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MG DAU

Trong dai s6, Iy thuyét vanh 1a linh viyc nghién citu vé cac cau tric dai so
v6i phép cong va phép nhan duge dinh nghia va ¢6 cac thudc tinh tuong tu nhu
cac phép toan dude dinh nghia cho s6 nguyén. Ly thuyét vanh nghién cttu cau
trac clia cac vanh, cac biéu dién ciia ching va cac 16p vanh dac biet. Trong do,
cac 16p vanh s6 nhu vanh da thtc, vanh chudi lity thita hinh thitc hay cac tinh
chat chia hét trén vanh s6 nguyén da duge nghién cttu trén nhieu doéi tuong so
cap va da c6 nhieu két qua phé dung.

Tuy vay, viéc tiép can giai quyét cac bai toan so cap thong qua xay dung cac
dong cau vanh trén cac 16p vanh s6 ciing nhu van dung cac tinh chat s6 hoc,
dai s6 dac trung clia cac 16p vanh s6 nay van con nhiéu khia canh chua dugc
khai thac va trinh bay mot cach c6 hé théng.

Trén co s6 qua trinh nghién ctu va thuc tién giang day 6 bac pho théng,
chiing t6i xay dung cac nhém bai toan lien quan c6 thé gidi dude bang cac kién
thiic vé 16p cac vanh s6 va nguge lai, tit cdc nhém bai toan cu thé, xay dung, tim
kiém nhitng 1y thuyét, cong cu phit hop dé giai quyét ching mot cach hieu qua.
V6i mong muén tim hiéu, ciing nhu hé théng héa lai mot cach co ban nhiing ting
dung ctia mot s6 16p vanh s6 trong viéc tiép can, gidi quyét mot s6 doéi tuong
bai toan so cap, ching toi chon dé tai: " Ij’ng dung ctia mot s6 16p vanh sb
vao giai toan so cap" lam ndi dung nghién ciu trong do an tét nghiép cia

minh.



Ngoai phan mé dau, két luan va tai lieu tham khdo, noi dung ctia do an dudgc
chia thanh hai chuong.

Chuong 1. Kién thitc chuan bi, Chuong nay trinh bay cac kién thitc co s6,
cac vi du ciing nhu tap trung hoan thién mot s6 van dé 1y thuyét theo goc nhin
s6 cap dé thuan tién st dung & chuong 2. Do khuon kho ctia do an, cac chitng
minh co ban va kinh dién sé khong dugc nhac lai .

Chuong 2. Ung dung ctia mot s6 16p vanh sé vao gidi toan so cap, Chuong
nay l1a noi dung chinh ctia do an, trong tam la viéc xay dung va trinh bay cac
tinh chat lien quan clia cic 16p vanh s6 va st dung ching trong gidi quyét bai
toan so cap.

D6 an duge thyc hién tai Truong Dai hoc Vinh duéi sy huéng dan khoa hoc
ctia TS. Thieu Dinh Phong va dugc thuyc nghiém tai Truong THPT Chuyen Ha
Tinh - noi tac gia cong tac. Tac gid xin dugc bay t6 10i cdm on sau sac t6i quy
Truong, quy thay co, ban be, gia dinh vd dong nghiép da quan tam tao dieu
kien gitip do tac gid trong qua tinh hoc tap va hoan thanh do an.

Tran trong.

Nghé An, thing 11 nam 2024
Tac gia



CHUONG 1

KIEN THUC CHUAN BI

1.1  Vanh, vanh con, mién nguyén, idéan

Dinh nghia 1.1.1. Tap hgp R khac rong cung v6i cac phép toan hai ngoi
(+),(.) tren R dugc goi 1a mot vanh néu thoa man cac diéu kien sau:

(i) (R,+) 1a mot nhom Abel ¢6 phan tit don vi la 0.
(ii) (R,.) la mot nita nhém.
(iii) Phép nhan (.) phan phoi vé hai phia ddi v6i phép cong.

Vanh R dudgc goi 1a vanh giao hodn néu phép nhan trong R c6 tinh chat giao
hoan, vanh R dudc goi 1a ¢6 don vi néu phép nhan c6 don vi.

Vanh R giao hoan, c6 don vi, théa man thém diéu kién don vi 1 khac 0 va
moi phan tit khac 0 ciia R déu kha nghich ddi v6i phép nhan thi khi d6 R dugc
goi la mot truong.

Vidu 1.1.2. (i) Véi phép cong va phép nhan thong thusng, Z la vanh giao
hoan ¢6 don vi la 1; Q, R, C la truong.

(ii) Cho n 1a s6 nguyen duong 16n hon 1, Z,, = {0,1,...,n} ciing v6i phép cong
va phép nhan cac 16p thang du la mét vanh giao hoan c¢6 don vi va dudgc
goi 1a wanh cac ldp thang du modun n. Néu n 1a s6 nguyén to p thi Z, 1a
mot truong.

(iii) Cho i 1a don vi 4o trong trudng cac s6 phic C, tidc 1a 2 = —1. Khi d6
Zli] = {m + ni|lm,n € Z} véi cac phép cong va phép nhan sb phric 14 mot
vanh giao hoan, c6 don vi.



Dinh nghia 1.1.3. Tap con khéc rong A ctia mot vanh R 1a mot vanh con cla

R néu va chi néu hai diéu kién sau dugc théa man:
(i) z —y € Av6imoi x,y € A;
(i) xy € A v6i moi x,y € A.

Vidu 1.1.4. (i) Cho m la s6 nguyén duong. Khi d6 mZ = {0, £m, +2m, ...}

12 vanh con cua Z.

(ii) Cho R 1a mot vanh ¢6 don vi, khi d6 tap U cac phan tit kha nghich trong

R 1ap thanh mot vanh con cua R.

Dinh nghia 1.1.5. Cho R 1a4 mot vanh giao hoan c6 don vi va c¢6 nhiéu hon
mot phan tu.

(i) Mot phan tit @ € R dugc goi 1a mot wdc cia khong, néu ton tai phan ti
bERb£0dEab=0.

(i) R dugc goi 1a mién nguyén néu trong R khong c6 u6e ctia khong nao ngoai
phan tit 0.

Vidu 1.1.6. (i) Trong vanh Zg, cac 16p 2,3 1a cac udc ctia khong. Vanh Z,
v6i p 1a s6 nguyén t6, khong c6 udc clia khong nén 13 mot mién nguyen.

(ii) Z,Q,R,C, Z[i] 1a cdc mién nguyen.
(iii) Z[v2] = {a + bv/2|a,b € Z} 13 mién nguyen.

(iv) Zs[i] = {a + bila,b € Zs} khong 1a mot mién nguyén do c¢6 cac ude cia
khong, ching han nhu la (I +4) vi (1+4)(1—4)=1+1=0.

Dinh nghia 1.1.7. Mot tap con khac rong I ciia vanh R 1a mot idéan cia R

néu va chi néu cac tinh chat sau duge thoa man.
(i) a—be I v6i moi a,b € I
(ii) ax € [ vaxa € I, véimoia € [ vax € R.
Vidu 1.1.8. (i) {0} va R la céac idéan con ctia vanh R.

(ii) Z 1a mot vanh con cua Q tuy nhién Z khong la idéan ctia Q.



Dinh nghia 1.1.9. (i) Cho [ 1a mot idéan cia vanh R va S 1a mot tap con
ctia I. Tap S dudc goi 1a hé sinh clia idéan I néu moi phan ti cia I déu
biéu dién duge dusi dang

t1171 + toors + ... + tyxyry, VOin € Nz € S,rit; € Ryi=1,n
Khi do, ta ky hieu I = (5).

(ii) Cho R la mot vanh giao hoan, mot idéan P ciua R duge goi la idéan nguyén
t6 néu thoa man cac diéu kien:
(a) P#R
(b) V6i a,b € R, néu ab € P thia € P hodc b € P.

(iii) Cho R la mot vanh giao hoan, mot idean M ctia R dudc goi la idéan toi

dai néu thoa man cac dieu kién:

(a) M # R
(b) V6i bat ky idean A ctia R thoa man M C A C R thi A = M hoic
A=R.

Vidu 1.1.10. (i) Idean (4) = {4n|n € Z} khong la mot idéan nguyen t6 clia
Z do 2.6 = 12 € (4) nhung 2 ¢ (4) va 6 ¢ (4).

(ii) (2) = {0;2;4} va (3) = {0; 3} 1a cac idean tdi dai ctia Zg.

(iii) Idean (4) khong la idean t6i dai clia Z nhung la ideéan tdi dai ctia 27Z.

1.2 Dong ciu vanh

Dinh nghia 1.2.1. Mot anh xa f tit vanh X dén vanh Y dugc goi 1a mot dong
cau vanh néu f(a+b) = f(a) + f(b) va f(ab) = f(a).f(b) véi moi a,b € X.

Vi du 1.2.2. V6i s6 nguyén duong d > 1 14 s6 khong chinh phuong (khong ton
tai s6 nguyén td p sao cho p?|d). Ta c6

ZIVd] = {a + bVd|a,b € Z}

va

Z[V—d) = Z[iVd] = {a + ibVd|a,b € Z,i* = —1}



v6i phép cong va phép nhan thong thuong lap thanh moét vanh giao hoan c6

don vi, Khi d6 cac anh xa:

(i) f:Z[Vd - Z[Vd]
a+bVd— a—bvd

(i) f : Z[V=d] - ZIvV=d
a+ibvVd— a — ibV/d

déu la cac tu dang cau.
Dinh 1i 1.2.3. Gid st f : X — Y la mot dong cau vanh, khi do:
(i) f(0) = 0.
(i) f(—z) = —f(x),Vr € X.
(iii) Anh Im f = f(X) cia f la mot vanh con cia Y.

(iv) Hach Ker f = f71(0) = {x € X|f(x) = 0} la mot idéan ciia X .

1.3 Quan hé chia hét trén mién nguyén

Dinh nghia 1.3.1. Cho R 1a mot mién nguyeén véi don vi 1. Trén R ta c6 cac

khai niém nhu sau:

(i) Phan ti a dugc goi 1a mot wde clia phan ti b néu ton tai phan tit ¢ dé
b = ac.

(ii) Moi phan tit kh& nghich cia R déu la ude ciia don vi.
(iii) Hai phan tit a, b dudc goi 1a lien két néu a 1a wée ctia b va b 1a uée clia a.

(iv) a duge goi 1a mot ude thuc su ciia b néu a 1a mot wée cla b, dong thoi a
khong kha nghich va ciing khong lien két véi b.

(v) Phan tit khac 0 va khong kha nghich p dugc goi la mot phan ti bat khd
quy néu p khong c6 uée thuc sy nao.

(vi) Phan tit khac 0 va khong kha nghich p dugce goi 1a phan tii nguyén t6 néu
p chia hét xy thi p chia hét x hodc p chia hét v.



Vidu 1.3.2. (i) Trong Z7, tac6 3.4=12=5vA52=10=3 hay 3 va 5 la
hai phan ti lién két v6i nhau trong Zs.
(i) Céc phan tit 1 — 4,1 + ¢ 1a cac phan tit bat kha quy trong Z[i].

(iii) Phan ti 2 13 phan ti nguyén t6 nhung khong 1a phan ti bat kha quy trong
vanh ZG-

(iv) Phan tit 1 + +/3 1a phan tit bat kha quy nhung khong la phan ti nguyen
t6 trong Z[v/3].
(v) Trong vanh Z, cac s6 £2, +3, +4, +6 1a cac udc thyc sy ctia 12 con +1, +12

la cac uéc khong thie su ctua 12.

1.4 Vanh chinh, vanh Gauss, vanh Euclide

Dinh nghia 1.4.1. Gi4 sit R 13 mot mién nguyén. Khi d6 R dudc goi 1a vanh
chinh néu moi idéan ctia R déu la idean chinh (idean sinh bdi mot phan ti).

Dinh nghia 1.4.2. Cho R la mot vanh va a,b € R.
(i) Phan tit d € R dugc goi 1a ude chung cia a va b néu d|a va d|b.

