vii, dong vién va gitip do tac gia
trong suot thoi gian tac gia di hoc.

Cam on sy hy sinh cua gia dinh - 12 niém tin - 1a ch6 dua vitng chéc vé tinh than
va vat chat dé tac gia vugt qua moi khé khin, hoan thanh nhiém vu hoc tap clia minh.

Nghé An, ngay 20 thang 5 nam 2022
Tac gia

Nguyén Thi Thanh Mai



Loi noi dau

1. Ly do chon dé tai

Trong Toéan hoc, dai s6 Lie dugc dit tén theo nha toan hoc ngudi Na Uy 1a Marius
Sophus Lie (1842 - 1899), [a mot khong gian vecto g ma trén d6 dugc trang bi mot
phép nhan

] gxg— g (v,y) — [7,y]

(dugc goi 1a tich Lie hay méc Lie) 1a todn tu song tuyén tinh, phan xing va thoa man
déng thitc Jacobi. Mat khéac, mot trong nhitng ¥ tudng ctia ly thuyét nhém Lie 1a thay
thé cdu tric nhom toan cuc badi phién ban mang tinh dia phuong cua n6 hay con goi
la phién ban da dugc lam tuyén tinh héa ma Marius Sophus Lie goi d6 1a nhém Lie
vO cling bé, sau nay nguoi ta ciing goi d6 1a dai so Lie.

Bai todn nghién cttu vé cdc dai s6 Lie tdng quat ndi chung va 16p cdc dai so Lie
cu thé ndéi riéng 1a mot linh vuc nghién citu rong ctia Toan hoc, da va dang duoc nhiéu
nha todn hoc trong va ngoai nudc quan tAm nghién ctu va cho thdy nd ¢6 nhi€u tng
dung trong cdc nganh khoa hoc khéc. Vi du nhu su phan loai céc dang cédu clia cic
dai s0 Lie vdi s chiéu thdp 1a nén tang va co s& ban ddu dé hinh thanh mot phuong
phdp tinh cédc bét bién clia dai s6 Lie bang cdch thay d6i hé toa do.

Phan loai, mo ta biéu dién phu hop va déi phu hop ctia nhém Lie, dai so Lie gidi
dugc 1a mot trong nhitng bai todn nghién ctu vé 1y thuyét Lie. Trong mot cong trinh
cta minh, E. E. Levi va 1. A. Malcev da ching minh dugc: Moi dai s6 Lie hitu han
chiéu trén truong cé ddc s6' 0 déu phdn tich duoc thanh tong nita truc tiép ciia mot
dai so nita don voi idéan gidi duoc toi dai cua né. Do d6, viéc phan loai dai s6 Lie

duoc quy vé phan loai cdc dai s6 nita don va cdc dai s6 giai duoc.



Loi néi ddu

Nho vao ba tinh chat doi xiing, bdt bién va khéong suy bién ma dang Killing trd
thanh mot cong cu duge su dung kha nhi€u khi nghién ciu vé dai s6 Lie nira don.
Chang han tiéu chudn Cartan trong bai todn phan loai dai s6 Lie di chi ra ring: Pai
s0 Lie g la dai so Lie nita don khi va chi khi dang Killing khong suy bién trén g X g.
Tinh dén nay, bai todn phan loai cdc dai s6 Lie nita don da dugc giai quyét triét dé
boi E. Cartan trén truong sO phic C va R. E. Gantmacher trén truong s6 thuc R.

Bén canh d6 céc dai s6 Lie giai dugc cé cau tric khong qua phic tap. Tuy nhién
viéc phan loai, mo ta biéu dién phu hop va doi phu hgp ctia né thi twong doi phic
tap va theo ching to6i dugc biét dé€n nay thi bai todn nay van chua dugc giai quyét
triet dé. Céc két quia gin day cho thdy, bai todn phan loai dai s6 Lie gidi duoc hdu
nhu thuc hién trén cdc dai s6 ¢6 s6 chiéu thap. Vi du nhu, doi véi dai Lie liy linh da
dugc phan loai cho cédc dai s6 ¢6 s6 chiéu bang 8 boi G. Tsagas (xem [5]), con dai s6
Lie giai duoc da duoc phan loai cho cdc dai s6 chiéu bang 6 bsi G. Mubarakzyanov
(xem [3]) va R.Turkowski (xem [6]).

Dai s6 Lie g dugc goi 1a dai s6 Lie gidi dugc néu ddy dan xudt

D(g): g =g2g'=[gg2  -2g:=[g""e "D

ctia nd ding sau hitu han bude, tic 12 ton tai s6 ty nhien n dé g" = {0}. S6 n
khi d6 duoc goi 1a bdc gidi duoc cua dai s6 Lie g. Cdn liiy linh cua mot dai so
Lie giai dugc g (dugc ky hiéu 1a Ny(g)) l1a idéan lily linh 16n nhat cta g. Theo
G. Mubarakzyanov (xem [3]) thi moi dai s0 Lie giai dugc g déu c6 duy nhat mot can
lfiy linh va s6 chiéu clia can Iy linh (ky hiéu 1a dim(Ng(g))) khong nhd hon mot
nura so chiéu cta dai s6 Lie g. Do d6, néu s6 chiéu ctia dai s6 Lie giai duoc g bang 7
(ky hiéu 1a dim(g) = 7) thi dim(Ng(g)) > 4, tic 1a dim(Ng(g)) € {4,5,6,7}.
Trong céc trudng hop dim(Ny(g)) € {4,6,7} da dugc phan loai bdi cic tic gid
R. A. Parry (xem [4]); F. Hindeleh va G. Thompson (xem [2]). D6i véi truong hop
con lai dim(Nz(g)) = 5 thi bai todn phan loai va mo ta bi€u dién phit hgp, doi phu

hgp cta dai s6 Lie twong ting van con la bai todn mo.



Loi néi ddu

Trong luan van nay ching toi ti€p can dai s6 Lie gidi duoc, bang cdch xay dung
cdc dai s6 Lie thuc giai dugc bat kha phan, ¢6 s6 chiéu bing 7 tir viec chon trudc
cho né6 can lily linh 5— chiéu. Gia sit cho trudc mot dai s6 Lie liiy linh 5— chiéu
Kk, v6i co s6 E = {ey,eq,...,e5} vatich Lie [e;, e;] hoan toan xdc dinh v6i moi
1 <14,j < 5. Khi d6 ta m& rong k béng cdch bo sung thém hai phan tir {u, v} doc
lap tuyén tinh lity linh dé c6 dugc dai so Lie giai dugc bat kha phan 7— chiéu g, véi

tich Lie dugc xac dinh boi

[u, v] = ZJJ

Vi=1,2,...,5.

i
v, €] = i ij€j

\

Céc oy, (Vi = 1,5) xdc dinh béi cong thic trén dugc goi 1a hdng s6” cdu tric. Dat
cdc ma tran A = [a;;] va B = [by;], khi d6 A, B goi 1a ma trdn cdu tric. V6i cdch
dat nhu trén thi bai todn phan loai, mo ta bi€u dién phu hop va doi phu hgp cia dai
s Lie g lic nay duoc quy vé phan loai va mo ta cap ma tran cau tric A, B va hing
sO cdu tric o;.

Bai todn phan loai, mo ta biéu dién cia dai s6 Lie dang duoc nhiéu ngudi quan
tam nghién citu. V&i mong mudn tim hi€u vé bai todn mo ta biéu dién cua dai so Lie
giai dugc va duoc su goi ¥ ctia ngudi huéng dan, ching toi chon dé tai: Biéu dién
phu hop va d6i phu hop cua mot 16p dai s6 Lie giai duoc 7— chiéu c¢6 can liy
linh 5— chiéu 1am dé tai nghién cttu ctia minh.

Muc dich cua luan van la dua vao cic két qua trong bai bdo "Classification
of 7 dimensional solable Lie algebras having 5 dimensional nilradicals," arXiv:
2107.03990v1 [math.RA] 8 Jul 2021, ctia cic tac gia Vu A. Le, Tuan a. Nguyen, Tu
T. C. Nguyen, Tuyen T. M. Nguyen, Thieu N. Vo va cdc tai liéu lién quan dé doc
hiéu, trinh bay mot s6 16p phan loai va mo ta biéu dién phu hop, d6i phu hgp cua dai

s0 Lie giai duoc 7— chiéu ¢6 can lily linh 5— chicu.



Loi néi ddu

2. Noi dung nghién ciru cua luan van

2.1. Trinh bay mot cich ¢6 hé thong cac khdi niém vé dai s6 Lie giai duoc, dic
biét 16p cac dai s Lie giai duogc hitu han chiéu véi can lily linh cua né ciing ¢6 chiéu
hitu han. Chitng minh chi ti€t mot s6 két qua ve dai s6 Lie nay.

2.2. Chimg minh chi ti€t mot s6 két qua vé dai so giai duoc 7— chiéu cé can liy
linh 5— chiéu. Str dung cac két qua trén cho viéc phan loai moét 16p dai s6 tuong tng
va mo ta chi tiét biéu dién phu hop, déi phu hgp cta no.

3. Tong quan va cau tric cia luan van

Ngoai phan Loi n6i dau, Két luan va Tai liéu tham khao thi noi dung ctia luan
van duogc trinh bay trong hai chuong.

