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MG DAU

Gia stt P va @ 1a cac da thic mot bién trén truong K dong dai s6, day
dt véi gia tri tuyéet doi khong Acsimet. Bai toan xem xét nghiém ham phan
hinh f va ¢g khac hang ctia phuong trinh ham P(X) = Q(Y) tut lau da thu
hit duge sy quan tam clia nhiéu nha toan hoc. Bang cach ap dung 1y thuyét
phan bd gia tri cia Nevanlinna, cic tac gid Alain Escassut va Chung Chun
Yang da dua ra cac diéu kién du cho tap céc khong diém ciia cac dao ham
bac nhat ctia P va @ dé phuong trinh ham P(X) = Q(Y') khong c6 nghiem
ham phan hinh khac hing. Trong truong hop dic s6 clia truong K khéc 2
va deg(P) = 4, céac tac gid da xem xét phuong trinh ham trong truong hgp
dac biet Q = aP va da thu dugec mot s6 dieu kién dic trung cho su ton tai
nghiém ham phan hinh khéac hang ctia phuong trinh P(X) = aP(Y).

Trong luan van nay, ching to6i tadp trung nghién cttu phuong trinh ham
P(f) = Q(g) trén truong khong Acsimet.

Noi dung chinh ctia luan van 1a tim hiéu va trinh bay mot cach chi tiét
nhiing két qua trong bai bao “The functional equation P(f) = Q(g) in a
p—adic field” cta cac tac gia Alain Escassut va Chung Chun Yang trén tap
chi Journal of Number Theory [11].

Ngoai phan muc luc, mé dau, két luan va tai licu tham khdo, noi dung
cua luan van dugc chia thanh hai chuong.

Chuong 1. Kién thic chuan bi. Trong chuong nay ching toi trinh bay
mot s6 kién thitc co ban nhiam muc dich lam co s§ cho viéc trinh bay noi
dung ctia chuong 2. Ngoai ra ching t6i con trich dan mot s6 két qua da co
nham phuc vu cho céc chitng minh & phan sau.

Chuong 2. Phuong trinh ham P(f) = Q(g) trén trudng sé p—adic.
Trong chuong nay ching toi trinh bay mot cach chi tiét nhitng két qua trong
bai bao “The functional equation P(f) = Q(g) in a p-adic field” ctia céac tac
gia Alain Escassut va Chung Chun Yang. Cu thé chiing t6i trinh bay vé mot
s6 diéu kien da dé phuong trinh ham P(f) = Q(g) khong c6 nghiém ham

phan hinh khic hing va mot s6 diéu kién dac trung cho sy ton tai nghiém
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ham phan hinh khac hang ctia phuong trinh ham P(f) = Q(g) trong truong
hop @ ty 1é véi P.

Luan vian dugc hoan thanh tai truong Dai hoc Vinh duéi sy huéng dan
tan tinh, chu ddo va nghiém khic cta co gidao TS. Nguyén Thi Ngoc Diép.
Tac gid xin bay t6 long biét on sau sic nhat dén Co, ngudi da chi day téac
gia nhitng kién thic, kinh nghiém trong hoc tap va nghién citu khoa hoc.

Tac gia xin chan thanh cidm on Ban cht nhiém phong Sau dai hoc, Ban
lanh dao Nganh Toan hoc — Truong Dai hoc Vinh.

Tac gia xin cAm on quy thay gido, co gido trong to Dai s6 va Nganh Toan
hoc — Truong Dai hoc Vinh da nhiét tinh giang day va gitp do tac gid sudt
thoi gian hoc tap.

Cudi cuing tic gid xin cAm on gia dinh, dong nghiép, cac ban trong l6p
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va cac ban hoc vién.
Nghé An, thang 5 nam 2021
Tac gia



CHUONG 1

KIEN THUC CHUAN BI

Trong chuong nay ching toi trinh bay nhiing kién thitc co ban nham muc
dich lam co s6 cho viéc trinh bay noi dung ctia chuong 2. Ngoai ra chung
toi con trich dan mot sd két qua da c6 nham phuc vu cho cac chitng minh
¢ phan sau. Nhitng noi dung nay chi yéu dude tham khdo trong cac tai lieu

1], 2], 3] va [12].
1.1 Da tap trong khong gian afin va khoéng gian xa
anh
Trong toan bo chuong nay ta luon luon ky hiéu £ la mot truong.

1.1.1 Dinh nghia. Cho da thic G(xy,...,2,) € k[x1,...,2,]. Mot diém
V = (v1,...,v,) € A"(k) dugdc goi 1a khong diém cta da thic G(z1,. .., z,)
néu
G(V)=G(vy,...,v,) =0.
Néu G khong 1a hing thi tap hop céc khong diém ctia G duge goi 1a siéu
mat xac dinh béi G, ky hiéu la Z(G). Nhu vay
Z(G) =4V e A"(k)|G(V) =0}.

1.1.2 Dinh nghia. Néu % la tap hop cac da thic bat ky trong vanh da
thic k[zq,...,z,] thi tap hop

Z(AB)={V e A"(k)|G(V) =0,VG € £}
duoc goi 1a tdp dai so trong A"(k).

1.1.3 Vi du. (1) Tap réng & la mot tap dai s6 vi tap rong la tap nghiem
ctia phuong trinh f =0, véi moi f € k, f # 0.
(2) Méi diem V = (vq,v9,...,v,) trong khong gian afin A"(k) 1a mot tap



)
dai s6 vi V 1a tap nghiém ctia hé phuong trinh sau
(21 —v1 =0

5172—1)2:0

nghia la

V =Z(x1 —v1,T2 — Vg, ..., Ty — Up).

(3) Tap nghiém ctia mot hé phuong trinh tuyén tinh 1a mot tap dai s6 va
dudc goi 1a da tap tuyén tinh.

(4) A™(k) 1a tap dai s6 trong A™(k) vi A"(k) la tap nghiém ctia phuong trinh
0=0.

1.1.4 Ménh dé. (i) Cho %, Py la cic hé da thic trong vanh da thic
klxy, ..., x,]. Néu By C By thy Z(%B1) C Z(Ss).

(ii) Hop cia hai tap dai s6 cing la tap dai so, nghia la: Véi cac hé da thiic
B, By trong vanh da thic k[xy, ..., x,] ta luon co

Z(%$1) U Z (%) = Z(#)

trong do

B ={hglh € $1,9 € B>}

(iii) Giao ciia mot ho tuy 4 cac tap dai so la mot tap dai so, nghia la: Vi

mot ho {%;} cdic hé da thic trong vanh da thic klx1, ..., x,] ta luon cé

OZ(%) =7 (U %) .

1.1.5 Chu y. Trong khong gian afin A"(k) ta luon c6 hgp ctia hai tap dai
s6 1a mot tap dai so, giao clia mot ho tity ¥ cac tap dai s6 1a mot tap dai so,
tap rong va toan bo khong gian afin A”(k) 1 cac tap dai 6. Vi vay ta c6 thé
trang bi mot topo treén khong gian afin A" (k) bang cach coi cac tap dai s6 1a

cac tap dong. Topo nay duge goi 1a topo Zariski trén khong gian afin A" (k).

1.1.6 Dinh nghia. (i) Ta n6i tap dai s6 U C A"(k) 1a khd quy néu U =
Uy U Us, trong d6 Uy, Us 1a cac tap dai s6 trong A"(k) va Uy # U, Uy # U.
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Trong trudng hop ngudc lai, tap dai s6 U dudce goi 1a bat khd quy.
(i) Mot tap dai s6 bat kha quy trong khong gian afin A" (k) duge goi 1a mot
da tap afin.
(iii) Mot tap con mé ctia mot da tap afin duge goi 1a da tap tua afin.
1.1.7 Dinh 1y. Gid st U la tap dai so trong khong gian afin A"(k). Khi dé
ton tai duy nhat cdc tap dai s6 bat khd quy Uy, Us, ..., U, sao cho

U=U,0U0,U...UU,

trong do U; ¢ U; vdi moi i # j.

Cac tap dai so bat khd quy U; dudc goi la cde thanh phan bat khd quy ciia
tap dai so U va U = Uy UUs U ... U U, la su phan tich U thanh cdc thanh
phan bat khd quy.

Gia stt H 1a da thic thuan nhat bac h trong vanh da thic k[, ..., x,11].
Ta co

H(M\ay, Mg, ..., Aapi1) = N'H (a1, as, . . ., Gny1),
v6i moi diém a = (ay, as, ..., anp1) € A"MH(K), X € k. Vi vay néu a 1a nghiem

cua H thi Aa ciing 1a nghiém ctia H.
Luu ¥ rang diém 0 1a nghiém ctia moi da thitc thuan nhat.

Dé xét nghiém ctia da thiic thuan nhat ta chia tap A" (k)\{0} theo quan

hé tuong duong

a ~ b néu ton tai A # 0 sao cho b = Aa.
Tap hop cac 16p tuong duong nay duge goi 1a khong gian za dnh n chiéu trén
truong k va ky hiéu la P (k).

