BO GIAO DUC VA DAO TAO
TRUONG DAI HOC VINH

NGUYEN VAN THO

VE GIAI TU DO TOI TIEU
CUA LUY THUA HINH THUC
CUA IDEAN PHU CUA DO THI

LUAN VAN THAC SI TOAN HOC

Nghé An - 2021



BO GIAO DUC VA DAO TAO
TRUONG DAI HOC VINH

NGUYEN VAN THO

VE GIAI TU DO TOI TIEU
CUA LUY THUA HINH THUC
CUA IDEAN PHU CUA DO THI

Chuyeén nganh: DAT SO VA LY THUYET SO
Ma sb: 846 01 04

LUAN VAN THAC SI TOAN HOC

Ngudi huéng dan khoa hoc
TS. THIEU DINH PHONG

Nghé An - 2021



MUC LUC

Muc luc

1 Kién thitc chuan bi

1.1. Khéai niém chung ve dothi . . . . . . . . . . . . ...
1.2. Liy thita hinh thic va giai tu do téi tieu cta idéan . . .

2 Liy thira hinh thic véi gidi tuyén tinh

2.1. Ly thita hinh thitc v6i gidi tuyén tinh . . . . . . . . .
2.2. Chi s6 chinh quy cta lity thita hinh thie . . . . . . . .

2.3. Bac cuc dai clia cac phan t sinh ctia liiy thita hinh thic

Tai lidu tham khao

14

19
19
24
25

30



MG DAU

Cho K 1a mot truong, S = K[y, ..., x,] 1& vanh da thitc n bién tréen K va M

Ja mot S-modun phan bac. Giai tu do téi tiéu ctia M c6 dang:

0— - — PS5 — P S(—j)") — 1 — 0.
J J

Nghién citu vé gidi tu do t6i tiéu clia cac idéan don thiic va lity thita ciia né
14 mot van de thoi su clia toan hoc, dic biet 1a viéc sit dung cac phuong phap
clia t6 hop trong nghién citu cac tinh chat dai s6. Mot trong nhitng két qua noi
tiéng trong linh viic nay dat duge bdi Froberg (1990) do la dic trung tat ca
cac idéan don thitc khong chinh phuong c6 gidi tir do tuyén tinh. Herzog, Hibi
va Zheng (2004) chitng minh rang mot idéan don thitc khong chinh phuong [
c6 giai ty do tuyén tinh néu va chi néu moi lity thita ctia I c6 gidi tir do tuyén
tinh. Mot két qua khac da duge chiing minh bdi Herzog va Takayama (2002)
do6 1a idéan da matroid luon c6 giai tur do tuyén tinh. Mat khac, liy thia cia
céc idéan da matroid ciing 1a da matroid (xem [6]) va do d6 ching c¢é giai tu do
tuyén tinh. Tuy nhién, diéu nay khong ding trong trudng hop tong quat rang
néu mot idéan don thic I c6 gidi ty do tuyén tinh thi cic lity thita clia né ciing
c6 cliing tinh chat nay.

V6i mdi do thi G ta ¢6 idéan phi J(G) trong S duge sinh bdi cac don thiic
khong chinh phuong ting véi cac phtt dinh t6i tiéu ctia do thi G. Herzog va Hibi
(2005) da ching minh rang néu G la do thi hai phan sao cho J(G) c6 giai tu
do tuyén tinh, thi J(G)* ciing c6 giai tu do, véi méi s6 nguyen k > 1. Herzog,
Hibi va Ngo Viet Trung (2007) da chiing minh rang v6i moi do thi hai phan G,
ta c6 J(G)®) = J(G)*, trong d6 J(G)™® ky higu liy thita hinh thitc bac k ctia



J(G). Do do6, két qua ctia Herzog va Hibi cho thiy rang néu G 1a mot do thi
hai phan sao cho J(G) ¢6 giai tu do tuyén tinh, thi J(G)® ciing c6 giai tu do
tuyén tinh véi moi sé6 nguyén k > 1. Trong [, Theorem 3.6], tac gid da tong
quat hoa két qua nay cho do thi pht rat tot va dong thoi dat ra cau héi sau

day.

Cau hoi ([2], Page 105). Cho G la mot do thi phii rat tot va gid sit ring J(G)W®)
6 gidi tu do tuyén tinh vdi s6 nguyéen k > 2 nao dé. Khi dé cé thé khang dinh
J(G) ciing cé gidi tuv do tuyén tinh dugc khong?

Trong [11], S. A. Seyed Fakhari da chiing minh duge cau tra 15i 1a ding cho
cau héi trén va hon thé nita, tic gid ciing da dic trung tat ca cac do thi G vdi
tinh chat la J(G)® c6 gidi tu do tuyén tinh véi & > 2 nao d6. Cu thé hon, S.
A. Seyed Fakhari da chiing minh duge ring J(G)*) ¢6 giai tu do tuyén tinh véi
s6 nguyén k > 2 nao d6 (hodc mot cach tuong duong cho tat cd cac s6 nguyen
k) néu va chi néu G 1a do thi phi rat t6t sao cho J(G) ¢6 giai tu do tuyén tinh.

Cho I 1a mot idéan thuan nhat, ky hi¢u reg(7) 1a chi 6 chinh quy Castelnuovo—
Mumford ctia I. Martinez-Bernal va cac cong sy da chiing minh trong [7, Corol-
lary 5.3] rang v6i moi do thi hai phan G va moi s6 nguyén k > 1, ta c6 bat
déng thic

reg(J(G)*) < reg(J(G)*).

Mat khéc, v6i moi do thi hai phan G va mdi s6 nguyéen k > 1, ta c¢6 J(G)*) =
J(G)*. Do do, tit bat ding thiic trén, véi G 1a do thi hai phan ta c6

reg(J(G)M) < reg(J(G)F+D), (t)

Sau do, S. A. Seyed Fakhari ([11]) da chting minh bat dang thic { ciing ding
cho dd thi don G tuy ¥, didu nay 1a tdng quat hoa ctia [7, Corollary 5.3].

