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Mdé& dau

1. Ly do chon dé tai

Dai s6 Lie toan phuong la mot ddi tuong dai so6 xuat hién trong thoi gian
gan day va da dugc nghién cttu ¢ nhiéu khia canh khac nhau. Xét vé mat cau
trac, mot dai sé Lie toan phuong 13 kiéu tong quét ctia dai s6 Lie nita don, &
d6 dang Killing sé tong quat thanh dang song tuyén tinh déi xting, bat bién va
khong suy bién. Khi ton tao mot song tuyén tinh nhu thé, moi dai s6 Lie toan
phuong déu co theé tach thanh téng truc tiép truc giao ciia cac idean khong suy
bién hoic la tong truc tiép truc giao ciia mot idean tam khong suy bién va mot
idean c6 tam dang cy toan bo (xem [2], [5], [8]). Xét vé mit xay dung , mot
dai s6 Lie toan phuong c6 thé coi nhu 1a mé rong kép ctia mot dai s6 Lie toan
phuong khac ¢6 s6 chiéu nhé hon béi nhiing dao ham phéan xting (xem [6], [7])
hoac trong truong hgp dai s6 Lie giadi duge c¢6 s6 chieu chin thi né duge xay
dyng tt mot md rong T* ctia mot dai s6 Lie b6i mot doi chu trinh cylic (xem
2])

D6i véi dai s6 Lie, mo ta cac nhém ddi dong diéu clia né 1a mot trong nhitng
bai toan nghién ctu cau tric ctia dai s6 Lie néi chung. Hién nay, su hicéu biét
vé doi dong dieu clia dai s6 Lie van con han ché. Bai toan dit ra ¢ day tim
cach mo t4 tuong minh cac nhém doi dong dicu ctia dai s6 Lie g cho trude hodc
tinh s6 chiéu ctia nhém déi dong diéu H*(g, V). Tuy nhién, trén thuyc té hien
nay bai toan trén méi giai quyét duge mot sé cac dai s6 Lie cu thé. Ngay trong
truong hop don gidn nhét 1a bai toan mo td nhom dbi dong diceu H(g, V) va
tinh s6 chiéu clia n6 van ton tai nhiéu cau héi md. Nam 1983, trong [10] thi

J.T.Santharoubane da mo ta dugc ddi dong diéu ctia dai sd Lie Heisenberg sao



cho dai s6 Lie Heisenberg 1a mot idean 1- chiéu.

Trong truong hop g 1a dai sé Lie toan phuong, ttic 1a dai s6 Lie dudc trang
bi mot dang song tuyén tinh, bat bién va khong suy bién, bai toan mo t4 nhom
d6i dong diéu thi hai, he s6 trong C cta g (ki hieu 1a H*(g,V) ) va tinh s
chiéu ctia n6 lien quan mat thiét dén baiftoans mo ta khong gian dao ham
phan xiing ciia g va bai toan tinh toan cac toan tit bs § = I, (.,.), trong dé I
12 3- dang lien két véi g va (.,.) 1a tich Super - Poisson dugce dinh nghia trén
khong gian A(g*) chita cac dang da tuyén tinh phan xing trén g (xem [g]).
Cach tiép can thit hai mé ra mot huéng di trong viée tim kiém nhiing ho dai
s6 Lie thich hop vé6i cach tinh thong qua tich Super - Poisson va tit d6 cung
cap nhiéu thong tin cho bai toan nghién cttu dai s6 Lie toan phuong.

Trong luan van nay ching toi sé chon cach tiép can dai s6 Lie toan phuong
bang cac nghién citu nhém déi dong dieu ciia né. Muc dich clia ching to6i 1a sé
trinh bay bai toan tinh s6 chiéu ctia H?(J, C), trong truong hop J, 1a dai s6
Lie liy linh kiéu Jordan, bang phuong phap dua trén tich Super- Poisson. T
d6 tinh duge s6 Betti thit hai ctia cac dai sé Lie liiy linh kiéu Jordan Jj.

Muc dich muén tim hiéu vé dai sé Lie toan phuong néi chung va dong dieu
clla né néi rieng, ching toi sé tap trung vao tinh s6 chiéu ciia nhém ddi dong
didu H?(Jy, C), trong truong hop J;, 1a dai s6 Lie liiy linh kiéu Jordan. T d6
tinh s6 Betti tht hai ctia Jj,. Véi nhitng 1i do d6 ching toi chon dé tai: Sb
Betti thit hai cia mot sb dai s6 Lie liy linh kiéu Jordan.

Muc dich ctia luan van dya trén két qua bai bao " A new invariant of
quadratic Lie algebras", Alg. and Rep. Theory. (2012) Volume 15(6), pp
1163-1203 ctia nhém tac gia Duong Minh Thanh, Georges Pinczon va Rosane
Ushirobira va cling v6i mot s6 tai lieu lien quan dé doc hiéu, trinh bay mot s6
Ushirobira va cling mot sb tai lieu lien quan dé doc hiéu, trinh bay mot sé hé
théng cach tinh Betti thit hai ctia mot s6 dai s6 Lie lity linh kiéu Jordan Jj.

2. N6i dung nghién citu cua luan van

2.1 Nhom dbi dong didu H2(J, C) dai s6 Lie lity linh kiéu Jordan Jj.



2.2 S6 Betti thtt hai clia mot s6 dai s6 Lie lity linh kiéu Jordan J.
3. Téng quan va cau trdc cta luan van

Ngoai phan Loi n6i dau, Két luan va Tai lieu tham khao thi noi dung cta
Luan van dugc trinh bay trong hai chuong.

Chuong 1. Kién thic chuan bi. Noi dung chinh trong chuong nay, ching
toi trinh bay khai niém vé dang Jordan cia ma tran liy linh, dai s6 Lie toan
phuong, tich Supper - Poisson, dong diéu ctia dai s6 Lie toan phuong. Cac noi
dung trén dudgc chia thanh cac tiét sau:

1.1. Dang chuan Jordan ctia ma tran liiy linh.

1.2. Dai s6 Lie toan phuong.

1.3. D6i dong diéu ciia dai s6 Lie toan phuong.

Chuong 2. S6 Betti thi hai ciia mot sé dai sé Lie liay linh kiéu
Jordan. No6i dung chinh trong chuong nay, ching to6i trinh bay cach xay dung
dai s6 Lie lity linh kiéu Jordan. Tiép theo diya vao cach xay dyng d6i dong dicu
clia dai s6 Lie toan phuong dé mo ta déi dong diéu clia dai s6 Lie lity linh kieu
Jordan Ji,. Tt d6 tinh s6 Betti thi hai ctia dai s6 Lie liy linh kiéu Jordan Jon
va Jopy1, vOi n > 2. Cac noi dung trén du kién dude chia thanh cac tiét sau:

2.1. Dai s6 Lie liiy linh kiéu Jordan.

2.2. S6 Betti clia dai s6 Lie lity linh kiéu Jordan Jon.

2.3. SO Betti ctia dai s6 Lie lity linh kiéu Jordan Jop1.

Luan van nay dugc hoan thanh tai truong Dai hoc Vinh dudi sy huéng dan
ctiia Thay gido TS. Nguyén Qudc Tho. Tac gia xin dudc to6 long kinh trong,
biét on sau sac t6i thay Nguyén Quoc Tho, ngudsi da tryc tiép gidng day, huéng
dan, dong vién, gitup dd tan tinh va chu dao trong sudt qua trinh téc gia hoc
tap va thuc hién luan van.

