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MO DAU

Bai toan s6 du xuat hién lan dau tién trén thé gidi vao khoang thé ky III
sau cong nguyeén trong cudn sach ctia nha toan hoc Ton T - mot nha toan
hoc nguoi Trung Qubc. Ngay nay, bai toan sé du duge pho bién rong rai véi
tén goi DPinh ly Thang du Trung Hoa.

Trong cudn sach ctia Ton T, dinh 1y nay xuat hien ¢ Chuong 3, Bai 26
nhu sau: "Chiung ta c6 mot s6 do vat biét rang sé6 d6 chia cho 3 du 2, chia
cho 5 du 3 va chia cho 7 thi du 2. Tim s6 luong do vat d6". Bén canh phat
biéu bai toan, tac gid cliing dua ra dap 4n va 1oi giai cu the.

T thoi co dai, dinh 1y nay da dude st dung trong viéc tinh toan lich, dém
s6 Iuwong binh linh va xay dung. St dung thuat ngit dong du, sau nay dinh Iy
dugc phat biéu nhu sau: "Cho %k sé nguyén duong doéi mot nguyen t6 cling
nhau mq, ma, ..., my, Vi ay, as, ...a; 1a k s6 nguyén tuy y. Khi dé6 hé phuong

trinh dong du tuyén tinh

a1 mod my
as mod me

T
T

T = a; mod my

c6 nghiem duy nhat theo modulo M = my.ma...my".

Trai qua mot thoi gian dai, ngudsi ta da mdé rong Dinh 1y thang du Trung
Hoa lén vanh. Hon thé nita, Dinh 1y thing du Trung Hoa con dugc ting dung
rong rai trong khoa hoc may tinh, lap trinh va 1y thuyét mat ma.

Noi dung ctia luan van la trinh bay lai Dinh 1y thang du Trung Hoa lién



quan dén s6 nguyén, sau dé md rong lén vanh va mot s6 ing dung cta dinh
Iy nay.

Ngoai phan md dau, két luan va danh muc tai lieu tham khao, noi dung
ctia luan van dudc viét thanh ba chuong. Chuong 1 trinh bay vé lich st phéat
trien, noi dung ctia Dinh 1y thang du Trung Hoa va code thuat toan. Chuong
2 trinh bay mé rong cua Dinh 1y thang du Trung Hoa 1én vanh. Chuong 3
trinh bay mot s6 tng dung ctia Dinh 1y thang du Trung Hoa.

Luan van nay duge hoan thanh dudi sy huéng dan cia PGS. TS. Nguyén
Thi Hong Loan. Téc gid xin duge bay t6 long biét on sau sic t6i Co6 - nguoi
da gidng day, huéng dan, chi bao tan tinh va chu déo trong qua trinh tac gia
hoc tap va thyc hién luan van. Tac gia ciing xin dugce giti 161 cam on téi Ban
giam hiéu Truong THPT Chuyén Phan Boi Chau, cac dong nghiép, gia dinh
va ngudi than da luén quan tam gitp d va tao moi diéu kién thuan lgi dé

tac gid c¢6 thé hoc tap, nghién ctu v hoan thanh luan van.

Nghé An, thang 9 nam 2024

Tac gia



CHUONG 1

SU HINH THANH VA PHAT TRIEN CUA
DINH LY THANG DU TRUNG HOA

1.1 Lich s phat trién

Trong lich stt, da c6 mot s6 bai toan lién quan dén viéc tim s6 lugng (chang
han nhu s6 gio, s6 kho6i gach ho#ic s6 binh si trong mot nhém) théa man mot
s6 diéu kien nhat dinh, duge tinh thong qua sé du. Mot vi du nhu sau: "Ching
ta c6 mot sd do vat biét rang s6 d6 chia cho 3 du 2, chia cho 5 du 3 va chia
cho 7 thi du 2. Tim s6 luong do vat do."

Bai toan trén da dudc néu ra trong cac tdc pham toan hoc kinh dién cta
nha toan hoc Trung Qubc c¢d dai - Ton T "Sun Zi Suanjing" va "So tay
toan hoc ctia Ton Tw#" c¢6 nién dai vao khoang dau thoi Hy Lap - La Ma,
nam 100 - 500 sau Cong nguyen. Tac pham toan hoc kinh dién lau doi nhat
ciia Trung Qudc 1a "Chou Pei Suanjing", c6 nién dai khoang 1000 nam truéc
Cong nguyen. Cuoén sach nay ghi lai cac tinh toan toan hoc trong thién vin.
Dic biét trong cudn sach nay, Dinh Iy Pythagore da dugc st dung. Mic du
cubn sach ctia Ton Ti khong phai 1a tac pham toan hoc kinh dién lau doi
nhat ¢ Trung Quodc nhung Dinh 1y thing du Trung Hoa lan dau tién xuat
hién trong cudn siach nay.

Cach tinh lich Trung Hoa co dai 14 nguon gbc ciia Dinh 1y thang du. Vao
nam 237, cac nha thién vin hoc Trung Quéc da xac dinh thoi diém bit dau

ctia lich 1a “Thuong Nguyén”. Néu ngay Dong chi clia mot nam nao dé xay



ra 1 ngay sau thugng nguyén va ro ngay sau ngay trang non thi nam do la
N nam sau thugng nguyén. Vi vay ta cé hé phuong trinh dong du:
N = r;{ mod 60
{:UN = r9 mod ¥y

cho biét s6 nam N sau Thuong Nguyén, trong dé x 14 sd ngay trong mot nam
nhiét déi, y 1a sd ngady trong mot thang am lich.

Vi du nay dugce xem nhu 1a ting dung dau tién ctia Dinh 1y thang du Trung
Hoa. Kiéu tinh toan nay ciing dugc st dung trong viéc xay mot btc tudng
hoiic phan moéng clia mot toa thanh, ching han nhu viéc xay dung Van Ly
Truong Thanh trong thsi phong kién nam 475 - 221 truée Cong nguyén. Dé
xay dyng mot nén méng hinh chit nhat cho mot toa thanh, c6 bon loai vat
lieu c6 san: khoi vat lieu lap phuong 16n méi canh dai 130 don vi; khoi vat
liu lap phuong nhé méi canh dai 110 don vi; gach "thanh phd" dai 120 don
vi, rong 60 don vi va day 25 don vi; va gach “sau cia” dai 100 don vi, rong 50
don vi va day 20 don vi. Bén loai vat lieu nay dugce st dung dé xay dung cac
phan méng ma khong lam héng bat ki vién nao. Do do, ta c6 mot hé phuong
trinh dong du khi tinh toan cac vat lieu khac nhau cho méi lan st dung mot
loai vat lieu xay moéng. Néu st dung khdi 1ap phuong 16n, chieu dai méng
thita 60 don vi, nhung chiéu rong can thém 60 don vi. Néu st dung khoi lap
phuong nhd, chiéu dai moéng thita 20 don vi, nhung chiéu rong can thém 30
don vi. Néu tinh theo chiéu dai ciia gach "thanh phd", chiéu dai moéng thira
30 don vi, nhung chiéu rong can thém 10 don vi. Néu tinh theo chiéu rong
cia gach "thanh phd", chiéu dai moéng thita 30 don vi, nhung chiéu rong can
them 10 don vi. Néu tinh theo do day ciia gach "thanh phd", chiéu dai méng
thita 5 don vi, nhung chiéu rong can thém 10 don vi. Néu tinh theo chiéu dai,
chiéu rong va do day ctia gach "sau cita", chiéu dai moéng tuong tng thita 30,
30 va 10 don vi; chiéu rong moéng lan lugt thita 10, 10 va 10 don vi. Muc tiéu

14 tim chiéu dai X va chiéu rong Y ciia méng.



Vi du trén duge don gidn hoa thanh hé phuong trinh dong du:
(X = 60 mod 130

X =30 mod 120

X =20 mod 110

X = 30 mod 100

) X = 30 mod 60

X = 30 mod 50

X =5 mod 25

(X =10 mod 20

va

(Y = 60 mod 130
Y =10 mod 120
Y = 30 mod 110
Y = 10 mod 100
< Y = 10 mod 60

Y = 10 mod 50
Y =10 mod 25
LY = 10 mod 20.

Bén canh do, cach tinh nay ciing dude st dung dé tinh toan s6 lugng binh
s ra tran. Dé tranh ké thit biét s6 luong binh linh minh ¢6, mot vi tuéng da
nghi ra cach dém binh linh ctia minh theo cach sau day. Dau tién ong ta yéu
cau binh linh nhém thanh cac hang gom 11 nguoi, sau dé 14 hang gom 17,29
va 31 nguoi. Tuong ting, mdi 1lan ong ta dugc bao cao con du 8,5,16 va 24
nguoi. Sau do6, vi tuéng sé tir minh tinh toan s6 lugng binh linh. Vi khong c6
nhié¢u ngusi biét vé cach tinh todn bi mat nay nén vi tuéng c6 thé che giau sb

luong binh linh ctia minh. Vi du nay c6 thé don gian héa béi mot hé phuong



trinh dong du vé6i cac modulo doi mot nguyén t6 cing nhau, trong d6 x 1a s6

lugng binh linh:

(r =8 mod 11
x =5 mod 17
< x = 16 mod 29
| 7 = 24 mod 31.

Ta sé giai ba bai toan trén ¢ phan cudi chuong nay.

1.2 Dinh ly Thang du Trung Hoa cho s6 nguyén

Bay gio ta sé xem xét cac dang phat biéu khac nhau ctia Dinh 1y thing du
Trung Hoa. Dinh 1 nay cung cadp mot phuong phap dé gidi quyét bai toan
da dugc trinh bay 6 phan md dau.

Cho my, ..., m, 1a cac s6 nguyén 16n hon 1. Ta ky hieu M 1a tich clia cac
m;.

Dinh 1y thang du Trung Hoa dudc trinh bay theo ngon ngtt dong du nhu
sau:

1.2.1 Dinh 1y. (Dang phdt biéu thit nhat) Cho my,ma,...,m, la cdc
s0 nguyén duong doi mot nguyén to cung nhau va ay, ..., a, la s6 nguyén bat
ky. Khi dé, hé phuong trinh dong du

(x = a; mod my

T = a9 mod mo

| = a, mod m,

c6 nghiém duy nhat theo modulo M = mimsy ... m,.

Chitng minh. Dat My = — = mqimg -+ my_1Mype1 -+ my. Tacod (Mg, my) =
mi

1 vi (my,my) = 1,Vj # k. Do d6 v6i méi k, ton tai cac s6 nguyen xy, yx sao



cho mpx + My, = 1. Suy ra My, = 1 mod my,. Vay v, 14 phan tit nghich

dao cua M, theo modmy. Ta xét
r = a My + asMoys + . .. + a, M,y,.