Chuong 1: Kién thiic co s6. Noi dung chinh trong chuwong nay, ching toi trinh
bay khai niém va mot so tinh chat cua dai so Lie, dai so Lie don, dai s6 Lie giai duoc,
dai so Lie lily linh va can liiy linh cia mot dai s6. Cac ndi dung néi & trén duoc trinh
bay trong cidc muc sau:

1.1. Pai s6 Lie giai duoc.

1.2. Dai s6 Lie liiy linh.

Chuong 2: Biéu dién phu hop va déi phu hop cua mot 16p dai so Lie giai
dugc 7— chiéu ¢6 can liy linh 5— chiéu. Noi dung chinh ctia chuong nay ching
toi trinh bay khai niém vé bai todn phan loai mot dai s6 Lie; bai todn mo ta bi€u dién
phu hop va d6i phu hgp clia mot dai s6 Lie. St dung cdc két qua d6 d€ phan loai mot
16p dai s6 Lie giai dugc 7— chiéu ¢6 can lily linh 5— chiéu va tinh biéu dién phu hgp
va doi phu hgp cua né. Céc ndi dung néi ¢ trén dugc trinh bay trong cidc muc sau:

2.1. Phan loai mot 16p dai s6 Lie giai dugc.

2.2. Biéu dién phu hgp va d6i phu hop cia mot 16p dai so Lie giai duoc.

Mic du ¢6 rat nhiéu ¢6 gang trong viéc hoan thanh luan vin nhung do han hep
trong kién thitc, nang luc c6 han nén chac chin luan van van con ¢6 nhitng sai sét
khong mong mudn. Rat mong nhan dugc su danh gid, nhan xét va phan hdi cta cac
nha khoa hoc, quy Thdy - Co va doc gia dé tic gia hoan thién luan van cia minh mot

cach tot hon.



Chuong 1

Kién thic co so

Noi dung chinh trong chuong nay, chiing téi trinh bay dinh nghia va mot so' tinh
chdt cua dai s Lie, dai so nita don, dai s6 Lie gidi duoc, dai s Lie lity linh va cdn

lity linh cua né.

1.1 Dai so Lie giai duoc

1.1.1. DPinh nghia. Cho V' 1a mot khong gian vecto trén truong K. Mot anh xa
w: V xV — K dugc goi 1a dang song tuyén tinh trén V néu nd thoa man cdc
diéu kién sau:
) (A1 + Agvg, w) = Aj(vr, w) + Ao (va, W),
i) p(v, Brwy + Bows) = Bip(v, wr) + Bap(v, wy)
voi Yo, w; € Vi, B € Kyi =1, 2.
e Dang song tuyén tinh o : V' X V — K duoc goi la:
+) Doi xitng, néu
o(v,w) = p(w,v), Yo, w € V.
+) Phdn doi xitng, néu
o(v,w) = —p(w,v),Yo,w € V.
+) Khong suy bién néu V+ = {v € V|p(u,v) = 0,Yu € V} = {0}.
e Vecto v € V duoc goi 1a ding huéng déi v6i dang song tuyén tinh o trén khong

gian vecto V, néu (v, v) = 0.



Chuong 1. KIEN THUC CO SO

1.1.2. Pinh ly. Cho ¢ la mot song tuyén tinh trén khong gian vecto'V.

i) Néu @ khong suy bién va U la mot khong gian con cia V' thi
dim(U) + dim(U") = dim(V).

Ddc biét, neu UNUL = {0} thi V = U & U™+ va thu hep cia o trén U va trén
U™ la khong suy bién.

ii) Néu o phdn doi ximg va char(K) # 0, thi Vo € V déu ddng hudng.

iii) Néu o doi xumg thi 0y, € V (vecto khong) luon dang huong doi véi ©.

iv) Néu @ khong suy bién va x € V' la vecto ddng huéng doi véi ¢ thi Jy € V
sao cho @(x,y) # 0.

v) Néu p doi xiing, khong suy bién. Khi dé tontai E = {ey, eq,- - ,€,} la mot
0 néut # j

#0néui=j

1.1.3. Pinh nghia. Khong gian vecto g trén truong K dugc goi 1a moét dai s6 Lie trén

co sd cua V' sao cho (e;, ;) = {

K (hay K— dai s Lie) néu trén g dugc trang bi mot phép nhan goi l1a tich Lie (hay

moc Lie) -
L.l gxXg—g

(z,y) — [z, 9]

théa man man cac diéu kién sau:

i) La todn tir song tuyén tinh, tic 1a Vr, y, 2z € g, VA, p € K, thi:
Az + py, 2] = Az, 2] + ply, 2],

[, Ay + pz] = Az, y] + plz, 2].
i1) Phan xiing, tic 1a: [x,y] = —[y, z], [z,2] =0, Vz,y€g.
i11) Dang thiic Jacobi, tic 1a:
[z, y], 2] + [y, 2], 2] + [z, 2], y] = 0, Vz,y,z€g.

+) SO chiéu cua dai s6 Lie g 1a s chiéu cua khong gian vecto g.
+) Néu [z, y] = 0,Vz,y € g thi ta néi tich Lie cta dai s6 Lie 1 tdm thuong va

dai s6 Lie g duoc goi la giao hodn.
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+) Cho F = {ej, ey, -+ ,€,} 1a mot co s§ gdm ¢6 n— vecto clia K— khong
gian vecto g. Khi d6 cdu triic dai so Lie trén g c6 thé cho bdi tich Lie dugc xac dinh
nhu sau:

n
k . .
lei, e;] == Zaijek, 1<i<j<mn,a; €K
k=1

Cac hé so afj dugc goi 1a hang s6 cdu triic dai s6 Lie g trong co s& da chon.

+) Moi K— dai s6 Lie 1a mot K— dai s6. Cau hoi dat ra mot K— dai s6 ¢6 phai
la mot K— dai s6 Lie khong? Cau tra 16i néi chung 1a khong. Nhung néu ta chon
tich Lie 1a hodn t& thi moéi dai s6 trd thanh dai s6 Lie. Dinh ly sau day cho phép ta
xay dung mot K— dai so Lie tr mot K— dai so.

1.1.4. Pinh ly. Cho g la mot K— dai s6. Trén g dinh nghia phép nhdn nhu sau:

[,]: gxg—g
(z,y) — [z,yl =2y —yx, Vr,ycg.

Khi dé g cing voi phép nhdn dinh nghia J trén trd thanh mot K— dai so Lie.
Dai s6 Lie g xay dung nhu trén dugc goi 1a dai s6 Lie cdm sinh ti dai s6 g.
1.1.5. Pinh nghia.i. Khong gian vecto con h cua dai s6 Lie g dugc goi 1a dai s6 Lie

con cua g, néu h déng véi tich Lie, tic la:
Vz,y € hthi [z,y] € h.
ii. Khong gian vecto con p cuta dai s6 Lie g dugc goi 1a ideal cua g, néu:
Vx € g,a € p thi [x,a] € p.

iii. Cho g la dai sO0 Lie va p la mot ideal ctia g. Xét khong gian vecto thuong

g/p={z+p|xecg} Khidég/plamotdais6 Lie, vdi tich Lie:

[z +p,y+p]=[z,y+p Yr+p,y+pEg/p

Dai s6 Lie g/p xay dung nhu trén dugc goi 12 dai s6 Lie thuong cia dai s6 Lie g theo

ideal p.
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Vi du 1. Cho p, q 12 hai ideal cua dai s6 Lie g. Khi d6:
pta={r+ylzepycdl

p.q] = {inyj |z, € p,y; € q}
la cac ideal cua g.
Vi du 2. Cho g = Mat(n,C) la dai s6 cdc ma tran vuong cap n phan tir trén C.

Dua vao phép cong va nhan hai ma tran, ta dinh nghia tich Lie trén g nhu sau:
[A,B] = A.B— B.A, VA,B € Mat(n,C).

Khi d6 g 1a mot dai s6 Lie véi tich Lie xdc dinh nhu trén. Dai s6 Mat(n, C) duogc
ky hiéu 1a gl(n, C) hodc 1a gl(n).
Vi du 3. Cho g 12 dai s6 trén truong C va Endc(g) 1a dai s6 cdc todn ti tuyén tinh

trén g. Phan tr ¢ € Endc(g) duge goi 12 todn nik vi phdn trén g néu:

p(z.y) = (x).y —z.0(y), Vz,y€eg

Ky hiéu Der(g) 1a tap hgp céc todn tir vi phan trén g. Khi d6 Der(g) 1a dai s6 Lie
con ctia Endc(g).

That vay, Vo, ¢ € Der(g) vaVz,y € g, ta c6:

o, l(zy) = (pp — ¢ p)(a.y)
= 0@ @)y —2.0 1Y) — ¢ (o(z).y — z.0(y))
= (pp —)(2)y —2.(09 — ¢ 9)(y)

= [p,¢](@)y —2[p, ¢ ](y).

Do d6 [p, @] € Der(g). Vay Der(g) 1a dai s6 Lie con cha Endc(g).

Vi du 4. Cho g 1a dai s6 Lie. Dat Z(g) = {z € g | zo = x2,Vx € g} goi la tdm
cta g. Khi d6 Z(g) 1a ideal cla g.

