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MO DAU

Cho S 14 mot tap con khac réng ciia tap hgp cac so6 ti nhien N. Néu S
chtta 0, dong kin v6i phép cong va N\ S 1a tap hitu han thi S duge goi 1a mot
nia nhoém so.

Cho A 1a tap con cta tap N théa ged(A) = 1 thi tap hop
S:{)\lal—l—“'-i—)\nan |n€N*,CL¢ e AN eNVI= 1,...,%}.

14 mot nita nhom s6. Nguge lai, moi nita nhéom s6 déu c6 dang nay.

Mot van dé rat co dién trong toan hoc la tim s6 nguyeén lén nhat khong
biéu thi tuyén tinh dugc qua mot ho hitu han céc s6 nguyén duong nguyén
t6 cliing nhau véi cac hé s6 nguyén khong am. Van dé nay do nha toan hoc
Frobenius dua ra va dudc biét dén vé6i tén goi 1a van dé Frobenius. Van dé
tiép theo la tim s6 cac s6 nguyen khong am khong biéu thi tuyén tinh dugc
qua mot ho hitu han cic s6 nguyén duong nguyén t6 ciing nhau véi cac hé so
nguyen khong am. Néu dién dat theo thuat ngtt cia nita nhém s6 thi nhitng
van deé nay c6 thé duge phat bieu duéi dang: tim s6 nguyén 16n nhat khong
thuoc mot nira nhom s6 S va tim lyce lugng ctia tap hop N\ S. Theo hudng
nghién cttu nay, ngusi ta da dé cap dén hai bat bién quan trong ctia nita nhom
s6 1a s0 Frobenius va giong.

Sau khi tng dung ctia nita nhém s6 trong Hinh hoc Dai s6, Dai s6 giao
hoan va trong Ly thuyét sé dude cic nha toan hoc dé ¥ thi Iy thuyét vé nira

nhém sb c6 dude mot bude tién méi. Trong cac nghién ctitu mdi, ngudi ta dua



ra mot s6 bat bién khac nhu 064, chiéu nhing, tap Apéry, so gid Frobenius va
kieu. Mac dit vay, cac thong tin vé cac bat bién nay khong phai lic nao ciing
dugce giai quyét mot cach tong quat, khi chiéu nhing ctia nita nhém sb tit 3
trdg len.

Hai s6 nguyén duong m va n dudc goi 1a cdp s6 than thién néu tong cac
ude thuyce sy (cac uée s6 khong bao gom chinh nd) ciia s6 nay bang s6 kia.
Mot s6 nguyen duong x dude goi 1a s6 Thabit néu x = 3.2" — 1 véi n 13 mot
s6 nguyen khong am ndo d6. Khai niem nay duge dat tén theo tén ctia nha
toan hoc, bac sy, nha thién van hoc va dich gia Al-Sabi Thabit ibn Qurra al-
Harrani (826-901). Thabit ibn Qurra la ngudi dau tién nghién cttu nhitng con
s6 nay va moi quan hé ctia chiing véi nhiing cip s6 than thien. Ong da phat
hién va chiing minh réing néup =3.2" —1,¢=32"1—1var=92"1-1
13 nhitng s6 nguyeén t6 thi M = 2"gp va N = 2"r 13 mot cap so than thien.
Do d6 véin =2,n=4van =17, ta cé cac cap s6 than thién tuong ting la
(220, 284), (17296, 18416) va (9363584, 9437056).

Mot ntta nhém s6 S dude goi 1a nia nhém so Thabit néu ton tai so tu
nhién n sao cho S = ({3.2""" — 1 | i € N}). Khi d6 nita nhém s6 nay duge
k¢ hieu béi T(n).

Trong bai bao [4] trén tap chi Journal of Number Theory ra nam 2015,
J.C. Rosales, M.B. Branco va D. Torrdo nghién cttu vé ntta nhém s6 Thabit.
Céc két qué cta [4] 14 mot phan trong noi dung luan an tién si [5] cta D.
Torrao duéi sy huéng dan clia hai ngudi thay, chinh 1a hai tac gia con lai clia
bai bao. Trong bai bao [4], cac tac gid da chi ra rang hé sinh tdi tiéu cla
T(n) 1a {327 —11]ie{0,1,...,n+ 1}} vi do dé chiéu nhiing clia ciia
T(n) la e(T(n)) = n+ 2. Trong [4], cac tac gia cing chiing minh duge rang
s6 Frobenius ctia ntta nhém s6 T'(n) 1a F(T(n)) = 9.22" — 3.2" — 1 va giéng
ctia ntta nhom s6 T'(n) 1a g(T'(n)) = 9.22"71 4 (3n — 5)2" 1.

Luan vian gom hai phan chinh, phan thi nhat trinh bay cac kién thic



chung vé ntta nhém s6, phan thi hai 134 noi dung chinh ctia luan vin, trinh
bay chi tiét cac két qua ctia bai bao [4] vé nita nhém s6 Thabit. Ngoai ra,
luan vian con c6 phan mé dau, két luan va danh muc cac tai lieu tham khao.

Tac gid xin duge bay t6 long biét on sau sac téi PGS. TS Nguyén Thi
Hong Loan, nguoi da tan tinh trong suét qua trinh giang day. Tac gid cling
xin dudgce gii 10i tri an sau sic t6i cac thay co gidng vien Khoa Toan, Phong
Dao tao Sau dai hoc, Truong Dai hoc Vinh vé nhiing hd trg can thiét va quy
bau trong sudét qua trinh hoc tap. Va tac gia ciing xin dugc gti 10i cdm on
t61 Ban giam hiéu Truong Chuyén Lé Quy Don Viing Tau, gia dinh va ban
be da luon quan tam gitap do va tao moi dieu kien thuan loi dé tac gid co thé

hoc tap, nghién cttu va hoan thanh khoéa hoc nay.

Nghé An, thang 6 nam 2022

Tac gia



CHUONG 1

KIEN THUC CHUNG VE NUA NHOM SO

Trong chuong nay, ching t6i sé tom ludc lai cac khai niém co ban vé mi¥a
nhém s6. Tat ca cac kién thic nay déu duge trinh bay rat day du, chi tiét
trong cudn sach ciia cac tac gid J.C. Rosales, P.A. Garcia- Sanchez viét nam
2009: Numerical semigroups ([3]) va cing da duge trinh bay trong [1] va [2].
Cac kién thic trong chuong nay duge tham khao va trinh bay lai nham phuc
vu cho ndi dung chinh ctua luan van 6 Chuong 2. Chinh vi vay, ching t6i chi

néu két qua ma khong trinh bay ching minh.

1.1 Nita nhém sb

Trude khi gi6i thieu khai niem nita nhém s6 va cac bat bién clia néd, ching
ta nhic lai mot sb6 kién thitc chuan bi vé nita nhém. Nia nhom 1a mot tap
hop S khac réng ma trén dé trang bi mot phép toan c6 tinh chat két hop.
Nita nhém giao hodn 13 mot nita nhém ma phép toan c6 tinh chat giao hoan.
Mot tap con khéic rong dong kin doi véi phép toan trén nita nhom S goi 1a
nita nhom con cua S. Giao cia cac ntta nhom con cua nita nhém S 14 mot
nita nhoém con cua S.

