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MO DAU

Vao cudi thé ky 19 va dau thé ky 20, nha toan hoc Frobenius (1849-1917)
da dua ra trong cac bai gidng ctia minh, van dé tim cong thic xac dinh s6
nguyén 16n nhat khong bicu thi tuyén tinh duge qua mot tap cac sd6 nguyéen
duong c6 uéc chung 16n nhat bang 1, v6i cac hé sd nguyen khong am. Dieu
diic biet 1a nhitng van dé nay, Ong chi dua ra trong céc bai giang ctia minh ma
khong hé xuat ban dudi bat ky hinh thiic ndo. Van dé Frobenius c6 thé dudc
dién dat nhu sau: Cho s1, S, ..., s, 1a cic s6 nguyén duong c6 uéc chung 16n
nhat bing 1, xac dinh s6 nguyén 16n nhat khong biéu thi tuyén tinh dude qua
51,89, ...,8, Vi cac hé s6 1a cac s6 nguyen khong am. S6 nguyén 16n nhat
do6 duge goi 1a s6 Frobenius cia tap {sy, so, ..., s,}. Van dé Frobenius ciing
thuong duge biét dén véi tén goi Bai todn doi tién Frobeninus (Frobenius Coin
Problem) vi s6 Frobenius cta tap {si, S2,...,8,} chinh la s6 tién 16n nhat
khong thé tra dugc biang cac ménh gia tién si, s, ..., s, cho truéc. Van dé
Frobenius ¢6 nhiéu ting dung trong ly thuyét so6, 1y thuyét tu dong (automata
theory), thuat toan phan loai (sorting algorithm), ....

St dung thuat ngit nita nhom s6 thi van dé Frobenius dugce phat biéu dudi
dang: Cho truéc mot nita nhéom s6 S, xac dinh s6 nguyén 16n nhat khong
thuoc S. Truong hop chiéu nhing ctia S bang 2, van dé Frobenius da dugc
giai quyét bdi Sylvester [7]. Van dé nay 1a mot bai toan kho, ton tai mot thoi
gian dai. Dén nay, ngudi ta van chua tim dugc mot cong thiic tong quat deé

tinh s6 Frobenius cho nita nhém s6 c¢6 chiéu nhting 16n hon hodc bang 3. Tuy



nhién, trong truong hop chiéu nhing ctia S bang 3, da c6 mot s6 nha toan
hoc dua ra 15i gidi cho mot s6 truong hop dac biet. Ching han, ta c6 cac
thuat toan Rodseth, thuat toan Greenberg dé tinh s6 Frobenius trong trudng
hop chiéu nhing ciia S bang 3.

Cho S 1a mot nita nhéom s6. V6i mot tinh chat P cho trude, nguoi ta xét

cac ham P-kiéu nhu sau:
PR(S) := s6 nguyen 16n nhét c6 tinh chit P khong thuoc S

pr(S) := s6 nguyén nhd nhat ¢ tinh chat P khong thuoc S.

Cac ham P-kiéu da ducgc gidi thieu va nghién cttu trong mot so6 cong trinh
cua Joge Luis Ramirez Alfonsin.

Trong [4], mot bai bao dang & dang tién an pham ctia hai nha toan hoc
Jonathan Chappelon va Joge Luis Ramirez Alfonsin trén arXiv ngay 25 thang
6 nam 2020, ho da nghién citu bién k-liy thita sau day ctia s6 Frobenius g(S)
ctia nita nhém s6 S. Cho k 1a mot s6 nguyen, k > 2, s6 nguyen ky hicu F¢(.9)

va duge xac dinh bdi
"g(S) := s6 nguyen lity thita &k 16n nhat khong thuoc S

dudc goi 1a s6 Frobenius k-ldy thia ciia S. Trong bai bao nay, cac tac gia tap
trung nghién cttu s6 Frobenius 2-1ity thita va goi 1a s6 Frobenius binh phuong.
Ho da dua ra mot chin trén cho 2g(Sy), trong d6 S, 13 mot nita nhém s6
sinh bdi mot cap sd cong. Ngoai ra, ho ciing dua ra cong thitc tinh 2g(S)
trong truong hop S = (a,a + d) véi a 1a mot s6 nguyén thoa man tinh chat
nao dévad=1,2,3,4.

Noi dung clia luan van 1 trinh bay lai cdc két qua clia bai bao [4], cu thé
13 ching to6i sé trinh bay chi tiét cac két qua da néi trén day.

Ngoai phan md dau, két luan va danh muc tai lieu tham khao, noi dung

ctia luan van dugc viét thanh hai chuong. Chuong 1 trinh bay cac kién thic



chuan bi vé nita nhém s6 c¢6 lien quan dén Chuong 2, nham lam co sé cho
viéc trinh bay Chuong 2. Chuong 2 1a ndi dung chinh ctia luan van. Trong
chuong nay, chiing toi trinh bay lai mot cach chi tiét toan bo cac két qua clia
bai bao [4] ma noi dung chinh ctia né nhu da tém luge & trén.

Luan vin nay dugc hoan thanh dudi sy huéng dan cia PGS. TS. Nguyén
Thi Hong Loan. Tac gid xin duge bay té long biét on sau sac t6i Co-ngusi
da gidng day, huéng dan, chi bao tan tinh va chu dao trong qua trinh tac
gid hoc tap va thuc hién luan van. Tac gid cling xin dugce gii 16i cam on t6i
cac thay co Nganh Toan - Vién Su pham Ty nhién, Phong Dao tao Sau dai
hoc, Truong Dai hoc Vinh vé nhitng su ho trg can thiét va quy bau trong qua
trinh tac gia hoc tap tai truong. Cudi cung, tac gid xin duge gii 161 cAm on
t6i Ban giam hiéu Truong THPT D6 Luong 2, cic dong nghiép, gia dinh va
ngudi than da luén quan tam giap dé va tao moi diéu kién thuan loi dé tac

gia c¢6 thé hoc tap, nghién ctu va hoan thanh luan van.

Nghé An, thang 6 nam 2021

Tac gia



CHUONG 1

KIEN THUC CHUAN BI VE NUA NHOM SO

Trong chuong nay, chiing toi trinh bay cac kién thitc chuan bi vé nita nhém
s6 ¢o lien quan dén Chuong 2, nham lam co sé cho viéc trinh bay noi dung
chinh ctia luan van ¢ Chuong 2. Cac két qua trong chuong nay duge tham
khao chi yéu tur cac tai lieu [1], [2], [3] va [6].

1.1 Nita nhém sb

1.1.1 Dinh nghia. Mot nia nhém s6 S 1a mot vi nhém con ctia vi nhém

cong cac sO tir nhien N sao cho phan bu ctia S trong N 1a hitu han.

Nhu vay, S 1a mot nita nhém s6 néu S 14 mot tap con ciia N, chita 0, déng
kin d6i véi phép cong va N\ S 1a tap hitu han.
Cho A 1a mot tap con (c6 thé vo han) ctia tap hop céac s6 tu nhién N. Ky
hiéu
<A> = {A1a1—|—---—|—)\nan ‘ n € N*,ai c A>)\z e N,Vi = 1,...,71}.