Trén co s6 d6 ching toi chon dé tai “Vé giai tu do tbi tiéu cua liay thira
hinh thic ctia idéan pht ctia do thi” dé trinh bay lai két qua da dé cap 6
trén cua S. A. Seyed Fakhari trong tai lieu tham khéo chinh [11].



Luan vian bao gom phan mé dau, phan két luan, noi dung chinh va tai liéu

tham khao. Trong dé, noi dung cta luan van duge chia lam hai chuong:

Chuong 1. Kién thitc chuan bi. Noi dung chinh ctia chuong nay la trinh
bay céc kién thitc co sé clia Dai s6 giao hoan to hgp. Cac ndi dung ciia chuong
bao gom cac khai niem chung vé do thi, vé lity thita hinh thiec, giai tu do tuyén

tinh t6i ticu va chi sé chinh quy ctia mot idéan trong vanh da thiic.

Chuong 2. Liy thira hinh thic véi giai tuyén tinh. Noi dung ciia chuong
nay 1a trinh bay mot s6 két qua ve giai tu do tuyén tinh va chi s6 chinh quy

ctia 1ty thita hinh thic ciia idéan phi ctia do thi phu tét, phu rat tot.

Luan van dude thie hién tai Truong Dai hoc Vinh duéi sy huéng dan rat tan
tinh va chu ddo ctia TS. Thiéu Dinh Phong. Tac gia xin bay té su cAm on sau
siac t6i TS. Thieu Dinh Phong. Tac gia ciing xin tran trong cdm on cac Co gido,
Thay gido ctia Nghanh Toan hoc - Truong Dai hoc Vinh da nhiét tinh gidng
day va gitip do tac gid trong subt thoi gian hoc tap va lam luan van. Mic du
tac gid da rat co ging song luan van co thé con c6 mot sb sai sot, tac gia rat
mong nhan dugc cac ¥ kién goép ¥, bo sung va stta chita clia céc thay co gido
cung cac ban hoc vién.

Nghé An, thang 07 nam 2021

Tac gia



CHUONG 1

KIEN THUC CHUAN BI

Trong phan nay, ching toi trinh bay cac khai niém va tinh chat co ban dugc
dung cho cac néi dung chinh ctia luan van.
1.1 Khai niém chung vé do6 thi
1.1.1 Dinh nghia. Cho G 13 mot do6 thi don véi tap dinh
V(G) ={x1,...,2,}
va tap canh E (G). V6i moi dinh z;, tap lan can cla z; 1a

Ng (%) = {z;[{zi,z;} € E(G)}.

Tap N¢ [x;] = Ng (x;) U{z;} duge goi la lan can dong cua x;.

V6i tap con F' C V (G), ta dat Ng [F] = U, cr No [2:]. Cho tap con A C
V (G), d6 thi G\ A dugc dinh nghia la do thi véi tap dinh V (G\ A) va tap canh
E(G\A) ={e€ E(G)len A=(}. Mot do thi con H ctia G duge goi la do
thi con cdm sinh ctia G néu théa man dieu kién: v6i cac dinh w va v trong H,

{u,v} 1a mot canh trong H néu va chi néu {u, v} 14 mot canh trong G.

1.1.2 Vi du. Cho d6 thi G nhu hinh vé.



c d

Hinh 1.1: Do thi G
i) Tap dinh V (G) = {a, b, c,d, e}; tap canh

E (G) = {ab,ac, ae, be,bd, cd, de} .

ii) Tap lan can cua a la Ng(a) = {b,c,e}; ving lan can doéng cia a la
N¢la) = {b,c,e,a}.

iii) Xét tap cac dinh A = {a,e} C V (G), ta c6 do thi G\A c6 tap dinh
V (G\A) = {b, ¢, d} va tap céc canh E (G\A) = {bc, cd, bd}.

iv) Do thi con H C G véi tap dinh V (H) = {a,b, ¢} va tap canh F (H) =
{ab, be, ca}. Tap cac canh ctia G chi chita cac dinh trong H 1a Ey = {ab, bc, ca}.

Khi d6 H 1a do thi con cam sinh ctua G.
a

¢ Gu d ¢ H
Hinh 1.2: Db thi G/A va H
1.1.3 Dinh nghia. Cho do thi G. Néu ton tai sy phan chia V (G) = AU B sao
cho mdi canh cta G ¢6 dang x;x; v6i x; € A va x; € B thi G dugc goi la do thi
hai phan. Hon nita, néu moi dinh ctia A lién ké v6i moi dinh ctia B, thi ta noi
rang G 1a do thi hai phan hoan chinh va ki hieu no la K, trong d6 a = |A]
va b = |B|. Do thi K3 duge goi la ¢6 vudt va d6 thi G duge cho 1a khong vuot

néu n6é khong c6 bat ky do thi con cdm sinh ndo c6 vudt.



1.1.4 Vi du. Cho do thi G

Hinh 1.3: Db thi hai phan
Ta c6 £ (G) = {ac, ad, ae,bd, be}. D6 thi G 1a dd thi hai phan vi c6 thé phan
chia V (G) thanh V (G) = AU B v6i A = {a,b} va B = {c,d, e}.
Néu do thi G' ¢6 dang nhu hinh sau

d

e

Hinh 1.4: D6 thi hai phan hoan chinh
thi G' 14 do thi hai phan hoan chinh véi cach phan chia nhu trén va do thi G
dugce k}// hiéu 1a Kg’g vi |A’ = 2, ‘B‘ = 3.

1.1.5 Vi du. Cho dé thi G

C
d
Hinh 1.5: D6 thi khong vudt

Do thi G ¢6 V (G) = {a,b,c,d,e}. Ta co: deg(a) = deg(c) = deg(d) = 2;
deg (b) = deg (e) = 4. Khong ¢6 dinh nao ctia G ¢6 bac bang 3 nén G khong
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c6 bat ky do thi con cdm sinh nao dang K7 3. Vay do thi G nhu trén 1a do thi

khong vuot.

1.1.6 Dinh nghia. Cho G 13 mot do thi. Ta ¢6 mot s6 khai niem nhu sau:

i)

ii)

iii)

iv)

vi)

Tap con W ctia V (G) duge goi la tdp con doc lgp ciia G néu khong co6

canh ndo noi hai dinh cia W.

