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MG DAU

Gia st K 1a truong déng dai s6, day du véi gia tri tuyét doi khong
Acsimet. Ky hieu H*(K) la tap cdc ham phan hinh khac hing xéc dinh
trén truong K va F la tap con khac rong cia H* (K).

Da thitc mot bién P trén truong K ducc goi 1a da thiic duy nhat manh
cho ho cac ham F néu v6i moi ham khac hing f,¢g € F va hing s6 ¢ khac
khong thoa man P (f) = c¢P (g) thi c =1 vd f = g. Da thitc duy nhat manh
da thu hat duge sy quan tam ctia nhiéu nha toan hoc. Nam 2003, trong bai
bao [4], cac tac gia T. T. H. An, J. T. Y. Wang va P. M. Wong da chi ra
mot 16p cac da thic dic biet 14 da thic duy nhat manh cho ho cac ham
phan hinh bang cach xay dung cac 1— dang chinh quy kicu Wronski. Tiép
tuc huéng nghién ctiu vé da thiic duy nhat manh cho ho cac ham phan hinh,
nam 2005, nhém tac gia nay xem xét nhitng 16p da thiic tong quat hon.

Trong luan vin nay, ching toi tap trung tim hiéu da thitc duy nhat manh
cho ho cdc ham phan hinh khac hing. Noi dung chinh ctia luan vin 1a tim
hiéu va trinh bay mot cach chi tiét nhitng két qua trong bai bao “Unique range
sets and uniqueness polynomials in positive characteristic II” ctia cac tac gia
T. T. H. An, J. T. Y. Wang va P. M. Wong trén tap chi Acta Arithmetica
[5].

Ngoai phan mdé dau, két luan va tai lieu tham khéo, noi dung ctia luan
van dugc chia thanh hai chuong:

Chuong 1. Kién thiic chuan bi

Trong chuong nay chiung toi trinh bay mot s6 kién thiic co ban nhim muc

dich lam co sé cho viéc trinh bay noi dung ciia Chuong 2. Ngoai ra chiung



toi con trich dan mot s6 két qua da c6 nham phuc vu cho céc chiing minh &
phan sau.

Chuong 2. Da thtic duy nhat manh cho ho cac ham phan hinh khac hing

Trong chuong nay ching toi trinh bay mot cach chi tiét nhitng két qua
trong bai bao "Unique range sets and uniqueness polynomials in positive
characteristic II" ctia cac tac gia T. T. H. An, J. T. Y. Wang va P. M. Wong.
Cu thé chung t6i trinh bay céc van dé sau:
2.1. Thanh phan bat kha quy ciia cac dudng cong
2.2. Da thic duy nhat manh cho ho cac ham phan hinh khac hing

Dé hoan thanh luan van nay, t6i xin chan thanh cam on sy huéng dan
tan tinh, chu déo cia TS. Nguyén Thi Ngoc Diép va tat ca Thay gido, Co
gido thuoc chuyén nganh Dai s6 - Ly thuyét s6 — Truong Dai hoc Vinh da
nhiét tinh giang day va gitup dé toi trong qua trinh hoc tap. Mac du da co
nhiéu ¢6 gang nhung luan vin cé thé con cé nhitng thiéu sét. Tac gid mong

nhan dugce su gop v cia cac Thay Co va cac ban hoc vien.

Nghé An, thang 06 nam 2022

Tac gia



CHUONG 1
KIEN THUC CHUAN BI

Trong chuong nay ching toi trinh bay nhing kién thiic co ban nhim muc
dich lam co s& cho viéc trinh bay noi dung cia Chuong 2. Ngoai ra ching
toi con trich dan mot s6 két qua da c6 nham phuc vu cho cic chitng minh
¢ phan sau. Nhitng noi dung nay chit yéu duge tham khéo trong cac tai lieu
0. 2, B v .

1.1 Truong dinh chuan

1.1.1 Dinh nghia. Truong K cung v6i anh xa ¢ : K — R dudgc goi 1la mot

truong dinh chuan néu cac diéu kien sau day thoéa man:
(1) p(u) >0, Vue K, p(u)=0<u=0,
(2) elutv) <p(u)+e), Yu,vek,
(3) ¢ (uv) =¢(u)p(v), Vu,v € K.
Néu thay diéu kién thi hai bang dicu kién sau
(4) ¢ (u+v) <max{p(u),¢(v)}, Vu,ve K
thi truong dinh chuan (K, o) duge goi la truong dinh chuan khong Acsimet.

1.1.2 Vi du. (1) Trudng sb hitu ty Q, trudng sé thuc R véi chuan gia tri
tuyet doi thong thuong 1a nhitng truong dinh chuan.
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(2) Trudng sé phitc C véi chuan modun 1a truong dinh chuan

o (xr+yi) = |z +yi| = Va2 +y2, Vo +yi € C.

1.1.3 Dinh nghia. Cho p 14 mot s6 nguyén t6 c6 dinh. Mbi s6 hitu ty u # 0
déu c6 thé viét duse mot cach duy nhat dusi dang

a n

u:gp , a,b,n € 7,

a,b khong chia hét cho p. Chuan p— adic .|, trén truong o hitu ty Q la ham
s6 ¢ : Q — R xac dinh bdi

wp (0) = [0], = 05 p (u) = [u], =p™
Khi dé6 truong s6 hitu ty Q v6i chuan p— adic 1a chuan khong Acsimet.
1.1.4 Ménh dé. Cho (K, ) la mot truong dinh chuan. Khi do:

1) o(1) = (=1) =1

i) o(u) =p(—u), Yue K.

i) |p(u) — )| <p(u—2), Yu,v € K.

) ¢ (Z U> <D e (w)

1=1

3

1 = u_lzL u u
v) o (u™) = p(u) @(u),v e K, u#0.
i) cp(uv*l) :%, Yu,v € K, v # 0.