Khi d6 (A) la nita nhém con bé nhat (theo quan hé bao ham) ctia N chita A.
Do d6, (A) 1a nita nhém con sinh bdi A. Néu (A) = S thi A 1a mot hé sinh
ctia nita nhom so S.

Ta n6i uc chung 16n nhéat cia A bang 1, ky hieu ged(A) = 1 néu ude
chung 16n nhat ctia moi tap con hitu han ctia A déu bang 1.
1.1.2 Ménh dé. Cho A la mot tap con khdic rong cia N\ {0}. Khi dé (A)
la mot nita nhém so khi va chi khi ged(A) = 1.



Ching minh. Dat d = ged(A). Ro rang néu s € (A) thid | s. Do (A) 1a mot
nita nhém s6 nén N\ (A) 1a tap hitu han va vi vay ton tai s6 nguyen duong
xsao chod|zvad| (x+1). Vay d = 1.

Ngugc lai, ta can chiing minh N\ (A) 1a tap hitu han. That vay, do ged(A) =

1 nén ton tai cac s6 nguyen 21, 29, ..., 2, V& a1, a2, ..., a, € A sao cho
z1a1 + 2oa9 + - - - + zpa, = 1.
Biang cach chuyén z; sang vé phai, ta c6 thé tim dudc iy, ..., 0, 1, ..., j1 €
{1,...,n} sao cho
i @iy e+ zi @y, = 1= zja, — o — 205,
Do d6 ton tai s € (A) sao cho s + 1 ciing thuoc (A). Ta chiing minh néu
n>(s—1)s+(s—1) thi n € (4). That vay, lay ¢ va r 1a cac s6 nguyéen
sao chon =¢qs+rvéi0 <r <s.Don > (s—1)s+ (s—1) ta suy ra
q=s—12>r. Vivay
n=rs+r)+(q—r)s=r(s+1)+(¢g—r)s € (A).

Meénh dé duge ching minh. ]

Cht ¥ ring, mbi nita nhém s6 c6 thé c6 nhiéu hé sinh. Tuy nhién, két qua
sau day chi ra rang mdi nita nhém s6 chi ¢6 duy nhat mot hé sinh httu han.
1.1.3 Ménh dé. Moi nita nhom soé déu cé duy nhat mot hé sinh hitu han.

Nhu vay, mdi nita nhém s6 S 1a mot tap con ctia tap hop cac s6 tu nhién
N, gdm céc to hop tuyén tinh trén N ctia mot tap hitu han cac s6 nguyéen
duong nguyén t6 ciing nhau cho trude.

Cho s1,...,s, la cac s nguyén duong nguyeén td cing nhau. Khi d6, nita

nhém so6 sinh béi sq,...,s, 1a
S={(s1,...,8p) ={Ms1+- -+ \sn | eNVi=1,...,n}.

Meénh dé dan dén khai niem sau day.



1.1.4 Dinh nghia. S6 phan tit ctia mot hé sinh hitu han ciia nita nhém s6

S dudc goi 1a chiéu nhing ctia S.

Trong luan van nay, ching ta sé nghién citu cic nita nhéom s6 S, sinh baéi
mot cap so cong, nghia 1a hé sinh clia nita nhém s6 nay 1a mot day cac so
nguyén té cing nhau c¢6 dang: a,a +d,...,a + kd trong d6 a,d, k 1a cac sd
nguyén duong. Do diéu kién cac phan ti ciia hé sinh 14 nguyén té ciing nhau
nén ta dé dang suy ra duge ged(a, d) = 1. Sau day 1a tinh chat ctia nita nhom

sO sinh béi mot cap so cong.

1.1.5 Ménh dé. Diéu kién cin va di dé M € {a,a+d,...,a+ kd) la ton
tai cdac s6 tuw nhién x, y sao cho M = ax +dy voi 0 < y < kx.

Chiing minh. Ta c6 M € {(a,a+d, ..., a + kd) khi va chi khi ton tai cac sb tu

nhién x1, To, ..., Tx+1 sao cho

M =ax;+ (a+d)ze+ ...+ (a + kd) Tp41.
Diéu nay tuong duong véi

M=a(r1+xo+ ...+ k1) +d(vo+ ...+ kxpy) .
Ditx =214+ 20+ ...+ 2p1;y=20+ ...+ kxpr. Khi do
O<y=xo+ .. +krpy <k(xi+z0+ ... +2141) = k2.
Nhu vay, ta da chitng minh dugc diéu kién can va da dé M € {(a,a + d, ..., a + kd)

13 ton tai cac s6 tur nhién x, y sao cho M = ax +dy v6i 0 <y < k. O
1.2 S6 Frobenius ctia nita nhém sé

Viéc nghién citu cac nghiém nguyén khong am ciia mot hé phuong trinh

tuyén tinh thuan nhéat v6i cac hé s6 nguyén duong la mot van dé co dién



trong Dai s6, ma dudi ngon ngit clia Toan hoc hién dai, dong nghia véi viec
nghién cttu mot nita nhom s6. D& ¢6 nhiéu nha toan hoc quan tam dén van
dé nay, trong d6 dac biet 1a hai nha toan hoc Frobenius va Sylverster da co
nhiéu két qua quan trong. Van dé nay da dudc nhiéu nha toan hoc quan tam
bdi nguoi ta tim thay nhitng ing dung clia né trong Hinh hoc Dai s6 va Dai
s6 giao hoan. Chinh nho nhiing nghién cttu nay ma nhiéu khai niém vé cac
bat bién trong nita nhém sd dudge dua ra nhu: boi, chieu nhing, bac ky di,
conductor, tap Apéry, sé gid Frobenius, kiéu,....

Trong s6 cac bat bién clia nita nhém s6, ¢c6 mot bat bién quan trong va co
nhiéu tng dung 1a s6 Frobenius. N6i mot cach don gidn, s6 Frobenius clia mot
nita nhém s6 S 1a s6 nguyén 16n nhat ma khong thuoc S, ky hiéu bai g(S)
hodic g ({s1, ..., $n)) néu mudn chi rd he sinh. Hién nay, chua c¢6 cong thiic cu
thé nao dé tinh sé Frobenius ctia mot nita nhém sbé bat ky. Trong muc nay,
chtng toi trinh bay cac két qua vé cong thiic tinh sd Frobenius trong truong
hop cu the.

Trude tien, ta tim hiéu mot trong nhiing cong cu tot nhat dé nghién ctu

ve ntta nhém s, do 1a tap Apéry. Tap Apéry duge dinh nghia nhu sau.

1.2.1 Dinh nghia. Cho S la mot nita nhém s6 va n € S\ {0}. Tap hop
duoc xac dinh bdi

Ap(S,n)={heS|h—n¢S}
duge goi la tap Apéry cia n trong S.
Két qua sau day dudc suy ra ngay tit dinh nghia ciia tap Apéry.

1.2.2 Bo dé. Gid si S la mot nita nhém s6 va n la mot s6 nguyén duong

thuoc S. Néu x,y € S sao cho v +y € Ap(S,n) thi {z,y} C Ap(S,n).