Véi mdi diem a € A"MH(k)\{0} ta cling diing ky hiéu a dé chi l6p céc
diém tuong duong véi a. Khi d6 ta coi a nhu la diém ctia khong gian xa anh
P (k).

1.1.8 Dinh nghia. (i) Cho da thic E € k[x1, ..., z,.1]. Mot diém a € P"(k)
duge goi 1a nghiém za dnh cia da thic E néu E(Aa) = 0 v6i moi A € k.
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(ii) V6i mdi tap M khong rong gom cac da thiic thuan nhat trong vanh da
thice klxq, ..., x,1] thi

Z(M) = {a € P"(k)|E(a) = 0 v6i moi E € M}
duge goi 1a tdp dai so6 xa dnh trong khong gian xa anh P"(k).
1.1.9 Dinh nghia. (i) Ta no6i tap dai s U trong khong gian xa anh P"(k)
1a bat khd quy néu U khong 1a hgp clia hai tap dai s bé hon thuc su.

(i) Mot tap dai s6 bat kha quy trong P"(k) duge goi 1a mot da tap za dnh.

(iii) Mot tap con mé6 cia mot da tap xa anh goi 1a da tap tua xa dnh.

1.2 Pudng cong phang trong mit phang afin

1.2.1 Dinh nghia. Dudng cong phing D trong A?(k) xac dinh bdi da thic
H(x,y) la
D = {(a,b) € A*(k)|H(a,b) = 0}.

Duong cong D 1a bat kha quy néu H(z,y) bat kha quy. Bac cia dudng
cong xac dinh béi da thie H(z,y) 1a bac cia da thic H(x,y).

Gia st H = [[ H{", trong d6 H; 1a cdc nhan tt bat kha quy cia H va
e; > 1. Ta goi cac H; 1a cac thanh phan ctia H va e; 1a boi clia thanh phan
H;. Tanéi H; 1a thanh phan don néu e; = 1, va 1a thanh phan boi néu e; > 1.

Do vanh da thic k[x,y] 1a vanh nhan tit héa nén moi da thic H(x,y) €
k[z,y] déu c6 thé phan tich duge mot cach duy nhat thanh thanh phan bat
kha quy

H=H'H? .. H

trong d6 Hy, Ho, . .., H; 1a cac da thitc bat kh& quy phan biét va sq, 89, ..., s;
la cac s6 tu nhién.

Bay gio ta ky hiéu

D; = {(a,b) € A*(k)|H;(a,b) =0,i=1,2,...,1}.

Khi d6 D;(i = 1,2,...,1) la cac thanh phan bat kha quy ctia dudng cong D.
Dong thoi dusng cong D c6 sit phan tich thanh cac thanh phan bat kha quy

D=D,UDyU...UD,.
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Gia st H(z,y) 1a cac da thic hai bién trén truong k c6 bac n. Dt
[T](x,y,z) = "H <§, g), ta co ;[(az,y,z) 14 mot da thic thuan nhat bac
n thuoc vanh da thic k[z,y, 2] v dudc goi 1a su thuan nhat cia da thic
H(z,y).

Ta ky hiéu

D= {la:b:¢] € PQ(k)|]}(a,b, c) =0}

thi IN? duge goi 1a duong cong za dnh tuong ting cia duong cong D. Diem
(a,b) thuoc duong cong D khi va chi khi diem (a, b, 1) thuoc duong cong D.
Duong cong D bat kha quy khi va chi khi duong cong D bt kha quy. Néu
duong cong D c6 st phan tich thanh cidc thanh phan bat kha quy

D=DiUDyU...UD

thi duong cong D ciing c6 sit phan tich thanh cac thanh phan bat kha quy
tuong ng
D=D,UDyU...UD,.

1.2.2 Dinh nghia. Cho dudng cong phing D trong khong gian afin A?(k)
x4c dinh béi phuong trinh H(z,y) = 0 va diém M = (u,v) € D. Diém M

2 P 3H 8H
dudgce goi 1a diém don clia duong cong D néu 8_(M) = 0 hoic 8_(M) =+ 0.
z Yy
Khi dé duong thang xac dinh béi phuong trinh
OH OH
—| @—uw)+ | (y—v)=0
Oz [y Y | nr

dugce goi la duong tiép tuyén véi duong cong D tai diem M. Mot diém khong
phai la diém don thi goi 1a diém ky di.
Mot dusng cong dude goi 1a tron néu moi diem ctia duong cong dé la diem

don.

1.2.3 Dinh nghia. Cho dudng cong phang D trong khong gian afin A?(k)
xac dinh béi phuong trinh H(z,y) = 0 v diém M = (0,0). Ta viét

H=H +Hy+... +H,

trong d6 H; 1a da thiic thuan nhat bac i trong vanh da thic k[z, y], H; # 0. Ta
goi t 14 86 boi ctia dudng cong D tai M = (0,0) va viét t = ¢ty (H) = tp (D).
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Do H,; 1a da thitc thuan nhat hai bién trén truong dong dai sd nén ta cé
the viét H; = [[ Q¥ trong d6 @; 1a céc nhan tit tuyén tinh. Céac Q; dudc goi

2

1a cdc duong tiép tuyén cta duong cong D tai M = (0,0); ¢; goi 1a so boi
ctia tiép tuyén. Q; goi 1a tiép tuyén don (kép,...) néu ¢; = 1(2,...).
Néu duong cong D c6 t tiép tuyén don phan biét tai M thi ta néi M 1a
diém ky di chinh tic ctia duong cong D.
Giast H=][H le 13 sut phan tich H thanh cac thanh phan bat kha quy.
Khi do
tu(H) =Y Lty (H;).

Néu @ 1a duong tiép tuyén ctia H; véi sd boi ¢; thi @ la tiép tuyén cua H
5

1.2.4 Nhan xét. Ta c6 thé md rong cac dinh nghia trén day cho diém M =
(u,v) # (0,0) bang cach thyc hién phép tinh tién S(x,y) = (x + u,y + v)
bién (0,0) thanh M. Khi d6 H® = H(X +u,Y +v) va ta dinh nghia t5,(H)
chinh 1a ¢ o) (H®).

1.3 Trudng dinh chuan

1.3.1 Dinh nghia. Truong K cung véi anh xa ¢ : K — R, ky hiéu bdi
(K, ) dugc goi 1a mot truong dinh chuan hay trudng métric néu cac diéu

kién sau day thoa méan:
1) p(a) > 0;0(a) =0« a=0,YVa € K;
2) pla+B) < p(a) +¢(B), Vo, B € K;

3) p(ap) = p(a)p(B),Va, B € K.
Néu thay dieu kién 2) béi dieu kien manh hon sau day:

4) p(a+ B) <max{p(a),¢(8)},Va, f € K

thi trudng dinh chuan (K, ) dugce goi la truong dinh chudan khong Acsimet.
Ham ¢ : K — R xéac dinh béi ¢(0) = 0, (o) = 1,Va € K,a # 0, 1a

mot chuan trén truong K va dude goi 1a chudn tam thuong trén K. Nhu vay,
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mot chuan ¢ 1a khong tam thudng trén trudng K néu ton tai o € K, a0 # 0
sao cho ¢(a) # 1.
Gia st ¢ 1a mot chuan trén truong K, khi d6 bang cach dit

d(a, B) = p(a = B),Va, 5 € K

thi d 1a mot khoang cach (métric) trén truong K. Khoang cach nay sé xac

dinh mot cau trac topo trén truong K.

1.3.2 Vi du. 1) Ham gia tri tuyét déi thong thuong | | 14 chuan trén trusng
s6 hitu ti Q.
2) Ham gia tri tuyéet doi thong thuong | | 1a chuan trén truong sé thuc R.

3) Ham modun | | 14 chuan trén trudng sé phic C.
1.3.3 Dinh nghia. Cho p 1a mot s6 nguyén t6 ¢d dinh. V6i moi s6 hitu ti
a # 0, ta viét duge mot cach duy nhéat

a

bp”; a,b,n € Z,a,b khong chia hét cho p.

a =
Ta dinh nghia chuan p—adic | |, trén truong sé hitu t{ Q 1 ham s6
ep: Q — R

xac dinh bdéi

pp(0) = [0, = 0;pp(a) = |af, =p™"
Ta 6 | |, 1a mot chuan khong Acsimet trén truong s hitu ti Q.
1.3.4 Ménh dé. Cho (K, ) la mot truong dinh chudn, khi dé ta cé:
1) o(1) = p(-1) = 1.
2) o(a) = p(—a),Va € K.

3) |p(a) —o(b)| < pla —b),Va,b € K.

4) ¥ (Zl az‘) < le(az‘)-

2 1=

5) o (at) =pla)t = ﬁa),Va € K,a#0.
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6) p(ab™) = %,Va,b e K,b+#0.

