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L.OI CAM ON

Téc gia bay t6 long kinh trong va tri an sau sac téi PGS.TS Nguyén Thanh
Quang - thay gido huéng dan khoa hoc - da danh nhiéu thoi gian va cong stic
dé lya chon tai lieu tham khéo va dit ra dé tai ciing nhu gitp dé cho ching
toi hoan thanh nhiém vy nghién ctu cta luan van.

Téac gid gii 101 cdm on tran trong dén cac nha gido, nha khoa hoc thuoc
Chuyén nganh Dai s6 va Ly thuyét s6, Khoa Toan hoc, Truong Su pham -
Truong Dai hoc Vinh da nhiét tinh gidng day va tao diéu kién thuan 1gi cho
chung t6i hoan thanh chuong trinh hoc tap va nghién cttu.

Xin gti 16i cdm on chan thanh t6i Truong Trung hoc pho thong Tran
Nguyén Han, Thanh phd Viing Tau nha truong cong tic ciia tac gid, da hd
tro nhiéu vé thoi gian, tinh than va vat chat cho ching toi dé hoan thanh
nhiém vu hoc tap sau dai hoc.

Noi dung ctia luan vian cé ¥ nghia khoa hoc thuc sy va méi mé ddi véi ban
than tac giad - mot giao vien day toan & truong trung hoc pho thong. Du da
hét stc c6 gang doc, hiéu, suy nghi vi nghién ngdm song viéc trinh bay mot
cach chi tiét nhitng noi dung chuyén sau thuoc vé linh viec 1y thuyét s6 mot
cach chat ché sé chiac chan khong tranh khoi nhitng thiéu sot.

Tac gid rat mong nhan duge st goép ¥, chi bdo ciia cac thay co gido va ciia
cac ban hoc vien 16p sau dai hoc nganh toan dé ching t6i thu dudge mot ban
luan van hoan thién hon.

Nghé An, thang 6 nam 2022

Tac gia

Dao Thi Lé Hoan



MOT SO KY HIEU DUNG TRONG LUAN VAN

Thw tu | Ky hiéu Tén goi
1 M Tap hgp cac ham nhan f sao cho
f(1) =1
2 M Tap hop cac ham nhan hoan
toan f sao cho f (1) =1.
3 N* Tap hop cac so tu nhién khac 0
4 P Tap hop céac s6 nguyeén tod
5 7t Tap hop cac sd nguyén duong
6 C Tap hop cac sb phiic
7 #X S6 phan ti ctia tap hop X
8 P, q, T Céac sb6 nguyéen to
9 vy (1) S6 mil clia s6 nguyén toé p trong
dang phan tich tiéu chuan cta sb
nguyén duong n > 1
10 a |b S6 nguyén a 1a udc cla s6
nguyén b
11 ged (a, b) Udc chung 16n nhat ctia hai s6
nguyeéen a, b
12 é (mn) ZI (m )d (1), _q Tinh chat nhan ctia ham s6 s6
m,n € ged (m,n) = hoc f
13 é (mn)ezzi (m) f (), Tinh qhé§ nhan hoan toan cta
m,n ham 80 so hoc f
14 é(p +aq)=fp)+ (), Diéu kién cong tinh trén hai s6
pqge Pl R L -
nguyeéen to p,q cua ham nhan f
15 (%) Ky hiéu Legendre,trong dé p la
s6 nguyén t6 va a 1a s6 nguyéen
sao cho ged (a,p) =1




MO DAU

1. Ly do chon dé tai

Trong toan hoc, ham dong nhat con goi 1a quan hé dong nhat, anh xa dong
nhat hay phép bién déi dong nhat, 14 mot ham sé luén luon nhan gia tri biang
chinh déi s6 ctia n6. Cu the, ham dong nhat f trong 1y thuyét s6 1a ham s6
thoa man f (n) = n,Vn € Z*. Hum dong nhat la phan tit don vi ctia phép
nhan cac ham s6, do dé né c6 vai tro quan trong trong cac cau tric dai sb
trén tap hop cidc ham s6 s6 hoc. Hon ntta, trong 1y thuyét s6 ham dong nhat
14 mot ham nhan hoan toan, vi vay da cé nhiéu nghién citu vé cac dac trung
dong nhat ctia ham nhan nay. Vé huéng nghién citu, c¢6 thé liet ké mot sb
cong trinh ctia C. Spiro, J. M. D. Koninck, M. Katai, Pham Vin Dung, Bui
Minh Phong, Kang - Kang Chen, Yong - Gao Chen, Jin - Hui Fang, Pingzhi
Yuan, Yueping Zheng,...(xem [1], [2], [3], [4], [5], [6], [7], [8], [9]).

Trong luan van nay, dua vao céc bai bao [7] va [8] cia tac gid Bui Minh
Phong (Truong Dai hoc Téng hop Budapest, Hungari) chiing t6i lita chon dé
tai nghién citu nham tim hiéu sau hon vé nhitng dic trung dong nhat cia cac

ham nhan va ham hoan toan nhan trong 1y thuyét cdc ham sé s6 hoc.
2. Muc dich nghién citu
e Heé thong khai niem, tinh chat va tng dung cia cac ham s6 s6 hoc.

e Tim hiéu 1y thuyét tap xac dinh duy nhat déi v6i cac ham nhan - mot

linh vyc c6 lien quan triec tiép dén cac gia thuyét Goldbach trong s hoc.

e Khio sat dic trung dong nhat bdi cac phuong trinh ham cong tinh trén

cac sO nguyen t6 18, s6 chinh phuong ctia ham s s6 hoc dong nhat.



e Hoc héi mot s6 ki thuat va phuong phap chitng minh trén déi tugng

ham s6 s6 hoc.