Khi d6 z sé 1a nghiém ctia hé phuong trinh dong du néi trén.
That vay, vi my, | M;,Vj # k, nén M; = 0 mod my. Do dé ta c6

a;Mjy; = 0 mod my, Vj # k.

Suy ra x = ap My, = ar mod my vi My = 1 mod my.

N
s

Dé chiing minh tinh duy nhét ctia nghiém theo modulo M, ta gia

21 va 2o 1a hai nghiém ctia hé phuong trinh dong du. Khi d6 z1 = x5
a mod my, Vk = 1,7. Vi vay my, | (w0 — 21)Vk = 1,7r. Suy ra M | (z3 — 21)
hay x1 = xo mod M. ]

Dinh 1y nay con c6 thé duge phat biéu duéi dang phép chia c¢6 du nhu
duéi day.
1.2.2 Dinh ly. (Dang phdt biéu thi hai) Néu cic s6 nguyén m; doi mot
nguyén to cung nhav va a, . . .,a, la cde s6 nguyén sao cho 0 < a; < m; vdi
moi 1, thi ton tai duy nhat mot s6 nguyén x sao cho 0 < x < M wva phan du
cua phép chia x cho m; la a; vdi mot 1.

Cho hai s6 nguyén k,m nguyén t6 cung nhau. Diat n = km. Khi d6
Ya,b € Z, theo Dinh Iy hé phuong trinh dong du

{x =amod k

r =bmodm
c6 nghiém duy nhat theo modulo n. Diéu nay c6 nghia 13 4nh xa

b7 — Ty ® Ly

r— (T,7)
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134 mot toan cau vanh véi ker ¢ = nZ. Do d6 trong Dai s6 hién dai, Dinh 1y
c6 thé duge phat biéu nhu sau:

1.2.3 Dinh ly. (Dang phdt biéu thit ba) Cho k va m la hai s6 nguyén

nguyén to cung nhau va n = km. Khi dé ta cé ding cau vanh
7. 27, DL,

Tong qudt, cho ki, ..., k, la k s6 nguyén doi mot nguyén té cung nhau va

n=ky k.. Khidé ta cé ding cdu vanh

Ly =Ly, @ --- D Zy,.

T

Ddc biét, néu s6 nguyén duong n cé phan tich tieu chuan lan = p{*-- - p%
thi vanh cyclic Z,, cé thé xem nhu la tong truc tiép cia cdc vanh cyclic Ly,

nghia la:

anzp? @---@Zpgr.

Chiing minh. Khang dinh thit ba 1a trusng hgp dac biét ctia khang dinh thi
hai.

Khang dinh tht hai sé chiing minh dude bing phuong phap quy nap va
dua trén khang dinh thit nhat.

Do dé ta chi can chiing minh khang dinh dau tién. Ta sé sit dung Dinh
Iy dong cau vanh dé ching minh khing dinh nay. Goi ¢ : Z — Z;, @ Z,, 1a
tuong ting duge xac dinh bdi

QS(T) = (Fa F)'

$(s) = (5,5). Vir = s, nén ta c6 Ty, = 5 VA Ty, = 5,y Do d6, (F,7) = (3,3).

Vay o(r) = ¢(s)-
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e ¢ 13 mot dong cau vanh. That vay, véi moi a,b € Z ta co6
pla+b)=(a+ba+b)=(a+ba+b)
= (@,a) + (b,0) = ¢(a) + ¢(b)

va

)
e ¢ la toan anh. That vay, cho (@,b) € Zy ® Z,,. Khi d6 (a,b) = (a +
uk,b+ vm) v6i a,b,u,v € Z. Vi (k,m) = 1, nén ton tai cac sd nguyén z,y
sao cho zk + ym = 1. Khi d6 ta ¢6 a = axk + aym va b = bxk + bym. Xét
(aym + brk) € Z. Ta c6 ¢(aym + bxk) = (aym, brk). Tuy nhién, (a,b) =
(azk + aym, bxk + bym) = (axk + aym,brk + bym) = (aym,bxk). Vay
¢(aym + bxk) = (a,b). Do d6 ¢ la toan anh.
Theo Dinh ly dong cau vanh, ta c6 Z/ker ¢ = ¢(Z) ma ¢(Z) = Zy & Ly,
do ¢ 1a toan cau. Vi vay Z/ker ¢ = Zy & Zy,.
e ker ¢ = nZ. That vay,

kerp={a€Z|a=0€Zy,a=0¢€Z,}
={a € Z| kla,mla} ma (k,m) =1
={a €Z| (mk)|a}
={a €Z|n|a}
= n4.
Do d6 ker ¢ = nZ. Vay ta c6 Z/nZ = Zj. & Z, hay Z, = Zi & Z,. Nhu
vay dinh 1y dugce chimg minh. O
T Dinh 1y , dé thyc hien mot chudi cac phép tinh trong Z,, ta cé
thé thyc hién cdc phép tinh tuong tuy mot cach doc lap trén mdi Zj, va két
qua nhan duge bang cach ap dung dang cau (tit phai sang trai). Bang cach

nay ta cé thé tinh toan nhanh hon nhiéu so véi tinh toan tryc tiép khi n va
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s6 phép tinh 16n. Phuong phap nay dugce goi 1a tinh toan da modun va dugc
stt dung rong rai trong dai sd tuyén tinh trén cic sd nguyén hodc s6 hitu ti.

Bay gio, ta sé st dung cach xay dung nghiém trong chiing minh Dinh Iy
dé giai bai toan dugc dé cap dén trong phan md dau.

1.2.4 Vi du. "C6 mot s6 do vat biét rang s6 dé chia cho 3 du 2, chia cho 5
du 3 va chia cho 7 thi du 2. Tim s6 lugng do vat do".

Giai
Gia st x 1a s6 do vat chua biét. Khi d6 x 1a nghiém ctia hé phuong trinh
dong dur
r=2mod 3
r =3 mod 5
r=2mod7.
105 105
bat M = 3-5-7 = 105. Vay M; = 5 = 35, My = - = 21 va
105
My = — = 15. Khi d6 My, = 1 mod 3 tuong duong véi 35y; = 1 mod 3

hay 2y; = 1 mod 3. Suy ra y; = 2 mod 3. Tuong tu, Msys = 1 mod 5 tré
thanh 21y, = 1 mod 5. Ta thu dugc y» = 1 mod 5. Va M3y3 = 1 mod 7 tré
thanh 15y3 = 1 mod 7. Ta thu dugc y3 = 1 mod 7.

Vayxr =2-35-24+3-21-142-15-1 = 140+ 63+ 30 = 233 = 23 mod 105
la nghiém ctia hé phuong trinh.

Kiém tra lai, d& thay 23 = 2 mod 3,23 = 3 mod 5,23 = 2 mod 7.

Nhu vay hé phuong trinh dong du

r =2mod 3
r=3mod5b
r=2mod7

c6 nghiem duy nhat x = 23 mod 105.
Ta sé gidi quyét bai toan dém s luong binh linh duge dé cap trong Muc
1.1.
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1.2.5 Vi du. Dé tranh ké thi1 biét s6 lugng binh linh minh c¢6, mot vi tuéng
da nghi ra cach dém binh linh ctia minh theo cach sau day. Dau tién ong ta
yéu cau binh linh nhém thanh cidc hang gom 11 nguoi, sau dé6 1a hang gom
17,29 va 31 nguoi. Tuong tng, mdi lan ong ta dude bio cao con du 8,5, 16,
va 24 ngudi. Sau do, vi tudng sé tu minh tinh toan sé lugng binh linh.

Nhu 6 Muc 1.1, ta ¢6 hé phuong trinh dong du vé s6 luong quan ra tran:

(r =8 mod 11
x =5 mod 17
< x = 16 mod 29
|z = 24 mod 31.

Vi tat ca cac modulo déu doi mot nguyeén toé ciing nhau nén ta st dung Dinh
Iy Thing du Trung Hoa dé tim x. Ta c6 M = 11-17-29 - 31 = 168113,

168113 168113 168113
i vay M, = — 15283, My — — 0889, M — _
168113 17 29
5797 va My = = 5423. Ta xac dinh y; bang cach giii phuong trinh

dong du 15283y; = 1 mod 11, tuong duong véi 4y; = 1 mod 11. Nhu vay
y1 = 3 mod 11. Bang cach gidi 9889y, = 1 mod 17, tuong duong véi 12y =
1 mod 17, ta tim dugc y» = 10 mod 17. Tuong tu, 5797ys = 1 mod 29, tuong
duong véi 26y3 = 1 mod 29. Ta nhan dude y3 = 19 mod 29. Cudi cung, ta
giai 5423y4 = 1 mod 31 hay 29y, = 1 mod 31 thu dugc y4 = 15 mod 31.
Do d6, ta tinh s6 lugng binh linh ra tran bang
r=8-15283-3+5-9889 - 10+ 16 - 5797 - 19 4+ 24 - 5423 - 15
= 36759 mod 168113,

Vi vay, s6 luong binh si dong du véi 36759 mod 168113.
1.3 Code thuat toan thang du Trung Hoa

Duéi day la chuong trinh code dya trén Dinh 1i thang du Trung Hoa cho
s6 nguyén. Dau vao (Input) lan lugt nhap s6 phuong trinh trong he phuong
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trinh dong du, cac modulo va cac s6 du tuong ting. Két qua (Output) thu
dugc 1a nghiém clia hé phuong trinh dong du da nhap.
main.cpp

std;
int tich H

int uclnExtended(int a, int b, int* x, int* y)

int x1, yi;
int ucln = uclnExtended(b % a, a, &x1,

x =yl - (b / a) * x1;
y = x1;

ucln;

}

int nghichdaomodun(int A, int M)

{

int x, y;
int g = uclnExtended(A, M, &x, &y);
(g )

{

int res (x % M+ M) % M;
res;
}
}
int findMinX(int modun[], int du[], int k)
{
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int result

(int i ;1< ky iv+) {
int pp = tich / modun[i];
result du[i] nghichdaomodun(pp, modun[i])

result % tich;

main(void)

cout<<"Nhap so phuong trinh cua he dong du k=";
int k;
cin>>k;

int modun[k];
int dulk];
cout<<"Nhap cac modun";
(int i=0;i<k;i++) cin>>modun[i];
cout<<"Nhap cac so du tuong ung";
(int i=0;i<k;i++) cin>>du[i];
(int 1 5 1<k
tich modun[i];
cout "nghiem x dong du voi
findMinX(modun, du, k)<<" theo modun "<<tich;

»

Mot vi du minh hoa khi chay chuong trinh code.