1.3.5 Dinh nghia. Gia sit (K, ¢) 1a truong dinh chuan.

- Day {ay}nen cac phan ti ca K, duge goi 1a hoi tu vé phan ti o € K
(theo chuan ¢) néu véi mdi s6 thuc € > 0 tity ¥, ton tai mot s6 tit nhién ng

sao cho ¢(a, — ) < €,Vn > ny. Ta ki hiew: lim o, = a.
n—oo

- Day {an}nen cac phan tit ctia K duge goi 1a mot day khong (theo chuan

¢) néu lim «, = 0.
n—0o0

- Day {a@}nen cac phan tit cia K duge goi 1a day co ban hay day Cauchy
(theo chuan ¢) néu véi mdi s6 thuc € > 0 tity ¥, ton tai mot s6 tit nhién ng
sao cho ¢(a, — o) < €,Yn,m > ny.

Trusng dinh chuan (K, ) duge goi 1a trudng dinh chuan day di néu trong

né moi ddy co ban déu la day hoi tu (theo chuan o).

1.3.6 Dinh ly. Trong truong dinh chuan moi day hoi tu la day co bin. Tuy

nhién, dieu nguoc lai khong ding.

1.3.7 Hé qua. Truong s6 hiu ti Q la truong khong day di theo chudan gid

tri tuyét doi.

1.3.8 Dinh 1y. Chuan ¢ tréen truong K la chuan khong Acsimet khi va chi

khi o(n) < 1,¥n € N.

1.3.9 Dinh nghia. Cac chuan @ va 1 trén cung mot truong K duge goi la

tuong duong vdi nhau va ky hieu bdi ¢ ~ 1) néu chiing xac dinh trén K cing

mot tinh hoi tu, nghia la ¢(z, — ) — 0 khi va chi khi ¢(x,, — ) — 0 theo

chuan gia tri tuyet déi trong truong sé6 thuc R.

1.3.10 Ménh dé. Gid st ¢ va ¥ la cic chuan trén truong K. Khi dé ¢ va

Y la tuong duong vdi nhau khi va chi khi Vo € K(p(x) < 1 < ¢(z) < 1).

1.3.11 Dinh 1y. Trén truong hitu han chi cé duy nhat mot chuan tam thuong.

1.3.12 Ménh dé. Cho ¢ la chuan khong Acsimet trén K. Néu cdc gid tri
thue p(a) va @(B) khdc nhau thi

pla+ B) = max{p(a),p(8)},Va, B € K.
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1.3.13 Ménh dé. Ham s6 o(x) = |x|®, vdi a la mot s6 thae tiy 4 théa man

dieu kien 0 < o < 1, la mot chuan trén truong so6 hiu ti Q.

1.3.14 Dinh ly. (Dinh ly Ostrowski) Cdc chuan p(x) = |z|* vdi 0 < o < 1
va cdc chuan p—adic | - |, vdi tat cd cdc s6 nguyén t6 p nhan hét cdc chuan
khong tam thuong ciia truong sé hiw ti Q. Néi khdc di, mot chuan khong tam
thuong trén truong soé hitu ti Q la tuong duong vdi mot trong hai chuan sau:

(i) hodc chuan gid tri tuyét doi | - |

(ii) hodc chuan p—adic | - |p, vdi p la s6 nguyén t6 nao do.



13

CHUONG 2

PHUONG TRINH HAM P(f) = Q(g)
TREN TRUONG SO p—ADIC

Trong chuong nay, ching téi tim hieu mot s6 diéu kien di dé phuong
trinh ham P(f) = Q(g) trén truong déng dai s, day du véi gia tri tuyét doi
khong Acsimet khong c6 nghiém ham phan hinh khac hang. Trong truong
hop da thic Q ty 1é véi da thiic P, ching toi tim hieu mot sb6 dieu kien dic
trung cho sy ton tai nghiém ham phan hinh khac hing cta phuong trinh
ham P(f) = Q(g). Noi dung ctia chuong nay duge tham khéo trong bai béo
[11].

2.1 Mot sb diéu kién du dé phuong trinh ham khoéng
c6 nghiém ham phan hinh khac hing

Gia st K la truong déong dai s6 c6 dac so6 m, day du véi gia tri tuyét
d6i khong Acsimet va K* = K\{0}. Véi a« € K va r > 0 ta ky hieu
d(a,r7) la dia {z € K||z — a| < r}. Gid st U(K) (tuong ting U(d(a,r7)))
14 tap cac ham phan hinh trén K (tuong tng trén d(a,r~)) va V(K) (tuong
ting V(d(a,r™))) la tap cdc ham nguyén trén K (tuong tng trén d(a,r™)).
Trong tap V(d(a,r7)) ta ky hieu Vy(d(a,77)) 1la tap con gom céc
ham f € V(d(a,r”)) bi chan trén dia d(a,r) va V,(d(a,r”)) 1a tap hop
V(d(a,r")\Ws(d(a,r™))). Tuong tu, trong tap U(d(a,r")) ta ky hieu
Uy(d(a,r7)) 1a tap con gom cac ham f € U(d(a,r7)) c6 dang % voi @, U €
Vi(d(a,r7)) va Uy (d(a,r™)) 1a tap U(d(a, ™)) \Up(d(a,77)).

2.1.1 Ménh dé. ([12]) Gid st P,Q la cdc da thiic mot bién trén truong K
va P', Q" khong dong nhat bing 0. Diém (a,b) € K? la mot diem ky di ciia
duong cong xdc dinh bdi phuong trinh P(x) = Q(y) khi va chi khi P va Q
thoa man

P(a) = Q(b), P'(a) = Q'(b) = 0.
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2.1.2 Ménh dé. Gid sit P € K[x] théa man P’ # 0, bic ciia P bing 3 va
P’ ¢6 hai khong diém phan biet ci,co. Khi dé P(cy) # P(c).

Chiing minh. Vi P’ c6 hai khong diém phan biét va P c6 bac 3 nén 7 # 2

va 3. Khong méat tinh tong quat, ching ta gid st ring P la da thic c¢é he

3 332

tlt cao nhat bang 1 va ¢; = 0, = a. Khi d6 P c6 dang % —ag + A. Do
a # 0 nén ta c6 P(0) # P(a). []
2.1.3 Ménh dé. ([6]) Gid sit P,Q la cdc da thiic mot bién trén truong K,
vdi 2 < deg(P) < deg(Q) = 3 va P', Q" khong dong nhat bing 0. Khi dé ton
tai cdc ham phan hinh khdc hing f,g € U(K) sao cho P(f) = Q(g) khi va

chi khi P’ c¢6 khong diem a va Q' c6 khong diem b théa man P(a) = Q(b).

Ky hieu X 1a s mii dic trung ciia K, tic la néu 7 = 0 thi X = 1 va néu
740 thi X = 7.

Cho h € U (d(a,r™)) (tuong tng h € U(K)). Ta goi he s6 nhanh cia h 1a
s6 nguyen ¢ duy nhit sao cho V/h thuoce vao U (d(a,r™)) (tuong tng thudc
vio U(K)) va h® # 0. He s6 nhanh ctia ham h € U (d(a,r™)) (tuong ting
h € U(K)) k¢ hiou 1a v(h).

Luu § rang néu 7 = 0 thi v6i mdi ham trong U (d(a,r~)) hoic U(K) cb
hé s6 nhanh bang 0.

V6i m,n € N*, ta ky hic¢u ged(m, n) 1a wée chung 16n nhat cia m va n.

Giast f € U (d(0,77)) vaa € d(0,77). Néu f c6 mot khong diem (tuong
ting mot cye diem) bac n tai «, ta dit w(f) = n (tuong tng w.(f) = —n).
Néu f(a) # 0 va oo, ta diat wa(f) = 0.

Giasu f e U (d(0,r7)) voi f(0) # 0,00. Ta ky hicu Z(p, f) 12 ham dém
cac khong diém cta f trong d(0,r™)

Zp.))= Y walf)log .

Tiép theo, ta dit
> p
Zp, f)= > log—.
wa (f)>0,a€d(0,p)
Ta cling xem xét cdc ham dém cac cyc diém cia f trong d(0,77)

Ve =2 (p5) wN.=2(p7),
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Ham dac trung T'(p, f) cta f duge xac dinh béi

T(p, f) = max{Z(p, f) +log|f(0)|, N(p, f)}.

2.1.4 Nhan xét. Theo dinh nghia, ta c6 E(p, f) < Zp, f) <T(p, [)+0O(1),

N(p, f) < N(p, f) <T(p, f) trong |0, +oo[ véi f € U(K) (tuong ting trong
10,r[ v6i f € U(d(0,77))).

2.1.5 Dinh 1y. ([7]) Gid st f € U(d(0,77)), f(0) # 0,00. Khi dé f thudc
Uy(d(0,77)) khi va chi khi T (p, f) bi chan trén ]0,r].

2.1.6 Dinh ly. ([7]) Gia s f € U(d(0,r7)) va deg(P) = n. Khi do

T(p, P(f)) =nT(p, f) + O(1).