3. Nhiém vu nghién ctu

Doc va trinh bay lai mot s6 két qua nghién cttu trong 2 bai bao tiéng Anh
thuoc linh vyc 1y thuyét s6 lien quan dén cidc ham s6 s6 hoc clia tac gid Bui

Minh Phong.
4. P6i tuong va pham vi nghién ciu

e Dicu kién cong tinh trén cic sd nguyen to 18.

e Ham s6 s6 hoc, ham nhan, ham hoan toan nhan, ham dong nhat.
5. Phuong phap nghién ciu

e Tham khéo bai bao [7], [8] cia tac gid Bui Minh Phong cting nhu déi

chiéu véi bai béo [6] clia Claudia A. Spiro v& tim hiéu 5 bai bao khac.
e Khai thac su bieu dién s6 nguyén qua tong hai sé nguyen to.
e Sit dung tinh chat ctia ham nhan, ham hoan toan nhan.

e Khai thac tinh chat duy nhat cong tinh ctia tap hop cic s6 nguyeén to
18, s6 chinh phuong déi v6i cadc ham nhan, ham hoan toan nhan.

e St dung nguyén 1y cuc tiéu ctia tap hgp cac sé tu nhién va ky hiéu

Legendre trong mot vai chitng minh toan hoc.
6. Noi dung chinh va két qua méi ctia luan van

Ngoai phan mé dau, két luan vd danh muc tai lieu tham khéao, luan van
nay gom c6 hai chuong.
Chuong 1 trinh bay cac khai niém va két qué clia cac ham nhan; gi6i thieu

mot dic trung dong nhat clia cac ham nhan béi phuong trinh

fP4+m?+3)=f(n*+1)+f(m*+2),Yn,m e z".



Chuong 2 trinh bay moét dac trung ctia ham nhan hoan toan bdi phuong

trinh ham

fp+) =g +1, fp+) =9 +9(*), Vp,q € P.

Mot s6 két qua va ki thuat ching minh trinh bay trong luan van cé thé
dua vao noi dung giéi thieu va gidng day trong hoc phan s6 hoc cho sinh vién
nganh su pham toan va chuyén dé bdi dudng hoc sinh giéi trung hoc pho

thong.



CHUONG 1

VE DAC TRUNG DONG NHAT CUA HAM NHAN

Trong toan bd Chuong 1, chiing ta ky hiéu M la tap hop cac ham nhan
nhan gia tri phic f sao cho f (1) = 1.

Trong chuong nay, ching toi gidi thieu mot két qua chinh cla tac gid Bui
Minh Phong trong [7] néi rang: Néu mot ham nhan f théa man phuong trinh
fn*+m*+3)=f(n*+1)+ f(m*+2)

vdi moi s6 nguyén duong m va n thi hodc f (n) la ham dong nhat hodc
fP+m*+3)=f(n*+1)=f(m*+2)=0
vdi moi s6 nguyén duong m va n.

T d6 tac gia Bui Minh Phong [7] thu duge mot hé qua nhu 14 mot dic
trung ctia ham dong nhat trong tap hop cac ham nhan: Néu f € M théa mdn
dieu kién

f(n2+m2—|—3) :f(n2—|—1)—|—f(m2—|—2)
vdi moi s6 nguyén duong m, n va f (nf+ 1) # 0 vdi mot s6 nguyén duong

no nao dé thi f la ham dong nhat.

1.1 Kién thidc chuan bi

1.1.1 Ham nhan

Madi ham s6 f (n) xac dinh v6i moi s6 nguyén duong n va nhan gia tri
phitc dudce goi 1a mot ham s6 so hoc.

Ham s6 s6 hoc f (n) dugce goi 14 ham nhan néu

f(nm)=f(n)f(m),,n,meZ" ged(n,m)=1.



Ham 6 s6 hoc f (n) duge goi 1a ham nhan hoan toan néu
f(nm)=f(n)f(m),vYn,meZ".
Vi du

* Cac ham s6 sau 14 ham nhan

1. Ham s6 tinh s6 cac ude 7(n) = >. 1, Vn € Z* 1a ham nhan.
dln

2. Ham s6 tong cac uéc o (n) = Y. d, ¥n € Z* 13 ham nhan.
dln

3. Ham s6 Euler p (n) = > 1, Vn € Z* 1a ham nhan.
1<m<n
ged(n,m)=1

* Céac ham s6 sau 1a ham nhan hoan toan
1. Ham s6 dong nhat f (n) = n,¥n € Z* 1a ham nhan hoan toan.
2. Ham s6 don vi f (n) = 1,¥n € Z" 1a ham nhan hoan toan.

3. Ham s6 liy thtta f(n) = n®, Vn € Z* trong d6 « 1a mot s6 thuc, 1a

ham nhan hoan toan.

1.1.2. Ham cong tinh

Gia st E' 1a mot tap hop con clia tap cac sd nguyeén duong. Khi dé, ham

s6 56 hoc dude goi 1a ham cong tinh trén E néu
fn+m)=f(n)+ f(m),VYn,me E.

Vi du

Ham nhan ¢ (n) duge xac dinh nhu sau: g (n) = 0 v6i n la s6 nguyen
duong chdn va g (n) = 1 véi n 1a s6 nguyén duong 1é thoa man diéu kien cong

tinh trén tap hop cac sd6 nguyén duong chén, béi vi

gm—+n)=g(m)+g(n)=0, Vm,n € 2Z".
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1.1.3. Cac tinh chat

1. Néu f(n) la ham nhan va ton tai mot s6 nguyén duong ng sao cho

f(no) #0 tha f(1) = L.