Meénh dé sau day cho ta cach tim tap Apéry clia mot nita nhém so.
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1.2.3 Ménh dé. Cho S la mot niia nhém s6 van € S\ {0}. Khi dé ta c6
Ap(S,n) = {0 =w(0),w(1),...,w(n —1)},
trong dé w(i) la s6 nhé nhat cia S sao cho
w(i) =1 (mod n),Vi € {0,1,..n — 1}.
Chitng minh. Ro rang, v6i moi @ € {1,2,...n — 1} thi tap hop
{i+kn |k eN}

cac sO tu nhién dong du véi ¢ theo modun n 1a tap hop vo han. Vi tap hop
N\ S 1a hitu han nén ton tai & € N sao cho i + kn € S. Goi w(i) 1a 6 nho
nhat thuoc S ¢6 dang i + kn, nghia 14 w(i) 1a s6 nhd nhat thuge S dong du
v6i i theo modun n. Khi d6 o rang w(i) —n ¢ Sviw(i) —n=i+kn—n =

i+ (k—1)n <w(i). Vay w(i) € Ap(S,n) véi moi i € {1,2,...n — 1}. Do d6
AD(S,n) 2 {0 = w(0), w(1), .. w(n — 1)}
Nguge lai, gid st x € Ap(S,n). Khi d6 x € Svax —n ¢ S. Do d6
r € {0=w(0),w(l),..,wn-—1)}
Suy ra
AD(S,7) € {0 = w(0), w(1), ., w(n — 1)}
Vi vay
AD(S,n) = {0 = w(0), w(1), .. w(n — 1)}
[

Tit Menh dé [1.2.3] ta thiy Ap(S,n) la mot he thang dw diy d@t mod n.
T mdi 16p thing du mod n ta trich ra s nguyén nhé nhat trong dé thuoc
S, ta dugc mot he thing du day di modun n va dé chinh 1a tap Ap(S,n).
Nhu vay tap Apéry ctia phan tit n trong nita nhém s6 S ¢6 n phan ti.
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1.2.4 Vi du. Cho nita nhém sb
S =(5,7,9) ={0,5,7,9,10,12,14 —}

(trong d6 ky hieu 14 — nghia & cac s6 tu nhién lien tiép bat dau tir 14). Ta
tinh duoc
Ap(S,5) = {0,7,9,16, 18},

Ap(S,7) = {0,5,9,10, 15,18, 20}

1.2.5 Dinh nghia. Cho S 14 mot nita nhém so.

(1) S6 nguyen 16n nhat khong thuoc S duge goi 1a s6 Frobenius ciia S va
duge ky higu 1a g(9).

(2) S6 chinh phuong 16n nhat khong thuoc S duge goi 1a s6 Frobenius binh
phuong va ky hieu 1a 2g (S).

Ky hiéu Z 1a tap hgp s6 nguyén. Tu dinh nghia trén ta c6
g(5) = max(Z\ 5),
"9 (8) < g(9).
1.2.6 Vi du. 1) Cho nita nhém s6
S=(4,7)={0,4,7,8,11,12,14,15,16, 18 — }.

Khi d6 ta tinh duge g(S) = 17 va 2g (S) = 9.

2) Cho ntta nhém s6
S = (57,9 ={0,5,7,9,10,12, 14 —}.
Khi d6 ta tinh dugc g(S) = 13 va 2g (S) = 4.

Meénh dé sau day cho ta mot cong thitc tinh s6 Frobenius cia mot nita

nhém sé thong qua tap Apéry.
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1.2.7 Ménh dé. Cho nia nhom s6 S va 0 <n € S. Khi do
g(S) = max Ap(S,n) — n.
Chitng minh. Gid st Ap(S,n) = {0 = wg, w1, ..., w,_1}, trong d6 0 = wy <
wp < -+ < Wp—1. Ta cod
max Ap(S,n) = wy,_1.
Theo dinh nghia ctia tap hgp Apéry thi w, 1 —n ¢ S. Ta dit
w;, =kn+r;, 1€ {O,l,...,n—l} , 0 <n—1.
Khi d6
ko < ki< - <kp_q.
Vi thé
Wpy—n+1=(k,1—1)n+r,1+1€S8.
Tu nhitng chiing minh trén ta thay ngay g(S) = max Ap(S,n) — n.
[

Trong truong hop nita nhém sb sinh bdi hai phan ti thi tit ménh dé trén
ta co6 cong thitc tinh s Frobenius nhu sau. Két qua nay dugc dua ra béi
Sylvester [7].

1.2.8 Hé qua. Cho nia nhom s6 S = (a,b), trong dé a,b la cic s6 nguyén
duong sao cho ged(a,b) = 1. Khi dé so Frobenius ciia nita nhém so S dugc

rac dinh nhu sau:

g(S)=ab—a—0b.

Chitng minh. Vi ged(a, b) = 1 nén Ap(S,a) = {0,b, ..., (a—1)b}. Do d6, theo
Menh dé(1.2.7, ta c6

g(S) =maxAp(S,a) —a=(a—1)b—a=ab—a—b.
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Meénh dé sau day cho ta cong thiic tinh s6 Frobenius ctia nita nhém s6 sinh

bGi mot cap s6 cong (xem [5]).

1.2.9 Ménh dé. Cho nia nhom sé Sa sinh bdi cap so cong a,a+d,...,a+kd
trong dé a,d, k la cdc s6 nguyén duong. Khi do

g(S4) = QafJ +1>a+(d—1)(a—1)—1.

O day ky hieu |...| dé chi phan nguyen.
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CHUONG 2

sO FROBENIUS BINH PHUGNG

S6 Frobenius binh phuong, hay con dude goi sé Frobenius lity thita 2 ¢6 thé
dién dat mot cach so cap nhu sau: Cho s1, S, ..., s, 1 cic s6 nguyén duong
c6 u6c chung 16n nhat bang 1, xac dinh s6 chinh phuong 16n nhat khong
biéu dién tuyén tinh dudc qua i, s9, . .., S, véi cac hé s6 nguyen khong am.
S6 chinh phuong 16n nhat d6 dude goi 1a s6 Frobenius binh phuong clia tap
{s1,89,...,8n}. Cdc s6 Frobenius liy thita k v6i k > 2 duge dinh nghia hoan
toan tuong tu. Hién nhién, ta luon c6 mot chan trén ctia s6 Frobenius binh
phuong dé chinh 1& s6 Frobenius. Tuy nhién, cling giéong nhu tim cong thic
tinh s6 Frobenius, cong thiic tinh s Frobenius binh phuong 1 khong don
gian.

St dung thuat ng@ nita nhém s6 thi van dé s6 Frobenius binh phuong
duge phat biéu dudi dang: Cho truéc mot nita nhom sé S, xac dinh s6 chinh
phuong 16n nhat khong thudc S. Trong truong hop nita nhém s6 sinh bdi mot
cap s6 cong, trong [4] da cho ra mot s6 két qua thu vi. Trong bai bao nay, cac
tac gid da dua ra mot chan trén cho 2g(S,), trong d6 Sy 1a mot nita nhém
s6 sinh bdi mot cap s6 cong. Ngoai ra, ho ciing dua ra cong thiic tinh 2g(.9)
trong truong hop S = (a,a + d) véi a 1a mot s6 nguyén thoa man tinh chat
nao dé6vad=1,2,3,4,5.

