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MO DAU

Gia st K 13 truong déng dai so, day du véi gia tri tuyet doi khong
Acsimet. Ky hieu 8*(K) la tap cac ham phan hinh khac hing xac dinh
trén truong K va F la tap con khac rong cua B*(K).

Da thiic mot bién P trén truong K dugc goi 1a da thic duy nhat
cho ho cac ham F néu véi moi ham khac hing f, g € F théa man
P(f)=P(g)th f=g

Thoi gian gan day, nhiéu két qua thu vi vé da thitc duy nhat da dugc
dua ra bdi nhiéu tac gid nhu W. Cherry, A. Escassut, J. T. Y. Wang,...
Nam 2003, trong bai béo [4], cac tac gia T. T. H. An, J. T. Y. Wang va
P. M. Wong da chi ra mot 16p cac da thic dac biet 1a da thie duy nhat
cho ho cac ham phan hinh bang céch xay dung cac 1-dang chinh quy kieu
Wronski. Tiép tuc huéng nghién citu vé da thiic duy nhat cho ho cdc ham
phan hinh, nam 2005, nhém téc gid nay xem xét nhitng 16p da thiic tong
quat hon.

Trong luan van nay, ching toi tap trung tim hiéu vé da thic duy
nhat cho ho cdc ham phan hinh khac hang.

Noi dung chinh ctia luan van la tim hiéu va trinh bay mot cach
chi tiét nhitng két qué trong bai bao "Unique range sets and uniqueness
polynomials in positive characteristic I1" cua cac tac gia T. T. H. An, J.
T. Y. Wang va P. M. Wong trén tap chi Acta Arithmetica [5].

Ngoai cac phan mé dau, két luan va tai lieu tham khdo, noi dung
chinh ctua luan van dugce chia thanh hai chuong.

Chuong 1. Kién thiic chuan bi

Trong chuong nay ching toi trinh bay mot so kién thitc co ban nham

muc dich lam co sd cho viéc trinh bay ndi dung ctia chuong 2. Ngoai ra



chtng toi con trich dan mot s6 két qua da c6 nham phuc vu cho céc chiitng
minh § phan sau.

Chuong 2. Da thic duy nhat cho ho cdc ham phan hinh khac hing

Trong chuong nay, ching t6i tim hiéu phuong phap xay dung cac
1-dang chinh quy kiéu Wronski trén mot dusng cong dai s6. Dong thoi,
chiing t6i tim hiéu mot s6 diéu kien da dé mot da thic mot bién trén
truong K 13 da thic duy nhat, da thitc duy nhat manh cho ho cac ham
phan hinh khac hang trén K trong truong hop dic s6 clia truong K chia
hét bac cia da thic.

Toi xin bay t6 long biét on chan thanh dén TS. Nguyén Thi Ngoc
Diép da luén quan tam giup dé toi trong qua trinh hoc tap, nghién ciiu,
huéng dan toi hoan thanh luan van nay.

Toi xin chan thanh cdm on cac Thay, Co khoa Toan va phong Dao
tao sau Dai hoc, Truong Dai hoc Vinh; cac ban hoc vién cao hoc Toan
khoa 28 cung gia dinh, ngusi than va ban be da dong vién, gop ¥ va giip
do toi trong sudt qua trinh hoc tap va thuc hién luan van.

Nghé An, thang 6 nam 2022

Tac gia



Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay chung toi trinh bay nhitng kién thtic co ban nham
muc dich lam co sé cho viéc trinh bay noi dung ctia chuong 2. Ngoai ra
chtng toi con trich dan mot s6 két qua da c6 nham phuc vu cho céc chitng
minh & phan sau. Nhitng noi dung nay chu yéu duge tham khdo trong
céc tai lieu [1], [2], [3] va [8].

1.1. Da tap trong khong gian afin va khong gian xa
anh
Trong toan bo chuwong nay ta luén luon ky hiéu £ la mot truong.

1.1.1. Dinh nghia. Cho da thic E (21, ..., z,) € k[z1, ..., 2,]. Mot diém
W = (wy,...,w,) € A" (k) dugc goi 1a khong diém ciia da thiic E (x4, ..., z,,)

S

neu

E(W)=FE (w,...,w,) =0.

Néu E khong la hang thi tap hop cac khong diém cta E dude goi 1a
siéu mat xac dinh béi E, ky hiéu 1a Z (£). Nhu vay

Z(E)y={W e A" (k)] E(W)=0}.
1.1.2. Dinh nghia. Néu A 1a tap hop cac da thitc bat ky trong vanh da
thic k [z, ..., z,) thi tap hop
Z(A) = {W € A" (k)| E(W) =0, VE ¢ A}
duoc goi 1a tdp dai so trong A" (k).
1.1.3. Vi du. (1) Tap rong () 1a mot tap dai s6 vi tap rong la tap nghiem
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cua phuong trinh f=0, v6i moi f € k, f # 0.
(2) Mdi diem W = (wy, ws, ...,w,) trong khong gian afin A" (k) 14 mot

tap dai s6 vi W 1a tap nghiém ciia hé phuong trinh sau
4
Ir1T — W = 0

IQ—U)QZO

\

nghia la

W =7 (x1 —wy, o — Wa, ..y, Ty — Wy) .
(3) Tap nghiém ctia mot hé phuong trinh tuyén tinh 1a mot tap dai s6 va
ducc goi 1a da tap tuyén tinh.
(4) A" (k) 1a tap dai s6 trong A" (k) vi A" (k) 1a tap nghiém ctia phuong
trinh 0=0.
1.1.4. Ménh dé (i) Cho Ay, As la cic hé da thic trong vanh da thic
klzi,...,m,). Néu Ay C Ay tht Z (A1) C Z (As).
(ii) Hop ciia hai tap dai so ciing la tdp dai so, nghia la: Véi cic hé da
thiic Ay, As trong vanh da thic k [x1, ..., z,)] ta luon co

Z (A1) U Z (Az) = Z (A)
trong do
A={hg| he Ay, ge As}.

(iii) Giao cia mot ho tuy 4 cdc tap dai so la mot tap dai so, nghia la:

Vi mot ho {A;} cac hé da thic trong vanh da thic k [z, ..., z,)] ta luon

co
(2 (A) =2 (UAZ) .
i i
1.1.5. Chu y. Trong khong gian afin A" (k) ta luon c¢6 hgp cua hai tap
dai s6 13 mot tap dai s6, giao clia mot ho tuy ¥ cac tap dai s6 13 mot tap

4



dai s6, tap rong va toan bo khong gian afin A" (k) 1a cac tap dai s6. Vi
vay ta c6 the trang bi mot topo trén khong gian afin A" (k) bang cach
coi cac tap dai sb 1a cac tap dong. Topo nay dugce goi 1a topo Zariski trén
khong gian aifn A" (k).

1.1.6. Dinh nghia. (i) Ta n6i tap dai s6 M C A" (k) la khd quy
néu M = M; U My, trong d6 My, M, 1a cac tap dai s6 trong A" (k) va
My # M, My # M. Trong truong hop ngudgc lai, tap dai s6 M dugdc goi
1a bat khd quy.

(i) Mot tap dai s6 bat kha quy trong khong gian afin A" (k) dugc goi 1a
mot da tap afin.

(iii) Mot tap con mé ciia mot da tap afin duge goi la da tap tua afin.
1.1.7. Dinh 1y. Gid st M la tap dai so trong khong gian afin A™ (k). Khi
dé ton tai duy nhat cac tap dai so bat khd quy My, M, ..., M,, sao cho

M =M, UMyU ...UM,

trong do M; ¢ M; vdi moi i # j.

Cac tap dai s6 bat kha quy M; dude goi 1a cac thanh phan bat kha
quy ciia tap dai s6 M va M = M, U M, U ... U M,, 1a sy phan tich M
thanh cic thanh phan bat kha quy.

Gia st S 1a da thiic thuan nhat bac s trong vanh da thic k [x1, ..., 7,41].
Ta co

S (Aay, Aag, ..., Aaypy1) = iS (a1, a9, ..., py1)

v6i moi diem a = (a1, az,...,an41) € A" (k), X € k. Vi vay néu a 12
nghiém cua S thi A\, cling la nghiém cua 9.

Luu ¥ rang diém 0 13 nghiém ctia moi da thitc thuan nhat.

Dé xét nghiém clia da thiic thuan nhat ta chia tap A" (k)\ {0}
theo quan hé tuong duong

a ~ b néu ton tai A # 0 sao cho b = \a.
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Tap hop cac 16p tuong duong nay dude goi 1a khong gian xa anh n chiéu
trén truong k va ky hieu la P" (k).

V6i méi diem a € A" (k) \ {0} ta cling dung ky hiéu a dé chi 16p
cac diem tuong duong véi a. Khi d6 ta coi @ nhu 1a diém ctia khong gian
xa anh P" (k).

1.1.8. Dinh nghia. (i) Cho da thic R € k[ x1,..,2,11 . Mot diém
a € P (k) dugc goi 1a nghiém za dnh clia da thiic R néu R (Aa) = 0 véi
moi A € k.

(ii) V6i mdi tap B khong rong gom cac da thic thuan nhat trong vanh
da thic k[zq, ..., x,41] thi

Z(B)={acP" (k)| R(a)=0, VR B}

dugce goi 1a tap dai s6 xa dnh trong khong gian xa anh P" (k).

1.1.9. Dinh nghia. (i) Ta n6i tap dai s6 M trong khong gian xa anh
P" (k) 1a bat khd quy néu M khong 13 hop ctia hai tap dai s6 bé hon thuyc
SU.

(i) Mot tap dai s6 bat kha quy trong P" (k) dugce goi 1a mot da tap za
anbh.

(iii) Mot tap con mé clia mot da tap xa anh goi la da tap tua xa danh.

1.2. DPudng cong phing trong mit phang afin

1.2.1. Dinh nghia. Dudng cong phang £ trong A? (k) xac dinh béi da
thic R (z,y) 1a

L ={(a,b) € A*(k)| R(a,b)=0}.