(ii) Phan ti d € R dugc goi 1a wdc chung lén nhat cia a va b, ky hieu d =

ged(a, b) néu thoa man hai diéu kien sau:
(a) d la mot uGe chung cia a va b.
(b) Néu ¢ 1a mot uéc chung ctia a va b thi cld.

Nhan xét 1.4.3. Trong mot vanh chinh, wéc chung 16n nhat ctia hai phan ti

luon ton tai.

Dinh nghia 1.4.4. Mot phan tit  # 0 trong mién nguyén R dudc goi 1a c6
su phan tich duy nhat thanh tich cac phan tit bat kha quy néu thodn méan cac

dieu kién sau:
(i) x phan tich dugc thanh tich cac phan tii trong R dang
T = U.p1.p2..-Pn,

trong d6 u kha nghich, p; 1a cac phan tit bat kha quy.



(i) Néu x ¢6 mot sy phan tich tuong tu khac dang

r =0.q1-92...4m,

trong d6 v kha nghich, ¢; 14 cic phan ti bat kha quy thi m = n va p; va

¢; 1a lién két (sau mot phép hoan vi cac chi s6 néu can thiét).

Dinh nghia 1.4.5. Mot mién nguyén R thod man diéu kién moi phan tit khac
0 déu c6 phan tich duy nhat thanh tich cidc phan tit bat kha quy, dudce goi 1a
mot vanh nhan ti héa (hay con goi la vanh Gauss).

Nhan xét 1.4.6. Mo6i vanh chinh 14 mot vanh nhan tit hoa.

Vi du 1.4.7. (i) Vanh cac s6 nguyén Z la vanh chinh vi moi idean cta Z la

idéan chinh dang mZ v6i m € Z.

11) Van —3| = 1a + —o|a, 0 € a mot mién nguyeén nhung khong
ii) Vanh Z|v/—3 bv—3la,b € Z} 1a i h kh
phai 1a vanh Gauss vi ¢6 phan tich khong duy nhéat, chdng han nhu

4=22=(1++=-3)(1-+v-3).

(iii) Vanh Z[é] 1a mot vanh chinh.

Dinh nghia 1.4.8. Mot mién nguyén R dudc goi 1a vanh Fuclide nén trén R
c6 mot anh xa J : R\{0} — N thoa man cac diéu kién sau:

(i) J(ab) > J(a) v6i moi a,b khac 0 trong R.

(ii) V6i Va,b € R, b # 0, ton tai ¢, € R sao cho a = bg + r, trong d6 r = 0
hodic néu r # 0 thi J(r) < J(b).

Anh xa J dugc goi la anh za Fuclide trén R.
Nhan xét 1.4.9. Moi vanh Euclide déu 13 vanh chinh.

Vi du 1.4.10. (i) Vanh céc s6 nguyén Z la vanh Euclide vi ¢6 anh xa Euclide
J : Z\{0} — N, xac dinh béi J(n) = |n|

(i) Vanh cac s6 nguyen Gauss Z[i] 13 vanh Euclide v6i anh xa Euclide J :
Z[i]\{0} — N, xac dinh bsi J(n) = |n|*
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1.5 Vanh da thic mét an

Dinh nghia 1.5.1. Cho R la mot vanh va S 1a mot vanh chita R véi x € S.
Khi d6 ta néi = 14 mot phan i siéu viét trén R néu véi moi ag, aq, ..., a, € R,
(n>0) ma ag+ a1z + ... + a,z™ = 0 trong S thi a; = 0,V0 > i > n.

Néu x khong phai 1 phan ti siéu viet trén R thi x dude goi 1a phan ti dai

s6 trén R.

Dinh 1i 1.5.2. Cho R la mot vanh giao hodn cé don vi 1. Khi dé ton tai cap

(S,z) théa man cic diéu kién sau.
(1) S la mot vanh giao hodn chita R nhu la mot vanh con cia S.
(i) v € S va x siéu viét trén R.

(i43) Moi phan tt 0 # f € S déu biéu dién duge mot cich duy nhat dudi dang
f=ag+ a1z + ...+ a,z" trong dé ag, ay, ...,a, € R(n > 0) va a, # 0.

Dinh nghia 1.5.3. Vanh S xac dinh duy nhat nhu trong Dinh 1y 1.5.2 dugc
goi 1a vanh da thitc mot an x trén vanh R va ky hieu S := R|x]

Nhan xét 1.5.4. Néu R 1a mot mién nguyéen thi vanh da thic R[x] cing 1a

mién nguyen.

Meénh dé 1.5.5. (i) Cho R la mot mién nguyén, khi dé phan ti khd nghich
ctia R va R[z] la nhu nhau.

(ii) Néu I la mot idéan cia vanh R, thi I[x] la mot idéan cia Rlx].

Dinh nghia 1.5.6. R 1a mot mién nguyen, da thic f(z) thuoc R[x] duge goi
1 bat khd quy trén R néu:

(i) f(x) khéac khong va khong kha nghich.

(i) Néu f(x) = g(x).h(x) v6i g(x),h(x) € R[z] thi f(x) hodc g(z) la kha
nghich

Vidu 1.5.7. (i) f(z) = 2* — 2 13 bat kha quy trén Q nhung kha quy trén R.

(ii) g(x) = 22 + 4 1a bat kha quy trén Q nhung kha quy trén Z.
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(iii) h(z) = 22% + 4 14 bat kha quy trén R nhung kha quy trén C.
Dinh li 1.5.8. Ta ¢6 cdic khang dinh sau day:

(i) Cho F la mot truong. Vi f(x) € Flx] ma deg f(x) = 2 hodc 3. Khi do
f(x) khd quy tréen F khi va chi khi f(x) cé nghiém thuoc F.

(ii) Cho f(x) la mot da thic thuoc Z[x]. Néu f(x) khd quy trén Q thi f(x) khd
quy trén 7.

Meénh dé 1.5.9. Cho F la mot truong va a la phan ti khic 0 cia F. Khi do,
néu af(x), f(ax) hay f(x + a) la bat khd quy trén F thi f(x) cing bat khd quy
trén F'.

Vi du 1.5.10. (i) f(z) = 22 +1 bat kha quy trén Z3 nhung khé quy trén Zs.
(ii) g(z) = 2® + = + 1 bat kha quy trén Zs nhung kha quy trén Zs.

Meénh dé 1.5.11. V§i moi s6 nguyén a, @ la ldp dong du ciia a theo modp (p
la s6 nguyén t0). Khi dé anh za ¢ : Z[x] — Zy[z] duge cho bdi

o(ag + arx + ... + a,2") = a@g + ax + ... + az"

la mot dong cau vanh.
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CHUONG 2

UNG DUNG CUA MOT SO LGP VANH SO
VAO GIAI TOAN SO CAP

2.1 Ung dung vanh cac 16p thing du vao gidi toan

Viéc phan hoach thanh cac 16p thang du giap ta thay vi lam viéc trén tap
7, - tap vo han thi ta sé lam viéc trén tap Z, - tap htu han. Ngoai ra c6 mot
diéu dac biet ma & tap Z khong thuc hien dugc 1a phép chia gitta cac s6 nguyén
a,b (két qua c6 thé 1 s6 hitu ty). Tuy nhién khi n 13 sd nguyén to thi Z,, khic
phuc dude dic¢u nay. Ching ta ciing tim hiéu cu thé diéu dé qua cac tng dung

truc tiép sau.

2.1.1 Giai phuong trinh nghiém nguyén

Xét phuong trinh f(x,y,...) = 0 trén tap Z. Néu phuong trinh c¢6 nghiém
trong Z,. Nhu vay ching ta sé c6 su thuan 1gi trong tinh huéng ching minh
phuong trinh vo nghiém ho#c han ché dugce sé truong hop phai xét.

Chiing ta cling tim hiéu thong qua cac vi du sau.
Vi du 2.1.1. Tim tat ca cac nghiém nguyén ciia phuong trinh
() 22 =9+ 7
(i) 22 +1 =3y
(iii) 2% + ¢ = 2+ 3.
Loi gidi.
(i) Néu phuong trinh c6 nghiém trong Z thi né ciing c6 nghiém trong Z,.
Khi d6 c6 T, € Zy dé 7> = 3° + 3 trong Zy c6 T° € {0;1} tit d6 suy ra
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y =2k + 1,2 = 2m. Nhu vay,
dm* +1 = 2k +1)° + 2° = (2k + 3)(4k* + 3).

Vay 4m? + 1 phai chia hét cho mot sé c¢6 dang 4h + 3, didu nay khong xay ra
duge. Hay phuong trinh vo nghiém.
(ii) Tuong tu xét trén Zs.
(iii) Tuong tu Xét trén Zr:
TrongZ7coO =0, T =1, 53:13 = ,13:153:6,63:6
0,1,6. T d6, T2 4+ 7> chi c¢6 thé 14 0,1, 2,5, 6 nhung

7

7z 4 3 chi 6 thé 1 3,4. Diéu nay ching t6 phuong trinh vo6 nghiém.

3__

Vay 73,52 chi c6 thé 1a 0

Vi du 2.1.2. Tim tat ci cac nghiém nguyén ciia phuong trinh
(i) 2> +4y* =20+6
(ii) z* + 1 = 3y + 20162*
(iii) 22 + 20153 + 2 = 5210,
Loi gias.
Hoan toan tuong tu vi du trén, ta kiem tra dudc.
(i) Phuong trinh vo nghiém trén Zs.
(ii) Phuong trinhvo nghiém trén Zs.
(iii) Phuong trinh vo nghiém trén Zs.

Mot s6 vi du khac cho ching ta thay loi ich khi han ché duge s6 truong hop
trén Z,

Vi du 2.1.3. Xac dinh s6 nguyén z, s6 nguyén duong y thda man phuong trinh
z? — y! = 2015

Loi gidi. Do (—x)* = 2° nén ta chi can xét € ZT.

Néu phuong trinh da cho c¢6 nghiém trong Z* thi né ciing c6 nghiém trén
Z7 Xét truong hop y > 7. Khi d6 ! = 0 (mod 7) nén 2? = 2015 hay 2% =
(mod 7). Dié¢u nay khong x4y ra. Kiém tra lan lugt ta chi nhan duge z = 45,y =
4 théa man.

Do vay nghiém cua phuong trinh la x = 45,y = 4.

Sau day 14 mot s6 bai toan tuong tu dé ching ta c¢é thé tu ren luyen.
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Bai toan 2.1.4. Tim cic s6 nguyén x, v, z théa man

Bai toan 2.1.5. X4c dinh tat ca cac cap s6 nguyen t6 (p, ¢) théa man phuong
trinh p* — ¢° = (p + ¢)?

2.1.2 Bai toan chitng minh su ton tai

Bai toan ching minh ton tai trong s6 hoc c6 nhiéu huéng tiép can ti viec
st dung hé thiang du, dinh Iy CRT, dinh gia p - adic,... cho dén cac yéu t6 gidi
tich. O day ching ta st dung tinh chat nghich déo theo modun p, mot sb kién

thiic sé dude nhic lai dé st dung trong muc nay.

Ménh dé 2.1.6. Lép a € Z, ducdc goi 1a ldp khd nghich néu c¢6 b € Z, dé

b=1

]

Khi n = p 1a sd nguyén t6, moi phan ti khac 0 déu kha nghich.
Dinh 1i 2.1.7. Ldp a € Z, la khd nghich néu va chi néu (a,n) =1

Nhu vay véi hai s6 nguyén duong a,n théa man (a,n) = 1 thi a luon c6
nghich ddo theo médun n hay phuong trinh ax = b (mod n) luén c¢6 nghiém
r=a"'b (mod n)

Két qua trén kha hitu ich trong mot s6 bai toan chi ra sy ton tai theo quan
he ddng du.

Vi du 2.1.8. Gia sit @ va b 1a hai s6 nguyén duong thoéa man (a,b) = 1. Xét
cap s6 cong (a,) véi ay = a,a, = ag + nb v6i n 1a s6 ty nhien. Ching minh
rang ton tai vo han so6 hang trong cap sé cong c6 ciing udc nguyén to.
Loi gidi

Vi (a,b) = 1 nén a ¢6 nghich ddo modun b.