Tac gid xin gii 161 cdm on cdc Thay (Co) trong Chuyén nganh Dai s6 va
Ly thuyét sé thuoc nganh Toan ctia Vien Su Pham Ty Nhién, cac Thay (Co)
gido da truc tiép giang day, Ban giam hiéu va cdc Phong ban chic ning clia

Truong Dai hoc Vinh da hé trg va tao moi diéu kien thuan lgi dé tac gia hoan



thanh nhiém vu ctia mot hoc vién cao hoc.

Tac gia xin duge cam on Thay (Co), cac dong nghiép noi tac gia dang gidng
day va cong tac da tao dieu kien thuan lgi, co vii, dong vien va gitp dé tac gia
trong sudt qua trinh hoc tap.

Cam on st hi sinh ctia gia dinh - niém tin, chd dya tinh than viing chic dé

tac gid vugt qua khé khan, hoan thanh nhiém vu hoc tap ctia ban than.



Chuong 1

Kién thic chuan bi.

Noi dung trong chuong nay, chting toi trinh bay lai mot cach c6 hé thong
khai niém co ban va nhitng két qua can thiét lien quan dén ma tran liiy linh
kiéu Jordan, dai s6 Lie toan phuong, tich Super - Poisson, dong diéu ctia dai
so Lie toan phuong,... nham muc dich lam co sd cho viéc trinh bay noi dung

chuong 2.

1.1 Dang chuan Jordan ctia ma tran lay linh

Dinh nghia 1.1.1. Cho A 14 ma tran vuong cap n, A dugc goi 1a ma tran
liiy linh néu ton tai s nguyén duong ¢ sao cho A4 = 0.

Nhan xét 1.1.2. Néu A? = 0 thi ta ciing c6 A™ = 0 v6i m théa man m > q.

S6 nguyen duong k duge goi 1 cap liy linh clia ma tran A néu A* = 0 va
AR £,

Ma tran A dudc goi 1a ma tran liy linh don néu A — £ 13 ma tran liiy linh
(E 14 ma tran don vi cting cap v6i ma tran A).

Tinh chat 1.1.3.

1. Néu A 13 ma tran Ity linh thi A 13 ma tran suy bién.

Chiting minh: That vay A 1a ma tran liiy linh nén ton tai sé6 nguyén duong
q sao cho A7 = 0.
Ta c6: detA? = detO = 0 suy ra detA x detA x ... x detA = 0 = (detA)? = 0 =
detA = 0.

2. Néu A 13 ma tran liiy linh thi cac ma tran £ — A va E + A.
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Chitng minh: Gia st A¥ = 0(k > 1) ta co:
E=FE—-Af=(E—A) x (E+ A+ A%+ ..+ A1), Nhu vay E — A kha nghich
VAa(E—A) ' =(E+A) x (E4+A+ A2+ . + A,
Tuong ti ta ciing c6 E + A kha nghich vi E = E4+ A?»+1 = (E4+ A) x (E— A+
A% — 4 AR,
Khi d6 (E+ A)"'=(E— A+ A% — ... 4 A%F),

3. Cho A va B Ia hai ma tran vuong ciing cap AB = BA. Khi d6 néu A va
B la cac ma tran lay linh thi A + B ciing la ma tran lay linh.

Chitng minh: Do A va B 1a cac ma tran lity linh nén ton tai cidc s6 nguyén
q, p sao cho AP =0, B? =0, gia st p > ¢, dat m = 2p.
Theo gia thiét AB = BA nén ta c6 khai trién nhi thiic Newton:
(A+B)?m =3"" Ci B™ trong 2 s6 1 va m —i ¢6 it nhat 1 s6 khong nhé hon
p nén A'B™~" = 0. Vay (A+ B)*™ = 0.

4. Cho A va B la hai ma tran vuong ciing cap AB = BA. Khi d6 néu A va
B la cdc ma tran liy linh don thi ma trén tich AB cling la ma tran liy linh
don.

Chitng minh: Vi (A — E), (B — E) la cac ma tran Iy linh nén ton tai cac s6
nguyén duong p va q sao cho (A— E)? =0,(B — E)? =0.

Ta c6 (AB—FE)=(A—E)B+ (B—FE), gia st p > ¢, khi d6 AB = BA nén
ta ciing c6 tinh chat giao hoan (A — E)B(B — E) = (B — E)(A— E)B.

St dung khai trién nhi thitc Newton, ta thu dugc:

(AB—E)¥ = [(A— E)B+ (B — E)]** = Y7 C3,(A— E)'B{(B — E)*~

Trong 2 s6 i v& 2p — i phai c6 mot s6 khong nhé hon p nén (A — E)'BY(B —
E)?P~1 = 0. Vay ton tai s6 nguyén duong 2p sao cho (AB—E)* = 0, ttic (AB—E)
la ma tran lay linh.

Dinh 1i 1.1.4. Cho A va B la cac ma tran vuong thuc va A = P~'BP, &
d6 P 13 mot ma tran phic. Khi d6 ton tai ma tran thuce Q sao cho A = Q~1BQ

v6i @ 1a ma tran thuec.



Mot khéi Jordan ¢d n x n 1a ma tran c6 dang:

A1 0 0
0 X 1 0
0 0 O 1 0
0 0 O A1
0 0 O 0 A

Dinh nghia 1.1.5. Mot ma tran Jordan 1a mot khéi c¢6 cac khoéi Jordan
trén dudng chéo.

Mot co s6 Jordan clia toan tit tuyén tinh A: g — g 1a mot co s6 ciia khong
gian g sao cho ma tran ctia né trong cd sé do6 la mot ma tran Jordan.

Dinh 1i 1.1.6. (Jordan) V6i moi toan tit tuyén tinh A : g — g trén C, ton
tai mot co sé Jordan vd ma tran Jordan ctia né dude xéc dinh duy nhat, sai
khéac hoan vi cac khéi Jordan ciia né.

