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MO DAU

Ky hiéu Z la tap hop cac sd nguyen va N 13 tap hop cac s6 tu nhién. Mot
ntta nhém sb 14 mot tap con S ciia N théa méan cac dieu kién sau day: S chia
0, dong kin v6i phép cong cac s6 ty nhien va N\ S la tap hgp hitu han.

Nhu vay moi nita nhém s6 1a mot vi nhém con ctia vi nhém cong cac so
tu nhién N sao cho phan bt ciia n6 trong N 14 mot tap hop hitu han. Cho A
1a mot tap con khéac rong ctia tap hgp céc s6 tu nhien N. Ky higu (A) 1a vi

nhém con ciia vi nhém cong cac s6 tu nhién N sinh béi A, nghia 1a
(A) = {Ma1 + ...+ Ny, [n € N\{0},a; € A, N, eNVi € {1,...,n}}.

Khi d6 (A) 1a mot nita nhom s6 khi va chi khi ged(A) = 1.

Trong 1y thuyét s6, mot repunit 1 mot s6 nguyén ma cac chit s6 ciia no
chi 1& cac chit s6 1. Chang han, 1,11,111 hodc 1111,... la nhiing vi du vé
repunit. Thuat ngtt nay dién dat sy lap lai ctia don vi va né duge dua ra béi
Albert H. Beiler nam 1964.

Cho b 1a mot s6 nguyeén, |b] > 2 (b ¢6 thé 1a s6 am hoic s6 duong). Cac
repunit co s6 b 1a
bt —1

RV =14+b4+02+. +0"' = —

n > 1.

2

Nhu vay, cac repunit Ry’ 14 cac s6 ma cac chit s6 clia ching chi gom chit sd

1 khi biéu dién theo co sé b. Hai repunit co sé b dau tién ting véi n = 1 va



n=21a

1
RV="""-=1 w RVY= —b+1.

Dic biet, d6i véi he thap phan (co s6 10) céc repunit RS duge ky hisu

don gian la R,, va

a  10"—1 10"—1

=87 =957 = —5

véin > 1.

Do d6, R, = RUYY 1a 86 ma tat ca cac chit sb clia ching deéu 1a chit s6
1 viét trong hé bic¢u dién co s6 10. Day cac repunits cé s6 10 bat dau véi
1,11, 111, 1111, 11112, 1111171, .. ..

Tuong ty, cac repunit co s6 2 1a

2n —1
R® — _
" 2—1

2" —1,  véin> 1.

Do do, R 1a 6 gom n chit s6 1 viét trong hé ghi co s6 2. Nhu vay, cac
repunit co s6 2 chinh 1a cac s6 Mersenne M,, = 2" — 1, day nay bat dau véi
1,3,7,15,31,63,127,255,511, 1023, 2047, 4095, 8191, 16383, 32767, 65535, . . ..

Nhu vay, tap cac repunit co s b 1

{bg__ll \neN\{O}}.

Ntta nhém s6 S dude goi 1a nita nhoém so repunit néu ton tai cac sé6 nguyeén

be N\ {0,1} van € N\ {0} sao cho

== )

va n6 duge ky hiéu la S(b,n).
Vi moi nita nhém s6 déu hitu han sinh (mdi nita nhém s6 déu c6 duy nhat
mot hé sinh t6i tieu va s6 phan tit ctia hé sinh toi tiéu ctia mot nita nhém sé

duge goi la chiéu nhing cta nita nhom s6 dé) nén viéc nghién citu mot niia



nhom s6 tuong duong véi viéc nghién citu tap cidc nghiém nguyén khong am
ctia mot hé phuong trinh tuyén tinh v6i hé sé trong N. Do d6, né chinh 13
van dé co dién da duge nhiéu nha toan hoc quan tam. Theo huéng nay, co
hai bat bién quan trong ctia nita nhém s6 duge phat hién, d6 la: s6 nguyen
16n nhat khong thuoc nita nhom s6 S, goi 1a s6 Frobenius ciia S, ky hieu 1
F(S) va Iuc lugng ctia tap hop N\ S, goi 1a giong ctia S, ky hieu 1a g(S).

Van dé tim cong thitc tinh s6 Frobenius va gidng ciia mot nita nhom sb
thong qua hé sinh toi tiéu ctia nita nhom s6 d6 da duge rat nhidu nha toan
hoc quan tam nghién citu. Tuy nhién van dé nay méi chi giai quyét duge cho
truong hop chiéu nhing bang 2. Trudng hop chiéu nhing clia nita nhém so6
tr 3 trd len, van dé Frobenius van chua dugc giai quyét tron ven.

Trong bai bao [5] ra nam 2016 trén tap chi The Ramanujan Journal, céc
nha toan hoc J. C. Rosales, M. B. Branco va D. Torrdo di nghién ctu vé
ntta nhém s6 repunit. Trong bai bio nay, ho da dua ra cong thitc tinh chieu
nhing, s6 Frobenius, kiéu va giéng ctia nita nhém s6 repunit.

Luan van gom hai phan chinh, phan thit nhat trinh bay cac kién thiic
chung vé ntta nhém s6, phan tht hai 1a noi dung chinh ciia luan van, trinh
bay chi tiét cac két qua ctiia bai bao [5] vé nita nhém sé repunit. Ngoai ra,
luan van con c6 phan mé dau, két luan va danh muc cac tai lieu tham khao.

Luan van nay dugdc hoan thanh trong khoa 28 dao tao thac sy ctia truong
Dai hoc Vinh duéi sy huéng dan ctia PGS. TS. Nguyén Thi Hong Loan. Toi
xin duge bay t6 long biét on sau sic t6i Co-nguoi da tao cho toi mot phuong
phap nghién cttu khoa hoc ding dan, tinh than lam viéc nghiém tac va da
danh nhiéu thoi gian va cong stic dé chi bao, huéng dan toi tit nhitng diéu nhé
nhit nhat t6i nhitng van dé khoé khan. Co van luon kién nhan, tan tinh quan
tam gitip d6 dé toi hoan thanh luan van nay. Téi ciing xin duge gii 10i tri an
sau sic tdi cac thay co gidng vien Khoa Toan - Truong Su pham, Phong Dao

tao Sau dai hoc, Truong Dai hoc Vinh vé nhitng st hd trg can thiét va quy



bau trong qua trinh hoc tap tai truong. Cudi cung, toi xin duge gii 161 cam
on t6i Ban giam hiéu Truong THPT Ngo Si Lién, cac dong nghiép, gia dinh
va ngudi than da luén quan tam gitp d va tao moi diéu kién thuan lgi dé

toi c6 thé hoc tap, nghién citu va hoan thanh luan vin nay.