Gia st 86 nguyen m thoa man am = 1 (mod b). V6i moi s6 tu nhién 7 ta
xét s, = (a+ b)(am)".
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Ta ¢6 s, = a (mod b). Do vay s, 1a mot s6 hang thuoc cap s6 cong (ay,).
Céc s6 hang s, nay c6 cling uwéc nguyén t6, chang han uéc nguyeén té ciia
a,m,a+b.
Vi du 2.1.9. Ton tai hay khong f(x) € Z[x] sao cho: v6i moi s6 nguyen t6 p
va cdp sO nguyén a,b théoa man plab — 1 thi p|f(a)f(b) — 1.
Lot gidi. Dua vao dinh nghia ctia nghich dao theo moédun p thi v6i a khong chia
hét cho p thi luon tim duge s6 nguyen b théa man ab =1 (mod p). Gia st

d
f) =) ca'
i=0
theo gid thiét ta c6
fl@)f(h) =1 (mod p) = a’f(a)f(b) =a’ (mod p).

Tuy nhién

a’f(b) = cq(ab)? + cq_1(ab)ta + ... 4+ c1(ab)a® ! + cpa’  (mod p)

d

=cq+co1a+ ...+ cia 4+ cpa?  (mod p).

Vi thé néu goi g(x) = Y0, thi f(a)g(a) = a® (mod p) véi moi a nguyen to
voi p.

Diéu nay dan dén véi méi s6 nguyen a thi f(a)g(a) — a? chia hét cho vo han
s6 nguyén t6 p > a, kéo theo f(a)g(a) — a? = 0.

Vi thé f(z)g(x) = n?, tit day dong nhat he s6 hai bén, ta co: f(z) = £a7.
Vi du 2.1.10. Gi4 st hai s6 nguyén duong m,n c6 tinh chat

(2017k — 1,m) = (2017k — 1,n)
v6i moi s6 nguyén duong k. Ching minh rang ton tai s6 nguyén r de
m = 2017".n.

Loi gidi. Trude hét, ta chi ra rang, v6i moi s6 nguyén t6 p # 2017 ta luon co
vy(m) = v,(n). That vay, gid st ring v,(m) > v,(n). Ta biéu dién m = p*b
van = plc véi a > v va (b,p) = (c,p) = 1. Khi d6 ton tai k dé 2017k = 1
(mod p®).

Nhu vay p®|(2017k — 1, m) = (2017k — 1,n) va suy ra p“|n. Mau thuan do
a > 7. T d6 suy ra ton tai sé nguyén r dé 2017" = m.
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Vi du 2.1.11. Xac dinh mot cap s6 cong gom vo han cac s6 nguyén duong
khac nhau sao cho méi s6 hang khong thé biéu dién thanh hai s6 lap phuong.

Loi gidi. Gia st cap s6 cong (a,) vl ag = a va ap1 = ap, + d v6i moi s6 nguyen
n > 0. Ta xét gidi han s6 16p thing du 1a nhiing 1ap phuong theo modun d.

Trudce tien, xét a® = 1 (mod d) cho tat ca cac s6 nguyen a.

Véi s6 nguyen t6 p va (a,p) =1 tacé a’ ' =1 (mod p) .

Néu p — 1 =3 = p=4. Mau thuan.

Neup—1=6=p="T.

Ta kiém tra dugc

A=1{a%aecz;}={0,1,6}.

khong phu thuoc vao A + A. Ta ¢6 thé chon hai cap s6 cong (a,) véi ay = 3
hodac ag =4 vad=1"17.

2.1.3 Tinh kha quy, bat kha quy cua da thitc trén trudng Z,

Trong su6t muc nay, ta luon gia thiét p 1a sé nguyen to, khi dé Z, 1a mot
truong.

V6i mdi da thic f(x) = a,z" + ... + a1 + ag € Z[z] va mdi s6 nguyen t0 p,
ta dat f(z) = @™ + ... + @ + Gy € L[]

Dinh 1y sau day cho ta mot cong cu rat manh dé xét tinh bat kha quy trén
Q ctlia cac da thic véi hé s6 nguyen.

Dinh 1i 2.1.12. Néu ton tai so nguyén to p sao cho deg f(x) = deg f(x) va
f(x) bat khd quy trén Z, thy f(xz) bat khd quy trén Q.

Chitng minh. Vi f(z) bat kh& quy trén Z, nén deg f(z) > 0 suy ra deg f(z) >
0.

Qv

st f(x) bat kha quy tren Q. Theo Bo dé Gauss, f(x) c6 phan tich
f(z) = g(z)h(x) trong d6 g(z), h(x) € Z]x] va g(x),h(x) c6 bac nho hon bac
ciia f(z). Cha ¥ ring f(z) = g(z).h(z), do d6 deg f(x) = deg g(x) + deg h(z).
Mt khéc deg g(x) > deg g(z) va deg h(x) > deg h(x), tuy nhien deg f(z) =
deg f(x) nen deg g(x) = deg g(z) va deg h(x) = deg h(x).
Do d6 f(x) phan tich duge thanh tich ctia hai da thic g(z) va h(x) c¢6 bac
thap hon. Diéu nay mau thuan véi tinh bat kha quy cla m trén Z, ]

Gi
)
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Nhu vay, dé ching minh da thitc 1a bat kha quy trén Q, ta sé c6 ging tim
mot s6 nguyéen t6 p sao cho f(x) c6 bac khong gidm khi chuyén vao Z,[z] va
m bat kha quy tren Z,.

Tuy nhién, phuong phap nay doi khi khong ap dung dude vi chieu ngugc lai
ctia dinh 1§ khong duge ddm bao, c6 nhiing da thiic bat kha quy trén Q nhung

kha quy tréen Z, v6i moi s6 nguyén t6 p, chang han
f(2) =a2* — 1022 4+ 1,g(2) = 2* + 1.
Vi du 2.1.13. Chiing minh cac da thic sau 1a bat kha quy trén Q
(i) f(x) = 52>+ 10x + 4
(ii) g(z) =32 + 72* + 102 — 5
(iii) h(x) = 112* — 52 + 212% — 92 + 6.

Loi gidi.

(i) f(z) = 22* + 2 + 1 € Z3|x] khong c6 nghiém trong Z3 va deg f(x) = 2

nén f(x) bat kha quy trén Zs. Ro rang deg f(x) = deg f(z) nén f(x) bat kha

quy trén Q.
(ii) Tuong tu, ta xét g(x) = 23 + 22 — 1 € Zy[x].

(iii) Vi h(z) = 2 + 2% + 2 + 1 € Zs[z] khong c6 nghiém trong Zs nén né

khong ¢6 nhan tit bac nhat. Gia st h(z) kha quy trén Zs. Khi do6

h(z) = (2% + ax + b)(2® + cx + d) véi a,b,c,d € Zs.
Dong nhat heé s6 ta dugc he

a+c=0
b+ac+d=1
ad +bc =1
bd = 1.

D@ kiém tra duge hé nay vo nghiem. Vi deg h(z) = deg h(x) nén h(z) bat kha
quy trén Q.
Ta c6 bai toan tu luyén sau day.

Bai toan 2.1.14. Cac da thic sau la bat kha quy trén Q
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Nhan xét 2.1.15. Cho f(z) la da thitc dang chuan véi he s6 nguyen. Gia st

tim duge s6 nguyen to p sao cho deg(f(z)) = deg f(z) va trong vanh Z,[z]
ta phan tich dugc m thanh tich clia cac phan ti bat kha quy dang chuan
flx) = f#(:c)f]f(x) Chung ta can tim phan tich bat kha quy cta f(z) trén
Q thong qua phan tich bat kha quy ctia f(x) trén Z,. Ta minh hoa bang vi du

duéi day.

Vi du 2.1.16. Chiing minh f(x) = 2° + 5z* + 423 + 1622 + 8z + 1 1 da thiic
kh& quy trén Q. Hay tim phan tich bat kha quy cta f(x).
Lai gidi.

Ta co f(zx) = 2° +22* + 2 + 2% + 22 + 1 € Zs[x]

Vi -1 la nghiem cia f(z) nen ta phan tich f(z) = (z+1)f (z) véi fi7(z) =
o+ 23+ x4 1 € Zslx).

Do -1 1a nghiem ctia f7 (z) nen f{ (z) = (z+1)(23+1) = (z+1)2(z2—2+1).

Vi-1=2 (mod 3)suyra f(z) = (z+ 12> —z+1) = (z+1

D& kiém tra dugc f(x) khong c6 nghiem hitu ty. Gid st f(z) = g(x).h(z) €
Z|x] va deg g(x) = 2,degh(x) = 3. V6i g(x), h(x) 1a bat kha quy

Gia st g(x) = 22 + ax + b, h(zx) = 23 + ca® + dx + e.

Dong nhat heé s6 ta thu duge

a+c=5b+ac+d=4,cb+ad+e=16,db+ ea = 8,be = 1.

Mat khac

glx) = (x+ 1) =2* + 20 +1 € Zs[z], h(z) = (z + 1)° = 2° + 1 € Z3[z].

Suyrab=1,a=2,e=1,d=0,¢c=0 (mod 3)
Tu day dé dang suy ra dude g(z) = 2% + 5z + 1 va h(z) = 2% + 3z + 1.
Chung ta c6 mot sd bai toan tuong tu dé rén luyen
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Bai toan 2.1.17. Chiing minh ring da thic f(z) = 2% — 82* — 1922 + 2 kha
quy tréen Q. Hay tim phan tich bat kha quy cta f(z).

Bai toan 2.1.18. V6i cic s6 nguyén a va b, da thitc f(z) = 2 + az? + 1? 1a
kha quy trén Z, v6i moi sé nguyén to p.

Bai toan 2.1.19. Véi moi s6 nguyén duong khong chinh phuong d, da thic
2t +2(1 — d)z® + (1 + d)? bat kha quy trén Z nhung kha quy trén Z,

Ta tiép tuc xét mot sd vi du khac.

Vi du 2.1.20. Chiing minh rang khong ton tai hai da thiic p(x) va ¢(z) thudce
Z|z] v6i bac 16n hon 0 théa man diéu kien 31z* — 2523 + 4122 — 142 + 11 =

p*(w)-q(x).
Lai gidi.
Dit f(z) = 312" — 252°% + 4122 — 142 + 11
f(x) =2+ 2% + 2 + 1 € Zs[x]. Vi da thiic nay khong c6 nghiém trén Zs;
nen n6 khong ¢6 nhan tit bac nhat. Gia st f(z) = (22 + ax + b) (2% + cx + d)
a+c=0,bd=1
Vv6i a,b,c,d € Zs. Khido { b+ac+d=1
ad + bc = 1.
Titbd = 1 va do vai tro binh dang nén ta chi can xét (b, d) = (1;1); (2;3); (4; 4).
Ta d& dang kiém tra dugc he trén vo nghiem hay f(z) bat kha quy trén Q,
tir d6 dan dén khong ton tai p(x) va g(x).

Vi duy 2.1.21. Véi s6 nguyén n > 0, da thic f(x) = (22 + 2)*" + 1 bat kha
quy trén Z.
Loi gidi.

n = 0 1 hién nhién. n # 1, f(z) € Zs[z] ta c6

n—1 2n—2

P Hr+1) =+ 1+ 1) =@+ D)F+ D) =

Nhu vay, (22 +z 4+ 1) = (22 4+ 2)7" + 1 = f(z).

Gid st ta c6 phan tich f(z) = g(x).h(z) v6i g(x),h(z) € Zlz] va 0 <
deg g(z),degh(z) < n.

Vay f(x) = g(z).h(x) trong Zs[x]. Suy ra

glx) = (@* + 2+ 1% h(z) = (2® + o+ 1)* %,
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Biéu dién trong Z[z] ta c6 g(x) = (x> +x+1)* +2v(z) va h(z) = (2 +x +
1)2"75 4 2t(x) v6i v(x), t(x) € Z[x].