Néu A 1a mot tap con khac rong clia nita nhém S, nita nhém con bé nhat
cua S chita A la giao cia moi ntta nhém con cua S chita A, duge ky hiéu la

(A). (A) duge goi 1a nida nhém con sinh bdi A. Ta c6

(Ay ={ a1+ -+ \ap, | neENaq; € AN €eNVIi=1,...,n}.



Nita nhom S duge goi 1a sinh bdi A néu S = (A). Khi do, A duge goi 1a
hé sinh ctia ntta nhém S. Mot hé sinh A cia nita nhéom S duge goi 1a hé sinh
toi tiéu ctia S néu moi tap con thuc su ciia A déu khong thé sinh ra S.

Mot nita nhém M ma phép toan trén d6 c6 phan ti don vi duge goi 1a
mot vi nhém. Vi du: Tap hop céc s6 tu nhien N 13 mot vi nhém véi phép
cong. Ntta nhém con ctia M c6 chita phan tit don vi goi 1& vi nhdém con cla
M. Tuong tir nhu déi véi ntta nhém, giao ciia cac vi nhém con ctia M 134 mot
vi nhém con cia M. Do do, cho A 1a mot tap con ctia M thi vi nhém con

nho nhat cia M chita A chinh 1& vi nhém con ctia M sinh béi A.

1.1.1 Dinh nghia. Cho S 13 mot vi nhém con ciia vi nhém cong cac so tu
nhién N. Néu N\ S la tap httu han thi S duge goi 1a niéa nhém S0.

Vay S 14 mot nita nhém s6 néu S 1a mot tap con ctua N, chita 0, déng kin
d6i v6i phép cong va N\ S 1a tap httu han.

Cho A 13 mot tap con khéc rong ciia N. Ménh dé sau cho ta diéu kién can

va di dé (A) 1a mot nita nhom s6.

1.1.2 Ménh dé. Cho A la mot tdp con khdc rong ciia N. Khi dé (A) la mot
nita nhém s6 khi va chi khi ged(A) = 1.

1.1.3 Ménh dé. Cho M la mot vi nhém con khong tam thuong cia vi nhém
cong cac so tu nhién N. Khi do M dang cau vdi mot nida nhom so.
1.2 Tap Apéry

Mot trong nhitng cong cu tot nhat dé nghién ctu vé nita nhom s6 1a tap

Apéry, duge dinh nghia nhu sau.

1.2.1 Dinh nghia. Cho S 13 mot nita nhém s6 va n 13 mot phan tit khac 0

ciia S. Tap Apéry cia n trong nita nhém so S 1a tap hop duge xac dinh béi

Ap(S,n)={heS|h—n¢S}.



T dinh nghia ctia tap Apéry, ta c6 ngay két qua sau.

1.2.2 B6 dé. Cho S la mot nita nhom s6 van € S\ {0}. Néu z,y € S sao
cho v +vy € Ap(S,n) thi {z,y} C Ap(S,n).

Meénh de sau cho thay Ap(S,n) 1a mot he thang du day di modun n ma
cic phan ti trong d6 1a bé nhat thuoc S. Vi vay ménh dé nay cho ta cach

tim tap Apéry clia mot nita nhom so.
1.2.3 Ménh dé. Cho S la mot nita nhém sé6 van € S\ {0}. Khi dé ta cé
Ap(S,n) ={0=w(0),w(1),...,w(n — 1)},
trong dé w(i) la s6 nhd nhat cia S sao cho
w(i) =4 (mod n),Vvi € {0,1,...n — 1}.
T meénh dé tren ta suy ra Ap(S,n) 1a tap hgp hitu han gom n phan ti.
1.2.4 Vi du. Cho nita nhém sb
S = (5,7,9) = {0,5,7,9,10,12, 14 —}

(trong d6 ky hieu 14 — nghia & cac s6 ty nhién lien tiép bat dau tur 14). Ta
tinh duoc
Ap(S,5) = {0,7,9,16, 18},

Ap(S,7) =1{0,5,9,10, 15,18, 20}.
Tt Menh dé [1.2.3] ta suy ra dude két qua sau day.

1.2.5 Bo dé. Gid st S la mot nta nhom so6 van € S\ {0}. Khi dé, vdi moi
s € S, ton tai duy nhat (k,w) € N x Ap(S,n) sao cho

s =kn -+ w.



1.3 Heé sinh t6i tiéu, chiéu nhing cua nita nhém so6

Mbi nita nhém sb ¢6 thé cé nhicu hé sinh. Véi dinh 1y sau day, ta biét ring

moi ntta nhém so6 chi c6 duy nhat mot hé sinh hitu han.

1.3.1 Dinh 1y. Méi nita nhom s6 déu cé duy nhat mot hé sinh toi tiéu. He

sinh toi tieu nay la hiu han.

Cho s1,..., s, la cac sO6 nguyén duong nguyeén td cing nhau. Khi dé, nita

nhém sé sinh béi sq, ..., s, 1a
S={(s1,..,8p)={Ms1+ -+ \sp | NeENVi=1,...,n}.
Dinh 1y dan dén khai niem sau day.

1.3.2 Dinh nghia. Cho S 13 mot ntta nhém s6 va sq, ..., s, 1a mot hé sinh
téi tieu ctia S sao cho 51 < ... < .

(1). S6 tu nhién bé nhat trong hé sinh tdi tiéu goi 1a s6 boi ctia S, ki hieu
la m(S). Vay m(S) = s1.

(2). Luc lugng ctia hé sinh t6i tiéu goi 1a chiéu nhing ctia S, ki hieu la

e(S). Vay e(S) = n.

S6 boi m(S) chinh la s6 nguyén duong nho nhét trong S va chiéu nhiing
e(S) khong bao gio vugt qua s6 boi m(S).

1.4 SO Frobenius va giong cta nita nhém so

Khi nghién citu nita nhém s6, c6 mot bat bién quan trong va c¢6 nhiéu ing
dung 13 s6 Frobenius. Trong cac bai gidng ctia nha toan hoc Frobenius, ong
dé cap dén van dé dua ra mot cong thitc xac dinh s6 nguyén 16n nhat khong
biéu thi tuyén tinh dude qua tap mot sé nguyen duong cé wée chung 16n nhat
bang 1 véi cac hé s6 nguyén khong am. Két hop véi dinh nghia nita nhém so,
ching ta c6 ngay dinh nghia kha don gidn ve s6 Frobenius. Ngoai ra, nhic lai

rang véi S 1a mot nita nhom s6 thi N\ S 1a hitu han.
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1.4.1 Dinh nghia. Cho S 14 mot nita nhém so.

(1). S6 nguyen 16n nhat khong thuoc S duge goi 1a s6 Frobenius ciia S va
duge ky higu 1a F(S).

(2). Giong (hay bac ky dj) ctia S, ki higu g(.5) 1a lyc lugng ctia tap G(S) =
N\ S.