Chi y 1.1.7. Dang chuan Jordan ctia mot ma tran dude stt dung mot cach
rat thuan tién trong viéc thuyc hién phép tinh liy thita clia mot ma tran. Cu
thé hon, néu A = P~1JP thi A" = P~1J"P. Dé tinh liiy thita ctia khéi Jordan
JuA = M + N, ta c6 cong thitc khai trién Newton:

n
Jn — Z Ck Nk
k=0

Dinh 1i 1.1.8. V6i mdi toan t tuyén tinh A trén truong so phtc, luon
ton tai mot co sé ma tran ctia né trong co s6 da cho c6 dang duong chéo khoi
v6i cac khoi Jo, (t1), ..., Jm, () tuong tng véi gia tri rieng thyc t; va cac khoi
JE (A1), ooy Ji (Ns) tuong ng véi gia tri rieng phic A\; va A;, 6 d6 J3(\) 1a ma
tran cd 2n x 2n thu duge tit khoi Jordan J,()\) bang cach thay thé mdéi phan ti
c6 dang a + bi ctia n6 béi ma tran <_ab b

Dinh 1i 1.1.9. Cho A 1a mot toan t tuyén tinh kha nghich trén truong s
phttc C. Khi dé A c6 thé biéu dién dusi dang A = A,A, = AyA,, 6 do A 1a
toan tit chéo hoa duge va A, 1la mot toan tit lay don (toan tit liy don la tong

clia toan tit dong nhat va toan tit lity linh). Biéu dién nay 14 duy nhat.



1.2 DPai s6 Lie toan phuong

Dinh nghia 1.2.1. Cho khong gian vecto hitu han chiéu trén trudng s6

phiic C la g. Ta trang bi mot phép toan goi 1a Tich Lie (hay moc Lie) trén g:

[, ]rgxg—g
(X,Y) = [X,Y]

thoa méan céac diéu kién sau:
1. Phép toan [.,.] 14 Toan tit song tuyén tinh.
2. Phép toan [.,.] phan xing, tic: [X, X] =0, v6i moi X € g.

3. Phép toan [.,.] thda man dang thiic Jacobi, titc la:
[[Xa Y]7Z] + HYv Z]7X] + [[ZvX]7Y] =0,VX,Y,Z g

Khi d6, g dugc goi 1a mot dai s6 Lie trén C (hay C- dai s6 Lie).

S6 chiéu ctia khong gian vecto C chinh 14 s6 chiéu ctia dai s6 Lie C.

Dinh nghia 1.2.2. Cho dai s6 Lie g. Mot khong gian vecto con A ciia g
dudc goi 1a mot dai s6 Lie con ciia g néu [X,Y] € A véi moi X,Y € g

Dinh nghia 1.2.3. Cho dai s6 Lie g. Mot khong gian vecto con I clia g
duge goi 1a mot Ideal clia g néu [X,Y] €1 v6imoi X € g,Y €1

Cho dai s6 Lie g ta ki hieu [g,g] = {[X,Y]| X,Y € g} dugdc goi la dai sb
dan xuat clia dai s6 Lie g va l1a mot idean ctia g. Ki hieu:

Z(g)={Xe€g|[X,Y]=0,VY € g} la idean cua g

Dinh nghia 1.2.4. Cho dai s6 Lie g trén truong C. Ta ki hieu:

n) n—1) n—l)}

g(l) — [g,g],g@) — [g(l)’g(l)]’ ...,g( — [g( ,g(

. Khi dé dai s Lie giai dugc néu ton tai m € N\ {0} sao cho g™ = {0}.
Dinh nghia 1.2.5. Cho dai s6 Lie g trén truong C. Ta ki hieu:
oV =1[g.9),0% = 9.6V, ., 0" = [g, 6" V]

. Khi d6 dai s6 Lie g dugce goi 1a lity linh néu ton tai m € N\ {0} sao cho
g™ = {0}



Dinh nghia 1.2.6. Cho g1, g2 1a hai dai s6 Lie trén truong C. Khi d6 a4nh
xa tuyén tinh ¢ : g — go dugc goi la dong cau dai sé Lie néu bao toan tich
Lie, titc 1 o[X, Y] = [pX, ¢Y], v6i ¥X,Y € g1.

Cho dai s6 Lie g. Ta ki hieu Rad(g) 1a Idean gidi dugc 16n nhat cta g.

Dinh nghia 1.2.7. Mot dai s6 Lie g trén truong s6 phtic C. Dang Killing

trén g 13 mot anh xa song tuyén tinh, déi xitng xac dinh bdi:
R(X,Y) =tr(adX ©®adY),VX,Y € g

Dinh nghia 1.2.8. Cho dai s6 Lie g hitu han chiéu trén truong s6 phtc va
dang song tuyén tinh B : g — C c6 cac tinh chat:

1. Déi xting, tiic B[X,Y] = B[Y, X],VX,Y € g.

2. Khong suy bién néu B[X,Y] =0,VY € g thi X =0

3. Bét bién (hay két hop) néu B([X,Y],Z) = b(X,[Y,Z]),VX,Y,Z € g

Dai s6 Lie g trén ton tai mot song tuyén tinh vira déi xiing, khong suy bién
va bat bién thi duge goi la dai s6 Lie toan phuong, ki hicu B(g, B).

Vi du 1.2.9.

1. Trong R? v6i tich Lie 1 tich c6 huéng, dang toan phuong la tich vo huéng.
2. Cho g = SpanX,Y vdi tich Lie cho bdi [X,Y] = 0. Dang song tuyén tinh dé6i
xting B cho béi B(X,Y) = 1, cac truong hgp con lai bang 0.

Dinh nghia 1.2.10. Cho B(g, B) la mot dai s6 Lie toan phuong va V 1a
khong gian vecto con ciia g, U 1a tap con ctia V. Ta dinh nghia thanh phan
tric giao cia U la: U+ = {X € V| B(X,Y) =0,VY € U}

Tit dinh nghia ta suy ra dudc nhitng diéu sau:

1. U* 1a khong gian con ciia V.

2. Néu Ut =0 1a B khong suy bién trén V.

3. Néu B khong suy bién trén V va U la khong gian con ctia V thi:

dim(U) + dim(U+) = dim(V)