Nhap so phuong trinh cua he dong du k=4
Nhap cac modun 11 17 29 31

Nhap cac so du tuong ung 8 5 16 24
nghiem x dong du voi 36759 theo modun 168113

PP;
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1.4 Ung dung cia Dinh 1y thing dv Trung Hoa trong
viéc giai hé phuong trinh dong du bac nhit mot
an

Bang viéc giai cac phuong trinh dong du bac nhat, ta c6 thé dua cac hé
phuong trinh dong du bac nhat vé hé phuong trinh c¢6 dang sau:

(

r=a; modmy

X

as mod mo

(1)

|z =ap mod my,.

O thé ky XIII, trong cuén “Cttu Muc Toan Hoc” (The Mathematical Trea-
tise in Nine Sections - 1247), Tan Cttu Tieu (Quin Jiushao) da mo t& phuong
phap “tong hop DaYan”, day la phién ban tong quéat ciia Dinh 1y Thing du
Trung Hoa. Phuong phap nay nhiam muc dich dua hé phuong trinh dong du
dang (1) khong han ché cac modun m; déi mot nguyén t6 cing nhau vé dang
thong thuong (tic 1a cdc modun doi mot nguyén t6 cing nhau)

(x =a; mod ¢

X

as mod ¢

(2)

|z =a; mod ¢y

Vi cq, Co, - -+, ¢ 12 cac s6 nguyen duong doi mot nguyen to ciing nhau. Tu

d6 ap dung Dinh 1y thing du Trung Hoa dé tim 15i giai phit hop.

Ky higum = [myq,...,mg] 1a boi chung nhé nhat ciia cac s6 nguyén my, . . .

dij = (mi,m;),1 <1i,7 <k la udc chung 16n nhat ctia hai sd nguyen m;, m;.

1.4.1 Dinh ly. Néu hé phuong trinh dong du bac nhat (1) cé nghiém thi hé

nay cé6 mot nghiém duy nhat theo modulo m.
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Chitng minh. Gié st hé (1) ¢6 cac nghiém x = 1 mod m va z = x5 mod m,
khi do6

r1 = a; mod m;, xro = a; mod m;,Vi=1,2,..., k.

Theo tinh chat bac cau clia quan hé dong du ta c6
r1 =xo modm;, Vi =1,2,... k.

T do6 thu duge x1 = 2o mod m, Vi = 1,2,..., k. Nhu vay, cac nghiém z =
x1 mod m vd ¢ = x5 mod m clia hé phuong trinh dong du dang xét 1a trung

nhau. L]

1.4.2 Dinh 1y. Néu hé phuong trinh dong du bac nhat (1) cé nghiém thi hiéu

a; — a; chia hét cho dij vdi moii,j=1,... k.

Chiing minh. Gia st hé phuong trinh (1) ¢6 nghiém, khi dé ton tai mot s6
nguyéen xy sao cho rog = a; mod m;,Vi = 1,2,... . k. V6i 1 < i,5 < k ta xét

hai dong du thiic
ro = a; mod m;,

xo = aj mod m;.
Khi d6, ton tai mot sd nguyén ¢y ndo d6 sao cho xg = a; + m;to. Tt d6
aj +mjty = a; mod m; hay m;ty = a; — a; mod m;. T dinh ly vé diéu kien
c6 nghiém cta phuong trinh dong du bac nhat suy ra d;; = (m;, m;) la udce

cua a; — a;. Dinh 1y dugc chitng minh. ]

Phuong phap ctia Tan Citu Tiéu chuyén hé phuong trinh dang
(1) vé hé phuong trinh dang (2) dugc md ta nhu sau:

Cho céc s6 nguyén my, ma, ..., mg va m = [my, ..., mg] 12 boi chung nho
nhat ctia mq, ..., my. Ta tim cac s6 nguyén ci, ca, . . ., ¢ thoéa man:
1. ¢; 1a w6c cua m;, 2 = 1,2, ..., k;

2. ged (¢, ¢5) =1 v6i moi @ # j;

3.¢1Ce....cp =m = [my, ..., mgl.
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Khi d6 hé phuong trinh dong du
r=a, modm; véii=1,....k
duge chuyen doi thanh hé phuong trinh dong du
r=a,modc; véit=1,...,k,

trong d6 cac modulo ¢; 1a cac s6 doi mot nguyén td cing nhau.

Dé tim tap hop cac sd nguyén ¢; v6i ¢ = 1,...,k ta phai thuc hién quy
trinh sau.

Xét truong hgp dau tien véi k = 2 :

B1. Dat (my,ms) = dy. Néu (mq/dy, mse) = 1, thi lay
my
dy
B2. Néu (mq,me/dy) = 1, thi lay

1 = , C2 = M.

mo

L =mq,Cy = T

B3. Néu (my,ms/dy) = ds > 1, thi tinh d3 = (my/ds, mady/dy) trong d6

ds 12 u6e cia dy va dz 1a uée cia dy/dy. Néu d3 = 1 thi lay ¢ = my/ds va

co = Mmads/dy, néu khong thi tinh dy = (my/dads, madads/dy). Tiép tuc qua

trinh nay cho dén khi ton tai mot s nguyén s sao cho d,.; = 1. S6 s nhu

vay ton tai vi dy > do > ... > 0. Khi d6 lay

my madods . . . dg
Ty d)C T A

1

Vay (c1,02) = 1.

D6i v6i truong hop k > 2, dau tién ta ap dung thuat toan trén cho

mi va my_q dé thu dugc c,(fl), c%_l. Sau d6, ap dung thuat toan tuong tu

(1) (2)

cho ¢/ vd my_y sé thu duge ¢, ¢)_,. Tiép tuc qua trinh nay va cudi

(k=2)

cung ap dung thuat toan cho c va my, thu duge ¢, ¢). Khi d6 cac sb
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nguyén ¢}, ch, ..., ¢y, ¢ théa man (¢, ¢) = 1véii = 1,2,...,k—1va
lc1,Co, ... 0] = [c’l, Coy vy Crq, ck] = Cp. [c’l, Chyons 0271}-
Nhu vay, truong hop & modulo da dude quy vé truong hop k& — 1 modulo.

Néu lap lai qua trinh nay, ta sé thu dude cac s6 ¢y, . . ., ¢ nhu mong mudn.

Sau day 1 mot s6 vi du minh hoa cho diéu vita trinh bay.

1.4.3 Vi du. Cho m; = 12 va ms = 20 1a cip s6 nguyén khong nguyén
t6 cing nhaw. Khi d6 [12,20] = 60. Vi (12,20) = 4 va (%,20) ~ 1
nén theo buée 1, lay ¢; = 3 va ¢o = 20 thi (¢1,¢2) = 1. Do do, ta co6
c1eo = 3.20 = 60 = [mq, my]. Néu ta c6 mot he phuong trinh dong du duge
cho bdi

T = a; mod 12
{x = ay mod 20
thi n6 sé tré thanh
T = a; mod 3
{35 = ay mod 20

trong d6 3 va 20 1a cac s6 nguyén nguyén t6 ciing nhau.

1.4.4 Vi du. Cho m; = 12 va my = 18 trong d6 m; va my khong nguyén

t6 cing nhau. St dung thuat toan, tinh duge d; = (my, ms) = (12,18) = 6;
d

dy = <m1@) = (12,3) = 3; dy = <@ e 2) — (4,9)=1.Vids = 1

d1 d2 ’ dl
néntaléyq:@:élvaczzm? 29,
ds dy
Khi d6 hé phuong trinh dong du
r = a; mod 12
T = as mod 18

sé tré thanh
{:1: = a; mod 4

T = as mod 9.
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Trong tinh toan tng dung lich néu & Muc 1.1, thuat toan dugc st dung

v6i 2 modulo.

1.4.5 Vi du. Néu ngay Dong chi clia mot ndm nado dé xdy ra r; ngay sau
thugng nguyén va ro ngay sau ngay trang non thi nam doé la N nadm sau
thuong nguyeén. Hé phuong trinh dong du:

{a:N = r; mod 60

xN = ry mod y

cho biét s6 nam N sau Thuong Nguyén, trong dé x 1a sd ngay trong mot nam
nhiet d6i, y 14 sd ngay trong mot thang am lich.

Gia st s6 ngay trong mot nam nhiét déi 1a 365 va s6 ngay trong mot thang
am lich 1a 30. Khi d6 x = 365 va y = 30. Ngay dong chi dién ra sau thugng
nguyen 1 ngay va sau ngay trang non rp ngay. Ta c6 hé phuong trinh dong

du:
{365N = r; mod 60

366N = ry mod 30

dugc chuyén doi thanh
{5]\7 = r; mod 60

5N = r9 mod 30

trong d6 N 1a s6 nam sau Thuong Nguyén. Theo thuat toan da trinh bay
trén day, ta c6 d; = (60,30) = 30; dy = (60,1) = 1. Vi vay, lay ¢; = 60 va
co = 1 thi hé phuong trinh dong du méi sé la:
5N = r{ mod 60
{5]\7 =romod 1

hay 5N = r{ mod 60.

Cudi cuing ta sé st dung thuat toan trén dé minh hoa vi du vé viéc xay

mong da néu 6 Muc 1.1 theo £ modulo vé6i k > 2.
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1.4.6 Vi du. Dé xay dung mot nén méng hinh chit nhat cho mot toa thanh,

c6 bon loai vat liéu c6 san: khoi vat lieu lap phuong 16n mdi canh dai 130 don

vi; khoi vat lieu lap phuong nhé mdi canh dai 110 don vi; gach "thanh phd"

dai 120 don vi, rong 60 don vi va day 25 don vi; va gach “sdu cita” dai 100

don vi, rong 50 don vi va day 20 don vi. Bon loai vat lieu nay dugc st dung

dé xay dung cac phan moéng ma khong lam héng bat ky vien nao. Do do, ta

c6 mot he phuong trinh dong du khi tinh toan cac vat licu khac nhau cho

mdi lan st dung mot loai vat lieu cu thé. Néu st dung khoi lap phuong 16n,

chiéu dai moéng thita 60 don vi, nhung chiéu rong can thém 60 don vi. Néu

stt dung khoi 1ap phuong nhé, chiéu dai méng thita 20 don vi, nhung chiéu

rong can thém 30 don vi. Néu tinh theo chiéu dai ctia gach "thanh phd",

chiéu dai méng thita 30 don vi, nhung chiéu rong can thém 10 don vi. Néu

tinh theo chiéu rong ctia gach "thanh phd", chiéu dai méng thita 30 don vi,

nhung chiéu rong can thém 10 don vi. Néu tinh theo do day ciia gach "thanh

pho", chiéu dai moéng thita 5 don vi, nhung chiéu rong can thém 10 don vi.