2.1.7 Heé qua. ([7]) Gid si f € U(d(0,r7)) va P la da thic mot bién
trén truong K. Khi do f thuoc Uy(d(0,77)) khi va chi khi P(f) cing thuoc
Up(d(0,77)).

2.1.8 He qua. ([7]) Gid st f,g € U(d(0,77)), P,Q la cic da thiic mot bién
trén truong K va f,g théa man P(f) = Q(g). Khi do f thuoc Up(d(0,77))
khi va chi khi g thuoc Up(d(0,77)).

2.1.9 Dinh 1y. Gid st P, Q la cdc da thiic mot bién trén truong K vdi P, Q'
khong dong nhat bang 0 va p = deg(P),q = deg(Q) théa man 2 < min(p, q).
Gid st rang ton tai k khong diém phan biét cy, ..., ¢ clia P’ sao cho P(c;) #
P(c;),Yi # j, va P(¢;) # Q(d) vdi moi khong diem d cia Q' (i =1,...,k).

Gid st ton tai hai ham f,g € U,(d(a,r7)) sao cho P(f) = Q(g). Dat

t = o(f). Khi d6 N(p, f) > T(p’f))((t];q_p)

thi k < 2. Dong thoi, néup # q, thi k = 1, ¢ la khong diém don cia P’ va

. 2
+ O(1). Hon nita, néu gp <q

hodc la q < p hogc la ged(p, q) = q — p.

2.1.10 Nhan xét. Trong cac hé qué sau day, khi chung ta gia thiét rang
mot trong cac ham f va g thuoe U, (d(a,r™)),thi theo Hé qué 2.1.8, ca f va
g déu thuoc U, (d(a,r7)).

2.1.11 Hé qua. Gid st P, Q la cdc da thitc mot bién trén truong K vdi P', Q'
khong dong nhat bang 0 va deg(P) = deg(Q). Gid s ton tai hai khong diém
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phan biét ¢y, ca ctia P’ sao cho P(cy) # P(c2) va P(c;) # Q(d) vdi moi khong
diém d cia Q'. Néu hai ham f,g € V(d(a,r7)) théa man P(f) = Q(g) thi
f7 g € Vb<d(a7 Tﬁ))'

Chiing minh. Dt g = deg(P) = deg(Q). Gia st rang két luan ctia he qua

la sai. Khi d6 theo Hé qua 2.1.8, ta ¢6 f va g khong bi chan. Theo Dinh ly

2.1.9 ta c6 115_1’1 N(p, f) = +o0, dieu nay vo Iy vi f € V(d(a,r7)). []
p——+00

2.1.12 Dinh ly. Gid si P, Q la cdc da thiic mot bién trén truong K , deg(P) =
deg(Q) = 2 va P', Q' khong dong nhat bang 0. Gid st a va b lan ligt la khong
diém cia P' va Q'. Khi dé cdc phat biéu dudi day la tuong duong:

i) Ton tai f,g € V(K)\K théa man P(f) = Q(g);
i) Ton tai f,g € Vy(d(a,r7)) théa man P(f) = Q(g);
i) Pla) = Q(b).

Chaing minh. Vi deg(P) = deg(Q) = 2 nén ta c6 thé viét duge cac da thiic
P va Q du6i dang P = o*(z — a)® + P(a),Q = S*(z — b)*> + Q(b), véi
«a # (. Dau tien ta gia st rang P(a) = Q(b) va f € V(K) (tuong ting
f e Vyd(a,r))). bat g = %(f —a) +b. Khi d6 ta c6 P(f) = Q(g). Do
a # 8,9 — f khong bi chan trong d(a, ) (tuong tng trong K), nén g # f.

Bay gio, gia st rang P(a) # Q(b) va f,g € V(d(a,r”)) (tuong ting
f,9 € V(K))théaman P(f) = Q(g). Gidsit A € K saocho \? = Q(b)—P(a)
va u théa man v? = —1. Dat ¢ = %(f—a),w = u?(g—b). Tu P(f) = Q(g),
ta co ¢ —1p? =1, do d6 (¢p+1)(¢—1) = 1. Theo He qua 2.1.11 ta c6 ¢ — o
va ¢ + 1) bi chan trong d(a, ) (tuong ting 1a ham hang), va do d6 ca ¢ va
1 bi chan trong d(a,r”)) (tuong ting ¢ va ¢ la ham hang). O

2.1.13 Hé qua. Cho P,Q la cdc da thitc mot bién trén truong K, P, Q'
khong dong nhat bang 0 va 3 < deg(P) = deg(Q) < 4. Gid si rang ton
tai hai khong diém phan biét ¢, co ciia P’ sao cho P(c;) # Q(d) vdi moi
khong diem d cia Q' (i = 1,2). Ngoai ra, néu p = 4, ta gid thiét ring
P(c1) # P(c2). Néu hai ham f,g € V(d(a,r7)) théa man P(f) = Q(g), thi
f.9 € Vi(d(a,r7)).
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Chitng minh. Néu p = 3 thi theo Ménh dé 2.1.2 ta c6 P(c;) # P(cz). Ap
dung Dinh 1y 2.1.9 v6i k = 2 va p = ¢ = 3 hodc p = ¢ = 4 ta ¢c6 N(p, f)
khong bi chan, diéu ndy mau thuan véi f khong bi chan. O

2.1.14 Hé qua. Gid st P,Q la cic da thitc mot bién trén truong K, P, Q'
khong dong nhdt bang khong va deg(P) < deg(Q). Gid si ton tai khong diém
c ctia P’ sao cho P(c) # Q(d) véi moi khong diem d cia Q'. Néu hai ham
f,g €V(d(a,r™)) théa man P(f) = Q(g), thi f,g € Vy(d(a,r7)).

Chiing minh. Dt p = deg(P), ¢ = deg(Q). Gia st rang f hodc g khong bi
chan. Theo Hé qua 2.1.8 ta c6 ca f va g khong bi chan. Ap dung Dinh ly
219v6i k=1,p < qtacod Kf(p, f) khong bi chan, diéu nay mau thuan vdéi
f khong bi chan. n

2.1.15 Hé qua. Cho P,Q la cdc da thitc mot bién trén truong K, P',Q’
khong dong nhat bang 0 va p = deg(P),q = deg(Q) théa man p # q va
2p < 3q. Gid st rang ton tai hai khong diém phan biét ¢, va ¢y cia P’ sao
cho P(cy) # P(cy) va P(c;) # Q(d) vdi moi khong diem d cia Q' (i =1,2).
Néu f,g € U(d(a,r7)) théa man P(f) = Q(g), th f,g € Up(d(a,r7)).

Chaing minh. Gid st k 1a s6 cdc khong diem ¢; clia P sao cho P(c;) #
P(c)),¥Yi # j, va P(c;) # Q(d) v6i moi khong diém d cta Q' (i = 1,2).
Theo Hé qua 2.1.8, néu mot trong hai ham f, g thuoc U, (d(a,r7)), thi ca
hai ham f, g thuoc U,(d(a,r~)). Bdi vay, néu f va g thuoc U,(d(a,r~)) thi
theo Dinh 1y 2.1.9 va gia thiét 2p < 3q, ta c6 k = 1, diéu nay vo ly. Vay ta
c6 diéu phai chiing minh. O

2.1.16 Hé qua. Cho P,Q la cdic da thic mot bién trén truong K, P, Q'
khong dong nhat bang 0 va 3 < deg(P) < 4,deg(Q) > 3,deg(P) # deg(Q).
Gid st rang ton tai hai khong diém phan biét ¢ va ¢y clia P’ sao cho P(c;) #
Q(d) vdi moi khong diem d cia Q' (i = 1,2). Hon nita néu deg(P) = 4 thi ta
gid thiét rang P(c1) # P(cy). Néu f,g € U(d(a,r™)) théa man P(f) = Q(g),
thi f,g € Up(d(a,r7)).

Chiing minh. Dat p = deg(P),q = deg(Q). Theo Ménh deé 2.1.2 ta luu ¥
rang P(c1) # P(cg) khi p = 3. Nhu vay P(c;) # P(c2) trong moi trudng
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hop. Gia st rang mot trong hai ham f, g thuoc U, (d(a,r~)). Khi d6 theo He
qua 2.1.8 cd f va g déu thuoe U, (d(a,r~)). Theo Dinh 1y 2.1.9 ta ¢6 k = 1,
diéu nay mau thuan véi gia thiét P’ c6 hai khong diém phan biét. []
2.1.17 Hé qua. Gid st P,Q la cdc da thic mot bién trén truong K, P, Q'
khong dong nhat bang 0, p = deg(P), ¢ = deg(Q), théa manp < q va q—p #
ged(p, q). Gid st rang ton tai khong diém c cia P' sao cho P(c) # Q(d) vdi
moi khong diem d cia Q'. Néu f,g € U(d(a,r7)) théa man P(f) = Q(g),
thi f,g € Up(d(a,r7)).