Vi du 5. Cho a 1a dai s6 con cha dai s6 Lie g. Tap hop Ng(a) = {z € g | [z,a] C a}
dugc goi 12 chudn tdc héa cia a. Khi d6 Ny(a) 1a dai s6 con ciia g va hon th€ nita

no6 la dai s6 con 16n nhit cuia g ma chira a nhu 1a mot ideal.
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1.1.6. Pinh nghia. Cho g, g, 12 hai K— dai s6 Lie. Khi d6, énh xa f : g, — g,
duoc goi la dong cdu dai so Lie néu:

(i) f 1a anh xa K— tuyén tinh,

(ii) f bao ton tich Lie, tic la:

[z, y)) = [f(2), f(y)] Y,y € g.

Néu anh xa f : g, —> g, l1a don dnh (toan toan, song dnh) thi dong cdu dai s
Lie ¢ tuong tng dugc goi 1a don cdu (toan cdu, ddng cdu) dai s6 Lie va Kerf 1a
ideal ctia g; con I'm f la dai s6 con cua g,.

1.1.7. Pinh nghia. Cho V' 1a K— khong gian vecto va g 1a dai s6 Lie. Mot biéu dién
ctia dai s6 Lie g trén V' 12 déng cdu ¢ : g — ¢l(V') va duge ky hiéu 1a ky hiéu la
(i, V). Néu ¢ 1a mot don énh thi biéu dién ¢ duge goi 1a khop.
1.1.8. Pinh nghia. Cho g Ia dai so6 Lie va x € g. Khi d6 dnh tuyén tinh
ad,: g— g
y — ad,(y) = [z,9]
dugc goi 1a todn tu vi phdn trong.
Ky hieu Der(g) 1a tap hop cdc toan t& vi phan trén g. Ta xét dnh xa
ad: g — Der(g) C gl(g)

r — ad,.

Khi d6, vé6i Vx,y, 2z € g ta co:

lad,,ad,|(z) = ad,oad,(z) — ad, o ad,(z)
= ad.(ly, 2]) — ad,([z, 2])

Do d6 ad 1a mot déng cau cha dai s6 Lie va hon thé nita ad 1a mot biéu dién.

12
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1.1.9. Pinh nghia. Biéu dién ad x4y dung nhu trén goi l1a bi€u dién chinh quy cla
dai so Lie g.
1.1.10. Pinh nghia. Cho GG 1a nhém Lie va g = Lie(G) 1a dai s6 Lie cta G.
e V6imdi g € G ta xét phép tinh tién trdi L, : G — G, x — gx va phép tinh ti€n
phidi R, : G — G,z — xg.

bit Ay = L,o Ry~ : G — G,z — Ay(z) := g.x.g~". Khi d6 4nh xa
Ay dugc goi 1a t ding cdu trong ciia G img voi g € G. Ty dang cau Ay cam sinh

anh xa
Agr: g8

d _
x> Ay (x) = E[g.exp(ta:)g Y=o
va duoc goi la dnh xa tiép xiic tai A,).

Tac dong
ad: G — Aut(g)

g +— ad(g) = A
xac dinh mot biéu dién cta nhém Lie GG trong g va dugc goi 1a biéu dién phu hop
ctia nhém Lie G trong g.

e Ky hiéu
g’ := Hom(g,C) ={f : g — C|f la dang tuyén tinh }
la khong gian do6i ngau cta dai s6 Lie g. Véi g € GG, xét anh xa:
K(g) : gﬂ< — g*
fr— K(f)

trong do
< Kgf,x>=<f,Ad(g ")z >,Ve egvéi Ad(g”") : g — g

Khi dé tac dong
ad": G — Aut(g")
g — ad’(g) = K,
xac dinh mot bi€u dién ctia nhém Lie G trong g* va dugc goi 1a biéu dién doi phu

hop clia nhém Lie G trong g*.

13
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1.1.11. Ménh dé. (xem [3]) Cho g la mot dai s6 Lie, V' la mot khong gian vecto va
w : g X g — V la dnh xa song tuyén tinh. Trén khong gian vecto g = g BV ta

dinh nghia phép todan
(X +u,Y +0u]=[X,Y]+¢(X,Y), VXY € gvau,veV.

Khi dé khong gian vecto g cung voi phép todn dinh nhia & trén la mot dai so Lie khi
va chi khi o la dnh xa phdn xiing va thoa man diéu kién

e((X, Y], Z2)+ (Y, Z], X) + ¢([Z2,X],Y) =0, VX,Y,Z€cg.
Dai s6 Lie g xac dinh & trén dugc goi 1a mo rong tdm cua g trén V' theo anh xa .
1.1.12. Ménh deé. (xem [5]) Cho g la mot dai s6 Lie, V' la mot khong gian vecto va
7 : g — End(V) la dnh xa tuyén tinh. Trén khong gian vectog = g ® V' ta dinh
nghia phép todn

(X +u,Y +0] =X, Y]+ 7(X)v —7n(Y)u,VX,Y € gvau,veV.

Khi dé khéng gian vecto g ciing voi phép todn dinh nghia o trén la dai s Lie khi va
chi khi w théa man diéu kién
([ X,Y]) = [n(X),n(V)],VX,Y € g.
Dai so Lie g xac dinh & trén duoc goi 12 tich nita truc tiép cua g trén V bdi biéu dién
.
Vi du 6. Xét dai s6 Lie giai duge 3— chiéu g;, = span{x,y, x}, véi tich Lie xac
dinh nhu sau:[z,y] = v, [z, 2] = y + 2. Khi d6:
+) Bi€u dién doi phu hgp ad* : g — End(g*) dugc xédc dinh nhu sau:
ad”(z)(z") =0, ad*(y)(z") =0, ad’(z)(z")
ad*(z)(y") = —y" — 2", ad(y)(y") = =7, ad'(2)(y") =
ad(z)(z") = =2", ad'(y)(z") =0, ad(z)(z")

+) Tich nira truc ti€p g = g @ g* clia g véi g* boi biéu dién d6i phu hop ad* 1a

Gso = span{x,y, z, x*,y*, 2*} ¢6 tich Lie dugc xdc dinh boi:

[I’,y] =Y, [SC,Z] :y+za [ﬂf,y*] :_y*_Z*a

*

[z,2"] = =2", [y =lzy]=z2]=2"

14
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1.1.13. Pinh nghia. Cho g 1a dai s6 Lie. Khi d6 chudi ddn xudt dao giam {D"(g)},
véi D"(g) < G, trong do:

D’(g) = g
D'(g) = [g g,
D'(g) = [D"(g),D" '(g)], (n>1).

Khi d6 day
g = D’g) D D'(g) D D*(g)--- 2> D"(g) D ---

duge goi la ddy dao giam cua dai so Lie g. Dai s0 Lie g duge goi 1a giai duoc
néu diy dao gidm clia né dimg sau hitu han buéc, tic 1a tén tai s6 tu nhién n dé
D" '(g) # {0} nhung D"(g) = {0}. S6 n khi d6 dugc goi 1a bdc gidi digc cla

dai s6 Lie g.
a 0 b

Vi du 7. Dai 56 Lie g = {[0 a c] (a,b,aER} 12 gii duge.
00 0

aq 0 bl Ao 0 b2
e Véimoi X = [O ay 61] vayY = [O Qs 62] € gtaco:
0 0 0 0 0 0
0 0 albg - G,le
[X, Y] =XY -YX= [O 0 a1Cy — CLQC1]

00 0
00z
Khi d6 g' = [g, g] =< [X,Y]|X,Y6g>—{!0 0 y] x,yER}.
000

0 0 T 00 )
eV6imoiP= |0 0 y;|vaQ =10 0 w| €G'=[P,Q] = PQ-QP =0.
00 0 00 0
Khidé g* = [gl, g'] =< [P, Q] | P,Q € g' >=0.
Vay g la dai s6 Lie giai dugc.
1.1.14. Ménh dé. (xem [8]) Cho g la dai s6 Lie. Ta cé:
i) Néu g la gidi duoc va a la dai so con cua g thi a gidi dioc.
ii) Gid su q la ideal ciia g. Néu q va g/q la gidi duoc thi g gidi duoc.
iii) Gid sit p va q la hai ideal cuia g. Néu p va q la gidi duoc thi p + q gidi duoc.
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iv) Gid si p la ideal cia g. Khi dé g/p giao hodn khi va chi khi p chita
g =lg sl

v) Néu g la gidi dugc va p : g —> g, la mot dong cdu. Khi dé Im(g) la mot
dai 56 Lie gidi duoc.

vi) Néu g hitu han chiéu. Khi dé, ton tai duy nhdt ideal gidi duoc ctia g chiia moi
ideal giai dugc ciia g. Ideal ndy goi 1a cdn giai duoc ciia g. Ky hiéu 1a Rad(g).

1.1.15. Ménh dé. Néu g la mot dai s6 Lie véi cdc ideal
g=0p 2 iy 2 iy Dy 2= {0}

sao cho iy_1 /iy giao hodn voi moi 1 < k < n thi g giai duoc.