Ky hiéu Z 1a tap hgp s6 nguyén. T dinh nghia trén ta c6

F(S) =max(Z\ S).

Cho dén nay, chiing ta biét ring khong cé cong thic tong quéat cho sb
Frobenius clia ntta nhém s6 khi chiéu nhtng 16n hon 2. Tuy nhién, néu tap
Apéry ctia mot phan ti khac khong bat ky ctia nita nhém s6 duge xac dinh
thi ta c6 thé tinh s6 Frobenius ctia mot nita nhom s6 thong qua tap Apéry

nhd ménh dé sau.

1.4.2 Ménh dé. Cho nita nhém s6 S va 0 <n € S. Khi dé
(1). F(S) = max Ap(S,n) — n.
2. 9(5)=1 ¥ w) -2

weAp(S;n)

1.5 So gia Frobenius va kiéu ctia nita nhém so

S6 gid Frobenius duge dinh nghia nhu sau:

1.5.1 Dinh nghia. Cho S 14 mot nita nhém s6. Khi d6

(1). S6 nguyen z dude goi 1a s gid Frobenius néu x ¢ S va x + s € S véi
moi s € S\ {0}.

(2). Tap cac s gia Frobenius ctia S ki hig¢u 1la PF(S). Luc lugng cuia
PF(S) goi 1a kiéu ctia S va ki hieu la #(.9).
1.5.2 Nhan xét. Tu dinh nghia trén, ta c6 vai nhan xét:

(1) PE(S)={2z€Z\ Slz+s€ S Vse S\ {0}

(2) F(S) € PF(S) va F(S) 1a s6 16n nhat ctia PF(S).
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1.5.3 Chu y. Trén ntta nhom s6 S, xét quan hé hai ngoi <g xac dinh bdi:
a <gbnéub—a € S. Dédang chitng minh dugc, day 1a quan hé thi tuy trén
7.

Theo Dinh nghia thi cac so6 gid Frobenius 1a cac phan tu cuc dai
trong Z \ S theo tht ty <g.

1.5.4 Ménh dé. Cho S la mot nita nhém so va cho x la mot so nguyén khac
khong cia S. Khi do,

PF(S) ={w —z | w € mazimals<g (Ap (S,z))}.

Trong dé mazximals <g (Ap(S,x)) la ki hiéu tap cdc phan ti cuc dai cia
tap Apéry Ap(S,x)) zét theo quan hé thi tu <g.

Ta da biét, s6 phan tit cia tap Ap(S,n) bang n va 0 khong bao gio 1a
phan t cuc dai nén tit Ménh dé ta c6 mot chin trén cho kidu ctia nita

nhém sb6 S trong két qua sau.
1.5.5 Hé qua. Cho S la mot nia nhom so6. Kiéu cia S théa man

t(S) < m(S) — 1.
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CHUONG 2

NUA NHOM SO THABIT

Mot s6 nguyén duong x dude goi 1a sé6 Thabit néu né c6 dang v = 3.2" —1,
trong d6 n 1a mot s6 nguyén khong am nao dé. Mot nita nhém sé dude goi
13 nita nhém s6 Thabit néu ton tai mot s6 nguyén khong am n sao cho nita
nhom s6 d6 sinh bdi cac s6 Thabit dang 3.2"" — 1 v6i ¢ € N. Nita nhom sb
Thabit lién két véi n duge ky hicu 1a T'(n). Vay

T(n) = ({3.2""" —1]i € N}).

Trong [4], J.C. Rosales, M.B. Branco va D. Torrdo da nghién citu vé nita
nhém sé Thabit. Ho da chi ra hé sinh t6i tiéu, chiéu nhing, tap Apéry, sb
Frobenius, tap s6 gid Frobenius, kiéu va giéng ctia nita nhém s6 Thabit T'(n).
Trong chuong nay chiing toi trinh bay vé nita nhom s6 Thabit dya vao [4] va

[5].

2.1 Nita nhém sé6 Thabit va chiéu nhiing ctia nia
nhém s6 Thabit

Cho n 1a mot s6 nguyén khong am. Khi do6
T(n) = ({3.2"" —1]iecN})
14 mot vi nhém con cia (N, +). Hon nita

{3.2" —1,3.2"" — 1} C T(n)
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va
gcd{3.2" —1,3.2"" — 1} = ged{3.2" — 1,2.(32" — 1) + 1} = 1.

Do d6 ged(T'(n)) = 1 va vi vay theo Menh dé ta c6 T'(n) la mot nita

nhém sb.

2.1.1 Dinh nghia. Mot nita nhém s6 S dugde goi 14 niia nhém s6 Thabit néu
ton tai n € N sao cho S = ({3.2""" — 1| i € N}).

Cho n 1a mot s6 nguyén khong am, ta sé ky hiéu 7' (n) 1a nita nhom s6

Thabit lien két véi n, hay:
T (n)={{32""—1|ieN}).

2.1.2 Bé dé. Cho A la mot tap khdc rong cic s6 nguyén duong va M = (A)
la mot vi nhom con ciia vi nhém cong cdc so tu nhién N sinh bdi A. Cdc diéu
kién sau la tuong duong:

(1). 2a+1 € M véi moia € A;

(2). 2m +1 € M vdi moi m € M\ {0}.

Chitng minh. (1) = (2): Néu m € M\ {0} thi ton tai a1, az,...,ax € A sao
chom=a;+as+..+a,. Neuk=1thim=a; vhido dé c6 2m + 1 =
2a1+1€ M. Néuk >2,thi2m+1=2(a; +as+ ... +ap_1)+2a,+1 € M
do M doéng kin v6i phép cong.
(2) = (1): Hién nhien.
[l

Meénh dé tiép theo 1a mot két qua quan trong, né nhu chia khéa dé ching

minh cic két qua vé nita nhém s6 Thabit.

2.1.3 Ménh dé. Néu n la s6 nguyén khong am thi 2t + 1 € T'(n) vdi moi

t € T(n)\{0}.
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Chitng minh. Chon € N va T'(n) = ({3.2"" — 1|i € N}). Ro rang
2.(3.2" — 1) + 1 = 32" — 1 € T(n).

Tt B6 dé2.1.2) ta c6 2t + 1 € T(n) v6i moi t € T(n)\{0}.
O

Muc tiéu ctia phan nay la chi ra hé sinh t6i tieu ctia ntta nhém s6 Thabit.

Dé lam duge diéu nay, ching ta can cac bo dé sau day.
2.1.4 Bo dé. Cho n la mot s6 nguyén khong am va
S={{3.2"" —1]i€{0,1,2,....,n+1}}).
Khi dé 2s+1 € S vdi moi s € S\{0}.
Chiing minh. Néu ¢ € {0,1,2,....n + 1} thi
232" —1)+1 =32""" —1€8

Hon nita,
2(3.27 1) +1=32"12 -1
= (32" — 1)+ (3.2 1) + (32> —1) € S
St dung Bo dé , ta dugc dieu phai chitng minh.