Tap con doc lap W ctia G 1a mot tap con doc lap toi dai, néu W U {x}
khong 1a tap con doc lap cua G, v6i moi dinh z € V (G) \W, hay W khong

1a tap con clia bat ci tap doc lap nao khac.

Tap con C ctiia V (G) dugce goi la phi dinh ctia G néu moi canh ctia G déu

c6 it nhat mot dinh cua C.

Mot phit dinh C' dude goi 1a phii dinh toi tiéu cia G néu khong mot tap
con thie st ndo ctia C 1a mot pht dinh ciia G. Luu v rang C 1a pht dinh
t6i tieu néu va chi néu V (G) \C 1a tap doc lap tdi dai.

Do thi G dudc goi 1a khong tron lan néu moi tap con doc lap tdi dai ctia

G déu c6 cluing s6 phan t1i.

D6 thi G khong c6 dinh co lap dudce goi 1a dugc phi rat tot néu n 1a s6
chin va moi tap con doc lap t6i dai clia G déu c6 luc luong 1a g Dac biét,
bat ky do thi hai phan khong tron 1an va khong c¢6 dinh co lap déu 1a do
thi dugc phu rat tot.

1.1.7 Vi du. Cho d6 thi G nhu hinh vé.

a

c d

Hinh 1.6: Do thi G
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Céc tap con doc lap cta V (G) 1a {a,d}, {a, e}, {b,d}, {d, e}, {a,d,e}. Cac
tap con doc lap toi dai cia V (G) 1a {a,d, e}, {b,d}. Cac phi dinh ctia V (G)
1a {b,c}, {a,b,c}, {a,c, e}, {a,b,c,d}, ... Cac phi dinh téi ticu cia V (G) 1a
{b,c}, {a,c,e}.

1.1.8 Vi du. Cho d6 thi G nhu hinh vé.
a

¢ d

Hinh 1.7: Do thi G
Céc tap con doc lap t6i dai ctia V (G) 1a {a, ¢}, {a,d}, {b,d}, {b, e}, {c,e}.
Cac tap con t6i dai cia V (G) déu ¢6 2 phan tit. Vay G 1a mot do thi khong

tron lan.
Két qué sau tir [3] xac dinh cAu tric ciia cac do thi phu rat tot.

1.1.9 Ménh dé ([3, Proposition 2.3]). Cho G la do thi phi rdt tot vdi 2h dinh.
Khi dé cdc dinh cia G duge goi la V (G) = (x1, ..., Th, Y1, --., Yn) théa man cdac
dieu kién sau:

(i) X = {x1,...,23} la phi dinh téi ticu cia G va Y = {yi,...,yn} la tap
con doc lap toi dai cia G.

(ii) {x;,y;} € E(G) vdi méi s6 nguyén i =1,...,h.

(i) Néu {z;, x;} ,{y;, xx} € E(Q), thi{z,zx} € E(G) vdi cdc chi s6 phan
biet 1, j va k va vdi z; € {x;,y; }

(iv) Néu {x;,y;} € E(G), thy {z;,z;} ¢ E(G).
1.1.10 Dinh nghia. Mot phic don hinh A trén tap cac dinh V' (A) = {xy, ..., x,}

14 tap hop cac tap con ctia V (A) théa man cac dieu kién sau:
i) {z;} € A v6i moi z; € V (A),
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ii) néu FF € Ava F' C F thi F' € A.

Phan tt F € A dudc goi 1a mot mat ciia A, so chiéu cia F dudc xac
dinh 1a dim F' = |F| — 1. S6 chiéu ctia A duge ky higu 1a dim A 1a d — 1, vdi
d = max {|F||F € A}. Mot mdt cuc dai ctia A 1a mit cye dai déi véi quan he
tht tir bao ham. Ta néi rang A 1a thuan tidy néu tat ca cic mat cuc dai cia A
c6 cuing so chiéu.

Mot phitc don hinh thuan tay A duge goi 1a lién thong manh néu véi moi
cap mit cuc dai F,G € A, ¢6 mot day cac mat cuc dai F' = Fy, Yy, ..., F, =G
sao cho dim (F; N Fj; 1) = dim A — 1, v6i moi s6 nguyén ¢ va 0 < ¢ < m — 1.

Cai lien két ctia A déi v6i mot mat [ € A dude dinh nghia & phitc don hinh
ko ={G CV(A)\F|GUF € A}.

1.1.11 Vi du. Cho phiic don hinh A trén tap V (G) = {x1, x9, 3, T4, x5} nhu

hinh sau:
X1

X4

X3

X2

Hinh 1.8: Phitc don hinh A ¢6 chiéu 2

Ta co
A = {,@, L1,T92,X3, T4, X5, 1L, L1L3, L1T4,T2X3, T3L4, .’Elxg.fl?g} .
Tap hop cac mit ing v6i cic s6 chiéu ctia A la:
F_1 = {@},
Fo =A{x1, 29, 23,24, 75} ;

Fy = {x129, 2123, 124, To2X3, T3T4 } ;

F2 = {5131562563}.
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Cac mat cuc dai cia A 1a {x5}, {124}, {2324}, {x120223}. SO chicu cia A la
2 duge xéc dinh béi mat cue dai {z12923}. Vi cde mat cuc dai cia A khong c6

ciing s6 chiéu nén A khong thuan tuy.

1.1.12 Vi du. Cho phtic don hinh A trén tap V (G) = {z1, 29, x3, 24} nhu

hinh sau:
X1

X4

X3

X2

Hinh 1.9: Phttc don hinh A ¢6 chiéu 1

Ta c6
A ={a, x1, 9, X3, T4, T5, T1T2, T1X3, T1 T4, ToT3, T3T4} -
Tap hop cac mit ing v6i cic so chieu ctia A 1a
Iy ={o};

Fo = {x1, 29, 23,24, 75} ;

F1 = {5131562, 13,14, T3, 333334} .
Cac mat cuc dai cua A la: {561562}, {.CClng}, {561564}, {332333} va {3?35174}. S6 chieu
cia A la 1. Vi cac mat cuc dai ctia A c¢6 cting s6 chiéu 1a 1 nén A thuan tay.