Chitng minh. Theo gia thiét i,_, /ij, giao hoan véimoi 1 < k < n = g/i, giao hoan,
khi d6 theo Ménh dé 1.1.14(iv) ta c6 g' C i;. Tuong tu ta cling chitng minh duoc
g’ C i,. Gia st g" ! Ci,_, v6i & > 2. Bay gio ta chiing minh g® C i,. That vay,
Vi ij_1 /i giao hodn, do d6 lap luan tuong tu & trén, ta c6: [i;_1, ;1] C ip.Mat khéc
theo gia thiét quy nap g"* C i,_; nén [g"' g" ] C [iy_y,ir_1] suy ra g" C iy.
Vay,khik =ntacég" Ci, = {0} = g" = {0}. Vay g giai duoc. O

1.1.16. Tiéu chuan giai duoc. (xem [8]) Pai 56 Lie g la gidi duoc khi va chi khi mot
trong cdc diéu kién tuong duong sau diioc thoa man.
i) Ton tai 56 ty nhién n dé sao cho D""'(g) = {0}.

ii) Ton tai s6 tw nhién n dé véi moi 2" phdan tir X, Xs, -+, Xont1 € g, ta c6
[ - [ X0, X, [ X, X5, [ X, X, [ X7, X]], -+ -] = 0.
iii) Ton tai mot day hitu han cdc ideal gidm
g=1iyDi1 D iy Dip = {0}

sao cho i; [i;1 la giao hodn, tic la [i;,i;] C ;1.
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1.1.17 . Pinh nghia. Dang Killing cua dai sO Lie g la anh xa song tuyén tinh, doi
xtng I xdc dinh bai
' gxg—R
(x,y) —> [(z,y) = Trlad, o ad,).
+) Dang Kiling I' cta dai s6 Lie g duoc goi la khong suy bién néu idéan
radp :={x €g|T'(x,y) =0,Vy € g} = {0}.

+) Dang Kiling I" ctia dai s6 Lie g bat bién qua moi tu dang cau cta g. Tic 1a

L(p(z), o(y)) =T(z,y),Vz,y € g

va Vo 1a mot tu ding cdu cla g.

1.1.18. Tiéu chuan Cartan vé giai duoc. (xem [8]) Dai s6 Lie g la gidi duoc khi va
chi khi dang Killing I : g x g — R, (X, Y) — tr(adx o ady) la triét tiéu trén
gXx|ggluclal(X,)Y)=0,VX € g, VY € [g,g].

a 0 b
Vi du 8. Cho dai s6 Lie g = {[O a c]
000

a,b,c € R}. Khi d6 g giai duoc.

Chitng minh. That vay, xét co sG cua dai so Lie g la:

100 00 1 000
E{Ell()l ],Ezloool,@[@o 1]}
000 000 000

X = fl’flEl + Q}'QEQ + $3E3
Véibatky X,Y,Z € gthi x;,y;, 2, € Rsaocho R Y =y, By + yo By + y3F5
Z = ZlEl + ZQEQ + ZgEg.
Khi d6 biang cach tinh truc tiép, ta cé:
0O 0 0 0 00
MX = [l’g T 0] va M[YZ] = [ygzl — Y122 00
—r3 0 ysz1 —y1zs 0 0
tuong Gng 12 ma tran cua toan tt ad X va ad[Y, Z] doi vé6i co s6 E da chon & trén.
0 00
Suy ra My My 71 = |71(y221 — 1122) 0 0| lama tran cta todn tht ad X oad[Y, Z|
371(9321 —yz) 00

doi véi co sd E.
T day, tac6 I'( X, [Y, Z]) = Tr(adX o adlY, Z]) = 0,VX,Y, Z € g.
Suy ra I'(g, g') = 0. Do d6 theo tiéu chuan Cartan thi g la giai dugc. O

17
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1.2 Pai so Lie lay linh

1.2.1. Pinh nghia. Cho g Ia dai so Lie. Dat:

C'(g) = g
Clle) == lg.g=¢g"
C"(g) = g, C’”_l(g)] =g (g [gg -]=g"
Khi d6 ddy
C'lg)=gDg'D---Dg"D---

duoc goi 1a day tam giam cia dai s6 Lie g. Dai s0 Lie g dugc goi 1a lidy linh néu day
tam giam cua nd dimg sau hitu han budc, tic 1a ton tai s6 ty nhien n dé C"(g) = {0}.
S6 n khi d6 dugc goi 1a bdc liiy linh cua dai s6 Lie g.

Vi du 1. Xét dai s6 Lie cdc ma tran tam gidc trén, phan tir phiic
g=G(n,C) = {A = [ai]n € gl(n,C) | a;; =0,1<j<i< n}
Khi d6 g 1a dai s6 ldy linh.

Chitng minh. Dat a,, = {X = [z, € gl(n,C)|z;; = 0,Vj —i < m}. Khi d6 véi
VX = [xij]m Y = [yz]]n ca,,ta co:

X, Y]=XY -YX = Z [Tijyniciln — Z [TijYriChsln € A
j—i>m,l—j>m j—i>m,i—k>m
Vay g™ C a,,. Pac biét, khi m = n thi g" = 0 hay g la dai s6 Lie liiy linh. O

Vi du 2. Dai s6 Heisenberg

0 Xt —-Y! 2 1 Y1

0O O 0 Y T Y
h?ﬂH{ 00 0 X ‘X oy = |7 }

00 0 0 ., ”

la dai s6 Lie liiy linh.

18
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1.2.2. Ménh dé. (xem [8]) Cho g la dai s¢ Lie. Khi dé ta co:

i) Néu g la liiy linh thi dai s6 con va dnh dong cdu cua g ciing la dai so Lie lity
linh.

ii) Ky hiéu

Z(g) = {a € glla,b] = 0,Vb € g}

la tam cua g. Néu g/Z(g) la liy linh thi Z(g) liy linh.

iii) Gid su g lity linh va khdc khong thi Z(g) # {0}.

iv) Néu g lity linh thi g gidi duoc.

v) Néu g gidi ditgc thi dai s6 con g, = |g, g| liy linh.
1.2.3. Pinh nghia. Cho g la dai s6 Lie, z € g va

ad, : g— g
y — ady(y) = [z,y].

la toan ti vi phan trong. Phan t = dugc goi la ad— liy linh néu ad, la tu dong ciu
lily linh, tifc 12 t6n tai s6 ty nhién n sao cho (ad,)" = 0.

1.2.4. Ménh dé. Néu dai so Lie g la liiy linh thi moi phdn tik cia g la ad— liiy linh.

Chitng minh. Theo gia thiét g = g" = 0. Khi d6 Vxq, 1, 29,...,x, € g, ta co:

[, [+ [0, [21, 0] - - ]] = (ad,,)(ad,, ) ... (ad,,)(xy) = 0.
bac biét, khi x; = 29 = ... =z, = x € g thi (ad,)"(xg) = 0,Vxy € g nén
(ad,)™ = 0 hay z 1a ad— luy linh. O

Cau hoéi nguoc lai cuia Ménh dé 1.2.4 c6 ding hay khong? C6 nghia la: Néu moi
phdn i ciia g la ad— lity linh thi g ¢6 phdi la lity linh khong? Cau tra 16i chinh 1a
Dinh 1y Engel dugc phat biéu sau day.

1.2.5. Pinh 1y Engel. Cho g la dai s6 Lie hitu han chiéu. Néu moi phan tir ciia g la
ad— lity linh thi g lity linh.

19
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1.2.6. Tiéu chuan lity linh. (xem [8]) Pai s6 Lie g la lity linh khi va chi khi mot
trong cdc diéu kién tuong duong sau diroc thoa man.
i) Ton tai s6 tu nhién n dé sao cho C"(g) = {0}.

ii) Ton tai s6 tu nhién n dé véi moi phdn tir X1, Xs, -+ , X, 11 € g, ta cé
[ (X0 [ X, (X Xl -] =0
iii) Ton tai mot day hitu han cdc ideal gidm
g=1iyDi D iy, Diyy1 = {0}

sao cho i;[i; 11 chita trong tam C(g/i;. 1), tic la [g,i;] C i, 1.

1.2.7. Ménh dé. (xem [8]) Nhom Lie GG la liiy linh khi va chi khi dai so Lie g cua
no la lity linh.

1.2.8. Tiéu chuan Cartan. (xem [8]) Pai 56 Lie g la liiy linh khi va chi khi dang
Killing la triét tiéu hoan toan, tic la Tr(ad, o ad,) = 0,Vx,y € g.

1.2.9. Pinh nghia.i. Dai s6 Lie g dugc goi don n€u g khong giao hodn va ngoai ideal
tdm thudong {0} va chinh n6 thi g khong chita mot ideal tAm thudng thuc su nao khdc.
ii. Dai s6 Lie g dugc goi niia don néu ngoai ideal tAm thudng {0} thi g khong chiia
mot ideal thuc su khiac khong nao.

Vay tir dinh nghia, ta thay dai s6 Lie g nlta don khi va chi khi g khong ¢6 ideal giai
dugc nao khac khong, c¢6 nghia 1a can cta g 1a Rad(g) = 0.

1.2.10. Tiéu chuan Cartan. (xem [8]) Dai s6 Lie g la nita don khi va chi khi dang
Killingl" : g x g — R, (x,y) — I'(x,y) = Tr(ad, o ad,) la khong suy bién.

