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LOI NOI DAU

Diéu kién c6 nghiém ctia phuong trinh, hé phuong trinh va hé bat phuong
dai s6 13 mot trong nhitng van dé quan trong trong Dai s6, dic biét ching c6
nhiéu ing dung trong cac bai toan thuc té. Cho dén nay phan lén cac két qua
dat dugc 1a cho truong hop phuong trinh da thic bac k mot bién s6. Tinh
hinh tré nén phiic tap hon néu chiing ta xem xét van dé ndy véi hé phuong
trinh, hée bat phuong trinh da thitc nhidu bién. Do d6 trong khuén kho luan
van ndy ching toi nghién citu vé van dé ton tai nghiém ctia mot s6 hé phuong
trinh, bat phuong trinh bac hai nhiéu bién.

Trén co sG bai bao [6] va céc tai lieu tham khao [8, (111, [7], ching toi lya
chon dé tai: "Diéu kién ton tai nghiém ctia mot sé6 hé phuong trinh,
bat phuong trinh bac hai". Cu thé ching t6i tap trung vao tim hiéu céc

hé c6 dang sau

(B,) 2T Ax +2a"x +ag < 0 (B,) 2T Ax +2a"x +ag < 0
1) ) 2) - J
2T Bx 4+ 2b7z + by < 0 2T Bx +2bTx + by =0

trong d6 A, B 13 cac ma tran doéi xing cap n, a,b 1a cac véc to trong R,
ag, by 1& cac s6 thuc.
Noi dung luan van dugc chia ra thanh hai chuong;:
Chuong 1. Kién thic chuan bi
Chuong nay nham muc dich trinh bay mot s6 kién thitc lién quan dén noi

dung Chuong 2, chu yéu ching t6i tham khéao trong cac tai lieu [1], 2, 6, 3].
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Chuong 2. Diéu kién ton tai nghiém ctia mot sé6 hé phuong trinh,
bat phuong trinh bac hai
Chuong nay trinh bay mot cich c6 hé théng hudng tiép can bai todn bang

viéc st dung tinh chat ctia tap anh ctia &nh xa bac hai dang
F(z) = (2" Az + o’z + ag, 2" Bz + b"x + by).

Qua d6 tng dung vao bai toan tim diéu kién can va du dé cac hé By va B,

vO nghiém.

Luan van nay dugc thyc hién dudi sy hudéng dan ctia TS. Nguyén Hitu
Quang, nhan dip ndy tac gid xin guii 10i cdm on dén thay gido huéng dan.
Téc giad cing dudc xin gii 161 cAm on dén cac nha gido, nha khoa hoc thuoc
Chuyén nganh Dai s6 vd Ly thuyét s6, Khoa Toan hoc, Truong Su pham -
Trudng Dai hoc Vinh da nhiét tinh gidng day va tao moi diéu kién thuan loi
cho chung t6i hoan thanh chuong trinh hoc tap va nghién cttu.

Xin gui 16i cAm on t6i Ban giam hiéu Truosng THPT Chuyén Lé Quy Don
da tao diéu kién vé thoi gian, tinh than va vat chat cho ching toéi dé hoan
thanh nhiém vu hoc tap sau dai hoc.

Mic du tac gid da hét stc ¢d ging trinh bay mot cach chi tiét nhing noi
dung chuyén sau mot cach chit ché, nhung vé6i kién thic va thoi gian ¢6 han
nén ludn vin nay khong tranh khéi nhing sai s6t. Tac gid rat mong nhan
ducc sy gbp ¥, chi bdo clia cic thay co gido va cua cac ban hoc vién 16p sau

dai hoc nganh toan dé ching t6i thu dugc mot ban luan van hoan thién hon.

Nghé An, thing 6 nam 2022

Tac gia



Chuong 1
Kién thitc chuan bi

1.1 Cac ky hiéu va tinh chat co ban

Cho truéc mot tap K C R", Bao déng cua K ky hiéu la K; Phan trong cua
K ky hiéu 1a IntK; Phan trong tuong déi cia K ky hiéu 13 riK; Bién cla
K ky hiéu la bdK’; Phan bu ctia K ky hiéu 1a C(K). Ky hiéu (-, -) 1a tich vo
huéng trong R”, titc {(a,b) = a'b véi moi a,b € R". Ky hieu K+ 13 khong
gian con bii tryc giao v6i K, nghia la K+ = {u € R": (u,v) =0 Vv € K};
trong truong hop K = {u}, ta ky hieu K+ don gian bdi u’.