Két qué tiép theo cho ta mot he sinh ctia nita nhém s6 Thabit T'(n).
2.1.5 B6 dé. Néun la s6 mot nguyén khong am thy
T(n)=({32"" —=1]i€{0,1,...,n+1}}).

Chiing minh. Cho S = ({3.2""" —1]i€{0,1,...,n+1}}). Ta can ching
minh 7T'(n) = S.
Ro6 rang 1a S C T'(n). Dé chiing minh bao ham ngudgc lai, ta can chiing

minh ring 3.2"7 — 1 € S v6i moi i € N. St dung quy nap doi véi i.
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V6i i = 0, khang dinh 14 hién nhién ding. Gia sit, khang dinh dung véi 4
va ta ching minh né dang véi ¢ 4+ 1. Vi
3.2 1 =2(3.2"" — 1)+ 1
nen theo gid thiét quy nap va Bé dé2.1.4] ta nhan duge 3.2"++1 —1 € S.
Do d6 T'(n) = S va bo dé dugc chitng minh. ]

22n+1

Bo dé tiép theo chi ra rang 3. — 1 khong nam trong hé sinh téi ticu

cia T'(n).
2.1.6 B6 dé. Néun la s6 nguyén khong am, thi

3.2 —1¢ ({327 —1lie {0, 1,..., n}}).
Ching minh. Gia sit

3.227 —1e ({32" —1lie {0, 1,..., n}}).
Khi d6, ton tai ay, ..., a, € N sao cho

3.2 —1=10ay(32"— 1)+ ...+ a, (32" — 1)
=3 (aO.Z” + ...+ an.QQ”) —(ag + ... + an) ,
do do
(ap + ... +a,) =1 (mod3.2").

Ta suy ra

(ap+ ... +a,) =1+k3.2" véi k € N.
Ngoai ra, ro rang la k # 0 va do d6
ap+ ... +a, >1+3.2"
Vi vay
ap (32" — 1) +...4a, (32" —=1) > (ap+ ... + ay) (3.2" — 1)
> (1+3.2") (32" — 1)
=9.2"" — 1

> 3,22 1,
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diéu nay la vo Iy. Vay bd dé duge chiing minh. [

Dinh 1y sau day 1a két qua chinh trong phan nay, chi ra hé sinh t6i tieu
ctia ntta nhém s6 Thabit va do d6 cling cho ta thong tin vé chiéu nhing cta

nod.

2.1.7 Dinh 1y. Cho n la mét s6 nguyén khong am va T (n) la nida nhém so
Thabit lién két véi n. Khi dé

{32 —11ie€{0,1,...,n+1}}
la hé sinh toi ticu cia T (n) va vi vay e (T (n)) = n + 2.
Chatng minh. Theo Bé dé [2.1.5]

{32 —1}i € {0,1,...,n+ 1}}

13 mot he sinh ctia T (n). Néu n6 khong phai hé sinh t6i tiéu ctia T (n) thi
ton tai h € {1,...,n + 1} sao cho

3.2"h —1e (32" —1]i€{0,1,...,h —1}}).
Gi4 sit réing
S={{32"""—-1]i€{0,1,...h—1}}).
Néui € {0,1,...;h — 2} thi
232" —1)+1=32"""—1€5.
Hon ntta, ta co
2(3.2" 1 —1)+1=32""—-1€8.

Do dé, ap dung Bé dé [2.1.2] ta thu duge 2s + 1 € S v6i moi s € S\ {0}.
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Bay gio, ta sit dung quy nap theo ¢ dé chting minh ring 3.2"" —1 € S
v6i moi ¢ € N. V6i 4 = 0, khang dinh 1a hién nhién ding. Gia st khang dinh

dung véi 7, ching ta sé ching minh diéu dé diang véi i + 1. Ta co6
3.2MH 1 =2(32"" — 1) + 1.

Tt gid thiét quy nap ta c6 3.2"7 — 1 € S nén cudi ciing ta nhan dugc
3.2+l _ 1 € S. Dac biet, ta thu dugc

3.2 —1e S C ({32 —1]i € {0,1,....,n}}).
Diéu nay 1a mau thuén véi B6 dé[2.1.6| Vi vay gia sit
{32""—11ie{0,1,...,n+1}}
khong phai la hé sinh toi tiéu 1a sai. Do dé ta c6 diéu phai ching minh.
[]

Céac két qua trong phan nay da chi ra rang, véi mdi sé6 nguyén k > 2, ton
tai duy nhat mot nita nhém sé Thabit T'(n) v6i chiéu nhing k (véin = k—2).
Chéng han vé6i k = 4, ton tai duy nhéat nita nhém s6 Thabit

T(2) = ({3.2° —1,3.2° = 1,3.2" = 1,3.2° — 1}) = ({11, 23,47,95})

v6i chiéu nhiing bang 4.

2.2 Tap Apéry va s6 Frobenius ctia ntta nhém sé
Thabit

Nhu ta da biét, thong tin vé tap Apéry ctia mot nita nhém sb sé cho ta
biét thong tin vé nita nhém s6 d6. Do d6, muc dich clia phan nay 1a mo ta
tuong minh vé cac phan tit trong tap Apéry Ap (T (n),3.2" — 1) cla nia
nhém s6 Thabit T'(n). Tit bay git ta sé ky hieu s; thay cho 3.2"" — 1 véi
mdi i € {0,1,...,n+ 1}. Do d6, vé6i ki hiéu nay, ching ta c6 {sg, s1, .-, Sn+1}

Ia he sinh tdi tieu ctia T (n).
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2.2.1 B6 dé. Cho n la mot s6 nguyén khong am. Khi do
(1) Neu0<i<j<n+1liths,+2s; =281+ Sj41;
(2) Néu 0 <i<n-+1this;+ 25,41 =281+ 85+ 81+ Sn.

Ching minh. (1) Néu 0 < i < j <n+ 1 thi ta co:
s;+2s; =32"" —1+2(3.2"7 — 1)
—2(3.2m 1 — 1) 4 3.2nHH ]
= 28;1+ Sjy1-
(2) Néu 0 < i <n—+1 thi ta co:
Si+ 28p41 = 3.2"T — 14 2(3.227H — 1)
= 3.2 — 243272 1
=232 —1) + (32" — 1)* + (3.2 — 1) + (3.2 - 1)
= 28,1+ s% + 81+ Sp.
[l
Ky hieu A (n) 1a tap hop cac bo n + 1 s6 (a1, as, ..., ayy1) sao cho a; €
{0,1,2} v6i moi ¢ va thdéa méan diéu kien: néu 1 <i < j <n-+1 va a; = 2
thi a; = 0.