Néu tinh theo chiéu dai, chiéu rong va do day ctia gach "sau cia", chiéu dai

moéng tuong tng thira 30, 30 va 10 don vi; chieu rong moéng lan lugt thira 10,

10 va 10 don vi. Muc tiéu 13 tim chiéu dai X va chiéu rong Y clia mong.
Bai toan nay dudc don gian hoéa thanh hé phuong trinh dong du:

(X = 60 mod 130

X = 30 mod 120

X =20 mod 110

X = 30 mod 100

) X = 30 mod 60

X = 30 mod 50

X =5mod 25

(X =10 mod 20
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va

(Y = 60 mod 130
Y =10 mod 120
Y = 30 mod 110
Y = 10 mod 100

< Y = 10 mod 60

Y = 10 mod 50
Y =10 mod 25
LY = 10 mod 20.

. Ta sé st dung thuat toan dé bién doi cac modulo da cho thanh cac modulo
doi mot nguyén to cling nhau.
Xét he phuong trinh dong du:

(X = 60 mod 130
X = 30 mod 120
X =20 mod 110
X = 30 mod 100

) X = 30 mod 60
X = 30 mod 50
X =5 mod 25

(X = 10 mod 20.

Ta bat dau tir duéi len. Truée hét, cho m;,i = 1,2,...,8 nhu sau: m; =

130, my = 120, ms = 110, my = 100, m5 = 60,mg = 50, m7 — 25 vi mg —

20. Ta bat dau véi mg = 20 va my; = 25. Khi d6, d; = (20,25) = 5;
25 20 255 20

dy = (20,3) =5 dy = (37) — 1. Vay ol = T =4vaaf=25

Bay gio hay ap dung thuat toan cho ozél)

50
c6 di = (4,50) = 2. Khi d6 d» = (4, ?) = 1. Vay o) =4 va o}, = 25.

= 4 va mg = 50. Tuong tu, ta
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Tiép tuc qua trinh nay, ap dung thuat toan cho aéQ) = 4 va mz = 60. Khi
d6 dy = (4,60) = 4; do = (4, %) = (4,15) = 1. Ta c6 o' = 4 va o, = 15.

Tiép theo, 4p dung quy trinh cho aés) = 4 va my = 100. Khi d6 d; =
(4,100) = 4; dy = (4, %) = (4,25) = 1. Vay oY) =4 va o, = 25.

Cap tiép theo 1a ozé4) = 4 vamg = 110. Vay d; = (4,110) = 2; dy =
(4, %) = (4,55) = 1. Do d6, o' = 4 va oy = 55.

Tiép tuc véi ol = 4 va my = 120. Ta nhan duge d; = (4.120) = 4;

120 4 120 -2
dy = [4,— ) = (4,30) = 2;d3 = | =,——— | = (2,60) = 2; dy =
4 2" 4
4 120-2-2
, = (1,120) = 1. Do dé, ¥ =1 va o = 120.
2.2 4
Cubi ciing 1a cap aé(j) = 1 va m; = 130. R& rang, hai s6 nay nguyeén to

cuing nhau nén ta thu duge ag = 1 va o = 130.
Lic nay ta da gidm 8 modulo thanh 7 modulo v6i modulo cudi cling

nguyén to cing nhau véi cac modulo con lai. Ta ¢6 7 modulo theo thi tu:

130,120, 55, 25,15, 25,25. Ap dung lai quy trinh nay, ta c6 d; = (o4, af) =
25 .
(25,25) = 25; dy = (25, %> = 1. Vay lay BV = 25 va 3} = 1.

) 15
Tiép theo, d; = (25,15) = 5; dy = <25,€) = 1. Do d, 8% = 25 va

pt = 3.
R 25 .
Mot lan ntta, dy = (25,25) = 25, sau d6 dy = (25, 2—5> = 1. Do do, lay
B =25 va B = 1.
55 .
Tuong tu, di = (25,55) = 5 va dy = (25,3) = 1. Lay g = 25 va
B, =11.
L ) 120 NG) .
Bay gio ta c¢6 dy = (25,120) = 5; dy = | 25, - )= 1. Lay 877 = 25 va
3 = 24.
PR 130 . .
Cudi cung, dy = (25,130) = 5; dy = 25,? = 1. Do d6 B; = 25 v&
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B, = 26.

Céac modulo méi 1a 26,24,11,1,3,1,25. Ta c6 thé thay rang cac modulo
doi mot nguyéen t6 cing nhau ngoai trtt hai modulo 26 va 24. Vi vay, ta sé st
dung thuat toan mot lan nita dé chuyén déi ching thanh cap s6 nguyén to

cung nhau.

bat dy = (26,24) = 2; dy = <26, %) = 2;d3 = <§,¥> = 1. Do
do6, hai modulo 26 va 24 bay gio tré thanh 13 va 12. Tuy nhién, diéu nay tao
ra mot ciap khong nguyén t6 ciing nhau 1a 12 va 3. Mot lan nita, ta ap dung
thuat toan cho hai modulo nay.

Ta c6 dy = (12,3) = 3; de = (12,1) = 1. Vi vay, hai modulo méi la 12 va
1. Bay gio ta c6 mot hé phuong trinh dong du méi véi cdc modulo doi mot

nguyén té cling nhau:

(X =60 mod 13
X =30 mod 12
X =20 mod 11
X =30mod 1
< X =30mod 1
X =30mod 1
X =5mod 25
(X =10mod 1
hay
(X =8 mod 13
X =6 mod 12
) X =9 mod 11
| X' = 5 mod 25.
St dung Dinh Iy Thang du Trung Hoa, ta thu duge M = 13 -12-11-25 =
42000. Do d6, My = 2200 _ g300. ag, = 22990 _ 57 gy, = 42900

13 12 11
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3900 va M, = % = 1716.

Khi d6 3300y; = 1 mod 13 tré thanh 11y; = 1 mod 13, do d6 y; =
6 mod 13. Tuong tu, 3575y, = 1 mod 12, tiic la 11y, = 1 mod 12. Vay ys =
11 mod 12. Twong tu, 3900y3 = 1 mod 11 tré thanh 6y3; = 1 mod 11, do do6
y3 = 2 mod 11. Cudi cung, 1716y, = 1 mod 25, hay 16y, = 1 mod 25. Vay
y4 = 11 mod 25. Do d6, z = 8-3300-6+6-3575-11+9-3900-24-5-1716-11 =
558930 mod 42900 = 1230 mod 42900. Vay chiéu dai moéng clia biic tuong
dong du véi 12300 mod 42900.

Dé tim chiéu rong day tuong, ta thiét lap hé phuong trinh dong du tuong

tu nhu trén véi cac modulo nguyén té cling nhau.

(Y =60 mod 13
Y =10 mod 12
Y =30 mod 11
Y =10mod 1
<YElOmodl
Y =10 mod 1
Y =10 mod 25
Y =10mod 1
hay

(Y =8 mod 13
Y =10 mod 12

<Y58mod11
Y = 10 mod 25.

Theo Dinh 1y thang du Trung Hoa Y = 8-3300-6+ 10-3575-11 4 8- 3900 -
2+10-1716 - 11 = 802220 mod 49000 = 18220 mod 49000. Vay chiéu rong
mong clia bite tuong dong du véi 18220 mod 42900.
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CHUONG 2

CAC PHAT BIEU KHAC CUA
DINH LY THANG DU TRUNG HOA

2.1 Dinh ly Thang du Trung Hoa cho vanh

Trong vanh s6 nguyén Z, cho hai idéan [ = (a) va J = (b). Taco [+J = Z
khi va chi khi ton tai u,v € Z sao cho au+bv = 1 hay a va b 13 hai s6 nguyén
td cting nhau. T nhan xét nay nguoi ta md rong khai niem hai s6 nguyéen to
cting nhau trén vanh Z thanh khai niém hai idéan nguyén t6 cting nhau trén

mot vanh giao hoan bat ki nhu sau.

2.1.1 Dinh nghia. Trong vanh giao hoan R, hai idéan A va B dudgc goi la
nguyén to cing nhau néu A+ B = R.

2.1.2 Ménh dé. Cho R la mot vanh giao hoan co don wvi.
1. Cho I,J la céc idéan cia R. Neu I+ J =R thhIJ=1NJ.

2. Cho I, I», ..., I, la cdc idéan cia R. Néu I, I, ..., I, doi mot nguyén
to cung nhau thy I+ I, = iz I;.

Ching minh.

1. Gidsitr € IJ. Khi dé ton tain € N,a; € I va b; € J sao cho r =

n
> abi. Vivay r € Jvar € Ivil vaJ lacécidean. Dodére 1N .J.
=1

Vay IJ C 1N J.
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Mat khac, ta c6
I+ H(In)y=IUn)H)+JUNnJ)=I1INnIJ+JINnJJCIJ.

Vil+J=Rnen(I+J)INJ)=(UINJ).DodoInJCIJ.

2. Ta sé tién hanh quy nap theo n.
Truong hop n = 2 duge chiing minh ¢ phan (1).
Giasitn>2va [l =N I (hay [1Iy--- 1, 1 = (O Ih).
Dat J =[5 L =N/ . Vi;+1, = Rv6i 1 <i < n—1, nén ton tai
x; € I; viy; € I, sao cho x; +y; = 1. Do d6 Hg:ll T = H?;ll (1—y) =
lmod I,. Vay I, + J = R. Do do, [[{_, L = JI, =JNIL, =N, L.

[]

Stt dung khai niém idéan nguyén t6 ciing nhau, ngudi ta c6 thé mdé rong
Dinh Iy thang du Trung Hoa (Dinh ly ) léen mot vanh bat ky. Trude hét
ta xét truong hgp hai idéan.

2.1.3 Dinh 1y. (Dinh ly Thang du Trung Hoa cho hai idéan)

Gid st R la mot vanh giao hodn cé don vi, I va J la cdc idéan thuc su ciua
R. NéuI+J=Rthh R/(INJ) dang ciu véi R/I D R/J.

Chiing minh. Ta sé sit dung Dinh 1y dong cau vanh dé chiing minh dinh ly
nay. Goi ¢ : R — R/I @& R/J la tuong tng duge xac dinh béi
o(r)=(r+1,r+J).

e ¢ la mot dnh xa. That vay, cho r,s € R var = s. Khi d6 ¢(r) =
(r+IL,r+J)vag(s)=(s+1I,s+J). Vir=s,néntacor+1=s+1va
r+J=s+J.Dodo, (r+1,r+J)=(s+1,s+J). Vay, o(r) = ¢(s).

e ¢ 13 mot dong cau. That vay, véi moi a,b € R ta c6

dla+b)=(a+b+1l,a+b+J)=(a+I1+b+1,a+J+b+J)
=(a+IL,a+J)+(b+1,b+J) = ¢(a)+ ¢(b)
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va

o(ab) = (ab+ 1,ab+ J) = ((a+ 1)(b+ 1), (a+ J)(b+ J))
=(a+IL,a+ J)(b+ 1,0+ J) = ¢(a)p(b).

e ¢ la toan anh. That vay, cho (a,b) € R/I ® R/J. Khi d6 (a,b) = (a +
Ib+J)véia,be RVIR=1+J,néntacé6a =zc+yvab=s+tvéix,s €l
vay,t € J. Xéty+s Tacop(y+s)=(y+s+1l,y+s+J)=wy+1,s+J)
vis € I,y € J. Tuy nhién, (@,b) = (a+1,b+J)=(z+y+1,s+t+J)=
(y+1I,s+J)vizelvateJ Vay ¢(y+s)=(a,b). Do dé ¢ la toan anh.