1.1.13 Dinh nghia. Cho S = K[z, ..., z,] 1a vanh da thtic n bién trén trudng
K. V6i moi tap con F' C V (A), ta dat v = [[,,cpxi. Idean Stanley-Reisner
cua phiic don hinh A trén K la idéan In ctia S dugc sinh bdi cac don thic
khong chinh phuong zp v6i F' ¢ A. Vanh Stanley-Reisner cua A trén K, ky
hieu 1a K[A], duge dinh nghia 1a K[A] = S/Ia. Phitc don hinh A duge goi 1a

Cohen-Macaulay néu vanh Stanley—Reisner ctia n6 1a vanh Cohen-Macaulay.
Cho do thi G. Phitc don hinh doc lap ctia G dugce xac dinh béi

A(G)={ACV(G)|A latap con doc lap cua G} .
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Khi d6 idéan Stanley-Reisner ctia A (G) la idéan canh ciia G duge xac dinh béi
1(G) = (v a2} € E(G)) € 5

Do thi G duge goi 1a do thi Cohen-Macaulay néu A (G) 1a mot phiic don hinh
Cohen-Macaulay. Mot két qua da biét d6 1a moi do thi Cohen-Macaulay 1a
khong tron 1an. Két qua sau day ctia Mahmoudi va céc cong sy (2011) cho ta

mot dac trung clia cac do thi pht rat té6t Cohen-Macaulay.

1.1.14 Ménh dé. Cho G la do thi phi rat tot vdi 2h dinh. Khi dé G la do
thi Cohen-Macaulay néu va chi néu tip cic dinh cia G, ky hieu la V (G) =
{21, ..., T, Y1, ..., yn t théa man cdc diéu kién (i)-(iv) ciia Ménh dé 1.1.9 vai < j
vdi {x;,y;} € E(G).

1.1.15 Dinh nghia. D6i ngau Alexander ctia idéan canh ciia G trong S la
idéan
J@=1G)"= () ()
{ziz;}eE(G)
dudc goi 1a idéan phi clia G. Ta dé& dang kiém tra dudc rang J (G) duge sinh

béi cac don thiic téi ticu [1.,cc @i, trong d6 C' 1a mot phti dinh t6i ticu cta G.

1.2 Liy thita hinh thic va giai tu do t6i tiéu cta idéan

1.2.1 DPinh nghia. Goi [ 14 mot idéan ctia S va dat Min (1) 1a tap céac idéan
nguyén t6 toi titu ctia I. V6i moi sé nguyen k > 0, ldy thita hinh thic thi k
ctia I, ki hieu 1a I™ | duge xac dinh bdi
(k) — k
1% = () Ker(s—(s/1"),).
peMin(I)

Cho I 1a idéan don thic khong chinh phuong ctia S va gid st rang I c6 su

phan tich nguyén so thu gon

I=p1N...Np,,



15

trong d6 mdi p; 14 mot idéan nguyeén so ctia S sinh bdi mot tap con cic bién
ciia S. Tu [0, Proposition 1.4.4], ta suy ra rang v6i moi s6 nguyén k > 0,

1™ =pkn  npk

Dac biet, v6i moi do thi G va vé6i bat ky s6 nguyen k > 0, ta ¢

JH" =" (znz)"

{l‘i,x]’}GE(G)

1.2.2 Vi du. Cho do thi nhu hinh vé.

X1
X2

X3 X4

Hinh 1.10: Do thi G
Ta c6: V (G) = {x1, 29,23, 24}, E(G) = {129, 2173, 1124, T2x3}. Cac phu
dinh t6i tiéu ctia G gom co: {x1, z2}, {x1, 23}, {29, 23, 24}. Khi d6 J (G) =

(2129, T123, Toxgwy). Phan tich nguyén so cia J (G) la
J(GQ) = (z1,22) N (w2, 23) N (21, 23) N (21, T4) -

Tu do ta co

Vidu véi k = 2, ta co

JI(G) = (x1,22)° N (22, 23)° N (21, 23)° N (21, 24)°
= (xf, :U%,xla:g) N (x%,l'%,il‘gxg) N (x%, :Ug,ajlxg) N (a:%,xi,xl:m)
= (ZL'%I‘%, X1X2X3, L1T2X3T4, Z’%I’;, l’%l’%l‘i)

1.2.3 Dinh nghia. Cho M 1a mdt S-modun phan bac va

0— - —>@S )M —>@S )M 5 M — 0
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1a giai phan bac tu do t6i tieu cta M.

Cac s6 nguyén f;; (M) dugc goi 1a cac so Betti phan bac cia M. Chi so
chinh quy Castelnuovo-Mumford (hay ngan gon la chi s6 chinh quy) ctia M, ki
hiéu 1a reg (M), duge dinh nghia nhu sau:

veg (M) = max {j — i |%; (M) # 0}

Mot idéan thuan nhat I dudce goi 1 ¢é gidi tuyén tinh néu véi sé6 nguyen d,

Biitt (I) =0 v6i moi ¢ va v6i moi sd nguyeén ¢ # d.

Ro6 rang tir dinh nghia nay néu mot idéan c6 gidi tuyén tinh, thi cac phan ti
sinh t4i tiéu ctia I déu cting bac. Theo dinh 1y Eagon-Reiner [6, Theorem 8.1.9]
ta ¢6 mot do thi G 1a Cohen-Macaualy néu va chi néu idéan pht J (G) ctia né
c6 gidi tu do tuyén tinh. Cho I la idéan thuan nhat dudc sinh bdi cac da thiic
thuan nhat bac d. Ta néi ring I c6 bieu dién tuyén tinh néu By 14 (1) = 0 véi
mdi s6 nguyen t # d. R6 rang I sé c¢6 biéu dién tuyén tinh néu noé cé giai tuyén
tinh.