1.1.5 Dinh nghia. Gia st (K, ¢) 13 mot truong dinh chuan. Mot day cac
phan ti {u,}, .y cla truong dinh chuan K, duge goi la hoi tu vé phan tu
u € K theo chuan ¢, néu véi méi s6 thuc e > 0 tlly ¥, ton tai so tu nhién ng
sao cho

@ (up, —u) < e, Vn > ny.
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Ta ky hiéu:

lim u,, = u.
n—oo

Day céc phan tit {u,}, .y clia truong dinh chuan K dugde goi 1a mot day
khong (theo chuan ) néu

lim u, = 0.
n—oo

Mot day céc phan ti {u,}, y cla truong dinh chuan K dugde goi la day co
ban hay diy Cauchy (theo chuan ) néu véi méi s6 thic € > 0 tiy ¥, ton tai
sO tu nhién ngy sao cho

© (U — Up) < &, Yn,m > nyg.

Truong dinh chuan (K, ) duge goi 1a truong dinh chuan day di theo
chudn o néu moi day co ban trong K déu la day hoi tu theo chuan o.
1.1.6 Ménh dé. Moi day hoi tu trong truong dinh chuan (K1) déu la day
co ban. Diéu nguoc lai khong ding.

1.1.7 Dinh ly. Chudan ¢ trén truong dinh chuan K la chuan khong Acsimet
khi va chi khi+ (m) < 1, vdi moi s6 tu nhién m € N.
1.1.8 Dinh nghia. Ta néi rang cac chuan ¢ va ¢ trén ciing mot trudng K
13 tuong duong véi nhau néu ¢ va 1) xac dinh trén K ctiing mot tinh hoi tu,
nghia 1& ¢ (u, —u) — 0 khi v& chi khi ¢ (u, — u) — 0 theo chuan gia tri
tuyet déi trong truong s6 thuc R.
1.1.9 Ménh dé. Hai chuan o va 1 trén truong K tuong duong vdi nhau khi
va chi khi:
Vue K (p(u)<les(u)<l).

1.1.10 Ménh dé. Trén mot truong hitu han F chi cé duy nhat mot chuan
tam thuong.
1.1.11 Ménh dé. Cho ¢ la chuan khong Acsimet trén truong dinh chudan
K. Néu cac gia tri thuc ¢ (u) va ¢ (v) khdc nhau thi

o (u+v) =max{p(u),p )}, Vu,veK.
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1.2 Da tap trong khong gian afin va khoéng
gian xa anh
Trong sudt chuong nay ta ky hieu & 1a mot truong.
1.2.1 Dinh nghia. Cho da thtc E (z1,...,z,) € k[z1,...,2,]. Mot diém
W = (wy,...,w,) €A" (k)
dugc goi 1a khong diém clia da thic E (zq,...,,) néu

E(W)=FE (wi,...,w,) =0.

Néu F khong 1 hing thi tap hop cac khong diém ctia E dude goi 1a siéu
mat xac dinh béi E, ky hiéu 1a Z (F). Nhu vay

Z(BE)={W e A"(k)|E(W)=0}.

1.2.2 Dinh nghia. Gii stt A 1a tap cac da thiic bat ky trong vanh da thic
klxy,...,x,]. Khi d6 tap hop

ZA)={WeA" (k)| E(W)=0,VEc A}
duogc goi 1a tdp dai so trong A" (k).

1.2.3 Vi du. (1) Tap rong & la tap dai s6 vi @ la tap nghiém ctia phuong
trinh h =0, v6i moi h € k, h # 0.

(2) Mdi ditm W = (wy,...,w,) trong khong gian afin A" (k) 1a mot tap
dai s6 vi W la tap nghiém ctia hé phuong trinh sau

(
.%’1—?1)1:0

xg—wgzo

kxn—wn:0
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nghia la

W =7 (x1 —wy,xo — Wa, ..., Ty — Wy).

(3) Tap nghiém ctia hé phuong trinh tuyén tinh 1a tap dai s6 va duge goi 1a
da tap tuyén tinh.

(4) Khong gian afin A" (k) 1a tap dai s6 trong A" (k) vi A" (k) 14 tap nghiém
cua phuong trinh 0 = 0.

1.2.4 Ménh dé. i) Cho Ay, Ay la cic hé da thic trong vanh da thic
k [:Ul, c. ,xn]. Néu ./42 Q ./41 thi Z(.Al) Q Z(.AQ).

i) Gid st Ay, As la cic hé da thic trong vanh da thic k[xq, ..., x,]. Khi

do
Z (AU Z(A) =2Z(A),
trong do
A={hg | he A,ge Ay }.
i) Gia st {A;} la mot hé cac hé da thic trong vanh da thic k [x1, . .., z,).
Khi do

(2 (A) =2 (UAZ) .
i i

1.2.5 Chu y. Theo ménh dé 1.2.4 thi trong khong gian afin A" (k) ta c6
hop ctia hai tap dai s6 14 mot tap dai s6, giao clia mot ho tuy ¥ cac tap dai
s6 1a mot tap dai s6. Dong thoi tap rong va toan bo khong gian afin A" (k)
ciing 1a cac tap dai s6. Do do ta c6 thé trang bi topo trén khong gian afin
A" (k) bang céch coi cac tap dai s6 la cac tap dong. Topo nay duge goi 1a
topo Zariski trén khong gian afin A" (k).

1.2.6 Dinh nghia. i) Ta ndi riang tap dai s6 M trong khong gian afin
A" (k) 1a kha quy néu
M = My, U M,
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trong d6 My, My 1a cac tap dai sb trong A" (k) va My # M, My # M.
Trong truong hgp ngudc lai, tap dai s6 M dudc goi 1a bat khd quy.

ii) Mot tap dai s6 bat kha quy trong khong gian afin A" (k) dugc goi 1a

mot da tap afin.

iii) Mot tap con mé ctia mot da tap afin trong khong gian afin A" (k) duge
goi la da tap tua afin.