Duong cong £ la bat kha quy néu R (z,y) bat khd quy. Bac cla
duong cong xéc dinh béi da thic R (x,y) 1a bac cta da thic R (z,vy).



Gid sit R = J[ R, trong d6 R; la cdc nhan ti bat kha quy ctia R
va e; > 1. Ta goi czéc R, 1a cac thanh phan ctia R va e; 1a boi ctia thanh
phan R,. Ta n6i R, 1a thanh phan don néu e; = 1, va la thanh phan boi
néu e; > 1.

Do vanh da thic k[z,y| la vanh nhén t& héa nén moi da thic
R(x,y) € k[x,y] déu c6 thé phan tich duge mot cach duy nhat thanh
thanh phan bat kha quy

R = R Ro™.. R,

trong d6 Ry, R, ..., R; 1a cac da thic bat kha quy phan biét va sy, so, ..., 5
1& cac s6 tu nhién.

Bay gio ta ky hiéu
Li={(a,b) € A’ (k)| R (a,b) =0}, i=1,2,..,L

Khido £; (i =1, 2,..., [)la cac thanh phan bat kh& quy ctia dudng cong
L. Dong thoi duong cong £ c6 sy phan tich thanh cac thanh phan bat
kha quy

L=LULU---UL;.

Gia st R (z,y) 1a da thic hai bién trén truong k c6 bac n. Dat
R (z,y,2) =2"R (%, 1), ta c6 R (x,y,2) 1a mot da thic thuan nhat bac
n thudc vanh da thitc k [x,y, 2] v dugce goi 1a sy thuan nhat ctia da thic
R(z,y).

Ta ky hiéu
L= {[a:b:c] e P (k)| R(a,b,c) :0}
thi £ dugc goi 14 dudng cong xa anh tuong ng clia dudng cong £. Diém

(a, b) thuoc dusng cong £ khi va chi khi diém (a, b, 1) thuoc dudng cong



£. Duong cong £ bat kha quy khi vi chi khi duong cong £ bat kha quy.
Néu duong cong £ c6 sit phan tich thanh cac thanh phan bat kha quy

L=L0,ULyU---UL

thi dudng cong £ ciing c6 su phan tich thanh cdc thanh phan bat kha
quy tuong Ung

L=L,ULyU---UL,.
1.2.2. Dinh nghia. Cho dudng cong phing £ trong khong gian afin
A? (k) xac dinh béi phuong trinh R (z,y) = 0 va diem N = (u, v) € L.

' ? Z R
Diem N dugce goi 1a diém don ctiia duong cong £ néu . (N) # 0 hoic
x
? (N) # 0. Khi d6 dudng thang xac dinh béi phuong trinh
Y

or (QB—U)—FG—R
oz |y oy

duge goi 1a duong tiép tuyén véi duong cong L tai diem N. Mot diem

(y—v)=0

khong phai 1a diém don thi goi 1a diém ky di.
Mot duong cong dude goi la tron néu moi diem ctia dudsng cong do6
14 diém don.

1.2.3. Dinh nghia. Cho dudng cong phing £ trong khong gian afin
A? (k) x4c dinh bdi phuong trinh R (z,y) = 0 va diem N = (0,0). Ta viét
R=R,+ R+ +R,,
trong d6 R; 1a da thitc thuan nhat bac 7 trong vanh da thic k [z, y],
Ry #0. Ta goi t 1a so boi clia duong cong £ tai N = (0,0) va viét

t =ty (R) =1ty (L)

Do R; 1a da thic thuan nhat hai bién trén truong déng dai s6 nén ta
6 thé viet By = [] Q¥ trong d6 Q; cAc nhan tit tuyén tinh. Cac Q; duge
goi 1a cac duong thiép tuyén clia duong cong £ tai N = (0,0); ¢; goi 1a s0
boi cla tiép tuyén. Q; goi 1 tiép tuyén don (kép,...) néu ¢ =1 (2,...).
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Néu duong cong £ c6 t tiép tuyén don phan biét tai N thi ta n6i N
1a diém ky di chinh tdc ctia dudng cong L.

Gia st R = [ R{" la su phan tich R thanh cac thanh phan bat kha
quy. Khi do

tn (R) = Z eity (R;) .

Néu @ la dudng tiép tuyén ctia R; véi so6 boi ¢; thi @ 1a tiép tuyén
clia R v6i s6 boi Z €igi.
1.2.4. Nhan xét.Z Ta c6 thé mé rong cac dinh nghia trén day cho diem
N = (u,v) # (0,0) bang cach thyc hien phép tinh tién S (z,y) =
(x 4+ u,y +v) bién (0,0) thanh N. Khi d6 R® = R(z +u,y +v) va ta

dinh nghia ¢ty (R) chinh la ¢ ) (R%).

1.3. Truong dinh chuan

1.3.1. Dinh nghia. Truong K cung v6i anh xa ¢ : K — R, ky hiéu bdi
(K, ), dugc goi la mot trudng dinh chuan hay truong métric néu cac
diéu kieén sau day théa man:

1) o(a)>0; p(a) =0 a=0,Va e K;

2) pla+pB) < pla)+ ¢(B), Va,B € K;

3) p(af) =p(a)p(B), Vo, B € K.

Néu thay dieéu kién 2) bdi diéu kien manh hon sau day:

4) ¢ (a+f) < max{p(a), ¢(B)}, Vo, f € K
thi trusng dinh chuan (K, ¢) dudc goi 1a truong dinh chudn khong
Acsimet.

Ham ¢ : K — R xac dinh bdi ¢ (0) =0, ¢ () =1, Vae K, a # 0
14 mot chuan tren truong K va duge goi la chuan tam thuong trén K.

Nhu vay, mot chuan ¢ 1a khong tam thudng trén truong K néu ton tai



a € K, a # 0 sao cho ¢ () # 1.
Gia st ¢ 1a mot chuan trén trusng K, khi d6 bing cach dit

d(e, ) =p(a=p), Va,feK

thi d 1a mot khoang cach (métric) trén truong K. Khoang cach nay sé
xac dinh mot cau tric topo trén truong K.
1.3.2. Vi du. 1) Ham gia tri tuyét d6i thong thuong | | 14 chuan trén
truong s6 hitu ti Q.

2) Ham gia tri tuyet ddi thong thuosng | | 1a chuan trén trudng s6
thuc R.

3) Ham modun | | la chuan trén truong sé phitc C.
1.3.3. Chuan p-adic trén trudng sbé hitu ti. Cho p 1a mot sé nguyen
t6 ¢6 dinh. V6i mdi s6 hitu ti o # 0, ta viét duge mot cach duy nhat:

= %p”; a,b,n € Z, a,b khong chia hét cho p.
Ta dinh nghia chuan p-adic | .|, tren truong s6 hitu ti Q la ham s6
pp : Q = R xac dinh bdi ¢, (0) = |0], = 0; p, () = |af, =p™".

Ta c6 |.]|, la chuan khong Acsimet trén truong Q.
1.3.4. Cac tinh chit ctia trudng dinh chuan. Cho (K, ¢) la mot
truong dinh chuan, khi do ta co:

) (1) =p(-1)=1

2) p(a) =¢(—a),Va € K.
3) o (@) — ¢ () < 0 (0~ b) Va, b K.

)

1) (> a) <Y plar).

=1 =1

5) ¢ (a) = pla) " = ﬁ

1y _ pla)
6) o (ab™!) = =< Va,b e K, b # 0.
)¢ (a™) () 7
1.3.5. Trudng dinh chuan day dua. Gia st (K, ¢) 1a truong dinh chuan.

Khi dé:

Va € K, a # 0.
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- Day {au},cy cac phan ti cia K, duge goi la hoi tu ve phan ti
a € K (theo chuan ¢) néu véi méi s6 thyc € > 0 tity ¥, ton tai mot sb tu
nhién ng sao cho ¢ (a,, — a) < €,Vn > ngy. Ta ki hiéu: 7}1_{1(;10 o, = Q.

- Day {a},en cac phan tit ctia K duge goi 1a day khong (theo chuan
©) néu lim_ov, = 0.

- Day {ay},cn cac phan tit cia K duge goi 1a day co ban hay day
Cauchy (theo chuan ¢) néu v6i mdi s6 thiec € > 0 tity ¥, ton tai mot so
tu nhién ng sao cho ¢ (a, — ) < &,Yn, m > ny.

Trusng dinh chuan (K, ¢) dudc goi 1a trudong dinh chuan day di néu
trong n6 moi day co ban déu 1a day hoi tu (theo chuan ).

1.3.6. Dinh 1y. Trong truong dinh chuan moi day hoi tu la ddy co ban.
Tuy nhién dieu nguoc lai khong ding.

1.3.7. Hé qua. Truong so hiw ti Q la truong khong day di theo chudn
gid tri tuyét doi.

1.3.8. Dinh 1y. Chudn ¢ trén truong K la chuan khong Asimet khi va
chi khi ¢ (n) <1,¥n € N.

1.3.9. Su twong duong gitta cic chuan. Céc chuan ¢ va 1 trén ciing
mot truong K duge goi la tuong duong vor nhau va ky hiéu béi ¢ ~
néu ching xac dinh trén K cing mot tinh hoi tu, nghia 1a ¢ (x, — z) — 0
khi va chi khi ¢ (z, — 2) — 0 theo chuan gi4 tri tuyét ddi trong trudng
so thuc R.

1.3.10. Dinh 1y. Gid st ¢ va ¢ la cdc chudan trén truong K. Khi dé, ¢ va
Y la tuong duong vdi nhau khi va chi khi Vo € K (p(x) <1 < ¢(z) < 1).
1.3.11. Dinh 1y. Trén truong hitu han chi cé6 duy nhat mot chuan tam
thuonyg.

1.3.12. Ménh dé. Cho ¢ la chuan khong Acsimet trén K. Néu cdc gid
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tri thuc ¢ () va ¢ (B) khdac nhaw thi:

¢ (a+p)=max{p(a), p(B)}, Va,f € K.