4. Néu B khong suy bién v X € V 1a vecto dang huéng doi véi B.
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5. Néu B la ddi xing, khong suy bién tréen V. Khi d6 ton tai mot co sé
Xi,..., X, cua V sao cho B(X;, X;) = {7&0’02; Z:]J
v6i V, W 1a cac khong gian con ctia g. Ta c6 cac tinh chat sau:
Lgt =
2. Néu V. C W thi v+ > W,
B (V+W)t=vinwtva (V4+W)tovEt+wt
4. (VHYL =V va dim(V) + dim(V1) = dimg.
Dinh 1i 1.2.11. Cho dai s6 toan phuong (g, B).
1. Néu J 1a Idean ctia g. Khi d6, 3+ ciing 1a Idean ctia g.
2. Néu thu hep B trén J x J khong suy bién thi thu hep ciia B trén J+ x J+
cting khong suy bién va [J, 3] =0va JnJt = {0}, g =3P I+
3.Néu Z(g) la tam ctia g thi Z(Ct) = [g, g] va dimZ(g) + dim[g, g] = dimg.
Chiing minh:
1. Néu J 1a Idean ctia J. Lay A € 3+ va X € g ta co:
B([A, X],Y) = B(A,[X,Y]) =0,Y € J (do J la Idean cua g ).
Do do, [A, X] € J+.
Suy ra J* 1a Idean ctia g.
2. Gid st Bjgi 30 la thu hep cta B trén J x J khong suy bién. Lay A € J* thoa
man B(X,J+) =0thi X € J va B(X,J) =0.
Do d6 Bjzyy khong suy bién.
Suy ra Bjgi,y. ciing khong suy bién.
Néu J,J+ 1a hai Idean ctia g thi B([J,J4], X) = B(J,[J+, X]) =0,VX € g va
do B khong suy bién trén g, nén [J, 3] =0
Néu X € JnJ+ thi B(X,J) =0. Do B khong suy bién trén J nén X = 0.
Do d6, 3nJ+ =0.
Ta co: {0} =JnI+ =GFH NI+t =G+ @3)L-
Suy ra: 0+ = (JteIHt =3t aJ
3. Néu X € Z(g) & [X,g] = {0} & B([X,g],8) = 0.
< B(X,[g.9) =0& X €[g,g]"
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Nen Z(g) = [g,9]* va dimZ(g) + diml[g, g] = dimg.

Néu thu hep ciia B trén J x J khong suy bién thi ta goi J 13 mot Idean
khong suy bién clia g va g = J @ J+. Vi tong truc tiép nay l1a tong truc giao
nén ta dung ki hiéu la: g =3 éfﬁ

Ménh dé 1.2.12. Cho mot dai s6 Lie toan phuong g va A: g — g 13 mot

ding cau ctia dai s6 Lie. Khi doé:
g=0 L

O day,0 = A(9) thuoc tam, « = A(9), Z(') tu dédng huéng hoan toan thi
va ¢ déng cAu véi nhau. Hon nita, néu A 1a mot ding cau ding cu thi ¢ va ¢
déng cau dang cu.

Dinh nghia 1.2.13. (3 - dang trén mot dai s6 Lie toan phuong)

Cho (g, A) 1a mot dai s6 Lie toan phuong khong giao hoan. Khi d6 dang

song tuyén tinh A sé xac dinh mot 3 - dang I € A3(g*) nhu sau:
I(X <Y,Z):=B(X,Y],2),VX,Y,Z € g

. Ta goi I 1a 3 - dang lién két vdi (g, A).

Nhan xét 1.2.14. Goi {.,.} 14 méc Super - Poisson trén dai sé cac dang
phan xtng trén A(g*). Luc d6 3 - dang I thoa man {I,1} = 0.

Ngugc lai, cho mot khong gian vecto toan phuong (g, A) va mot 3 - dang
I € A3(g*) khac 0 théa man 1,1 = 0 thi ¢6 mot cau tric dai s6 Lie toan phuong

khong giao hoan trén g sao cho I 1a 3 - dang lién két véi g.

1.3 D6bi dong diéu cua dai sé6 Lie toan phuong

Cho g 1a mot dai s6 Lie, V 14 mot khong gian vecto va p: g — End(V) 1a
mot bicu dién clia g trong V. Véi k > 0, ki hieu C*(g, V) 1a khong gian cac 4nh
xa k - tuyén tinh phan xing g x g x ... xg vao Vnéu k > 1 va C%g,V) = V.

Dinh nghia 1.3.1. Toan tit ddi bo 6, : CF(g, V) — CFl(g, V),
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k_ —

0 f(Xo, ..., Xp) = Zizo(—l)ip(Xi)(f(Xo, oy Xiy ooy Xip))

k
+ 3 (=1 (G, X)X, o X X X,
i<j
véi moi f € C¥(g, V), Xo,..., X) € g, & day ki hieu X; dé chi X; khong ¢6 trong
cong thrc.

Dinh nghia 1.3.2. Ta néi rang f € C*(g,V) 1a mot k - déi chu trinh néu
Spf = 0 va f1a mot k - d6i bo néu c6 g € C*1(g,V) sao cho f = 0,_19. Ki
hieu Z*(g,V) 1a tap hop cac k - ddi chu trinh va B¥(g,V) 1a tap hop cic k-
doéi bo, tic 1a Z%(g,V) = Kerd, va B¥(g,V) = Imd,_;. Khong gian thuong
Z¥(g, V) \ B¥(g,V) dudgc ki hieu 1a H*(g,V) va dugc goi 1a nhém déi dong dicu
thit k ctia g hé s6 trong V.

Vi du 1.3.3. V mot chidu, tic 1a V = C(R). Khi d6, ¢°(g, C) = C, C*(g, C)
14 khong gian cic anh xa k - tuyén tinh phan xing tit g x g x ... x g vao C, tiic 1
C*(g,C) = Ai(g*) VA 0 f(Xo, .., Xi) = S0, (=D F([X5, X, Xo, oy X5, o X
Trong truong hop nay, viec mo ta nhom ddi dong dieu H*(g, C) ciing nhu tinh
toan s6 Betti by(g) = dimH*(g, C).

Dinh nghia 1.3.4. Cho khong gian vecto phiic V hitu han chiéu dugc
trang bi mot song tuyén tinh déi xting B ( ta con goi (V, B) 1a mot khong gian
vecto toan phuong. Pinczon et at. (2007) da gidi thiéu khai niém tich Supper
- Poisson trén khong gian A(V*) chia cac dang da tuyén tinh phan xing trén
V nhu sau:

{Q, Q} — (—1)kH Zn:zxjg A, X0 Y e ARV, Qe A(VF)
j=1

& day, {X;}j = 1" 1a mot co 6 trie chuan ciia V. Dbi véi dai s6 Lie toan phuong
(g, B), 3 - dang lien két v6i g xac dinh béi I(X,Y, Z) = B([X,Y],Z2),VX,Y,Z € g.
Pinczon va Ushirobira da chiing minh duge {/,1} =0 va 62 = {I,Q}.
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Chuong 2

S6 Betti thi hai ctia mét sé6 dai sé
Lie liy linh kieu Jordan.

Chuong nay la noi dung chinh ctia luan van. Trong chuong nay, ching ta
sé trinh bay cach xay dung dai s6 Lie lity linh kiéu Jordan. Tiép theo dua vao
cach xay dung dong diéu ctia dai s6 Lie toan phuong dé mo ta ddi dong diéu
ctia dai s6 Lie lity linh kiéu Jordan . Tt d6 tinh s6 Betti thit hai ctia dai s6 Lie

Ity linh kiéu Jordan Jy, va Jon+1, VO n > 2.