Ching minh. Gid st rdng mot trong hai ham f, g thuoc U,(d(a,r™)), thé
thi theo He qua 2.1.8 c& hai ham f va g déu thuoc U,(d(a,r™)). Vi p # q,
nén theo Dinh 1y 2.1.9 ta ¢6 ¢ < p hodc ged(p,q) = g — p, c& hai trudng
hop déu bi loai do cac gid thiét ctia hé qua. Nhu vay cid f va g déu thuoc
Up(d(a,r7)). O

2.1.18 Hé qua. Gid st P,Q la cdc da thic mot bién trén truong K, P, Q'
khong dong nhat bang 0 va deg(P) = deg(Q) > 4. Gid st rang ton tai
ba khong diém phan biét c1,co, c3 clia P’ théa man P(c;) # P(c;),Vi # 7,
va P(c;) # Q(d) vdi moi khong diem d cia Q' (i = 1,2,3). Néu f,g €
U(d(a,r™)) théa man f"# 0 va P(f) = Q(g), thi f,g € Up(d(a,r7)).

Ching minh. Dat ¢ = deg(P) = deg(Q) va gia su rang f hodc g thudc
U, (d(a,r7)). Khi d6, theo He qua 2.1.8 c& f va g déu thuoc U, (d(a,r)).

~

Tu f' # 0, ching ta ¢6 v(f) = 0, do d6 theo Dinh 1y 2.1.9 ta ¢6 N(p, f) >

3¢ — , ~ \
T(p, ) ( qq q) +0(1). Vi thé lm N(p, f) = T(p. f) = +oc, diéu nay

vo 1y. ]
2.1.19 Dinh 1y. Gid st P,Q la cdac da thiic mot bién trén truong K, P, Q)
khong dong mhat bang 0 va p = deg(P),q = deg(Q) vdi 2 < min(p, q). Gid
st rang ton tai k khong diém phan biét ci, ..., ¢ cia P’ sao cho P(c;) #
P(c)),Yi # j, va P(c;) # Q(d) vdi moi khong diém d cia Q' (i=1,...,k).
Gid st rang ton tai hai ham khac hang f,g € U(K) sao cho P(f) = Q(g) va
- T kg —
t =v(f). Khi dé6 ¢ < p va f théa man N(p, f) > (nygcg 1=r)
q
O(1). Hon nita, néu g < q, thi k=1 va ¢, la mot khong diém don cia P'.

+ log p +
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2.1.20 Hé qua. Gid st P,Q la cdc da thic mot bién trén truong K, P, Q'
khong dong nhat bang 0 va deg(P) < deg(Q). Gid st rang ton tai mot khong
diém c ciia P’ sao cho P(c) # Q(d) vdi moi khong diém d cia Q'. Néu ton
tai f,g € V(K) théa man P(f) = Q(g), thi f va g la ham hang.

Chiing minh. Dat p = deg(P), ¢ = deg(Q). Gia st rang f va g khong 1a ham
hing. Khi d6 theo Dinh 1y 2.1.19 ta c6

N(p, f) > T(p, f) (q);qp) +logp+O(1) > log p+ O(1),

do d6 lim Kf(p, f) = +o0, dieu nay vo ly. O

p—+00

T Dinh 1y 2.1.19 ta cling ¢6 ngay hé qua sau day.
2.1.21 Hé qua. Gid st P,Q la cic da thitc mot bién trén truong K, P, Q'
khong dong mhat bang 0 va p = deg(P),q = deg(Q) vdi 2 < min(p,q)
va g < q. Gid st ton tai hai khong diém phan biét c1,cy ctia P’ sao cho
P(cy) # P(cy) va P(c;) # Q(d) vdi moi khong diém d cia Q' (i = 1,2). Gid
stt rang ton tai hai ham f,g € U(K) sao cho P(f) = Q(g). Khi dé [ va g
la cdc ham hang.
2.1.22 Ménh dé. ([9]) Gid st f,g € V(K)\{0}. Néu fg la mot ham hdng,
thy cd f va g la ham hang. Gid s f,g € V(d(a,r7))\{0}. Néu fg bi chin,
thi f va g cung bi chan.
2.1.23 Dinh ly. ([12]) Gid st f € V(K). Khi dé ba diéu kién sau la tuong
duong:

(i) f khong cé khong diém trong K.

(ii) f bi chan trén K.
(iii) f la ham hang.
2.1.24 Ky hiéu. Cho da thic P(z) = Y7 a;27 € K[z]. V6i mdi t € N ta
ky hieu By(z) = 37, /ajal.

2.1.25 Ménh dé. (/5]) Gid sim#0, r >0 va f € U(d(a,r™)) (tuong ting
f e U(K)). Khi dé /] thuoc U(d(a,r™)) (tuong ting thuoc U(K)) khi va
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chi khi f' = 0. Hon nia, ton tai duy nhitt € N sao cho X/f € U(d(a,r7))
va ( X\t/f)/ # 0.
2.1.26 B6 dé. Gid st P,Q € K|x] théa man P'Q’' # 0. Gid st f,g € U(K)
théa man P(f) = Q(g). Khi dé v(f) = v(g) va P, (VF) = Qi (/7).

Chitng minh. Ta ¢6 f'P'(f) = ¢'Q'(g). Do P'Q)’ # 0 nén hoac f' = ¢ =0,
hosic f'g’ # 0. Gia st f' = ¢’ = 0. Theo Menh dé 2.1.25 ton tai f1, g1 € U(K)
sao cho (f1)Y = f,(gq1)" = ¢. Khi do, ta c6 Pi(f1) = Q1(g1) v& do do ta
chuyén sang van dé tuong tu véi f; va gi. Bang cach quy nap, sau ¢ phép
tinh, cudi ciing ta thu dude P V/f) = Qi(X/9) véi VF, ¥/g € U(K),
(VI) (%/3) # 0. vt = o(f) = v(g). =

Chitng minh Dinh ly 2.1.9 va 2.1.19. Trudc tién ching ta gia sit rang ca
hai ham f, g ¢6 chi $6 nhanh 0. Dat w = ged(p, ) va p = wp, ¢ = wq. Ta ¢6
thé gia thiét ring a = 0 v khong c6 gia tri ctia ham phan hinh nao tai 0 bang
0 ho#c co. Ta ky hiéu I (tuong tng J) la khoang [I; +oo[(tuong ting|l, log r|)
va biéu thi ham ham 0, 7 xac dinh trén I(tuong tng trénJ): 0 = 7 + O(1)
néu f —7 bi chan trén I (tuong tng trénJ). Ta c6 pT'(p, f) = ¢T(p, g)+O(1).
Khi do:

(1) pT(p, f) = qT(p, g) + O(1). Gia sit b 1a mot cye diem ctia f boi k. Thé
thi b 1a mot cuc diém ctia g boi [ sao cho kp = I, do d6 @ chia hét k, vi

vay

(2) N(p, f) > q]A\Jf(p, f). Vi ¢; 1a mot khong diém ctia P’ nén P — P(c;) ¢6
nhan ti ¢6 dang (x — ¢;)* R;(x) v6i R; € K[z], R;(¢;) # 0. Do d6

(3) (f — )" Rulf) = Qg) — Pler) (i =1, K). Dat § = X (s 1). T
c6s;>2 Vi=1,...,k, dodo S > k.
Theo gia thiét Q — P(c;) khong triét tieu tai bat ki khong diém nao clia
@', do d6 Q — P(c;) c6 nhan tit ¢6 dang []j_; (v — b;;), trong d6 tat ca
cac b; j 1a phan biet v6i mdi ¢ ¢d dinh. Diéu nay dan t6i

~

(4) %(p, Q— P(¢;)=>%,Z(x—b; ), (i =1,...,k). Mat khac, ching ta

j=1
cha § rang b; j # by, V6L (4, 5) # (m, n). That vay, gid st rang b; ; = by,
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véi (i,7) # (m,n) nao d6. Thé thi i # m, do d6 P(¢;) # P(cw), vi vay
(Q — P(ci)) — (Q — P(cy)) 1a ham hang khac 0. Nhung vi b;; = by
nén b; ; 1a mot khong diém ctia (Q — P(¢;)) — (Q — P(cm)), diéu nay vo
Iy. Nhu vay, tat ca cdc diem b; ; 1a phan biet (i =1,...,k;j=1,...,q).
Bay gio, bang cach ap dung Dinh 1§ co ban thit hai cho ham g tai cac
diém b; j vé6imoii=1,....,kvaj=1,...,q, taco

(5) (kg —1)T(p,q) < 01324 Z(p, g —biy) + N(p, g) +log p+ O(1). Do
do, theo (4) ta ¢6

(6) (kg —1)T(p,g) < 3%, Z(p,Q — P(c;)). Két hop (3) va (6) ta dugc
(7)
Z(p,Q(g) — P(c;) < Z(p. f — ) + Z(p, Ri(f)) + O(1)
(p—si+1)T(p, f) +O(1)
< (p—VT(p. f) + O(1), (i =1,.... k).
Mt khac, ta ¢6 N(p,g) = N(p, f). Do d6 tit (2) suy ra

IA

~ ~

N(p.g) =N(p, f) < gN(p, f) < %T(p, f).