Cho truéc ma tran A ¢ m x n, AT 13 ky hiéu ctia ma tran chuyén vi ctia
A. Tap tat cdc ma tran doi xing cap n dugc ky hieu bdi S™.

Ta n6i rang hai ma tran A, B trong 8™ c6 tinh chat chéo héa duge dong
thot, ky hiéu SD (Simultaneous Diagonalization), néu ton tai ma tran khong
suy bién C sao cho c hai C'TAC va C'TBC déu c6 dang duong chéo.

Mot ma tran ddi xting A 1a xac dinh duong, tic (Ax,z) > 0 v6i moi
r € R" z # 0 (ntta xac dinh duong, tic (Az,z) > 0 v6i moi x € R") dugc
ky hiéu béi A > 0 (tuong tng A = 0). Tap tat cd cdc ma tran xac dinh



duong, nita xac dinh duong dugce ky hiéu lan lugt 1a ST, va S7.
Ta c6 cac két qua co ban vé ma tran xac dinh duong vd ntta xac dinh

duong nhu sau.

Dinh 1i 1.1.1. Cdc ménh dé sau la twong duong:

(1) Ma tran doi zing A la nia zdc dinh duong;

(2) Moi gid tri riéng cua A la khong am;

(8) Ton tai ma tran B sao cho A = BTB.
Dinh 1i 1.1.2. Cdc ménh dé sau la twong duong:

(1) Ma tran doi zing A la zdc dinh duong;

(2) Moi gid tri riéng ciua A la duong;

(8) Ton tai ma tran B khong suy bién sao cho A= BTB.
Dinh 1i 1.1.3 (Schur’s complement). Cho A > 0. Khi do

A B

-0 «<— C-BTA'B=o.
BT

Dinh nghia 1.1.4. Cip ma tran A va B dudc goi 13 khong suy bién, ky hiéu
1a (ND), néu

(Au,u) = 0 = (Bu,u) = u =0, (1.1)

1.2 Tap afin
Pinh nghia 1.2.1. Dudng thing di qua hai diém z;, 2z, € R” 1 tap tat ca
cac diém z c6 dang (xem Hinh

r=0x1+ (1 —0)zs (0 € R).
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Tap afin 13 tap chia tat ca cac duong thang di qua hai diém cua tap dé.

Vi du 1.2.2. Tap tat ca cac nghiém ctia hé phuong trinh tuyén tinh Az = b
14 mot tap afin. Ngudgc lai, cho trudce tap afin D, luon ton tai mot hé phuong

trinh tuyén tinh ma né c6 tap nghiém 1a D.

1.3 Tap loi

Dinh nghia 1.3.1. Mot tap A C R” dugce goi 1a 16i néu moi t € [0, 1] va
z,y € A thitx+ (1 —t)y cing thuoc tap A.

Nhan xét 1.3.2. Mot tinh chat co ban nhung kha quan trong dé kiém tra
tinh 16i ctia tap con A C R", (dugc suy ra ngay tit Dinh nghia [1.3.1): tap

A C R" 12 16i néu va chi néu AN H® 13 16i v6i moi siéu phang afin H? C R".

Giao cia mot ho cac tap 10i trong R™ 13 mot tap 16i. Do d6 ton tai mot
tap 16i bé nhat chita tap con bat ky A C R", né 14 giao clia tat ca cac tap loi
chia A.

Dinh nghia 1.3.3. Bao 16i ctia mot tap A C R™ 1a tap 16i bé nhat trong R"
chia A, n6 dugce ky hiéu béi Conv(A).
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Nhan xét 1.3.4. Dinh nghia suy ra rang A 14 16i néu vd chi néu
A = Conv(A). Mic dit nhan xét nay 14 kha hién nhién nhung né kha hitu
dung trong mot sb6 truong hop, né cung cap mot cach dé kiém tra tinh 15i clia
A CR"

Tu dinh nghia ctia Conv(A), ta ¢6

Conv(A) = {Z Nia; ta; € A\ € RT Z)‘i = 1} : (1.2)
i=1 i=1

Tu (1.2) ta dé dang suy ra rang Conv(L(A)) = L(Conv(A)) ding cho véi
moi anh xa tuyén tinh L : R® — R™ va moi A C R".

Bo dé sau néi vé mot s6 tinh chat lién quan dén tap 16i va bao 10i.