2.2.2 B6 dé. Chon € N va T (n) la nita nhém s6 Thabit cé hé sinh t6i tiéu
la {80, S1yeeny Sn_|_1}. Khi do

Ap (T (n),sp) C{a151 + ... + ans1Sn+1 | (a1,a9,...,a,11) € A(n)}.
Chitng minh. Cho € Ap (T (n), sp). Ching ta st dung quy nap theo x dé
chiing minh rang

T =181 + ... + Qp4+1Sn+1,
voi (ay, ag, ..., anp1) € A(n).
V6i x = 0 thi = 0.57 + ... + 0.5,41 nén khang dinh hién nhién dung.
Gia st v6i z > 0 va

j=min{i €{0,...n+1} |z—s, €T (n)}.
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Viz € Ap(T'(n),sp) nén j # 0 vax —s; € Ap(T'(n),sp). Theo gia thiét

quy nap, ton tai (ag, ..., a,11) € A(n) sao cho
T — 85 = 181 + ...+ Api+1Sn+1-

Do do
r=a151+ ...+ (a; +1)s; + ... + Gpy15n+1.

Dé két thic chiing minh, ta chi can kiém chiing ring
(a1, ..,a;+1,..,ap+1) € A(n).

Dé chitng minh moi s6 trong day (ay,...,a; + 1, ..., ap41) déu thuoc tap hop
{0, 1,2}, ta chi can ching minh a; + 1 # 3. That vay, gid st ring a; +1 = 3.
St dung Bo dé , ta phan biét hai truong hop tuy thudc vao gia tri cua j:

e Néuj <n+1thi(a;+1)s; =3s; =2s;_1 + Sj41;

o Néuj=n+1thi(a; +1)s; =3s; =2s;_1 + S+ 51+ sn.

Trong cé hai trudng hop, ching ta déu suy ra rang z — s;_1 € T (n), dicu
nay mau thuan véi tinh nhoé nhat cta j.

Tt tinh nhé nhat ctia j ching ta ¢6 a; = 0 v6i 1 < 7 < 5. Diéu d6 cho
ching ta thay rang khong ton tai k > 7 ma a; = 2. That vay, gid st ngucc
lai a;; = 2, diing Bo dé ta co:

e Néu bk <n+1this;+2sp =251+ Skt1;

o Néu k=n+1this;+2s, =2s;_1 + 83+ 51+ Sp.

Trong ca hai truong hgp, ching ta déu ¢6 © — s;_1 € T (n), diéu nay mau
thuan véi tinh nho nhat cua j.

Vi thé, (a1, ...,a; + 1,...,an41) € A(n). Va bo dé duge chiing minh.

]

Ching ta sé thay trong vi du sau day rang dau ding thic trong Bo deé
khong ding trong trudng hop tong quét.
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2.2.3 Vidu. T(1) = ({5,11,23}) va Ap(7T'(1),5) = {0, 11, 22,23, 34}
Ta c6
A(1) ={(0,0),(0,1),(0;2),(1,0),(1;1),(2,0),(2,1)}, s1 = 11, 59 = 23

va do do
{a1s1 + asss | (a1,a9) € A(1)} ={0,23,46,11,34,22,45}.

Nhu vay
Ap(T'(1),5) # {ars1 + azs2 | (a1,a2) € A(1)}.

Dé c6 dugce két qua gan v6i Ap(S,n) hon, ta tim tap con R(n) cia A(n)
sao cho trong Bo dé ta duge dang thic khi thay A(n) béi R(n).

2.2.4 B6 dé. Vi nhitng ky hieu nhu trén van € N, néu x € T(n) va x # 0
mod sy thi v — 1 € T'(n).

Chiing minh. Néu x € T (n) thi ton tai ag, ..., a,+1 € N sao cho
T = apSog+ ... + Qpr1Sn+1-

Mit khac, néu x Z 0 mod sq thi ton tai i € {1,...,n + 1} sao cho a; # 0. Tu

do ta co
:1:—1:a030—|—...—|—(ai—1)si—|—...—|—an+1sn+1—|—3.2”+i—2
=apso+ ...+ (a;—1)s;+ ...+ ani15p41 + 2 (3.2"”_1 —1)
=apso+ ...+ (a1 +2)si 1+ (a; —1)s;+ ...+ apr18p11 €T (n)
]

Két qua tiép theo cho thay rang néu

Ap (T (n),s0) ={w(0),w(l),...,w(so—1)}

thiw (0) <w (1) <...<w(s)—1).
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2.2.5 B6 dé. Chon € N va goi w (i) la phan tii nhé nhat cia T (n) dong du
vdi i theo modun sy vdi moii € {0,1,...,s0 — 1}. Khi do

w0)<w(l) <..<w(sg—1).
Chiing minh. Ta chiing minh rang w (i) < w (¢ + 1) véimoii € {0, 1, ..., s — 2}.
That vay, viw (i +1) € T'(n) vaw (i + 1) Z 0 mod sp, taco w (i + 1) — 1 €
T (n) theo B6 dé[2.2.4, Nhu vay w (i + 1) — 1 = i mod sg, ta c6 thé suy ra
rang w (1) < w (i + 1) — 1.

]
Tit bo dé trén, ta c6 w (sg — 1) = max (Ap (T (n), so)).
2.2.6 B6 dé. Vin st dung cdc ky hiéu nhu trén, néun € N thi
max (Ap (T (n),s0)) < S$p + Spi1-
Ching minh. Vi
Sp 4 Spp1 = 3.2 — 14322+
=2"(32" = 1)+ (2" — 1)+ 2" (32" — 1) + (2"t — 1)
— (2n+2n+1)80+2n_1+2n+1_1
— (2n+2n+1) S + So — 1
nén ching ta c6 thé két luan rang s, + sp11 = So — 1 mod sg. Do do
w (sg— 1) < 8, + 8py1 va theo Bo dé m, ta c6 diéu can phai chitng minh.
]

Tt BS dé [2.2.6, ching ta thu duge két qui sau.

2.2.7 B6 dé. Vi cdc ki hieu nhu trén, néun € N thi
(1) 28p41 & Ap (T (n) , s0);
(2) Sy + Spt1+ i ¢ Ap (T (n), so) vdi moii € {0,1,...,n+ 1}.
T day, ta sé gia thiét n 14 mot s6 nguyén 16n hon hodc bang 1 va ky hieu
R (n) 1a tap hop cac day (ay,as,...,a,11) € A(n) théa man cac diéu kien

sau:
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1. apy1 € {0,1};
2. Néu a,, = 2 thi a,41 = 0;
3. Neul<i<nvaa,=a, =1thia =0.
Muc tiéu ctia phan nay 1a chiing minh rang
Ap (T (n),s0) ={a1s1 + ... + ant15n41 | (a1, ...any1) € R(n)}.

2.2.8 Nhan xét. Chu y rang néu n > 2 thi R(n) la tap tat cd cac day

(a1, ...,ap41) € A(n) théa man céc diéu kien sau:

(1) (a1, ..., an+1) # (0, ...,0,2);

(2) (a1, ..., an+1) # (0,...,2,1);

(3) Néua, =apy =1thiag =..=a,1 =0.
2.2.9 Bo dé. St dung cdc ky hiéu tren day, néu n la mot sé nguyén duong
thi #R (n) = 3.2" — 1 (trong dé #X la luc lugng ciia tap hop X ).