2.1 Dai sb Lie lity linh kiéu Jordan

01 0 0
oo 1 --- 0
Cho cac khéi Jordan lay linh J; = (0),J,=| : : ... .. : |,n>2va
o0 -+ 0 1
oo o0 --- 0

khong gian vecto q = C?" v6i mot co sé chinh tdc {Xi,...,X,, Y1,..., Y.}
Xét anh xa tuyén tinh C : q — q v6i ma tran doi véi ¢ s6 chinh tic la
C = < {)n —(}rtl ) . Khi d6, C € o(2n). Goi jo, = q® CXy @ CYp la mot mé
rong cta q bdi C vdéi tich Lie duge xac dinh bdi [Yp, X] = C(X),[X,Y] =
B(C(X),Y) X0, ¥X.Y € 4, [Xp.J] = 0.

Nhan xét 2.1.1. Dang song tuyén tinh B duge xac dinh béi B (X;,Y;) = §;;
v6i 7,5 =0, n.

Meénh dé 2.1.2. Khi d6 B la mot dang song tuyén tinh déi xiing bat bién,

khong suy bién va jo,, cling véi B tré thanh mot dai s6 Lie toan phuong.
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Chitng minh: Vi v6i n = 1,jo 1a dai s6 Lie giao hoan 4 chicu. Day 1a truong hop
tam thuong nén trong trudng hop nay ta chi xét n > 2.

Meénh dé 2.1.3. Cho khong gian vecto q = C2"*+! v6i mot co sé chinh téc
(X1,..., X0, T,\Y1,..., Y, )}

Dinh nghia 4nh xa tuyén tinh C : ¢ — q v6i ma tran doi véi ¢ s6 chinh tac
C= ( J”OH _]\ﬁfb ), trong d6 M 1a ma tran (n + 1) x n ¢6 tat ca cac s6 hang
bang khong ngoai trit my,11, = —1. Khi d6 C € 0(2n + 1).

Dinh nghia 2.1.4. Goi jo,11 = q® CXy & CY) la md rong cia q béi C véi
tich Lie dugc xac dinh nhu sau: [Yy, X] = C(X), [X,Y] = B(C(X),Y )Xo, VX,Y €
q, [X0,j2n+1] = 0 Va dang song tuyén tinh duge xac dinh béi B (X;, Y;) = 6;j voi
i,j=0,n,B(T,T)=1.

Cac dai s6 Lie jon,, jans1 dudc goi la dai sé Lie liiy linh kiéu Jordan.

2.2 S6 Bettti ctia dai s6 Lie liiy linh kiéu Jordan
J2n

2.2.1 Dé6i dong diéu thit hai ctia j4(n = 2)

Xét dai s6 Lie lity linh kicu Jordan j4, ta c6 cac tich Lie khac khong nhu
sau: [Yp, Y] = —Ya, [Yp,Y1] = C (Y1) = —Ya, [Xa, V1] = Xo. Dang song tuyén tinh
xac dinh b6i B (X;,Y;) = &; voi 4,7 = 0,2. Goi {a, B, a1, a2, B1, B2} 1a cd s6 ddi
ngau cua {Xo, Yp, X1, X2, Y7, Yo} v V = span {a1, a2}, W = span {1, S} .

Nhan xét 2.2.1.1. 3-dang lien két vdi j4 duge xac dinh 14 I = B A as A By.

Dinh 1i 2.2.1.2. dim B? (j4) = 3 va b (j4) = 8.

Chiing minh:Theo [1,3] 1. B? (j4) = span {tx(I) : X € j4} = span{as A 1, 8 A as, BAB1}.

2. Ta tinh toan {I,.} trén cac hang t1t tryc tiép ta suy ra

. aNasl,laNBr],[BAar],[BA B, lar Aa
0 s { (500 BSOS T s |
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2.2.2 D6bi dong diéu thi hai cta jy, véi n > 2
Xét dai s6 Lie lity linh kiéu Jordan ja, véi n > 2. Ta cé céac tich Lie khéc
kh@ng nhu sau: [Y(),Xﬂ =Xi,.... [Y(), Xn] = Xp-1, [Y(), Yl] =—-Ys, ..., [Y(),Yn_l] =
—Yn, [Xo,Y1] = Xo, [X3,Ys] = Xo, [Xn-1,Yn2] = Xo, [Xn,Yn-1] = Xo. Dang
song tuyén tinh xac dinh béi B (X;,Y;) = &; Goi {a, 8,01,...,an, B1,...,Bn} 1a

cd s6 doi ngau cta {Xo, Yo, X1,..., X0, Y1,...,Yn} V2

V =span{ai,...,an}t, W =span{f1,...,0n}.

Meénh dé 2.2.2.1. 3-dang lién két véi jo, dudce xac dinh béi

n—1
I'=p8n (Zaiﬂ /\51')

1=1

Hé qua 2.2.2.2.

B? (2n) = span {tx (1) : X € jon}

n—1
= Span{zai—H ABi,BANaiy1, BAB; i =1,n— 1}
i=1
va dim B? (jo,) = 2n — 1.

Dinh 1i 2.2.2.3. Khong gian C? (ja,, C) duge phan tich thanh tdng tryc

tiép cac khong gian cac 2 -dang:
aAN(VeW),BANVeW), V), A2(W),VAW, (aApB).

Ta co:
Z% (jon) =B A (V@ W) @ ker {1, A*( V) } @ ker{I, A(W)} @ ker{I,V A W}
® <aABZ(n+1i)aiAﬁi>
i=1
dim Z2 (ign) = 2n+ 2 [§] +n+1=3n+2[2] + 1,
Chitng minh:

Sau day ta tinh toan toan tit {I,.} trén cac hang t1 truyc tiép.
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(1) Tréen a A (V@ W), ta c¢6 ker {I,a A (V& W)} = {0}.
(2) Tren B A (V @ W), tinh toan truc tiép ta duge

dimker{I,B N (V& W)} = 2n.

(3) Tren A2( V), ta c6

{I,an-1 Nap} =0,{l,a; Nap} =B ANajt1 ANay véi 1 <i<n-—1,
{I,ai/\aiﬂ} =B ANajNaja VO 1 <i<n-—1,
{lL,ayNaj} =B Naipi Naj+ AN ANajpg vei 1 <i<j—1,7<n-—1

Do d6 ap—1 A ay € ker {I, /\2(V)}. Chi ¥ rdng moi w € ker {I,Az(V)} déu
c6 dang

_Zn_l i AN n—Zb_ A s n=2 A d

W=D ociiicjen1 @i NG+ i b+ ) oA td-an 1 Ao €
ker {I,A2(V)}.