Bo dé 1.3.5. Gid st A C R", khi dé
(i) Néu A la tap compact thi Conv(A) cing la tip compact;

(1

i) Néu A la loi thi bao déng cia né cing loi;
i11) Néu A la loi va ¢6 phan trong khdc rong thi phan trong cia A cing

la mot tap loi.

1.4 Non

Dinh nghia 1.4.1. Tap hop K C R" dugc goi 1a nén néu véi moi A € R
va moi x € K, Ax cling thudc tap K.

Nhan xét 1.4.2. Cho truéc tap K bat ky, ta dat cone(K) = 5o tK, dé
thay cone(K) 1a cai nén bé nhat chita K va cone(K) = (JtK. Trong truong
hop K 1a tap mot diém {u}, ta ky hiéu coneK = R,u va Ru = {tu : t € R}.
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Dinh nghia 1.4.3. N6n doi cyc cia K, ky hieu K*, 1a tap dudc xac dinh
nhu sau

Kr={£e€R": ({,a) >0 Vae K}.

Tap 161 K duge goi 1a nhon néu PN (—P) = {0}.

1.5 Anh xa bac hai
Cho truéc mot ham bac hai dang
fz) = (Az,x) + (a,z) + k;
trong d6 A € §",a € R" va k; € R, ta dat
fu(z) = (Az,x), fr(x) = {a,x).
Néu g(z) 1a mot ham bac hai khac
g(x) = (Bx,x) + (b, x) + ko,

trong d6 B € §",b € R" va ky € R, ta dit

Zup = , Fy(u) = : (1.3)

Két qud sau day liéen quan dén tap anh clia 4nh xa thuan nhat bac hai.

Dinh 1i 1.5.1 ([8], Dinh 1y 1). Véi m > 2 thi tap Fy (R") la mét nén loi.
Hon nia, néu (L.1) dat duoc tht hoac Fy (R™) = R? hodc Fir (R™) la déng va

la cdai non nhon.
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Véi f(z),g(z) 1a cac ham bac hai tong quat thi tap F (R") trong d6
F(x) = (f(z),g(x))T c6 thé khong 16i, vi du sau day khang dinh diéu nay.

Vi du 1.5.2. Xem xét f (21, 22) = 1 + 29 — 23 — 5 — 22129, g (71, T2) =

22 + 23+ 27179 — 1, va ta xac dinh tap
M = {(f (z1,22), g (v1,22)) € R*: (21,22) € R*}.

RO rang (070) = (f(07 1)79(07 1)) € M va (_270) = (f(_170)7g(_170)) <
M, nhung (—1,0) = 3(0,0) + 3(—2,0) ¢ F (R?). Ta thiy ngay ring

Fy (R*) =Ry (—1,1),and F (R*) = {(t —*,t* — 1) : t € R}.
Mot vi du khéac, Vi du , trong do
F(R*) ={(0,0} U [R*\(Rx {0})], Fu(R*)=Rx{0}.

Cha y rang F (R?) + R;d van khong 16i, trong d6 —d € bd Fy (R?) =
Fy (R?).

1.6 Ma tran gia nghich dao Moore—Penrose

Dinh nghia 1.6.1. Cho truéc ma tran A ¢ m X n, ma tran giad nghich dao
ciia A, ky hiéu A", 1a ma tran théa man dong thoi bén diéu kién sau day
(P1) AATA = A;
(P2) ATAAT = AT,
(P3) (AAT)T = AAT;
(P4) (ATA)T = AT A.
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Dinh 1i 1.6.2 ([4]). Vdi moi ma tran A, ma tran gid nghich ddo At luén ton
tai va duy nhat va né dudc zdc dinh nhu sau
A* =lim (ATA+621) " AT

6—0

— lim AT (AAT 4+ 6°1)".
0—0

1 00
Viduy 1.6.3. Chomatran A= | 0 1 1 |, dé thiay ring A 12 mot ma tran
111

suy bién, do d6 khong ton tai A~!, nhung ma tran gid nghich dao ctia né la
4 =2 2
1
Af=—| -1 2 1
6
-1 2 1
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Chuong 2

N

Diéu kién c6 nghiém cua

mot sé6 hé phuong trinh

Cho dén nay c6 nhiéu huéng dé tiép can bai toan diéu kién ton tai nghiém

clia cac hé phuong trinh bat phuong trinh bac hai c6 dang sau:

(B1) :

(B2) :

$

.

(

\
(

\

f(z) =2T Az +2a"z + ag < 0

g(x) =x"Bx + 207z + by <0

f(x) = 2T Ax + 2a’x + ag < 0

g(z) =2TBr 4+ 2072 + by =0

trong d6 A, B 1a cidc ma tran doi xing cap n, a,b la cac véc to trong R”,

ag, by 1& cac s6 thuc.