Trong chuong nay, ching toi trinh bay toan bo cac két qua trong bai bao

[4] ctia Jonathan Chappelon va Joge Luis Ramirez Alfonsin da néi trén day.
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2.1 Chan trén cua sé Frobenius binh phuong cta nita
nhém sb sinh bdi moét cap sé cong

Xét nita nhém s6 Sy sinh bdi mot cap sé cong, nghia 1a hé sinh ciia nita
nhém s6 14 mot diy cac s6 nguyén t6 cing nhau c¢6 dang: a,a +d,...,a +
kd trong d6 a,d,k 1a cac s6 nguyén duong. Do diéu kién cac phan ti cua
h¢ sinh 14 nguyen t6 cung nhau nén ta dé dang suy ra duge ged(a,d) =
1. Muc dich chinh ctia muc nay la chiing minh Dinh 1y dua ra mot
chin trén ctia s6 Frobenius binh phuong nita nhém sé S4. Dé théng nhét,
ta ky hiéu s6 Frobenius binh phuong ctia nita nhom s6 Sy 1a 2g (S4) hoac
2g({a,a+d,... a+kd)).

Lién quan dén van dé chinh ctia luan van, ménh dé duéi day cho ta mot
diéu kién can va di dé mot s6 chinh phuong c6 dang cho trude thuoc vao nita

nhém s6 S4.

2.1.1 Ménh dé. Cho i la mot s6 nguyén va \; la s6 tu nhién sao cho 0 <

A <d—1va Na+i*=0modd. Khidd,

i2 + )\Z’CL
ad

(a—i)2eSA<:>(z'+kd)2§<Q J+k>d—>\i>(a+kd).

Chiing minh. Chiing minh ménh dé nay hoan toan dua vao kién thic phan

nguyén va cac phép bién ddi so cap. Cu the, ta cé:

(a —1i)* = (a — 2i)a + 72
i2 -+ )\ia

— (0 -2 - N)a+t N
(a — 2i Ja + y

i2+)\ia 2'2+/\ia 2'2+/\,'a
= — 21— N\ _ | — .
(a ) /\+{ p” Jd>a+( g { " Ja)d

Két hop v6i Menh dé [1.1.5] ta suy ra (a —i)* € S4 khi va chf khi:
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d ad
i2 + )\Z‘CL
d

2 2 1\ 2+ )\
Tt e V +)\2aJa§k<a—2i—)\i+v +MJ d)

i2 + /\Z'CL
a

| (@t k)

~ ZQ + Nia < k;d(a — 21— >\z) + \‘Z + )\ZGJ d(a + kd)
a

§k(a—2i—)\i)+L

& 2+ 2ikd < kda — Mi(a + kd) + {

& i+ 2ikd + k2 + & < kd(a + kd) — Mi(a + kd) + V +d “J d(a + kd)
a

& (i 4 kd)? < ((V :dki“J + k) d— >\Z-> (a + kd).

[]

Tt ménh dé trén, dé trinh bay két qua chinh ¢ Dinh ly ta can mot

s6 ky hiéu sau day.

2.1.2 Dinh nghia. Cho a va d > 3 1a cac s6 nguyén duong nguyén to cling

nhau.

e Goi A\* 1 s6 nguyen \; 16n nhat thoa man gia thiét Menh dé2.1.1] nghia

la

A= max {N€{0,1,....d—1} | Na+i=0modd}.

0<i<d-1

e Ky hieu {ay,...,a,} latap con cia {0,1,...,d — 1} sao cho A\, = A

va dét Api1 = d —+ oq.
e Goi 1 < j < nla chisé duy nhat sao cho
(ud + ;) < (kd = N)(a + kd) < (pd + a;)?,

v6i s6 tir nhién g nao do.
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e Ta dinh nghia ham s6 nguyén h(a,d, k) xac dinh nhu sau:
h(aa d7 k) = (CL o ((:u - k)d + aj-l—l))z‘

Dé ching minh Dinh 1y [2.1.5, ta can bd dé sau day.

2.1.3 B6 dé. Cho a va d la cdc s6 nguyén duong nguyén té cing nhau vdi
d > 3. Néu a + kd > 4kN*d® th

2d*(p+1) < a + kd.

Chitng minh. Truong hgp 1. j € {1,...,n— 1}.

Twu Dinh nghia ta co
(ud + ;) < (kd — X*) (a + kd) < (ud + ajyr)”.

Két hop v6i 0 < aj < d va a1 < o, < d, ta suy ra

| Rd =N (a + Rd)
o= d

Theo gia thiét a + kd > 4k\*d> nén ta c6 a+ kd > 4 (kd — \*) d?. Tit d6 suy

ra
> 2 (kd— ). (2.1)
Do doé
(kd — X\*)(a + kd) > (ud + a;)?
> p2d?
> (p? —1)d?
= (u—1)(p+1)d*
> 2(kd — X\*)(p+ 1)d°.
Vi vay

(kd — X*)(a + kd) > 2(kd — X*)(p + 1)d?
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hay a + kd > 2(u + 1)d* v6i moi j € {1,...,n —1}.
Truong hop 2. j =n.
Do aj = oy, = d — aq va a1 = a1 = d + aq nén ta co6

V (kd — X\*) (a + kd)
d

€ {p,p+1}.

Mt khéc,
(ud + a;)? < (kd — N)(a + kd) < (pd + a;41)%,
nén ta co
(p—1)d— ) < (kd = X) (a+kd) < ((p+1)d+ a)’.

Do d6 pu+ 1 > 2 (kd — X*). Suy ra

Do d6 a + kd > 2(u + 1)d?. Vay bo dé da duge chitng minh. O

2.1.4 Nhan xét. 1). Chiing minh ctia B dé da chi ra cong thic tinh
s6 u trong ham h(a, d, k) nhu sau:

. V(kdA;)(de)Jvmngn_l

va

d
2) Ta c¢6 cac nhan xét sau day vé cac ky hieu trong Dinh nghia [2.1.2]

{\/(kd — A (et kd)J € {u, u+1}véi j = n.
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e N=0,\1#0dodo A" =Xy, > 1,a; > 1.
e 0<ay<m<..<a,<d
0V(jij:nthiozj=d—ozlvéozj+1=d—|—0q<d+0zj.D0d6a1§%l.

3). Gia thiét a + kd > 4k\*d> c6 thé duge thay thé bdi gid thiét a + kd >
4 (kd — \*) d2.

4). Sau day, chiing t6i trinh bay mot chitng minh ctia B dé gon hon
so véi trinh bay trong bai bao nhu sau.

Ta co
(ud + aji1)? > (kd = X) (a + kd) > 4d>(kd — \*)*,
c6 nghia la 1 > 2 (kd — X*) — =42 v6i 1 < j < n. Tu day c6 hai kha nang
xdy ra. Kha nang thit nhat, néu p > 2 (kd — \*) thi
(kd — X*)(a + kd) > (ud + a;)?
> p2d?
> (p? —1)d?
= (=D (p+1)d* > 2(kd — X*) (1 + 1)d".
Do d6 (kd — X)(a + kd) > 2(kd — X*)(u + 1)d? hay a + kd > 2(u + 1)d2.
Kha nang tht hai, néu g+ 1 = 2(kd — \*) thi tur gid thiét ta suy ra
a+ kd > 4d* (kd — \*) = 2d* (kd — \*).
Dinh Iy sau day cho ta mot chin trén ctia g (Sy).