Nghé An, thang 6 nam 2022

Tac gia



CHUONG 1

KIEN THUC CHUAN BI VE NUA NHOM SO

Trong chuong nay, chiing toi trinh bay khong chiing minh cac kién thiic
chuan bi vé nita nhém s6 va mot s6 bat bién ctia nita nhém sé. Cac két qua
trong chuong nay duge tham khao chit yéu tir cac tai lieu [1], [2], [3], [4] va

trinh bay lai nham phuc vu cho noi dung chinh ctia luan vin § Chuong 2.

1.1 Nita nhém sb

Truée khi tim hiéu vé nita nhom s6 va mot s6 bat bién ctia nita nhém s,
chiing ta nhic lai mot s6 kién thic chuan bi sau:

(1) Mot tap hgp khac rong trén dé duge trang bi mot phép toan ¢ tinh
chat két hop dugce goi 1a mot nia nhom.

(2) Mot nita nhom ma phép toan trén dé c¢6 tinh chat giao hoan thi duge
goi la nia nhom giao hoan.

(3) Mot nita nhom ma phép toan trén dé cé don vi thi duge goi 1a vi nhdom.

(4) Gia st X 1a mot nita nhém va A 13 mot tap con on dinh ctia X (6n
dinh d6i v6i phép toan trén nira nhém X). Khi d6 A cung véi phép toan cam

sinh 1& mot nita nhom va duge goi 1a nua nhom con cia nita nhom X.

1.1.1 Dinh nghia. Cho S 13 mot vi nhém con ciia vi nhém cong cac so tu
nhién N. Néu phan b ctia S trong N 13 hitu han thi S dudc goi 1a mot nia

nhoém so.

Cho A 1a mot tap con khéac rdng ciia tap hop cac s6 tu nhien N. Ky hiéu



(A) 1a vi nhém con ctia vi nhom cong céac sd ty nhién N sinh bdi A, nghia 1a
(A) = { a1 + ...+ Nap, [n € N\ {0} ,a; € A, Ny e N, Vie {1,...,n}}.

Khi d6 (A) 1a nita nhém con bé nhat (theo quan hé bao ham) ctia N chita A.
Néu (A) = S thi A 1a mot hé sinh clia nita nhém S.

Ménh dé sau cho ta diéu kién can va di dé (A) 13 mot nita nhom sd.
1.1.2 Ménh dé. Cho A la mot tap con khdc rong cia N\ {0}. Khi do (A)
la mot nita nhém s6 khi va chi khi ged(A) = 1.

Cht ¥ rang, mdi nita nhém sd c6 thé cé nhiéu hé sinh. Tuy nhién, két qua

sau day chi ra rang moéi nita nhém s6 chi ¢6 duy nhat mot hé sinh hitu han.

1.1.3 Ménh deé. Méi nia nhém sé déu cé duy nhat mot hé sinh toi tieu. He

sinh toi tiéu nay gom hitu han phan ti.

Nhu vay, mdi nita nhém s6 S 1a mot tap con ctia tap hop cac s6 tu nhién
N, gdm céc to hop tuyén tinh trén N ctia mot tap hitu han cac s6 nguyéen
duong nguyén t6 ciing nhau cho trudc.

Cho s1,..., s, la cac sO nguyén duong nguyeén td cing nhau. Khi d6, nita

nhém so6 sinh béi sq,...,s, 1a
S = <81,...,8n> :{)\181++)\n8n ‘ A EN,\V/i: 1,...,77,}.
Menh dé dan dén khai niem sau day.

1.1.4 Dinh nghia. S6 phan tit ctia mot hé sinh hitu han ciia nita nhém s6

S dugce goi 1a chiéu nhing ctia S, ki hi¢u la e(S).

1.2 Tap Apéry

Tap Apéry la mot khai niém cé vai tro quan trong trong nghién citu nita

nhém sb6. Tap Apéry dude dinh nghia nhu sau:



1.2.1 Dinh nghia. Cho S 14 mot nita nhém sé va n 13 mot phan ti khac 0

cia S. Tap Apéry cia n trong nita nhom so6 S 1a tap hop dugce xac dinh béi
Ap(S;n)={he S| h—n¢&S}.
T dinh nghia clia tap Apéry ta c6 bo dé sau day.

1.2.2 Bo dé. Gid s S la mot nita nhém s6 va n la mot s6 nguyén duong

thuoc S. Néu x,y € S sao cho x +y € Ap(S,n) thi {x,y} C Ap(S,n).
Meénh dé sau day cho ta cach tim tap Apéry clia mot nita nhém so.
1.2.3 Ménh dé. Cho S la mot nita nhém sé6 van € S\ {0}. Khi dé ta c6
Ap(S,n) = {0 =w(0),w(1),...,w(n — 1)},

trong dé w(i) la s6 nhé nhat cia S dong du vdi i theo modun n, vdi moi

ic{0,1,.n—1}.

Tit Ménh dé|1.2.3) ta thay Ap(S,n) 1a mot hé thang du day dit modun n.
Tt mdi 16p thang du modun n ta lay ra s6 nguyén nhé nhat trong dé thuoc
S, ta dugc mot he thing du day di modun n va d6 chinh 1a tap Ap(S,n).