Véi nghiem phitc u ctia 22 + 2 + 1 tit (22 +2)¥ +1 = f(z) = g(2).h(z) ta
c6 (22 +2)* + 1= g(x).h(z).

Suy ra 2 = f(u) = g(u).h(u) = 4v(u).t(u).

Viu? = —u—1nénv(u).t(u) =a+buvéia,beZ

Vay a+ bu = 1, vo Iy. Didu gia st la sai hay f(z) la da thic bat kha quy.

Twong tu ta c6 bai toan sau:

Bai toan 2.1.22. Véi s6 nguyén n > 1 va s6 nguyeén t6 p dang 4m + 3, da thiic
f(x) = (2% + 1)" + p 14 da thiic bat kha quy trong Z[z].

2.2 Ung dung cac vanh Z[V/d], Z|\/D,/q] vao gidi toan

Khi tim hiéu, nghién ctu giai quyét cac phuong trinh dang Pell: 22 —dy? = n
da gitp ching to6i dé ¥ dén cédc mo hinh biéu dién nghiém ctia ching va phat
hién nhiéu tinh chat tha vi va cac tng dung ctia vanh Z[v/d] vao gidi todn va
tuong tu véi vanh Z[,/p, /q|.

2.2.1 Co sé ly thuyét

Ching ta da biét dén Z[v/d] va tu ding cAu ciia n6 ¢ muc 1.2.2, ta bd sung

khai niem chuan qua ménh dé sau.

Meénh dé 2.2.1. Cho Z[Vd] = {a + bVd|a,b € Z},d # 1 va khong ton tei p
nguyeén to sao cho p*|d. Khi dé ham N : Z[\/d] — ZF véi N(a+bVd) = |a—db?|
dugc got la chudn va théa man cdc tinh chat sau:

(i) Nx) =0 2=0
(ii) N(xy) = N(x).N(y),Ve,y € Z[Vd]
(111) x la kha nghich < N(x) =1
() Néu N(z) la s6 nguyeén to thi x la bt khd quy trong Z[\/d].

Vi du 2.2.2. (i) 7 la phan tit bat kha quy trong Z[v/6] mic dit N(7) khong

1a nguyéen to.
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(ii) 2 1a bat kha quy nhung khong nguyen t6 trong Z[v/5].

Meénh dé 2.2.3. Gid thiét p, q la hai s6 nguyén duong khong cé nhan ti la s6
chinh phuong vdi (p,q) = 1. Khi dé tap

Z1\/D,4) = {a+by/p+ c/q+ dy/pqla,b,c,d € Z}

cung voi phép cong va phép nhan lap thanh mot vanh giao hodan véi don vi va
cic anh xa duoi day
ZIVp:Val = ZIVp. V4l
01 =a+by/p+ c\/q+ d\/pq

B w2 = a—by/p+c\/q—d\/pq
z=a+by/p+cy/q+d\/pg— 03 = 4t by/p — e/ — dv/pq

04 =a—by/p—c\/q+d\/pq
la nhitng tu dang cdu.
Vi z € Z[\/D, /4] thi N(z) = ¢1(2).02(2).03(2).04(2) va ta cing co tinh
chat:
N(z122) = N(21).N(22),V21, 20 € Z[\/P, /4]

2.2.2 Ung dung trong giai toan

Véi cac bai toan sb hoc, dac biét 1a cac phuong trinh nghiém nguyén cé cau
trac tuong tu nhu phuong trinh Pell, chiing ta c6 thé st dung cdc nhém vanh
da néu cling véi chuan va tu ding cau ctia ching dé tim ra 1oi giai hieu qua cho
mot s6 bai toan ton tai hay bai toin chiing minh, tinh toan.

Ta sé tim hiéu cu thé thong qua mot sé vi du sau.
Vi du 2.2.4. Véi s6 nguyén duong n, gia st cic so6 a1, by, ..., an, by, a,b € Z
n
théa man quan hé H(ai +b;V5) =a+bV/5

i=1
Chitng minh réng

ﬁ (a? — 5b?) = a* — 5b*
=1

(ii) Gia sit (94 4v/5)" = a,, + b,v/5. Chiing minh a? — 502 = 1. Tit d6 suy ra
phuong trinh 22 — 5y% = 4 ¢6 vo han nghiém nguyén duong z, y.
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Loi gidi.
(i) Xét vanh giao hoan Z[5] = {r + sv/5, |r,s € Z}.
Dong cau f : Z[v/5] — Z[V5]; 7 + sv/5 = r — /5 1a mot dang cau.
Tac dong f lén hai vé

n

F(TI(a: +b:V5) = fla+bv5)

n=1

hay

n

H(CLZ' - bl\/g) =a— b\/g

i=1
Nhan vé theo vé véi gia thiét ta ducgc

n

1_[(6122 — V) = a® — 5b?

1=1
(i) Ta c6 a2 — 562 = (9 + 4v/5)"(9 — 4v/5)" = 1 (theo (i)). Dat
Tn + Yn V5 = (an + buV5)(3 + V5) = 3a, + 5by, + (an + 3b,) V5.

Khi d6 x2 — 5y = (a? — 5b%)(3* — 5.1%) = 4,V¥n. Nhu vay phuong trinh
2? — 5y? = 4 c¢6 vo han nghiém nguyeén x,y. Mt khac, khi 2,y 1a nghiem thi
+x, £y cling la nghiém.

Do vay phuong trinh 22 — 5y? = 4 ¢6 vo han nghiém nguyén duong x, .

Chiing ta tiép tuc nghién cttu them mot vi du nita dé hiéu ré hon phuong
phéap nay.

Vi du 2.2.5. Chiing minh ring luén luon ton tai hai s6 nguyen x va y dé

x 1é va y 1é khi n 1é
x 1é v y chan khi n chan.

19" = 2% — 6y voi {

Loi gidi.

Xét vanh giao hoan Z[v/6] = {r + sv/6|r, s € Z}.

Dong cau f : Z[V6] — Z[V6];r + s/6 — r — 51/6 13 mot ding cau.

Do vay ma khi (a + bv/6)(c + dv/6) = u + vv/6 thi tac dong f len hai vé ta
dugc

(a — bV6)(c — dV6) = u — vV6.



23

Sit dung két qua nay véi z = a + bv/6 va diat N(z) = a®> — 6b ta c6 ngay
N(z129) = N(21).N(22).

Véin =1 taco 19 =5%—6.1% va 19? = 31% — 6.10%.

Gia st 6 nguyén n > 1 va hai s6 nguyen a, b dé 19" = a® — 6b? trong do a, b
déu 18 khi n 18, con a 1é va b ch&n khi n chin véi n + 1, ta xét

(1) Néu n 18 thi c6 a 18 va b 1é dé a® — 6b*> = 19". Khi d6 n + 1 1a s6 chin va
19" = (5a + 6b)% — 6(a + 5b)? véi ba + 6b 18 va a + 5b chan.

(2) Néu n chin thi c6 a 1é va b chin dé a® — 6b* = 19". Khi d6 n + 1 1a s6
1é va 19"t = (5a + 6b)* — 6(a + 5b)? v6i Ha + 6b 1& va a + 5b 18.

Vay ta c6 diéu phai chiing minh.
Bai toan 2.2.6. Chitng minh réng phuong trinh 23 = y? — 6 khong c6 nghiem
nguyen.
Bai toan 2.2.7. C6 hay khong mot so6 nguyen duong n théa man heé thic

(V2023 — v/2022)** = /n — v/n — 1.

Bai toan 2.2.8. Tim cac s6 x,y, 2,t € Z théa man phuong trinh
(z +yV3)  + (z + tv3)* = 20 + 12V/3.

Bai toan 2.2.9. Cho hai s6 nguyén duong a va b théa man (a,b) = 1. Hai day
s6 nguyen (a,) va (b,) duge xac dinh qua a, + b,v2 = (a + bv/2)*n v6i méi s6
nguyén n > 0. Xac dinh tat cd nhitng s6 nguyén t6 p dé c6 sé nguyen duong

n # p sao cho b, =0 (mod p).

Bai toan 2.2.10. Giai phuong trinh nghiem nguyen 22 — 5y® = 1.

(17 + 12v/2)" — (17 — 12y/2)" "
42

Bai toan 2.2.11. Chitng minh ring s6 A =
mot s6 nguyen, nhung khong 1a s6 chinh phuong.
Céc bai toan tiép theo sit dung vanh Z[,/p, \/q] va céc tu dang ciu clia né
dé giai quyét.
Vi du 2.2.12. Gia st cac day s6 (ay), (bn), (¢n), (dy) xéc dinh nhu sau
'al = 1,b1 = 1,61 = 1,d1 =0
(pt1 = Qp + 2bn + 5¢y,
{ bn+1 = ap + bn =+ 5dn

Cn+l = Qp +Cp + an
dyvy = by + ¢ + do.
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Khi d6 v6i moi sd6 nguyén duong n ta co:

(1+vV2+V5)" = a, + b,V2 + ¢, V5 + d, V10

) .a
va a2 — 10d? chia hét cho 2!, Tim lim —".
n——+00 dn

Lai gidi.
V6i mdi s6 nguyén duong n ta bicu dién

trong d6 A,,, B,,C,, D, € N.
Hién nhién

A1:1:a1,B1:1:b1,Cl:1201,D1:O:d1,

it
(14+V2+V5)"™ = A1+ B, V24 Co1 V5 + Dy V10

ta suy ra
Apy1 = any1, Boy1 = buy1, Cpgr = Cngr, Do = dypa.
Sit dung céc tu ddng cau ctia vanh Z[v/2, v/5] cho dong nhét thic
(1+vV2+V5)" = a, + b,V2 + ¢, V5 + d, V10

ta nhan dugce

(1 =V2+V5)" =a, — b,V2 + cuV/5 — dpV/10
(1+vV2—=V5)" = a,+ b,V2 — e, V5 — dyV/10
(1—\/_—\/5)”:an—bn\/§—cn\/g+dn\/m.

T doé suy ra dugc

4a —40d2 = 2"[(24 VB)" 4+ (2= V)" 4 (=1 +V2)" + (-1 — V2)"]
hay

a2 —10d% = 2" (2" + (—1)"M)C0 + .. 4 (2" 5P 4 (—1)".2F).C%F + ]

chia hét cho 2" va lim Gn _ Vv 10.

n—-+00 n
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Vi du 2.2.13. Chitng minh riang véi moi s6 nguyén duong n luon cé cac so

nguyén duong x,v, z,t théoa man cac diéu kién sau.
(i) x,y, 2z 1a nhitng s6 16, con ¢ 1a s6 chin va

o + 9y* — 622 — 12t* = 3748.

(ii) z,y, z,t 14 nhitng s6 chin va

1 2 3 4
n_ |4 8 13 _ o 2 2 2
249 4 1

Loi gidi.
x1=1,y1 = 2,2 = 3,t; = 4 théa man dieu kién

( N(l’l, yl\/§, Zl\/g, tl\/é) = 3748
v = |v] = 2yil,y = |21 — 2t7|

{ 2= |z121 — 2uith|, t = |2t — iz
x,y, z,t 1a nhitng s6 ti nhién

| 2% + 9y? — 627 — 12% = 3748.

Bon day s6 (), (yn), (2n) va (t,) dude xac dinh béi cong thiic:

T 1 Tnil 14 9 24 Tn
vl 121 s (Y| |21 129 Yn
2] 713 ¥z 138 1 4 Zn
t 4 Ynt1 43 2 1 th

Chid ¥ ring v6i Uny1 = Tpot + Yne1V2 + 201V3 + t1V6 va u, = x, +
YnV'2 + 2,73 + t,V/6, ta cd N(ups1) = 3T48N (u,).

Cac s6 tu nhien x = |22 — 2y2|,y = |22 — 282],2 = |xp2n — 2ynta| VA
t = |xpty — Yn2y| théa man 22 + 9y? — 622 — 12t% = 3748".