Cho I 1a mot idéan don thic ciia S = K|z, ..., 2] véi cac don thite sinh t6i
t8U U, ..oy Upy, O dAy uj =[]0, 237, 1 < § < m. V6i moi i théaman 1 < i < n,
ky hiéu

a; :=max{a;;la <j<m},
va gia st rang
T =K[Z11, 012, s Tlayy T215T22, cey T2a9s oy Tnds Tn,2s -y Tng, ]

la mot vanh da thic trén truong K. Goi IP°! 14 idéan don thic khong chinh

phuong ctia T véi he sinh t6i tiéu uP”, ..., w2, trong d6

pol n @i, .
= Hizl Hk:1 Liks l=sj=m

Don thiic U?OI dugc goi 1a su phan cuc cla u;, va idéan P! duge goi la idéan
phdn cuc ctia I. Ta biét rang 3;; (1) = B;; (IP') , v6i méi cap s6 nguyén i va

J (xem vi duy, [0, Corollary 1.6.3]).
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1.2.4 Vi du. Cho S =K |[z,y] va I = (2%y, y*). Gi4 s giai phan bac ty do t6i

tiéu ctia I ¢6 dang nhu sau:
0 7) 0 0
NN = D F N

Day phtc trén khép tai Fy néen Im 9y = I = (2?y,y?). Suy ra rankg (Imdy) =
rankg (I) = 2. Do tinh tdi tiéu ctia gidi tur do, ta chon ta chon Fy sinh béi 2
phan ti e1, ez sao cho 9y (e1) = z*y, 9 (e2) = y>. Do tinh bio toan bac ciia
dong cau phan bac nén dege; = deg (2%y) = 3 va degey = degy? = 2. Ta ¢6
Fy =Se; & Sey = S[-3] & S[-2].

Suy ra day khép

A%y es-y Sy Y

Ta c6 Im 0; = Kerd,. Suy ra

Imo; = {&161 + (oey € F0|Oéi € S, Oy (a’161 + 05262) = O}
= {&161 + aney € F0|Oéi € S, 041(90 (61) + 04280 (62) = O}
= {&161 + aney € Fola; € S, 041:1:2y + a2y2 = O} )
Chon a1 = vy, g = —2%. Khi d6 Im 0, = S (yel — $2€2). Vi giai tu do t6i tieu

nén rank (Fi) = rankg (Imd;) = 1 va deg f = deg (ye1 — 2%e2) = 4. Do d6
Fy = Sf =5[—4]. Bay gio ta ¢6 cac day khép

y
P % 84 M Sl-3@s[-g ZY YL,

Ta co

Im d, = Kerd = {Bf € F1|5 € S,01 (Bf) = 0}
= {Bf € F1|B € S, 801 (f) =0}
= {Bf € RIS € 5,8 (yer — 2%ez) = 0}
= {0}
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Suy ra F» = 0. Vi vay giai phan bac tu do t6i tieu ctia I c6 dang

Y
I R T T L N

o
0=

Tt d6 ta c6 céc chi s6 Betti phan bac khac 0 ctia [ 1a: Byo (I) = 1; fos (1) = 1;
51,4 (]) =1. Vﬁy reg (I) = max{j - Z|5m 7é 0} =4—-1=23.
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CHUONG 2

LUY THUA HINH THUC VOI GIAI TUYEN TINH

Muc tiéu ctia chuong nay 1a trinh bay dac trung ctia cac do thi G vé6i tinh

chat J(G)™ ¢6 giai tuyén tinh véi s6 nguyen k > 2.

2.1 Liy thira hinh thitc véi giai tuyén tinh

2.1.1 Ménh dé. Cho G la do thi phi rat tot va gid su J(G)(k) cé gidi tuyén
tinh, vdi s6 nguyén k > 1 nao dé. Khi dé J (G) c6 gidi tuyén tinh.

Chiing minh. St dung Ménh dé 1.1.9, cac dinh ctia G c6 thé ky hieu la

V(G) = {331, e Lhy YLy +eey yh}

sao cho cac dieu kién sau duge théa man.

(i) X := {21, ..., 2} 13 mot phi dinh t6i tieu cia G va 'Y := {y1, ...y} 12
mot tap con doc lap toi dai cia G.

(ii) {x;,yi} € E (G), v6i mbi s6 nguyén i = 1, ..., h.

(iii) Néu {z;, z;},{y;,zr} € E(G), thi {z,z1} € E(G), v6i i,j va k phan
biet va z; € {x;, y; }.

(iv) Néu {xz;,y,;} € E(G), thi {z;,z;} ¢ E(G).

Tu [3, Lemma 3.4], ching ta biét rang (J (G)(k))p01 13 idéan phit clia do thi
G, véi tap dinh

V(Gr) = {xipyip|l <i <hval<p<k}



20

va tap canh

E(Gr) = {{zip: vjq} H%%‘} €EE(G) vap+q<k+1}
U {{xi,p:ym} H%yj} EF(G) vap+q<k+ 1} .

Theo gia thiét va [6, Corollary 1.6.3] ta ¢6 J (G) ¢ giai tuyén tinh. Nhu 1a mot
he qué, tu [0, Theorem 8.1.9] ta suy ra rang Gy, 1a mot do thi Cohen-Macaulay.
Luu ¥ rang

F={yjl1<i<hva2<j<k}

la mot tap con doc lap ciua Gy. Ta ¢6
Ne [Fl=FU{x;;[1<i<h;1<j<k—-1}.

Do d6, Gi\Ng, [F] dang ciu v6i do thi hai phan c6 duge tit G biang cach x6a
cac canh c6 diém két ndm trong X. Ta ky hieu do thi méi nay 1a G’. Néi cach

khéc, G’ 1a do thi vé6i tap hop dinh V (G') = V (G) va tap canh

E(G) = {{zi,y;} 1 < 0,5 < h; {z,9;1 € E(G)}.