Nhu vay tap Apéry clia phan tit n trong nita nhém s6 S ¢6 n phan ti.
1.2.4 Vi du. Cho ntta nhém sb
S =(5,7,9) ={0,5,7,9,10,12,14 —}

(trong d6 ky hieu 14 — nghia & cac s6 tu nhién lien tiép bat dau tur 14). Ta
tinh dugce
Ap(S,5) = {0,7,9,16, 18},

Ap(S,7) = {0,5,9,10, 15, 18,20}
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1.3 SO Frobenius cua nita nhoém so

Trong s6 cac bat bién clia mot nita nhém s6, c6 mot bat bién quan trong
va c6 nhicu tng dung 1 so6 Frobenius. N6i mot cach don gian, so Frobenius
clia mot nita nhém s6 S 14 s6 nguyén 16n nhat ma khong thuoc S, ky hiéu 1a
F(S). Hign nay, chua c6 cong thitc cu thé nao dé tinh s6 Frobenius ctia mot

ntta nhéom sé bat ky.

1.3.1 Dinh nghia. Cho S 1a mot nita nhém sé. S6 nguyén 16n nhat khong
thuoc S duge goi la s6 Frobenius cia S va duge ky hieu 1a F(.S).

Ky hiéu Z 1a tap hop s6 nguyén. Tt dinh nghia trén ta co6
F(S) = max(Z\ S).
1.3.2 Vi du. 1) Cho nita nhém s6
S = (4,7) = {0,4,7,8,11,12,14, 15, 16,18 —}.

Khi d6 ta tinh duge F(S) = 17.

2) Cho ntta nhém s6
S =(5"7,9) ={0,5,7,9,10,12,14 —}.
Khi d6 ta tinh duge F(S5) =13 .

Meénh dé sau day cho ta mot cong thitc tinh s6 Frobenius clia mot nia

nhém s6 thong qua tap Apéry.
1.3.3 Ménh dé. Cho nia nhom s6 S va n la mot phan tié khdc 0 thuoc S.
Khi do

F(S) = max Ap(S,n) — n.

Trong truong hop nita nhém sb sinh bdi hai phan ti thi tit ménh dé trén

ta c6 cong thic tinh s6 Frobenius nhu sau.
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1.3.4 Hé qua. Cho nia nhém s6 S = (a,b), trong dé a,b la cic s6 nguyén
duong sao cho ged(a,b) = 1. Khi dé so Frobenius ciia nita nhém so S dugc

rac dinh nhu sau:
F(S)=ab—a—0.
1.4 Gibéng ctia ntta nhém sb

1.4.1 Dinh nghia. Cho S la mot nita nhom s6. Ky hieu H (S) = N\ S. Luc
lugng cta tap H(S) ky hieu 1a g(S) va duge goi 1a giong ciia nia nhém so
S, doi khi n6 con duce goi 1a bac ky di cia S.

1.4.2 Vi du. 1) Cho nita nhém s6
S =(4,7) = {0,4,7,8,11,12,14, 15, 16,18 —}.

Khi d6 ta tinh duge g(S) = 9.
2) Cho nita nhém s6

S =(5,7,9) = {0,5,7,9,10,12, 14 —}.
Khi d6 ta tinh duge g(S5) = 8.

1.4.3 Ménh dé. Cho nia nhom s6 S va n la mot phan ti khdc O thuoc S.
Khi do:

1 n—1
g == > w|- :
n 2
weAp(S,n)
Trong trudng hop nita nhém s6 c6 chiéu nhing bing 2 thi ta cé thé tinh

gibng clia n6 nhu sau:

1.4.4 Hé qua. Cho nia nhém s6 S = {a,b), trong dé a,b la cic s6 nguyén
duong sao cho ged(a,b) = 1. Khi dé giong ciia nida nhém s6 S dugc zdc dinh

nhiu sau:

_ab—a—b-l—l

g(5) 5
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1.5 So gia Frobenius va kiéu cta nita nhém so

1.5.1 Dinh nghia. Cho S 13 mot ntta nhém s6. Khi d6

(1) S6 nguyen x dugc goi 1a s6 gid Frobenius néu x ¢ S vax + s € S vé6i
moi s € S\ {0}.

(2) Tap cac sb gia Frobenius ctia S ki hieu la PF(S). Lyc lugng ctia tap
hop PF(S) duge goi 1a kiéu ctia S va ki higu 1a ¢(S).

T dinh nghia trén, ta ¢6 nhan xét sau:

(1) PF(S)={2€Z\S|x+se€ S Vse S\{0}}.

(2) F(S) € PF(S) va F(S) 1a s6 16n nhat ctia PF(S).

Trén nita nhém sé S, xét quan hé hai ngoi <g xac dinh nhu sau: a <g b
néu b —a € S. Quan hé hai ngoi <g c6 tinh phan xa, phan déi xing va bac
cau nén né6 la mot quan hé thi tu trén Z.

D61 voi mdi tap con X cta S ta ki hieu Maximal<g (X) 1a tap tat ca cac

phan ti cue dai cia X theo quan hé thi tu <g.

1.5.2 Ménh dé. Cho S la mot nita nhom s6 va x la mot so nguyén khdc
khong cia S. Khi do,

(1) PF (S) = Maximal<g (Z\S);

(2) PF(S) ={w—z | w € Mazimal<g (Ap (S, x))} .

Cho S 1a mot nita nhém sb va sq, .. ., s, 1& mot hé sinh toi tiéu ctia S sao
cho 81 < ... < s,. S6 tu nhién bé nhat trong hé sinh téi tiéu goi 1a so boi clia
S, ki hiéu 1a m(S). Do tinh duy nhat ctia hé sinh t6i tiéu nén s; xac dinh
duy nhat. Vay m(S) = s;.

Ta da biét, s6 phan tir ctia tap Ap(S,n) bang n va 0 khong bao gio 1a
phan tit cuc dai nén tit Meénh dé ta c6 mot chin trén cho kidu ciia nita

nhém sé6 S trong két qua sau.

1.5.3 Hé qua. Cho S la mot nita nhém s6. Kiéu ctia nida nhom so S théa
man t(S) < m(S) — 1.
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CHUONG 2

VE NUA NHOM SO REPUNIT

Cho b 1a mot s6 nguyen (|b] > 2). Mot repunit co s6 b 1a mot s6 nguyén
ma cac chit s6 clia né chi gom chit s6 1 khi bieu dién theo co s6 b. Nhu vay
mot repunit n chit s6 trong co s6 b 1a
b" — 1
b—1"

RY =14b4+02 4 - 401 = n>1.