Chiing minh. Ta xét hai truong hgp sau day
1) Néu (aq,az, ...,an11) € R(n) va 2 ¢ {ay,as, ...,a,.1} thia; € {0,1} vé6i
moi ¢ € {1,2,...,n — 1} vd hon ntta a,, = a,+1 = 0 hodic a, = 0 va a,11 =1

hoac a,, = 1 va a,11 = 0 hodc (ay, ...ans1) = (0,...,0,1,1). Tu d6 ta ¢
H(ay,....;an1) € R(n) | 2¢ {a1, ..., a0} =3.2""1 + 1.

2) Néu (a1, as,...,an1) € R(n) va 2 € {ay,as,...,a,+1} thi ton tai duy
nhati € {1,2,...,n} sao cho a; = 2. Ngoaira, néu i = n thi (ai, as, ..., ayr1) =
(0,..0,2,0). Mit khac, néu i € {1,...n—1} thi a1 = ... = ap_s = 0,
Ais1y -y Op1 € {0,1} va a, = ap1 = 0 hodc a, = 0va a1 = 1 hodca, =1

n—1
# {(al, ...,a/n—i—l) S R(n) ‘ 2 € {0,1, "'7an+1}} — 3227172‘71 +1.
=1
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Vi vay
n—1

#R(n)=32""14+1+43> 2" +1
1=1

=321 4+1+3(2 1 —1)+1
=6.2""1 —1
=32" -1 ]

Két qua chinh ctia phan nay 1a dinh 1y sau day

2.2.10 Dinh 1y. Cho n la mot s6 nguyén duong va T (n) la nia nhém so
Thabit vdi hé sinh toi tieu la {sg, 51, ..., 5, }. Khi dé

Ap(T(n),so) ={ais1 + ... + apns15n+1 | (a1, ..., an41) € R(n)}.
Chimg minh. Tt B dé va B6 dé2.2.7] ta co
Ap (T (n),s0) C {ars1 + ... + ans1Sns1 | (a1, ..;an41) € R(n)}.

St dung Ménh de va Bé dé2.2.9 ta ¢
#{ars1+ ..+ aniasng | (a1, a011) € R(n)} < #R(n)
=32"—-1

= #Ap (T (n), so) .
Do do

Ap (T (n),s0) ={ais1 + ... + ans15n+1| (a1, ..., an41) € R(n)}.

Tt chiing minh ctia dinh 1y trén, ching ta c6 ngay hé qua sau:
2.2.11 Hé qua. Vdi gid thiét va cac ky hiéu nhu trén, néu

(al, ...,an+1> , (bl, ...,bn+1) < R(TL) va (al, ...,an+1) 7é (bl, RPN bn+1)
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thi ta co:

aisy + ... + apg18p41 7 0151+ o+ 1S
Theo Nhan xét 2.2.8, vi (0,0,...,1,1) € R(n) nén néu n € N\ {0} thi
$n+ 8ns1 € Ap (T (n), 50). Stt dung B6 dé [2.2.6] ta c6
max Ap (T (TL) ) 50) = Sp + Spt1-
Bay gig, dua vao B dé|1.4.2, ching ta thu duge két qua sau, day 1a cong
thiic tinh s6 Frobenius ctia nita nhém s6 Thabit.
2.2.12 Hé qua. Vi ky hiéu nhu trén, néu n la moét so nguyén duong thi
F (T (n)) = s, + 8,41 — 50 = 9.2 —3.2" — 1.
Chtng ta minh hoa mot s6 két qua trén bang vi du sau day.
2.2.13 Vi du. Xét hai nita nhém sd
e Cho T'(1) = ({5, 11,23}). T Hé qua [2.2.12} ta cb
F(T (1) =11+23—5=29.
Ta co
R (1) ={(0;0),(0,1),(1,0),(1,1),(2,0)}
va do do6, theo Dinh 1y [2.2.10],

Ap(T (1),5) = {0,23,11,34,22} .

o Cho T (2) = ({11,23,47,95}). Sit dung He qué 2.2.12} ta c6
F(T(2)) =95+ 47 — 11 = 131.

Dé thay
R(2) ={(0,0,0),(0,0,1),(0,1,0),(0,1,1),(0,2,0), (1,0,0), (1,0,1),
5 Ly ) ) Vs ) s Vs ) ) 70)}
Do doé

Ap(T (2),11) = {0,95, 47,142, 94, 23,118, 70, 46, 141, 93}.
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Gia st S 1a mot nita nhém so, z 14 mot phan t khac 0 ctia S va
AD(S.2) = {w(0), w(L), . w(z — 1)}

trong d6 w(i) 1a phan tit nhé nhat ctia S dong du véi ¢ theo modun n. Khi
d6, mot s6 nguyen z thudce S néu va chi néu z > w(z mod x) (trong do6 z
mod x 1 s6 du trong phép chia z cho ).

D61 vai T(2), ta o

Ap(T(2),11) = {w(0) = 0, w(1) = 23, w(2) = 46, w(3) = 47, w(4) = 70,

w(5) = 93, w(6) = 94, w(7) = 95,w(8) = 118, w(9) = 141, w(10) = 142}.
Do do, ta c6 chang han 129 € T'(n) va 119 ¢ T'(n) vi

129 > w(129 mod 11) = w(8) = 118
va
119 < w(119 mod 11) = w(9) = 141.
2.3 S6 gia Frobenius va kiéu ctia nita nhém sé Thabit

Chu ¥ rang néu w,w’ € Ap(S,z) thi w' —w € S néu va chi néu w' —w €
Ap (S, x). Do d6

mazimals <; Ap(S,z) = {w € Ap(S,z) | v’ —w ¢ Ap(S,z) \ {0},

Vw' € Ap(S,z)}

Vi vay, ta co

mazimals<rq) (Ap (T (1),5)) = {22, 34} (xem Vi du[2.2.3).

Tit Ménh dé |1.5.4, ta c6 PF (T (1)) = {17,29} va vi vay ¢ (T (1)) = 2.
Cho n 1a mot s6 nguyén 16n hon hosic bang 2. Dé thiy réng cac phan ti
cyc dai trong R (n) (d6i v6i quan he thi tu tich) 1a
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(2,1,..,1,0),(0,2,1,...,1,0) , ..., (0, ...,0,2,1,0), (0, ..., 0,2, 0)

(2,1,..,1,0,1),(0,2,1,...,1,0,1) , .., (0, ...,0,2,0,1), (0, ..., 0,1, 1) .
Hon nita, vi 2s; +1 = s;41 véimoi i € {1, ..., n}, taco
{a1s1 + ... + aps18p41 | (a1, ..., anat)

€ {(2,1,..,1,0),(0,2,1,..,1,0), ..., (0, ...,0,2,1,0), (0, ...,0,2,0)}}
={2s, —(n—1), ...,2s, —1,2s,}
va
{(a’lsl + ...t a’n+18n+1) ‘ (ala SRE) an+1)
e {(2,1,..,1,0,1),(0,2,1,....1,0,1), ..., (0, ...,0,2,0,1), (0, ..., 0,1,1)}}

={sp+spr1—(n—1),...,8,+ 81— 1, 8+ Sp41}

Nhu mot hé qua ctia Dinh 1y [2.2.10| ta c6 phat biéu sau.