Theo d6 lkag)F = A(G'). Tit Gy la Cohen-Macaulay, ta két luan G’ ciing
la Cohen-Macaulay. Do d6, G’ 1a do thi phu rat t6t. St dung [3, Lemma 3.5],
ton tai mot hoan vi o : [h] — [h] v6i tinh chat o (i) < o (j) bat cit khi ndo
{JUU(Z-), yg(j)} € I (G). Dé thay la d6 thi G v6i ki hiéu (1) s To(h)s Yo(1)s - Yo (h)
clia cac dinh ctia n6 ciing thoa man cac diéu kien (i)-(iv) ctia Ménh dé 1.1.9. Do
do6, dung Meénh dé 1.1.14, chting ta két luan duge G 1a do thi Cohen-Macaulay.
Nhu 13 mot hé qud, [6, Theorem 8.1.9] suy ra rang J (G) c6 gidi tuyén tinh. [

Nhu ching ta da dé cap trong Chuong 1, néu idéan thuan nhat I c6 giai
tuyén tinh thi né phai dugc sinh tit cac phan t sinh ciing bac. Do d6, dé dic
trung cac do thi G vdéi tinh chat J(G)(k) c6 gidi tuyén tinh, trudc tién ching ta
can xac dinh cac do thi G sao cho J (G)(k) dugc sinh tit cAc phan ti sinh cling

bac. Diéu nay sé duge thé hién trong bo dé tiép theo. Luu ¥ rang déi véi mot
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idean don thic I, tap duy nhat cac don thic sinh téi tiéu ctia I duge ky hiéu
la G(I).

2.1.2 B8 dé. Cho G la mot do thi khong cé dinh co lap va gia sit J(G)" duge
sinh trong cung mot bac, vdi so nguyén k > 2 nao dé. Khi dé G la do thi phi
rat tot.

Chitng minh. Giast V (G) = {z1, ..., x,} va u 1a mot don thic trong hé céc don
thite sinh t6i tidu ctia J (G). Chi v lau® € J(G) € J(G)W. Viu e G (J(G)),
v6i moi s6 nguyen 1 < ¢ < n, ton tai dinh Ng (z;) sao cho u/x; ¢ (x;, ;). Do
a6,

ot [y = () ok ¢ ()

Dic biet, v6i moi s6 nguyén 4, 1 < i < n ta c6 uk/a:i = J(G)(k). Do d6, u*
thuoe hé cée don thite sinh téi tidu ciia J(G)™. Vi J(G)* duge sinh ra trong

cung mot bac, ta suy ra

deg (J(G)(k)> = deg (u*) = kdeg (u) .

Do cac dang thiic ¢ trén dung v6i moi don thiic v € G (J (G)), nén J (G) duge
sinh bdi ctiing mot bac. Vi thé, G 1a mot do thi khong tron 1an. Goi d 1a bac

clia cac don thic sinh téi tiéu ctia J (G). Ta c6
deg (J(G)<k)> — Jd.

Bai [4] (xem [3, Theorem 0.1]), ta c6 d > n/2. Do d6, dé hoan thanh ching
minh, ching ta chi can chi ra rang d < n/2. Dat v := x1...2,. Ta chia phan

con lai ctia ching minh thanh hai truong hgp sau day.

Trudng hop 1. Gid st k£ = 2m 14 mot s6 nguyén chdn. Ro rang v™ € J(G)(k).

Diéu nay suy ra rang
mn = deg (v™) > deg (J(G)(k)> = kd = 2md.

Do do6, n > 2d.
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Trudng hgp 2. Gia stt kK = 2m + 1 1a mot s6 nguyen 1é. Nhu trén, cho u 1 mot
don thitc trong tap cac don thiic sinh téi tiéu ctia J (G). R6 rang, uv™ € J(G)(k).
Vi thé,

d +mn = deg (uv™) > deg (J(G)(k)> —kd=(2m+1)d. O

Tt cac dinh nghia trén thi diéu kién c6 giai tuyén tinh manh hon 13 c6 mot
biéu dién tuyén tinh. Tuy nhién, ching ta sé thay trong Meénh dé 2.1.3 13 hai
khai niém nay 13 tuong duong déi véi cac liiy thita hinh thic ciia idéan phu clia
do thi phii rat t6t. Dé chitng minh diéu nay, ta sit dung dicu kién Serre sau day:

Cho M 1a S- modun hitu han sinh khéac khong va cho r > 1 1a mot s6 nguyén
duong. Khi d6 M dugc goi la thod man diéu kién Serre (S,), néu v6i moi idéan

nguyen té p ctia S thi bat ding thic sau la ding

depth M, > min {r, dim M,} .

Ta no6i phtic don hinh A théa man diéu kién Serre néu vanh Stanley-Reisner

théa man diéu kién Serre.

2.1.3 Ménh dé. Cho G la do thi phi rat tot va gid st k la mot s6 nguyén
duong. Khi dé J(G)®) ¢ gidi tuyén tinh néu va chi néu J(G)*) c6 biéu dién

tuyén tinh.

Chiing minh. Phan “ngudc lai” cia Ménh dé la hién nhién. Vi vay, ching ta chi
chiing minh phan “néu”. Gia sit J(G)® ¢6 biéu dién tuyén tinh. Theo [6, Corol-
lary 1.6.3], idéan (J(G)")P? ¢6 biéu dién tuyén tinh. St dung [3, Proposition
3.1 va Lemma 3.4], ton tai do thi phi rat t6t Gy, véi (J(G)F)P = J(G}) . Vi
J(Gy) c6 biéu dién tuyén tinh, nén tit [12, Corollary 3.7], A(Gy) théa man diéu
kien Serre (S3). Ta biét rang moi phtic don hinh théa man diéu kién Serre (Ss)
1a lien thong manh. Dac biet, A(Gy) 1a phttc don hinh lién thong manh. Do do,
ta c6 thé két luan tir [3, Theorem 0.2] rang Gy 1a do thi Cohen-Macaulay. Vi
thé, bdi [0, Theorem 8.1.9] ta suy ra rang J(Gy) ¢6 giai tuyén tinh. Do d6, theo
[6, Corollary 1.6.3], J(G)") ¢6 giai tuyén tinh. O



23

Dinh 1y tiép theo 1a dinh 1y chinh clia muc nay.

2.1.4 Dinh li. Vi bat ky do thi G khong cé dinh co lap, cdc diéu kién sau la
tuong duong.

(i) J(GY®) ¢6 gidi tuyén tinh, vdi moi s6 nguyén k > 1.