Chiing minh. (=) Gia st p 12 mot ideal trong g, khi d6
Tr(ad, o ad,) = Tr([z, [y, ]]) = Tr([z, [y, ]|

Xétp = Ker(I'). Khi dé (I'(.,.) ‘p: 0. Theo tiéu chudn Cartan cho dai s6 Lie liy
linh thi p 12 lily linh. Nhung theo gia thiét g la nlra don, cho nén p = 0.
Vay I' khong suy bién.
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(<) Gia st dang Killing I' khong suy bién. Néu g khong ntta don, khi d6 ton tai

ideal giao hodn p # 0 va v6i moi x,y € g ta cé:
Ip(z,y) =Tr(ad, o ad,) = Tr([z,[y,.]]) = 0.

Do d6 I' suy bién, diéu nay mau thuan véi gia thiét ¢ trén, do d6 g ntra don. O

0 a b
Vidu3.Dais6Lieg{[—a 0 c]

a,b,c e ]R} la ntra don.
—b —c O

Chiing minh. Gia stt I' 1a dang Killing cua g. Xét co s&

0 10 0 0 1 0 0 0
E{Elll 00 ,E2[O 00],53[0 0 1]}
0 00 ~100 0 —10

cta g. Khi d6, VXY € g dx;, y; € R sao cho

{X = 371E1 -+ I'QEQ + 33'3E3 {adX = xladgl -+ I'QadE2 + Zlﬂ'gCLdES
Y =y By 4+ yo By + y3 5. ady = y1adg, + yeadg, + ysadg,.

Thay céc ma tran E;(i = 1, 3) vao va céch tinh todn tryc ti€p ta thu dugc:

0 T3 —T2 0 Ys  —Yo
My=|-23 0 o | vaMy=|-ys 0
xo —xp 0 vy —y1 0O

+)

twong Ung 12 ma tran biéu dién cla ady va ady.

+)
—I3Ys — T2Y2 T2l T3l
Mx M,y = T1Y2 —I3Ys — 11 T3Y2
T1Y3 —T2Y3 —T2Y2 — 11
12 ma tran biéu dién cua adx o ady.
Vay
D(X,Y) =Tr(adx o ady) = —2(z1y;1 + T2ys + T3Y3)
-2 0 0
Do d6 ma tran cia I' 1a M = [ 0 -2 0 ] = det(Mr) = —8 # 0.
0O 0 =2

Vay theo tiéu chudn Cartan suy ra g 1a nira don. O
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1.2.11. Pinh ly. (xem [8]) Cho g la dai s6 Lie nita don, q la ideal ciia g va g+ la
phdn b truc giao ting véi dang Killing T ciia g. Khi dé q* la mot ideal ciia g va

g = q -+ q* la téng truc tiép, truc giao.

Chiing minh. Theo dinh nghia phan bu truc giao, ta co:

q = {y €gll'(z,y) =0,V € q}.

Theo gia thi€t q<g = Vz € g,Vx € q thi [z, 2] € q

= I'([z,2],Y) =0,VY € q*.

Mat khic I'([z, 2], y) + T'(z, [y, 2]) = 0,Vz € g,Vx € q,Vy € q*

= I'(z,[y,2]) =0,Veeq=[y,2] =0,Vz € g,Vy € q*.

Do vay, q* 12 mot ideal cua g.

Mot mit theo tiéu chuan Cartan thi N q* 1a gidi dugc, suy ra g g™ = {0} va theo
dinh nghia phan b truc giaotacé g = q N q*.

Vay g = q + q* 12 tdng truc tiép, truc giao. O

1.2.12. Hé qua .(xem [8]) Cho dai s6 Lie g. Khi doé:

+) g niia don khi va chi khi [g, g| = g.

+) Néu g la nita don va g, la cdc dai so Lie don thi g = iligi'
1.2.13. Dinh 1y H. Weyl. (xem [8]) Néu dai sé Lie g la nita don thi moi g— module
V' la khd quy hoan toan.

Dinh 1y sau day cho ta phan tich mét dai s6 Lie bat ky thanh tich ntra truc ti€p
cua dai so Lie giai duoc va nira don.
1.2.14. Pinh ly Cartan - Levi - Malsev. (xem [8]) Gid su ¢ : g — s la m¢t toan
cdu tir dai s6 Lie g bdt ky lén dai s6 Lie niia don s. Khi dé ton tai duy nhdt (chinh
xdc dén mot tw dang cdu ciia dai so Lie g) 1) la nghich ddo phdi ciia o (tiic la ton
tai mot dong cdu dai so Lie 1) : s — g sao cho ¢ o = idy) sao cho g = s & a,

trong dé a = Ker(yp).



Chuong 2

Bi¢u dién phu hop va doi
phu hop cua mot lép dai so
Lie giai duoc 7- chiéu c¢6 can
liy linh 5- chiéu

Noi dung chinh cua chuong nay chiing t6i trinh bay khdi niém vé bai todn phdn
loai mot dai s6 Lie; bai todn mé td biéu dién phu hop va doi phu hop cua mot dai
sO Lie. Sit dung cdc két qud dé dé phan loai mét 16p dai so Lie gidi duoc T— chiéu
c6 can lity linh 5— chiéu, tix viéc phdn loai dé mo td biéu dién phu hop va doi phu

hop ctia no.

2.1 Phan loai mot 16p dai so Lie giai duoc.

2.1.1. Pinh nghia. Cho g la dai so6 Lie giai dugc. Cdn liy linh ciua g la idéan liy
linh 16n nhat cta g va duogc ky hieu 12 Ny(g).

Néu ta cho truéc mot dai s6 Lie giai duoc g thi can lily linh cua g 1a duy nhat
va sO chi€u cta céan liy linh khong nho hon mot nira s6 chicu cta g, c6 nghia la

dim(Ng(g)) > %dim(g).
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2.1.2. Pinh nghia. e Cho g la dai s6 Lie giai dugc va a € g. Phan tir a dugc goi la

lity linh trong g néu
[...[[z,a],a]...,a] =0, Vzeg.

e Ho A = {ay,as,...,a,} cdc phan tir clia dai s6 Lie giai dugc g dugc goi 1a doc
lap tuyén tinh Iity linh néu khong c6 t6 hop tuyén tinh khong tdm thudng nao cuia A
la 1ty linh trong g.
e Ho A = {A, Ay, ..., A} céc ma tran dugc goi 1a doc ldp tuyén tinh lity linh
néu khong c6 t6 hop tuyén tinh khong tim thudong nao cta A 12 ma tran iy linh.

Gia stt h mot dai s6 Lie 1y linh 5— chiéu, v6i co s E = {e,€q,...,€5} va
tich Lie [e;, ;] hoan toan xdc dinh véi moi 1 < 4, j < 5. Muc dich dat ra 13, ta s&
md rong h dé c6 duge mot dai so Lie gidi duoc 7— chiéu, bt kha phan g nhan h 1am
can Iy linh. Cu thé ta m6 rong h béng cdch bd sung thém hai phén tt {U, V'} doc
lap tuyén tinh liy linh dé c6 dugc dai s6 Lie gidi duoc bat kha phan 7— chiéu g. Dé
cé dugc mot dai s6 Lie méi g nhu vay, thi ching ta can xdc dinh tich Lie

U, V], [Uel, [Vie] véii=1,2,...,5.
Vi g gidi dugc, nén dai s6 dan xuét [g, g| ndm trong cén lily linh h cba g. Do d6 ¢
thé xdc dinh tich Lie trén g nhu sau:
( 5
[U,V] =2 oj¢;
=1

LU, e = Vi=12 .5

[V, ei]

5
> a;e;
j=1
5
> bije;
\ J=1

Khi d6 o;, (Vi = 1,5) xdc dinh & trén goi 1a cdc hdng s6' cdu tric. Néu tlt cac phan
tir a;; va by, (Vi, 7 = 1,5) ta thiét 1ap cdc ma tran A = [ay;]5 va B = [b]5 thi A, B
g0i 1a ma trdn cdu triic. VGi cach xay dung nhu trén thi bai todn phan loai cic dai s6
Lie g lic nay duoc quy vé phan loai va mo ta cap ma tran cau tric A, B va hing s0
célu tric ;. Trong qua trinh phan loai, mot trong nhitng ki thuat dugc st dung nhiéu
do 1a ki thuat doi co so thich hop nhim don gian héa céu tric cua dai so Lie dang

sz

xet.
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Vi dinh nghia va cach xdc dinh ma tran cu triic nhu & trén, ta thdy cap hai phan
tie {U, V'} doc 1ap tuyén tinh Iy linh khi va chi khi cdp hai ma tran céu tric {A, B}
tuong tng la doc lap tuyén tinh 1dy linh.

Muc dich truéc hét & day 1a ching t6i s€ tinh todn cu thé cho trudng hop can liy
linh la dai s6 Lie lily linh 5— chicu h = g; ;. Tiép theo sit dung két qua vita tinh &
tréen dé mo ta dai s Lie thuc giai dugc 7— chiéu, bat kha phan c¢6 can lily linh 1 dai
s0 Lie lily linh 5— chi¢u h = g; ;.