Trong hé thap phan, day cac repunit bat dau véi 1,11, 111, .... Céc repuit co
s6 2 chinh 1& cac s6 Mersenne 2" — 1, day nay bat dau véi 1,3,7,15, ...

Nita nhém s repunit 1a nita nhém sé sinh béi cac repunit. Cho b va n 1a
cac s6 nguyen duong (b > 2). Nita nhém s6 repunit S(b,n) 1a nita nhom s6
sinh bdi tap céc repunit {Rgb}ri | i € N}

Trong [5], cac nha toan hoc J. C. Rosales, M. B. Branco va D. Torrao
da nghién ctu vé nita nhém sé repunit. Ho da chi ra hé sinh téi tiéu, chiéu
nhting, s6 Frobenius, giéng va kiéu ctia nita nhém s6 S(b, n). Trong chuong

nay, chung toi trinh bay vé nita nhém s6 repunit diya vao bai bao [5].

2.1 Ntta nhém sé repunit

2.1.1 Dinh nghia. Mot repunit 13 mot s6 nguyén ma cic chit s6 ciia né chi

1& cac chit sb 1.

Chang han, 1,11, 111 ho#ic 1111, ... 1a nhing vi du vé repunit.
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Cho b 1a mot s6 nguyen, |b] > 2 (b ¢6 thé 1a sd am hoic s6 duong). Cac

repunit co s6 b 1a

b — 1
RO =14+b+4+02+ . 40! = ;e >l

(b)

Nhu vay, cac repunit R’ 14 cac s ma cic chit s6 ciia ching chi gom chit s6
1 khi biéu dién theo co s6 b. Hai repunit co sé b dau tién tng véi n = 1 va
n=2I1a

b—1
==
Dic biet, d6i v6i he thap phan (co s6 10) cac repunit RSO) ducc ky hiéu

1
RV 1w RY= —b+1.

don gian la R,, va

n"—-1 10" -1

R, = R10 = — voin > 1.
T 10 —1 9 -
Do d6, R, = RYY 1a 86 ma tat ci cac chit sb clia ching deéu la chit s6

1 viét trong hé biéu dién co s6 10. Day cac repunits co s6 10 bat dau véi
1,11, 111, 1111, 11111, 111111, . ...

Tuong ti, cac repunit co s6 2 1a

o — 1
- =2" —1,v6in> 1.

(2) —
i, 2—-1

Do do, R 1a s6 gom n chit s6 1 viét trong hé ghi co s6 2. Nhu vay, cic
repunit co s6 2 chinh 14 cac s6 Mersenne M,, = 2" — 1, day nay bat dau véi
1,3,7.15,31, 63,127,255, 511, 1023, 2047, 4095, 8191, 16383, 32767, 65535, . . .

Nhu vay, tap cac repunit co s b 1
b" — 1
N\ {0} ¢ .
Tt inen o

Cho b 1a mot s6 nguyén 16n hon 2 va n 1a mot s6 nguyen duong. Ky hi¢u S(b, n)

12 vi nhém con ctia vi nhém cong cac so tir nhién N sinh béi {bb_—_ll |lneN } ,

swﬂn::<{g;;%l\ieN}>.

nghia la
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2.1.2 Ménh dé. S(b,n) la mot nita nhom so.

Chatng minh. Theo Ménh dé [1.1.2] dé chitng minh S(b,n) la mot nita nhém

s6 ta chi can ching minh
bn—i—i -1
d e Ny | =1
(e

V' —1=(b-10"+b"*+.. . +b+1),

Ta co

bt —1

14 mot s6 nguyén duong. Mt khac,

suy ra

b —1 ot —1 1
gcd{ } = —— (ged{b" — 1,0"*! —1})

b—1" b—1 b—1

1
1 n

:m(ng{b —1,0—1})
1

- (bh-1)=1.
-1

Do d6 meénh dé dugce ching minh. ]

2.1.3 Dinh nghia. Ntta nhém s6 S(b,n) duge goi 1a nida nhém so repunit.

2.2 Chiéu nhiing ctia nita nhém sé repunit

Ky hi¢u M (b,n) la vi nhém con ctia vi nhém cong cac s6 tu nhien (N, +)
sinh bdi {v""" — 1|4 € N}.
Khi do6
m
S(b,n) = {—1 | m € M(b,n)}.

Vi S(b,n) 1a mot nita nhoém s6 nén ged (S(b,n)) = 1. Do d6

ged(M(b,n)=b—1
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va anh xa
¢ M(b,n) — S(b,n)

xéc dinh béi ¢(m) 1a mot dang cAu vi nhém. Tom lai, néu X 1a mot

_om
Cb—1
hé sinh t6i tieu ctia M (b, n) thi {bi |z € X} 13 mot he sinh t6i tiéu cia
S(b,n).

2.2.1 Bo dé. Cho s va t la cdic s6 nguyén va A la mot tap hop khdc rong cac
s6 nguyén duong sao cho M = (A). Khi dé cdic diéu kién sau day la tuong
duong:

(1) sa+1t € M vdi moi a € A;
(2) sm+t € M vdi moi m e M \ {0}.

Chiing minh. (1) = (2): Néum € M \ {0} thi ton tai ai, ..., ar € A sao cho

m=aj;+...+a. Néuk =1 thi m = aq, suy ra
sm—+t=sa;+t€ M.
Néu k > 2, do M dong kin dbi véi phép cong nén
sm—+t=s(ag+...+ax1)+ sap +t € M.
(2) = (1): Hién nhien. O

Bo6 dé tiép theo cho ta mot tinh chat ctia vi nhém M (b, n), n6é chinh 1a

chia khoa trong viéc chiing minh cac két qua trong chuong nay.
2.2.2 B dé. Néum € M(b,n)\ {0} thibm +b—1¢€ M(b,n).
Chitng minh. Vi M(b,n) = ({b""" —1]i € N}) va

bt — 1)+ b—1=0""" —1¢€ M(b,n)

nén theo B6 dé[2.2.1]ta c6 bm+b—1 € M(b,n) véimoi m € M(b,n)\{0}. O



17

Ta thay rang néu X va Y 1a cac tap hop khac rdng cac s6 nguyén duong
sao cho Y C X va X C (V) thi (X) = (Y).
Bo dé sau day chi ra mot he sinh hitu han ctia M (b, n).