1.3.13. Ménh dé. Ham so6 ¢ (x) = |x|%, vdi o la mot s6 thuc tuy 4 thoa
man diéu kien 0 < o < 1, la mot chuan trén truong so hiu ti Q.
1.3.14. Dinh ly Ostrowski. Cdc chuin ¢ (z) = |z|" vdi 0 < a < 1 vad
cac chuan p -adic |. |, vOi tat cd cdc s6 nguyén to p nhan hét cic chuan
khong tam thuong cta truong so hiu ti Q. Néi khdc di, mot chuan khong
tam thuong trén truong so hiu ti Q la tuong duong vdi mot trong hai
chudn sau:

(i) hodc chuan gia tri tuyet doi | .|

(i3) hodc chuan p-adic |. |, » vdi p la s0 nguyeén to nao do.

Nhu vay Dinh 1y Ostrowski khang dinh trén truong s6 hitu ti chi c6
hai kiéu chuan (sai khac nhau mot tuwong duong). Do d6, chi c6 hai huténg
md rong Q thanh truong day du nhu sau:

1 — Néu xuét phat tit Q theo chuan gia tri tuyet déi |. |, thi bing
phuong phap Cantor ngudi ta sé xay dung dudc truong sé thuc R 1a bo
sung day du cia Q (truong R 1a truong day di bé nhat chita truong Q).

2 — Néu xuat phat tit Q theo chuan p-adic | . | , thi cling bang phuong
phép Cantor ngudi ta thu duge trudng cac so p-adic Q, 14 mé rong day
di ctia Q. Chang han cac truong: Q, Q3, Qs, Qx, ...

12



Chuong 2

DA THUC DUY NHAT CHO HO CAC HAM
PHAN HINH KHAC HANG

Trong chuong nay, ching t6i tim hiéu phuong phap xay dung cac
1-dang chinh quy kiéu Wronski trén mot dusng cong dai s6. Dong thoi,
chiing t6i tim hiéu mot s6 dieu kien da dé mot da thic mot bién trén
truong K 1& da thic duy nhat, da thic duy nhat manh cho ho cac ham
phan hinh khac hang trén K trong truong hop dic s6 clia truong K chia
hét bac ciia da thic. Noi dung ctia chuong nay duge tham khéo trong bai
béo [5].

2.1. 1-dang chinh quy kiéu Wronski trén mot dudng
cong dai sb

Phuong phap xay dung cac 1-dang kieu Wronski duge dua ra dua

trén viéc diéu chinh cac 1-dang hitu ty

trong do6 [tg, t1, t2] 1d cac toa do dong nhat ctia P? (K), hosic cac 1-dang

hitu ty tong quat hon c6 dang

—_
—_

afit) (i) - (1) v () |
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vl 0 <1, 9, k<2 u,vekK.
2.1.1. Dinh nghia. Gia stt D 1a mot dudng cong trong P? (K). 1-dang §
trén D goi 1 chinh quy néu né 1a han ché ctia 1-dang hitu ty trén P? (K)
sao cho khong c6 cuc diém nao ctia § thuoc D.
1-dang chinh quy trén D goi la 1-dang kiéu Wronski néu né c6 dang
YWt ) vai Wt ) = | 7|,
4 dt; dt;
trong d6 U va V la cac da thic thuan nhat sao cho degU + 2 = deg V.
2.1.2. Phuong phap xay dung
Gia st A (tg, t1, t2) 14 da thic thuan nhat tren truong K va D 1a
duong cong trong P? (K) xac dinh béi da thitc A (tg, t1, t2):

D = {[to, t1, tg] € P? (K) : A(to, t1, tQ) = 0} .
Theo dinh ly Euler, v6i [ty, t1, to] € D, ta co

OA
(to, t1,t2) + to—

A 0A
(to, t1,t2) + t1— BT
2

=0. 2.1
8 0 a 1 (t07t17t2) 0 ( )

Phuong trinh siéu phang tiép xic v6i D tai diém [tg, t1, ta] € D xac dinh
baéi

0A 0A 0A
(to, t1, tg) dto + — (to, t1, tQ) dty + — (t(), t1, tg) dty, = 0. (22)
Két hop (2.1) va (2.2) ta c6 he phuong trinh
0A 0A 0A
t a_ (t07t17t2) + tla 1 (t()atlatQ) _tQa 2 (t07t17t2)
/ aﬁ(t b ta) dto + 102 (1, 11, 1) dty — —aA(t t,t) dt
Oat 0,041,082 0 181 0,41, 02 1 — 82 0,041, 02 2.
Néu
0A
to, t1,1 0
8t0 ( 0, %1, 2) ?A )
0A
to, t1,1 0
8151 ( 0,41, 2) ?A )
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0A

— (to, 1,1 0
Gtg(o’ 1,t2) # 0,

thi theo quy tac Gramer, ta c6

to 1 b1 1o te 1o
dty dty dty dty dty dity
- - (2.3)
aA(ttt) aA(ttt) aA(ttt)
(%2 05 &1, 02 ato 0,41, 02 8t1 0y 41,02

14 1-dang hitu ty kiéu Wronski. Hon nita mdi 1-dang hitu ty

ty
dty dt;
0A ’

— (%o, t1, ¢
at2(07 1, 2)

A, (t07 tla t2)

dte dit

0A

— (%o, 11,1t
atl(()a 1, 2)

xac dinh t6t.

2.2. DPa thitc duy nhat cho ho cic ham phan hinh
khac hang

Trong muc nay, ching t6i tim hieu diéu kien di dé mot da thic mot
bién trén truong K 1a da thic duy nhat, da thic duy nhat manh cho ho
cac ham phan hinh khac hing trén K trong truong hgp dic s6 clia truong
K chia hét bac ciia da thiic.
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Gia st K 1a mot truong dong dai s6 c6 dac sd6 p > 0, day du véi gia
tri tuyet doi khong Acsimet. Cho 8*(K) 1a tap cac ham phan hinh khéc
hing xac dinh trén K va F 1a tap con khéc rong ctia B*(K).

2.2.1. Dinh nghia. Da thitc mot bién P xac dinh trén truong K dudc goi
1a da thic duy nhat cho ho ham F néu véi moi ham khac hang f, g € F
théa man diéu kien P (f) = P (g) thi f = g.

2.2.2. Dinh nghia. Da thiic mot bién P xac dinh trén truong K dudc
goi 1a da thic duy nhat manh cho ho ham F néu v6i moi ham khéc hang
f, g € F va hdng s6 ¢ khac 0 thoa man dieu kien P (f) = ¢P (g) thic =1
va f=g.

2.2.3. Dinh nghia. Tap con S cta truong K goi 1a tdp cing afin néu
khong ton tai phép bién doéi afin o = uwx + v; u,v € K khéac phép dong
nhat dé o (S) = S.

Trong sudt chuong nay, ching ta gia thiét ring P(X) 1a mot da thric
bac n trong K[X]. Ta ky hi¢u / 1a s6 nghiém phan biet ctia P'(X), va céc
nghiem cta P'(X) 1a aq, ..., q;. Ta ky hieu my, ..., m; lan lugt 1a cac boi

clia céc nghiém cia P'(X). Nhu vay
P(X)=a(X —a)™ (X —a)™,

trong d6 a 1a hang s6 khac khong.
2.2.4. Dinh nghia. Da thitc P(X) goi 1a théa man Gid thiét I néu:

P(a;) # P (o) (2.4)

véi moi 1 <i # j <I.

Khong mat tinh tong quat, ta gia st rang ta c¢é cac a; dé m; khong
tang. Ching ta luu ¥ rang Gia thiét I 14 mot dieu kién chung, va véi Gia
thiét I thi viec lap luan, tinh toan dugc thuan lgi hon.

Ta ky hieu p; 1a s6 boi cia X — a; trong P (X) — P (). Ching ta
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xac dinh b; ; bang cach viét
P(X) = P(a;) =Y bij(X — ).
J=Hi
Khi d6 da thic thuan nhat A, , (X, Y, Z) xac dinh béi

(X—%mm—w;agw]
X—Y

J%M@x}cZ):%MZ[

i (X — o 2)"T — (Y — oy 2)" !
bt X-Y

Diat m =14+ S\ m; Khic#0,1vam; =---=m =1, thi v6i mot

hoan vi ¢ ctia {1, ...,1} sao cho ¢(i) # i, ta xac dinh da thitc thuan nhat
B (X, Y, Z) béi

Khi do6 ta dat
B(i,m) =B, (X, Y, 1).
2.2.5. Dinh ly. Gid st da thic P(X) la mot da thic théa man Gid thiét
Tva pln. Gid st S la tap khong diém cia P(X) va S la tdp cing afin.
Gid st m; duoc sap xép theo thi tu khong tang. Khi dé
(I) P(X) la mot da thic duy nhat cho ho B*(K) néu mot trong cdc
truong hop(A), (B) hodac (C) zdy ra, trong do:
(A) 1 >3;
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(ii) (m1 +2)|n, Aim, (X,Y, 1) khong la nhan ti cia
[P (X) =P Y)]/(X=Y);
va (1), (2) hodc (3) zdy ra, trong do:

a) (my + 1) [ n, hodc

b) (m1+1)|n, p>5,va Ay, (X,Y, 1) khong phdi la nhan ti
cia [P(X) — P(Y)] /(X — V),

(3) pn =m1 + 1, va
() u=2, p>5 va Ay m+1 (X, Y, 1) khong la nhan td cia
P(X)—P(Y), hodc
(b) u >3 vamy > 2, tru khi (mq, p) = (2, 2), hodc (u, my, p) =
(3, 2, 5) hodc (3, 3, 3), trong dé u dugc xdac dinh bang cdch viét
P(X)=P (1) = bim1(X — )™ 4 by (X — )™ -
VG by a7 0.