1.2.7 Dinh ly. Gid si M la tap dai so trong khong gian afin A" (k). Khi dé
ton tai duy nhat cdc tap dai so bat khd quy My, Ms, ..., M, sao cho

M =M UMyU...UM,,
trong do M; ¢ M;, vdi moi 1 # j.

Cac tap dai s6 bat kha quy M; duge goi 1a cdc thanh phan bat khd quy
ctia tap dai sd6 M va M = M; UM, U. ..U M,, 1a su phan tich M thanh céac
thanh phan bat kha quy.

Gia st S 1a da thiic thuan nhat bac s trong vanh da thic & [z1, ..., z,11].
Ta co

S (Aup, Aug,y ..oy Apyg) = iS (Up, U, ooy Upt1)
v6i moi diem
u = (up,u, ... Ups1) € A" (), N EE.
Vi vay néu u l1a nghiém ctia S thi \u ciing 1a nghiém ciia S.

Luu ¥ rang diem 0 1a nghiém ctia moi da thiic thuan nhét.

Dé xét nghiém ctia da thiic thuan nhat ta chia tap A" (k) \ {0} theo
quan hé tuong duong

u ~ vnéu ton tai A # 0sao chov = Au.

Tap hop céc 16p tuong duong nay duge goi 1a khong gian za dnh n chicu
trén truong k va ky hiéu la P" (k).



V6i méi diém u € A" (k)\ {0} ta ciing ding ky hiéu u dé chi 16p cac
diém tuong duong v6i u. Khi dé ta coi v nhu la diém ctia khong gian xa anh
P" (k).

1.2.8 Dinh nghia. i) Cho da thic R € k[x1,...,2,1]. Néeu R(Au) =0
v6i moi A € k thi diém
u e P" (k)
dugce goi 1a nghiém xa anh cua da thic R.

ii) Gia stt B khac rong 13 tap gom cac da thitc thuan nhat trong vanh da
thic k[zq, ..., 2,11]. Khi d6 tap hop

Z (B) = {u € P"(k)|R (u) = 0 v6i moi R € B}
duoc goi 1a tap dai so ra dnh trong khong gian xa anh P" (k).

1.2.9 Dinh nghia. i) Néu tap dai s6 M trong khong gian xa anh P" (k)
khong 1a hop clia hai tap dai sé6 bé hon thuc sy thi ta néi rang M bat
kha quy.

ii) Mot tap dai s6 bat kha quy trong khong gian xa anh P" (k) duge goi

la mot da tap xa anh.

iii) Mot tap con md ctia mot da tap xa anh trong khong gian xa dnh goi

la da tap tua xa dnh.

1.3 Dudng cong phang trong mit phang afin

1.3.1 Dinh nghia. Dudng cong phing £ trong A? (k) xéac dinh béi da thiic
R(z,y) 1a

L ={(u,v) € A’ (k) |R (u,v) =0} .
Dudng cong £ 1a bat kha quy néu R (z,y) bat kha quy. Bac ciia dudng cong
xac dinh béi da thic R (x,y) 1a bac cta da thic R (z,y).
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Gid st R = HR?’, trong d6 R; 1& cac nhan tit bat khi quy cta R va
i

e; > 1. Ta goi cac R; 1a cac thanh phan clia R va e; 1a boi ciia thanh phan
R;. Néu e; = 1 thi R; goi 1a thanh phan don. Néu e; > 1 thi R; goi la thanh
phan boi.

Do vanh da thic & [z, y] 1a vanh nhan it héa nén moi da thic R (z,y) €
k [x,y] déu c6 thé phan tich duge mot cach duy nhat thanh thanh phan bat
kha quy

R=RIR}.. R

trong d6 Ry, Ro, ..., R;la cac da thiic bat kha quy phan biét va sy, so, ..., s
1& cac sO tu nhién.

Bay gio ta ky hiéu
Li={(u,v) € A*(k)|R; (u,v) =0},i=1,2,..., L

Khi d6 £; (i =1, 2,..., 1) 1a cac thanh phan bat kha quy ciia dudng cong L
va duong cong L c6 sy phan tich thanh cac thanh phan bat kha quy

L=LULyU...UL.
Gia s da thiic hai bién R (x,y) trén truong k c6 bac n. Dat
R (v.y,2) ="k (2,2),
2’z

. Thé thi R (z,y,2) € k[x,y, 2] 1a da thitc thuan nhat bac n. R (x,y, z) duge
goi 1a sy thuan nhat cia da thic R (z,y).
Ta ky hiéu

L= {[u:v:w] GIP’Q(k)|f{(u,v,w):O}

thi £ duoc goi 1a duong cong za dnh tuong tng ctia dudng cong L. Diém
(u,v) thugc dudng cong £ khi va chi khi diém (u, v, 1) thuoc dudng cong L.
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Dudng cong £ bat kha quy khi va chi khi dudng cong £ bat kha quy. Néu
duong cong £ c6 sy phan tich thanh cac thanh phan bat kha quy

L=LULU...UL

thi dudng cong £ cing c6 su phan tich thanh cic thanh phan bat kha quy
tuong ung
£=£~1U/32U...U[:l.

1.3.2 Dinh nghia. Cho dudng cong phéng £ trong khong gian afin A® (k)
xac dinh bdi phuong trinh R (z,y) = 0 v diem N (u,v) € £. Diém N duge
OR

, . OR
goi la diem don ctia dudng cong £ néu 5 (N) # 0 hoic 5 (N) # 0. Duong
L Yy

thang xac dinh béi phuong trinh

OR OR

%N(x—U)WLa—yN(?J—U):O,

duge goi 1a duong tiép tuyén véi dusng cong L tai diem N. Mot diem khong
phai 1a diém don thi goi 1a diém ky di. Néu moi diém ctia dudng cong £ 1a
diém don thi ta néi £ 1a dusng cong tron.