Theo Dinh Iy dong cau vanh, ta c6 R/ ker ¢ = ¢(R) ma ¢p(R) = R/I®R/J
d6 ¢ 1a toan cau. Vivay R/ ker¢ = R/I & R/ J.

ekero=INJ. That vay, layr € INJ. Dodér € I var € J. Khi d6
o(ry=r+1,r+J)=(,J). Vivayr € ker¢ = I N J C ker ¢.

Gid sit b € kerep. Khi d6 (b+ Lb+ J) = ¢(b) = (I, J). Vay b € I va
beJ. DodobelINJ = ker¢o C(INJ).

Do d6 Ker¢p =1INJ. Vaytaco R/(INJ) = R/I® R/J. []

Vi du sau day cho thay diéu kieén I, J nguyén t6 ciing nhau trong dinh 1y
trén la can thiét, khong thé bé di dugc.

2.1.4 Vidu. Neu R=7,1 = (6) va J = (4) thi anh xa
¢:R/(INJ)—>R/I®R/J
khong phai la toan anh.

Chiing minh. Vi ged(6,4) = 2 nén 6 va 4 khong nguyén t6 ciing nhau. Vi
vay cac idéan (6) va (4) khong nguyen t6 cing nhau. Ta ¢6 (6) + (4) = (2)
nén [ +J # Z vil ¢ (2). Ngoai ra, Z/((6) N (4)) = Z/(2) = Zy, nhung
Ziy % 7.4 D Zg, Vi Zo chi c6 2 phan tl con Zy ® Zg c6 24 phan tit. Vay ¢ khong

la toan anh. ]



29

Dinh Iy sau day la mot mé rong cuia Dinh 1y thang du Trung Hoa cho vanh

giao hoan déi vé6i truong hgp n idean.

2.1.5 Dinh 1y. (Dinh ly Thang du Trung Hoa cho n idéan)
Cho R la mot vanh giao hodan co don viva Iy, ..., I, la cdic idéan ciua R doi

mot nguyén to cung nhau, tiéc la I; + I; = R vdi moii # j. Dat I =iy L.
Khi dé vanh R/I dang ciu véi R/[y ® R/I, ® ... ® R/I,.

Chiing minh. Bang quy nap, véin =1, ta c6 R/I = R/I.
Gia st rang Iy,...,1,, I,+1 1a cic idéan cia R doi mot nguyén to cling
nhau va R/I dang cau véi R/I; ® R/I, ® ... ® R/I, trong d6 [ = N, 1;.
Khi d6, bang cach cho J = I,,,1 va st dung Dinh 1y , ta co

R/(INJ)=R/ISR/J2R/I,&R/L&...®R/I,®R/J.

ViINnJ =" nen R/(NPG) déing cau véi R/ O R/ ® ... O R/ 1.
Dinh 1y dugc ching minh.
O

2.1.6 Hé qua. Néu s6 nguyen m c6 phan tich tieu chudn 1a m = pi* ... ph

(k; > 0, p; 1a cac s6 nguyeén to6 phan biét), thi ta c6 dang cau vanh
Ly = Zpllcl @---@pri-

Chiing minh. Vi tat ca cac s6 p; déu 1a cac s6 nguyén té phan biét nén ching

la doi mot nguyén t6 ciing nhau va Z,, = Z/(m). Do d6, theo Dinh 1y

va Meénh de [2.1.2, ta c6 Z,, = Zpkl D...0 Zpkl.. O]
1 i

2.1.7 Dinh nghia. Cho [ la mot idéan trong vanh R, a,b € R. Ta néi a
dong du vé6i b theo modulo I néu a — b € I va ki hieu 14 a = b mod 1.

Dinh 1y Thang du Trung Hoa trén mot vanh giao hoan duge phat biéu lai
theo ngon ngtt dong du nhu dinh 1y dusi day. Day 1a phat biéu tong quat cho

Dinh Iy [1.2.1]
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2.1.8 Dinh 1y. (Dinh lj Thing du Trung Hoa tong qudt trén vanh)

Cho I,..., I, la cac idéan trong vanh R, I;,I; doi mot nguyén to cung
nhau, tic la I; + I; = R vdi moii # j. Néuby,...,b, € R thi ton taib € R
sao cho

b=0b,mod [, vdii=1,2,...,n.
Hon nita, b duoc wdc dinh duy nhat theo modulo I N I, N ... N I,,.
Ching minh. Vi I + Io = R va I; + I3 = R, nén
R=R?= (]1 + ]2) ([1 + 13) = ]12—|—11]3—|—12]1—|—12]3 C L+ 113 C Il+(]2 N I3> C R.
Do d6, R = I + (Is N I3). Gia st quy nap rang
R:h—l—([QﬂIgﬂ...ﬂIk_l).
Khi do
R=R=(L+Ln..nL )(L+L)CL+(LNnIN...N1I;) CR

Do d6, R =11+ (IaN...NI;) hay R = I) + (Njz11;). Tuong tu, véi moi
k=1,2,...,n,R = I + (Nizel;). Nhu vay, véi mdi k ton tai cdc phan ti
ap € I va r, € NMixd; sao cho by, = a; + rp. Hon ntta 7, = by, mod I, va
rry = 0 mod I; v6i 1 # k.

batb=ri+r9+...+ 7, Khidé b= r, mod I; va do d6 b = b; mod I;
v6i moi 4. Cudi cling, néu ¢ € R sao cho ¢ = b; mod I; v6i moi ¢, thi b =
cmod [; v6i moi ¢ hay b — ¢ € I; v6i moi ¢. Do do, b —c € NI’ I; va
b= cmod N}, I;. O

2.1.9 Vi du. Cho (2) va (3) 1a cac idéan trong vanh Z. Khi d6 ta c6 thé
thay rang (2) + (3) = Z. V6i moi a; vd as € Z, ton tai mot a € Z sao
cho & = a3 mod 2 va a = ag mod 3. Khi d6 a = m mod (2) N (3), hay
a = m mod (6). Két qua nay dua ta tré lai dinh ly Thang du Trung Hoa cho

s6 nguyen (Dinh 1y [1.2.1)).
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2.2 Dinh ly Thang du Trung Hoa trén vanh da thic

Bay gio ta sé xem xét Dinh 1y s6 du Trung Hoa dugc ap dung nhu thé nao

trén vanh da thtec.

2.2.1 Dinh nghia. Cho D la mot mién nguyén. Mot da thic f(x) € Dlx]
khac 0 va khong khé nghich trong D[x] dugc goi la bat khd quy trén D néu
khong c¢6 hai da thic khong kha nghich g(x),h(z) € Dlx| sao cho f(x) =
g9(x)h(x).

Cac phan tit @ va b clia mién nguyén D dudc goi 1a lién két néu a = ub

trong d6 w 1a phan tit kha nghich cta D.

2.2.2 Bo dé. Cho f(x) va g(x) la cic da thite bat khd quy trén truong F.
Néu f(x) va g(x) khong liéen két, thi

Flal/(f(z)g(z)) = Flal/(f(2)) ® Flx]/(g(2)).

Ching minh. Theo Dinh ly va Dinh ly dong cau vanh, F[z]/{f(x)g(z))
dang cau véi Flz]/(f(x)) ® F[x]/{g(x)). Ta chi can kiém tra xem néu f(x)
va g(x) khong lien két thi

bat r(z) € (f(x)g(x)), thi r(x) = f(z)g(x)h(x) véi h(z) € Flz]. Khi do
r(z) = [f(z)h(x)]g(x) vi F 1la mot trudng. Do do, r(z) € (f(x)) N {(g(x))
dan t6i (f(z)g(x)) € (f(x)) N (g(x)).

Ngugc lai, dat s(x) € (f(z)) N (g(x)), do d6 s(x) € (f(z)) va s(x) €
(9(x)). Khi d6, s(z) = f(x)h(z) va s(z) = g(x)r(z) voi h(z),r(x) € Flz].
Do do6, ta c6 f(x)h(z) = g(z)r(x). Béivi f(x), g(x) 1a bat kha quy, (f(z))+
(9(x)) = Fla], nen f(z)u(z) + g(z)v(z) = 1. Vi vay
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s(x) = g(@)r(x) f(w)u(z)+f(@)h(z)g(z)v(r) = g(z) f(2)(r(z)u(z)+h(z)v(z))

N
=
8
N—
2,
8
=
O

nen s(z) € (f(x)g(x)). Vay (f(x)) N (g(x))
Dinh 1y thing du Trung Hoa tong quét cho vanh da thic duge phat bicu

nhu sau.

2.2.3 Dinh ly. Cho F la mot truong va by(x), ..., b,(z) la cac da thite tuy 1

cia Flx]. mi(x),...,my(x) va ay(x),...,a,(x) la cic da thic cia F|x] sao

cho
{gcd (mi(x), mj(z)) = 1,Yi # j

ged (ai(z),mi(x))) =1,i=1,2,...,n.
Khi dé hé phuong trinh dong du

a;(x)u(x) = bj(x) mod m;(z),i=1,2,...,n
c6 nghiém duy nhat theo modulo m(x) = mq(z)ma(x) - - my(x).