Chitng minh. Ta c6 f(ng) = f(1 xng) = f(1) f (no). Do f(ng) #0
nén f (1) = 1. O

2. Néu f (n) la ham nhan théa man tinh chat cong tinh trén tap hop cdc so

nguyén to va ton tai mot s6 nguyén to p sao cho f (p) # 0 thi f(2) = 2.

Chitng minh. Taco f(7) = f(2+5) = f(2)+f(5). Do d6, néu f (p) =
0 v6i moi s6 nguyén t6 1¢é p thi f(2) = 0 va do d6 f (p) = 0 v6i moi
sO nguyen to p. Diéu nay, trai véi gia thiét ton tai mot sd nguyen to p
sao cho f (p) # 0. Nhu vay, ta c6 thé gia thiét p 1a s6 nguyen to 18 hay
ged (2,p) = 1. Sit dung tinh chat nhan va tinh chat cong tinh trén tap

cic sO nguyeén t6 ciia ham f ta c6

F@fp)=rf@p)=rf+p)=10m) + ) =2f(p).
Gian u6c hai vé cho f (p) # 0 ta co f(2) = 2. ]

3. Néu f (n) la ham nhan va mq, ..., my, la cdc s6 nguyén duong va nguyén

to cung nhau tung doi mot thy f (my---mg) = f (mq)--- f (myg) .

Chitng minh. V6i k = 2 ta ¢6 ged (mq, mg) = 1 do d6 theo dinh nghia
ham nhan ta ¢6 f (myms) = f (mq) f (mg) . Gia thiét quy nap rang

fmy-myq) = f(ma) - f(mg1).
Khi do, do

ged (m1m2 M1, mk) = ged (m2 M1, mk)
== ng (mk_l,mk) =1

nén st dung gia thiét quy nap ta cé

flmy---mg) = f((ma---mpa) mi) = f (ma---mi) f(ma)

=f (ml) e f (mk—l) / (mk) .
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4. Néu f (n) la ham nhan hoan toan va n = pi*py? - - - pi* la dang phan tich

tieu chuan ctia s6 nguyén duongn > 1 thi f (n) = f(p1)™ f(p2)** - f(pp)™.

Ching minh. Ta c6

ged (p?i,p?j) =1, 1<i#j<k.
Do d6 theo tinh chat (3) ta c6
fn)=f®) [ ).
St dung tinh chat nhan hoan toan ctia ham f ta cé
f*) = f(p)", Vpe P, Va el
Vivay, f(n) = f(p)" f(p2)™ - f (pe)™ m
1.1.4. Thang du bac hai

Gia st p 1a s6 nguyen t6 18 va a 1a s6 nguyeén sao cho ged (a, p) = 1. Ching
ta xét phuong trinh dong du bac hai mot an sau

2% = a (mod p).

Ta goi a 1a mot thing du bac hai modun p néu phuong trinh dong du
2? = a(mod p) 1a c6 nghiem, nghia 1a ton tai s6 nguyén zg sao cho xf =
a (mod p). Ta goi a 1a mot bat thang du bac hai modun p néu phuong trinh
dong du 22 = a (mod p) 1a khong c6 nghiem.

Vi du

2 la mot thang du bac hai moédun 7 vi ba ly do:

i) 7 1a s6 nguyen t6 1é;

ii) 2 va 7 nguyén t6 cung nhau;

iii) phuong trinh dong du bac hai 2> = 2 (mod 7) c6 nghiém, d6 la cac
nghiem x = 3 (mod 7) va x =4 (mod 7).

S6 nguyén 3 14 mot bat thang du bac modun 7 vi 3 va 7 nguyén t6 cling

nhau va phuong trinh 22 = 3 (mod 7) khong c6 nghiém.
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Nhan xét
Néu s6 nguyén a 1a mot thing du bac hai modun p thi moi sdé nguyén

dong du vé6i a theo modun p cing la thing du bac hai modun p.

1.1.5. Dinh ly

1. Néu so6 nguyén a la mot thang du bac hai modun p th

p—1

a2 =1(mod p).

2. Néu so nguyén a la mot bat thang du bac hai modun p th

o't =1 (mod p).

Chitng minh. 1) Néu a 1a mot thang du bac hai modun p thi ton tai s6 nguyén
xg sao cho ged (xg,p) = 1, 23 = a (mod p). Do d6 sit dung tinh chit ciia
dong du thitc Iy thita ci hai vé ta thu dugc

0T = 28" (mod p).

Vi ged (29, p) = 1 nén theo Dinh 1§ Fermat bé ta ¢
7' =1 (mod p).

Do do6
AT =1 (mod p) .

2) Theo chiing minh phan 1) ctia dinh 1y ta suy ra rang: Mdi thing du bac
hai modun p déu 14 nghiém ctia phuong trinh

p—1

2 =1 (mod p).

Vi a khong phai 1a thang du bac hai moédun p nén a khong nghiém dung
phuong trinh nay, nghia la a'm — 1 khong 1a boi ctia p hay

ged <ap21 -1, p) = 1.
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Do ged (a, p) = 1 nén theo Dinh 1y Fermat bé ta c¢6 ¢’ =1 (mod p). Do
do
(ap21 — 1) (ap21+1) =a’!' —1=0(mod p).
p—1

Tit d6 chia hai vé dong du thiic cho (a2 — 1) ta suy ra

(ap21 + 1) = 0 (mod p).