(IT) Néu P(X) la da thiic duy nhat cho ho B*(K) thi P(X) cing la da
thiic duy nhat manh cho ho B*(K)ngoai tru cdc truong hop sau:
(A) I =3, m=mo=m3=1,3|n—1, 4n, ton tai mot hoan vi ¢

ctia {1,2,3} sao cho ¢ (i) # 1 vdi i = 1, 2, 3 va ton tai nghiém w

ctia w? +w—+1=0 sao cho
P ()

P ()
va B(1,4) = B(2,4) = B(3,4) va B(i,4) khong la nhan ti cia

P(X)—wP(Y),vdi i =1,2,3;

w = vdi 1 =1, 2, 3,

(B) I =2, my =my =1, 3|n va ton tai hang s6 c#0, 1, —1 sao
cho vai {i,j} = {1,2}, ta c6 P (o;) = cP (o) va B(1, 3) la mot
nhan t cia P (X) —cP (Y);

(C) =2, my =mg=1,nlé 3|n, P(ay) =—P (az), B(1,3)=B(2,3)
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va B(1,3)/ (X +Y —ay — as) la mot nhan té cia P(X) + P(Y).

Trong chuong nay ta xem xét da thiic P c6 dang
P(X)=X"+a, 1 X" '+ + a1 X + ap.

Ta ky hiéu u; 1a s6 boi cia X — o; trong P (X) — P («;). Khi d6
P(X)— P («a;) c¢6 dang

P(X)—P(a;) = %(X —a; )"

Fo b x(X —)" T (X — )" (25)

trong d6 ta st dung * dé biéu thi phan t& khac khong trong K. Chiing
ta sé st dung ky hiéu nay trong sudt chuong 2. Luu ¥ rang p; < m; + 1
ké ca trong trudng hop dac s6 ciia K bing 0.

Ky kieu F' (X, Y, Z) la da thic thuan nhat ctia da thiic hai bién

n k—1
P(X)-P(Y) Sa 3 Xy
= ag X jYJ,

X-Y k=1 =0

ta co
n k-1
F(X,Y, Z)= ap X1y 7k
k=1 j=0
P(X/Z)-P(Y/)Z
_ P X/2Z) Y/Z) (2.6)

X-Y ’

Ky hiéu C' la duong cong xac dinh bdi phuong trinh F (XY, Z) = 0.

Tuong ty, gid st F. (X, Y, Z) la da thtc thuan nhat cta da thic

P(X)—cP(Y) v6i c#0,1 va C, la duong cong xac dinh bdi phuong
trinh F, (X, Y, Z) =0.

Muc tiéu cta ching ta la xay dung trén duong cong C' va moéi dudng

cong C¢, ¢ # 0,1, 1-dang chinh quy hoac tich cac 1-dang chinh quy khong

tam thuong trén moéi mot thanh phan ctia dudng cong.
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Bay gio ta xem xét viéc xay dung nay trén duong cong xac dinh bai
phuong trinh F (X, Y, Z) = 0.

Ta c6 the biéu thi da thic F (X, Y, Z) dusi dang mot da thiic theo
X —oqZvaY —o;2:

F(X,Y, Z) =« [(X - O‘Z‘Z); : ;Y ~ OéiZ)“z} }Zn_,h
Ly {(X ~ aiz);‘; - §/Y — aiz)wz] o
R [<X — )= (¥ - oz@”} e

trong d6 w; 14 bac ctia s hang khong triét tieu thi hai trong (2.5).
Tu (2.7) va F (g, p1, p2) =0 v6i tham s6 hoa ¢ = (g, p1, p2) tai

pi = (g, oy, 1) taco

ordy, , (X —a;Z) = ordy, , (Y — o Z), (2.8)
do do
ordy, , (X =Y) =ordy, (X — o Z — (Y — 0, 2))
>ordy, , (X —0;Z) (2.9)
va

ordy, o (X —aZ) "o (Y — i Z) 7)
> (w; — 1) ordp, o (X — a;Z)). (2.10)

Theo dinh 1y Euler ta c¢6 dieu kien F (X,Y, Z) = 0 tuong duong véi

OF OF OF

Khong gian tiép xtc véi duong cong C xac dinh bdi cadc phuong trinh
F(X,Y,Z)=0va

OF OF OF
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Theo quy tdc Gramer ta c6

L W(XY) WY, Z) W(Z X)
T T9F T T 9F T T OF (2.11)
0z 0X oYy
14 1-dang hitu ty x4c dinh tot tren 7—1(C), véi 7 : K3\{0} — P? 1a phép

chiéu thong thuong, trong dé

X Y Y 7 Z X
W(X,Y) = W (Y, Z) = W (Z, X) =
dX dY dYy dzZ dz dX

Dé chiing minh dinh 1y 2.2.5 ta can mot sé bo dé sau day.

2.2.6. Bo dé [5]. Gid st da thitc P théa man Gid thiét I va m; dugc zép
theo thit tw khong tang. Khi dé thanh phan bat khd quy bat ky cia duong
cong C déu chia 1-dang chinh quy khong tam thuong trong cdc truong
hop sau day:

(i) 1 > 3 hodc l =2 va mg = 2;

(i) p>0, 1l =2, my=1, uy <myq va duong cong C khong cé cic thanh
phan tuyén tinh;

(1)) p >0, =1, pp <mq— 1 wva duong cong C khong cé cac thanh phan
tuyén tinh.

Bay gio ta dat
l
m=1+ Y m;. (2.12)
=1

Néu n chia hét cho p thi m 1a s6 mi 16n nhat trong P(X) ma khong chia
hét cho p.

2.2.7. Bo dé. Gid sit ring p>0 va p|n. Ky hieu ged (n, m)= d va ﬁé ,
0 <j<d-—1,la cic nghiem nguyén thiy cia X = 1. Khi dé, cic cuc
diém co thé co cia dang vi phan

W(Y, Z)

IR a2 X — )

tren w Y(C) la cdc diem p; = (i, a5,1), 1 < i < 1, va q; = (52,1,0),
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0<j<d—1.
Chiing minh. V6i p|n, ta c6

OF oy o
57 (X,Y, Z) = an(n—m)zm! <§ D G S ZHm2> , (2.13)
1=0

trong d6 H,,_» 1a da thic thuan nhat bac m — 2 theo X, Y, Z. Han
ché OF/0X va OF/0Y trén duong cong C xac dinh bdi phuong trinh
F(X, Y, Z)=0 cho ta

OF mamZ" " T (X — oy Z2)™
—(X,Y, Z)= " i=l !
ox KXY 2) XY /
OF —man 2" [, (Y — a; Z2)™
(X, Y, 7) = —m i1 i)
aY( Y. 2) X-Y
Két hop (2.13) va (2.11), ta 6
CZ(X - Z)™M (X = Z)™
_ W(Z, X)
- ZY =)™ (Y =)™
W(X,Y)

— 2.14
X V(X X2y &y i ZH, ) 2

14 1-dang hitu ti tren 71(C). Céac cie diem c6 thé c6 cia ¢ tren 7 1(0)
la p; = (v, a5,1), 1<i <1, va (z, 1, 0) v6i 2" =1 va 2™ = 1. Dong
thoi fé, 0<j<d-1, la cac nghiém théa man z" =1 va 2™ = 1. Do
do, q; = <§§, 1,0), 0<j<d-—1,la cac cuc diem c6 thé co cta ¢ trén
)N [Z =0). O

Gia sit rang *(X — ;Z)? xuat hién trong biéu thic clia (2.5), va gia
st ring c6 mot s6 hang *(X — «; Z)" theo sau né. Goi A;, 12" Y 1a tong
cac s6 hang trong (2.7) cho dén bac v — 1 theo X va Y, tic 1,

(X — OéiZ)'ui — (Y — OZZ'Z)M

A
X-Y +

Ai,v—l =X
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(X — OéiZ)U - (Y — OAZ'Z)rU
+ * v : (2.15)

Ching ta c6 cac danh gid sau day ve bac cua A;,_; tai p; va q;.
2.2.8. B6 dé. Ta c6

(1) ordy, , (Aiv-_1) > vordy, , (X — a;Z);

(it) ordy, , (Aim-1) > (p—1)ordy, , (X —Z) voi 1 <r <1,

(iii) p| —mordy, o Z + ordg, , (X —Y)Ajp-1) vdi 0 < j <d—1.
Chitng minh. Truéc tien, ching ta luu y rang p; = (q;, i, 1), i=1,..,1, va

qj, 0 < j < d— 1, 1a nhitng diém ctia C. Hon nita, tit (2.7) suy ra
ordy, » (Aiv-—1) > (v1 — 1) ordy, », (X —;Z) > v ordy, , (X — 0 Z).

Nhu vay ta c6 duge (i).
Vi m 1a $6 mi 16n nhat trong P(X) khong chia hét cho p va n chia

hét cho p, nén ta c6 thé viét
F(X,Y,Z) = Ajyr 2" ™+ (X =YV 'H(X,Y, Z),

trong d6 H(X,Y,Z) 1a da thitc thuan nhat bac n—p. Vi p,=(a,, o, 1) € C
nén p, thudc duong cong xac dinh béi phuong trinh A;,,_1(X,Y,Z) =0

va
ordy, o (A1) = (p = Vordy, o (X = V) > (p— 1) ordy, (X — a,.2).