2.1.5 Dinh 1y. Cho a va d la cdc s6 nguyén duong nguyén to cung nhau vdi
d> 3. Néu a+ kd > 4k\*d® thi

29(S4) < h(a,d, k).
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Chiing minh. Truéce hét, theo Ménh dé ta co
a—2
g(Sa) = (L : J +1>a—|—(d—1)(a—1)—1.

Via? > (|22] +1)a, 2akd > (d — 1) (a — 1) va (kd)* > 0 nén

g(S4) < a® + 2kad + (kd)* = (a — (—kd))”.

Vi 2g(S4) < ¢g(Sa) nén dinh 1y sé duge chiing minh néu ta chi ra duge
(a — i)2 € Sy véi moi —kd < i < (p— k)d + a;j1. Ta xét hai truong hop
nhu sau.
Truong hop 1. —kd <i < (u—k)d+ «a;.

Vii < (u—k)d+ a;, theo Dinh nghia [2.1.2 thi A* > \; va [+—H >0

nén ta co
(i + kd)* < (pud + ;)?
< (kd — \)(a + kd)

((V2 :dAi“J +k:) d— )\i) (a+ kd) .

Theo Ménh dé 2.1.1] ta ¢6 (a —i)* € Sy.
Truong hop 2. (u—k)d+a; <i<(p—Fk)d+ a;i.
Dua vio Ménh dé[2.1.1] vAn dé sé duge gidi quyét néu ta ching minh duge

IA

(i + kd)? < (kd — \;) (a + kd) .

Trong truong hop nay ta c6 a; < ¢ — (u — k) d < ojy1 va theo dinh nghia
cua A* nhu trong Dinh nghia ta suy ra A\; < A\* — 1 va do d6

(kd — X)) (a+ kd) > (kd — N) (a + kd) + (a + kd). (2.2)
Mit khéc,
(i + kd)* < (ud + aji1)°
((ud + ) + ajir — ay))?
= (pd + j)” + (a1 — ) (2(ud + ) + (@1 — ay))
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= (nd + j)* + (a1 — ;) (2pud + a; + ajia). (2.3)
Do Ay, = A" nén a; > 0. V6i moi chi s6 j € {1,...,n— 1} ta co
i — o < iy <oy < dva o+ ajp < 20, < 2d, (2.4)

con véi g =n thia; =, =d— o1 va a1 = apy1 = d + g, do do

Qjr] —Qf = 2000 < dva a; + Qi = 2d. (25)

T 2.2, 2.3 va 2.4 ta suy ra

(i + kd)® < (ud+ o;)* + d (2ud + 2d) = (pd + o;)* + 2d* (n+ 1) (2.6)
v6i moi j € {1,...,n}. Tit 2.2 va Dinh nghfa 2.1.2]ta c6
(ud + a;)°< (kd — X) (a + kd) < (kd — X)) (a + kd) — (a + kd) .
Suy ra

(i + kd)? < (kd — X)) (a+ kd) — (a + kd) +2d* (u+1).  (2.7)

Ap dung B6 dé[2.1.3] ta c6
(i + kd)* < (kd — \;)(a + kd) +2d*(pp 4+ 1) — (a + kd) < (kd — \;)(a + kd)

< ((V ZdA’“J +k>d—>\i) (a+ kd).

Nhu vay, theo Meénh dé [2.1.1, Dinh 1y dude chiing minh. O

Ta dy doan réng, chan trén ciia 2g (S4) trong Dinh ly sé tré thanh
chan trén ding, nghia la n6 sé 1a cong thiic tinh 2g (S4) véi mot sé nita nhom
S 4 nao dé. He qua duéi day cho ta mot sy khang dinh chic chan cho du doan
trén v6i nhiing nita nhom s6 chi sinh béi hai phan tit (tic k = 1),

2.1.6 Hé qua. Cho a va d > 3 la cdc so nguyén duong nguyén to cung nhau.
Néua+d > 4Nd* th

29 ({a,a +d)) = h(a,d, 1).
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Ching minh. T Dinh Iy ta co

“g({a,a+d)) < (a—((n—1)d+aj1))"

bat i = (u—1)d + aj41 (khi d6 A; = A*). Dua vao Menh dé [2.1.1] va gi
thiét (i +d)* = (ud+a; +1)? > (d — X\*)(a+ d), hé qué sé dugc chiing minh

néu ta chi ra duoc

(a—i)° ¢ (a,a+d).

Diéu nay tuong duong véi

@+df><<vzzfq+J>d—&)m+d)
(d — X)(a ><(V-+MJ%J>d—Y)m+d)

Do d6 ta can ching minh L o J — 0 hay n6i cach khac * +)‘ ¢ < 1. That

hay

vay, ta co
i?=((u—1)d+a; +1)°
= ((nud + ) = (d+ oy — aj +1))*
= (ud+ o;)* — (d+ aj —a; + 1)((2u — 1)d + o + o + 1).
Ta c6 cac nhan xét sau.
edtaj—aj=d—1—aj+1+a; > 2.
o 2n—1)d+aj+aj1>2u—1)d
e a+d>4ANd = a+d>(d—\)d%
e Tit chiing minh Dinh 1y , tasuyrapu >2(d—N)—1>1,dodo

1
d= X< (n+1)<2(2u—1).
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Tt nhitng nhan xét trén, ta co
i? < (pd + aj)? —2(2u — 1)d
<(d—=X)(a+d)—22u—1)d
<(d—=XN)a+d)—(d—)\)d=(d— \)a.

i’+\*a < (d=X*)a+)N*a
ad ad

T do suy ra = 1 va Hé qua da dugc chiing minh. N

Diéu kien a + d > 4\*d® trong Hé qua 13 can thiét khong thé bo di

duge. Sau day,ching toi chi ra vi du ching t6 diéu nay.

2.1.7 Vi du. Chang han v6i a = 2, d = 5, k = 1 thay s6 kiém tra thay diéu
kien a + d > 4\*d® khong dugc théa man. Nita nhom s6 trong trusng hgp
nay sé c6 dang
S=(2,7) =10,2,4,6,7 —}.
Do d6 2g(S) =2g ({2,7)) = 1.
Tu Dinh nghia ta xdc dinh duge cac \; € {0,1,2,3,4} théa man
2)\; + 4% = 0 mod 5 véi moi ¢ € {0,1,2,3,4} nhu sau

)\0:0;>\1:2;)\2:)\3:3;>\4:2

Do d6 A" = Ay, = A2 = A3 = 3 nén a; = 2 hodc a; = 3. Ta x¢ét diéu kién sau

v6i j 1a chi s6 duy nhat théa man va p 1a s6 ty nhién nao dé
(5p+0a;)* < (1.5 = 3)(2+ 1.5) < (5p + 1),

tuong duong véi
(5p+ o)? <14 < (5 + aji1)*,

V6i a; = 2 hodc a; = 3 va (5 + j)* < 14 ta suy ra u = 0. Tit d6 dan dén
C¥j2-+1 > 14 hay a4l > 4.