(i) J(G)F) ¢6 gidi tuyén tinh, vdi mot s6 nguyen k > 2.

(iii) J(G)®) ¢6 biéu dién tuyén tinh, vdi moi s6 nguyen k > 1.

() J(GY®) ¢ biéu dién tuyén tinh, vdi mot s6 nguyén k > 2.

(v) G la do thi Cohen-Macaulay phi rat tot.

Chiing minh. Néu G théa man mot trong cac dieu kien (i)-(v), thi J(G) duge
sinh ra tit mot bac don. Do do, sit dung Bo dé 2.1.2, ta suy ra G la do thi phu
rat tot. Vi vay, cac tuong duong (i) < (iii) va (i1) < (iv) theo Ménh de 2.1.3.
Su kéo theo (i) = (i7) 1a tam thuong. Béi [0, Theorem 8.1.9] va [3, Theorem
3.6, (v) kéo theo (). Dé chiing minh (i7) = (v), nhu chiing ta da dé cap & trén,
theo (i) va Bo dé 2.1.2 thi G 1a do thi pha rat t6t. Khi d6 st dung Ménh dé
2.1.1 va [6, Theorem 8.1.9], ta két luan duge G 1a do thi Cohen-Macaulay. []

2.1.5 Nhan xét. (1) Gia st [ 1a idéan don thic khong chinh phuong. Néi chung
14 khong ding khi néi ring néu I® ¢6 gidi tuyén tinh, véi sé nguyen k > 2, thi
I ciing ¢6 giai tuyén tinh. Vi dy, cho I = (z129, xox3, X314, T4T5, x1x5) 12 idéan
canh ciia d6 thi chu k¥ 5. C6 thé kiém tra dé& dang ring I c6 giai tuyén tinh
nhung [ thi khong.

(2) Gia sit I 1a idéan don thiic khong chinh phuong. N6i chung, néu 1 ¢
giai tuyén tinh thi khong kh&ng dinh duge ring I™®) ¢6 cling tinh chit, v6i moi
s6 nguyen k > 2. Vi du, cho I ciing 1a idean nhu tren. Khi d6, I ¢6 giai tuyén
tinh. Mat khac, a:i)’ajg VA T1T9T32425 thude tap cac don thic sinh tdi tiéu cta
I®) . Suy ra I® khong duge sinh cling mot bac. Do d6, né khong 6 giai tuyén
tinh.
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2.2 Chi s6 chinh quy cta lay thira hinh thic

Noi dung ctia muc nay 1a trinh bay mot s6 két qua veé chi sé chinh quy cta
liiy thita hinh thitc ctia idéan phi ctia do thi. Matinez-Bernal va cong su [7,
Corollary 5.3] da ching minh dugce rang chi s6 chinh quy cta liy thia cla
idean phtl clia do thi hai phan 1 ham khong gidm. Dinh Iy 2.2.1 14 tong quat
hoéa két qua nay bang cach chi ra day (reg <J (G)(k)> > " a khong gidm v6i moi
do thi hai phan G. '

2.2.1 Dinh li. Cho G la mot do thi. Khi dé vdi moi so6 nguyén k > 1, ta cé

reg (S / J(G)(k)> < reg (S / J(G)(k“)) .

Chiing minh. Khong méat tinh tong quat, ta c6 thé gia st G khong c6 dinh co

lap. Goi V (G) = {x1,...,z,} & tap dinh cia G. Xét cac idéan khong chinh
(k) P°! . (k+1)\P°! ,

phuong ( J(G) C Ty va (J(G) C Tyy1, trong do

T, =Klzip|1 <i<n,1<p<r]

véir =k, k+ 1. Tu [0, Corollary 1.6.3], ta c6

reg (1, / (1(6)7)") = res (5/36)")

Nhu 14 mot hé qud, ta chi can ching minh réng

reg <Tk / (J(G)(’“)>p01> < reg (TkH / (J(G)“f“))pd) .

pol .
Bdi [3, Lemma 3.4], v6i r = k,k + 1, idean (J(G)(T)> la idéan phu ctia do
thi G, v6i tap dinh
V(G,) ={zip[1 <i<n,1<p<r}

va tap canh

E(Gy) = Hip Tjg} Raiaj € E(G) , p+qg<r+1}.
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W .= {xz’,[k;l]—i—l ‘1 S 1 S n} Q V(Gk_H)
va xét anh xa ¢ : V (Gg) = V (G \W) duge xac dinh nhu sau:

v fwyy khil<j<[EH
o (zig) = { ;41 khij > [%] + 1.

Khi d6 ¢ 13 mot dang cau gitta Gx va Gry1\W. Do d6 G}, 1a do thi con cam

sinh ctia Gj41. T [0, Lemma 3.1], ta c6

reg (1y./J (G)) < reg (Thy1/J (Gri1)),

tic la
pol pol
reg (Tk/(J(Gk)(k)) > < reg (Tkﬂ/(J(GkH)(kH)) >
va diéu nay hoan thanh chitng minh. ]

2.3 Bac cuc dai ctia caAc phan t1& sinh cta lity thira hinh
thic

Trong muc nay, ching t6i trinh bay lai cac két qua vé bac cuc dai clia cac
phan ti sinh ctia liiy thita hinh thitc ctia idéan phi. L. X. Dung, T. T. Hien,
H. D. Nguyen va T. N. Trung (2019) da ching minh rang deg (J(G)(k)> khong
nhat thiét 14 mot ham tuyén tinh. Tuy nhién, ching ta sé thay trong Dinh 1y
2.3.2 va He qua 2.3.3 rang deg <J(G)(k)> 1a mot ham tuyén tinh d6i v6i mot s6
16p do thi cu thé. Dé chitng minh nhiing két qua nay, ching ta can bo dé sau.

2.3.1 Bo dé. Cho G la mot do thi vdi tap dinh V (G) = {z1, ..., 1, }. Gid st
z € V(G) la mot dinh cia G. Dt u =[], cny@ i va J = J(G\Ng|z]) S.
Khi d6 J(G)Y + (z) = ubJ®) + (2).