Ching minh. Vi ged (a;(x), m;(z)) = 1 v6i 1 < ¢ < n nén ta c¢6 thé tim
mot da thic ¢;(z) € Flz] sao cho ¢;i(z)a;(x) = 1 mod m;(x) v6i moi i.
Do d6, a;(z)u(x) = bi(z) mod m;(x), i = 1,2,...,n trd thanh u(x) =
¢i(x)b;i(x) mod m;(x) v6i 1 < i < n. St dung Dinh 1y Thing du Trung

. M
Hoa, ta c6 the tim M(xz) = [, -mi(x), va My(z) = %,Mg(x) =
milx
M M .
(z) oo, My(x) = (z) . Sau do, tiép tuc nhu Dinh 1y thang du Trung
my(z) M (1)

Hoa, 16i giai dugce dua ra nhu sau:
u(z) =bi(x)cr (z) Mi(z)y1 (@) + ba(x)co(z) Ma(2)y2 () +
oot bp(x)en () My(x)y, () mod M (z),

trong do y;(z) 1a nghich déo cia M;(x) mod m;(z) véii=1,2,...,n. [
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2.2.4 Vi duy. Trong vanh da thiic R[z] cho my = 2% + 1,me = 2° + 2,01 =
22, a9 = 2%+ 1,by = 4x 4+ 4,by = 42 + 8.
Vi(—1).224(2%+1) = 1neén (—1).2° = 1 mod (z%+1). Do d6 ¢;(z) = —1.
Vi(—=1).(z>+1)+2*+2=1nén (—=1).(z*+1) =1 mod (2> +2). Do d6
co(r) = —1.
Khi d6 hé phuong trinh dong du:
v*u(z) = 4z + 4 mod (2 + 1)
{(332 + 1u(r) = 42 + 8 mod (2% + 2)

tré thanh
{u(:c) = —(4z +4) mod (2* + 1)

u(r) = —(4x + 8) mod (22 + 2).
Dit M(z) = (22 + 1)(2? + 2) thi My(2) = (22 +2) va My(z) = (2% + 1).
Mit khac do —1(z% +1) + (2> +2) = 1 nén yy(x) = 1 va yo(x) = —1. Vay
hé phuong trinh dong du c¢6 nghiém duy nhat

u(z) = —1(4z + 4)(2* +2).1 + (=1)(4x + 8)(2* + 1)(—1) mod M (x)
hay u(x) = 42% — 42 mod M (z).

2.2.5 Vi du. Cho f(z) 1a mot da thiic ¢6 he s6 nguyén, véi moi s6 nguyén
duong m, dat N, = [{z € Z | f(z) = 0 mod m}|. Khi d6, néu my, ..., mg la

cac s6 nguyén doi mot nguyén t6 cing nhau thi Ny, . = N, <.« N,

Chatng minh. Ta chi can ching minh véi truong hop s = 2.

Dat m=myme. S={0<z<m| f(x) =0mod m} va S; ={0 <z <
m; | f(z) =0mod m;} véii=1,2.

Ta sé chi ra c¢6 sy tuong tng mot-mot gitta S va S; x Se. That vay, lay
r € S bat ky, nghia 1a 0 < = < m vam | f(x). Ta c6 z = gm; + x;
trong d6 ¢; 1a mot s6 nguyen va 0 < x; < my;. Dan t6i m; | (v — x;). Ma
(x — ;) | f(x) = f(x;) nen m; | f(x) — f (x;). Mat khac m; | m vam | f(z)
nén m; | f(x). Do d6 m; | f(x;) ttc 1a. z; € S;. Vay (xq1,x2) € S X Ss.
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Nguge lai, 1lay bat ky (y1,y2) € Sy X So tie 1a my | f(y1),me | f(y2).
Theo Dinh 1y thing du Trung Hoa, ton tai mot s6 nguyén y duy nhat sao
cho 0 <y < myme = m va thdéa man

y = y1 mod my

Yy = 19 mod ms.
Vim; | (y—wi) va(y—w) | fly) = f(y) nen my; | f(y) — f(y:). Mat
khac m; | f(y;) do d6 m; | f(y). Ma my, ms nguyén t6 cuing nhau nén
myi.mo | f(y), tic la m | f(y) hay y € S. Dieu nay ching t6 Ny, = |S| =
|Sl X SQ‘ = leNmQ.

Ap dung phuong phap quy nap, ta cé dieéu phai chiing minh. ]
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CHUONG 3

UNG DUNG CUA DINH LY THANG DU
TRUNG HOA

3.1 Day s6 nguyén hitu han

Dau tién ta sé xem xét ting dung ctia Dinh 1y Thing du Trung Hoa dbi
v6i day s6 nguyén hitu han. Cho truéc mot day sd nguyeén hitu han bat k¥,
ta déu c6 thé tim thay hai s6 nguyen khéac dé biéu dién no.

Cho a, b 1a hai s6 nguyén. Ta sé ki hiéu s6 du r trong phép chia a cho b 1a

amodb=r.

3.1.1 Dinh 1y. Cho a;,0 < i < t la mot dday hitu han gom cdc s6 nguyén

khong am. Khi dé ton tai cdc s6 nguyén w va v sao cho
umod (1+ (4 1)v) = a;
vot moi 1 =0,1,...,¢.

Chitng minh. Gid sit a 13 s6 nguyén 16n nhat ctia day a;,0 < i < ¢ va dat
v=2a-t,m=1+0v(+1),0 <i <t Tasé ching minh cic s6 nguyén
m;, 0 < ¢ <t 1a cac s6 doi mot nguyen té ciing nhau. Phin chiing, gia st
p 1a uéc chung 16n nhat clia m; v mj, v6i ¢ > j. Khi d6 p 1a uéc ctia hicu
(i+1)mj— (j+1)m; =i—j <t Tacoé v chia hét cho tat ca cac s6 nguyén
nho hon hoac bang ¢ hay v chia hét cho i — j, do d6 v chia hét cho p. Vi p la
u6c ctia m; va v chia hét cho p nén p phai la uéc ctia 1. Tu d6 ta thu duce

p = 1 hay m; va m; nguyén to cting nhau. Vi vay, cac s6 nguyén m; dugc coi
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134 modulo trong Dinh 1y thing du Trung Hoa. Do d6 ton tai mot s6 u sao
cho

u=a; modm;,i1=0,1,...¢.

Khi d6, v mod m; = a; mod m; véi moi 0 < ¢ < ¢. Tuy nhién, vi
a; < v < m;, nén ta co the két luan rang a; mod m; = a; véi 0 < i < t. Do

do, u mod m; = a; v6i 0 <1 < . n

Duéi day 1a vi du ap dung v6i mot day gom 4 s6 nguyen. Ddi véi day nay,

ta co thé tim thay hai sé nguyén dai dién cho cac sé hang trong day.

3.1.2 Vi du. Xét {2,3,5,6} 14 mot day httu han véi ag = 2,41 = 3,a9 =5
va a3 = 6. Khi d6 theo Dinh 1y [3.1.1], tdn tai cic s6 nguyén u vd v sao cho

umod (1+ (74 1)v) = a;.

Ta sé chi ra cach tim u va v. S6 nguyén 16n nhat 1a 6, do do, theo chiing
minh cta dinh 1y, ta c6 v =2-6-3! =72, va: mg = 1+ 72 = 73,m; =
1+ 144 = 145, m9 = 1 4 216 = 217, m3 = 1 + 288 = 289. Khi d6 ta thu
dugc he phuong trinh dong du

uw=2mod 73
u = 3 mod 145
u = 5 mod 217
u = 6 mod 289.

Heé phuong trinh dong du nay c6 mot nghiem. Stt dung Dinh 1y thing du Trung
Hoa, ta thu duge M = 663817105, My = 9093385, M1 = 4578049, M, =
3059065 va M3 = 2296945. Tiép theo, ta c6 9093385y, = 1 mod 73, dan
t61 yo = 12mod 73; 4578049y; = 1 mod 145 dan t6i y; = 4 mod 145,
3059065y, = 1 mod 217 hay y» = 95 mod 217; cudi cung 2296945y; =
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1 mod 289 thu dugc y3 = 107 mod 289. Do do,
uw=2-9093385 - 12 4+ 3 - 4578049 - 4 + 5 - 3059065 - 95 + 6 - 2296945 - 107
= 545603973 mod 663817105.

Nhu vay, ta c6 thé biéu dién cac sd hang clia day bang cach sit dung hai s6

nguyén 72 va 545603973 nhu sau:

2 = 545603973 mod (1 + 72 - 1)
3 = 545603973 mod (1 + 72 - 2)
5 = 545603973 mod (1 + 72 - 3)
6 = 545603973 mod (1 + 72 - 4).

3.2 St dung Pinh Iy Thing duv Trung Hoa dé chiing
minh moét tinh chat ctia mién Dedekind

Trong 1y thuyét s6, Dinh 1§ co ban clia s6 hoc phat biéu rang moi s6 tu
nhién 16n hon 1 déu c6 thé duge viét mot cach duy nhat dusi dang tich clia
cac sO nguyen t6. Trong dai s6 hién dai, mién Dedekind c6 tinh chat tuong

tu.

3.2.1 Dinh nghia. Mién Dedekind 1a mot mién nguyén trong dé mdi idéan

c6 thé duge viét dudi dang tich ctia mot sd hitu han cac idéan nguyen t6.

3.2.2 Dinh nghia. Cho R 13 mot mién nguyén va I 1a mot idéan cia R.
Dit [7! = {z € K | I C R} trong d6 K la truong cac thuong ctia R. Néu
IT7' = R thi I dugc goi la mot idéan khd nghich.

3.2.3 Ménh dé. Trong mién Dedekind, moi idéan nguyén to khdac 0 deu la

1déan cuc dai.

Chitng minh. Cho R 1a mién Dedekind va p 13 idéan nguyén té khac 0 va p

khong cic dai. Gia st a la mot idéan khac cua R sao cho p C a. Khi do
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a'p Ca'a =R nén a 'p la mot idéan cia R. Vi a (a_lp) =pnéna Cp
hoaca !pCp.Néua'pCpthia ! Cpp ! =Rdant6i R C anéna = R.
Mat khéc, néu a C p va theo gia thiét, p C a thi p = a. Do d6 p la idéan cyc

dai. 0

3.2.4 Vi du. Vanh cac s6 nguyén Z 1a mot vi du vé mién Dedekind. That
vay, gid sit I 13 mot idéan ciia vanh Z. Khi d6 ton tai mot sd6 nguyeén a sao
cho I = (a). Néu a = 0 thi I = (0) 14 idéan nguyén t6. Néu a # 0 thi a c6
phan tich tieu chudn a = p*---pkr. Do d6 (a) = (p¥*)--- (pf) hay (a) ¢6
thé dugc viét dusi dang tich ctia mot s6 idéan hitu han. Vay vanh Z 1a mot

mien Dedekind.

Méi vanh chinh 1a mot mién Dedekind. Tuy nhién, diéu ngugce lai khong
ding. Dinh 1y sau day sé phat biéu diéu kien dé mot mien Dedekind 1a vanh
chinh. S dung Dinh 1y Thang du Trung Hoa ta sé ching minh dugc dinh 1y

N

nay.

3.2.5 Dinh 1y. Néu mién Dedekind R chi c6 mot so hitu han cdc idéan nguyén
to khdac khong Py, ..., P, thi R la vanh chinh.