1

Vivay a'z = —1 (mod p). O
1.1.6. Ky hiéu Legendre

Adrien - Marie Legendre (1752 - 1833) la mot nha toan hoc ngusi Phap.
Ong c6 nhiéu déng goép quan trong vio théng ke, s6 hoc, dai sb tritu tugng
va giai tich. Ky hiéu Legendre dugce gidi thiéu béi Adrien-Marie Legendre vao
nam 1798 trong qua trinh ching minh dinh luat déi ing bac hai.

Ky hiéu Legendre (%) duge dinh nghia nhu sau:
a

(2—)) = 1 néu a 1a mot thiang du bac hai modun p.

a

(—) = —1 néu a khong phai 1a mot thang du bac hai modun p.

—1

1.1.7. Ménh dé. (%) =7 (mod p).

Chiing minh. Ta xét hai truong hop:

i) Néu a la thing du bac hai modun p thi theo dinh nghia ctia ky hiéu Legendre
ta co (%) = 1. Mt khac, vi s6 nguyén a la mot thing du bac hai nén phuong
trinh dong du bac hai 22 = a (mod p) c6 nghiém nghia I3 ton tai s6 nguyén
To nguyen t6 cung nhau véi p sao cho 25 = a (mod p). Do do, liy thira hai
ve dong du thic nay lén p%l 1an (p 18) ta c6 b = a'z (mod p). Ap dung

Dinh 1y Fermat bé ta c6

h ' =1 (mod p),
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hay

[ay

p—

a? =1(mod p).

Vi vay, stt dung tinh chat bic cau ciia dong du thrc ta c6

(9> = a"7 (mod p).

p
ii) Néu a 1a bat thang du bac hai modun p thi theo dinh nghia ctia ky hi¢u

Legendre ta co (%) = —1. Mt khac, do s6 nguyén a 13 mot bat thang du
bac hai nén ged (a,p) = 1 v& phuong trinh dong du bac hai 2° = a (mod p)
vO nghiém. Tuong tu nhu trén ta chiing minh duge

p—1
a 2

—1 (mod p).

Do d6, trong truong hop nay ta van cé
a p—
(—) =q'7 (mod p).
p
Meénh dé duge ching minh. O

1.1.8. Ménh d&. Néu a = b(mod p) thi (5) — (g) .
Chatng minh. Theo nhan xét, néu sé nguyén a 1a mot thang du bac hai modun
p thi moi s6 nguyén dong du véi a theo modun p cling 1a thang du bac hai

modun p, ching ta suy ra dang thic can chiing minh. [

1.1.9. Ménh de. (%) = 1 vdi moi s6 nguyén to p lé.

Ching minh. Phuong trinh dong du bac hai 22 = 1 (mod p) c6 nghiém z =
+1 (mod p) nén 1 1a mot thang du bac hai modun p. Do d6, theo dinh nghia
cia ky hieu Legendre chiing ta suy ra dang thitc can ching minh. ]

p—1

1.1.10. Ménh deé. (%) = (=1)2 wdi moi s6 nguyén to p lé.

Chiing minh. Theo Meénh dé 1.1.7 ta c6

() =07 (mod p)

p



15

Nhan thiy réng, hai vé cia dong du thiic nay chi nhan gia tri 1 hoic -1.
Nhung vi do p 1a s6 nguyeén t6 1é nén 1 va — 1 khong dong du véi nhau theo

modun p, do d6 hai vé phai dong thoi bang 1 hoac -1, nghia la

(5=

1.2 Gié6i thiéu mot s6 diac trung dong nhat ctia ham
nhan

[]

1.2.1. Dic trung dong nhat cia Claudia Spiro

Nam 1992, Claudia Spiro [9] chiing minh ring: Néu f € M la mot ham

sao cho
flo+a)=fw)+[f()
vdi moi s0 nguyén to p va q thi f (n) =n vdi moin € Z7.

Nhu vay, C. Spiro da dac trung ham dong nhat bdi phuong trinh cong tinh
trén tap cac sd6 nguyén to.

Bai bao ctia C. Spiro [9] d& truyén cam hiing cho rat nhiéu nha toan hoc
khac cong bd cac cong trinh c6 lien quan vé chit dé nay: Pham Van Chung
(1996), Pham Van Chung va Bui Minh Phong (1999), Kang - Kang Chen va
Yong - Gao Chen (2010), J. H. Fang (2011), Artubas Dubickas va Paulius
(2013), Poo — Sung Park (2020),...

1.2.2. Pac trung dong nhat ciia Pham Van Chung

Nam 1996, theo mot két qua ctia [1], Pham Van Chung da chi ra rang:
Mot ham nhan f théa man phuong trinh

f(m*+n) = f(m*) + f (n)
vdi moi s6 nguyén duong m va n khi va chi khi f (2) =2, f(p) = p vdi moi

so nguyén to p =1 (mod 4) va f (¢) = q hodc f (q) = —q vdi moi s6 nguyén
to ¢ =3 (mod 4).
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1.2.3. Dac trung dong nhat ctia J. M. Koninck, I. Katai va Bui
Minh Phong

Nam 1997, trong bai béo [5], J. M. Koninck, I. Katai va Bui Minh Phong
da chiing minh rang: Néu ham nhan f € M va

f(p+n?) =fp)+f(»n°

théa man vdi moi s6 nguyén to p va moin € Z* thy f (n) la ham dong nhat.

1.2.4. Pic trung dong nhit ctia Kang - Kang Chen va Yong - Gao
Chen

Nam 2010, hai nha toan hoc Trung Quoc 1a Kang - Kang Chen va Yong
- Gao Chen [1] da chiing minh rang: Mot ham nhan f la ham so6 dong nhat
khi va chi khi f (3) = 3 va

fp+aq)=f(p)+ f(q)

vdi moi s6 nguyén to Ié p va q.
Nhu vay, Kang - Kang Chen v Yong - Gao Chen da dic trung ham dong nhat
bdi phuong trinh cong tinh trén tap hop céc s6 nguyén o 1é véi f (3) = 3.