Chiing t6i chon tim hiéu cach tiép can thong qua anh ctia anh xa da thic

bac hai F: R" — R?, F(x) = (f(z), g(x)).
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2.1 Cac két qua lién quan dén SD and ND

Trong phan nay chiing t6i ding cac ky hiéu sau: u = (u,us) € R? dat

uy = (—ug,uy), khi d6 [|u|| = ||ur|| v& (uy,u) = 0.

Ménh dé 2.1.1. Cho trudc u,v € R%. Ta c6 cic khing dinh sau

(@) {o1,u) = — {us,0)

(b) (vi,u) #0 < {u,v} la doc lap tuyén tinh;

(¢) Gid st {u,v} la doc lap tuyén tinh thi

(cl) h = tiu+tov,te > 0 (tuong ung ty > 0) <= (uy,v) (uy, h) > 0 (tuong
ing > 0);

(c2) h = tju+tov,t1 > 0,t5 > 0 <= (uy,v) (ug, h) > 0wva (v, u) (v, h) >
0;

Bo dé sau day rat hitu ich trong viéc nghién ctu anh ctia 4nh xa da thic

bac hai.

Bo dé 2.1.2. Gid su X la mot tap con khdc rong cia R", h # 0 va hy la

maot phan ti cia R? sao cho
F(X)+Rh+Rih C F(R"). (2.3)

Khi dé F (R™) la 161 néu mét trong cdc dieu kién sau dugc théa mdan:
(a) {h1,h} la doc lap tuyén tinh va X = R";
(b) {h1,h} la phu thuéc tuyén tinh va X = R™.

Ching minh. Gid st 0 <t < 1vax,y € R" véi F(z) # F(y). Ta sé ching
minh dang thic sau 13 ding
fi =tF(x)+ (1 —-t)F(y) € F(R").

14



(a): Béi gia thiét (hy,hy) # 0, va do d6, tit (2-3) va Menh d& 2.1.1] ta co,

v6i moi xp € X,
H (zg) ={u: (hi,h) {(hi,u— F(x9)) >0} C F(R"). (2.4)
B6 dé 1a ding néu ta chiing minh dugc:
fe=1tF(z)+ (1 =t)F(y) € H (o),

v6i xy nao do6 trong X.
Ta xét 2 trudng hop dic biét (al) : (hy, hy) (hy, F(y) — F(x)) > 0 (truong

hop "<" duge thyc hién tuong tu). Vi

(hi,hi) (ho, fr — F(x)) >0,

bdi tinh tru mat va lién tuc, ta ¢6 T € X gan x sao cho f; € H(Z), va do d6
fi € F (R") nhan dugc ti (2.4).

(a2) : (hy,h1) (hy,F(y) — F(x)) = 0. Ta xem xét ham s6 q; : R — R? va
q : R — R x4c dinh bdi

@A) = FQAz + (1 =Ny), qA) = (ho, ) (b, i(A) — F(z)) .

R rang ¢ 1a ham bac hai théa man ¢(0) = ¢(1) = 0. Trudc tién ta xem xét

truong hop ¢ = 0. B6i tinh lién tuc, ¢;([0, 1]) 1 tap lién thong ndm trong

duong thang F(z)+Rh di qua F(z) va F(y). Do d6, f; € ¢1([0,1]) C F (R").
Bay gio ta xét trudong hop ¢ # 0. Khi d6 ton tai Ay € R thoa méan

q (A1) <0, nghiala, (hy, hy) (hy, F(Mx+ (1 —=X\)y) — fi) =

(hi,hy) (hy, F(Mx+ (1= X\)y) — F(x)) <0.
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Do d6 bdilay T € X gan Az + (1 — A\y) y, ta c6
(hi,hi){hy, fe — F(z)) >0,

va d6 do, béi (2.4), ta c6 fr € F (R").
(b) : Vi {hy,h} 1a phu thuoc tuyén tinh, nén (2.3 c6 nghia rang véi moi
ry € X,

Hy (wo) = {ueR*: (hi,u—F(x0)) =0} C F(R").