1.3.3 Dinh nghia. Cho dudng cong phéng £ trong khong gian afin A* (k)
xac dinh béi phuong trinh R (x,y) = 0 va diem N = (0,0). Ta viét

R:Rt+Rt+1+...+Rn,

trong d6 R; 1a da thiic thuan nhat bac i trong vanh da thic k [z, y], Ry # 0.
Ta goi ¢ 14 86 boi ciia dudng cong L tai N = (0,0) vaviet t =ty (R) =ty (L).

R; 13 mot da thitc thuan nhat hai bién trén truong déng dai so6 nén ta
viét duge R, = H QY trong d6 @; 1a cac nhan tii tuyén tinh. Cac Q; duge

goi 1a cac duong ziép tuyén cta duong cong L tai N = (0,0); ¢; goi & s6 boi
clia tiép tuyén. Q; goi 1a tiép tuyén don (kép, ...)néu ¢ =1 (2,...).

Néu duong cong L c6 t tiép tuyén don phan biét tai N thi ta néi N 1a
diem k¥ di chinh tic ctia dudng cong L.
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Gid sit R = | | R la st phan tich R thanh cdc thanh phan bat khé quy.
Khi d6
tn (R) = Z eitn (Ri),

Néu @ la duong tiép tuyén ciia R; véi s6 boi ¢; thl Q la tiép tuyén ctia R
v6i boi s6 Z €i;.
1.3.4 Nhan xét. Cac dinh nghia trén day déu c6 thé mdé rong cho diém
N = (u,v) # (0,0) bang cach stt dung phép tinh tién S (z,y) = (z + u,y + v)
bién (0,0) thanh N. Khi d6 R® = R (x4 u,y + v) va ta dinh nghia ¢ty (R)
chinh la ¢y (7).
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CHUGONG 2

DA THUC DUY NHAT MANH
CHO HO CAC HAM PHAN HINH KHAC HANG

Trong chuong nay, ching toi tim hiéu thanh phan bat kha quy ciia cac
dudong cong. Dong thoi, ching toi tim hiéu mot s6 dieu kien du dé mot da
thiic mot bién trén truong K 13 da thitc duy nhat, da thiic duy nhat manh
cho ho cac ham phan hinh khac hang trén K trong truong hop truong K co
dac s6 0 ho#c dic s6 khong chia hét bac ciia da thitc. Noi dung ciia chuong
nay duge tham khao trong bai bao [5].

2.1 Thanh phan bat kha quy cua cac dudng

cong

Gia st K 1a mot truong déng dai s6 c¢6 dic s6 p > 0, day du véi gia tri
tuyet doi khong Acsimet.

Trong sudt chuong nay ching ta gia thiét ring P(X) 1la mot da thic
bac n trong K [X]. Ta ky hiéu [ 1a s6 nghiem phan biét cia P’ (X), va cac
nghiem ctia P’ (X) 1a aq, ..., ;. Ta ky hieu myq, ..., m; lan lugt 1a céc s6 boi

clia cac nghiem cta P’ (X). Nhu vay
P(X)=a(X —a)™ ... (X —a)™

trong d6 a 1a hang s6 khac 0.
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2.1.1 Dinh nghia. Da thic P(X) goi 1a thda man Gid thiét I néu

Ploy) # Play), (2.1)

VG moi 1< i+ j <I.

Khong mat tinh tong quat, ta gia sit rang ta c6 cac «; dé m; khong tang.
Chung ta luu ¥ rang Gia thiét I 1a mot diéu kién chung va véi Gia thiét I
viéc lap luan, tinh toan dugc thuan 1gi hon.

Gia st da thic P ¢6 dang
PX)=X"+a, 1 X" "+ .. . +a X +ap.

Ta ky hiéu u; 1a s6 boi cia X — a; trong P (X) — P (o). Khi do P (X) —
P (o) ¢6 dang

P(X)=P(a;) = (X — )" + .. +%(X —a)" T+ +x(X —a)" (2.2)

trong do6 ta st dung * dé biéu thi phan tit khac 0 trong K. Ching ta sé sit
dung ky hiéu nay trong suét Chuong 2. Luu ¥ rang p; < m; + 1 ké ca trong
truong hgp dac s6 ciia K bang khong.

Ky hieu F (X,Y, Z) la da thiic thuan nhat ctia da thic hai bién

n

k—1
P(X)— P(Y) i
= E Qg E X Y7,

XY k=1  j=0

~—

Ta co

ol

n -1
F(X,Y,Z) = ap X 1y gk = gz
k=1 j

P(X/Z) - P(Y/Z)

= (2.3)

I
o

Ky hiéu C' la dudng cong xac dinh bdi phuong trinh F (X, Y, Z) = 0. Tuong
tu, gid st F. (X,Y, Z) da thiic thuan nhat cta da thic P (X) — cP (Y) v6i
c # 0,1, va C. la duong cong duge xéc dinh béi phuong trinh F,.(X,Y, Z) = 0.
Muc dich ctia ching ta 1a xay dung trén duong cong C' va moéi dudng cong

15



C., ¢ # 0,1, mot 1— dang chinh quy hoac tich cac 1— dang chinh quy khong
tam thuong trén moéi mot thanh phan ctia duong cong.