2.3.1 B6 dé. Néu n la mot s6 nguyén lon hon hodc bing 2 thi
mazximals<pq (Ap (T'(n) , s0)) = mazimals<pu){2sn, 25, — 1

28, — (n - 1) 280t Snt1s SnF Snp1 — L,y S+ Syt — (n - 1)}

g ey

Dinh Iy sau day la két qua chinh ctia phan nay.

2.3.2 Dinh 1ly. Cho n la s6 mot nguyén I6n hon hodc bang 2 va T (n) la nia
nhom so Thabit lien két vdi n. Khi dé

mazimals<pq (Ap (T (n), so))

={2s, —(n—1), 8+ Sni1,Sn + Sns1 — L,y S+ Spe1 — (n— 1)}
Chiing minh. Cho i € {0,...,n — 2}. Khi d6
Sp + Spr1 — (Z + 1) - (25n - Z) = Sy + Sp41 — (2371 + 1)
= Sp + Sn+1 — Sn+il

= STL
va do do6 ta co

(23n - Z) ST(n)Sn + Spy1 — (Z + 1) :
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Tt B dé [2.3.1] ta suy ra
mazximals <p,) (Ap(T'(n), sp))

= maximals <pm) {25, — (N — 1), 8, + Spp1.80 + Spp1 — 1, .o . Sp + Spp1 —
(n—1)}.
Vi
25, —(n—1) < s, +sp11 — (n—1)
nen
Spt Sns1— (M —1), 0,80+ Sna1 — 1, Sn + St

1a n s6 nguyen duong lién tiép va n < 3.2" — 1. Do d6
{sntsnsi—(n—=1),...,8p+8ps1—1, Sp+sny1} € mavimals <p,y (Ap(T'(n), so)).

Cudi cung, ta ching t6 rang s, + Spi1 — 1 — (28, — (n — 1)) ¢ T'(n) véi
moi i € {0,...,n — 1}, hofic n6i mot cach tuong duong 1a s, +n — i ¢ T(n)
voi moi @ € {0, ...,n — 1}. That vay, gid st ngugce lai ton tai i € {0,...,n—1}
sao cho s, +n—i€T(n). Vi

Sptn—i=32"—14n—i=2"32"-1)+2"—1+n—i

1<2"—14n—i<32"—1,

tir Bo dé , ta suy ra s,+1 € T (n). Khi d6 ton tai ag, ...,a,_1 € N sao
cho s, +1=apsog+ ... + an_1S,_1.
Do s, +1 # 0 mod sg, nén ton tai j € {1,...,n — 1} sao cho a; # 0. Do d6
Sn = apSo + ... + (aj — 1) 85 + ... + ap_18p-1 + 3.2"1 — 2
= apso + ... + (@j — 1) sj 4+ ... + @n_18p-1 + 2 (3.27772 = 1)
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— apSo + ...+ (CL]' — 1) Sj + ...+ Ap—1Sn—1 + 253'—1-
Vivay s, € ({s0,..., 5p_1}) , diéu nay mau thuin véi Dinh 1y [2.1.7
Dinh 1y dugc chiing minh. []

Bang cach ap dung Ménh dé va He qua [2.2.12, ta thu duge két qua

sau, chi ra tap cac s6 gid Frobenius va kiéu ctia nita nhom s6 Thabit.

2.3.3 Hé qua. Cho n la s6 mot so nguyén duong va T'(n) la nita nhém so

Thabit lién két vdi n. Khi dé ta co:
PF(T(n))={F(T(n))—i|lie{0,...,n—1}} U{2s, —so— (n—1)}
vat(T(n))=n-+1.

2.3.4 Vi du. Cho T'(2) = ({11,23,47,95}).
Tit He qua 2.3.3] ta c6 F (T (2)) = 95+ 47 — 11 = 131. Hon nita,

25, —sp—(n—1)=247—-11—-1=82.
Bing cach 4p dung Hé qui [2.3.3 ta nhan dugc

PF (T (2)) = {131,130, 82}.

2.4 Gibéng ctiia nita nhém sé6 Thabit

Dé chiing minh céng thic tinh giéng ctia nita nhém s6 Thabit, ching ta

can cac bo de sau.

2.4.1 Bo6 dé. Chon la mot s6 nguyén lon hon hodc bang 2 vai € {1,...,n+1}.
Khi do ta coé
3.2 khii e {1,..,n— 1},

#{(a1,...,apn41) € R(n) | a; =2} = 1 khi i = n,
0 khii=mn+ 1.
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Chiing minh. Néu i € {1,....n — 1}, (ay,...,a,11) € R(n) va a; = 2, khi do
tacba; =as =..=a;_1 =0, ajs1,....,a,+1 € {0, 1} va hon nita a,, = 0 hoic
anr1 = 0. T do ta co
#{(ay,...,an11) € R(n) | a; =2} =3.2"7"1
Mat khac, ré rang la

{(a1, s ans1) € R(n) | ap = 2} = {(0, ...,0,2,0)}

va
{(a1,...;ans1) € R(n) | ap1 =2} = 2.

[]

2.4.2 B6 dé. Cho n la mot s6 nguyén lon hon hodc bing 2 vai € {1,...,n + 1}
Khi do

#{(a1,...,an+1) € R(n) | a; = 1}

o 3(2”_1 —2”_i_1) khiie{l,...,n—1},
- 2" khii € {n,n+1}.
Chiing minh. Ta xét cac truong hgp sau

1) Cho i € {1,...,n — 1}. Ta chia thanh hai truong hgp sau.

11) Néu 2 ¢ {CLl, ...,ai_l} thi aq,...,a;-1,0;41,...,ap11 € {O, 1} va a, =0
hoac a, 1 = 0. Vi vay

#{(a,...;apn1) €ER(n) | a; =1va 2 ¢ {ay,...,a,_1}} = 3.2"2

1.2) Néu 2 € {aq,...,a,_1} thi a; = 2 v6i mot chi s6 j € {1,...,4 — 1} ndo
d6. Nhu vay a; = ... = aj-1 = 0, Ajt1y -y Apy1 € {0,1},@2’ =1vaa, =0
hoac a, 1 = 0. Tu do ta c6

#{(a’la "'JaTH-l) c R(n) | a; = 1 Vé, CLJ' = 2} = 3_2n_j_2.
Do do
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i—1 ‘
#{(a1,....,ans1) € R(n) | a; =1} = 3272 4 S 3207772
j=1
=32"2 432" 3 4 4320
— 3(2n—1 . 2n—i—1).
2) Cho i = n. Ta cing chia thanh 2 truong hgp sau.
2.1) Néu 2 ¢ {ay,...,ap,_1} thi ay,...,ap_1,a,+1 € {0,1}. Ngoai ra néu

Api1 = 1 thi ay = ... = ap—1 = 0. Do doé

(01, 1) € RO [an =12 ¢ {ar, a1} =277 41

2.2) Néu 2 € {a1,...,ap—1} thi a; = 2 v6i mot chi s6 j € {1,...,n — 1}
nao dé. Trong truong hop nay a3 = ... = aj_1 =0, aj41, ..., ap11 € {0,1} va
api1 = 0. Do do

#{(ala "'aa'n+1) c R(TL) ‘ Qy — 1 va aj = 2} — 2”7‘7‘*1_

Vi vay ta co

#{(ay,...,an41) € ()\an—l}—2”1+1—|—22”31
_2n1+2n2_|_ 1904
= 2",

3) Cho i = n + 1. Ta chia thanh hai trudsng hop sau day.