Gia st g(A) = (hy, F(Ax + (1 — A)y) — fi) thi ¢ 1a lién tuc va ¢(0) =
t{hy, F(y) — F(z)),q(1) = (1 = t){hy, F(z) — F(y)). Ta nhan thay rang
ho#ic ¢(0) = 0 = ¢(1) hodc ¢(0)g(1) < 0. Trong truong hgp thit nhat ¢(A) = 0
v6imoi A € R, vado do f; € F (R™). Véi trudng hop thit hai, ta c6 Ag €(0,1)
sao cho g (A\g) = 0, diéu nay dan dén f; € Hy (Aox + (1 — X)) y) € F (R"). O

Ménh dé 2.1.3. Cho cdc khdng dinh sau:
(a) Fu (R?) =R%
(b) A va B c6 tinh chat ND;
(¢) Fr (R?) la déng.

Khi dé ta c6 moi lien hé sau (a) = (b) = (c).

Ching minh. (a) = (b) : Gid stt v € R? théa man Fy(u) = 0. Gid st
ngugc lai u # 0, ldy v € R? sao cho {u, v} 1a phu thudc tuyén tinh, ta c6 véi
a, € R,

Fr(au+ Bv) = o®Fg(u) + B2 Fr(v) + 2082y

Do d6 Fy (R2) C R, Fy(v)+Rz,,, didu nay 1a khong the néu Fy (R2) = R2.
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(b) = (¢) : Gid st Fyy (zx) 1a mot day sao cho Fy (zx) — 2. Néu ||zg]| 1a

bi chin, thi ta ¢6 diéu phai ching minh. Néu ||xj|| khong bi chan, ta luon c6

thé gid st rang ||zx|| — 400 va Hi—’ZH — u. Do d6 ||u|| =1 va
1 ,f[,'k
QFH(ZL’k):FH — —)FH(U):O,
k| [eal
bdi gid thiét, u = 0, diéu ndy mau thuan. O

Vi du sau day chi ra ring (a) = (b) c6 thé khong diing cho khong
gian c¢6 chiéu 16n hon 2. Tuy nhién, v6i n > 3, tit (a) suy ra sy ton tai
u € R" u # 0, sao cho Fy(u) = 0, xem hé qua [[9], p. 401]. Chu y réng (b)
— (c) van con ding cho cac khong gian ¢6 s6 chiéu cao hon 2, xem [9, Dinh

1y 6].

Vi du 2.1.4. Gia st

10 0 00 O
A=100 0 , B=101 0
00 —1 00 —1

Khi d6, Fy (R*) = R?, nhung A vad B khong c6 tinh chat ND.
Két qua sau day cung cAp mot tinh chat cho cip ma tran c6 tinh chat

chéo héa dugc dong thoi (ky hiéu 1a SD), trong khong gian 2 chiéu.

Dinh 1i 2.1.5. Cdc khing dinh sau la tuong duong:
(a) A va B la chéo héa dugc dong thoi;
(b) 3 u,v € R? sao cho Fy (R?) = Rou+ R vy
(¢) Fu (R?) la déng va Fy (R?) # R2.
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Ching minh (a) = (b): Bdi gia thiét, ton tai cac véc to doc 1ap tuyén tinh
z,y € R? sao cho z,, = 0. Do d6, Fiy (R?) = {Fp(az + By) : a, 8 € R}.
Tit phuong trinh Fy(ax + By) = o®Fy(x) + 8°Fu(y) ta c6 diéu phai ching
minh.

(b) = (c): 1a hién nhién.

(¢) = (a): Ta biét rang Fy (R?) 1a mot nén 16i. Trudc hét ta kiém
tra ring F (R?) khong the 1a mot nita khong gian. That vay, gid st ring
Fy (R?) = {y e R*: (p,y) > 0} véi p € R? p # 0. Do d6 ton tai u,v € R?
sao cho Fy(u) = py va Fy(v) = —p,, diéu ndy suy ra rang {u,v} la doc
lap tuyén tinh. Vi Fy(au + fv) = o*Fy(u)+ B2Fy(v) + 2a82,, véi moi
a,f € R, tacé 2a8 (p, zy,) > 0 v6i moi «, f € R. Do d6 (p, z,,) = 0, nén
ta c6 F (R*) = {y € R?: (p,y) = 0}. Do d6, tap hop Fp (R?) thuoc mot
trong cic dang: (i) goc toa do {0}; (ii) mot nita dudng thang; (iii) mot non
nhon, (iv) mot duong thang.

(i): Ta dé dang 1ay dugc hai véc to doc 1ap tuyén tinh u va v. That vay,
vi F(u) = Fg(v) = Fg(u+v) =0, ta ¢ 2z,, = 0.