2.2.3 B6 dé. Tap hop {b"7" —1|i€{0,....,n—1}} la mot hé sinh cia
M(b,n).

Ching minh. Ta ky hiéu
M={b"—-1]i€{0,....,n—1}}).

Dau tien ta chiing minh rang néum € M\{0} thi bm+b—1 € M. That vay,
v6i n = 1, khang dinh 1a hién nhién dang. V6in > 2, néui € {0,...,n — 2}
thi

(0" — 1) +b—1=0b""" 1€ M.

Hon nita,

b — 1) +b—1=0"—1=0"-1)(b"+1) € M.

Ap dung B6 dé2.2.1)ta c6 bm + b — 1 € M v6i moi m € M \ {0}.
Bay gio ta chiing minh rang M (b,n) = M. Ta chi can chiing minh rang

bt —1 € M v6i moi i € N. Ta chiing minh quy nap theo i. Véi i = 0 khang
dinh 1 ding. Gia st khing dinh ding d6i v6i 4 va ta sé chiing minh khéng
dinh dang dbi vé6i ¢ + 1. That vay, vi

bn—|—i+1 — 1= b(bn—H . 1) + bh—1

nén theo gia thiét quy nap va do bm +b—1 € M v6i moi m € M \ {0} nhu
da chi ra & trén ta c6 b"7 T — 1 € M. O

Dinh ly sau day chi ra ring hé sinh ctia M (b,n) trong bo dé trén la toi

tieu.



18

2.2.4 Dinh ly. Tap hop
("t —1]ie{0,1,...,n—1}}
la mot hé sinh toi ticu cia M (b, n).
Chiing minh. Néu n = 1 thi dinh 1i hién nhién ding. Do dé ta gia sit rang
n > 2. Dau tién ta chiing minh ring
b —1¢ ({0 —11i€{0,1,....,n—2}}).
That vay, gid st ngugc lai ton tai ag, . .., a,—2 € N sao cho
bl — 1 =ap(b" — 1) + ...+ a, (b —1)
= agh" + ...+ a, "% — (ag+ ...+ an_o9).

Suy ra
ag+ ...+ a, o =1 (mod b").

Diéu nay dan dén ag+ ...+ a,_o =1+ kb v6i k € N\ {0}, do do
ag+ ... +ap_o>1+0b".

Tom lai, ta co
=1 =ag(t" — 1)+ ...+ a, 26" = 1)
> (ag+ ...+ a,-2) (0" —1)
> (146" —1)=b"—1>b""1 -1,
diéu nay khong thé xay ra.
Theo B6 dé thi tap

{7 —1ie€{0,...,n—1}}

I3 mot he sinh ctia M(b,n). Néu né khong 13 he sinh t6i tiéu thi ton tai

he{l,...,n—1} sao cho

bt —1e ({b" —1]ie{0,1,...h—1}}).
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M={{b"""—-1]ie{0,1,...h—1}}).
Néui € {0,...,h — 2} thi

" — 1) +b—1=0b""" — 1€ M.
Hon nita, theo chitng minh trén
byt 1)+ b—1=0"T"—1¢€ M.

Do d6, theo B6 dé[2.2.1)ta c6 bm +b— 1 € M v6i moi m € M \ {0}.
Bay gio ta sit dung quy nap theo ¢ dé ching minh """ — 1 € M v6i moi
i € N. V6i i = 0 thi khang dinh la ding. Gia st khang dinh ding véi i. Vi

il = (M — 1)+ b — 1
nén theo gia thiét quy nap ta c6 0" —1 € M. T d6 suy ra
'l —1eMC b —11i€{0,...,n—2}}),
diéu nay mau thuan véi
bt —1¢ ({b"" —1]i€{0,....n—2}}).
Dinh 1y hoan toan dugc ching minh. [l
Nhu mot hé qua ciia dinh 1y trén, ta c6 phat bicu sau day.

2.2.5 Hé qua. Nia nhém so repunit S(b,n) cé chiéu nhing n. Hon niia, hé

sinh toi tiéu ciia né la
bn+i_1

Ching minh. Theo dinh 1y trén tap hop

("t —11ie{0,1,...,n—1}}
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I3 mot he sinh t6i ticu ctia M (b, n). Mt khac, theo nhan xét trude Bo dé
2.2.1) néu X 1a mot hé sinh t6i tiéu ctia M (b, n) thi

T
X
{b—l'g"E }

13 mot hé sinh tdi tieu ctia S(b,n). Do d6, ta suy ra

bn+i_1
) -1
(S lico. -1}

13 mot he sinh t6i tieu cia S(b,n) va do d6 S(b,n) c6 chiéu nhing bing
n. ]

Cha ¥ rang N 13 ntta nhém sé repunit duy nhat véi chiéu nhing bang 1.
Véi n > 2, theo He qua c6 vo sO ntta nhém s6 repunit véi chieu nhing
n va dé6 chinh 1a {S(b,n) | b € N\ {0, 1}}.

2.2.6 Vi du. Tap cac nita nhém s6 repunit véi chiéu nhing bang 3 1a

{ﬂaa|beN\ﬁxu}:{<%:fg%:f;%:f>\beN\ﬁxu}

= {({7,15,31}), ({13,40,121}),...} .

2.3 Tap Apéry ctia nita nhém sb repunit

Cho S 1a mot nita nhém s6 va cho x 1a mot phan t khac khong ctia né.

Khi d6 ta nhic lai rang tap Apéry cia  trong S 1a
Ap(S,z)={se€ S|s—x ¢S}

Thong tin vé tap Ap(S, ) sé cho ta nhiéu thong tin vé nita nhom sb S.

Tt dinh nghia va cac meénh dé [1.3.3] [1.4.3] ta c6 thé md rong khai niem
tap Apéry ctia ntta nhém s6 lén vi nhém con cta (N, +). Néu M 1a mot vi
nhém con cta (N, +) vam € M \ {0} thi ta dinh nghia tap Apéry ctia m
trong M la

Ap(M;m)={zeM | —m¢& M}.
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Muc tiéu cia tiét nay 1a chimg minh Dinh 1y [2.3.4] Dinh 1y nay cho phép ta
miéu ta tap Ap(M(b,n), my).