Chiing minh. V6i moi i chon b; € P, — Pf. Ta sé chitng minh rang (b;) = P; tu
d6 suy ra rang moi idéan nguyeén t6 déu la idéan chinh, do d6 R 1a vanh chinh.
Vi R 14 mot mién Dedekind va né chi c6 mot s6 hitu han cac idéan nguyeén t6
khac khong P;, 1 < i < n, nén cac idéan nguyén t6 nay ciing l1a cac idéan cyc
dai va do d6 P, + P; = R,i # j. Vi R la mién Dedekind, (b;) = Lils. .. I,
trong do I; = P;. Theo Dinh ly thang du Trung Hoa[2.1.8, ta c6 b; = 7; mod P,
va b; = 1mod Pj. Vib; € P, nén (b;)) C P hay I11...1,, C P;. Do dé
ton tai s6 j nao do dé I; = P;. Nhu vay ta co thé sip xép lai cac idean

sao cho (b)) = PiIy... I, 1. Néu c6 mot sd r khac sao cho I, = P; thi

(b;) = P2I; ... I, o, nhung diéu nay mau thudn véi b; ¢ P?. Vi vay, tiép tuc
qué trinh nay, ta c6 (b;)) = Ply... L, 1= PNL0...N L, g voi Ly, ... Ly
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13 cac idéan nguyén t6 phan biet. Khi d6 b; € I; ma b; = 1 mod I; hay
bi—l611nénlE[lvédodéllzR.Vay(bi):H. []

3.3 St dung Dinh 1y Thiang duv Trung Hoa dé giai mot
s6 bai toan sd cap

3.3.1 Vi du. Ching minh rang véi moi s6 tu nhién n, luon ton tai n sé tu
nhién lién tiép ma mot trong sd n s6 ty nhién dé cé it nhat mot uée s6 1a s6

chinh phuong.

Chaing minh. Xét he phuong trinh dong du 2 = —i mod p? véi p; 1a s6 nguyen
tb i = 1,n. Ap dung Dinh ly thang du Trung Hoa, hé ¢c6 mdt nghiém nén

x + i 1a boi ctia p;2. Bai toan da duge ching minh. ]

3.3.2 Vi du. (IMO 1989) Chitng minh ring v6i moi sé6 nguyén duong n
bat ki, ton tai n s6 nguyén duong lién tiép ma trong dé khong c6 sé nao 1a

Ity thita clia mot sd nguyén to.

Ching minh. Bai toan nay ciing tuong tu nhu bai toan truée nén ta chon hé
phuong trinh dong du tuong tu bai toan trén va sit dung Dinh 1y Thing du
Trung Hoa dé chiing minh. Ta biét rang néu mot so chia hét cho p nhung
khong chia hét cho p? thi s6 nay khong phai la liy thita ctia p. Diéu nay
dua ta dén viec lga chon hé sau: * = —i + p; mod p? véi i € {1,2,...,n} (
P1, D2, - - ., Pn 1a nhimg s6 nguyen té phan biet). Ap dung Dinh ly thing du
Trung Hoa, ton tai x théa man hé. Dé dang thay dugc x + 7 chia hét cho p;
nhung khong chia hét cho p;2. Nhu vay day « + 1,2 +2,...,2 +n gom n sb
nguyén duong lién tiép ma trong d6 khong c6 s6 nao 1a lity thita clia mot so

nguyen to.

3.3.3 Vi du. (Olympic Toan hoc Thanh phd St. Petersburg) Cho

P(z) 1a mot da thitc ¢6 he s6 nguyén. Cho céc s6 nguyén ay, as, . . ., a, thoa
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man: Vi moi 86 nguyén x, ton tai mot ¢ € {1,2,...,n} sao cho P(z) chia
hét cho a;. Chiing minh réng ton tai ig € {1,2,...,n} sao cho a;, 1a udc cia

P(x) v6i moi s6 nguyén x.

Chiing minh. Ta chiing minh bing phuong phap phan ching. Gia st khang
dinh trén 1a sai. Khi d6 v6i méi ¢ = 1,2,...,n ton tai mot sd6 nguyén z; sao
cho P (z;) khong chia hét cho a;. Do d6, ton tai mot iy thita ctia 6 nguyeén t6
pf 1a udc cua a; va khong 1a uée ctia P (x;). Mot s6 liy thira plfl,pgz, o, phn
c6 thé co ciing co s6. Néu vay, hay loai bo tat ca cac lity thita ciing co s6 trit
cai c6 s6 mil nhé nhat. Khong méat tinh tong quat, gid st rang day thu dugc
I plt ph2 L pkmom < nova pr,pa, ..., pm 1a cdc s6 nguyen t6 phan biet.
Luu ¥ rdng mdi a; c6 thé chia hét cho mot vai s hang ciia day nay.

Vi p]fl, p§2, e ,pﬁlm do6i mot nguyén té6 ciing nhau, nén ap dung Dinh Iy

Thang du Trung Hoa ta c6 nghiém ctia hé phuong trinh dong du:
_ k1 _ ko — km
r = x; mod py', x = x2 mod py’, ..., T = T, mod p,m.

Mat khéac vi P(z) la mot da thic ¢6 he s6 nguyén, nén tit z = z; mod p?j
dan t6i P(z) = P (x;) mod p?j v6imoi j = 1,2,...,m. Theo dinh nghia cta
Py, s6 P (x;) khong chia hét cho p;’,j = 1,2,...,m. Do do, d6i véi nghiem
x tim duge theo Dinh 1y Thang du Trung Hoa, P(x) khong chia hét cho bat
ky liy thia pfj nao. Va béi vi mdi a; chia hét cho mot s6 pfj,j =1,2,...,m,
nén ciing khong c6 a; ndo la uéc P(x), diéu nay mau thuan véi giai thiét ban
dau. O

3.3.4 Vi du. (Olympic Toan hoc Séc va Slovakia nam 1997) Ching
minh ring ton tai mot day so tu nhien {a,} -, tdng dan sao cho véi moi

k > 0 thi day {k + a, } chi chtta httu han s6 nguyeén to.

Chiing minh. Goi py, 1a s6 nguyeén t6 thi k, k > 1. Dat a; = 2. V6in > 1, dat

a1 12 s6 nguyén nhé nhat 16n hon a,, va théa man hé phuong trinh dong
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du:

xr = —k mod pryq1 v6i moi k < n.
Mot s6 nguyén nhu vay ton tai theo Dinh 1§ Thang du Trung Hoa. Vi vay,
voi moi k > 0,k + a, = 0 (modpg1) véi n > k + 1. Khi d6, ¢6 nhiéu nhat
k+1 gia tri trong day {k + a,} c6 thé 1a s6 nguyen t6; tit s6 hang thit k + 2
trd di, cac gia tri 1a boi s6 khong tam thuong clia pi41 va phai 1a hop s6. Bai
toan da dugc chiing minh. ]

3.3.5 Dinh nghia. S6 tu nhien n dugc goi 1a ldy thia hoan hdo néu ton tai

hai s6 nguyén m > 1 vd k > 1 sao cho m* = n.

3.3.6 Vi du. V6i moi tap hop s6 nguyen duong {a, as, ..., a,} ton tai mot
s6 nguyén duong b sao cho tap hop {bay, bas, . .., ba,} chia cac liy thita hoan
héo.

Chiing minh. Gia st pi,pa,...,pr 1a tat cid cac s6 nguyén to c6 mat trong
phan tich tiéu chuan ctia a;, as, . .., a,. Khi d6 ta cé thé viét:

SN e 75|
a; = Py

Py pptveii=1,2,...,n

trong d6 ay; c6 thé bang 0. Mot s6 nguyén duong véi phan tich tiéu chuan
py'py? ... ppF 1a liy thira hoan hdo bac ¢ khi va chi khi tat cd s6 ma u; déu
chia hét cho ¢. Vi vay, chi can tim cac s6 nguyén duong ¢, ¢o, . . ., g, 16n hon
1 va cac s6 nguyen khong am Iy, lo, . . ., ;. sao cho

ll + aq1, l2 + 19y« v oy lk + A1 chia hét cho q1,

ll + 91, l2 + a99, ..., lk + Qa9 chia hét cho q2,

l1 + oty lo + apa, .., i + agy chia hét cho g,,.
RO rang 1a ta c6 rat nhiéu cach lya chon. Vi du: gia st ¢; 14 s6 nguyen to

thi 4. Déi véi {1, cac diéu kien trén chuyen thanh

h=-aj (modg), j=12,...,n
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Heé phuong trinh dong du nay c6 nghiém theo Dinh 1y Thang du Trung
Hoa, béi vi q1, o, .. .,q, doi mot nguyén t6 cling nhau. Tuong ty, moi he
phuong trinh dong du

lg = —Qj2 (modqj), ] = 1,2,...,7’&,

Zg = —Qj3 (modqj), j = 1,2,...,?1,

lk = —Qj (mOde), j = 1,2,...,n

cling c¢6 nghiem. Lay [y, ls, . . ., ;. sao cho tat ca ciac dong du nay deu dude thoa
mén. Nhan mbi a; véi b = pip? .. .pﬁf thu duge mot tap hop {bay, bas, . .., ba,}

bao gom cac lity thita hoan hao (néi cach khéc, ba; 14 liy thita hoan héo bac

Bai toan sau 1a hé qua truc tiép ciia két qua tren.

3.3.7 Vi du. (Dé xuét ctia Han Quéc vé 339 IMO) Ching minh ring
v6i moi s6 nguyén duong n ton tai mot tap hop n s6 nguyén duong sao cho
tong cac phan ti ctia mdi tap con khac réng cia né la mot liy thita hoan

hdo.

Ching minh. Gia st {x1,xs, ..., 2y} 13 mot tap hop hitu han cac sd nguyen
duong va S, Ss,...,S, tong phan t& clia cac tap con khac réng clia no
(r =2™ —1). Chon b sao cho bS,bSs, ..., bS, déu la liy thita hoan héo. Khi
do tap {bxy,bxs, ..., bx,y,} 14 mot tap hop can tim. ]

3.4 So do mat ma

Dinh ly thang du Trung Hoa duge ap dung trong chia sé bi mat - mot chu
dé quan trong ctia mat ma hoc. Ban than Dinh 1y thing du Trung Hoa I3

mot so do chia sé bi mat ma khong can bat ky stta doi nao. Ta sé xem xét
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ting dung ctia Dinh 1y thing du Trung Hoa trong so do chia sé bi mat va so
do ngudng.

Y tuéng ap dung Dinh 1y thing du Trung Hoa trong so do chia
sé bi mat nhu sau:

Cho m1, mo, ..., my 1a t s6 nguyén duong doi mot nguyén t6 ctiing nhau va
m = H§:1 m;. Gia stt bi mat 1a mot sd nguyén s sao cho 0 < s < m va c6 t doi
tuong P, Ps, ..., P dugc chia sé bi mat. Khi d6 P; ¢6 s6 du s; = s mod m;
13 thong tin ma chi P, méi biét. Theo Dinh 1y thang du Trung Hoa, c6 du ¢
manh thong tin s; sé xac dinh dugc bi mat s ban dau, nhung bat ki tap nao
it hon t manh thong tin thi khong thé tim dugc s.