Bay gio chiing ta xem xét viéc xay dung nay trén duong cong xac dinh bdi
phuong trinh F (XY, Z) = 0. Chiing ta c6 thé biéu dién da thic F (X,Y, Z)
duéi dang mot da thic theo X — o, Z vay — o, 7 -

F(X,Y,Z) =« [(X — O‘Z'Z); - ;Y - OéiZ)“”] i
by [(X - aiz); = ;Y - aiz)%} o 0
N [<X—az'2§:;Y—aiZ>"] |

trong d6 w; 1a bac clia s6 hang khong triet tieu thit hai trong (2.2)). T (2.4)
va F(pg, 1, p2) = 0 v6i tham sd héa ¢ = (g, 1, p2) tai p; = (@, a4, 1), ta
co

ord,,, p(X — o Z) = ord,,, (Y — «;Z), (2.5)
do do

ord,, ,(X —=Y) =ordy, ,(X —Z — (Y —;Z)) > ordy, (X — ;Z) (2.6)
va

ord,,, ((X i Z)MT (Y - ozZ-Z)M_l) > (w; — Dord,, o(X — i 2)
(2.7)
Theo Dinh 1y Euler, ta c6 dieu kien F (X,Y, Z) = 0 tuong duong véi

oOF OF OF
X—+4+Y—+7—=0.
ox T ay 7oz ="
Khong gian tiép xtc véi dudng cong C duge xac dinh bdi cac phuong trinh
F(X,Y,Z)=0va
OF OF OF
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Theo quy tac ciia Cramer, ta cé

W(X,Y) W(Y,2)  W(ZX)
V=T9F T~ 9F ~ OF (28)

oz X Y

14 1— dang hitu ty xac dinh tét, trong do6

X Y
W(X,Y) = .
dX dY
Y Z
W(Y, Z) = ,
dy dZ
Z X
W(Z,X) = .
dZ dX

2.1.2 Ménh dé. Gid st da thiic P théa man Gid thiét I va m; dudc xép theo
thit tu khong tang. Khi dé, bat ky thanh phan bat khd quy cia duong cong
C déu chita 1— dang chinh quy khong tam thuong trong cdc truong hop sau
day:

(1) 1 > 3, hodc | =2 va mg > 2;

(i) p >0, l=2,mg= 1,1 <my, va duong cong C khong cé cdic thanh
phan tuyén tinh;

(it7) p > 0,1 = 1,11 < my — 1, va duong cong C khong cé cdc thanh phan

tuyén tinh.

Ching manh. Ta c6

OF aZ" Xl (X — . Z)™
—(X,Y,2) = i=1 i

ox Y. 2) X-Y ’
oF —aZ”_l_Zéﬂ miTl (Y _ a,z)mi
“—(X,Y,Z) = i=1 i2) "
oy 1) X-Y
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Két hop v6i (2.8) va gidn udce cac nhan tit chung, ching ta nhan duge 1—
dang hitu ty sau day
W, Z) —W(X, Z)
IO (X —wZ)™ T (Y —a2)™

n (2.9)

xac dinh t6t. n khong c6 cuce diém nao thuoc dusng cong xac dinh béi Z = 0.
Trén phan hitu han ctia C (tic 1a Z # 0), cac cie diem c6 thé co ctia i chi
1a {(aj,a;,1) € C|1 < 4,5 <1} va tit Gid thiét I ta suy ra «; = «;. Dt

mzl—l—Zi_lmi

X-y)"? _
w = f ) —W(Y,Z)= (X -Y)"n.
[Tie) (X = 2)™
Ta c6 w xac dinh t6t trén duong cong C va w chi ¢c6 mot cuc diem tai
pi = (@i, 4, 1) ,1 <4 < [. Hon ntta, tu (2.6) suy ra véi méi j = 1,...,1[, ta

co

va

I
ord,, ;w > (m—3—mj)ord, (X—a;Z) = Zml —2 | ordy, (X —a;Z)
i#]

va ord, ,w > 0 néul > 3 hodc I =2 va my > 2. Vi thé, w 1a 1— dang chinh
quy trén duong cong C trong cac truong hgp nay. Dong thoi ta ¢6 X — Y
khong phai 1a nhan ti cia F (X,Y, Z). Diéu nay hoan thanh phép chiing
minh d6i v6i truong hop (7).

D61 v6i truong hop (i7), gid st rang s6 boi g cia X — «ay trong P (X) —
P (o) khong 16n hon my ; thé thi py chia hét cho p va ta ¢ thé viét dugc
p1 = p*b véia,b>1, ptbh Xét 1— dang

WY, Z)(X — YV X —an2) ™ (Y — a2
(X — o 2)P""(X — ay2)

W=
xac dinh tét tréen P2 . Vi m; > p% nén ching ta c6 thé viét w dusi dang
tich cia n va mot da thic

— p*—1 b—1 b—1,P" my—pb
w=X-Y) " (X—aZ2)  +..+ Y -—a2)) (X—aq2) n,
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do d6 céc cuc diém clia w cling 1a cac cuc diém cta 1. Theo ta co
(a1, aq, 1) khong 1a cyce diém ciia w, va theo ta co (ao, as, 1) cling khong
la cuc diém ctia w. Vi vay, w chinh quy trén duong cong C. Néu dusng cong
C khong c6 thanh phan tuyén tinh, thi w 14 1— dang chinh quy khong tam
thuong trén moi thanh phan cta C.

Bay gio ching ta xét truong hop (idi), trong d6 [ = 1 va up < my — 1.
Tuong tit, chiing ta c6 thé viét p; = p® véi a,b > 1, p 1 b. Gid st w; — 1
la bac ctia s6 hang thit hai trong (2.4). Néu w; # my + 1, thi w; chia hét
cho p, vi vay wy — p1 > 2. Néu w; = my + 1, thi ta cling c6 wy — pg > 2 vi
1 < mg+ 1. T (2.7) ta suy ra
W, 22X~ YV (X =) o+ (Y —an )

(X —ay z2)"!
= (X-V)VW (X —a2) 4.
(Y — a2 ) (X —ay z)mmly

W =

chinh quy trén duong cong C. Hon nita, w khong tam thuong trén moi thanh
phan ctia duong cong C' néu duong cong C' khong cé thanh phan tuyén tinh.
]

Bay gio ching ta xem xét viéc xay dung 1— dang chinh quy khong tam
thuong trén moéi mot thanh phan cia duong cong C, xac dinh béi phuong
trinh £, (X,Y,Z) =0 véi ¢ # 0, 1. Theo (2.8)ta c6