Gia st w = Z;:f bi - i A\ avjp1 + Z;:f cj-aj Nay, € ker {I, /\Q(V)} sao cho cac
b; khong dong thoi bang khong. Ta ¢6 {I,w} = Z;:f bi- BN Ao+ Z;:f cj-
BAaji1 Aay =0. Goi ig 1a chi 86 sao cho b;, # 0 (khong mat tinh tdng quat, ta
c6 thé chon by, = 1 ). Dé triet tieu {I, i, A aigr1} = B A aiy A aiyro ta phai co

+2=mn,c,-1= _bio nén
W= 0ap-2Nap_1— Qp-3N\an

hay
p—3 N\ Oy — Qp—9 N\ (i1 € ker {I, /\Q(V)} )
L b —1 _2 _2
Gid st w = Z;§i+1<j§n—1 ajjoy N\ o + Z?:l bioy; N\ a1 + Z?:l i N\ ap €
ker {1, A%(V)} sao cho cac a;; khong dong thoi bang khong. Ta c6

n—1

{[,w}: Z aij‘(BAoziJrlezj—i—ﬁ/\c)ci/\osz)
2<it1<j<n—1

n—2 n—2
-I—Zbi-ﬁ/\ai/\ai+2+ch-B/\aj+1/\ozn:0
i—1 =1

Goi ig 1a s6 nhé nhat sao cho ton tai jo > ig + 1 dé aj,j, # 0 (khong mat tinh

tong quat, ta c6 thé chon a;,;, = 1). Néu jo < n—1, dé triet tieu a;,j, BAai, Aajor1
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phai ¢6 aj—1jo+1 = —isjo # 0, mau thuan véi tinh nhé nhat cta ig. Do do
jo =n—1. Néu io = 1 thi {], Qi N Oéjo} = {], a1 N Ocn_l} = BAasAay—1+LAa1 Aay,.
Theo cach tinh {I,w}, ta khong thé triét tieu 8 A ag A ay, vo 1, , do dé ig > 1.
Do

{1, iy Najo} = BA qigr1 Ay + B A iy Ay

nén Cig—1 = —Qigjo, Airjy = —Qigjo v6i 1 = i() —+ 1,j1 = j() — 1. Ta lal co
{1,060, N } = BA i1 Ay + BA iy A g

nén aj,j, = —a;,j, voi ip = i1 + 1,52 = j1 — 1. Tiép tuc qué trinh nay ta duge
Uijs = —Qig_,j,_, VO iy = @51+ 1 =19+ 5,js = js—1 —1 =n—s—1sao cho
js = is + 2 hodc js = is + 3.

Néu js =is+2 thl {I, i A ajo} = BA Qi1 A Qigra + B A iy A 43, T céch
tinh {I,w} trén, ta khong the triét tieu 8 A a1 A 2, do d6 truong hop nay
khong xay ra.

Néu js = is + 3 thi {I,a;, A ot = B A Qigg1 A Qi3 + B A g A aipq. Khi
d6 de triet tieu 8 A aj,41 A @iy+3, ta can chon b1 = —a; . Nén ta can chon
ig>1,s>0saochoig+s+3=n—s—1hayig=n—20vii 2 <1< [%} —1.

Do dé6 ker {I, A2(V)! == span {Z?_l(—l)ian_zkﬂ- ANop_ii1:k=1,2,..., [%} }

(4) Tren A%2( W), tuong tu nhu trong tinh toan trén A?( V), ta co6

k
ker {1, A2( W)} = span {2(1)% ABopivt k=12, [g] } .

=1

(5) Tren VAW, v6ii=1,n—1,7=2,ntaco

{I,0; NBj} =B N1 ANBj — BAa; A Bj—q
{L,an NBj} = =B Nan ABj—1,{L,0; NB1} = B A a1 ABr,{L,an NP1} =0

Do d6 a,ABy € ker{I,V AW}. Gia st Z;;l biroy A\ 1 —1—2?22 cjop A € ker{I,V A
W1 sao cho cac b; khong dong thoi bang khong. Ta c6

n

n—1
{Lw}zzbi'ﬁ/\aiHN@l—chﬁ/\an/\ﬁj—1 =0

i=1 j=2
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Goi ip 1a 86 nhé nhat sao cho by, # 0. Néu ig < n — 1, do {I,a;, A B1} =
B A ajy+1 A PB1 ta khong thé triet tieu duge nén ig = n | —1. Khi do dé triet tieu
{I,ajy NP1} = BAay AB1, tachicanchonca=0b, 1 do d6a, 1ApB+
an A B2 € ker{I,V ANV}. Gia st

n—1 n
w = Z aij-ai/\ﬁ’?%—Zbi-ai/\ﬁl—i—ch-an/\ﬁj € ker{I,V AW}
i=1,n—1, =1 Jj=2

j=2,n

sao cho céc a;; khong dong thoi bang khong. Ta ¢

{1,w} = Z aij - (B A iv1 ABj—BNag A Bj-1)

i=Tn=T,
j=2,n
n—1 m
+Zbi'5/\az‘+1/\51—ZCj'ﬁ/\Oén/\ﬁj—1 =0.
i=1 =2

Goi ip 1a 86 nho nhét sao cho ton tai jo dé a4, # 0 (khong mét tinh tong
quét, ta c6 the chon a;j, = 1 ). Néu jo > 2, dé trigt tieu —a o8 A cig A Bjo—1
phai €6 ajo—1jo—1 = @iy jy # 0, mau thudn véi tinh nho nhat ctia ip. Do d6 jo = 2.

Néu ig = 1 thi
{1, 0ig ANBjo} ={I,aa NP2} =B ANaa ANfa—BANar AP
khi d6 ta khong thé triet tieu —8 A a1 A 81, vo 1i. Nén ig > 1. Do
{I, iy A\ Bjo} = B A Qig1 A Bjy — B A cvig A 1
nen bj,—1 = Giyjo, @iy jy = Gigjo VOi 01 =10+ 1, j1 = jo + 1. Ta lai c6
{I, 0, NBj} = BANai+1 A Bj, — B Aoy, ABj—1

nén a;,j, = ai,;, voi is = i1 + 1,j2 = j1 + 1. Tiép tuc qua trinh nay dén lic ndo
do, ta dudc a;j, = ai,_,j,_, VOl is =11+ 1=dp+s,js=Js—1+1=s5+2 sao
cho ig+s=n—1hoac s+ 3 =n.

Néuig+s<n—1vas+2=nthi

{I, iy N Bjo} = BN vigg1 A B — B A aig A Br—1

19



ta khong thé triét tieu 8 A ay,41 A B, nén truong hgp nay khong xay ra.