Sd d6 ngudng chia sé bi mat (k,t) dudc dinh nghia nhu sau.

t d6i tuong tham gia P; ciing chia sé mot bi mat s théa man cac diéu kien:

1. Mdi bén c6 mot phan thong tin s; vé bf mat s ma cac bén khac khong
biét.

2. Bi mat s c6 thé dugc tinh toan tit bat ky k phan s; nao.

3. Khong c¢6 k — 1 phan s; nao cung cap du thong tin vé bi mat s.

Ta sé xem xét hai phuong an chia sé bi mat; mot lien quan dén cac sd

nguyén va mot lien quan dén da thrc.

So do ngudng 1

Cho m;,t = 1,2,....,t, 1a t s6 nguyén doi mot nguyén t6 ciing nhau va
khong nhé hon 2 . Ta dinh nghia:
min(k) = min {m;m;, ---m; |1 <i; < ... <ip <t},
max(k — 1) = max{milmiz---mikfl 1< <ig < <ip1 < t},
trong d6 1 < k < t. Noi cach khac, min(k) la tich nho nhat ciia k s6 nguyéen
m; va max(k — 1) 1a tich 16n nhat cia k — 1 s6 nguyén m;. Chon w 1a s

nguyén duong 16n nhat sao cho
min(k)

s max(k — 1)’
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o gcd(w,m;)=1,1=1,2,... t.

Dat m = min(k).

Bi mat 1a s6 nguyén s sao cho 0 < s < w. Vi vay, ta gid st rang bi mat
c6 kha nang 1a bat ky s6 nguyén nao trong khoang tir 0 dén w — 1.

Ta tinh toan cac phan thong tin cho ¢ déi tuong nhu sau.

Chon a € Z sao cho 0 < s +aw < m, va dit s’ = s + aw. Sau do, cac
manh thong tin dugc cho bdi s; = ' mod m;,i = 1,2,...,t, trong do s; 1a
phan ctia d6i tugng P;. Ta sé chiing minh rang & — 1 phan hoac it hon k& — 1
phan thi khong c6 thong tin vé bi mat nhung bat ky k& phan ndo trd len déu
xac dinh duge bi mat.

Khong méat tinh tong quat ta gia st sq, sa, ..., s, dabiét vi 1 < h < t. Dat
M =T, m; va M; = m% v6i j = 1,2,...,h. Khi d6 (M;,m;) = 1. Theo
thuat toan Euclide, ton tai]uj, v; € Z sao cho M;u; +mjv; = 1. Diéu nay ¢6
thé duge thuce hién bang cach gidi Mju; = 1 mod m; va mjv; = 1 mod M;.

Khi d6, theo Dinh 1y thiang du Trung Hoa, hé phuong trinh dong du
r=s;modm; voil <1 <h
c6 nghiém duy nhat theo modulo M cho béi
r = s1Miuy + soMous + . .. + s Mpuy,.

Diat s” = Z?:1 Mjujs; mod M vé6i 0 < s” < M, thi 8" = s; mod m;. Ta
c6 hai truong hop:

Truong hop 1:

Néu h > k thi M > min(k) = m > w. Theo Dinh ly thing du Trung Hoa
s" =5 vis =s; modm;, s’ <m < M vanghiém clia hé x = s; mod m; 1a
duy nhat theo modulo M. Lai ¢6 s’ mod w = (s 4+ aw) mod w = s nén bi
mat xac dinh duge bdi s = s”"mod w.

Truong hop 2:
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, Lk
Néwh — k—1thi M < max(k—1) < ™ viw < R0
w max(k — 1)
k—1 1 in(k
%<Edodémax(k—l)< mlz}( ))-Vayw<%viw>0,

Vi nghiém ctia hé phuong trinh dong du x = s; mod m; 14 duy nhat theo

modulo M nén ta c¢6 s’ = s” + bM v6i b nao d6. Lai c6 0 < s’ < m hay 0 <
on "

s"+bM < m,vivay —s" < bM < m—s" dan dén <b< M= po do,
/! 1
_ _ M
ogbglm SJ.Matkhéc,mMs >mM :%—1>w—1.Khidé

o
s =5 mod w = (s + bM) mod w ma b ndm trong pham tix 0 dén {mMs J

m_S//

vaw—lg{ J,scékhénéngnhan0,1,...,w—1.

Do d6, bat ky & — 1 manh thong tin tré xuéng déu khong thé tim duge bi
mat s.

Bay gio ta hay xem mot vi du dé biét so do ngudng hoat dong nhu thé

nao.

3.4.1 Vidu. Cho k =3,t =4,m = 5,mo = 7,mg = 11 va my = 13. Khi
d6m = min(k) =5-7-11 = 385, va max(k — 1) = 11-13 = 143. Vi vay, ton

min(k) 385
max(k —1) 143
lay w = 2. Bi mat s 14 mot s6 nguyén théa man 0 < s < w. Vay s 1a 0 hoac

tai mot s6 nguyeén w sao cho w < va ged (w,m;) = 1. Ta

1. Vit =4 nén ta can tinh 4 phan chia sé thong tin. Ta chon mot s6 a thoa
5 m — s
man 0 < s+aw <m.Dodo 0 <aw <m-—sdan téi 0 < a < =

385 — 1 v

= 192. Vi du chon a = 30. Dit s’ = s + aw = s + 60. Bon phan
thong tin duge cho bdi s; = ¢ mod m;. Khi d6 s; = (s + 60) mod 5, s9 =
(s +60) mod 7,s3 = (s 4 60) mod 11 va s4 = (s 4 60) mod 13. La ngudi gitt
bi mat, tacho s =1thisy =1va sy =5 Khido M =mimy=35,M; =7
va My = 5. Theo Thuat todn Euclide, ta nhan duge 7- (—2) +5-3 = 1. Do
do, u = —2 va v = 3. Khi d6, theo Thuat toan thang du Trung Hoa, ta c6
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s = Myuysy+ Mousss vih =2 hay s = (7-(=2) - s1+ 53+ $2) mod 35 =
(=14 + 75) mod 35 = 61 mod 35 = 26 mod 35. Vi h = 3 — 1 = 2 nén ta
c6 8 = 8" +bM = 26 + 35b trong d6 0 < b < % = 10. Theo d6
s =5 mod 2 =>bmod 2. Vib € [0,10] nén s c6 kha nang bang 1 hoac 0. Vi
vay, hai manh thong tin khong xac dinh duge bi mat.

Néu ta c6 ba phan chia sé, ta c6 thé tinh duge bi mat s. Xét véi vi du
trén, gid st ta c6 ba phan s; = 1,80 = 5 va s3 = 6. Khi d6 M = mymams =
5.7-11 = 385, do d6 M, = 77, My = 55 v Mz = 35. Do d6, bing Thuat
toan Euclide, ta c6 thé tim u; va vj, voi 7 = 1,2, 3 sao cho:

TTu; + 51 =1
5dus + Tve =1
35uz + 11vg = 1.

Giai ba phuong trinh, ta dugc:
- (-2)+5-31=1
55 - (—1)+7-8=1
35-6411-(—19) = 1.
Do d6, s" = 77-(—2)-s1+55-(—1)-59+35-6-s3 = 831 mod 385 = 61 mod 385.
Khi d6, bi mat s sé la s = 61 mod 2 = 1 mod 2. Vi vay, bi mat s la 1.

So do ngudng 2

So do chia sé bi mat nay gan giéng véi s do 1, nhung ap dung cho da
thic.
Gia st F' la mot truong hitu han va m;(x),i = 1,...,t 1a ¢t da thic doi
mot nguyén t6 cing nhau ctia F[z] v6i bac 16n hon hodc bang 1 . Khi do:
min[k] = min {deg (m;m;,---m;, ) | 1 <13 < -+ < i <t},
max|k — 1] = max {deg (m;m;, -+ -m;_,) |1 <iy < <ip_1 <t},

trong d6 1 < k < ¢. Dat w 1a s6 nguyén duong 16n nhat sao cho
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e tOn tai mot da thic W(x) bac w tren F véi (W (x),m;(x)) = 1 véi
i=1,2,... .t
min k]
~ max[k — 1]
Bi mat 1a mot da thic s(x) € F[z] bac nhé hon w. Céac phan cta t d6i

L w

tuong duge tinh nhu sau.

Chon a(z) € F[z] sao cho deg(s(z) + a(z)W(x)) < minlk]. Dat §'(x) =
s(z)+a(x)w(z). Cac manh thong tin duge cho bdi s;(x) = s'(z) mod my, i =
1,2,...,t. Do d6, (k,t) 1a mot so do ngudng.

Gia sit k phan s1(z), s5(x), . .., sp(x) da cho. Dat M(x) = [T, mi(z) va
M;(x) = M(x)
m;(x)
nhau. Theo Thuat toan Euclide, ton tai hai da thic u;(z) va vj(x) trong Fx]
sao cho M;(x)uj(x) + m;(x)vj(x) = 1. Theo Dinh ly thang du Trung Hoa,
ta c6 §'(z) = 2521 M;(z)u;(z)s;(x) mod M(x). Khi d6 bi mat dugc dua ra
béi s(x) = §'(x) mod W (z).

v6i j =1,..., k. Khi d6 M;(x) va m;(z) la nguyén to cung
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KET LUAN

Dura vao cac tai lieu tham khao, luan van da trinh bay cac ndi dung sau

day:
1. Sy hinh thanh va phat trién ctia Dinh 1y thang du Trung Hoa.

2. Cac dang phat biéu khac nhau ctia Dinh 1y thang du Trung Hoa va dua
ra mot chuong trinh code thuat toan dya trén Dinh 1y thang du Trung

Hoa cho s6 nguyeén.
3. Sy m6 rong cua Dinh 1y thiang du Trung Hoa lén vanh.

4. Mot s6 ting dung ctia Dinh 1y thing du Trung Hoa nhu: giai hé phuong
trinh dong du bac nhat mot an va giai mot s6 bai toan so cap khac, ing
dung déi v6i day s6 nguyén hitu han, mién Dedekind, ting dung trong

chia sé bi mat ctia 1y thuyét mat ma.

Tt dé c6 thé thay Dinh 1y thang du Trung Hoa c¢6 vai tro quan trong trong
dai s6 cling nhu cac linh vuc khac. V6i sut phat trién lién tuc ctia dai sé hien

dai, viec mé rong dinh 1y nay sé dudc tiép tuc quan tam va nghién ctu.
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