Xét dai s6 Lily linh h = g 5 v6i co s6 E = {ey, e, ..., €5} vatich Lie khong

tam thuong la

e, e9] = ey, €1, eq] = [ea, €3] = €5. (1)

Ta s& m& rong h dé duoc mot dai s6 Lie giai dugc bat kha phan 7— chiéu g nhan h
lam can ldiy linh, bang cdch bd sung thém hai phan tir {U, V'} doc lap tuyén tinh liy
linh. Vi g giai dugc, nén dai s6 din xuat [g, g] ndm trong can lily linh h cta g. Khi
do ta co:

5
U, e;] = Zawe va [V, e Zb Vi=1,2,...,5.
7=1

Ta dp dung dang thic Jacobi cho 10 bo ba vecto (U, e;,¢;),1 <i < j <5, ta

(U el e5] + [lei ¢, Ul + [le;, Ul ei] = 0

E @€, + [[es, €], U] + E aji€;, €]

Khi d6 ta xac dmh duoc cac phan tt a,;, 1 < ¢ < j < 5. Tur day ta thu duge ma

tran cdu tric A c¢6 dang:

ap; Az Qs a14 15
0 axp ax a3+ ag a5
A= 0 0 2&11 —a19 ass

0 0 0  ay + ax Q45
0O 0 0 0 2a11 + a9
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Tuong ty, ta ciing 4p dung déng thic Jacobi cho 10 bo ba vecto (V) e;, e;),

1 <1 <y <5, tathu dugc ma tran cdu tric B c6 dang:

[b11 b1o i b4 bis ]

O by Doz big+ by bos

B - O 0 2b11 —b12 b35
0 0 O 0 2D11 + byg

e Bay gid ta thuc hién phép ddi co s& 1an thit nhat:

U :=U — ayse1 — azse3 + ags€3 + ais€4
V = V — b45€1 — b35€2 + b25€3 + b15€4.

Khi d6 tinh todn truc tiép, ta thay tich Lie [P, )] khong d6i so vdi tich Lie ban dau.

Trong khi d6 cap ma tran cdu tric A, B tiép tuc dugc don gian thanh:

(a1 a2 a3 a+ ass 0

0 ax asx 13 0
A = O O 2@11 —a19 O
0 0 0 aqq + 99 0

| 0 O 0 0 2a11 + g
(D11 b1z D13 byg + b3 0 )
0 by Do b3 0
B — 0 0 2b11 —b12 0

0 0 0 bu+by 0
0 0 0 0 2by + b

Dé don gian trong qué trinh bién d6i, nén ta dat:
{CL = ay1, b= ay, c=ay,
d=ay3, e=ay+as, [=asz.

{U = b1, v="by, w=bpy,
p="bs, q="0by+bss, 1 =by.
Vi cach dat nhu trén, thi ma tran cau triic A, B duogc viét don gian nhu sau:

[a ¢ d e 0 [ w p q 0
0b f d 0 0 v r P 0
A=10 0 2a —c 0 B=10 0 2u w 0
00 0 a+b 0 00 0 u+w 0
0 0 0 0 2a+b] 0 0 0 0 2u+wv
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Tiép tuc st dung dang thic Jacobi
HU7 V]? ei] + Heiv V]? U] + Heia U]v V] =0

cho 5 bo baso (U, V,e;), (1 <1i<05) tathu dugec
(0, =0y =03=0,=0
(@ —b)w = (u—wv)c
3 (2a —=b)r=2u—v)f (2)
ap+wf =cr+du
| 2¢cp + ev = 2dw + bg.
Mat khéc, ta thdy dé cap {A, B} doc lap tuyén tinh Iy linh thi moi t6 hgp tuyén

tinh khong tAm thuong ¢, A + ¢, B khong phai 1a ma tran liiy linh, trong d6

[a ¢ d e 0 [ w p q 0
0b f d 0 0 v r P 0
A=10 0 2a —c 0 B=10 0 2u w 0
00 0 a+b O 00 0 u+w 0
00 0 0 2a+b] 0 0 0 0 2u+v]

Vay tinh todn tryuc ti€p ta tim dugc diéu kién dé cap {A, B} doc 1ap tuyén tinh liy

linh 1 mnk( {Z ﬂ ): 9. (3)

U:=U++ ves
V=V + des.
Khi d6 tich Lie [U, V'] méi s& dugc thay d6i so véi tich Lie ban ddu va duge xéc dinh

e Thuc hién d6i co s& lan thit hai {

nhu sau:

(U, V] = [o5+ §(2a + b) — v(2u + v), es),

trong khi d6 cap ma tran cau tric A, B khong bi thay déi.
Vi rank({z Z >: 2 = av # bu. Ma
U, V] =los+d(2a+b) —v(2u+v),e5) # 0
= (2a 4+ b)? + (2u + v)* # 0, c6 nghia ta luon chon dugc hai gid tri v va § thich
hop dé lam triét tiéu hing s6 cdu tric os.
Tix su xdc dinh c@p ma tran céu tric (A, B) nhu & trén, do d6 dé 1am don gian
héa cap ma tran c4u tric dé ta nghién cttu bai toan trén cac truong hop dua vao dang

cua A va B. Céc trudng hop d6 chinh 1a két qua clia cdc ménh dé sau.
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2.1.3. Ménh dé. Néu A va B c¢é dang chéo thi khi dé

[0

O OO O

01
0
0 B =
0
2

s

I
coocoH
coocoo
oMo O
oo OoOo
coor o
coocoo
oo oOo

0
0
0
0

va tich Lie [U, V] = 0.

Chitng minh. Vi cdp ma tran céu tric A, B ¢6 dang chéo, c6 nghia 1a A vaB duoc
viét duéi dang chéo, do d6 né cé6 mot hé 5— vecto rieng doc 1ap tuyén tinh . Vay

néu ta 4p dung dang thitc Jacobi

U, V], e + e, VI, Ul + [[e;, UL, V] = 0

(0, =0y =03=0,=0
(a —bw = (u—v)c
cho 5 bo bavecto (P, Q, ¢;),7 = 1, 5 tathu dugc dang thitc < (2a — b)r = (2u —v) f
ap+wf =cr—+du

| 2cp + ev = 2dw + bg.
Mt khéc, vi cap ma tran cau tric A, B doc 1ap tuyén lily linh, nén

(2a+0)*+ 2u+v)? #£0=a*+u®>#0.

Khong mat tinh téng quat, ta gia st a # 0. Do do, ta thuc hién phép ddi co s& X

1
U:=-U
e Thuc hién ddi co s& 14n thit nhat: “
Vi=V--U
a

Khi d6 tich Lie [U, V] thu dugc khong thay ddi, nhung cap ma tran cu tric (A, B)

thay ddi va ta tinh duoc A, B ¢6 dang:

, Véixz,y € Ry # 0.

s

I
cooo~
cocoosg o
coNnOoO O
+oococo

&

I
coooo
coow O
coooo
o oo

S OO O

T
U=U--V

e Thuc hién ddi co s& 1an thit hai: %
Vi=V--V

Y
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Khi d6 ta thu dugc dai s6 Lie ¢6 cdc ma tran céu tric (A, B)va tich Lie duge xéc

dinh nhu sau:

AN
I
coocor

va [U, V] =0.

SO O

SO NOO
NN Newl

NDODODIOO

SO OO

SO+~ O

SO OoOOoOO

OO OO
O oo O

]

2.1.4. Ménh dé. Néu A hodc B c¢6 dang chéo thi khi dé cdp ma trdan (A, B) bién

daoi thanh (GAG™',GBG™), trong dé

G —

g3 0
g2 0
—g1 0
1 0
0 1

(g € R, i =1,4; 9194 = 0).

Chitng minh. Khong mait tinh téng quat, ta gia sit A c6 dang chéo va B khong cé

dang chéo. Khi d6 h¢ phuong trinh (2) trd thanh

(a—bw=0
Ej?az—ob)fr =0 (4)
bg =0

Nhidm muc dich dua cdc phan tir ndm ngoai dudng chéo chinh cia ma tran cau

tric B vé khong, ta thuc hién phép bién déi co s& mot cach thich hgp trong noi bo

can lily linh g; 5, sao cho céc tich Lie [e1, es] = ey, [e1, 4] =

[62, 63] = €5 khOng

thay déi. Ky hiéu cdc phép bién déi co s6 d6 1a (G). Cu thé, néu ta dat N := GN,

trong dé
-
€q 6/1
€9 , 6/2
N = es| , N = es| 5
64 e/
4
€x !
- - _65_

SO OoOoO

g1 g2
I g4
0 1
0 O
0 O

gs3
g2
—q
1
0

01

0
0
0

1_

(9; €R,i =1,4;919, = 0)

thi cap ma tran (A, B) bién ddi thanh (GAG™', GBG™"). Xuat phét tir h¢ phuong

trinh (4), ta xét hai truong hop sau day.
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Truong hop 1. Néu w # 0.

Vi w # 0, nén tir hé phuong trinh (4) suyraa = bvap = ¢ =r = 0. Bay gio
ta thuc hién phép déi (G) v6i g» = g3 = g4 = 0 thi ma tran A khong ddi, con ma
tran B chi thay déi w thanh w' = w — (v — u)g.