(ii): Gia st réng Fy (R?) = Ryp, va lay u € R? sao cho Fpy(u) = p, va
chon v € R? sao cho {u,v} 1a doc 1ap tuyén tinh. Véi z,, # 0, ta thuc hién
nhu sau. Vi Fg(u+v) = F(u) + Fg(v) +22,,, ta ¢ 0 = (p1, 2y, sSuy ra
rang z,, = Ap véi A € R. Diéu nay suy ra rang 2, ,-x, = 0 véi {u,v — Au}
14 doc 1ap tuyén tinh, and do d6 tinh chat SD dat dugc.

(iii): Ta c6, véi cdp véc to doc lap tuyén tinh p, ¢ (xem Ménh dé :

Fi (R*) =Rip+Reg={z:(pr,q) ({pr,2) > 0,{qL,p) (q1,2) > 0} (2.5)

v6i tinh chéat (p1,q) = — (q.,p) # 0. Lay u, v trong R? théa man Fy(u) = p,
Fr(v) = ¢. Diéu nay suy ra u va v 13 doc lap tuyén tinh. Tu (2.5)), ta co,

18



(p1,q) (L, Fa(tu+wv)) > 0, v6i moi t € R. Do d6 (py, zu.) = 0. Tuong tu
ta c6 (gL, zuw) = 0. Do d6 z,, = 0, diéu phéi chiing minh.

(iv): Trudng hgp nay tuong tu (i7). LAy u,v € R? sao cho Fy(u) =
p1, Fu(v) = —p,, diéu nay suy ra {u, v} la doc lap tuyén tinh. Do d6 {u,v —
Au} 1a doc lap tuyén tinh véi A nao d6 trong R va z, -\, = 0. O

Vidu sau chira rang trong dinh 1y trén u v v khong nhat thiét phéi doc lap
tuyén tinh; Vi du cho thay ring (a) khong suy ra dugc (b) trong khong
gian ¢6 chiéu 16n hon 2, viR? = Fp (R*) = R, (1,0)+R (0, 1)+R (-1, -1),
1a 16 rang tinh chit SD dat duge cho cip A va B; trong khi d6 Vi du
cho thdy tinh chat déng cta tap Fy (R?) c6 thé khong dat dugdc, suy ra

(¢) = (a) c6 thé sai.

Vi du 2.1.6. Véi

01 1 1
A — 5 B == O7 O —
10 -1 1
—2 0 Ly
Ta c6 CTAC = c6 dang chéo. Dé dang thay rang
0 2

Fy (R?*) =R (1,0) + R (—1,0) =R x {0}.

Vi du 2.1.7. Xét trudng hop

Ta co

Fy (1, 22) = (21 4 22)° (1,0) + (z3 — 23) (0, 1),
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va Fy (R?) = (Ry4 x R) U {(0,0)}, nhung né khong déng va ré rang cap A
va B khong chéo hoa dugc dong thoi.

Dinh 1i 2.1.8. Cdc khing dinh sau la tuong duong:

(a) Tinh chat ND dat duge cho cip A va B;

(b) Ker AN Ker B = {0} va F (R?) la mot tap déng khdc duong thang,
trong do Ker A, Ker A tuong ting la hat nhan cia ma tran A, B.

Ching minh (a) = (b): phan dau cta (b) 13 hién nhién va tinh déng ciia
Fy (RQ) 13 hé qua ctia Ménh dé 2.1.3| Diéu con lai can ching minh Fy (Rg)
14 khac duong thing.

Néu Fy (R*) = R? ta c6 diéu phéi ching minh; do d6 gid st ring
Fy (R?) # R? B6i Dinh ly 2.1.5, ton tai u,v € R? doc lap tuyén tinh,
sao cho z,, = 0. Nghia 1a Fy(au + Bfv) = o*Fg(u) + f2Fg(v) v6i moi
a, B €R.

R6 rang Fy(u) # 0 # Fy(v), va néu Fy(u) = —N2Fy(v) véi A # 0, thi
Fy(u+ Mv) = 0. Do d6 u + Av = 0, diéu nay khong thé dat ducc, do d6
Fy(u) # —X*Fg(v) v6i moi A # 0. Nen Fy (R?) = {a*Fy(u) + 8*Fu(v) :
a, B € R} khong la duong thang.