Nhu vay khi x1 = 1,41 = 2,21 = 3.t1 = 4 ta ¢6 x,y, 2z 1a nhiing s6 nguyén
duong 1, con t 14 s6 nguyen duong chin théa man z? + 9y? — 622 — 12t? = 3748
théa man diéu phai chiing minh ¢ (i).

Khi n > 1 ta thay z,, Yn, 2n, t, 1a nhiing s6 nguyén duong chén théa man

1 2 3 4"

n_ |4 8 1 3 _ o 2 2 2

249 41
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ta c6 diéu phai ching minh 6 (ii).
Tuong tu nhu vay, ching ta c6 thé gidi quyét cac bai toan sau.
Bai toan 2.2.14. Véi moi s6 nguyén duong n ta biéu dién
(1+ V2 + \/§)" = ap + bpyV2 + coV/3 + dyV6 V6i an, by, cn, d, € N.

bn dn
Tim lim —; lim —.
n—00 (A, M—00 Ay,

Bai toan 2.2.15. Véi s6 nguyén duong n, chitng minh téng sau chia hét cho 4

= (1+V2+V3)"+ (1-V2+V3)"+ (1+V2—V3)"+ (1 - V2 - V3)".

2.3 Ung dung vanh s nguyén Gauss, vanh Z[v/—d] vao
giai toan
2.3.1 Ung dung vanh sb nguyén Gauss vao giai toan.

O cac muc 1.1.2, 1.3.2, 1.4.7, 1.4.10 ching ta da dude gi6i thisu so luge vé
vanh s6 nguyen Gauss Z[i] cting mot s6 tinh chét, véi 2 = a+bi € Z[i] va chuan
N(z) = a® + b?, ta bd sung mot s6 tinh chat sau.

Ménh dé 2.3.1. Cho x,y € Z[i]. Khi dé:
(i) N(z) =02 =0

(ii) N(z) =1 < x € {£1;+i} la cic phan ti khd nghich

(1) N(zy) = N(z).N(y)

(iv) N(x) la s6 chin < x la boi ciia 1+ i.

Meénh dé 2.3.2. Cho z,y € Z[i] vdi y # 0, ton tai cic s6 nguyén Gauss z,t
sao cho x =yz+1t va N(t) < N(y).

Dinh 1i 2.3.3. (Dinh lyj co bin cia s6 hoc cho vanh Gauss).
Moi 56 nguyen Gauss o # 0 déu co thé dugc viét dudi dang

trong doé € la mot phan t khd nghich va o, ..., ay, la cde phan i bat khd quy.
Biéu dién nay la duy nhat theo cach hiéu ¢ muc 1.4.4.
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Meénh dé 2.3.4. Cho a € Z[i] sao cho N(«) la mot s6 nguyén to. Thé thi o
la mot phan ti¢ bat khd quy.

Dinh 1i 2.3.5. Cdc phan ti bat khd quy cia Z[i] gom
(i) 1+1i va cac phan ti lién két cia né, nghia la {1 —i,—1+4,—1 — 1}.

(ii) Cdc s6 nguyén to p =3 (mod 4) va cdac phan ti lién két cia né, nghia la
{=£p; £pi}.

(iii) Hai phan tid bat khd quy a + bi,a — bi trong phan tich ra tich cic nhan ti
bat khd quy cia mot so nguyén to p = 1 (mod 4) va cdc phan tii lien két
ctia né. Cdc s6 (a,b) co thé duge ddc trung nhu la bo s6 nguyén duy nhat,
chinh zdc tdi dau va tdi thi ty théa man a® + b* = p.

Dinh nghia 2.3.6. S6 nguyén Gauss 7y dugc goi 1a u6c chung ciia o va 3 néu
v déu la uée ciia o va B. Néu N(+) 16n nhat thi vy duge goi 1a wde chung 16n
nhat ctia o va S.

Cho v = (a,b). Néu v € {+1; +i} thi @ nguyén t6 cing nhau vdéi [3.

Dinh 1i 2.3.7. Cho a, 8,7 € Z[i] va so6 nguyén duong k > 2. Néu «, B nguyén
t6 vdi nhau va o = Y* thi ton tai €1, €2,v1, V2 € Z[i] sao cho €y, €s khd nghich

s kop_ k
va o = €1.97, B = €.05.

Chiung ta cling tim hiéu tng dung ctia vanh Gauss qua mot s6 vi du sau.
Trudc hét, dinh 1y Fermat vé tong hai sé chinh phuong cé thé dugc mé rong
nhu sau.

Vi du 2.3.8. Cho mot s6 nguyén duong n. S6 nghiém nguyén ctia phuong trinh
2?4+ y? = n bang 4 lan hiéu s6 cac wéc = 1 (mod 4) ciia n trit cho s6 cic wdc
= 3 (mod 4) cia n

Lai gidi.

Theo dinh 1y co ban ctia s6 hoc cho vanh Gauss, ta cé thé viét:

= (=)™ (1 +0)*p. .. .. P A Yl AR
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trong do6 p;,y; 1a cac phan tit bat kha quy ctia Z[i] v6i p; = p; (nhu vay p; 1a
cac s6 nguyen t6 = 3 (mod 4) va 7; ¢6 dang a + b; v6i a® + b* = mot s6 nguyen
t6 =1 (mod 4)

Gia st n = 22 + y?> = (z + yi)(z — yi). Theo tinh duy nhat ctia phan tich
ra tich cdc phan tit bat kha quy trong Z[i] ta suy ra z 4 yi 1a mot phan t1t lien

ket cua
r
Sl—tl —Sh—th

(1+4)™ = pfl ..... p?.yil AT n
v6i 0 < t; < s;. Nhu vay s6 nghiem nguyén ciia 2 4+ y* bing
e (0 néu mot trong cac s6 r; 1a 1é.
e 4(sy+1)...(sp) + 1 néu tat ca cac r; 1a chén.
Chi ¥ rang nhan t 4 xuat hién 6 cong thic trén 1a do viéc bicu dién 1 & trén
sai khac x 4 yi boi 1 trong 4 phan tit kha nghich {+1; 44},

Mat khac, moi uéc 1é ctia n déu cé thé viét dusi dang tich cac phan ti bat
kh& quy trong Z[i]

voi 0 < u; < 71,0 < w; <s;. Nhung p; = 3 (mod 4) v6i moi ¢ va 7,.73; = 1
(mod 4) v6i moi j nén d =1 (mod 4) < uy +ug + ... + up = 1 (mod 2)

Tuong duong nay dé dang dan dén hiéu s6 cic uéc = 1 (mod 4) va s6 céc
uéc = 3 (mod 4) clia n bang

e 0 néu mot trong cac so r; 1a 1é.
® 4(s1+1)...(sp) + 1 néu tat ca cac r; 1a chén.

Vay ta c6 diéu phai ching minh.

Chiing ta cting tim hiéu sit phan tich téng hai binh phuong qua cac vi du cu
thé v6i cong cu chuan nhu sau: mot s6 nguyen duong m = z2+y? Ia tong ciia hai
binh phuong chinh 14 chuan ctia mot s6 nguyén Gauss, khi d6 m = N(x + iy).

Vi du 2.3.9. Phan tich cac s6 nguyen duong sau thanh tong hai binh phuong

(i) 65 (i) 100 (iii) 19890
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Lai gidi.

Cac vi du (i),(ii) v6i trusng hop s6 nhé, ta hoan toan c6 thé gidi quyét nhu
mot bai toan sé hoc thong thuong, tuy nhién véi (iii) thi khac, ching ta cling
theo doi cach giai quyét sau day.

(i) Ta c6 65 = 5.13 = 2> + y* = N(a) v6i a = x + i.y;

5= N(2+1) va 13 = N(3 £ 2i), a = pu(2 ) (3 =+ 20)

V6i 4 t6 hop dau cong trit 1 1a kha nghich nén cé tong cong 16 truong hop
XAy Ta.

Chiing ta sé xét 2 truong hop dai dién sau dé doi dau va hoan vi.

ar=(2+0)(342i)=4+Ti
= (2+0)(3—2i) =8 —i
hay 65 = 72 + 4% = 8% + 1%
(ii) Tuong tu ta c6
100 = 2257 = N(a) = a = u.(1 +i)*(2+4).(2 +9)
Chung ta c¢6 2 su lya chon
100 = N((1 +9)%(241)?) = N(—8 + 6i) = 8% + 6?
= N((1449)%(2+14)(2 —14)) = N(10) = 10> + 0.

Da6i dau va hoan vi ching ta c6 12 truong hgp cé thé xay ra.
(iii) Ta c6 19890 = 2.32.5.13.17 = N(3(1 +14)(2 & 1) (3 £ 2i)(4 £ 1)).
Chung ta c¢6 4 su lwa chon

19890 = N(3(1 +)(2 4 4)(3 + 26)(4 + 1)) = N(—69 + 123i) = 123* + 69°
= N(3(1 +4)(24+4)(3+2i)(4 —i)) = N(—3 + 141i) = 141* + 3°
= N(3(1+4)(2414)(3 — 2i)(4 +1)) = N(87 + 1114) = 111* + 87
= N(3(L+4)(2414)(3 — 2i)(4 — 1)) = N(129 — 574) = 129° 4 57

Da6i dau va hoan vi ching ta c6 32 trudng hop tat ca.

Vi du 2.3.10. Giai phuong trinh nghiém nguyen z2 4 y? = 22.
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Loi gidi. Hién nhien & day ta chi xét bo ba Pitago nguyén thuy, tic 1 hai s6
bat ky nguyén t6 ciing nhau va z 1a s6 1é. Khi dé:

(z + yi)(x — yi) = 22

Ta sé chiing minh (x + yi,z — yi) = 1. That vay:
Goi « 1a mot wée nguyén to6 chung ciia x + yi va x — yi

a2z e o
= {042%. vi ¢ kha nghich nén «|2y.

Néu a|z thi suy ra aly ma (z,y) = 1 nén ton tai u, v sao cho ux + vy = 1.
Kéo theo a|l (vo Iy). Vay = fa = |2 = —i(i + 1)? vi 1 + i 1a s6 nguyen t6
Gauss nén o = 1 + 1.

Vi o2 + % = 2? nén 4|N(a?)|N(2?) = z* = z chin, diéu nay mau thuin
voi gid thiét.

Lic nady x + yi, v — yi sé lien két véi mot binh phuong clia s6 nguyén Gauss
theo Dinh 1y 2.3.3.

Cht ¥ ring trong 4 phan tit kha nghich +1, 47 thi —1 = 42 ciing 1a mot binh
phuong. Xét s6 nguyén Gauss m + ni sao cho

T+ yi = (m + ni)?
hosc x + yi = i(m + ni)?

tuong duong véi x + yi = m? — n® + 2mni

hoic © + yi = —2mn + (m* — n?)i
Nhu vay ta c6 bo nghiém
r=m?2—n? T = —2mn
Yy = 2mn hoac { y=m?—n?
2 =m? 4+ n? 2z =m?+n?

O day m,n khac tinh chén 1 va nguyen t6 cing nhau.
K¥ thuat tuong tu ciing gitp ching ta gidi quyét mot két qua dang chia ¥
sau day.
Vi du 2.3.11. Ching minh ring s6 nguyeén t6 1é p c6 thé bieu dién duge dudi
dang
p=a’+y
v6i o,y € Z khi va chi khi p dong du v6i 1 modulo 4.
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Loi gidi. Gia st ton tai x,y € Z sao cho z? + 3% = p. Khi d6, ta thay ngay ring
0 < |z|, |y| < p cho nén c& x va y déu la cdc s6 nguyén nguyén t6 cing nhau véi
p. Khi dé, ton tai 2 € Z sao cho yz = 1 (mod p). Tacé (z2)?+1 =0 (mod p)
vi thé —1 1a 16p thang du chinh phuong modulo p. Ma theo tinh toan thang du
chinh phuong thi ta c6
)-om
p

cho nén —1 la thing du chinh phuong modulo p khi va chi khi p =1 (mod 4).
Vi vay, néu x,y € Z sao cho 22 + y?> = p thi —1 la thing du chinh phuong
modulo p va vi thé ta c6 p =1 (mod 4).