- N w . , A A -
Néu v # w thi ta chon g; = ——, khi d6 ma tran B dugc dua vé dang chéo. Nguge
’U p—

u

v} ): 2 da dugc chira &

lm,nélu::'vﬂﬁrnmlmualvﬁwﬁ&lkﬁnrank<{z
trén.
Truong hop 2. Néu w = 0.

Ta thyc hién phép bién d6i (G) véi g; = 0. Khi d6 ma tran A va B tuong ting

duoc dua vé dang

[a ag bgs 0 0 wp q 0 0
0 b (2a—0b)gs ag, 0 0 v r p/ 0
A=10 0 2a 0 0 vaB=10 0 22 0 0
0 O 0 a+b 0 00 0 utw 0
0 0 0 0 2a+0b] 00 0 0 2u+w
P =p+ug,

trong do q/ = q+ vg;3
r=r+ 2u—v)g
Do diéu kién (3) nén u? 4+ v* # 0. Vay ta chi xét cdc kha nang sau day doi v6i u va

V.

0
0
cach chon nhu vay thi ma tran B ¢6 dang B = |0
0
0

Mt khéc vi u = 0 va két hogp véi diéu kién (3

diéu kién (4) suy rap = 0. Khi d6 B =

N~—
w2
(o]
<
o oocod cooc o
e
e
o
O
=
()
—t
2
=4
=
>
@
g
<
=N

SOOI

0
0
0| 14 ma tran dudng chéo.
0
v

oSooc O




Chuong 2. BIEU DIEN PHU HOP VA BOI PHU HOP ...

31

Khd ning 2. Néu u # 0 va v = 0, khi d6 ta chon g, — —g S, = —%. Véi cach
[ 0 0 g 07
00 0 0 O
chon nhu trén thi ma tran B cddang B= [0 0 2u 0 0O
00 0 uw O
00 0 0 2u]
Mat khdc vi v = 0 va két hop vdi diéu kién (3) suy ra b # 0, dong thoi két hop
fu 0 0 0 07
00 0 0 O
vGi diéu kién (4) suyraqg=0.Khids B= [0 0 2u 0 0 | 1a ma tran dudng
00 0 w O
00 0 0 2u]
chéo.
Khd ndng 3. Néu 2u = v # 0, khi d6 ta chon g, = —i—? va g3 = —% va g4 = 0.
v 0 0 0 07
0 20 » 0 O
Vi cach chon nhu trén thi ma tran Bc6dang B= |0 0 2u 0 0
0 0 0 3u 0
0 0 0 0 4u

Néu r # 0, khi d6 tir hé phuong trinh (4) suy ra 2a = b, diéu nay mau thuan véi

diéu kién (3). Vay r = 0, ¢6 nghia ma tran B dugc dua vé ma tran dudng chéo ¢

fuw 0 0 0 07
0O 20 0 0 O
dang B=|0 0 2v 0 O
0 0 0 3u O
0 0 0 0 A4u
Kha’ndng4.N€:’u2u7év#O,thitachonggz—g,gg———vég4:— T :
U 2u — v
v 0 0 0 0 7
0 v O 0 0
Khi dé ma tran B c6dang B= |0 0 2u 0 0
00 0 uwu+tvw 0
100 O 0  2u-+wv]

Do d6 B dua duogc vé dang chéo.

Vi hé phuong trinh (4), nén phép bién d6i co s& (G) trong ca 4 kha nang vira xét &
trén khong lam thay déi ma tran A. Nhu vay Ménh dé 2.1.4 nay dugc quy vé Ménh

de 2.1.3. 0
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2.1.5. Ménh dé. Néu cd hai ma tran A va B khong cé dang chéo thi phép bién doi

co 56 (G) luon dua A va B vé dang chéo.

Chitng minh. Thuc hién giong nhu cdch chiing minh Ménh dé 2.1.4, ta chia thanh hai

truong hop.
Truong hop 1. Theo Ménh dé 2.1.4 khi w = 0, néu ta thuc hién phép bien doi (G)
U p/ ql 0 0
0 v 7 p/ 0
vGi gy = 0 thima tran Beédang B= [0 0 20 0 0 ,
00 0 u+tw 0
00 0 0 2u+v]
P =p+ug
trong d6 { ¢ = q + Vg3 . Do d6 ta xét cac kha nang sau.

r=r+ (2u—v)g,
Khd ndang 1. Néu u = 0 vav # 0. Khi d6 theo Ménh dé 2.1.4 thi ma tran B c6 dang

0 0 p 0 O]
0Ov O0poO
B=10 0 0 0 0] .Matkhéch tir h¢ phuong trinh (2) tacé ap = 0. Mau =0
000wv0O0
0 0 00 v]
va két hop véi diéu kien (3) tacé a # 0 = p = 0.
0 0 0 0 0]
0O v 00O
Vay dang duong chéocuia BlaB= {0 0 0 0 0
000wvO0
0 0 00 v]
Khd ndng 2. Néu u # 0 va v = 0. T Ménh dé 2.1.4 thi ma tran B ¢4 dang
fu 0 0 q 07
00 0 0 0
B=10 0 2u 0 0| .Tuhe phuong trinh (2) ta c6 bg = 0. Ma v = 0 va két
00 0 uw O
00 0 0 2u]
hop véi diéu kien (3) tac6 b # 0 = g = 0.
fu 0 0 0 07
00 0 0 0
Vay dang chéocuia BlaB= |0 0 2u 0 O
00 0 uw O
00 0 0 2u]
Khd ndng 3. Néu 2u = v # 0. Tu Ménh dé 2.1.4 ta c6 dang ctia ma tran B 1a
u 0 0 0 07
0 20 r 0 O
B=10 0 2« 0 O
0 0 0 3u O
0 0 0 0 4u
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Tir hé phuong trinh (2) ta ¢6 (2a — b)r = 0. Ma 2u = v va két hgp vdi diéu kién
(3)tac62a—b#0=¢q=0.

u 0 0 0 07
0 2u 0 0 O
Vay B dugc dua vé dangchéola B= |0 0 2u 0 O
0 0 0 3u O
0 0 0 0 4uj
Khd ndng 4. Néu 2u # v # 0. Chiing minh twong tu nhu Ménh dé 2.1.4, ta chon
r
=g =—Tvag = :
U v 2u — v
fu 0 0 0 0 7
0 v 0O 0 0
Khi d6 B dua vé ma tran chéocédang B= |0 0 2u O 0
00 0 uwu+vw 0
00 0 0  2u+wv]

Truong hop 2. Néu w # 0. Trudc hét ta nhan_tha'y, néu ¢ = 0 thi lam tuong tu nhu
doi v6i ma tran B, ta luon dua ma tran A vé dang chéo. Do d6, ta chi xét trudng
hop cw # 0. Ldc nay, néu v — v = 0 thi tir hé phuong trinh (2) suyraa — b = 0.
Diéu ndy mau thuan véi diéu kién (3). Vay u — v # 0. Thuc hién phép bién déi G
Vi gy = g3 = g4 = 0, khi d6 ta luon chon dugc g, d€ w = 0 va trd lai Trudng hop

1. O

T6m lai: Ménh dé 2.1.5 nay dugc quy vé Ménh dé 2.1.4. Do d6 qua két qua cua
ba ménh dé trén, ta thiy chi con lai dai s6 Lie thuc giai dugc bat kha phan 7— chiéu
¢6 can lliy linh 5— chiéu hj 3 dugc xay dung trong Ménh dé 2.1.3. Tic 1a dai s6 Lie

¢4 cdc ma tran cau tric (A, B) 1a

10 0 0 0 00 0 0 0
00000 01000
A=100200l, B=1]00000
00010 00010
0000 2 0000 1

va tich Lie [U, V] = 0.
Tir cdc két qua clia ba ménh dé trén da gidp ta mo ta dugc dai s6 Lie thuc giai
duoc 7— chiéu, bat kha phan, c6 can liy linh la dai s6 Lie ldy linh 5— chiéu h; .

Bai todn mo ta nay dugc thé hién boi dinh 1y sau day.
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2.1.6. Pinh ly. Cho g la dai s6 Lie thuc giai dugc T— chiéu, bdt khd phdn, cé

can lily linh la dai s¢ Lie lily linh 5— chiéu hs 3. Khi dé g ddng cdu véi dai so’ Lie

k = span{uy,uy, ..., us} véi cdc tich Lie khong tdm thuong xdc dinh nhu sau:
[ug, ue) = ug  [ug,ug) =us  [ug, us] = us
[ug, ur] = uy  [ug,ug) = ug  Jug,uz] = 2uz  [ug, us) = 2us
Uz, up) = uy  [ur,ug) =uy  [ug, us] = us.

Chitng minh. Viéc ching minh dinh 1y nay da dugc thuc hién ting budc trong viéc

tinh toan va chiing minh ba ménh dé trén. O
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2.2 Biéu dién phu hop va déi phu hop cia mot 16p
dai so Lie giai duoc 7— chiéu c6 can lay linh
5— chiéu.

Nhu ta da biét bi€u dién phu hgp va d6i phu hop la mot trong nhitng bi€u dién
kha quan trong trong biéu dién dai s6 Lie. Phan con lai cta luan van chiing toi trinh
bay cdach mo ta biéu dién phu hop va doéi phu hop cua dai s6 Lie k da duoc xay dung
trong Dinh 1y 2.1.6. Cu thé trudc hét chiing t6i mo ta biéu dién phu hgp clia k trén
chinh né va biéu dién doi phu hop ctia k trén khong gian doi ngau k* clia k.