3.1) Néu 2 ¢ {ay,...,a,} thi a4, ...,a, € {0,1}. Hon nita, néu a,, = 1 thi

ay = ... = ap—-1 = 0. Vi Vay

#{(@1, nt) € R(n) | = 1va 2 ¢ {an, 0}y =27 4 1

3.2) Bay gio gia su rang 2 € {ai,...,a,}. Ta suy ra rang ton tai j €
{1,..,n—1}saochoa; =2vadodé a; = ... = aj_; =0, aji1,....,an1 €
{0,1} va a,, = 0 (cha ¥ rang trong truong hop nay khong ton tai cac phan

tlt sao cho a, = 2 va a,41 = 1). Do d6

#{(a1, ... an11) € R(n) | apy =1 vaa; =2} =291
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Vi vay
n—1 .
#{(ab ) an—!—l) S R(n) | An+1 = 1} — 2n—1 + 1+ Z 2n_‘7_1 = 2",
j=1

[]

Chitng ta da sin sang dé ching minh két qua chinh ctia phan nay la dinh

17 sau

2.4.3 Dinh ly. Cho n la mot s6 nguyén khong am va T'(n) la nita nhém so
Thabit lien két vdi n. Khi dé giong cia T'(n) la
g(T(n)) =9.22""1 4 (3n — 5)2" ..

Chitng minh. D& dang kiém tra thay dinh 1y ding khi n € {0,1}.
Bay gio ching ta ¢6 thé gia st n > 2. Ap dung B6 dé [1.4.2] Dinh 1y [2.2.10
va Hé qua [2.2.11] ta c¢6

1 So — 1
g(T(n)) =—( Z a181 + ... + pi1Sp11) — :
S0 2
(at,.san1)ER(n)
R6 rang
Z aisy + ... + Apn+1Sn+1
(al,‘..7an+1)€R(n)
- Z 51+ Z 251+ ...
(a1, sant1)ER(N),a1=1 (a1,.sant1)ER(N),a1=2
.+ Z Sp+1 + z 237’L+1'
(a1,...,an+1)6R(n),an+1:1 (a1,...,an+1)ER(n),an+1:2
Bang cach st dung Bo dé va B dé[2.4.2, ta nhan duoc
> 151 + ... T Apg1Sn41

(a1,..sant1)ER(N)

n—1 . n—1 .
= 3 3.2 12, 4 2, + 3 3.(207 1 — 2nmitlyg, 4 9ng, 4 Ons
i=1 i=1

—1

n—1 . n . n—1 . .
=3 277 1(3.2nH — 1)43.201 3 (327 — 1) -3 Y 2320 1)
=1 =1 =1
+(2" + 2)s, + 2" 11
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n—1 n—1 ) n—1 _ n—1
= 3573.2% 3% 90 9.9 S ok (p — 1)3.2n-1 — g 3 9201
=1 =1 i=1 =1

+3 E:l 2L 4 (27 + 2)8, + Syt
00— 1)22 — 3(27 — 2) + 9.2 (220 9n+) _ 3( — 1)
—9(n — 1)2%1 4 3(277 1 — 1)+ (2" + 2)(3.2%" — 1) + 27(3.22"71 — 1)
=27.2""1 4+ (9n — 15)2%"7 1 — (3n +4)2" 1 + 1
= (3.2" = 1)(9.22" 1 + (3n — 2)2"1 — 1),
Do do6 ta co

3.2" — 2
g(T(n)) =9.22""1 4+ (3n —2)2" ' — 1 —

= 9.221 4 (3p — 5)2" L.

Vi du sau day minh hoa cho cac két qua quan trong ciia chuong nay.

2.4.4 Vi du. Xét nita nhom s6 Thabit T (3).

Ap dung Dinh 1y [2.1.7, ta ¢6 e(T(3)) = 5 va {23,47,95,191, 383} 1a he

sinh toi tiéu clia no.

Tit He qua2.2.12] ta co F(T(3)) = 551.

Ap dung Dinh Iy [2.4.3, ta c6 g(T(3)) = 304.

Theo He qua[2.3.3 ta c6 PF(T(3)) = {551,550, 549, 357} va t(T(3)) = 4.

Tu dinh nghia ctia R(n) ta co:

R(3) = {(0,0,0,0),(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,0,2,0), (0,1,0,0),
(0,1,0,1),(0,1,1,0),(0,2,0,0), (0,2,0,1),(0,2,1,0),(1,0,0,0),
(1,0,0,1),(1,0,1,0),(1,1,0,0),(1,1,0,1),(1,1,1,0),(2,0,0,0),
(2,0,0,1),(2,0,1,0),(2,1,0,0),(2,1,0,1),(2,1,1,0) }

va theo Dinh 1y [2.2.10| ta c6
Ap(T(3),23) = {0,383,191, 574, 382,95, 478, 286, 190, 573, 381, 47, 430,
238, 142,525,333,94,477, 285,189,572, 380}.
Hon nita, theo B dé [2.1.6, xép theo thit tu tang dan, ching ta co:
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w(0) = 0,w(1) = 47, w(2) = 94, w(3) = 95, w(4) = 142, w(5) = 189,

w(6) = 190, w(7) = 191, w(8) = 238, w(9) = 285, w(10) = 286,

w(11) = 333, w(12) = 380, w(13) = 381, w(14) = 382, w(15) = 383,
(

w(16) = 430, w(17) = 477, w(18) = 478, w(19) = 525, w(20) = 572,
w(21) =573, w(22) = 574,
trong d6 w(i) la phan tt nhé nhat cia T'(3) dong du véi ¢ theo modun 23.
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KET LUAN

Noi dung chinh ctia luan van 1a trinh bay vé nita nhém s6 Thabit dua vao
céc tai lieu [4] cia J.C. Rosales, M.B. Branco, D. Torrao va [5] ctia D. Torréao.

Cu thé 1a ching toi da trinh bay dude nhitng noi dung sau day.

1. Hé sinh téi tiéu va tit d6 tinh duge chiéu nhing ciia nita nhém s6 Thabit

theo n (Dinh ly ).
2. Tap Apéry ciia nita nhém sd Thabit, tit d6 suy ra cong thiic tinh s6

Frobenius ciia ntta nhém s6 Thabit (Dinh 1y [2.2.10, He qua 2.2.12)).

3. Tap s6 gid Frobenius va tit d6 tinh dugc kiéu clia nita nhém s6 Thabit
(Dinh 1y [2.3.2] He qua [2.3.3).

4. Cong thiic tinh giéng ciia nita nhém s6 Thabit (Dinh 1y [2.4.3)).
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