Diéu nay suy ra (ii).
Vi X-Y)F(X,Y, Z)—(X—-Y)A;,,1Z"™ la liay thua tht p,

nén déi véi nhitng diem g e€C,j=0,..,d—-1,taco
pl(n—m)ordy, o7 + ordg, o, (X =Y)Aim-),
tuong duong véi

p| —mordy, ,Z + ordg, o (X —Y)Ajm-1)

23



do n chia hét cho p. Nhu vay ta duge (iii). O
2.2.9. Bé dé [5]. Gid st A1, \o la cdc hdang s6 khdc 0 va b la mot s6
nguyén duong. Dat

(X —aZ) = (Y —aZz)

AX,Y, Z7)=\ Z
( ) ) ) 1[ X—Y
? X-Y

Khi do duong cong xdc dinh bdi phuong trinh A (X, Y, Z) =0 la dudng
cong bat khd quy cé giong 0.
2.2.10. Bo dé. Gid sit P(X)la da thiic bac n théa man Gid thiét 1. Gid
st m; dugc sap xép theo thi ty khong tang. Gid si rang p=>0 va p|n. Néu
duong cong C khong cé thanh phan tuyén tinh thi bat ky thanh phan bat
khd quy nao cia C ciing chita tich cic 1-dang chinh quy khong tam thuong
trong cac truong hop sau day:
())1>3;1=2vamg>2;1=2my=1vad g <my; hodcl=1wva
pr < myg — 1,
(i) | =2, my=1, upy =my + 1 va
(a) (my +2) | n, hodc
(b) (m1+2)|n va Aym,+1 khong la nhan tié cia F(X,Y, Z);
(i) | =1, g = myq va
(a) (m1+1) [ n, hodc
(b) (m1+1)|n, p>5, va Ay, la mot nhan ti cia F(X,Y,Z);
()l =1, up =my+1, va
(a) u=2,p>5va Ajm1 khong la nhan ti cia F (X,Y,7),
hodac
(b) u> 3 vamy > 2, ngogi tru truong hop (mq1,p) = (2,2) hodc
(u, my,p) = (3,2,5), (3,3,3), trong dé u dugc xdc dinh bdi
khai trién
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P(X)=P(a)+ (X —a)™ ™ +%(X — o)™ ™ + cac

50 hang cé bac cao hon.
Chitng minh. Trudng hop (i) dugde suy ra tit Bo dé 2.2.6.

Dat m =1+ 22:1 m;. D61 véi truong hop (i), ta c6 m = mq + 2,

pr=my+1, up=2,dodé pfmy+2,pfmi+1vap+# 2. Hon nia,

(X . &1Z)m1+1 . (Y . OélZ)mlJrl
Al 1 = %2
L+l = * X-Y
. (X . &1Z)m1+2 . (Y . CYlZ)m1+2
X-Y ’

xac dinh mot dusng cong bat kha quy cé gibng 0 theo Bo dé 2.2.9.
Lay

) W(Y, 2)
Y= (Z(X e Z)"(X

mi+e
— Oz2Z)) ((X o Y)Alvmlﬂzeﬂ)ml'

Ta c6 w xac dinh t6t trén P2, trong d6 e = 3 néu bac ctia s6 hang khong
triét tieu sau bac my + 2 trong biéu thiic ctia (2.5) 1a m; + 3, va néu khong
thi e = 4. Trén dudng cong C, w chi c6 cac cuc diém tai p; = (0, a;,1),
j=12vaq; = (55’,1,0), 0<j<d—1,véid=gedn, m +2) va g,
13 nghiém nguyén thiy ctia X? = 1. Theo B6 dé 2.2.8 (i) ta ¢6 w chinh
quy tal p; va

ordy, A1 m41 > (M1 +e—1)ordy, o (X — a1 Z).

Theo Bo dé 2.2.8 (ii), ta c6 ordy, A1 m+1 > (p— 1) ordy, , (X — anZ),
do doé

ordy, ,w > (mip —my —e)ordy, , (X —aZ) >mi(p—1)—4>0

khi p > 3 ho#ic p = 3 v my; > 2. Chung ta luu ¥ rang néu p = 3 thi

my # 1 vip[my+ 2. Do d6, w 1a chinh quy tai ps. D61 v6i cac diém tai
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vocucqj,7 =0 ,.,d—1,taco
ordg, o (A1 m1(X =Y)) +ordy, ,Z > 3, (2.16)

vi néu ordg, pA1m,+1(X —Y) = ordy, ,Z =1 thi theo Bo dé 2.2.8 (iii)
suy ra m — 1 = myq + 1 chia hét cho p, diéu nay la khong thé xay ra.
Tuong tu néu my = 1 va ordy, ,Z =1 thi theo Bo dé 2.2.8 (iii) suy ra
—3 + ordq, ,A1,m,+1(X —Y) chia hét cho p, do d6 ordy, , Ay m,+1(X—Y)>3.

T d6, néu my = 1 ta thu duoc
ordg; o (Arm+1(X =Y)) +2o0rdy, ,Z > 5. (2.17)

Hon nita, néu m; = 1 thi ching ta c6 thé lay e = 4 vi bac cia sb
hang khong triét tieu sau sé6 hang bac 3 khong theé 1a 4; néu khong thi p

sé la 2. Trong truong hgp nay, ta co
ordy, o w = — (M1 + e)4my ordy, o (Arm 1 (X —=Y))+my (e — 2) ordg, o Z

> my [ordg, o (A1m+1(X = Y)) + (e —2) ordy, ,Z — 1] —e.

Theo (2.16), dieu nay c6 nghia la ordg, ,w > 2m; — 4 la khong am khi
my > 2. Néu m; = 1, thi e = 4 va theo (2.17) thi bat dang thitc trén cho
ta

ordg, ,w > ordy, , (A1 m+1(X —Y)) +2o0rdg, ,Z — 5,

cling khong am. Nhu vay w chinh quy trén duong cong C. Bay gio ta can
kiém tra w khong tam thuong trén moi thanh phan cta C. Gia st ring

(m1 +2) [ n va Ayt |F (X, Y, Z). Khi do
(X - Y) Al,mlJrl‘ (X - Y) F (X7 Y) Z)

va

(Xm1+2 . Ym1—|—2) | (Xn . Yn) .
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Giad st & la mot nghiem nguyén thuy cia X™ 72 =1 trong K. Néu
(Xt — ymit) (X" —Y™) thi (€,1) clng la nghiem cha X" — Y™ va
do d6 1 = ¢", diéu nay khong thé xay ra khi (m; + 2) [ n. Néu (my + 2) |n,
thi ta can gia thiét rang A, +1 khong 1a nhan tit cia F(X, Y, 7).

Véi trusng hop (iii), ta c6 [ = 1 va g = my = m — 1. Khi d6 my chia
hét cho p va ta c6 thé viét m; = p* v6i a,b > 1. Néu ged(n, m) = 1 thi

pll

W, 2)(X =Y (X = am2) ™ o (Y —aa2) )
Z(X —anZ)™

W =

chinh quy va khong tam thuong trén bat ky thanh phan nao ciia duong
cong C néu C khong c6 cac thanh phan tuyén tinh.

Néu 1 < ged(n, m) = d <m, thi ta c6 the viét m = mod v6i mg > 2
vid>2 Khidém—d—2=(mg—1)d—2> 0. Ta dat

o (W)X YN
T\ Zx a2 o

Vi py = my nén

(X—ole)ml — (Y—Oé1Z)m1
A, = *2
by = [ X—V
L, (X—Cklz)m1+1_(y—041Z)ml+1
X-Y ’

xac dinh mot dudsng cong bat kha quy c6 giéng 0. Tuong tir, w chi c6 the
c6 mot cue diem tai p;. Vi my chia hét cho p nén bac ciia s6 hang xuat

m1+1

hién sau (X — aq) trong (2.5) it nhat 14 m; + p. Luu ¥ réng s6 hang

nhu vay phai ton tai vi p [ m va p|n. Theo Bo dé 2.2.8 (i), ta c6
ordy, o A1m, > (m1 +p)ordy, , (X —anZ),
do do

ordy, ,w >[(m1 —d—1) (my 4+ p) —my (m1 —d)] ordy, , (X — a1 2)
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=[d(pmy —mo —p) —2p+ 1] ordy, », (X — o Z). (2.18)

Néu p =2 thi vi p [ m; + 1 nén ta c6 mg > 3 va d > 3. Do do, theo
(2.18) ta c6, ordy, ,w khong am. Néu my > 3 va p > 3 thi theo (2.18)
ta co, ordy, ,w > 2(2p —3) — 2p+ 1 = 2p — 5, la s6 duong. Ta can kiém
tra truong hop mo = 2 va p > 3. Vi p|m — 1 nén néu my = 2 va p > 5 thi
d > 3, va tir (2.18) ta suy ra ordy, ,w 1a duong. Tuong tu, néu my = 2 va
p = 3, thi d chi ¢6 thé 1a 2 hodc 16n hon 5. V6i d > 5 thi ordy, ,w khong
am. Ta kiém tra truong hop mg = 2, p = 3 va d = 2. Trong trudng hop

nay, ching ta co

W(Y, Z)(X? - Y?)
Z(X —anZ)®
Khai trién ctia F(X, Y, Z) tai p; = (a1, aq,1) dude xac dinh bdi
(X —Y)* 4+« 23: (X — o Z2)* (Y — a1Z)'+ s6 hang bac cao hon,
do do -
20rdy, » (X —=Y) =3o0rdy, », (X —an2).

Diéu nay c6 nghia la ordy, , (X — a1 Z) > 2 va

ordy, yw >ordy, o, (X +Y)+ordy, , (X =Y)—=2o0rdy, , (X —oyZ) —1

1
25 ordy, , (X —a1Z)—12>0.

Vi vay tinh chinh quy cia w duge thiét lap trong moi truong hgp. Do
duong cong xac dinh béi phuong trinh A, ,,,, = 0 1a mot dudong cong bat
kha quy c6 giéng 0 nén w 13 khong tam thuong trén bat ky thanh phan
nao cia C véi dieu kien Ay ,,, khong 1a nhan t cia F(X, Y, Z). Hon
nita véi m = my + 1 va Ay, = A1 -1, thi Ay ,,—1 khong la nhan t cta
F(X, Y, Z) néum | n.

D61 véi truong hop (iii.b), ta ¢c6 m|n va uy =my =m — 1. Gia si

rang p > 5 va my +u (> my +2) 1a bac cia s6 hang triét tieu ké tiép
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(X — a1)™ trong khai trién ctia P(X) trong (2.5). Vi p|m; va p > 5 nén

ta c6 plu, my > 5 va u > 5. Khi do

wW(,z) \™"™ ) (my—1)—
— ) A (X =Y m1z(u 2)(m1—1)—2
w (Z(X—Oé1Z)m1> ( L 1( ))

chinh quy tai p; do cac bat déng thic

(u—2)(m —1)—22>0,
ordy, yA1m, > (M1 +u—1)ordy, , (X —a1Z),
ordy, , (X =Y) > ordy, , (X —aZ).