(b) = (a) : Vi Fy (R?) la doéng, béi Dinh 1y [2.1.5 hodc Fy (R?) = R?
hodc tinh chat SD dat dugc. Truong hop thi nhat, Ménh dé suy ra rang

(a) théa man. Gia st rang tinh chat SD dat dugce cho cap A, B, tic ton tai
u,v € R?, doc lap tuyén tinh, sao cho z,, = 0. Gid st w € R? théa man
Fy(w) = 0, ta khang dinh rang w = 0. B&i cach viét w = A\ju + A véi
N € Ri=1,2 tacoé Fy(w) = M Fy(u) + M\3F5(v). Chiing ta chia ra cic
tinh hudng sau.

Néu Fy(u) = 0 (tuong ing Fpy(v) =0), thi (Au,u) = 0 va (Bu,u) = 0
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(tuong tng (Av,v) va (Bv,v) = 0), n6 kéo theo (Au,v) = 0 va (Bu,v) =0,
cho phép ta suy ra Au = 0 = Bu (tuong ttng Av = 0 = Bv ). N6 cho thay
rang v = 0 (tuong tng v = 0), Diéu nay 13 khong thé.

Bay gio ta xem xét Fy(u) # 0 # Fy(v). Gid st, nguge lai rang \; # 0
v6i i = 1,2. Khi d6, tit Fy(w) = M Fg(u) + \3Fg(v) = 0, ta c6 Fy(u) =
—AFy(v) v6i A > 0. Diéu nay suy raring Fiy (R?) = {a*Fg(u) + 8°Fu(v) : a, 8 €
R} 1a mot duong thang, mau thuin. Do dé \; = 0v6ii = 1,2, vido d6 w = 0,
chiing minh dugc hoan thanh. [

V6i chitng minh tuong ty nhu dinh 1y trén, ta c6 két qua sau néi vé moi
lién hé gita ND va SD.

Heé qua 2.1.9. Cdc khdng dinh sau la tuong duong:

(@) Fpy (R2) £ R? wa tinh chat ND dat duoc cho A va B;

(b) ker AN ker B = {0}, Fi (R?) khdc duong thang va cap A, B c6 tinh
chat SD;

(c) 3 (A1, A2) € R? sao cho \M{A+ \B = 0.

Ching minh (a) = (b) 12 hé qua ctia Dinh 1y [2.1.5/ va Dinh 1y [2.1.8; chiéu

ngugc lai duge suy ra tit dinh ly trude. Sy tuong duong giwta (a) va (¢) nhan

dugce tu [0, He qua 1], véi n > 2.

2.2 Dieéu kién c6 nghiém cia mot so hé phuong
trinh, bat phuong trinh bac hai

Phan dau cta muc nay danh cho viéc nghiém citu anh cta anh xa bac hai

dang F(z) = (f(),¢(z)) (Dinh 1y [2.2.16). Ta dat

f(z) = (Azx,x) 4+ (a,z), g(x) = (Bx,x) + (b, ) (2.6)
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W F(z) = (f(z).g(x)), ta c6 F(0) = (0,0).
Ching ta bat dau véi két qua don gidn nhung khé hitu ich sau day.

Meénh dé 2.2.1. Gid st u € R*, u # 0 khi dé

(a) F(Ru) = {&*Fg(u) + aF(u) : a € R};

(b) co F(Ru) = F(Ru) + R, Fy(u), trong dé co F(Ru) la tap 167 bé nhat
chita F(Ru).

Ching minh (a) 13 hién nhién va (b) 13 hé qua ctia bat dang thic sau:

tF(au) + (1 —t)F(Bu) = [ta® + (1 — t)8%] Fu(u) + [ta+ (1 — ) 8] Fr(u)
= [ta+ (1 =1)8)*+ (t —t*) (o — B)?] Fr(u) + [ta+ (1 —t)B]FL(u)
= F((ta+ (1 = t)B)u) + (t — t?) (@ — B)*Fp(u). (2.7)

O]

Bo dé 2.2.2. Gid st u € R",u # 0 va 0 # d € R?. Ta ¢6 cic khang dinh
sau:
(a) Néu {Fg(u), Fr(u)} la phu thuoc tuyén tinh thi F(Ru) la tap loi.
(b) Gid st {Fy(u), Fr(u)} la doc lap tuyén tinh thi
(b1) néu d = Fg(u) thi F(Ru) + Ryd = co F(Ru) + R,d = co F(Ru);
(b2) néu d = —Fg(u) thi

F(Ru) + Ryd = F(Ru) UC(co F(Ru)) = C(co F(Ru)) # co F(Ru) + R.d

(b3) néu {d, Fg(u)} la déc lap tuyén tinh thi F(Ru) + R,d = co F(Ru) +
Rid # coF (Ru).
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Chiéng minh. Ta viét F(tu) = t?Fy(u) + tFp(u).
(a): trong trusng hop nay tap F(Ru) hodc 14 mot diém hodc 1a mot tia,
do d6 né 16i.