Ngugc lai, gid st p = 1 (mod 4) ta sé chiing minh ton tai z,y € Z sao cho
22 +y?> = p. Vi —1 la thiang du chinh phuong modulo p, ton tai z € Z sao cho
22 + 1 1a bdi ctia p. Néu can thiét ta c6 thé thay z bing x 4+ p cho nén ta c6
thé gia thiét rang x 1a s6 chin.

Y chinh cia phan con lai cia ching minh 1 xét phan tich

2+ 1= (x+i)(x — 1)

trong cac vanh s6 nguyén Gauss.

Ta nhan xét rang néu x 1a s6 chén thi  +4¢ va x — ¢ 1a nguyén t6 cing nhau.
That vay, 2i = (x +1) — (x —4) cho nén 2 thuodc vé idéan sinh béi x +i va x — 1.
Do z 1a s6 chin cho nén i ciing thudc vé idéan sinh béi z 4+ 7 va © — 7 vi thé
idéan nay la toan bo vanh Z[i] cac s6 nguyén Gauss.

Ta chon mot uéc chung 16n nhat ctia p va o + ¢ va ky hieu 1a m +in. Khi d6
m — in 1a mot udc chung lon nhat cia p va x — i. Ta biét rang p|(x +1)(x — )

va x +1 v x — 7 13 hai s6 nguyén Gauss nguyén t6 ciing nhau cho nén
p=(m-+in)(m—in)a véi a € Z[i]*

12 mot s6 nguyén Gauss kha nghich.
Vi Z[i]* = {£1,4i} v cd p va (m + in)(m — in) = m? + n? 1a sd nguyen
duong cho nén ta c6 két luan p = m? + n? nhu mong mudn.

Vi du 2.3.12. Giai phuong trinh nghiém nguyen 3% = 23 — 1.

Loi gidi.
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Gia st (z,y) 1a nghiém nguyén ctia phuong trinh da néu, dé dang suy ra
duge 16 va y chin. Viét lai phuong trinh dudi dang:

zt = (y+1i)(y — ).

Theo chitng minh ¢ Vi du 2.3.10 thi y +4 vA y — ¢ nguyén t6 cung nhau. Nhu
vay y + i,y — 4 1a 1ap phuong ciia cadc phan ti ctia Z[i]. Do d6 ton tai cac sb
nguyeén a, b sao cho y +1i = (a + bi)3.

So sanh phan thic va 4o ta duge: 1 = b(3a? — b?).

Giéi ra ta duge (a,b) = (0;—1). T day suyray =0 va x = 1.

Nhan xét 2.3.13. C6 sy tuong tu vé mat phuong phap trong viéc gidi quyét
hai vi du 2.3.35 va 2.3.12.

Ta xét bai toan tuong tu sau.
Bai toan 2.3.14. Tim tat ci cac nghiém nguyén clia phuong trinh:
y? =a1° — 4.

Vi du 2.3.15. V6i moi n > 2, chiing minh réng:

Phuong trinh 2" — y? = 1 chf ¢6 nghiem (z,y) = (1;0).
Lo gidi.

Chi can xét n = p la s6 nguyén t6. Hon nita, p = 2 bai toan la tam thuong
nén ta sé gid st p 16. Béng cach xét theo modun 4, dé thay néu (z,y) la mot
nghiém thi x 1é v& y chén. Viét phuong trinh dudi dang 2? = (y — i)(y + ©) ta
suy ra y + 1 = (a + bi)? véi a, b 1a cac s6 nguyén nao dé. T dang thitc nay ta
dé dang ching minh duge b = 1 va

p—1

2
2k 2\k
> O (—a?)F =+l
k=0
Lai cht ¥ rang vi b = 1 nén = = a®> + 1 va do d6 a chin. Néu @ = 0 thi
(x,y) = (1,0).
Ta gid stt a # 0. Khi d6 vé trai ctia dang thitc tréen = 1 (mod 4) nén vé phai
ciia dang thiic trén bang 1 va c6 thé viét lai mot cach tuong duong dudi dang
p—1

C2k
T=) (-1F -2

¥er

p

a?f? =1,

o~
|
—_
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Theo cong thitc Kummer ta ¢6 vo(T") > 0 mau thuan véi ve(1) = 0.

Ta két thic muc ndy bang mot sé bai tap tu luyén sau day.
Bai toan 2.3.16. Cho p 1a mot s6 nguyén t6. Hay xac dinh phan du cla
p—1
H(n2 + 1) khi chia cho p.
n=1
Bai toan 2.3.17. Cho mot s6 nguyén duong n. Chitng minh rang n c6 thé biéu
dién duge dudi dang ciia hai s6 chinh phuong khi va chi khi trong phan tich ra
thita s6 nguyén to clia n, cic uéc nguyen té6 = 3 déu c6 liy thita chén.

Bai toan 2.3.18. Cho a, b 13 hai s6 nguyén t6 cing nhau. Chiing minh rang
moi udc (nguyéen duong) ctia a?+b? déu c6 dang ¢ +d? véi ¢, d 1a cac s6 nguyen

to cuing nhau.

Bai toan 2.3.19. Chiting minh riing phuong trinh #° — y> = 1 chi ¢6 nghiem
nguyen duy nhat (z,y) = (1,0).

Bai toan 2.3.20. Chiing minh riang phuong trinh 2* —y* = 22 khong c6 nghiem
nguyén khac 0.

Bai toan 2.3.21. Chiing minh rang tat c cac nghiém nguyén ctia phuong trinh
a’ +b? = véi (a,b) = 1 1a a = m? — 3mn?,b = 3m*n — n’,c = m? + n? véi

(m,n) =1 va m,n khéac tinh chén 1é.

Bai toan 2.3.22. Vdi p 1a s6 nguyeén t6 18, khi dé ton tai s6 nguyén z,y sao
cho 22 + y? = p khi va chi khi p =1 (mod 4).

Bai toan 2.3.23. Phan tich s6 nguyén duong n = pi"'.py=. .. .. pr¥ VoL p1, D2, ..y Dk
la cac sO nguyen t6 phan biet. Ton tai a,b € N sao cho n = a® + b? khi va chi
khi p; =3 (mod 4). Chiing minh rang khi d6 n chén.

Bai toan 2.3.24. Gia st z, y, z 1 cac s6 tu nhién théa man zy = 22+ 1. Ching
minh ring ton tai céc s6 nguyén a,b,c,d sao cho x = a? + b%,y = 2 + d* va
2z = ac+ bd.

Bai toan 2.3.25. n1a s6 tu nhien > 1. Tim (x, y, z) nguyén théa man (z,y) = 1
va 22 + 9% = 2"
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2.3.2 Ung dung vanh Z[v/—d] vao giai toan

O muc 1.2.2 ching ta da biét dén Z[v/—d] va cac tu ding ciu clia n6, ta bd

sung khai niém chuan bang mot meénh dé sau.

Meénh dé 2.3.26. Cho Z[v/—d] = {a + ib\V/d|a,b € Z}d # 1 va khong ton tai
p nguyén té sao cho p?|d. Khi dé ham N : Z[/—d] — Z* véi N(a + bivd) =

a® + db* dugc goi la chudn va théa man cdc tinh chat sau.
(i) N(x) =0 <z =0.

(ii) N(zy) = N(z)N(y),Va,y € Z[v/—d|.

(111) x la khd nghich < N(x) = 1.

(iv) C6 duy nhat hai phan ti khd nghich la 1 va -1.

Vi du 2.3.27. (i) Phan ti& 1 + 3v/5 1a bat kha quy nhung khong la nguyeén
t6 trong Z[v/—5].

(ii) Chi ¢6 Z[v/—1] va Z[+/—2] 1a mién phan tich nhan tit duy nhat.

Ciing nhu qua trinh tim hiéu phuong trinh Pell, viéc nghién cttu va van
dung 16p vanh s6 nay xuét phat tit qua trinh tim hiéu phuong trinh Mordell
y? = 2° + k, ta nhan thay ring véi —k 1a s6 c6 uéc chinh phuong hodc cd k va
—k 1a s6 khong chinh phuong déu 1a nhitng thit thach khé khan.

Vi du mé dau sau day sé cho thiy su can thiét chia viéc xay dung vanh
Z[\/—d)], ¥ tuéng giai quyét ciing tuong tu nhu Vi du 2.2.5.

Vi du 2.3.28. Chiing minh ring véi bat ky sd nguyén n > 3 déu ton tai hai
s6 nguyen 1é z va y dé 2" = Ta? + 2.

Lai gidi.
Xét vanh giao hoan Z[v/—7| = {r +is\/T|r, s € Z}.
Chuén ctia z = r +isy/7 1a N(2) = r2 + 752 = (r + isv/7)(r — isV/7).
Ta sé quy nap dé chi ra z, y.
Véin =3 taco 2> =12+ 7.1%
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Gia st da c6 hai s6 nguyen 18 x, y dé y? + 72% = 2" v6i s6 nguyen n > 3. Véi
s6 nguyén n + 1 ta xét
2= (y+isVT) (1 +iVT) = (y — To) +i(z +y)VT
29 = (y +izVT) (1 —iVT) = (y + Tz) +i(z — y)VT.
Viz,ylénén x =2k+ 1,y = 2h+ 1. Khi d6 trong hai s6 = +y va y — x chi
c6 ding mot s6 chia hét cho 4.

Néu 2 + y chia hét cho 4 thi 2—=

14 s6 nguyén 1é.

Khi d6 25 = (% +da) 02 > Y VT véi

_ N(y +izV7).N(1 —i/7)
4
+x

N(z3) —on.9 = ontl

Néu y — o chia hét cho 4 thi 22 13 s6 1&. Khi d6

Tr+vy

24 = ( +4x) + szer\/? véi N(z4) = 2",

V6i ki thuat tuong ti, ta hoan toan cé thé giai quyét cic bai toan sau.
Bai toan 2.3.29. Ching minh ring v6i moi n nguyén duong, phuong trinh
2?2 + 15y% = 4" ¢6 ding n nghiém nguyéen khong am.

Bai toan 2.3.30. Vi bat ky s6 nguyén n > 1 déu c6 hai s6 nguyeén 1& x va y
dé 4.3" = 1122 + 2.

Bai toan 2.3.31. Chitng minh ring luon ton tai hai s nguyén z va y dé
s [rlévaylékhinl

ST =274 by vai {:r: 18 v& y chin khi n chin

Bai toan 2.3.32. V6i moi s6 ty nhién n, luon ton tai hai s6 nguyeén 1& x va y

dé 5072 = 422 4+ 50342,

Bai toan 2.3.33. V6i moi s6 tu nhién n, ludn ton tai hai s6 nguyén 1& x va y

dé 20132 = 422 + 24942

Vi du 2.3.34. Ching minh ring s6 nguyén t6 1é p c6 thé bieu dién duge dudi
dang

D=2+ 2
v6i x,y € Z khi va chi khi p dong du v6i 1 hodic 3 modulo 8.
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Loi gidi. Néu p = 2% + 2y* v6i x,y € Z thi ca |x| va |y| 14 cac s6 nguyén duong
nho6 hon p. Diéu nay kéo theo 16p dong du modulo p ciia v 14 kha nghich va ta
suy ra rang —2 la mot thang du chinh phuong modulo p nghia la

5)-G)6)
V(=) (2) =
p p p
Mit khac, ta biét ring
—1 pP— 2 p271
(—) =(-1)7 va (—) =(-1)7s.
p p

Ta suy rang véi p 13 mot s6 nguyén t6 1¢, —2 1a thang du chinh phuong modulo
p khi va chi khi p dong du vé6i 1 ho#ic 3 modulo 8.