Tai céc diém & vo cuc q5,7=20,1, ..., m—1, taco

ordg, pw > ((u—2)(my — 1) —2)ordy, , Z
+my ordg, o (Arm (X —Y)) —my —u

>(u—2)my —u—u=(u—2)(m —2)—4>0,

khiu > 5 vam; > 5. Vi dudng cong xac dinh bdi phuong trinh A, ,,, =0
14 mot duong cong bat kha quy c6 gidng 0 nén w 1a chinh quy va khong
tam thuong trén bat ky thanh phan nao ctia C chi khi Ay ,,,, khong phai
la nhan ti cua F(X, Y, Z).

Véi truong hop (iv.a), tac6 I =1, uyy = my + 1 =m va u = 2, trong
d6 my +u (> my +2) l1a bac cta s6 hang khong bi triét tieu theo sau

(X — ;)™ trong khai trién ctia P(X) trong (2.5). Tuong ty, trong trudng

hop nay
A |- i Z)" (Y — aqz)™ !
et X-Y
. (X —a Z)" 7 — (Y —ay 2)™*?
X-Y ’

cling xac dinh duong cong bat khd quy c6 giong 0. Néu n = m; + 2
thi F(X,Y,Z) =A1m,+1- Do d6 dudng cong C la bat kha quy va ¢6
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giong 0. Néu n > m + 3 thi ton tai s6 hang khong bi triét tieu theo sau
(X — a1)™*2 trong khai trién ctia P(X) trong (2.5) véi bac v > my + 2.

Viplmi; + 2 vaplvnén v >my +2+p va

theo Bo dé 2.2.8 (i). Dé y rang diéu kien p|m; + 2 kéo theo m; > p — 2, do
domy >3vam;—2>p—4>1néup > 5. Tudotaco (m; —2)(p—2) > 6
néu p > 5 va (p,my) # (5,3). Lay

W(Y. Z m1+l
W= s )m APi2
(X — qu) ! T

Khi do
Opo1,<pw > [(ml +1 —I—p)(m1 — 2) — ml(ml + 1)] OT’dpMp (X — alz)

=[(m1—2)(p —2) —6]ordy, , (X — 1 Z)

1a khong am néu p > 5 va (p,my) # (5,3). Do d6, w 1a chinh quy va khong
tam thudong trén bat ky thanh phan ctia C néu Aj ,,, 11 khong la nhan ti

ciia C. D61 v6i trudng hop con lai, tic 1a, (p,my) = (5,3), ta co

xac dinh t6t trong P? va chi c6 thé c6 cac cuc diem tai p; va g;. Goi g 1a

mot trong cac diém q;. Theo Bo dé 2.2.8 (i), ta c6
SlordgeZ + ordy, (X = a12)' = (¥ = a12)*),

va do d6 ord,Z + ordy,, ((X — a2 = (Y — ()41Z)4> > 5. Vi vay, w la
chinh quy tai cac diém & vo cyc. Tai py, tit sy khai trién ctia F(X, Y, Z)

trong (2.7), ta ¢6
Ordp, o <(X —aZ) = (Y - a12)4> > 5ordy, , (X — a17)
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va ordy, , (A14(X —Y)) > 100rdy, , (X — a1Z), do d6 w cling chinh quy
tal pi.

D61 véi truong hop (iv.b), taco I =1, yy=mi+1=m va u > 3.
Chiing ta luu ¥ rang trong truong hop nay p|lm; + u va ching ta can loai
trit cac truong hgp sau day: my; =2 va p = 2; (u,my) = (3,2), p = 5; va
(u,my) = (3,3), p = 3. Hai diéu kien dau va p|m; + u kéo theo u > 5 néu
my = 2. Lay

VV(Y Z) m1+u B o
— ’ A - X _YVY le(u 2)(m1—1)—2

trong d6 Ay, (X —Y) = (X —ay Z)™* — (Y — ay Z)™ T T gid thiét
ta c6 my; >3 hodicmy =2vau>5,dod6 (u—2)(m —1)—2>0. Vi

va ordy, », (X —Y) > ordy, », (X — a1 Z) nén w la chinh quy tai p;. Goi q

la mot trong cac cuc diem & vo cuc. Thé thi

ordg,w > ((u—2)my —u) ordy,Z +myordg, (A1 (X —=Y)) —m; —u
>(u—2)my —u—u=(u—2)(m; —2)—4, (2.19)

I3 khong am, trit khi m1=2 hotic (u, m1)=(3,3) , (3,4), (3,5), (4,3) , (5, 3).
Vi plu+my va p [ m; + 1 nén (u,m;) khong thé 1a (5, 3) hay (3, 5).
Tuong tu, néu (u, my) = (3, 3) thi p = 3. Trudng hop nay dugc loai trir
béi gid thiét. Ching ta con lai cac truong hop: (u, mi) = (3, 4), (4, 3),
hodc my = 2. Vi p|my + u, hai truong hop dau chi xay ra khi p = 7 va
u > p —2néu my = 2. Hon ntta, vi (mq, p) # (2, 5) nén ta phai c6 p > 7
néu m; = 2. Bat dang thic (2.19) tré thanh

ordg,Z +4ordg, (A1m, (X —=Y)) =7 néu (u, my) = (3,4), (2.20)

ordg,Z +3ordg, (A1, (X —Y)) =7 néu(u, m)=(4,3), (2.21)

(p—6) (ordg,Z — 1)+ 20rdg, (A1, (X —Y)) —6néumy = 2. (2.22)
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Mit khéc, theo Bo dé 2.2.8 (iii) ta c6
Tordgy (A1, (X —=Y)) —bordy,Z néu(u, my) = (3, 4), (2.23)
Tordg, (A1m, (X —=Y)) —4dordy,Z, néu(u, mi)= (4, 3), (2.24)
plordgy (A1, (X —=Y)) —3o0rdy,Z néum; =2. (2.25)
Véi ordg, (Aim, (X =Y )) > 2, taco6 (2.20) la khong am. Néu
ord, (A, (X —Y))=1 thi ordy,Z >3 theo (2.23), do d6 (2.20) I
khong am. Tuong tu, néu ordg, (A1, (X —Y)) > 2 thi (2.21) khong am;
néu ordg , (A m, (X —Y)) = 1thiord,,Z > 2 theo (2.24), do d6 (2.21) 1a
khong am. Néu p> 7 va m; = 2 thi (2.22) 1a khong am. Néu p = 7, thi tu
(2.25) suy ra ordy,Z > 5 néu ordg, (A1, (X —Y)) =1, vaordg,Z >3
néu ordg , (A1m, (X —Y)) = 2. Nhu vay (2.22) khong am. Vi dudng cong
C khong c6 cac nhan tit tuyén tinh, nén w chinh quy va khong tam
thuong trén bat ky thanh phan nao ctia duong cong C. Nhu vay bo dé

duge chiing minh. ]

Bay gio ta xem xét duong cong C. xac dinh bdi phuong trinh
F.(X,Y,Z)=0,c#0,1.
Theo (2.11) ta c6

CW(Y,Z) W(Z X) W(X,Y)
VT TR, T T 9F. T OR
0X Y 0z
14 1-dang hitu ty x4c dinh tot trén 7~ 1(C,) véi . K3\{0} — P? 14 phép

chiéu thong thuong. Ta c6
!
(X.Y, 2) =az" T T (X - ai2)™,
i=1

OF.
0X

l
(X.Y, Z) = —caZ" T (Y - ai2)™.

i=1

OF,
oy

lo = #{(i, )| P () = cP(a;)} .
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Vi P(X) thoa man Gia thiét I nen 0 <y <[ va [y = [ khi va chi khi ton
tai phép hoan vi ¢ cta {1,...,l} sao cho (ai, Qg (i), 1) e C. v6i i=1,...,1,

tic la
Plag) — Plaw) —  P(w)

P(agm) P (o) P (ag)
Dé don gian ky hiéu, tit day vé sau ta luoén ky hiéu ¢ 1a hoan vi cla

{1, ..., 1} sao cho ¢(i) = j néu P (a;) = cP (o).

Gia st p; = (ozi, Qi (i) 1) vap; = (ozj, Qg(j),s 1) 14 cac diém phan biét
trong P%. Goi L;; 1a duong thang di qua p; va P
gy — Ay
Lij = (Y —ay;2) — U (x ;7). (2.26)

Oéi—Oéj

Thé thi L;; ciing bang

(¥ = apy2) - 22— (X — ;7).

ozl'—&j

Ta co

ordy, ,Lij > min {ordy, , (X — o, Z), ordy,, (Y — ayZ)} (2.27)
va

ordy, oL;; > min {ord,, , (X — a;2), ordy, o, (Y — ay;yZ)} (2.28)
2.2.11. B6 dé [5]. Gid si da thic P théa man Gid thiét I va m; dugc
xép theo thi tu khong ting. Néu duong cong C. khong cé nhan ti tuyén
tinh thi moi thanh phan bat khd quy cta duong cong C, déu chia 1-dang
chinh quy khong tam thuong tru cdc truong hop sau day:
(i)l = lyp=3vam =myg=m3=1;
(ii) I=2 vamy =mg =1, g =1,2;
(i5i) =1 va my; = 1.

Ta luu ¥ rang

P(X) = Pla;) = Y bij(X — o).