Vi dai s6 Lie k va z € k. Khi d6 anh xa tuyén tinh

ad, : kK —Kk
y — ady(y) = [z, y]

12 mot vi phan, c¢6 nghia la:
adyly, z] = [ad.(y), 2] + [y, ad.(2)].

Cac vi phan cua k c¢6 dang ad, dugc goi la vi phdn trong.

Ta xét anh xa
ad: k — gl(k)

r — ad,.
Khi d6, anh xa ad 1a mot dong céu cua dai s6 Lie, vi:
lad,,ad,|(z) = ad,oad,(z)—ad, o ad,(z)
= ady([y, 2]) — ad,([z, 2])

Dong cdu dai s6 Lie ad : k — gl(k) xdc dinh nhv trén dugc goi 1a biéu dién phu

hop cuaKk.
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Bay gio ta xét dai s6 Lie k duoc xay dung trong Dinh 1y 2.1.6.

2.2.1. Pinh 1y. Cho dai s6 Lie k = span{u,,us, ..

tam thuong la:
[Uh UQ] = Uy
[U6> U1] = U

[U% Uz] = U2z

Gid sit ad la biéu dién phu hop cua dai s6 Lie T— chiéu k. Khi dé ma trdn ciia ad

(w7, 4]

[Uh U4] = Us
[U6, U4] = Uy

:u4

[U'Qa Us] = Us
[U(}, Ug] = 2U3

(U7, us] = us.

[u6, U5] = 2U5

., Uy} Vdi cdc tich Lie khong

doi voi co s U = {Ul,UQ, ce ,U7} la

[ T 0 0 0 0 —tl 0 i
0 & 0 0 0 0 —t

0 0 2t 0 0 —2t5 0
Pad = |—=ts 0 tg+t; 0 —ty —ly
—ty —t3 it t 2t +t; —2t5 —t;

0O 0 O 0 0 0 0

0O 0 O 0 0 0 0

Chitng minh. Theo trén, biéu dién phu hgp cua k 12 dong cau dai s6 Lie

ad: k — gl(k)

x — ad,,
trong do
ad, : k—Kk
y — ady(y) = [z, y].
Ta co

Ker(ad) = {x € k | ad(z) = 0}.

Vay z € Ker(ad) < ad(x) =0 < ad(x)(y) = ad,(y) = 0,Vy € k

& [yl =2y —yr =0,Vy € k = xy = yz,Vy € k = y € Z(k) (tam cha k)
= Ker(ad) C Z(k) va hién nhién Z (k) C Ker(ad). Do d6 Ker(ad) = Z(k).
Mat khdc ta ciing dé dang chiing minh duge Ker(ad) = Z (k) = {0}.

Vay biéu dién phu hop ad cta k 1a biéu dién trung thanh.
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Layg € kvaviU = {uy, us, ..., ur} lacosdclaknéntontait; € R(i = 1,7)

7
sao cho g = ) t;u;. Bay gio ta két hop vdi tich Lie

=1

[Uh Uz] = Uy [Ul, U4] = Us [U27 U3] = Us

w6, un]

Uy [U6; U4] = Uy [UG, Us] = 2us [U67 U5] = 2us

[U% U2] = U2z [U% U4] = Uy [Uh U5] = Us.

dé tim anh cua cdc vecto trong co s6 U qua bi€u dién ad.

ady(u,)

7 7
= [gw]=gu —wg = Ztiuﬂh - U1Ztiui

=1 =1

= (t1u1 + t2u2 —+ -4 t7u7)u1 — ul(tlul -+ t2u2 4+ ...+ t7U7)

= t6u1 — t2U4 — t4U5.

Tinh twong tu ta co:

g, Us] = gus — Usg = trus + tyug — t3us
g, us] = guz — uzg = 2tgus + taus

g, U] = gug — wsg = (ts + t7)us + tius

[
[
[
[
[
[

= [g,us] = gus — usg = (2t + t7)u;
= 19 U6] = QU — Ugg = —l1Uy — 2t3uz — tauy — 2t5us
= 19 U?] = guy — Uyg = —taus — tyuy — tsus.

Vay, tit su biéu thi tuyén tinh trén, ta c6 ma tran cua biéu dién phu hop ad cta k doi

vdi co sO U 1a;

ze 0 0 0 0 -t 0
0 ¢ 0 0 0 0 —t

0 0 2 0 0 —2t3 0
Pad = —tz tl 0 tﬁ + t7 0 —t4 —t4
—ty —t3 t ty 2t +t; —2t5 —15

0O 0 O 0 0 0 0

0O 0 O 0 0 0 0
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Vi dai s6 Lie Kk trén truong s6 thuc R. Ky hiéu
k' = Hom(k,R) = {¢ : k — R | ¢ l1a dang tuyén tinh }

12 khong gian do6i ngu ctia k. Khi d6 biéu dién d6i phu hop ad* cua k trén khong

gian d6i ngau k™ dugc xdc dinh nhu sau:

ad* : k — gl(k")
g+ ad’(g) = ad;,

trong do
ad,: k' — Kk

[ ady(f)

ad,(f): k—R
h— ad;(f)(h) =< ad,(f),h >:=< f,—ad,(h) >=< f,—[g,h] > .

Vay, dé xdc dinh bi€u dién doi phu hop ad* cta dai s6 Lie k trén khong gian doi
ngau k* ta chi can 14y d6i ngéu va déi ddu cua biéu dién phu hop ad.

Tir cach xay dung biéu dién doi phu hop ad* nhu & trén, ta dé dang chiing minh
dugec Ker(ad) = Z(k) = {0}. Vay ciing giong nhu biéu dién phu hop ad thi bi€u
dién doi phu hop ad* ciing 1a bi€u dién trung thanh.

Bay gio ta xét dai so Lie k dugc xay dung trong Dinh 1y 2.1.6.

2.2.2. Pinh 1y. Cho dai s6 Lie k = span{u,,us,,...,us} vdi cdc tich Lie khong

tam thuong la:

[Uh U2] = Uy [Uu U4] = Us [u2, U3] = Us
[u67 ul] = U [Ug, U4] = Uy [U'GJ U3] - 2'U/3 [u67 'LL5] — 2“’5
[u7, Uz] = U2 [U% U4] = Uy [U% U5] = Us.

Gid sut ad* la biéu dién doi phu hop ciia dai s6 Lie k trén khong gian doi ngdu k.
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Khi dé ma trdn ciia ad* doi véi co sé doi ngdu U* = {u},uj, ... us} la
[—ts O 0 to ty 0 0]
0 —t 0 —t i3 00
0 0 —2 0 —t9 00
Pe=|0 0 0 —(ts+t) —t 00
0 0 0 0 —(2s+t) 0 0
tv 0 2t ty 2t 00
0 & 0 L s 00
Chitng minh. Ly g € k va vi U = {uy, us,...,ur} 12 co s& cha k nén ton tai
7
t; € Rsao cho g = Y t;u;. Chon co s doi ngdu U* = {uj,uj,...,ut} cho k™.
i=1

Gia st P,; 1a ma tran ctia biéu dién phu hop ad d6i vé6i co s& doi nghu U va P,y 1a

ma tran cta biéu dién doi phu hop ad* d6i véi co s& d6i ngau U*. Khi d6 theo dinh

nghia biéu dién d6i phu hop, ta c6 P,y = —(P,q)". Do d6 theo Pinh 1y 2.2.1, ta ¢6

Pad* -

o:"oooo,\lF

6

0
—t-

0

to
_tl

ty

t3

_t2

_tl
—(2tg + t7)

2t

ts

S OO OO OO

SO OO0




Két luan

Luan van ¢6 muc dich tim toi, nghién ctu mot s6 tinh chat vé 16p cac dai so Lie
giai duogc hitu han chiéu. Cu thé ching t6i da trinh bay dugc mot s6 van dé sau:

1. Trinh bay mot cdch c¢6 hé thong dinh nghia va cédc tinh chat vé dai s6 Lie, dai
s Lie giai dugc, dic biét 16p cdc dai s6 Lie giai dugc hitu han chiéu vdi can lily linh
ctia né cling c6 chicu hitu han.

2. Trinh bay cidch x4y dung m& rong mot dai s6 lily linh 5— chiéu dé duoc mot
dai s6 Lie giai dugc bat kha 7— chiéu nhan né lam can lily linh. Cu thé tir dai sO
liiy linh 5— chi¢u h = g; ; da xay dung dugc duy nhat (sai khic mot dang ciu) mot
dai s6 Lie thuc bat kha phan 7— chiéu g nhan h 1am can liy linh. Két qua nay duoc
trinh bay trong Ménh dé 2.1.3, Ménh dé 2.1.4, Ménh dé 2.1.5 va dac biét 1a Dinh 1y
2.1.6.

3. Mo ta dugc biéu dién phu hop cua dai s6 Lie k (dd xay dung & trén) trén chinh
no, biéu dién d6i phu hgp clia g trén khong gian doi ngu k*. Cac két qua nay duoc

thé hién trong Pinh 1y 2.2.1 va Dinh 1y 2.2.2.
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