Néuig+s=n—1vas+2<n thi

{]7ai0 /\Bjo} = B/\an /\Bjo _5/\0471—1 /\Bjo—l

Dé triet tieu BAan A By, can chon Cjo+1 = @i, j,- Do dO dé c6 w € ker {I,VAW}
ta phai c6 ip > 1,5 > 0, sao cho ig +s = n — 1 va s + 2 < n. Diéu nay tuong

duwong v6i 1 < ig <n — 1. Ta chi can chon ig = 2,...,n — 1. Do d6

QNP1+ APa+ ... +an By, ...
ker{Il = Yo
er{l, VAWY Span{ G2 A 1+ Gt A o+ i A B3, 01 A B+ 0 A B, A By

hay ker {I,VAW} = span {Z?:l a; N B;, Z?:_ll a1 N By, 2?2_12 ajra A Biy .o am A 61} )

(6) Tren (oA B), ta c6 {I,an B} = BA (z?_f Qis1 A BZ) thuoe {1,(V AW)}.

Dong thai, ta tinh duge {I,a A —>"" (n+1—1i)a; ABi} =0mnén aApf—
St (n+1] =iy AB; € ker{I,.}

Heé qua 2.2.2.4 S6 Bettti ctia dai s6 Lie lity linh kiéu Jordan Ja,:

b (ign) =n+2 [g} + 2.

2.3 S6 Bettti ctia dai s6 Lie liiy linh kiéu Jordan
J2n+1

2.3.1 Déi dong diéu thit hai ctia j3(n = 1)

Xét dai s6 Lie lity linh kiéu Jordan js,ta c6 céc tich Lie khac khong nhu
sau: [Yp, T] = X1, [Yo,Y1] = =T, [T, Y1] = Xo. Dang song tuyén tinh xac dinh béi
B(X;,Yj) = 6;j v6ii,j = 0,2, B(T,T) = 1. Goi {a, 8, 1,7, B1} 1a ¢& s d6i ngau
cua {Xo, Yp, X1,7T,Y1}.

Meénh dé 2.3.1.1. 3 -dang lien két v6i j3 duge xac dinh bdi I = A~ A By.

Hé qua 2.3.1.2.

1. B?(j3) = span {y A B1, B A B1, 8 A~} va dim B? (j3) = 3.
2. H? (j3) = span{[B A a1],[B1 Aa],[BAa— B Aai]} va ba(j3) = 3.
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2.3.2 Débi dong diéu thi hai ctia jo,. 1 v6i n > 2.

Xét dai s6 Lie lity linh kiéu Jordan jo,+1 v6i n > 2, ta c6 cac tich Lie
Yo, Xo] = X1, ..., [Yo, Xp] = Xy — 1L, [Y0,Y1] = Yo, ... [Y0, Y, — 1] = =Y, [V0,Y,] =
T, (X, V1] = Xo, [X3,Ya] = X0, o, [Xpn — 1, Y, — 2] = X, [Xn, Yy — 1] = Xo. Dang
song tuyén tinh xac dinh béi B (X;,Y;) = &jvii,j = 0,n,B(T,T) = 1. Goi
{a, 8,01, ..., an, 7, B1, ...0n} 12 co 56 dbi ngau cia {Xo, Yo, X1, ..., Xp, T, Y1, ..., Y }
va V = span{ay,...,an} , W = span{pi, ..., Bn}-

Meénh dé 2.3.2.1. 3-dang lién két v6i jony1 dude xac dinh béi:l = g A Q.

Hé qua 2.3.2.2. B? (joui1) = span {Q, BAair1,BANBj,BAy:i=1,n—1j= 1,n}
va dimB? (joni1) = 2n + 1.
Dinh Ii 2.3.2.3. C? (jo,,;1) dugc phan tich thanh tong truc tiép cac khong

gian cac 2 dang:
aAN(VeW),BAVEW) (any), (BA7), N (V) (W),

(VayaW)AW)\ (A2W),yAV,(aAB).

Ta c6 két qua nhu sau:

7% (jan) = BA(V O W) @ (B A7) @ ker {1, \*(W)}

EB((V@V®W)AW)\(A2W)®<04/\BZ(n—i—li)ai/\ﬁi>.

i=1
Chitng minh:
Sau day ta tinh toan toan tit {I,.} trén cic hang ti tryc tiép nay.
(1) Tren a A (Ve W) ker {I,a N (Vo W)} ={0}.
(2) Tren BA (VW) ker {I,BA (V@ W)} = {2n}.
(3) Tren (o A), ta c6 {I,a Ay} =y A ST ABi—a ABA B
S wi (BA B ABi+BAYABi1) =y BAYA Bt — 2B By AP = 0 D8 triet

tiéu B8 Ay A B, ta phai c¢6 ¢, = 0. Ta ¢

{Iacn‘an/\ﬂn}:Cn(ﬁ/\’y/\ﬁn_ﬁ/\an/\ﬁnfl)
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Dé triet tieu S A ay A Bu—1 ta phéi cé ¢, = an—1n—1. Ta ¢
{L ap—1,n—1 " Gn—1 A ﬁnfl} = an—-1,n—1 (6 N Qg N ﬁnfl - 6 Nap_1 N ﬁan)

Tiép tuc triét tieu B A ap—1 A Bp2, ta €6 ap—1n—1 = an—2,—2. Tiép tuc qua
trinh triét tiéu nay, ta dudc 0 = ¢, = apn—1p—1 = Gn-2p—2 = Ap—3p-3 = ... =

az2 = by. Dé triet tieu SA Y A Bn_1 ta phai c6 y = 1. Ta co

{Ia Cp—1 - Qp A\ 571—1} = Cn—1 (6 ANy A 677,—1 - ﬁ N ap A 671—2)

Dé triet tieu B A ap A Bu_s ta phai cd c,_1 = an—1n—2. Ta c6
{I,an—1n—2 - an—1 A Bn—2} = an—1n—2 (BA oy A Bn—a — BN an_1 A Bn_3)
Lap luan tuong tu nhu trén ta duge
Y=Cnp1=0p-1n-2=0p2n-3=0p-3n—4 = ... = a3z = by.

O=Tp1=Ch2=0a-1n-3=0p-2n-4=0p-3p—5=...=a42 = b3.