Tiép theo, két hop (5) va (7) ta co

~ ~

k ~
N(p, f) > (kq —1)T(p,g) — Z Z(p, f—ci)+ Z(p, Ri(f)) +logp+ O(1)

k

> (kg — 1)T(p, 9) — T(p, f) Z(l +p—s;) +logp+O(1)

= (kg —1)T(p,9) — T(p, [)(kp — S) +log p + O(1),

(8) N(p, f) > (Sqq‘p) T(p, f) +log p+ O(1). Vi k < S nén

Nip. f) > T(p, [)(kq — p)

Bay gio theo (1) ta c6 thé viét
(kg —1)T(p,g) =

Do d6, két hop (2), (5)-(7) ta thu duge

+0(1).

kq—1

pT(p, f) +O(1).
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kqg—1 1
(9) ( . )pT(p, f) < (Zle(p — s+ 1)+ 5) T(p, f) —logp + O(1).
Vi thé, véi f, g thuoc U,(d(a,r”)) trong Dinh 1y 2.1.9 va thuoc U(K)
trong Dinh 1y 2.1.19, theo Dinh 1y 2.1.5 tit (9) ta suy ra

(10) (kg — 1)p < qkp — ¢ 37 s + gk + w. Tit d6 ta ¢6 (kg — 1)p
q(Z’“ )+qk+1 Nhung vi gp = pg nén ta co6 ZZ (si—1)g

Diéu nay dan dén
(11) Sq < p + 1. Do dé, trong Dinh 1y 2.1.9, theo (11) ta ¢6 ¢ < p hoac
¢g=p+1,dodéged(p,q) =q—pvaS=1=k.
Trong Dinh 1y 2.1.19, ¢4 f va g déu thuoe U(K). Theo (8) ta c6 N(p, f) >
kg —
< q p) T(p, f)+logp+ O(1). Hon nita, theo (9) ta ¢6 duge
q

k
kq—1 1
( q >p<Z(p—si+1)+—,dodéS§<]_)+1,nghialé
q — q
(12) Sq < p. Nhu vay, trong Dinh 1y 2.1.19, theo (12) ta c6 ¢ < p.

Bay gio ta gid st riang gid thiét ctia Dinh 1y 2.1.9 dugc thoa méan va

3 ) 3q
p< Eq Thé thi p < g trong Dinh 1§ 2.1.9. Do d6 theo (11) ta c6 dugc

(13) gSﬁ <p+1,dodso S <2 Gid st S = 2. Khidé theo (13) tacop =1
hosic 2. Néu p = 2, thé thi do Sp < p+ 1 va ged(p,g) = 1 nén ta co
g = 1, dieu nay mau thudn véi gia thiét p < ?q. Nhu vay, p = 1, va
p=qg=1Dodé,néup#qthiS=1 k=1, s =2vac lamot khong
diém don ctia P’. Diéu nay hoan thanh phép chiing minh Dinh 1y 2.1.9.

Bay giv, trong Dinh Iy 2.1.19, gid st g < g, thé thi theo (12) ta c6 S > 2
khong thé xay ra, do d6 S = k = 1. Vi vay ¢; 1a khong diém don ctia P'.

Bay gio ching ta xem xét truong hgp tong quéat khi chi s6 nhanh cta
mot trong hai ham f, g khong bang 0. Theo Bo dé 2.1.26 thi f va ¢ co
cing chi s6 nhanh ¢ va théa méan P ( "\t/f) = @ (%/9). Hon nita, ta c6
moi gia thiét vé bac cta P, Q; déu théa man. Dat f;) = T, g = %/9,

- T(p, fi)(kq — N !
ta c6 N(p, fi)) = G f()zz( -7) + O(1). Do N(p, f)) = N(p, f) va
~ T s J(t kq —

Tlp, fy) = T(‘)’;’tf) nen N(p, f)) > % f())()t<q i=p) +0(1). Trong trudng



23

2 . .
hop gp < ¢, ta c6 tat ca cac phat biéu cho k,p,q dang v6i P, Q); va cung
dang vé6i P, Q). O

2.2 Phuong trinh ham P(f) = Q(g) trong trudong hgp
Q ty 1é v6i P
Trong muc nay ching toi trinh bay mot s6 dieu kieén dic trung cho sit ton

tai nghiém ham phan hinh khéc hiang cia phuong trinh ham P(f) = Q(g)
trong truong hop da thic () ty 1é véi da thie P.

2.2.1 Dinh nghia. Mot tap con S ctia K dudc goi 1a tap cing afin néu
khong ton tai phép bién ddi afin ¢ cta K khac phép dong nhat sao cho
4(5) = 5.

2.2.2 Dinh nghia. Mot da thic P € K|x] duge goi 1a théa man Diéu kién
(F) néu véi bat ki hai khong diém phan biét a,b ctia P’ ta c6 P(a) # P(b)
(ttic 14 P don anh trén tap cac khong diém ctia P’).

2.2.3 Ménh dé. ([14]) Gid su S la tap con cia K gom bon phan ti. Khi do

hai dieu kién sau day la tuong duong:
(i) Tap hop S khong la tap cing afin;

(i) Hodc tap S ¢6 dang {a,a + u,a + wu, a + w?u}, vdi w? +w +1 = 0,
hodc S ¢6 dang {a — h,a+ h,a — k,a + k}, vdi h,k € K*.

2.2.4 Bo dé. Gid sum #2, P € Klx] ¢6 bic 4 va P khong théa méan Diéu
kién (F). Khi dé P' c6 ba khong diém phan biét.

Chiing minh. Vi ™ # 2 nén P khong thé c6 khong diém bai 3. Gia st P chi
c6 hai khong diém phan bigt va P’ ¢6 dang A(z® — bx?). Néu m = 3 ta c6
b= 0. Néu m # 3, thé thi vi P khong théa man Diéu kién (F) nén ta co
b = 0. Nhu vay P’ c6 khong diém boi 3, diéu nay vo 1y. O

2.2.5 Ménh dé. Gid st 7 # 2 va cho P la da thic mot bién tréen truong
K wéi heé tii cao nhat bang 1 va deg(P) = 4. Khi dé ba phdt biéu sau day la
tuong duong:
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(i) P khong théa man Diéu kién (F).
(ii) P c6 dang [(x —a+1)(x —a—1)]*+Avsi Ae K,l € K*.
(i43) Ton tai mot phép doi bién bién doi P thanh mot ham chdn.

Chaing minh. Theo gia thiét m # 2 v bang cach dat ¢t = x — a ta ¢6 (ii) kéo
theo (iii) va (iii) kéo theo (i). Gia st rang (i) duge thda man, tic 1a P khong
théa man Diéu kien (F'). Theo Bo dé 2.2.4 ta c6 P’ ¢6 ba khong diém phan
bigt. Gid st P(c3) = P(cz2) = P(cy). Khi d6 P — P(c1) ¢6 ba khong diém
phan biét ¢6 boi > 2, diéu nay mau thuan véi gia thiét deg(P) = 4. Do do,
ta c6 the gia thiét P(c3) # P(c1). Dit a = a +C2,61 =a+lco=a—1
Thé thi P c6 dang [(z — a + )(x — a — 1)]? + P(c1), véi P(c;) # 0. Hon
nita, vi P’ ¢6 ba khong diém phan biét nén ta c6 [ # 0, hay (i) dudc thoa

man. []
Tt Ménh dé 2.2.5 ta ¢6 dude hé qua sau day.

2.2.6 Hé qua. Gid sit 7 # 2, P € K[z], deg(P) = 4 va tdp cdc khong diém
ctia P la tap cing afin. Khi dé P théa man Diéu kién (F).

2.2.7 Dinh ly. Gid st P la da thic mot bién trén truong K cé bac n,
khong c6 khong diém boi va P théa man Dieu kién (F). Gid st P'(z) =
bHé-z1 (z — ¢;)™, vdi c; # ¢; Vi # j. Ky hiéu S la tap hop cdc khong diém
cia P. Hon nia, néu m # 0, ta gid thiét rang so boi cia nhan ti (x — b;)
trong P(x) — P(c;) lam;+1,Vj =1,...,1, va néu  chia hét n, ta cing gid
thiét ring hé s6 cia "1 trong P khdc 0.

Khi dé khong ton tai N € K va cic ham khac hang phan biét f,g € U(K)
sao cho P(f) = AP(g) khi va chi khi S la tap cing afin va P théa man maot

trong ba dieu kién sau day:
(i) 1 > 2, w chia hét n;
(11) | = 2, min(my, mg) > 2;

(iii) 1 > 3 va P khong théa man cac dieu kien n = 4,m; = mg = mz = 1,
Ple)  Plea)  Ploy
P(cs)  Ples)  Pla)

= w, trong dé w? +w+1=0.



25
Hon nita, khi X = 1, khong ton tai cac ham khac hang khdc biét f,g € U(K)
théa man P(f) = P(g) khi va chi khi (n —2)(n — 3) > Zé-zl mj(m; —1).