Xét hai truong hgp.
Truong hop 1. 5 < n.
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Ta co 4 < aji < oy < 4t do suy ra o = oy, = 4.

Véi a; = 2 hodc ao; = 3 thi ta déu ¢6 a; < ;41 do d6 j khong 1a chi s6
duy nhat thoa man diéu kién. Vay truong hop j < n loai.
Truong hop 2 j = n.

Trong trucng hgp nay ta c6

Ozj:d—&l

Qjy1 = d—+ a.
Néu a; = 2 thi g = 3 mau thudn vé6i oy < a;j véi 1 < j < n. Vay o; = 3

dan dén a; =2 va a1 =5+ 2 = 7. T d6 ta tinh dugc
h(2,5,1) = (2— ((0—1).5+ 7)) =0.

Nhan thay 2¢ ((2,7)) # h(2,5,1), tic la ding thiic trong He qua
khong théa man. Tuy nhién, cac két qua tiép theo 6 nhitng muc sau, ching ta
sé thay ring sb cac gia tri clia @ khong théa man dang thitc 2g ({(a,a + d)) =

h(a,d,1) 1a httu han ddi véi méi gia tri xac dinh cta d.

2.2 S6 Frobenius binh phuong ctia nita nhém sé (a, a + d)
v6i d bé

Trong muc nay chiing ta trinh bay cong thic tinh 2g ((a,a + d)) trong
truong hop d = 3,4, 5.

Dau tien, néu ?g({a,a + d)) # h(a,d,1) thi tt Hé qua ta suy ra
a—+d < 4X\*d?. Néu d 1a s6 nguyen duong bat ky théa man d > 3 va véi tinh
chat A* < d — 1 thi ta suy ra dudgc

2<a<4(d—1)d®—d.

Vi ta dang quan tam dén nhitng gia tri cia a khong théa man dang thic &
Hé qua nén that tuy nhién ta cé dinh nghia sau day.
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2.2.1 Dinh nghia. Cho d 14 mot s6 nguyén duong bat ky théa man d > 3
va ged(a,d) = 1. Ky hieu tap F(d) 1a tap céc s6 ty nhien a khong théa man
ding thic 6 He qui [2.1.6, nghia la:

E(d) := {a € N\ {0,1}| ged(a,d) = 1; *g({a,a + d)) # h(a,d,1)}.

Dé thay rang E(d) C [2,4(d — 1)d® — d] N N. Véi nhiing gia tri d nhd,
3 <d <12, [4] da xac dinh duge E(d) nhu bang sau day nhd vao viéc tinh

toan trén cac phan mém may tinh

[E(d)] E(d)
0

0
[2,4,13,27, 32}
0

12,3,1,9,16, 18, 19, 23, 30, 114}
15,9,21,45, 77}
12,4,7,8,16]
{3.,9,13,23, 27, 33,43, 123, 133, 143, 153, 163, 333, 343}
{2,3,4,5,7,8,9, 14, 16, 18, 25, 36, 38, 47}
{13,19, 25,31, 67, 79, 139, 151, 235}

ol | 5| | 00| ~I| O] | | ol &,
oD oo Blo v|oo

Véi nhitng gia tri nhd ctia d nhu da néi ¢ trén, gia tri chinh xac ctia 2g((a, a+
d)) khi a € E(d) dugc tinh toan nhd vao cdc phan mém ma [4] da dua ra cho

6 bang dudi day.
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41 o [*(a,a+d)[dla,d1)][d] a [*9({a,a+d)[dla,d1)
51 2 | 0 10 | 43 402 392
5 4 1 22 10123 1102 1092
5 13 102 9 10 [ 133 1202 1192
5 | 27 212 202 10 | 143 1302 1292
5| 32 262 252 10 [ 153 1402 1392
712 1 52 10 | 163 1502 1492
71 3 22 0 10 | 333 3107 3092
71 4 52 62 10 | 343 32072 3192
719 72 62 11] 2 32 42
7116 142 132 11] 3 52 92
71 18 172 16° 11] 4 52 62
7119 142 132 11| 5 72 92
7123 212 202 11] 7 42 22
7130 2872 277 11] 8 72 122
7 1114 1052 1042 11] 9 82 122
8| 5 42 32 11] 14 132 192
81 9 102 122 111] 16 142 202
8 | 21 162 152 11 18 152 132
8 | 45 362 352 11] 25 222 202
8 | 77 642 632 11 36 332 312
9 | 2 32 42 11] 38 362 342
9| 4 32 62 11| 47 442 422
91 7 62 112 12] 13 142 182
91 8 62 42 12] 19 172 162
9 | 16 92 122 121 25 262 302
0] 3 22 72 12| 31 202 282
10] 9 72 122 12| 67 592 582
10] 13 102 92 121 79 712 702
10] 23 207 192 12139 1252 1242
10| 27 262 252 12| 151 1372 1362
10| 33 302 292 121235 2152 2142

Véi mdi gia tri d € {3,...,12}, ta c6 thé thiét lap cong thic dé tinh
2g({a,a + d)) ngoai nhing gia tri cho trong bang trén. Ngoai ra trong bang
trén ta nhan thay khi d = 3,4,5 thi tap F(d) = 0, c6 nghia la ta c6 thé thiét
lap cong thitc tinh 2g((a, a + d)) véi moi s6 nguyén a.

Dura vao cac phuong phap ching minh & Dinh 1y va Hé qua ta



27

¢6 két qud sau vé cong thiic tinh ?g({a,a + d)) trong trusng hop d = 3.
2.2.2 Dinh 1y. Cho a > 3 la s6 nguyén duong khong chia hét cho 3 va
S = (a,a+3). Khi do,
((a — (3b— 1))? néu hogc (3b+1)* < a+3 < (3b+2)*va a =1 mod 3
hodc (3b+1)* < 2(a+3) < (3b+2)* vi a = 2 mod 3,
(a — (3b+1))? néu hodc (3b+2)* <
\ hodc (3b+2)? < 2(a+3) < (3b+4)? va @ = 2 mod 3.

29(8) = 2
a+3<(3b+4)° vaa=1mod3

Chitng minh. V1 g(S) = (a—1)(a+2)—1=da*+a—3 < (a+1)* nén
“9(9) < (a— 1)

Theo Ménh d&[2.1.1] ta 6

i2 + )\ZCLJ

(a—z’)QES(:)(iJr?))Qg(B{ - +3—>\i)(a+3). (2.8)

v6i i € Z, \; € {0,1,2} sao cho a); + > = 0 mod 3, nghia I3
0 néui=0mod3 vaa=1,2mod 3,
i = I néui=1,2mod3 vdha=2mod 3,
2néui=1,2mod 3 vaa=1mod 3.

Ta xét 4 truong hop sau day.

Trudng hop 1. Gid st a =1 mod 3 va (3b +1)2 < a +3 < (3b+ 2)2
Néu i < 3b — 2 thi

i2 + )\Z'CL
a

(z’+3)2§(3b+1)2§a+3§<3{ J+3—/\i>(a+3).