WY,7Z) W(Z,X) W(X,Y)
1T T9F, T T OF. OF
0X oY 07
14 1— dang hitu ty xac dinh t6t. Ta c6

l
(X.Y,2) = az" e [T (X - ai2)™,
=1

oF,
0X

l
(X.Y,Z) = —caz" " T (Y — i)™,

1=1

OF,
oYy
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Ta xem xét 1— dang
W(, Z)

(X - OélZ)ml e (X - CElZ)ml
W(Z, X)

= Y —a)" (Y — 2" (2.10)

n =

Dit

lo:= #{(4,7) [P(e) = cP(ay) }-
Vi P (X) thoéa man Gia thiét I nén 0 < [y <[, va ly = [ khi va chi khi ton
tai mot hoan vi ¢ ciia {1,...,1} sao cho (a;, gy, 1) € Cev6ii =1,...,1,

nghia la
Plon)  Plew)  _ Plw)

Plagn)  Plage) " Plagy)
Do d6, 1 ¢6 thé c6 nhiéu nhat Iy cuc diém tai (o, o, 1) véi P (o) = cP (o).

= C.

Dé don gian hoa ky hieu, tit day vé sau, ta luon ky hiéu ¢ 1a mot hoan vi
cta {1,...,l} sao cho ¢ (i) = j néu P (a;) = cP(c;).

2.1.3 Ménh dé. Gid st da thic P théa man Gid thiét I, va ¢ la mot hodn vi
ctia {1,...,l} sao cho ¢ (i) = j néu P(a;) = cP(a;). Néu ton tai 1 <i <1
sao cho ’mz — m(b(i)’ > 2, thi moi thanh phan bat khd quy ciia duong cong C.
déeu chita 1— dang chinh quy khong tam thuong.

Chiing minh. Khong mat tinh tong quat, ching ta cé thé gia st ring
mi — Mg > 2. Dat

W, Z)(Y — gy 2)™

W =

Ta 6 w xac dinh t6t va w chi c6 thé c6 cac cuc diem tai (o, o, 1), 5 # i. Vi P
thoa man Gid thiét Inén (o, oy, 1) ¢ C. v6i mdi j # i néu P (oy) # cP(ay)).
Do d6, w chinh quy trén duong cong C..
Mat khac, tir hé thic
WY, Z2)(Y — agp2)"™
(X — o 2)™

WY, Z)(Y — ay;Z)™"
(X - OéiZ)mi

= (Y — a¢(i)Z)mi_m¢<i>_2
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N P - 2 ~ N o 2
va m; — Mg 2> 2, ta co cyc diem cua w cing la cye diem cua

W, 2)(Y — agiZ)™
(X — OéZ'Z)mi

Theo (2.10) va Gia thiét I ta ¢6 1— dang nay ciing chinh quy trén duong cong
C.. Dong thoi C,. khong ¢6 nhan ti nao c6 dang aY —bZ, vithé W (Y, Z) # 0.
Nhu vay w khong tam thuong trén bat ky thanh phan nao cta C.. O

2.2 Pa thitc duy nhat manh cho ho cic ham
phan hinh khac hang

Trong muc nay, ching toi tim hiéu diéu kién dt dé mot da thic mot bién
trén truong K 1a da thitc duy nhat manh cho ho cdc ham phan hinh khéc
hing trén K trong truong hop truong K c6 dic sd 0 hodc dic s6 p khong
chia hét bac cua da thic.

Ky hieu H*(K) la tap hop cac ham phan hinh khac hang xac dinh trén
K va F la mot tap con khéc rong ctia H* (K).

2.2.1 Dinh nghia. Da thiic mot bién P xac dinh trén truong K duge goi 1a
da thic duy nhat cho ho ham F néu véi moi ham khac hang f,¢g € F thoa
man dieu kien P (f) = P(g) thl f =g.

Da thitc mot bién P xac dinh trén trusng K dudc goi 1a da thic duy nhat
manh cho ho ham F néu véi moi ham khac hing f, g € F va hang s6 ¢ khac
0 thoa man diéu kien P (f) =cP(g) thic=1va f =g.

2.2.2 Dinh nghia. Tap con S cia truong K goi 1a tap cing afin néu khong
ton tai phép bién doi afin o = ux + v, u,v € K khéac phép dong nhat dé
a(S)=2=5.

Vé6i da thitc P (X) chiing ta luu § ba trusng hop dac biét nhu sau:
(1A) 1 =1 vas6 boi cia X — ay trong P (X) — P (ay) 1a > my;
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(1B) I =2, min {my,ms} = 1, va s6 boi cia X — «; trong P (X) — P (;) 1
mi+1voii=1,2;

(1C) n = 4,1 = 3, va ton tai mot hoan vi ¢ ctia {1,2,3} sao cho ¢ (i) # i

v6i i = 1,2,3 vi ton tal mot nghiem w clia w? + w + 1 = 0 sao cho

véii=1,2,3.

2.2.3 Dinh ly. Gid si da thic P (X) théa man Gid thiét 1. Gid st p = 0,
hogc p > 0 va ptn. Kij hieu S la tap khong diém cia P va gia st S la tap
cing afin. Khi do

(I) P(X) thuoc truong hgp (1A) hodc (1B) & trén, hodc P (X) la da thic
duy nhat cho ho H*(K) .

(II) P (X) thuoc truong hop (1A), (1B) hoac (1C) ¢ trén, hodc P (X) la
da thic duy nhat manh cho ho H* (K).

2.2.4 Chu y. Gia stt p; = (ozi, (i) 1) Va pj = (ozj, Qg( )5 1) 1a cac diem phan

biét trong P%. Goi L;; 1a dang tuyén tinh dugc xac dinh nhu sau:

) — Qg
Ly = (Y — ag;Z) — gf%@ (X —a;2). (2.11)

N6i cach khac, Lj; = 0 la duong thang di qua p; va p;. Do d6, Lj; ciing béng

Q; —
Ta co
ord,, ,Lij > min {ord,, , (X — o;Z) ,ord,, », (Y — oy Z) } (2.12)
va
ord,, »,Lij > min {ord,, , (X — o;Z) ,ord,, , (Y — ag;Z) } (2.13)
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Dé chitng minh Dinh 1y ta can mot so6 bo dé, ménh dé sau day.