1.2.5. Pac trung dong nhat cta Jin - Hui Fang

Nam 2011, Jin - Hui Fang (xem [8]) nha todn hoc Han Qudc da dua ra
mot dic trung dong nhat khac cho ham nhan khac khong béi diéu kién cong

tinh trén tong ba sd nguyeén to, nghia la

flo+a+r)=f) +f(@+[f(r),Vp,qreP
Nhu vay, Jin - Hui Fang da dic trung ham dong nhat bdi phuong trinh 3-

cong tinh trén tap hgp cac s6 nguyén to.

1.2.6. Dic trung dong nhit béi phuong trinh cong tinh trén cac
sb6 tam giac

Trong mot tién an pham gan day, Poo - Sung Park nha todn hoc Han

Quoc da thong bao mot dic trung ctia ham sd dong nhat tréen tap hop T céac
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s6 tam giac c6 dang T, = n(n;l),n > 1. Cu thé 1 dinh 1y sau:

Néu ham nhan f théa man
fla+b+c)=f(a)+ f(b)+ f(c),Va,bceT,

thi f la ham so6 dong nhat.

1.3 Mot dic trung dong nhat ctia ham nhan
Ky hieu M la tap hgp cac ham nhan nhan gia tri phic f sao cho
f()=1.
1.3.1 Dinh ly. (xem [7]). Gid st f € M théa man diéu kién
(L) fRP+m*+3)=f(n*+1)+f(m*+2), Vm,n e Z".
Khi do, hodac la
(12) f(nP+m’+3)=f(n*+1)=f(m"+2)=0,VmneZ*
hodc la f (n) =n, Vn € Z*.

Cht ¥ rang néu ham nhan f théa man gia thiét (1.1) thi ta nhan dugc
nhiéu heé thic cong tinh bang s6 cu thé. Ching han, nhitng he thic sau day:

f(5)= f§12+12+3§:f212+1;+f212+2§ +f()
f@)= f(12+224+3)=f(12+1)+f(2°+2)=f(2)+ ()
fA) = F(22+2243)=f(22+ 1)+ f(22+2)=f(5)+ f (6),
f3)= f(12+32+3)=f(1*+1)+f(32+2)=f(2)+ f(11),
fR)= f(3+32+3)=f(32+1)+ f(32+2) = f(10) + f(11),
fBN)= f(B*+32+3)=f(B>+1)+ f(32+2) = f(26) + f(11).

T Dinh 1y 1.3.1 6 trén ta thu dugc hé qua sau nhu la mot dac trung cua

ham s s6 hoc dong nhat.

1.3.2 Hé qua. (xem [7]). Néu f € M théa man diéu kién (1.1) va f (nf + 1) #
0 vdi mot so nguyén duong ng nao dé thi f la ham dong nhat.

Dé chitng minh Dinh 1y 1.3.1 truéc hét ta can c6 bo dé sau.
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1.3.3 Bo dé. (xem [7]). Gid st rang cdc dieu kién cia Dinh lij 1.5.1 duoc
théa man. Khi dé hodc (1.2) théa man vdi moi s6 nguyén duong n va m hodc
cac diéu kién

f(n®+ 1) =n?+1

(1.3) f(m?+2) =m?+2

f n2+m2+3) =n?>+m?+3
dong thoi théa man vdi moi so nguyén duong n va m.
Chiing minh. Tu gia thiét (1.1) ta c6

f(n2—|—1) —i—f(m2+2) :f(m2-|—1)+f(n2—|—2) :f(n2+m2—|—3)
v6i moi s6 nguyén duong m, n. Do d6
f(n2—|—2) —f(n2—|—1) :f(m2+2) —f(m2+1).
v6i moi s6 nguyén duong m, n. Chon m =1 ta c6
(14) f(*+2)—f(*+1)=f@3)-f(2):=D.

Nhu vay, tit he thite (1.4) cing véi gia thiét (1.1) suy ra

(15)  f(*+m*+3)=f(n*+1)+f(m*+1)+D

v6i moi s6 nguyéen duong m, n. Gia st S; : = f (52 + 1) . Tt (1.5) suy ra réng,

néu k,,u, v 1a cac so6 nguyén duong théa man diéu kien k% + 1? = u? +v? thi
fFE+D)+f(P+1)+D=fu+1)+f(*+1)+D.

T day suy ra
(1.6) K +P=v"4+v"= S +S5 =5,+85,.

Bay gio ching ta sé ching minh rang

(L.7)  Spt12 = Snto + Snss + St — Snts — Snta — Snts + S
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théa man véi moi s6 nguyén duong n.

Béi vi ) ) ) )
2+ 1)+ (-2 = (2~ 1+ (G +2)
(2 +1)"+0G -7 =(2-5)"+(+5)

Nén tit (1.6) ching ta nhan duge

Soj1 + Sj—2 = Saj_1 + Sj4o
(1.8) { Saj1 + 52 7= 5255+ 5§+5~

Tu (1.8) suy ra rang
Sj+5 — S]+2 + Sj 9 — é‘ SQ _
— S2i5
g+1 -3 + S Sj—4-
Diéu nay ching minh he thic (1.7) véi n = j — 7. Stt dung (1.8) ta c¢6
S7 = Saxz+1 = 255 — 51,

Sg = Soxaq1 = S7+ 5S¢ — S92 = S + 255 — 5o — 5y
S11 = Saxsy1 = Sg + 57 — Sz = S + 455 — Sz — S — 25).