Gia st p dong du vé6i 1 hodc 3 modulo 8. Khi d6 ton tai x € Z sao cho
22 +2 =0 (mod 8). Trong vanh R = Z[\/—2], ta c¢6 phan tich

2?42 = (z+iV2)(x —iV2)

v6i & +iv/2 va  — /2 1a phan ti ¢6 uée chung 16n nhit 1a ude cia 2v/2. Vi p
14 u6c ctia 22 + 2 va p nguyen t6 cting nhau véi 2 cho nén ta c¢é thé phan tich
thanh
p=aqq

v6i o 1a phan tit kha nghich ctia Z[v/—2], ¢ = m + iny/2 1a mot phan ti sinh
clia idean sinh béi p va z +iv/2, § = m — iny/2 1a mot phan tit sinh cta idéan
sinh béi p va 2 — iv/2. Vi Z[v/=2]* = {£1}, ta c6 p = £(m?+2n?). Vipla sb
nguyéen duong, ta c6 p = m? 4 2n? nhu mong mudn.

Ta tiép tuc xem xét mot s6 vi du lién quan dén phuong trinh nghiém nguyeén.

Vi du 2.3.35. Giai phuong trinh nghiém nguyén
=yt + 2.

Loi gidi. Ta c6 23 = (y++/—2)(y —+/—2). Chi ¥ réing néu y = 2k thi y>+2 = 2
(mod 4), khong c6 s6 nguyén x thda man 22 = 2 (mod 4).

Do vay, y 1é = z lé.

Dit ged(y+v—2,y—+v—2) = u. Khi d6 u|2v/—2 = —(v/—2)? trong Z[/—2]

va suy ra u la mot Iy thia cta /—2.
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Néu v/—=2|(y & v/—=2) thi N(y & +/—2) 1a mot s6 chin va
=Y+ vV-2)(y—v-2) =y’ +2

chia hét cho 2 nén z 14 mot s6 chén (vo 1y).

T day suy ra v /fv/—2. Nhu vay vy + vV/—2 va y — v/—2 13 sb nguyéen to
ciing nhau. Do Z[v/—2] 1& mot vanh Euclide nén n6 14 vanh chinh, vay c6 mot
0 a+byv/=2de (y +vV-2)(y —vV—-2) = 2° = (a + bv/—2)".

Viy++v/—2vhy— /=2 lasb nguyén t6 cling nhau nén dé dang suy ra
y++vV—2=(a+by/=2)3vay — /-2 = %1 ching han.

Tt day suy ra y = a® — 6ab® va 3a%b — 20° = 1.

Ta giai duge b = +1 va a = £1.

Tw do ta c6 nghiem z = 3 va y = +£5.

Bai toan 2.3.36. Giai phuong trinh nghiém nguyén
(i) 2 =y*+5
(i) 22 + 11 =33

(iii) 2? + 19 = ¢3

(iv) 2 4+ 61 =¢°
(v) 22 +19 = ¢°.

Bai toan 2.3.37. Cho p la s6 nguyén t6. Chiing minh réng
(i) p=1,3 (mod 8) & p = 2%+ 2y* v6i x,y € Z.

(ii) p=1 (mod 3) & p = 2? + 3y* véi z,y € Z.

Bai toan 2.3.38. Cho tap hop S = {22+ 3y?|z,y € Z}. Chitng minh ring néu

a 1a mot s6 nguyén ma 3a thuoc S thi a thuoc S.

2.4 Ung dung vanh Z.,[v/d], vanh 7Z,[i] vao gii toan

Trong muc nay, ching ta tim hiéu mot s6 vanh s6 dugc xay dung duya trén
cac vanh da dé xuat & cac muc 2.1, 2.2, 2.3.
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2.4.1 Ung dung vanh Z,[v/d] vao giai toan

Dinh nghia 2.4.1. Cho p 1a s6 nguyén t6 1é va s6 nguyén d khong 13 thang du
chinh phuong modun p. Dat

Z,[Vd] = {a + bVd|a,b € Z,}.

Ro6 rang Z,[v/d] c¢6 ding p? phan tit. Ching ta dinh nghia cic phép toan trén
Z,[/d] nhu sau:
Véiz=a+bVd,y=m+nVd,z,y € Zp[\/a]

)r=yea=m;b=n

(i) vy =a+m+ (b+n)Vd e Z,[Vd]

(iti) xy = am + bnd + (an + bm)Vd € Z,[\/d).
Khi d6 Z,[v/d] 1a mot vanh giao hoan ¢6 don vi.
Meénh dé 2.4.2. Cho x = a+ bVd € Z;[Vd], (a® + b* # 0). Khi dé

y=(a®—db®*) ' (a—bVd) e Z;[\/a]
la nghich ddo cia x trong Z;[\/E]
Ta c¢6 tinh chit sau day trinh bay vé cp clia phan ti trong Z, va Z,[v/d).

Meénh dé 2.4.3. (i) Trong Z,, moi phan i khdc 0 déu c¢é cap va cap ciia né
la woc cia p— 1.

(ii) Trong Zp[\/a], moi phan ti& khdc 0 déu cé cap va cap ciua né déu la wdc
ctiap? —1 va 2”1 =1 vdi moi x € Z;[\/E]

Dinh 1i 2.4.4. Cho x € Z,[\/d] va k > 1 la s6 nguyén duong. Khi do

B ord(x)
ord(z") = ged(ord(z), k)

Dinh 1i 2.4.5. Cho x € Zp[\/a] 6 cap lal, khi dé =¥ co cap la 1 khi va chi khi
ged(l, k) = 1.
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Khi d khong 1a s6 chinh phuong ta c6 dinh nghia Z,[v/d] nhu & Menh dé
2.4.1, con khi d 1a thiing du chinh phuong ta hoan toan c6 thé dong nhat Z,[v/d]
va Z,. Viec phan chia nhu vay giap ta giai quyét 1 so bai toan.

Vi du 2.4.6. Cho day sb ag, ai, as, ... dude dinh nghia nhu sau:
ag = 2, a1 = 2a; — 1 v6i moi k > 0.
Chiing minh rang néu p la uéc nguyen t6 1é ctia a,, thi 2"*3 1a uée cia p? — 1.
Lot giaz.
Ta tim dudc cong thic tong quat clia a, nhu sau:

2 2 4 (2 —/3)"
o = 2FV3) ‘;( v3) ¥ > 0.

Bay git xét udc nguyen t6 1é p clia x,. Vi pla, = 2a;_; — 1 nen 2a; | =1
(mod p), kéo theo 2 1 thang du chinh phuong modun p, tit d6 suy ra 8|p® — 1.
Néu 3 la thiang du chinh phuong modun p thi ta xét day {a,} trén Z,.
Mit khac, ton tai x € Z, sao cho ? = 3. Khi d6
2+2)" +2-2)"

“ 2

1

-
phuong nén ton tai y € Z, sao cho y? = 2. Suy ra

Vi2—zx = nén suy ra (2 + )" = —1. Do 2 la thang du chinh

442 (z+1)2 (1—!—:15)2
2412 = = = .
2 2 Y
1 n+2 n 1
Dat z = —|—x7 ta c6 22" = —1 va 22" = 1. Lac nay ord(z) = 2/ véi
1 <n+ 3.

Néu 7 < n + 2 ta binh phuong hai vé 2* = 1 cho dén khi bing n + 2 ta sé
gap ngay mau thudn. Vi thé ord(2) = 2773,

Vay 2""3|p — 1, suy ra didu phai chitng minh.

Néu 3 khong 1 thang du chinh phuong thi ta sé xét day {a,} trén Z,[v/3] =
{u+vV3u,v € Z,}.

Via, =0nén (2+v3)% +(2—+3)>" =0ma 2 — /3 # 0 trén Z,[v/d] nén
(2+ /37" = —1.
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Mit khac 2 = 3> = (y + 0v/3)? nén 2 ciing la s6 chinh phuong trén Z,[v/d].

14+ 3 .
Dit 2 = +\/_,khidéz2 "

Y
ord(z) = 2"*3. Vi thé 2""3|p? — 1

= —1. Lap luan tuong tu nhu trén ta cling cé

Vidu 2.4.7. Day s6 {x, } dugc dinh nghia x; = 2,29 = 12va x40 = 621 — Ty
v6i moi n > 1. Goi p 1a s6 nguyén t6 1¢, ¢ 1a uéc nguyén t6 ctia x,. Chiing minh
rang néu ¢ # 2,3 thi g > 2p — 1.
Lai gidi.
Ta c6 cong thiic tong quat cho day sb
(V2+ 1) — (V2 -1)*
€T, —
" 2v/2

Goi p la so nguyén to 1é va ¢ la u6c nguyén to cua z.

,Vn > 1.

Tiép theo, chiing ta c6 thé thuc hién gidong nhu vi du trén la xét trén Z, hodc

Z,[V/d] dé chiing minh plg® — 1.

1 1
Khi d6, p|g—1 hoac p|g+ 1 ma p 1a s6 nguyen t6 1é nén p|— hoac p\i

1 1
Suyrap<thoacp<%

Vay ti ca hai ta déu c6 g > 2p — 1.

Bai toan 2.4.8. Cho a 14 mot s6 nguyén duong va p 1a udc nguyén td cla
a® — 3a + 1 v6i p > 3. Ching minh ring p c6 dang 9%k + 1 hoac 9k — 1 véi k 1a
s6 nguyén.

Bai toan 2.4.9. Goi S 1a tap tat ca céac s6 ¢6 dang a + bv/2, trong d6 a va b
14 cac s6 nguyen khong am nhé hon 83 va khong dong thoi bang 0. Gia st tich
tAt ca cac phan tit ctia S dude viét dudi dang m +nv/2, trong d6 m va n 1a cac
s6 nguyén. Tim s6 du ctia m va n khi dem chia cho 83.

2.4.2 Ung dung vanh Z,[i] vao giai toan

Dinh nghia 2.4.10. Tap Z,[i] = {a +bila,b € Z,,7* = —1} cung véi cac phép
toan duge xac dinh nhu sau v6i x = a + bi, y = m + ni € Zy|i]

)r=y<ea=m,b=n
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i) rxy=a£tm+ (bxtn)i € Z,i]
(iii) xzy = am —bn + (an + bm)i € Z,]i]
la mot vanh.
Chiing ta sé stt dung vanh Z,[i] dé gidi quyét mot s6 bai todn lien quan.

Vi du 2.4.11. Véi s6 nguyen t6 p c6 dang 4n + 1, hiy xét s6 du cla s6
p

[[(#* + 1) Kni chia cho p.
k=1
Loi gidi.
Xét s6 nay trong vanh Z,[i] va dong nhat & v6i 4nh clia né, ta c6 bicu dién
thanh tich

[T +1) =T+ ik —i) =]tk +i) [k — i) = £().f(—i)
§d6 f(x) =[]+ k).

k=1
Vi f(x) = 2P — x trén Z,[i] nén ta c6 duge

LI +1) = fG)-f (=) = (" =) (=) +17) = i.(=0).(" = D) ((=i)"~ = 1)

k=1

p p
Do d6 [J(k*+ 1) = 0 nen JJ(¥*+1) =0 (mod p).
k=1 k=1

Vi du 2.4.12. Cho p la s6 nguyén t6 dang 7k — 1. Chiing minh riang ton tai s6
nguyen duong m sao cho m? +m? — 2m — 1 1a boi cta p.
Loi gidi.

Y tudng 1a tim @ sao cho a + — 1a s6 nguyen va o’ = 1.

a

Ta xét vanh Z,[v/=7) = {z + yv/=7|z,y € Z,}. Vi 7|p* — 1 nén ton tai
a= x4+ yv/—7 € Z,[\/—T] sao cho ord(a) = 7, suy ra ord(a) = —7. Tu day ta
¢ (22 + 7y*)" = (a.a)" = 1.

Mat khac, vi 22 4 7y? nguyeén t6 véi p nén theo dinh 1y Fermat nho, ta cé:

(z* 4+ 7y ' =1 (mod p).
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Ma (7,p — 1) = 1 nén 2> + 7y*> = 1 (mod p). Do d6 ta c6

T y\7

- = 21.
22+ Ty2 22+ Ty? v

1

Vay s6 can tim la n = 2z.