Ching minh. Ta c6



26

JGOP+@= N @e)'+@= N (@) +@)

{ziz;}eE(G) {ziz;}ebB(G)
(0 ) A (et
{zizj}eNG(2) {zix; eB(G)wd{zi,z;}
- N (@r+@)]n N (@) +@)
{zixjteNG(z) {zix; e E(G)xd{zia;}

Cha y réng v6i moi dinh z; € Ng (x) vd v6i moi canh {z;,z;} € E(G), ta c6
()" + (x) C (21, 2;)" + (). Do do, tit cac déng thiic trén ta suy ra

JGP+@=| N (@'+@)|n N (@) +@)

z;€Ng(x) {zi,z; e E(G\Ng[z])
k k
(| N @*]n N (@) ] ] +@
r;€Ng(z) {zi,z;}€E(G\Ng|z])

= (uk N J/(k)> + ()
—u*J® 4+ (2).

Noi dung tiép theo 13 trinh bay chitng minh dinh 1y chinh ctia muc nay nhu

sau.

2.3.2 Dinh li. Cho H la ho cdc do thi thod man cdc dieu kién sau.
(i) Véi moi do thi G € H va moi dinh x € V (G), do thi G\Ng [x] thuoc H.

(ii) Néu G € H khong c6 dinh co ldp, thi né cé6 mot phai dinh tdi tiéu vdi lic
V(G)

T
Khi dé moi do thi G € H va moi s6 nguyén k > 1, ta cé

luong nhé nhat la

deg (J(G)“”) = kdeg (J (G)).

Chitng minh. Bang cach thay H bdi H U {K3}, ta c6 thé gid st Ko € H. Goi
m 1& s6 canh ciia G. Ta ching minh bang quy nap theo k + m. Truong hop

[]
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k =1 1a tam thuong, khong c6 gi dé chiing minh. Do d6, ta gia st k > 2. Gia
st m = 1 va {x1, 22} 1a canh duy nhét clia G. Khi d6 J (G) = (21, z2). Nhu
vay, deg (J (G)) = 1 va deg (J(G)(k)> = k. Do do, gia si rang m > 2. Khong
mat tinh tong quat, ta c6 thé gid sit G khong c¢6 dinh co lap. Tit [10, Lemma
3.1], ta c6 deg (J(G)(k>> > kdeg (J(G)). Do d6, ta chi can ching minh rang
v6i moi don thitc w € G (J(G)(k)>, bat ding thitc deg (w) < kdeg (J (G)) Ia
ding. Gid st V (G) = {x1, ...,z } v dat v := x1...x,. Ta xét hai truong hop
satl.

Trudng hgp 1. Gia st v chia hét w. Khi d6 w/v thuoc tap céac don thiic
sinh t6i tiéu clia (J(G)(k) ; v). Tu [9, Lemma 3.4], ta c6

(J(G)““) : v) — J(G)+2,
Do d6, st dung gia thiét quy nap, ta két luan dudgc
deg (w/v) < (k —2)deg (J (G)).

Vi vay
deg (w) < (k —2)deg (J (G)) + n.

Truong hop 2. Gia sit v khong chia hét w. Khi d6, ton tai mot bién, g 1a
x; khong chia hét w. Dat u = HxieNG(xj) z;. Tt Bo dé 2.3.1, ta ¢6 w thuoc tap
cac don thiic sinh t6i tiéu ctia u*J(G\ Ng [acj])(k). N6i cach khéc, u* chia hét w,
va

w/ut € G (J((G) \Ne o))

T gid thiét quy nap
deg(w) — kdegg(x;) = deg(w) — kdeg(u) < kdeg(J(G \ Nglz;]). (1)

Mat khéc, néu C' 1a phu dinh t6i tiéu ctia G\ Ng [z;], thi C U Ng (x;) la phi
dinh t6i tiéu ctia G. Vi thé,

deg(J(G \ Nglz;])) + degg(x;) < deg(J(G)). (2)
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St dung (1) va (2), ta c6 thé két luan rang
deg (w) < kdeg (J (G\NG [,])) + kdegg (2;) < kdeg (J (G)). O
Nhu 13 mot hé qua ctia Dinh 1y 2.3.2, ta c¢6 khang dinh sau day.

2.3.3 Hé qua. Cho G la mot do thi khong tron lan hodc khong vuot. Khi do

vdi moi s6 nguyén k > 1, ta co
deg (J(G)(k>) = Jrdeg (J (G)).

Dac biet, deg (J(G)(k)) la mot ham tuyén tinh cia k.

Chiing minh. Ta c6 moi do thi khong tron 1an G khong c6 dinh ¢o 1lap c¢6 phi

V(G|
2

Theorem 3.7] ta ¢6 moi do thi khong vudt G khong c6 dinh ¢o lap ¢6 phu dinh

dinh t6i tieu véi luc lugng nhé nhat 1a | . Ngoai ra, tir chiing minh cta [10,

t6i ticu véi lue lugng nhé nhat 1a |V( ) . Goi H 14 16p cac do thi khong tron 1an
hodc khong vudt. Khi dé tir Dinh ly 2.3.2 ta c6 diéu phai chiing minh. ]
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KET LUAN

Dura vao cac tai lieu tham khao, luan van da hoan thanh duge cac noi dung
co ban sau:

1. Trinh bay cac khai niém chung vé do thi.

2. Trinh bay cac khai niém va tinh chat vé lity thita hinh thitc clia mot idean
trong vanh da thic.

3. Trinh bay cac khai niem vé giai tu do tuyén tinh téi tiéu ctia mot idéan
trong vanh da thic.

4. Trinh bay khai niém va cic tinh chat ctia vé chi s6 chinh quy.

5. Trinh bay mot s6 két qua vé giai tu do tuyén tinh va chi s6 chinh quy cta
lily thita hinh thitc ciia idéan pht ciia do thi phi tot, phil rat tot.

6. Dua ra mot s6 vi du cu thé cho titng phan noi dung dua trén tai lieu tham
khao chinh.
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TAI LIEU THAM KHAO

Danh muc tai lieu tham khdo bao gom céc tai licu sau, trong dé tai lieu tham

khao chinh la [11].
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