Bang cach sit dung (1.6) va cac dit kién
2412 =7"4+4% 10°+5* =112+ 2%, 122 +1* =9* + 8%,

ta co
Sg = S7+ 5, — 51 =25+ 5, — 251,
S0 = S11 + 59 — 55 = S+ 355 — S3 — 25
S1o = Sg + Sg — S| = Sg + 455 + Sy — Sy — 45;.
Do d6, dé hoan thanh viéc chiing minh bd dé nay, bing cach st dung
(1.1), (1.4), (1.5) va (1.7) ta can chiing minh réng
hoéac

S1 =58 =59=5=55=5=0

hoac
(1.9) Si=j4"+1,j=1,2,3,4,5,6.
Lap lai (1.1) va st dung tinh chat nhan ctia ham f cho ta

Si=f(P+1)=f(2)
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(1.10)  So=f(2°+1)=f0B)=f(P+1°+3)=Ff(2)+ [(3).

(L11)  Sy=f(3+1)=f(10)=f(2) f(5) = f(2)" + [ (2) f(3).
Vi vay, st dung (1.1) ta c6

FO)=f(22+2243)=FfB)+f(6)=f2)+fB3)+f(2)f(3).
Mat khéc tur (1.4) suy ra rang

F1)=f(3*+2)=f(10)+D=f(2) f(5)+ D
=+ FB)+fB)—f(2).

Cung v6i hé thic cudi ciing dan dén
(112)  f(2)=2f(2),

va st dung (1.1) ta c6

fA3)=f(P+3+3)=f@2)+f(11)=2f2)+f(2) f3)+ f(3).

Cudi cung tur he thie (1.10) cung véi cac sy kién

f®) = f(1*+224+3)=f(1P+1)+f(2°+2) = f(2)+f(6) = f (3)+f (5)
ta suy ra
(1.13)  f(2) f(3)=2f(3).
Hon ntta
(1.14) S5 =f (5 +1) = f(26) = f(2) f (13) = 4 (2)+6/ (3)
(1.15) Se=f(6°+1)=f(37)=f(3°+5°+3) = f(11) + f (26)
=5f(2)+95(3),
(1.16) 2f(17) = f (4 +4*+3)-D = f(35)—D = f (5) f (7)—D,
(L17) fB)f(T)=f(21)=f(3*+3°+3) =2f(10)+D = 3f (2)+5f (3).
Phuong trinh (1.12) cho ta f (2) = 0 hodc f(2) = 2. Gia stt f(2) = 0. Khi

do tu (1.13) suy ra f(3) = 0 va do d6 st dung cac hé thic tu (1.10) dén
(1.17) ta co
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Diéu nay suy ra két qua (1.2) 1a dung. Bay gio gid st f (2) = 2. Trong trudng
hgp nay ta co
fO)=72)+f@3), F8)=2+7(0).

Chiing ta sé chiing minh f (3) = 3. T hé thitc (1.15) va st dung dang thiic

FBN=f(P+6"+3)—fB)=F()f(8) = f(3) =2f(3)°+5/(3) +4
ta suy ra
(1.18) 2f(3)> —4f(3) — 6 = 0.

Mat khéc tur (1.4) suy ra rang

f(6) f(11) = f(3) f(13) = f(66) — f(65) = f(3) = f(2),
do do
3f(3°=7f(3)—6=0.
Két hop véi (1.18) suy ra f(3) = 3. Vi vay, st dung cac hé thic tur (1.10)
dén (1.17) ta suy ra

S;=7+1 (j=1,2,3,4,5,6).

Két qua nay két thic viéc ching minh (1.9) va do d6 bd dé dugc ching
minh. ]

1.3.4. Ching minh Dinh ly 1.3.1

Chiing minh. Trong phan chting minh ctia dinh 1y, sit dung B6 dé 1.3.3, chtng
ta c6 thé gia sit rang (1.3) duge théa man, nghia la
f(n®+1)=n>+1
(1.19) f(m?+2) =m?+2
f n2—|—m2—|—3) =n?+m?+ 3.
Mot diéu ro rang tu (1.19) 1a f (n) = n, n < 7. That vay, truée hét f (1) = 1
la do gia thiét f € M. Tiép theo, dua vao hai hé thic dau trong (1.19) lan
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luct cho ta

=f(2*+1)=2+1=

Ngoai ra, dya vao hé thic thi ba trong (1.19) ta c6
3f(MN=FfB)f(MN=f2)=f(3+3*+3) =3 +3"+3 =21,
do d6 f (7) = 7. Tuong tu
BfA)=f(B)fA)=f20)=f(1"+4*+3) =1"+4+3 =20,
do do f (4) = 4.

Gia stt rang f (n) = n v6i moi n < T, trong d6 T' > 7. Ching ta sé chiing
minh rang f(7) = T. Ro rang T phéi 12 mot 1y thita nguyéen t6, tic 1a
T = ¢% v6i o € Z" va ¢ 1a mot sd nguyeén t6 nao do.

Dé thay rang, néu o = 1 thi ¢ > 7 v ton tai cac sd nguyén duong
n, m < % sao cho n?+m?+3 = ¢N, ged (¢, N) =1, ¢ < N. Vi vay, chiing

ta c6 f(q) = q.
Bay gio, gia sit rang « > 2, ¢ > 3. Ching ta xem xét dong du thiic

n*+m?>+3=0 (mod ¢%).