Do do, tit ding thiic [2.8/ ta suy ra (a — )% € S.
Néui=3b—1,dob>1taco

=(Bb—-1)2=9"-6b+1<9*+6b—2=(3b+1)* -3 <a.
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Vi3b—1=2mod 3 nén ta co

12+/\ia_i2+2a

0<
3a 3a

< 1.

Do do

Hon ntta, vi

.9 .
(3 V _;LMJ +3—)\l~> (@a+3)=a+3<(3b+2)?%=(i+3)?

nén tit ding thiic 2.8 ta suy ra (a — )% ¢ S.
Trudng hdp 2. Gid st a =1 mod 3 va (30 +2)*> < a+3 < (3b+4)%
Néu ¢ < 3b — 1 thi

(i+3)2=(3b+2)?2<a+3< (3 V ga “J +3—)\i> (a+3).

Do d6, theo 2.8 ta ¢6 (a —i)? € S.
Néu 7 = 3b thi

i2 + )\Z'CL
3a

(i+3)% = (3b+3)% < 3(3b+2)? < 3(a+3) < (3 { J +3 - Ai) (a+3).

Do d6, theo 2.8 ta c¢6 (a —i)? € S.
Néui=3b+1,dob>1neén taco

2= (3b+ 1) =9 +6b+1 <9 +12b+1=(3b+2)* -3 < a.

Vi3b+1=1mod 3 ta suy ra

i2+/\ia_i2+2a
3¢ 3a

0< <1

va do doé
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Hon nita, vi

(3 V Z aJ +3—/\Z-) (a+3)=a+3< (3b+4)? = (i +3)?
a

nén theo déng thitc 2.8 ta c6 (a —i)> ¢ S.
Trudng hgp 3. Gid st ring ¢ = 2 mod 3 va (3b+1)? < 2(a+3) < (3b+2)2.
Néu i < 3b — 2 thi

’L'2 + )\ia
3a

(i+3)2=(3b+1)2<2(a+3)<(3{ J+3—)\i)(a+3).

Do do, tir dang thiic 2.8 ta suy ra (a —i)? € S.
Néui=3b—1,dob>1neéen

2= (3b—1)2 =9 —6b+ 1< 9> +6b—5=(3b+1)* — 6 < 2a.

Vi3b—1=2mod 3 nén ta suy ra

i2+)\ia_i2+a
3¢ 3a

0< <1

va do doé

Hon nita, vi

<3 VQ QGMJ +3- Az') (a+3)=2(a+3) < (3b+2)> = (i +3)%

nén theo [2.8] ta c6 (a —i)> ¢ S.
Trudng hgp 4. Gid st a = 2 mod 3 va (3b+ 2)? < 2(a + 3) < (3b+ 4)2.
Néu i < 3b — 1 thi

i2 + )\Z’CL
3a

(z‘+3)2:(3b+2)2<2(a+3)<(3[ ]+3—)\i)(a+3).

Do d6, theo 2.8 ta ¢6 (a —i)? € S.
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Néui=3bthia? € Skhib=0vab>1nén

i2 + )\Z‘CL
3a

(i43)? = (3b+3)2<g(3b+2)2 <3(a+3) < (3 { J +3 - )\i) (a+3)

Do d6, tit déng thitc 2.8] ta 6 (a —i)? € S.
Néui=23b+1,dob>1neén

=(3b+ 1) =96 +6b+ 1< 9b* + 120 — 2 = (3b+2)* — 6 < 2a.

Mat khac, i2 = 1 < 2a khi b = 0 nén ta suy ra

P2+ Na  iPH4a
0< = < 1.
3a 3a

Diéu d6 c6 nghia l1a

Hon ntta, vi

(3 [“2 ;CLM‘J +3— )\Z) (a43) =2(a+3) < (3b+4)? = (i + 3)?

nén theo 2.8} ta c6 (a — )% ¢ S. O
Dua vao cach chitng minh dinh 1y trén, ta c6 thé chitng minh hai dinh ly
duéi day véi truong hop d = 4,5 mot cach hoan toan tuong tu.

2.2.3 Dinh ly. Cho a > 3 la mot s6 nguyén 1é va dat S = {(a,a+4). Khi dé

((a — (4b — 1))% néu hodc (4b + 1)* <

hogc (4b+1)* < 3(a +4) < (4b+ 3)* vi a = 3 mod 4,

(a — (4b+ 1))* néu hogc (4b+3)* < a+4 < (4b+5)* va a = 1 mod 4
\ hodc (4b+3)? < 3(a+4) < (4b+5)? va a = 3 mod 4.

a-+4 < (4b+2)* va a =1mod 4

29(8) =
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2.2.4 Dinh 1y. Cho a > 2 la mot s6 nguyén khong chia hét cho 5 va dit
S = (a,a+5). Khi dé
((a — (50— 2))? néu hodc (5b+2)* < a+5 < (5b+3)? va a =4 mod 5
hodc (5b+ 2)* < 2(a+5) < (5b+ 3)? vi a = 2 mod 5,
(a — (50 —1))* néu hodc (5b+1)* < a+5< (5b+4)* vaa=1mod 5
hogc (50 +1)* < 2(a + 5) < (5b+4)? va a = 3 mod 5,a # 13,
) (a — (5b+1))? néu hodc (5b+4)* <a+5 < (5b+6)* va a =1 mod 5
hodc (5b 4 4)* < 2(a +5) < (5b+ 6)? va a = 3 mod 5,
(a — (5b + 2))*néu hodc (50 +3)* < a+5 < (5b+ 7)*aa =4 mod 5,a # 4
. hodic (5b+3)* < 2(a+5) < (5b+7)% va a =2 mod 5,a # 2,27, 32.

2.3 S6 Frobenius binh phuong ctia nita nhém sé S =
(a,a+d) v6i d = 1,2,

Dinh 1y sau day ching ta trinh bay cong thitc tinh sé Frobenius binh
phuong cho nita nhém s6 ¢6 dang (a,a + 1) trong truong hgp a hoac a + 1
khong 1a s6 chinh phuong va a > 2.

2.3.1 Dinh 1y. Cho a la mot s6 nguyén duong théa man b> < a < a+1 <
(b+1)% vdi b la mot s6 nguyén duong nao dé. Khi dé,
29((a,a + 1)) = (a — b)*.
Chitng minh. Theo He qua[l.2.8 ta c6 g((a,a + 1)) = a> —a — 1 nén
(a—1)?<g({a,a+1)) <a’
va 2g((a,a + 1)) < a®
Ta sé chiing minh riang (a — i) € (a,a + 1) v6i moi i € {1,2,...,b— 1}.

Dau tién, ta nhan thay

(a—1i)* =a® —2ai+1i* = (a —2i)a+i° = (a — 20 —i*)a +i*(a + 1),
(2.9)
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vl moi s6 nguyén . Do véi moi i € {1,2,...,b— 1}, ta ¢6
a—2—iP=a—i(i+2)>a—b-1Db+1)=a—-b+1>0

va 12 > 0 nén tit , tasuy ra (a—i)? € {a,a+1) véimoii € {1,2,...,b—1}.
Cudi cing, ia+1 < (b+1)? (nghiala a —2b— 0> < 0) va 0 < b? < a

nén tir 2.9] ta c6 (a —b)* ¢ (a,a + 1). B
2.3.2 Nhan xét. Sau day chung t6i dua ra mot cach chiing minh khac cho
dinh 1y trén, khac v6i chiing minh trinh bay trong [4].