2.3.1 Bb dé. Cho M la mot vi nhém con ciia (N, +) sao cho M # {0} va
dat d = ged(M). Khi do

(1) S ={%|m e M} la mot nita nhém so;
(2) Néeum e M\ {0} thi Ap(M,m) = {dw |w € Ap(S,%)};
(3) Luc lugng cia tap hop Ap(M, m) la %

Tit day, ta sé ky hieu m; = "™ — 1 v6i méi i € {0,1,...,n — 1}. V6i ky

hieu nay {mg, m1,...,m,_1} 12 hé sinh t6i ticu ctia M(b,n) va
b1 b1 ""b-1
13 he sinh t6i ticu ctia S(b, n).
2.3.2 Bo dé. Cho n la mot sé nguyén ldn hon hodc bing 2. Khi dé
(1) Néu0 <i<j<n-—1thm;+bmj=">bm;_1+mji;
(2) Neu 0 <i<mn—1thm;+bm,_1=>bm;_1+ (b"+ 1)my.

Ta ky hieu R(b,n) la tap tat ca cdc n — 1-bo s6 (ay, . .., a,—1) thoa man

cac dieu kién sau:
(1) Véimoii € {1,...,n— 1} tacéa; € {0,1,...,b};
(2) NéuiE{2,...,n—1}véa@~:bth\1a1:...:ai_1:0.

2.3.3 Bo dé. Cho n la mot s6 nguyén lon hon hodc bing 2. Néu x €
Ap(M(b,n), mg) thi ton tai (ay,...,a, 1) € R(b,n) sao cho

r=ami—+ ...+ Qu_1Mpy_1.
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Ching minh. Ta sé chiing minh quy nap theo .
V6i 2 = 0 thi bo dé 1a hién nhién ding.
Gia st rang x > 0 va dit
j=min{i € {0,....,n—1|x—m; € M(b,n)}.
Vixz € Ap(M(b,n),mp) nén j # 0. Theo gia thiét quy nap thi ton tai
(a1,...,a,-1) € R(b,n) sao cho
T—mj=ami+ ...+ G_1Mp_1.
Do do6
r=am;+ ...+ (a;+1)m; + ...+ ap_1my_1.

Dé hoan tat ching minh, ta sé chi ra ring

(a1,...,a; +1,...,a,-1) € R(b,n).

Néu a; +1 = b+ 1 thi theo B6 dé [2.3.2 ta co:

e Néu j <n—1thi (a; +1)m; = (b+ 1)m; = bm;_1 + mj1;

e Néu j=n—1thi (a; + 1)m; = (b+ 1)m; = bm;_1 + (b" + 1)my.
Trong cé hai trudng hop trén, ta déu thu duge © —m;_; € M(b,n), dieu nay
mau thuan véi tinh t6i ticu cta j.

Bay gio ta gia st ton tai k > j sao cho a; = b. Khi dé theo Bo dé ta
cO:

e Néu k <n —1tht m; +bmy = bm;_1 + mp1;

e Néu k =n — 1 thi m; + bmy, = bm,_1 + (b" + 1)my.

Trong cé hai trudng hop trén ta déu thu duge © —m;_y € M(b,n), dieu nay
mau thuan véi tinh t6i tieu ctia j. Hon nita, tit tinh toi ticu clia j ta suy ra
ap=...=aj_1 =0.

Tt nhing ching minh trén ta suy ra (a1,...a; +1,...,a,41) € R(b,n).
]
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Chu ¥ réing néu h 1a mot s6 nguyen duong thi day cac sb b7, "1, ... p"+h
14 mot cap s6 nhan cong boi b. Do dé
prthtl _ g

b—1
2.3.4 Dinh 1y. Cho n la mot s6 nguyén lén hon hodc bang 2. Khi dé

bn+bn+1—|—...—|—bn+h:

Ap(M(b,n),my) = {armi+ ...+ ap_1mu_1 | (a1,...,a,-1) € R(b,n)}.

Chatng minh. Ta thay rang
R(b,n) ={0,...b—1Y"""U{(a1,...,an_1) € R(b,n) |ay = b} U ...
U {(alv SR a’n—l) € R(ba n) | ap—-1 = b} .

Khi d6 R(b,n) 1a hgp rdi clia cac tap hop nhu trén, do d6 lyc lugng R(b, n)

bang
" — 1 my

n—1_ jn—2 0_
b AV D = 1o 1

Theo B6 dé [2.3.3 thi

Ap(M(b,n),mg) C {aymi + ...+ ap—1mp-1 | (a1,...,a,-1) € R(b,n) }.

Theo B6 dé [2.3.1] thi Iuc lugng ctia Ap(M (b, n), mg) bang bm—ol' Hon nita,

theo chiing minh trén, lyc lugng cta tap
{aymi+ ...+ am_1myu_1 | (a1,...,a,_1 € R(b,n)}

1 bé hon hodc bing bm—01 Do d6
Ap(M(b,n),my) = {aymi + ... + ap_1mu_1 | (a1,...,a,-1) € R(b,n)}.
]

T ching minh cta dinh 1y trén ta c6 hé qua sau day.

2.3.5 He qua. Cho n la mot s6 nguyén I6n hon hodc bang 2; cho (a1, ..., a, 1)
va (by,...,by_1) la hai phan ti¢ khdac nhau trong R(b,n). Khi dé

aymi+ ...+ ap 1My 1 Fbymi+ ...+ by_1my_q.
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Nhu mot hé qua cia Bo dé va Dinh 1y 2.3.4] ta c6 két qué sau.

2.3.6 Hé qua. Cho n la mot s6 nguyén hon hodc bang 2. Khi dé

m m My
Ap(S(b,n), ﬁ) = {ar _11 NI “”—1bT11 | (a1,...,an_1) € R(b,n)}.