2.2.5 Bo dé. Gid st da thite P théa man Gid thiét I va m; dudc xép theo
thit tu khong tang. Néu duong cong C. khong cé nhan ti tuyén tinh thi moi
thanh phan bat khd quy cia duong cong C. déu chia 1 — dang chinh quy
khong tam thuong ngoai tru cdc truong hop sau day:

(i))l=Ily=3vam=myg=mg=1;
(i) =2, m=mo=1wvaly=1,2;
(i1i) 1 =1 va m = 1.
Chiing minh. Néu [ = 1, thi
W(Y, 2)

s (X — a1 2)° = (X —a12)™
—

xac dinh tot va chinh quy trén duong cong C. véi m; > 2. Do dudng cong
xac dinh bdi phuong trinh X — o Z = 0 khong phai 14 thanh phan ctia duong
cong C., nén w khong tam thuong trén bat ky thanh phan bat kha quy nao
cua C..

Bay gio ching ta gid st rang [ > 2. Néums > 2 thi mi+mo—2 > my; > m;
véi 1 < i < [. Céc cuc diém c6 thé c6 cia 1 — dang

W(Y, Z)Ljy+m—?
(X — a1 2)" (X — apZ)™

W=
trén duong cong C. 1a

Di = (Oéz',Oéqg(i)’l),Z' = 1,2

ord p, o (X —a1Z) < ord pmo(y - O‘¢(1)Z)

ord pmleg = ord p1,ﬁp(X — 041Z).

23



Do d6, khi my 4+ my — 2 > my thi w chinh quy tai p;. Néu
ord p, , (X —a1Z) > ord ,, (Y — agmn)Z)

thi
ord ,, Lo = ord p, (Y — agm)Z).
Theo (2.10), ta c¢6

W(Y, Z)(Y — Oé¢(1)Z>m¢(1) _ W(K Z)(X . O{QZ)mQ o (X . le)ml
(X - alZ)ml - —c(Y - Oéqs(g)Z)md’(z) (Y = Oé¢(l)Z)m¢(l)

chinh quy.
Do

mi +mo — 2 2 myn)

va

ord pMleQ = ord o) (Y — &¢(1)Z)

nén w chinh quy. Tinh chinh quy clia w tai py ciing dugce thiét lap tuong tu.
Nhu vay, w chinh quy trén duong cong C, va khong tam thuong trén bat ky
thanh phan nao cta C..

Bay gio ta xét truong hgp msy = 1. Trong trucng hgp nay p #£ 2 vam; = 1
voi i = 2,...,1. Theo Ménh de ching ta chi can xem xét cac truong
hop m; = 1 va m; = 2. Tru6c hét ta gid sit rang m; = 2. Vi p # 2, nén
pw=mi;+1=3.

Tuong tir, ching ta c6 pg1y = mgay +1 =2, vi ¢ (1) # 1 va m; = 1 véi

i=2,...,1. Dat
W(Y,Z)L1s

(X — a1 2)*(X — axZ)

Ta c6 w xéc dinh t6t trong P? va cac cuc diém c6 thé c6 tren duong cong C,

1a p1 = (a1, (1), 1) va pa = (@, age), 1). Néu p; ¢ C. thi w chinh quy trén
duong cong C, tai diem p;.

24



Néu p; € C, thi tit biéu thitc ctia F, (X,Y, Z) ta c6
3 ord p (X —a1Z) =2 ord , (Y — aynyZ > 0.
Vi thé,
2 < ord p1,<p(X — OqZ) < ord pwp(Y — Oé¢(1)Z)

va
ord ph@LlQ = ord Pl:@(X — 041Z).
Tw do suy ra
ord p, yw = ord p, JW(Y,Z) + ord , oL1a — 2 ord p, o(X — a12)

ord ,, (Y — a¢(1)Z) — ord p, (X —a1Z) — 1
0.

Vv

1V

Tuong ti, néu p, € C, thi
2 ord p,o(X — aZ) = (m¢(2) +1) ord p, (Y — ay)Z) >0

trong do mge) = 1, 2.

ord ,, o (Y — oz¢(2)Z) = ord p,, (X — wZ)

va w chinh quy tai ps.

3 ord p, (Y —ag2Z) =2 ord , o (X —azZ) >0

va w ciing chinh quy tai p-.

Cubi cung, ching ta xem xét truong hop m; = 1. Néu [y < [ — 2 thi
ching ta c6 thé gid thiét rang (aj,aj,1) va (ag,aj,1) khong thuoc C. véi
1 <j<I. Khidoé1l-dang
_ W, 2)

(X —an2)(X — anZ)
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chinh quy trén C. theo (2.10).
Néu Iy = [ — 1, thi ta c6 thé gia thiét ring (aq,a;,1) ¢ C. véi 1 < j <1 va
(i, iy, 1) € Ce v6i 2 < i <L
Gia st rang [ > 3, thé thi
W(Y, Z) Lo
(X —an2)(X — aZ)(X — a3Z)

w =

xac dinh tot va chinh quy trén C,. Néu [y = [, ta c6 | > 4, va

W(Y, Z) L2 L34
(X —anZ)(X —aZ)(X —a3Z) (X — au2)

W=

chinh quy trén C,.. Vi C, khong c6 thanh phan tuyén tinh nén han ché cta
w lén bat ky thanh phan nao ctia C, déu khong tam thuong. O

2.2.6 Nhan xét. Trong [9], c6 mot truong hgp ngoai 1é khac: n = 5, [ =
lo =2,m = mg =2 va u; = m; + 1. Truong hop nay thuc su co thé dugc
loai b6 vi X +Y — a1 Z — a»Z 13 mot nhan ti tuyén tinh ciia C, va diéu nay

dong nghia v6i S khong 1a tap cing afin.