Chi y ring dé triet tieu B A aj A B1, ta phai c6 a;2 = 0. Gid st k > 1 sao cho
Ty # 0. DE triet tieu

{Iv LA ﬁn—k} = ~Tp—k (5 A Bn A Bn—k + 6 ANy A ﬁn—k—l) )

ta phai co:

(a) 2k = cp_p_1. Ta co
I, cpp—1-an A Bp—g—1} = cni—1 (BAYNA Br—t—1 — BN an A Bp—i—2)

Dé triét tieu B A an A By_k_2 ta phai cb ¢, g1 =Ty 1,-k_1, ti d6 dan t6i

Tpn—k = Cp—k—1 = Ap—1n—k—1 — Apn—2n—k—2 — An—-3 n—k—3 — ... = A2 = bk—l

(b) Tn—k = a5_py 1, Ta o
{]7 a/nkarlynﬁn—k—i—l,n A /Bn} - _a%7k+17n (5 A ﬁn—k A Bn + ﬁ A /Bn—k—i—l A ﬁn—l)
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D@ triét tidu B A Bp_gr1 A Bn_1 ta phai co a%_kH’n = —a;_k+2’n_1, tur do suy ra

! _ / ! _ _ L./
Tn—k = a’n—k+1,n - _a’n—k+2,n—1 - an—k+37n—2 T (_1) an—k—i—l—i—l,n—l’

trongdon—k+1+1+3=n—lhodcn—k+1+1+2=n—1.
-Néun—k+14+1+3=n—1Itavictlaik=20+4, dat n—k+1+1=m, ta
€6 {1,y i3 B A B} = =y (BA Bt A Burs + B A B A Bmy2)
Nen af, g = —b 0 va {10, 1 Bust ABmi2} = =08 A B A Bmye. Dén
day ta triet tieu dudc tat ci nén truong hop k chn nay nhan.

-Néun—k+14+1+2=n—1Itavictlaik=20+3, dat n—k+1+1=m, ta

{Iv a;n,m—|—2 ’ 5m N 5m+2} = _a;n,m—i—2 (ﬁ A 6m—1 A Bm—&-Q + B A /6m A /Bm—H)

Dén day ta khong thé triet tieu S A B A Bmat. Do d6 truong hop k 1é khong
x4y ra. Cu thé hon, ta tim nhitng 2-dang triét tiéu qua tac dong ciia toan tit
{I,.} bang cach xét hai truong hop cta n.

(i) Néu n chin, n = 2p : ker {], (VeyaW)AW)\ (/\ZW)}

= span {’Y A Bn + 22:11 Qit1 A Biy Y A Bn—2 + 2?213 @i+3 N\ Bi — Pn—1 A Bn

c YN Ba oo APBL— B3 A Pap + B A Pop—1 .+ (—1) P, 5 A B b

Do d6 dimker {1, (V @&y & W) AW)\ (A*W)} =p.

(i) Neunlé, n=2p+1: ker {I,(VaydW)AW)\ (A*W)}

= span {’Y N Brn + Z?;ll Qi1 A Bi, ¥ A Br—2 + Z?;lg Qi3 A Bi + Bn A Bn-1

YA BsF gy ABr+ o1 ABa— BaABopi1+B5 A Bap— . .4+ (—1)PT3Bpio A Bpys,

YABL = Ba A Bapat + B3 A Bap — Ba A Bapt + -+ (1P Gpa A By}

Do dé dimker {[, (VeyaW)AW)\ (/\QW)} = p + 1. N6i chung ca hai

truong hop ctia n ta déu nhan duge

dimker {I,((V@V@W) AW\ (/\2W)} = [n+1} :

2

(7) Tren YAV {I,yANa;j} = —BABy A+ BAYAap v6ii=1,n—1 va

{177/\0471}:_5/\571/\0%
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nén {I,yAV}yC (BAB AV)® (BAyAV). Giad st
n—1
w:Zaw/\oszb'”y/\aneker{[,fy/\V}.
i=1
Ta co {L,w} =S ai (BABu A+ BAYAi11)—b-BA By Aay = 0. Do d6
b=0 dan dén a; = 0. Vi vay ker{l,y AV} = {0}.
(8) Trén (A B), ta c6 {I,an B} = BA (Z?_‘f Qip1 A 51) € {I,(VAW)}. Dong
thoi, ta tinh duge {I,a A B =37 |(n+1—1i)a; A B;} =0 nen

a/\ﬂ—Z(n+1—i)aiAﬁierr{],.}.

=1

Heé qua 2.3.2.4. S6 Betti clia dai s6 lity linh kicu Jordan J,1:

1
dim Z2 (jon) = 2n + [g} + 4 [%] +2,

n} [n—i—l

b2 (jon+1) = {— +1

1
o)+ 5]

24



Tai liéu tham khao

[1] Cao Tran Tt Hai va Duong Minh Thanh (2015), "S6 Betti va khong gian
dao ham phan xiing clia cac dai sd Lie toan phuong gidi dude sd chieu < 7",

Tap chi khoa hoc Trusng DHSP Thanh ph6 Hé Chi Minh, s6 5(70), tr86- tr96.

[2] Bordemann, M. T. (1997), "Nondegenerate ivariant billinear forms on

nonasson- ciative algebras", Acta. Math. Uni. Comenianac, XLVI(2), 151 - 201.

[3] Duong, M. T., Pinczon, G. Ushirobita, R. (2012). A new invariant of
quadratic Lie algebras. Alg. and Rep. Theory, 15(6), 1163-1203.

[4] Favre, G., Santharoubane, L. J. (1987). Symmetric, invariant, non-degenerate

bilinear form on a Lie algebra. J. Algebra, 105, 451-464.

[5] Figueroa-O’Farrill, J. M., Stanciu, S. (1996). On the structure of sym-
metric self-dual Lie algebras. J. Math. Phys, 37, 4121-4134.

[6] Fac, V. (1985) Infinite-dimensional Line algebras. Cambrigde University
Press, New York.

[7] Medina, A., Revoy, P. (1985). Algebres de Lie et produit scalaire invari-
ant. Ann. Sci. Ec. Norm. Sup., 4éme sér. 18, 553-561.

[8] Pinczon, G., Ushirobia, R. (2007). New Applications of Graded Lie Al-

25



gebras to Lie Algebras, Generalized Lie Algebras, and Cohomology. J. Lie The-
ory, 17, 633-667.

[9] Pouseele, H. (2005). On the cohomology of extensions by a Heisenberg
Lie algebra. Bull. Austral. Math. Soc., 71, 459-470.

[10] Santharoubane, L. J. (1983). Cohomology of Heisenberg Lie algebras.
Proc. Amer. Math. Soc., 87, 23-28.

26



	Mở đầu
	Kiến thức chuẩn bị.
	Dạng chuẩn Jordan của ma trận lũy linh
	Đại số Lie toàn phương
	Đối đồng điều của đại số Lie toàn phương

	Số Betti thứ hai của một số đại số Lie lũy linh kiểu Jordan.
	Đại số Lie lũy linh kiểu Jordan
	Số Bettti của đại số Lie lũy linh kiểu Jordan J2n
	Đối đồng điều thứ hai của j4(n=2)
	Đối đồng điều thứ hai của j2 n với n>2

	Số Bettti của đại số Lie lũy linh kiểu Jordan J2n+1
	Đối đồng điều thứ hai của j3(n=1)
	Đối đồng điều thứ hai của j2n + 1 với n 2.


	Tài liệu tham khảo