Ap dung Ménh dé 2.1.1{véi k = d = 1, ta ¢6 (a —i)?> € (a,a + 1) khi va
chi khi (i +1)2 < (a + 1) (H + 1) . Ta xét hai truong hop.
Truong hgp 1. Véii < b—1 ta cod

-2
(i+1)° < b <a—|—1<(a—|—1)<V—J +1>.
Do d6 (a —i)* € (a,a+1) véii < b—1.
Truwong hgp 2. Véi i = b, d00<%<1nén ta co {%J = 0. Do d6

(¢+1)2:(b+1)2>a+1:(a+1).1:(a+1)Q%J +1)

tic 1a (a —i)° ¢ (a,a +1).

Nhu vay, (a — )2 € {a,a+ 1) véi moi i € {1,2,...,b—1} va (a —b)* ¢
(a,a+1). Do d6, 2g ({(a,a + 1)) = (a — b)°.

Tiép theo, ching ta trinh bay cong thitc tinh s6 Frobenius binh phuong
clia nita nhém s6 ¢6 dang S = (a,a + 2) v6i a > 3 13 mot s6 nguyen 1é, a va
a + 2 khong 12 s6 chinh phuong.

2.3.3 Dinh 1y. Cho so nguyén Ié a > 3 théa man
(20+1)° <a<a+2< (204 3)?

vdi b la mot s6 nguyén duong nao dé. Khi do,

29((a,a +2)) = (a — (2b + 1))%
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Chatng minh. Theo He qual[l.2.8) ta cé g({a,a+2)) = (a—1)(a+1)—1 = a2

nen

(a —1)* < g({a,a +2)) < a*.

Tu do ta suy ra

29((a,a +2)) < a®.

Ta sé chiing minh rang (a —1)? € (a,a +2) véii € 1,2,...,2b. That vay,

v6i moi s6 nguyeén 1, ta co
(a —2i)* = a® — 4ai + 4i* = (a — 4i)a + 4i* = (a — 4i — 20°) a + 2i*(a + 2).
(2.10)

Mat khéc, véi moi i € {1,2,...,b}, ta co6
a—4i—2i* =a—2i(i+2) > a—2i(2i+1) >a—(2i+1)* > a—(20+1)* > 0

va do 2i2 > 0 nén tit 2.10} ta suy ra (a — 2i)? € (a,a + 2) véi moi i €
{1,2,...,b}.
Hon nita, v6i moi s6 nguyén i, ta co
(a—(2i+1))?=0a®—2a(2i + 1)+ (2 + 1)
= (a—2(2i+1))a+ (2 + 1)
=(a—4i—3)a+(2i+1)*+a

2% +1)? 2% +1)?
:(a—4z’—3—(2+2)+a>a+(l+2)+a(a—l—2)
— 442 —12i — 7 20 +1)% +
_az4T o 1%oT  2iFD L g
2 2
2 (2 +3)?  (2i+1)?
_af2- (@43 @it lra o (2.11)

2 2
Do d6, v6i moi ¢ € {0,1,...,b— 1} thi

a+2—(2i+3)? >a+2—(2b+1)2
2 =

>0
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va
(20 +1)*+a
2
tir d6 két hop véi [2.11] ta suy ra (a — (20 +1))? € (a,a + 2). Cudi ciing, vi

(20+1)*+a
9 < a

>0,

0<

va
a+2— (20 +3)?

EES
nén tir [2.11) ta c6 (a — (20 + 1)) ¢ (a,a + 2).
Vi vay ta ¢6
29({a,a+2)) = (a — (20 + 1))
]

2.3.4 Nhan xét. Ching minh trén cua Dinh 1y dugc trinh bay trong
[4]. Sau day, ching t6i dua ra mot cach chiing minh khéc cho dinh 1y nay.

Véi ¢ 1a s6 nguyeén tuy ¥, v6i dinh nghia ctia ky hiéu \; nhu trong Dinh
nghia[2.1.2] ta c6

0< )\ <1vaa)+i2=0mod?2.

Do do
{O khi 7 = 0 mod 2,

1 khi 7=1 mod 2.

Ta xét ba trudng hop
Truong hop 1. V6i 1 < 20— 1, ta ¢b

(z’+1)2§(2b+1)2<a+2:(a+2)<2vJ; aJ+2—Ai).
a

Do d6, theo Menh d& [2.1.1], (¢ —4)* € (a,a + 1) v6i i < 2b — 1.
Truong hgp 2. V6i ¢ = 2b, nghia la \; = 0, ta co

(i+2)°=(2b+2)° <220+ 1) <2(a+2) < (a+2) (2 VQZQA%‘“J +2—>\i>.
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Do d6, theo Menh d& [2.1.1], (¢ — i) € (a,a + 1) v6i i = 2b.

Truong hop 3. V6i i = 20+ 1, nghia la \; = 1, ta ¢o

24+Na (20+1)°+Na  a+a
0< = <

2a 2a 2a

T do suy ra

a 2a

Do do6

(i+2)*=(2b+3)*> (a+2) = (a+2) (2{ .

Vi vay, theo Menh dé 2.1.1 (a —4)* ¢ (a,a + 2).
Tt nhitng chitng minh trén, ta suy ra

2g ({a,a + 1)) = (a — (2b + 1))2.

VHMJ _ Vzbﬂ)%aJ o

i2 + )\ia

< 1.

| +2-5).
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KET LUAN

No6i dung chinh ctia luan véan la trinh bay céc két qué trong bai béo [4] clia
Jonathan Chappelon va Joge Luis Ramirez Alfonsin. Cu thé 1a ching t6i da

trinh bay dugc nhiing néi dung sau day.

1. Trinh bay chitng minh cho mot chin trén ctia s6 Frobenius binh phuong
clia ntta nhom s6 sinh bdi cap s6 cong véi diéu kién cho truée (Dinh 1y
, dong thoi tit d6 suy ra cong thic tinh sd6 Frobenius binh phuong
khi nita nhém s6 sinh bdi hai phan it (Hé qua . Trong phan nay,
ching toi ciing c6 cai tién mot phan trong chitng minh ctia Dinh Iy
(xem Nhan xét va chi ra vi du ching t6 dieu kién dua ra trong He

qué 1a khong thé bo di duge (Vi du2.1.7).

2. Trinh bay cong thic tinh s Frobenius binh phuong clia nita nhém so6

c6 dang (a,a + d) véi d = 3,4,5 (Dinh 1y 2.2.2] Dinh 1y [2.2.3, Dinh 1y
2.2.4)).

3. Trinh bay va dua ra mot cach chitng minh khac cho cong thitc tinh s6

Frobenius binh phuong clia nita nhém s6 ¢6 dang S = {(a,a + 1) va

S = (a,a +2) (Dinh 1y [2.3.1] Dinh 1y 2.3.3).
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