0] day, <%2_3) 1a ky hiéu Legendre theo s6 nguyeén t6 1& ¢ (xem Dinh nghia
1.1.6). Khi do6 ta co

Gia st

= 8 (e ()

gcd(m;+3, q):l
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Theo gi4 thiét quy nap ctia ching ta, hé thiic cudi cing suy ra rang
4A,(3)> L.

Do do6, c6 cacsb nguyenm € {1, ..., g — 1}, 1 <ny < ¢*—1, ged(ny,q) =1

val<ng:=q*—n <qg“—1saocho
n;+m’+3=¢"N;, (i=1,2).
Tu do suy ra
¢* (N2 = N1) = (¢ —m)* — nf = ¢** — 2¢"ny,

nghia 1a Ny — Ny = ¢“ — 2ny. Vi ged (ng, ¢) = 1, ching ta thu duge it
nhat mot trong hai s6 N7 hodac N 1a nguyén to cuing nhau véi ¢. Gid st
n € {ny, na} va N € {N1, Ny} sao chon?+m?+3 =¢*N, ged (N, q) = 1.
Khi d6 tit a > 2 suy ra rang

1

Ngq—a[(qa—1)2+(q—1)2+3] <q.

NF() = F(N)F(g") = F(NG™) = f (n +m? +3) = n?+m?+3 = N¢".

Tu day suy ra f (¢®) = ¢“ 1a he thic chung ta can thiét lap.

Dé hoan thanh viéc ching minh Dinh Iy 1.3.1, vAn phai xem xét cac
truong hop con lai ¢ =2 va g = 3. Cho g =2 va T = 2%, trong d6 a > 3. Vi
—7 =1 (mod 8), nén ching ta c6 —7 la mot thing du bac hai modun 2% va
do d6 ton tai n, € [0, 2°71 — 1] sao chon2 +7 =n2 +2*+3 =0 (mod 2%)

BN

va

(na + 20‘_1)2 +7=0 (mod 2%).

Xéc dinh Ny va Ny béi n2 + 7 = 29Ny va (ng + 221 47 = 29N, Tit
hai phuong trinh nay va tit bat déng thitc 7 < T = 2 ta suy ra

Ny < 2017 Ny < 2047 Ny — Ny =n, + 20472.
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Tt he thic cudi ciing va do 2 khong chia hét n,, suy ra N7 hoic No 1a s0 1€,
v do d6 f (27) = 2.
Cubi cling, cho ¢ = 3 va T = 3%, trong d6 o > 1. Ta xét dong du thiic

n2+250(m0d 39).

Tuong tu nhu trén, ta suy ra rang ton tai cac s nguyén duong n, N sao cho
n?+2 = 3N, ged (3, N) = 1, N < 3% Vi vay, nhiing diéu nay ciing véi
(1.19) suy ra duge rang f (3%) = 3%. Dinh ly 1.3.1 duge chiing minh. ]



25

CHUONG 2

VE DAC TRUNG DONG NHAT CUA HAM NHAN HOAN
TOAN

Trong toan bo chuong 2, chung ta ky hieu: M 1a tap hop tat ca cac ham
nhan f théa man f (1) = 1. M* la tap hgp tat ca cac ham nhan hoan toan f
thoa man f (1) = 1.

2.1 Phuong trinh ham xac dinh dic trung déong nhat
cua ham nhan hoan toan

Nam 1992, C. Spiro [9] da chi ra rang néu ham f € M théa man

fo+q)=fp)+f(q), Vp,ge P

thi f (n) = n v6i moi s6 nguyen duong n.

Claudia Spiro [9] da khdi xudéng va truyén cam hiing cho nhiéu nha toan
hoc trong viéc tim kiém nhttng dac trung mdéi cho ham sé s6 hoc dong nhat.
Trong huéng nghién cttu thoi sy ay, ndm 2010 tac gid Bui Minh Phong da
thu duge mot két quéa cong bo trong bai bao [8] bdi cac phuong trinh ham
sau:

Gid sit f, g: 72" — C la cdc ham nhan hoan toan sao cho

fo+) =g +1vaflp+d®) =g +9(c)

théa man vdi moi s6 nguyén to p va q. Khi do
hoic f(p+1)=f(p+¢*) =0, g(x) = —1 vdi moi s6 nguyén t6 p,q,,
hodc f(n) = g(n) =n vdi moi sé6 nguyén duong n.
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2.2 Mot dac trung dong nhit ciia ham nhan hoan
toan

2.2.1 Dinh ly. ([8]). Néu f, g € M* théa man cdc phuong trinh sau
(2.1) f+D)=g@+1, f(p+d) =9 +9(d°), ¥p,q € P,
thi hodc

22) fp+)=f(p+¢) =0, g(r)=-1, Vp,q,7m € P,

o

hoac
23) f(n)=g(n)=n,VneZ".

Chiing minh. Qua trinh phép chiing minh Dinh 1y 2.2.1 ctia chiing ta sé bat
dau tit Bo de 2.2.2 t6i Bo de 2.2.4 duéi day.

2.2.2 Bo dé. ([8]). Gid st f, g € M* théa man (2.1). Khi dé, hodc
(24)  f(2)=0,9(02)=-1

hodc
(25) f(2)=g(2)=2

Chaing minh. Dau tién ching ta suy ra tir (2.1) rang

(26) (f(p)—g@)(gP)+1)=0, VpeP
That vay, stt dung cac phuong trinh (2.1) cho truong hop p = ¢ cho ta

f(p)(g(p)+1)=f(p)f(p+1)=f(( 1) =f(p*+p)
=g()+9p)=(9@) +9(®) =g (g(p)+1).

Tt dang thitc nay suy ra duge hé thitc (2.6) dusi day:

(f(®») —9@) (g +1)=0, VpeP.