Vi du 2.4.13. Cho k 14 mot s6 nguyén va p = 3 (mod 4) 1a mot s6 nguyén t0,
ching ta dinh nghia day {a,} nhu sau

ap=0,a1 =1,a, = 2k.a,_1 — (k2 + D)ay_9,(n > 2).
Ching minh rang a,,2—1 = a, (mod p).

Lot gidas.
Xét phuong trinh dac trung

X2 _2%kX +k+1=0.

tit d6 ta c6 cong thic tong quat

an:z(k;—z) ;z(k:—l—z) i >0,

Vi p = 3 (mod 4) nén -1 khong 1a thang du chinh phuong modun p. Lic
nay
Zypli] = {a + bila,b € Z,}.

Chi § rang v6i moi & € Zj[i] thi 71 =1, suy ra

i(k — )" — (k40" (ke — i) — ik 4 0)"

a+271: —_— :an.
e 2 2

Vi thé a, 21 = a, (mod p).
2.5 Ung dung vanh cac sé nguyén Eisenstein vao giai
toan
2.5.1 Cod sé ly thuyét
Dinh nghia 2.5.1.
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s 1 3
(i) w= eF = —§+7i 13 mot nghiém nguyén thity ctia phuong trinh 23 = 1.

(ii) w?* +w+1=0.
Ta lam viéc trén vanh cac s6 nguyén Eisenstein Z|w| duge xay dung nhu sau

Dinh nghia 2.5.2. Tap Z[w| = {a + bw|a,b € Z} ¢6 cac phép toan duge dinh
nghia nhu sau: © = a + bw,y = m + nw; z,y € Z[w]

)r=yea=m,b=n

i) z+y=(atm)+ (bEtn)w € Z[w]
(iii) zy = (am — bn) + (mb+ an — bn)w € Z[w]
lap thanh mot vanh.

Nhan xét 2.5.3. Khi d6, chuan N(a + bw) = a® — ab + b* v& cac phan tit kha
nghich 1a +1, +w vd +(1 + w) = Fw?
Ngoai ra

c+dv—3
2

Z[w]:{a+bw|a,b€Z}:{ \c,dEZ,Q\c—d}.

Dinh 1i 2.5.4. Dinh lyj co bin cia s6 hoc van ding trén vanh Z]w].
Dinh li 2.5.5. Phan ti x € Z[w] la nguyén to khi va chi khi N(x) la nguyén
to hodc |z| la s6 nguyén to ¢ dang 3k + 2.
2.5.2 Ung dung vanh Z[w] vao gii toan
Vi du 2.5.6. Chiing minh rang s6 nguyén t6 p c6 dang
p=m?+ 3n?
v6i m,n € Z khi va chi khi p = 3 hodc p =1 (mod 3).

Loi gidi. Dé dang kiém tra dugc s6 nguyen t6 2 khong c6 dang m? + 3n? con 3
thi c6 dang m? + 3n?, cho nén ta c6 thé gid st p > 3. Tinh ky hiéu Legendre

bang luat thuan nghich ta co:

5)-G)G)
= ()T (-1 (5).
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Ta thiy réng -3 1a binh phuong modulo p khi va chi khi p 1a binh phuong modulo
3 ¢6 nghia la p=1 (mod 3).

Néu p = 22 + 3y? véi x,y 1a cac sd ty nhién thi ta c6 0 < y < p cho nén y
nguyén t6 cing nhau véi p. Chon a € N sao cho ay =1 (mod p). Nhan ca hai
vé clia phuong trinh p = 2%+ 3y* véi a?, ta c6 (azx)?*+3 =0 (mod p). Nhu tinh
toan ky hieu Legendre phia trén chi ra, diéu nay chi x4y ra néu p = 1 (mod 3).

Vi vanh cac nguyén t6 Eisenstein Z|w]| 1a vanh Euclide nhu trong trudng hop
Z[i] va Z[iv/2] cho nén ton tai x € Z sao cho 2% +3 = 0 (mod p) kéo theo su
ton tai clia s6 nguyén Eisenstein z = m + wn 13 phan ti sinh ctia idéan sinh
béi p v & + iv/3. Lap luan nhu trong truong hop Z[iv/2] ta c6

2

p =2z = (m+wn)(m+w’n) =m* —mn+n’

) . ( n)2 3n? ( m>2 3m?
m® —mn+n*=(m— = —=(n-—= —
2 4 2 4

Nhu vay p c¢6 dang p = a® + 3b* véi a,b € Z néu hoiac m hoiic n l1a sé chin.
Trong trusng hop cd m va n 1a s6 18 thi ta c6 thé thay z = m + wn bing

wz=—n+(m—n)w

v6i m — n 1a s6 nguyén chén. Vi w 1a phan tit kha nghich ctia Z[w] cho nén wz
ciing 1a mot phan 1 sinh ciia idéan sinh béi p va x +iv/3 va ta ¢6 thé két thic
chiing minh nhu & trén.

Vi du 2.5.7. Chitng minh ring moi s6 nguyén t6 c6 dang 6k + 1 luon c6 the
tim dude cac sd nguyén a, b théa man p = a®> — ab + b2,
Loi gidi.

Ta chi can chiing minh p 1a hgp s6 trong Z[w]. That vay néu ton tai phan ti
z=a+bw € Zw](a,b € Z) nguyen tb chia hét p, suy ra z|p = p. Dé ¥ ring, 2
va Z nguyén tO cung nhau; néu khong thi z|Z, suy ra ton tai phan tit don vi €
sao cho Z = €.z va do d6 2z ~ (1 — w)|3, vo 1Iy. Vi vay, a* — ab + b? = 2Z|p, suy
ra a’ — ab+ b? = p.

Do d6, ta sé ching minh p 1 hop s6 trong Z[w]. Diéu nay suy ra tiu dicu
kién trén p rang -3 1a thang du binh phuong modun p, suy ra ton tai m,n € Z
khong chia hét cho p sao cho

p|(2m — n)? + 3n? = 4(m? — mn + n?),
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suy ra p|(m — nw)m — nw. Tuy nhién, p khong chia hét (m — nw), m — nw, vi
vay p 1a hgp so.

Vi du 2.5.8. Chiing minh rang phuong trinh sau day khong c6 nghiém nguyén
khac 0.
oyt =20 (*)

Loi gidi.

Goi x,y, 2z la cac phan tit khac 0 thuoc Z[w] théa man phuong trinh (*).
Khong méat tinh tong quét, gia st z,y, z doi mot nguyen t6 cing nhau.

Xét p = 1—w. S6 p 1a s6 nguyén t6 vi chuan ctia n6 bang (1 —w)(1—w?) = 3.
Ta thay rang

p=1-w’=1-w)(l+w)~np

tir day « € Z[w] chia hét cho p khi va chi khi o = @. Méi phan ti thuoc Z|w]
dong du véi -1, 0 hosic 1 (mod p): that vay

at+bw=a+b=3¢q+r=r (modp)véiqeZvare{-1,01}.
S6 p co6 tinh chat quan trong sau:
o = £1 (mod p) (a € Zw]) suy ra a® = %1 (mod p?). (2)
That vay, néu a = £1 + S8p, ta c6

@ Fl=(aFD(aFw(aFw’)=pBB+1)(+(1+w)),

trong do6 cadc phan ti b,b+ 1,b+ (1 +w) ¢6 3 s6 du phan biét khi chia cho p,
titc 1a ¢6 1 s6 chia hét cho p, tit d6 tinh chat (2) 1a dung.

Trong céc sb x, y, z, 6 ding 1 s6 chia hét cho p; néu khong thi 23, 43, 23 = +1
(mod 4), ddn dén 23 + y® # 2% (mod 4), vo ly. Khong mét tinh tong quat, gia
stt p|z. Hon nita, tit (2) suy ra p?|z.

Goi k > 214 s6 ty nhién nhé nhat théa man phuong trinh (%) véi (z,y,2) = 1
va, pk|Z,pk+1 )( >

Ta c6 =+ 1y, wr +w?y, w?z + wy dong du theo médun p va ¢ tong 1a 0. Didu
nay duge suy ra ti p|z rdng mdi s6 déu chia hét cho p va p 1a wée chung 16n
nhat ctia ching. Dat

r+y=Ap, wr+wy=DBp, wi+wy=Cp,
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voi A, B, C € Z]w] nguyén t6 cung nhau va A+ B + C = 0. Tich ABC 1a lap
phuong va bing (2/p)? va do d6 A, B, C dugc viét nhu sau:

A=a’, B=pp, C=9€
véi cac s6 nguyén t6 cung nhau ¢, n, & € Z[w] va cac don vi a, 8,7. V1 vay,

a4+ By’ ++€* = 0. (3)

Vi afvy 1a don vi va la 1ap phuong nén ta ¢6 affy = £1. Hon nita, ABC =
(2/p)? chia hét cho p, (vi p? | 2), vi vay c6 ding 1 trong 3 s6 (,n, &, gid st 1a
¢ chia hét cho p. Thuec té, £ chia hét ABC, ma ABC' chia hét cho p**~3 ma
khong chia hét cho p**~2, vi vay p*~! 1a lity thita 16n nhét ctia p chia hét €. S6 ¢
va 1 khong chia hét cho p, suy ra 3,173 = &1 (mod 4). Nhu vay, A+ B+C =0
cho ta a3 =0 (mod p?), vi vay, B = *a, tit day afy = £1 suy ra v = +a.

Bo o trong phuong trinh (3), ta c6 (3 £ n? £ & =0 véi (¢,n,€) = 1. Tuy
nhién, ta c6 pF=1 | € va pF { &, didu ndy mau thuan véi sy lya chon k.

Vi du 2.5.9. Cho p la s6 nguyén t6 dang 3k + 1. Chiing minh rang ton tai cap
s6 nguyén (a, b) sao cho p°|(a + b)P — aP — bP.
Loi gidi.

Chung ta sé ching minh rang f(z,y) = (z + y)? — 2P — y? chia hét cho
(22 + 2y + y*)? v6i moi s6 nguyen khac 0. That vay, goi w # 1 14 nghiém ciia
23 = 1. Khi d6 ta xem f(z,y) 13 mot da thiic theo bién z va y 4 tham s6. Lic
nay w? + w + 1 = 0, phuong trinh 22 + 2y +y> = 0 & = = wy.

Chiing ta sé ching minh yw 1a nghiém cta f(a) va f'(a). Ta c¢6

flyw) = (yw +y)? — (yw)? —y¥

Yllw+1)P —w’ —1]
Pw+l-w—-1)=0

va f'(z) = p(z + y)P~! — paP~ vi thé

fyw) = plyw +y)P ' — plyw)? ™!
=py" H(w+ 1) =W

p—1

=py" '[(-1)F —1]=0.
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Vay (22 + zy + y2)?| f(z, ).

Xét da thic f(z) = 22+2+1,vip =1 (mod 3) nén phuong trinh 22 +z+1 =
0 (mod p) c6 nghiém. Khi d6 (2z + 1) +3 =0 (mod p) nén f'(z) = 2z + 1
khong thé chia hét cho p. Vi thé theo bo dé Hensel thi ton tai nghiem x dé
2> +2+1=0 (mod p?) titc 1a ton tai cip s6 nguyén (a,b) sao cho 0 < a,b < p
va p?|a® + ab + b%. Két hop ca hai két qua ta cé diéu phai chiing minh.
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KET LUAN

Noi dung chinh ctia dd an la tim hiéu va trinh bay cac dic trung ciia cac 16p
vanh s6 duge xay dung trén vanh so6 nguyeén Z. Tu d6 hé thong hoa va dua ra
cac tng dung trong viéc giai quyét cac bai toan so cap linh vire dai s6, s6 hoc.

Cu thé ching toi da trinh bay céc noi dung sau:
(i) Cac khai niem va tinh chat co ban ctia Iy thuyét vanh.

(ii) Khai niém, tinh chat cac 16p vanh so: Z,, Z,, Z[\d], Z[/—d], Z[\/D, /1),
Z[ZL Zp[\/c_iL Zp[z]a Z[W]

(iii) Ung dung cac 16p vanh s6 & trén vao giai todn so cap.
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