Nhéc lai rang s6 nguyén duong nhé nhat thuoc vao ntta nhém s6 S 14 boi
cia S va ky hiéu 1a m(S). Ntta nhém S duge goi 1a ¢6 tap Apery don diéu
néu

w(l) <w(2) <...<w(m(S)—1)
trong d6 w(i) 1a phan tit bé nhat ctia S dong du véi i theo modun m(S) voéi
moi ¢ € {1,...,m(S) — 1}. Muc tiéu tiép theo ciia tiét nay 14 chiing minh
S(b,n) 1a ntta nhom s6 ¢6 tap Apéry don dieu. Cha y rang khong phai moi
nita nhém s6 déu c6 tinh chat nay.
2.3.7 Vi du. Cho S = (5,7,9). Khi d6 S la nita nhém s6 khong c6 tap
Apéry don dieu vi m(S) =5 va

Ap(S,5) = {w(0) = 0,w(1) = 16,w(2) = 7,w(3) = 18, w(4) = 9};
nhu vay w(1l) > w(2).
2.3.8 B6 dé. Chon > 2. Néux € S(b,n) va v # 0 mod % thi
r—1€S(bn).
Chiing minh. Néu x € S(b,n) thi ton tai ag,...,a, 1 € N sao cho
mo Mp—1

b_1+...+an_1—b_1.

T = Qg

Bén canh d6, néu z # 0 mod bm—z thi ton tai i € {1,...,n — 1} sao cho
a; # 0. Do do

mo
b—1

r—1=ag +...+(a; — 1)



25

Vi
m; bn—I—z’ -1 bn—H’ —b bn—i—i—l -1 m;
b—1 b—1 b—1 b—1 b—1
nén
mo m;_q m; Mp—1
—1= i—1+0b i— 1 n—
T a 3+t +(a;—1+0b) b_1+(a ) ot tan
thuoc vao S(b,n). O

2.3.9 Ménh dé. Cho n > 2. Khi dé S(b,n) la mot nita nhém sb cé tip
Apéry don diéu.

Mo
b_
rang w(i) < w(i+ 1) trong d6 w(i) 1a phan t1t nhé nhat cta S(b,n) dong du
v6i i modun véimoii € {1,...,m(S(b,n))—1}. Viw(i+1) € S(b,n)

mo
b—1
Dodéw(z’)§w(i+1)—1viw(z’—|—1)—1zimodbmol. [

Chitng minh. Theo He qua [2.2.5ta c6 m(S(b,n)) =

T Ta sé ching minh

mo
b—1
va w(i+1) # 0 mod

nén theo Bo dé2.3.8ta cé w(i+1)—1 € S(b,n).

Vi du sau day sé minh hoa cho cac két qué trinh bay trong tiét nay.
2.3.10 Vi du. Ching ta sé xac dinh tap hgp
3% -1
Ap <S(3, 3)

, ﬁ> — Ap({13,40,121), 13).
Ta dé thay rang

R(3,3) =1{(0,0),(0,1),(0,2),(1,0), (1,1),(1,2),(2,0), (2, 1), (2,2),
(3,0),(3,1),(3,2),(0,3)}.
Theo He qua ta co
Ap((13,40,121),13) = {0, 121, 242, 40, 161, 282, 80, 201, 322, 120, 241, 362, 363 }.

Hon nita, theo Ménh dé ta c6 w(0) = 0,w(1) = 40,w(2) = 80, w(3) =
120, w(4) = 121, w(5) = 161, w(6) = 201, w(7) = 241, w(8) = 242, w(9) =
282, w(10) = 322, w(11) = 362 va w(12) = 363.
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Chu y rang mot s6 nguyen z thuoc S khi va chi khi z > w (z mod ). Do
d6 265 € 5(3,3) va 270 ¢ S(3,3) vi 265 > w(265 mod 13) = w(5) = 161
va 270 < w(270 mod 13) = w(10) = 322.

2.4 S6 Frobenius, gidng, sb gia Frobenius va kiéu ctia
nita nhém sé6 repunit
2.4.1 Bé dé. Cho n la mot s6 nguyén ldn hon hodc bing 3. Khi dé cdc phan
ti toi dai (theo thit tu tich) trong R(b,n) la
(bb—1,....b—1),(0,b,6—1,....b—1) v (0,...,0,b).
Két qua tiép theo chi ra rang bmy + (b— 1)ma+ ...+ (b — 1)my,_1, bmg +

(b—1ms+...+(b—1)my_1,...,bm,_1 1a mot day cac s6 nguyén ma mdi

sO hang c6 duge bang cach 1ay hang ti phia truéc cong them b — 1.

2.4.2 Bo dé. Cho n la s6 nguyén ldn hon hodc bang 3 vai € {1,...,n—2}.

Chatng minh. Ta c6 bm;+b—1=b(b" " —1)+b—1 =" -1 =m;;. O

Dinh Iy sau cho ta cong thiic tinh s6 Frobenius ctia nita nhém sé repunit

S(b,n).

2.4.3 Dinh 1y. Cho n la mot s6 nguyén lén hon hodc bang 2. Khi dé
" — 1

F(S(b = " — 1.
Ching minh. Theo Hé qua va cac Bo deé va Bo dé ta co
mo Mp—1
Ap(S(b —)) = :

St dung Meénh dé [1.3.3] ta c6

B 2n—1_1 n_ 1 n_ 1

b—1 b—1 b—1 _b—1"b—1b‘_L

[]
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Chi § rang v6i n = 1, cong thgrc trong dinh ly trén khong diang vi
—1
S(b,l):NvaF(N):—lséb—l b—1=b—1.
2.4.4 Vi du. Cho nita nhom s6 S(3,4). Ta viét cu thé hon nhu sau

34 -1 3-130-13"-1
S5(3.4) = — (40.121.364.1093).
(3,4) <3—1’3—1’3—1’3—1> (40,121, 364, )

3t -1
34 — 1 = 32309.

Theo Dinh 1y 2.4.3| thi F/(S(3,4)) = 51

Muc tiéu tiép theo la xac dinh tap tat ca cac sb gia Frobenius va kiéu ciia
ntta nhom s6 repunit S(b, n). Theo Ménh dé [1.5.2] dé xac dinh tap cac s6 gia

Frobenius ctia S(b,n) thi ta chi can x4c dinh tap

Maximals< g ) <Ap(S(b n), bniol>

2.4.5 Dinh 1y. Cho n la mot s6 nguyén lon hon hodc bing 2. Khi dé
t(S(b,n)) =n—1.
Hon nia,
PFE(S(b,n)) ={F(S(b,n)) —i|i€{0,...,n—2}}.