2.2.8 Dinh ly. Gid st 7 # 2, P la da thic mot bién trén truong K cé bac
4 va bon khong diém phan biét. Ky hiéu S la tap hop cdc khong diém cia P.
Khi dé, khong ton tai A € K wva cdc ham khdc hang phan biét f,g € U(K)
sao cho P(f) = AP(g) khi va chi khi P théa man ba diéu kién sau day:

(i) S la tap cing afin;

(ii) P’ c6 ba khong diém phan biét cy, cs, c3;

, P P P
(11i) P khong théa man dang thic (1) = (2) = (cs) = 0, trong dé

P(es)  Ples)  Pla)
0?4+60+1=0.

Chitng minh. Khong mat tinh tong quéat, ta gid st rang P la da thic c6 hée
tlt cao nhat bang 1. Trude tién, ching ta luu ¥ rdng néu n = 4, thi diéu kién
[ = 2, min(ly,ls) > 2 trong Dinh 1y 2.2.7 khong duge théa méan. Vi 7 # 2, ta
viét P'(x) = b Hé-zl(:r: —¢;)™ v6i 80 boi ctia mdi nhan ti x —¢; trong P(x) —
P(c;) 1a mj + 1. Hon nita, 7 khong chia hét n. Do d6, theo Dinh 1§ 2.2.7 ta
chi can chitng minh ring S 14 tap cting afin va néu P’ ¢6 ba khong diém phan
bigt khong théa man P(c) = AP(c1), P(c3) = AP(c2), P(c1) = AP(c3), v6i
A+ A+1 =0, thi khong ton tai f,g € U(K), f # g sao cho P(f) = AP(g).
Theo He qué 2.2.6 ta ¢6 P théa man Dieu kien (F'). Vi vay theo Dinh ly
2.2.7 khong ton tai f,g € U(K), f # g sao cho P(f) = AP(g). O

2.2.9 Dinh ly. Gid st m # 2, P la da thic mot bién trén truong K cé bac 4
va bon khong diém phan biét. Khi dé khong ton tai A € K va cdc ham khdc
hang phan biét f,g € U(K) sao cho P(f) = AP(g) khi va chi khi P thda

man ba dieu kién sau day:
(i) P théa man Diéu kién (F);

(i1) P' ¢6 ba khong diém cy, cs, c3;

, P
(11i) P khong théa man dang thic ‘- = =0,
vdi 6* + 60+ 1=0.
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Chiing minh. Khong mat tinh tong quét, ta c6 thé gid thiét rang P la da
thiic ¢6 hé ti cao nhat bang 1. Theo Dinh 1y 2.2.8, ta chi can ching minh

rang néu P thda man Diéu kién (F') hay P’ c6 ba khong diém phan biét a, b, ¢
P(a) — P(b)
P(b)  P(c)
tap S gom cac khong diém ctia P 1a tap cting afin. That vay, gid st S khong

va P khong théa méan ding thiic = w, v6i w? +w+ 1 =0, thi
la tap ctng afin. Theo Ménh dé 2.2.3 thi hodc tap S ¢6 dang {a,a + u,a +
wu, a+wu}, véi w? +w+1 =0, hoac S c6 dang {a —h,a+h,a—k,a+k},
véi h, k € K*. Nhung néu S ¢6 dang {a—h,a+h,a—k,a+k} v6i h, k € K*,
thi P c6 dang [(z—a)?>—1?]>+ A, va do d6, theo Ménh dé 2.2.5 ta c6 P khong
thda man Diéu kien (F). Vay thi, S ¢6 dang {a,a + u, a + wu, a + w?u}, véi
w?4+w-+1=0, hay P cé dang (z — a)* — a(z — a), véi a € K, va do d6
P' = 4(x —a)® — a. Vi vay, lay p € K sao cho pu® = % v w thoéa méan

w? +w+1=0, ta cé cac khong diem ctia P’ 1a ¢ = p, o = wi, c3 = w?i,
P P P

do g Lle2) _ Ples) _ Pley)
P(er)  P(e2)  Ples)

t6 rang S 1a mot tap cing afin. Dinh 1y dude ching minh. ]

= w, bi loai theo gia thiét. Diéu nay ching

Tiép theo ching to6i trinh bay mot s6 diéu kién dic trung cho si ton tai
nghiém ham phan hinh khac hang ctia phuong trinh ham P(f) = Q(g) trong
truong hgp da thice Q) ty 1é véi da thic P.

2.2.10 Dinh 1y. Gid st m # 2, P la da thic mot bién trén truong K cé
bic 4 va A\ € K. Khi dé, ton tai cdc ham phan hinh khdc hang phan biét
frg € U(K) sao cho P(f) = AP(g) vdi A € K khi va chi khi mot trong cdc

dieu kién sau théa man:
(i) P c6 mot khong diém boi > 3, \ € K*;

(i) X\ = 1 va ton tai hai khong diém phan biét ci,cy ctia P’ sao cho
P(c1) = P(e2);

(1) X = —1 va ton tei ba khong diém phan biét ci, co,c3 clia P sao cho
P(c1) = P(c3) = —P(c2);

(iv) X =1 va P' c¢6 mot khong diem boi > 2;
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(v) X2+ X+ 1=0 va ba khong diém cy, cy, c3 clia P’ théa man diéu kién

P(Cl) . P(Cg) . P(Cg)

Pley) ~ Ples)  Ple)

Dé chitng minh Dinh 1y 2.2.10, ta can c6 cac bo dé sau day.

2.2.11 Bo dé. ([10)) Gid sitm # 2 va P = [(x—a)?—1?]*+ A, vdia, A € K,

| € K*. Khi d6 P' c6 ba khong diém phan biét c1, cy va c3 théa man P(c)) =
l4

P(c3). Hon niia, P(c1) = —P(co) khi va chi khi A = —5

2.2.12 Bé dé. ([14]) Gid st P la da thitc mot bién trén truong K vdi hé ti
cao nhat bing 1, deg(P) = 4 va P c¢6 bon khong diém phan biét. Khi do

(i) P’ chi c6 hai khong diém phan biét khi va chi khi P ¢ dang
(z—a)'—0(xr—a)*+ B, v6i 0,B € K.

(ii) P’ c6 diing mot khong diém khi va chi khi P c6 dang (x — a)* + k.

Hon nita, néu P' c6 ding hai khong diém phan biet thi ton tai f,g € K(t)
vdi f # g sao cho P(f) = P(g).

2.2.13 Bé dé. Gid sit P € K|x], deg(P) = 4, A € K va I la duong cong
zdc dinh bdi phuong trinh P(z) — AP(y) = 0. Néu ' ¢6 it nhit ba diem ky
dj va X\ # 1, thi ton tai f,g € K(t)\K, f # g sao cho P(f) — A\P(g) = 0.

Chiing minh. Néu T 1a bat kha quy, thi ' ¢6 gidng bang 0, do dé ta c6 dudc
diéu phai chiing minh. Néu I" khong bat khé quy thi P(x)—AP(y) ¢6 sy phan
tich dudi dang G(z,y)H (x,y), v6i 1 < deg(G) < 2va 2 < deg(H) <3, G
bat kha quy. Khi d6 duong cong xac dinh bdi phuong trinh G(x,y) = 0 ¢6
giong 0, vi vay ton tai f,g € K(t) sao cho G(f(t),g(t)) =0,Vt € K. O

2.2.14 Dinh ly. ([8]) Gid st T' la duong cong bat khd quy trén K cé giong
> 1, zdc dinh bdi phuong trinh F(x,y) = 0. Khi dé, khong ton tai f,g €
U(K)\K sao cho F(f(t),g(t)) dong nhat bang 0.

2.2.15 Bé dé. Gid st F € K[x,y] la da thiic bac 4 va T la duong cong zdc
dinh bdi phuong trinh F(x,y) = 0. Néu T ¢6 nhiéu nhat mot hodc hai diém
ky di boi mot thi khong ton tai f,g € K(t)\K sao cho F(f,g)=0.
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Chiing minh. Gid st Xi,..., X} 1a cac diém ky di cia I' va véi moi j =
1,...,k, gid st ¢; 1a s6 boi cia X;. Néu I khong bat khd quy thi ta c6
E?:]_ q; > 3, viI'la hop ctia hai duong bac hai hogc I' 1a hop ctia mot duong
bac ba va mot dusng thing, hodc I' 1a hgp ctia mot duong bac hai va hai
duong thang, hoic I' 14 hop clia boén dusng thang. Vi vay ti Dinh 1y 2.2.14
ta c6 diéu phai chitng minh. O

2.2.16 B dé. ([10]) Gid st P € K[z], A € K\{1} va f,g € U(K)\K théa
man P(f) = AP(g). Khi dé f # g.

Chitng minh Dinh Iy 2.2.10. Khong mat tinh tong quét ta gid st ring
da thic P c6 hé ti cao nhat bang 1. Trong toan bo phép chiing minh, véi
A € K, ta ky hieu F\(z,y) la da thic P(x) — AP(y) va ') 1a duong cong
xac dinh béi phuong trinh Fy(x,y) = 0.