2.2.7 B6 dé. Gid st A\, \s la cdc hing s6 khdc 0 va b la mot sé6 nguyén

duong. Dat
(X —aZ)’ = (Y —az)
AXY,Z) = )\ A
( y 4y ) l[ X—Y
+)\ (X . OéZ)b_H o (Y . OéZ)b—H
2 X-Y

Khi dé duong cong zdc dinh bdi phuong trinh A(X,Y,Z) =0 la duong cong
bat kha quy cé giong 0.

Chatng minh. Khong mat tinh tong quat, ching ta c6 thé gia st rang o = 0
biang cach thyc hién mot phép bién ddi tuyén tinh. Thé thi A (X,Y,Z) c6

dang
Xb—Yb
X-Y

Xb+1_yb+1
AX,Y, 7Z) = )
( ) 4 ) )\1[ X _V ]

B
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Néu A(X,Y,Z) kha quy thi b > 2 va A(X,Y,Z) c6 thé phan tich thanh
nhan ti

A(X7 Y, Z) - [HJ (X7 Y)Z + Hj+1(X7 Y)] Gb—l—j (X7 Y)

trong d6 H;, H;j+1 va Gp—1—; 1a cic da thitc thuan nhat theo X va Y véi bac
lan lugt 1a §, 5 +1,b — j — 1. Tit biéu thiic clia A (X,Y, Z), ta c6

Xb—H_yb—H

Gb—l—j(X7 Y) | [ X _YV ]
va b _ v
(XY e

Vi ged (b, b + 1) = 1, nén diéu nay khong thé xay ra dugdce trit khi G,_q1_; (X, Y)
1a hang s6. Nhu vay, dudng cong xac dinh bdi phuong trinh A (X,Y, Z) =0
14 bat kha quy. Dudng cong nay chi c6 mot diem bai (0,0, 1) v6i s6 boi b— 1.
Vi vay so khuyét ctia duong cong nay 1a

(deg A —1)(degA—2) (b—1)(b—2)
dg = 5 — 5 = 0.

Do d6, dudng cong c6 gidong bang 0. O
Chitng minh Dinh 1y [2.2.3| Ta c6 P (X) la da thic duy nhat cho ho
cac ham phan hinh néu duong cong C chita 1 — dang chinh quy khong tam

thuong trén moéi mot thanh phan ctia duong cong, va P (X) la da thic duy
nhat manh cho ho cdc ham phan hinh néu duong cong C va mdi dudng cong
C.,c # 0,1, chita 1 — dang chinh quy khong tam thuong trén mdéi mot thanh
phan ctia dudng cong. Do d6 theo Ménh de[2.1.2] ta c6 P (X) 1a da thitc duy
nhat néu tap S cac khong diém ctia P (X) la tap cing afin trit khi

(i)llea/leml,

(i) 1 =1va pup =mq +1,

-

hoac
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(113) | =2, min{my,mo} =mo=1va u; =m; +1v6ii=12.

Do pt nnénn = (Zz_zl mz> + 1. Vi thé, n = m; + 1 trong cac truong
hop (i), (i7) , va n = my + 2 trong truong hop (ii7). Do do, trong trusng hop
(1), ta c6 duong cong C' dugc xac dinh béi

(X — o 2)™ — (Y — alZ)mll 7

X =Y
(X—mzwﬁkwy—mzwﬁ1

F(X,Y,Z) = =

+ %

X-=-Y

Theo Bo dé ta c6 duong cong C' la bat kha quy va c6 giong bang 0.
Trong trudng hgp (ii), duong cong C' duge xac dinh béi

(X —a Z2)" T — (Y —agz)™ ™!

F(X,Y,Z) =
(XY, 2) = X_v

c6 thé duge phan tich thanh cac thanh phan tuyén tinh. Do d6 S khong 13
tap cting afin.
Trong truong hgp (i), dudng cong C' duge xéc dinh béi

(X =, 2)™ T — (Y — a 2)™
F(X,Y,Z) = Z
(XY, 2) = X_v

(X — a1 2)™*2 — (Y — ay Z2)™*?]
X_Y '

Theo B dé [2.2.7, dudng cong C' 13 bat kha quy va c6 gidng bing 0. Tuong
tr, theo Menh dé[2.1.2|va Bo dé[2.2.5, ta c6 P (X) la da thitc duy nhat manh
néu tap cic khong diém S ctia P (X) 1a tap ciing afin ngoai trit cdc truong

+ %

hop (i) — (i) 6 trén va (iv)l = lp = 3 va my = mg = mg = 1.
Ta da c¢6 P (X) khong la da thiic duy nhat trong cac truong hop () — (7).
D61 v6i truong hop (iv), ta c6 n =4 va
P(ay) _ P(a) _ P(a) _
Plaga)  Plage)  Plags)
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trong do

{6(1),0(2),003)}=1{1,2,3},06 (i) #i,i=1,2,3vaw? +w+1=0.

Trong truong hgp nay duong cong C,, xac dinh béi phuong trinh F, (X,Y, Z) =
0 1a bat kha quy va c6 gidng bang 0. Do d6, P (X) khong 1a da thic duy
nhat manh. Diéu nay két thic phép chiing minh dinh ly. O
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KET LUAN

Trén co sé tham khao cac tai liéu, trong luan vin nay chung toi da tap

trung tim hiéu va trinh bay nhitng noi dung sau day:

1. Da tap trong khong gian afin va khong gian xa anh, dudng cong trong
mit phang afin, trudng dinh chuan.

2. Thanh phan bat khi quy ctia cac duong cong.

3. Mot s6 dieu kién da dé mot da thiic mot bién trén truong K 1a da thic
duy nhat manh cho ho cac ham phan hinh khac hing trén K trong truong
hop truong K c6 dic s6 0 hodc dic s6 khong chia hét bac ctia da thiic.
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