J=1
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Néu p; = (v, i), 1) € Co, thi ta c6 thé viét

(X, Y, Z) Zb,jzw AL
J=Hi

J=He(0)

Ta ky higu B;,, 1a tong sau day

Bin (XY, 2) wazm X — i Z) —c Em: bo(i 2" (Y — agiyZ).
J=Hi J=He(i)
Néu p|n, thi m =1+ Y\, m; < n, do d6 ton tai sb nguyen u; > m sao
cho b; , # 0 hofic by() ., 7# 0, va bij = by ; = 0 v6i m < j < u;. N6i cach
khac, u; 1a bac theo X va Y clia cac s6 hang khong bi triet tiéu trong
(2.29) theo sau B; . Khi d6 tai p;, ta ¢
ordy, ,Bim > u; min {ordpi,w (X — i Z),ordy, » (Y — oz(b(i)Z)} : (2.30)
va tai q; = (2;,1,0) sao cho 2" = ¢ va 2! = ¢, ta ¢
plordy, o Bim —m ordg, , 2. (2.31)
Ching minh Dinh ly 2.2.5.
Trude hét ta xem xét cac trong cic truong hgp sau day:
(i) 1 > 4; 1 =2,3 va max{m;} > 2; hoiic [ =1 va my > 2;
(ii) I = 3, my = mg = mg = 1 vd By 4 khong la nhan tii cta F. (X, Y, Z)
néu lo=1=3,3|n—1, 4jn, va B14 = Boy = Bsy;
(ili) I =2, my = mg = 1,y = 1 va B; 3 khong la nhan tii cta F,. (X, Y, Z)
néu 3|n va (oy, age), 1) € C;
(iv) I =2, mi=mo=1,ly = 2, B13 = By3,va B13/ (X + Y —(a1 + a2)Z)
khong 1a nhan tt ctia F, (X, Y, Z) néu n 1a s6 1é va 3|n.
Ta sé ching minh riang néu duong cong C, khong c6 cac thanh phan
tuyén tinh thi moéi thanh phan ctia C, chita tich cac 1-dang khong tam

thuong trong nhitng trucng hgp nay.
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Luu ¥ rdng véi truong hop (ii), ta dat
Pi(X) = Py (X) = (Po(an) = ePo(agn)) / (1 =€),

trong d6 P (X) =" ,a; X" va Py (X) =31 ,a;X". Khi d6 téng B4
13 da thic thudn nhit ctia P, (X) — P, (Y) va By 4 = By = B34 tuong
duong véi cac dieu kien P () = P (oz¢(i)) véii=1,2,3.

Tit Bo dé 2.2.11 ta c6 duge (i) va (ii) trong truong hop Iy < 3. Ta
can xem xét truong hop (i) véi Iy = 3, truong hop (iii) va truong hop

(iv). Ta c6

l
OF, ,
X, Y, Z) =manz" " ] (X — a:2)™
3% (X ¥, 2) =manz [ (X i)™
l
aFc n—m m;
o (XY, Z) == meanZ H Y — o, 2)™,
aFC n—m-—1 m m
57 (X, Y, Z)=(n—m)a,Z (X" =YY"+ ZGp-1),
trong d6 G,,—; 1a da thitc thuan nhat bac m — 1. T d6 ta nhan dugc
W (Y, Z) _ W (Z,X)
Z Hi‘:l (X —a;Z)™ —cZ H§:1 Y —a;Z)™
_ W(X,Y)

— (XM — Y™+ ZGy 1)
Ta ky hiéu 1-dang nay la 0. Trén dudsng cong C. ta c6 mot diem tai vo
cuc q; = (2;,1,0) 1a mot cyc diém ctia @ chi khi 21" = ¢ va 2! = c.
Trude hét ta xét truong hop [ = lp =3 va m; = mg =mg = 1. Ta ¢
m= 4 va p # 2, 3 trong truong hop nay. Chung ta luu ¥ rang néu p = 3
va lp = | = 3 thi ¢ = 1, diéu nay khong thé xay ra. Hon nita, hang s6 ¢ 1a
mot nghiém ctia phuong trinh w? + w + 1 = 0 va cac cuc diém c6 thé co
cua 6 la p; = (ozi,o%(i), 1), i=1,23vaq; = (xj,1,0) théa man :1:;* =w

va j = w . Cac nghiém cua X4 =wla w, —w,wé, —wé, trong dé ¢ 1a

nghiém nguyén thiy ctia X* = 1. Néu 3 [ n — 1 thi khong c6 nghiém nao
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trong s6 cac nghiém nay cé theé la nghiem ciia X" = w, diéu nay c6 nghia
Ia 6 khong c6 cie diém tai vo cuc; néu 3|n — 1 va 2 [ n, tidc 1a ged(n, m)
=1, thi (w, 1, 0) 1 cyc diém clia 0 tai vo cyc; néu 3jn — 1, 2|n va 4 [ n
thi (w, 1, 0) va (-w, 1, 0) 14 hai cyc diém ciia 6 tai vo cic; néu 3|n — 1 va
4|n, thi 0 c6 bén cyc diém tai vo cye. Déi véi hai trudng hop dau tien,
tiic 1a 3 [ n — 1 hodic 3|n — 1 v 2 [ n, chiing ta c6 thé lay

W(K Z)L12L3O
Z(X — 041Z)(X — OégZ)(X — QgZ)’

w =

trong dé Lso 1a dudng thang di qua (ag, Qg (3), 1) va (w, 1, 0). Tuong tu,
ta c6 w chinh quy va khong tam thuong trén mdi thanh phan ctia C. néu
C. khong c6 nhan tit tuyén tinh. D6i v6i hai truong hop con lai, tic 13,
3|ln — 1, va 2|n, ta c¢6

W(Y, Z)L1y
<Z(X — qu)(X — OQZ)(X — Oé3Z)

W =

p
) B3,4Zp_47

la chinh quy tai p; va ps. Vi mg = myiz) = 1 nén ta co
ordy, (X — a3) = ordy, (Y = ays)) -

Do do, tit bat dang thiic (2.30) va u; > p suy ra w 1a chinh quy tai ps.
Tai diem q = (w, 1, 0), ta c6
dgow > ordy ,Bs s+ (p — 4) ordy .2 — p. (2.32)

Theo (2.31) ta ¢6 ordy,Bss — 4ordy,Z chia hét cho p. Hon niia,

ordy Bz i+ (p —4) ordg ,Z 16n hon khong vi p > 5. Do do,
ordg ,Bs a+(p — 4) ordg ,Z

16n hon p va diéu nay c6 nghia 1a sé nguyén trong (2.32) khong am. Vi
vay w chinh quy trén C.. Dé kiém tra w khéng tam thudng trén mbi
thanh phan ctia C,, ta phan tich 6 hon vé tong B;4, i = 1,2,3. Ta viét
P(X)=PF(X)+Q(X), trong do

P(X) = ZFO a; X’
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va

Khi d6
P(X)—P(a) =P (X)—Py(v) +Q(X) —Q () .

Tong B; 4 1a da thiic thudn nhét ctia Py (X)— Py (o) —c (P (V) =Py (o))
vi p > 5 va bac clia mdi s6 hang trong Q(X) chia hét cho p. Mat khac,
dat

B(xX) = By (x) — Lol 1—_0120(0%(@'));

thi

~

P (X) —cP(Y) = Py(X) — Py (o) — ¢ (Po(Y) — Po(egy))

vata co B; 4 ciing la da thic thuan nhat cia P, (X)—CISZ' (V). VidegP, = 4
va p # 2, nén ta c6 mdi diém trong s6 bén diém tai vo cyce clia dudng cong
xac dinh béi B; 4 = 0 ¢6 boi la mot va cac diem k¥ di ciing vay. Tai cac
diém hitu han, ta c6 cac diém ky di c6 thé cé ctia dudng cong xéc dinh béi
Biy=01a (a, ag), 1), 5 = 1,2, 3, véi s6 boi 2 vi P/(X)=P'(X). Ro
rang, p; = (i, g, 1) € B;a. Néu ton tai mot j # i sao cho (a;, ay(y), 1)
khong thuoc duong cong xac dinh bdi B; 4 = 0 thi dudng cong xéc dinh
béi B;4 = 0 bat kha quy va ¢6 gidng nhd nhat bang 1. Trong truong hgp
nay, ton tai 1-dang chinh quy khong tam thuong trén duong cong xac dinh
b6i B;4 = 0 va w khong tam thuong trén moi thanh phan ctia dudng cong
C. khac duong cong xac dinh bdi B; 4 = 0. Bay gio ching ta xét truong
hop p; € B4 v6i moi j # ¢. Khi do P, (o) = P, (o)), tuong duong
voi Py (o) — cPolagy) = Po (i) — cPo(agiy)- V1 By la da thite thuan
nhat cia Py (X) — Py (o) — ¢ (P (Y) — Py (o)) ), nén Bja = B;4. Do
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do, trong truong hop nay chung ta c6 By 4 = Ba4 = Bs4 va duong cong
xac dinh béi B; 4 = 0 c¢6 ba diem ky di v6i s6 boi 2. Néu duong cong xac
dinh bdi B;4 = 0 la kha quy thi theo dinh ly Bezout ta c6 dudng cong
nay chita mot dudng thang v mot dudng cong tron bat kha quy cé giéng
1; néu duong cong xac dinh bdi B; 4 = 0 1a bat kha quy thi duong cong
nay c6 giong 0. V6i truong hop thit nhat thi duong cong C. khong ¢
nhan t tuyén tinh va mot thanh phan c6 giéng 1 chita mot dang chinh
quy khong tam thudng. Do d6, ta chi can gid thiét rang B;4 khong 1a
nhan tt ctia F. (X, Y, Z) néu By 4 = Byy = Bs4. Tuy nhién, néu B; 4 1a
mot nhan ti clia F, (X, Y, Z) thi ta ¢6 (X* — wY™?) | (X" — wY") bang
cach tinh By va F.(X,Y, Z) tai Z = 0. Vi w® =1 va 3|n — 1 nén ta
c6 w" = 1. Vi vay <X4 — (wY)4> | (X" — (wY)") khong thé x4y ra néu
4 [ n.

Déi v6i truong hop (iii), ching ta c6 thé gia st rang p1=(ay, as, 1) € C.
va (ag, a1, 1) ¢ C.. Khi d6 cac cic diém c6 thé c6 ctia @ 1ap; vag = (z,1,0)

3=cva 2" =c. Gia st rang & = ¢ thé thi X% =c c6 ba

théa man x
nghiem &, wé va w?¢, trong d6 w? +w + 1 = 0. Do d6, néu 3 [ n thi # c6
nhiéu nhat mot cuc diém tai vo cuc. Trong truong hop nay, ta lay

W(Y, Z) L1y
Z(X — o Z)(X —anZ)

w =

trong d6 Ly 1a dudng thang di qua p; va qo. Néu 3|n, thi ta lay

- <Z<X B azz>> Bz

Thé thi w chinh quy trén dudng cong C. va Bj 3 xac dinh mot dudng cong
bat kh& quy c6 giong 0. Do d6 ta can gia thiét rang B; 3 khong la nhan
ti cua F, (X, Y, 7).