Do do6 trong truong hgp p = 2 ta co

(f(2)—g(2)(g(2)+1)=0.
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Khi d6, hodc g (2) = —1, hodc f (2) = g (2), g(2) # —1.
Trudng hop 1: g (2) = —1. Dat x : = f(2). St dung (2.1) ta co

gB) =B+ -1=f@4)-1=f@2) -1=2"~1,

g =fT+1)—1=f@) -1=f(2)—1=f2°-1=2"—1,
B = f2) = f ) = F(F+T) = 9(3%) +9(T)
:g(3)2+g(7): :172—1) +(a:3—1).

(2.7) 2% (x—2)=0.

g(®)=f6)-1=f
Do doé

Vi vay

(2.8) 2’ =2
Tu (2.7) va (2.8) suy ra x = f(2) = 0. Viéc ching minh (2.4) dugc hoan
thanh.
Trudng hop 2: g(2) # =1, f(2) =9g(2).
Trong truong hop nay ta dat

x=[(2)=g(2) # -1
Khi do tir gia thiét (2.1) ta ¢

fR)=f2+1)=9g@2)+1=2+1
gB) =f06)-1=f2)fB)-1=z(r+1)—1

(+1)°=f3)1=f0)=f(22+5) =g(2)) +g(B)=a>+a(z+1)—1.
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Do do
(x4+1)(z—2)=0.
Tit didu kien o # 1 ta suy ra o = 2. Nhu vay, hé thitc (2.5) va B6 dé 2.2.2

duge chiing minh. N

2.2.3 B6 dé. ([8]). Gid st f, g € M* théa man (2.1). Néu

thi (2.2) ding, nghia la

flp+1)=f(p+q¢) =0, g(r)=~-1, Vp,q,m € P.
Chiing minh. Vi g (2) = —1 nén ta sé chiing minh rang, g(7) = —1, 7 €
P, 7 # 2. That vay, gid st w € P, w # 2. Stt dung gia thiét (2.1) va f(2) =0
ta suy ra

T+ 1
2

0=7@=7@f(T5) = fEH D =g 41

Tu d6 suy ra g(m) = —1, Vr € P, m # 2. Nhu vay, g(7) = —1, V& € P.
Cudi cling, tr (2.1) cho ta

flp+1) =g +1=(-1)+1=0.

fF+d) =g +9(@*) =g +9(@)’=(-1)+(-1)>=0, ¥p,qg € P.

B6 dé 2.2.3 dugce chitng minh. O

2.2.4 Bo dé. ([8]). Gid s f, g € M* théa man (2.1). Néu

tha



29

Chiing minh. R6 rang 1a Bb dé 2.2.4 sé ding néu ching ta chitng minh dugc
dieu sau: Néu T la so nguyén sao cho f (n) = g (n) = n vdi moin <T thi

f(T)=T.
Gia st dau tien rang T khong phai la s6 nguyén t6. Do dé, ching ta cé thé
viet T = AB véi 1 < A< B < T, trong truong hop do ta co

HT) =[f(AB) = [(A)f (B) = AB =T
9(T) = g(AB) = g(A)g(B) = AB = T.
Bay gio gid st rang T € P. Vi f(2) = ¢(2) = 2, ching ta c6 thé gia st
ring va T’ € PvaT > 3. Khid6 2 < T va £H < T. Do d6, tit gia thiét (2.1)
va gia thiét quy nap ching ta nhan duogc

T+1 T+1

T+1:272f(2)f(7> =f(T+1)=g(T)+ 1

Tir d6 dén t6i g (T) = T
Cudi cung tur (2.6) ta co
0=(f(T)=g(T))(g(T)+1) = (f(T) =g (T))(T+1).

He thitc nay suy ra f (1) — g (T) =0 hay f(T) =g (T) =T.
Bo6 dé 2.2.4 duge ching minh v do d6 Dinh 1y 2.2.1 duge chiing minh hoan

toan. []
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KET LUAN

V6i muc tiéu di sau nghién citu, tim hiéu céc diic trung ctia ham s6 s6 hoc
dong nhat trong tap hop cdc ham nhan — mot bai toan cé lien hé chit ché
v6i gia thuyét Goldbach, luan van gi6i thiéu hai dinh 1y chinh cuing véi cac
chiing minh chi tiét trong hai bai bao tiéng Anh clia tac gid Buii Minh Phong
(xem [7], [8]). V6i nhiém vu d&t ra nhu trén, ndi dung da thyc hién duge cta
luan vian chi yéu bao gom:

1. He théng lai cdc khai niem va két qua cua ly thuyét ham nhan, ham
hoan toan nhan.

2. Gidi thieu ky hieu Legendre vé thing du bac hai theo modun nguyén
t6 lam cong cu trong phép chiing minh ctia Dinh 1y 1.3.1.

3. Trinh bay chi tiét cac chitng minh ctia cac bd dé va Dinh 1y 1.3.1 néi vé

tinh chat ctia ham nhan f béi phuong trinh ham
f*+m*+3)=f(n*+1)+f(m*+2), Ym,n € Z".

T d6 gidi thieu hé qua nhu 14 mot dac trung ctia ham s6 s6 hoc dong nhéat
trong tap hgp cac ham nhan (Hé qua 1.3.2).

4. Trinh bay céc ching minh chi tiét ba bo dé, dé tit d6 thu dude mot dic
trung (Dinh 1y 2.2.1) clia ham dong nhat trong tap cac ham nhan hoan toan
f béi cac phuong trinh ham

fo+)=g+1, flp+d*) =9 +9(), Vp,qeP.
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