Dau tién ta sé ching t6 rang ton tai hai ham phan biet f,g € U(K) sao
cho P(f) = AP(g) trong mdi trudng hgp duge mo ta trong (i)-(v).

Trude hét ta xem xét trudng hop (i). Qua mot phép ddi bién, khong
mat tinh tdng quét, ta cé thé gia thiét ring P c¢6 dang z* hoiic P ¢6 dang
xt — 4az3. Néu P c6 dang x? thi v6i méi A € K*, ta tim duge f,g € K(t)
sao cho f* = \g*. Bay gio, gia st ring P c¢6 dang 2* — ax®. Khi d6 'y nhan
(0,0) lam diém ky di boi 2, do d6 I'y chita mot dudng cong bat kha quy
gibng 0, vi vay ton tai f,g € K(t) sao cho P(f) = P(g). Néu A # 1 thi theo
Bo dé 2.2.16 ta c6 f # ¢g. Néu A = 1 thi Fy(z,y) phan tich duge dusi dang
(x — y)G(z,y), trong d6 deg(G) = 1 va (0,0) 1a mot diem ky di ctia duong
cong xac dinh bdi phuong trinh G(z,y) = 0 ¢6 giéng bang 0. Vi vay ton
tai f,g € K(t), sao cho G(f,g) = 0. Khi d6 ta c6 f # g vi G(x,z) khong
dong nhat bang 0. Nhu vay, trong mdi truong hop ctia dieu kién (i), ton tai
fig € K(t), f # g sao cho G(f,g) =0, v6i A € K*.

Bay gio ta xét truong hop (ii). Ta gid sit ton tai hai khong diém phan
biet ¢1, ¢y cia P’ sao cho P(c¢;) = P(cp). Khi d6, theo Ménh dé 2.2.5, da
thitc P c6 dang [(z —a)?> — ?|*+ Av6ia, A€ K|l € K*. Dat v = a + t
va U(t) = P(a+1), ta c6 U(t) = (1> — 12)2 + A. Do d6, v6i méi ¢ € U(K),
ta c6 U(¢p) = U(—¢), vi vay P(¢p + a) = P(—¢ + a). Nhu vay néu (ii) thoa
man thi ton tai f,g € K(t), f # g sao cho P(f) = P(g).
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V6i truong hop (iii), ta gia sit ton tai ba khong diém phan biét ¢, ca, c3 clia
P’ sao cho P(c;) = P(c3) = —P(c). Theo Ménh dé 2.2.5 va Bo dé 2.2.11 thi
P ¢6 dang [(x—a)Q—ZQ]Z—g, viia € K,l € K*. Talai dat U(t) = P(a+t),
thé thi duong cong A xac dinh bdi phuong trinh U(x) + U(y) = 0 chita bén
diém k¥ di boi 1: (I,0), (=1,0), (0,1), (0, —1). Tuong ty, dudng cong xac dinh
bdi phuong trinh F_q(z,y) = 0 chita bon diém ki di boi 1. Khi d6 theo Bo
dé 2.2.13 ton tai f,g € K(t)\K sao cho P(f) + P(g) = 0. Vi vay theo B
dé 2.2.16 ta c6 f # g.

Véi truong hop (iv), gia sit P’ ¢6 mot khong diém c¢; boi > 2. Trudce tién
ta gia st rang P’ c¢6 mot khong diém boi 3, thé thi P c6 dang (x — a)* + A.
Khi A = 1, ta xét phuong trinh (f — a)* = (¢ — a)*. Day chinh la trusng
hop ta da xét trong dicu kién (i). Bay gio gia st rang P’ ¢6 hai khong diém
phan biét ¢; boi j (j = 1,2). Khi d6 theo Bo dé 2.2.12 ton tai f,g € K(t),
voi f # g thoa man P(f) = P(g).

Cudi cling, ta xem xét trudng hop (v). Gia stt rang ba khong diém ¢, ¢3, c3
ctia P’ thdéa man Ple) = Pley) = (cs) = Av6i A2+ X+ 1= 0. Ba diém

P(cy)  Ples)  Plar)
(c1,c2), (ca, c3), (c3,c1) 1a cac diém k¥ di ctia 'y, do d6 theo B dé 2.2.13, ton
tai f,g € K(t), théa man P(f) = AP(g). Vi A # 1 nén theo B6 dé 2.2.16 ta
6 f#g.

Nhu vay ta da kiém tra dudc rang trong mdi truong hop (i)-(v) ton tai
hai ham phan biét f,g € K(¢)\K théa man P(f) = AP(g).

Ngugc lai, ta gid st rang ton tai f,g € U(K), v6i f # g sao cho P(f) =
AP(g).

Dau tién ta gid st rang P’ ¢6 mot khong diém boi 3. Khong mat tinh tong

quét, bang cach doi bién ta c¢6 thé gia thiét ring P = 2% + A, v6i A € K.
Néu A = 0, ta c6 truong hop (i). Bay gio gia st rang A # 0, khi d6 T'y khong
c6 diem ky di khi A # 1. Vi thé, theo B6 dé 2.2.15 khong ton tai f, g € U(K)
sao cho F)\(f,g) = 0. Nhu vay A = 1 va ta c¢6 trudng hop (iv).

Bay gio ta gid sit raing P’ ¢6 hai khong diém phan biét ¢; v6i boi j tuong
tng (j = 1,2). Khong mat tinh tong quat, biang cach ddi bién ta c6 thé gia
st rang P ¢6 dang z* — 4ax® + A. Thé thi cac khong diém ctia P’ 1a 0 boi 2
va 3a boi 1. Néu A = 0 thi ta c¢6 truong hop (i). Bay gio, gid si A # 0. Néu
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A =1, ta ¢6 truong hop (iv). Tiép theo, gia st A # 1. Khi d6 T'y chi ¢6 cac

diém ky di 1a (0,3a), (3a,0) khi va chi khi F)(0,3a) = F)\(3a,0) = 0, ttc
27 \a*

la A= Plg) = SR hodc (3a,3a) khi va chi khi F)\(3a,3a) = 0, tic la
A= —-27a"

% 4 < 32 N . s 1 A % 27)\@4 N

Néu A = —27a" thi diém ky di ¢6 boi 1. Néu A = P(¢y) = m, thi

ca hai diém ky di (0, 3a) v& (3a, 0) déu c6 boi 1. Nhu vay, trong ca hai truong
hop, theo Bb dé 2.2.15 khong ton tai f,g € U(K)\K sao cho F)\(f,g) = 0.
Bay gio, ta gid st ring P’ c6 ba khong diém phan biet ¢; (j = 1,2, 3).
Mbi diém k¥ di ctia Ty ¢6 boi 1 va c¢6 dang (¢, ¢;). Hon nita, néu I'y c¢6 mot
hodc hai diém k¥ di, thi theo Bo dé 2.2.15 khong ton tai f,g € U(K) théa
man F)\(f,g) = 0. Nhu vay, c6 ba diém ky di (¢;, ¢;) ctia T'y, va mdi diém nhu
thé théa man P(c;) = AP(c¢;). Do d6, hodc ta c¢6 P(c1) = AP(ca), P(c3) =
AP(c2) vavivay P(cs) = P(c1), hodc ta cd P(ca) = AP(c1), P(c3) = AP(c2).
Ta cha § rang vi deg(P) = 4 nén truong hop P(c¢;) = 0 Vj khong xdy ra, do
dé P(c;) #0,Vj =1,2,3. Néu A = 1, ta ¢6 truong hop (ii). Néu A = —1 thi
P(c1) = P(c3) = —P(c), ta 6 truong hop (iii).
Bay gio gid st A\? # 1. Khi d6
P(cq) _ P(c9) _ P(c3)
P(c2)  P(es) P

A:

v6i A2+ X+ 1 =0 vi ta cé truong hgp (v). Vay Dinh 1y 2.2.10 duge chiing
minh. U]
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KET LUAN

Trén co s6 tham khao cac tai liéu, trong luan van nay ching toéi da tap

trung tim hicéu va trinh bay nhitng noi dung sau day:

1. Da tap trong khong gian afin va khong gian xa anh, duong cong trong

mat phang afin, trudng dinh chuan véi gia tri tuyet déi khong Acsimet.

2. Mot s6 diéu kien di dé phuong trinh ham P(f) = Q(g) khong c6 nghiém
ham phan hinh khac hing (Dinh 1y 2.1.9, Dinh 1y 2.1.19, He qua 2.1.20,
Hé qua 2.1.21).

3. Mot s6 diéu kién dic trung cho sy ton tai nghiém ham phan hinh khac
hang ctia phuong trinh ham P(f) = Q(g) trong truong hop da thiic Q
t 16 v6i da thite P (Dinh 1y 2.2.7, Dinh 1§ 2.2.8, Dinh 1§ 2.2.9, Dinh 1§
2.2.10).
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