Ching minh. Gia st rang A la tap cic phan tit t6i dai ctia R(b,n) (theo thi
tu tich) va

my mp—1
o ta, g Dol o ap) €AY
b—1+ + Qp—1 b1 \(al a 1)€ }

Theo Hé qua ta co

B:{a1

mo
b—1

Maximals< g, ) <Ap(5(b, n)), > = Maximals<g(n)B.

Khi do, sit dung Bo dé va Bo dé ta suy ra tap hop B dudc sinh
bdi n — 1 s6 nguyeén lién tiép. Do d6 s sai khac gitta hai phan tit bat k¥ cta



28

myo o b —1
b—1  b-1
> n—2nén B la tap cac phan tit khong so sanh

B 1a nho hon hodc biang n — 2. Vi 14 s6 nguyén duong nhd

n

) b
nhat trong S(b,n) va ;

duge theo thi tu <g,,), suy ra Maximalsgs(b)n)B = B.
Bay gio ta st dung Meénh de dé suy ra

PF(S(b,n)) = {w — b’f—ol | we B}

Theo chiing minh ctia Dinh ly ta co

max(B) = F(S(b,n)) + bTEOF

suy ra

PF(S(b,n)) = {F(S(b,n)) —i|i€{0,...,n—2}}. 0

Chu y rang véi n = 1, dinh 1y trén khong dung vi S(b,1) = N, PF(N) =
{—1} dan dén ¢(N) = 1. Ta ciing chi ¥ rang v6i mdi sd nguyen duong n ton
tai vo s6 cac nita nhom sb repunit ¢6 kiéu n. Cu thé hon, cac nita nhém sbé do6
chinh 14 {S(b,n +1) | b € N\{0,1}} trung vdi tap cac nita nhém sb repunit

v6i chiéu nhung n + 1.

2.4.6 Vi du. Cho ntta nhom s6 S(3,4), ta tinh cac s6 gid Frobenius ctia no.
Theo Vi du m thi F(S(3,4)) = 3239. Béng cach stt dung Dinh 1y , ta
tinh dugce

PF(S(b,n)) = {3239,3238, 3237}

Két qua tiép theo cho ta cong thic tinh gidng ctia mot nita nhém sd

repunit.

2.4.7 Dinh 1y. Cho n la mot s6 nguyén duong. Khi dé

g(S(b,n)) = v <bbn__1b +n— 1) .

2
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Chiing minh. V6i n = 1 dinh 1y 1a hién nhién ding. Bay gid ta gia st rang
~ my 2 ~ X
n>2vavéimoii € {0,...,n — 1} ta ddt s; = 1 St dung Meénh de

[1.4.3] He qua va He qua2.3.5] ta co

1 so— 1
g(S(b,n)) = - Z a181+ ...+ an_15,-1 | — 0 5
0 (a1,..san—1)ER(bn)

Ta thiy rang

Z ais$1+ ...+ ap-1S-1 = Z S1+ ...

(a1,..esan—1)ER(bn) (a1ye-s0pn—1)ER(bN),a1=1

(ala"'7an—1)€R(b7n)aa1:b

+ Sp—1+ ...

(al a---»anfl)ER(b/n)yanfl:l

+ Z bSn_l .

(@1, 1)ER(b) 11 =b
Choi € {l,...,n—1}. Ta c6:
e Luyc lugng ctia tap hop {(ay,...,a,_1) € R(b,n) | a; = b} 1a o177
e Néux € {1,...,b— 1} thi lyc lugng ctia tap hop
{(a1,...,an—1) € R(byn) |a; =xvab¢ {ay,...,a;_1}}

1a b2

e Néu 1 < j < ¢ thi lyc luong ctia tap hop
{(a1,...,ap—1) € R(b,n) |a; = x vaa; = b}
la o 92,

Do dé, tut cac chiing minh trén ta co
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=Y |z (b”—2-+-b”—3-+-...+—b”—4—*)si> +b > 0" s,
r=1 i=1 i=1

bb-1) "= o n—1—i i

=1

n—1 . n—1
_ b(b-1) prt_pnoitt n—i—1
= W S S b s
1= 1=

—_
—

n— n—

) n—1 ) )
=5 (V=" )si A+ b s =5 > (00"

~

n—1

3
|

_ % (bn bn—z) <b"b+_’I1> _ Z (b2n+z b2n . bn—z)
i=1 Z=1
3n_ p2n+1 n n n__
= 2(b1—1) (b b—b1 —(n = 10"+ (n — 1)bp*" — (H))
n__ 2n __pn+1 n__
= 2(blfl) (<b e 4 (n = 1) (0" — 1))
pn— b2n_bn+1 b —p n
= 2(b—i) ( 1+ (n—1)b > :
Do do, ta co
b —1 ]
/B2 — L — b 1
b)) = - ) b=l
altbm) = 5 (" - ) - =
L /p* =t —p b —b
_ - — 1 —
2( b— 1 =1 b—l)
1
2

2.4.8 Vi du. Cho nita nhém s6 S(3,4). Ap dung Dinh ly

2.4.7

2n _ pn+l1 n n__
(B ) £ ()

[]

ta tinh duocc
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gibng clia nita nhom sé nay 1a

s =5 (51

4—1)=1701.
> (5=
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KET LUAN

Noi dung chinh ciia luan van 1a trinh bay vé nita nhém sb repunit dua vao
bai béo [5] cia J.C. Rosales, M.B. Branco, D. Torrdo. Cu thé 1a chiing toi da

trinh bay dugc nhiing néi dung sau day.
1. Dinh nghia nita nhém s6 repunit.

2. Hé sinh tdi tiéu ctia nita nhém s6 repunit S(b,n) va tit d6 tinh duge

chiéu nhtng ctia n6 theo n.
3. Tap Apéry clia nita nhém s6 repunit.

£ . « £ £ . 2 . N - 2 2 2 P £ .
4. SO Frobenius, giong, so gia Frobenius va kiéu ctia nita nhém so repunit.
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