D61 véi truong hop (iv), Il =lp =2 vam; =mg = 1 suy rap # 2, 3;

N - 7 - 2 . ~ 2 N S
c=—1va 0 c6 cac cuc diem tai vo cuc, chiang han la (z, 1, 0), chi néu
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23 = —1vaaz" = —1. Ta c6 6 khong co6 cuc diem vo cuc néu n chdn. Néu

n 1é va 3 [ n thi (-1, 1, 0) 1a cyc diém ctia 6 & vo cyc. Trong truong hop

nay, ta lay
W(Y7 Z)LIQ
Z(X — &1Z>(X — OéQZ)

Vi duong thang L;» xac dinh béi phuong trinh X +Y — (a; + a9)Z =0

w =

di qua cac diém p; = (ay, s, 1), pa = (aa, a1, 1) va (1, -1, 0) nén w chinh
quy tai cac diém nay. Néu n 1& va 3|n thi B3 = Bs3. Dé don gian, ta
viét

P X)=(X—a) (X —a2)Q(X).
Khi dé

P(X)—=P(a) = (al;az(X—a1)2+%(X—a1)3+---> R(X),

trong d6 () va R la cac da thitc. T do ta suy ra

Biy= 2 5 @ [(X —mZ)? (Y - ong)z] Z
1 3 3

—f—g (X—OQZ) +(Y—O@Z) s

Boy = 22 o “ [(X —aZ)— (Y — alzﬂ 7z

Ta ¢c6 X +Y — (a1 + ag) Z 1a nhan it tuyén tinh clia By 3 va Bas; hon
nita, Biz = B3 va B13/ (X +Y — (a1 + ag) Z) 1a bat khd quy va xac
dinh mot duong cong c6 giong 0. Do d6

W(, Z)
(Z(X — CYlZ)(X — OQZ)

W =

p
) By 3203

chinh quy trén duong cong C, va khong tam thuong trén mdi thanh phan
clia duong cong C. néu By3/ (X +Y — (ag + o) Z) khong la nhan ti
cia F. (X, Y, 7).
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Két hop véi Bo deé 2.2.10 ta c6 Dinh 1y 2.2.5 hoan toan dudc ching
minh. O
2.2.12. Nhan xét. Néu chiung ta gid thiét réng p > 7 vA my > 2 khi
[ = 1, thi cac diéu kién trong Dinh 1y 2.2.5 1& diéu kién can va du.

Goi A*(K) 1 tap cac ham nguyén khac hing. Ta luu § rang mot da
thitc 1a da thic duy nhat manh cho ho ham A*(K) néu va chi néu tap
cac khong diém ctia n6 13 tap xac dinh duy nhat cho ho ham A*(K). Goi
S 1a tap cac khong diém ctia P(X). Gid st rang by ,r va by, trong khai
trién ctia P (X) — P (o) déu khac khong. Ta xem xét da thiic hai bién
c6 bac p" —1

Fri(X,Y) =Ap1 (X, Y, 1)

r

(X — )" - (v )

"—1
by (X — Y)Y " by Ty

V6i moi s; trong S, dat ¢j4,...,¢;,-—1 1a p" — 1 nghiém theo ¢ ctia phuong
trinh Fpr—l (t, Sj) = 0. Khi do6

T]:prfl (S) = {tl’l,..., tLpr_l’ t2717“.7 tn,pr—l} .

2.2.13. Dinh nghia. Ta noéi rang tap S dugc bao toan bang phép bién

ddi Frobenius JF,r_1 néu
Trp (S) =" =15
2.2.14. Hé qua. Gid st da thic P(X) théa man Gid thiét I va p|n. Goi
S la tap cdc khong diém cia P(X).
(I) Trong cdc truong hop (A) va (B) sau day, S la tap xdc dinh duy
nhat cho ho ham A*(K) khi va chi khi S la tap cing afin:

A)
(B) I =1, va
(1
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)
(a) (my + 1) | n, hodc
(b) (m1+1)|nvap =5,
(3) pp=m1+12>3, va
(a) bimy+2 =0vap>17, hodc
(b) b1m,+2 # 0, my + 2 khong phdi la mot lay thia cia p va
p=5.
(Il) Khi l=1, py =m1+1>3,p>T7, b1 #0vam; +2=p" vdi
r> 1,8 la mot tap xdc dinh duy nhat cho ho ham A*(K) khi va chi
khi S la tap cing afin va S khong dugc bao toan bdi phép bién doi
Frobenius Fyr_1(X, Y).

Chaing minh. Ta luu ¥ rang néu S khong 1 tap cing afin thi P(X) khong
la da thic duy nhat manh cho ho ham A*(K). T day vé sau ta luon
gia thiét rang S la tap cing afin. Khi [ >3 ta ¢6 P(X) la da thic
duy nhat manh cho ho B*(K) trit khi | =1y =3, m; = my =mgz =1,
3|n — 1, 4|n, By4 = Byy = B34 va By 4 la mot nhan t cia F. (X, Y, Z).
Trong truong hgp nay ta da ching minh rang duong cong xac dinh béi
phuong trinh B; 4 = 0 1a bat kh& quy va ¢6 gidng 0. Tt phép chiing minh
Dinh 1y 2.2.5 ta thay rang trén cac thanh phan ctia duong cong C. khac
v6i duong cong xac dinh bdi phuong trinh B; 4 = 0 thi tich cac 1-dang
ma ching ta da xay dung la chinh quy vd khong tam thuong. Vi vay,
nhitng thanh phan dé phai cé giong duong. Mit khac, ching ta da ching
minh duge By 4 (X, Y, 1) ¢6 thé dugc viét dusi dang 2 (X) — cP, (Y) véi
degﬁ (X)=4. Vip#2, p/4nen Py 1a da thitc duy nhat manh cho ho
ham A*(K) khi va chi khi P, (X)—cP; (Y) va (”Pvl (X)- P, (Y)) /(X —Y)
khong c6 nhan ti tuyén tinh. Vi vay, By (X, Y, 1) = 0 khong thé chita
nghiém 1a cap ham nguyén khac hang. Do d6, P(X) la da thitc duy nhat
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manh cho ho ham A*(K) néu [ > 3. Lap luan tuong tu cho cac truong
hop (LLA), (I.B.1) va (I.B.2) vi céc da thic A; ,,, (X, Y, 1) (trong Dinh Iy
2.2.5 (I.B.2.b.i) va (I1.C.2)) va By 3 (X, Y, 1) (trong Dinh 1y 2.2.5 (I1.C))
khong chita bat ky nghiém nao 1& cap ham nguyén khéic hing.

Bay gio ta xem xét truong hgp [ =1 va uy =mq + 1. Ta co
P(X) = P(a1) = by mys1(X — a1)™ 4+ by o (X — ag)™F2 4 -0

Néu by, 42 = 0 thi tit Dinh 1y 2.2.5 (I1.C.3.b) suy ra P(X) cing la da
thic duy nhat manh cho ho ham A*(K) véi dicu kien mq; > 2 va p > 7.
Do d6 ta ¢6 duge (I1.B.3.a). Néu by, 10 # 0, ta dat

Py (X) = by 1(X — )™ 4 by, 2(X — ag) ™2

Thé thi Py (X) la da thitc duy nhat manh cho ho ham A*(K) khi va chi
khi m; +2=1p"s, p[s, s > 2. Trong trudng hgp nay ta cing luu ¥ rang

Py (X)— R (Y)
X-Y

Do d6, A1 m,+1 (X, Y, 1) = 0 khong c6 nghiém trong A*(K) x A*(K)

= Al,m1+1 (X7 Ya 1) .

néu my + 2 khong 1a mot liy thira ctia p. Vi vay P(X) la da thic duy
nhat manh cho ho ham A*(K) trong truong hop (I.B.3.b) theo Dinh 1y
2.2.5 (L.C.3.2).

Bay gis chiing ta ching minh (II). Ta dat m; + 2 = p” v6i r la mot
s6 nguyén duong. T Dinh ly 2.2.5 (I1.C.3.a) va lap luan nhu trén ta c6
P(X) khong la da thitc duy nhat manh cho ho ham A*(K) khi va chi khi
F(X, Y, Z) chia hét cho Aj,,,+1 = A1 1. Dieu kién nay tuong duong
véi P (X) — P(Y) chia hét cho

r

(X —a)! ' = (Y —ay)” !
X -Y

Ap 1 (X, Y, 1) =by g + b (X —Y)P
:Fpr_l(X, Y) .
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Néu P (X) — P (Y) chia hét cho Fyr_y(X, Y) thi (p — 1) S = T, , (S).
Mt khac, néu (p" — 1) S = Tx, , (S) thi cac diém {(t;;, s;, 1) |1 <i < n,
1 <j< p'—1} la phan giao ciia hai duong cong duge xac dinh béi
P(X)—P(Y)va Fy_1(X, Y) va tong céc s6 boi giao 1a n (p” — 1). Hon
nita, cac dudng cong nay c6 mot giao diém (1, 1, 0) 6 vo cite, suy ra chiing
phéi ¢6 mot thanh phan chung theo dinh ly Bezout. Vi A; ,,,, 1 (X,Y, Z)
1a bat kha quy nén F,r—1(X, Y) la mot nhan ti ctia P (X) — P(Y). O
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KET LUAN
Trén co sé tham khao cac tai liéu, trong luan van nay ching toi da
tap trung tim hiéu va trinh bay nhitng noi dung sau day:

1. Da tap trong khong gian afin va khong gian xa anh, duong cong
trong mit phang afin, trusng dinh chuan.

2. Phuong phap xay dung 1-dang chinh quy kiéu Wronski trén mot
duong cong dai so.

3. Mot s6 diéu kien di dé mot da thic mot bién trén truong K 1a da
thitc duy nhat cho ho cdc ham phan hinh khac hang tréen K trong

truong hop dic s6 ctia truong K chia hét bac ctia da thiic.
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