(b1): Tu Ménh dé [2.2.1), ta c¢6

tit tinh 16i cia F(Ru) + R, d dat duge néu d = Fy(u).
(b2): Ta c6 cac phuong trinh sau, do tinh doc lap tuyén tinh cta { Fy(u), Fr(u)} :

3 3
co F(Ru) = {Z N F (ou) Z)\i =1,N>0,0; € R}
i=1 2:1
3
= {Z/\ioz?FH —l—Z)\OéZFL

i=1
= {aFpg(u) + BFp(u) : a262,a,66R}. (2.9)

T Mw
|
l—‘
e
m
=
H/—/

Do d6 C(co F(Ru)) = {aFu(u) + BFL(u) o < f*, o, B €R},  vata co
C(coF F(Ru)) = {aFu(u) + BF(u) : o < % a,8 € R} = F(Ru) + Ryd,
Vi F(Ru) +Ryd = {(6% —t) Fy(u) + BFr(u) : B € R,;t > 0} béi Ménh dé
22T

(b3): Ta viét Fr(u) = M Fg(u) + Aaod v6i Ay # 0. Béi (2.8)), ta can kiem
tra rang F'(Ru) + R, Fy(u) + Rid C F(Ru) + R, d. Diéu nay doi héi viéc

gidi mot phuong trinh bac hai, viéc nay luén thyc hién dugc. That vay, lay
aceR A >0,v,. >0, tacan tim 8 € R vd r,. > 0 sao cho

aXo+ AL =PBh+ry, P +al+v =52+ A (2.10)
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Ta ludn c6 thé giai hé nay bang cach thay thé 3 tit phuong trinh thit nhat cia
(2.10) vao phuong trinh thit hai, diéu nay ching minh tinh 16i cia F(Ru) +
R,d.

Bay gio ta kiém tra khing dinh cudi cling. T gia thiét, ching ta cé thé
viet d = o1 Fg(u)+ o92Fp(u) véi o2 # 0. Tu (2.9), z € co F(Ru) néu va
chi néu z = o?Fy(u)+ BFL(u) v6i o® > 2. Béi lay v > 0 du 1én sao cho
y = F(tu)+ vd = [ + o1y] ug + [t + ooy] ug v6i 2 + o1y < (t + 027)%, ta
nhan dugc y € F(Ru) + R d va y ¢ cos F(Ru). O

Vi du tiép theo cho ta thiy ring F(Ru) c6 thé khong 16i v6i u nao do,

nhung n6 trd nén 16i khi ta them mot huéng cu theé.

Vi du 2.2.3. Véi

01
A= , b= ,
10 0

cac ma tran a, B déu bang 0. Gid st v = (uy, us),uius # 0 thi Fg(u) =

(2uqus,0), Fr(u) = (0,u1) va F(Ru) = {(x,y) eER?:x= QﬁyQ} 14 khong

Ui

161, tuy nhién, F'(Ru) + R, d 1a 16i néu va chi néu d # (—2ujus,0), trong do,
F(R*) ={(0,0} U [R*\(R x {0})], Fu(R*)=Rx{0}.

Ta chi y rang, béi tinh 16i,

Fiy (R") = R? <= Fy (R") = R? <= int Fiy (R") = R%. (2.11)

Nhu mét hé qua ciia bo dé trude, ta nhan duge dic trung cia tinh 16i cia,

tap anh cua anh xa bac hai.
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Dinh 1i 2.2.4. Néuv u € R",u # 0 thi
(a) F(Ru) la loi khi va chi khi {Fy(u), Fr(u)} la phu thudc tuyén tinh;
(b) trong truong hop {Fy(u), Fr.(u)} la doc lap tuyén tinh va d # 0, ta cé

Cac két qua tiép theo dugc xét trén khong gian c6 chiéu 16n hon. Truée

hét, ta dé cap téi mot két qua cia Polyak:

Dinh 1i 2.2.5 ([11], Dinh 1y 2.2). Néu n > 2 va ton tei o, 3 € R sao cho
aA+ BB = 0, tht F(R™) la loi (va déng).

Dinh 1y tiép theo 14 mot sy md rong cua cac két qua trude. That vay, He

qué 1 trong [8] thiét 1ap sy tuong duong sau

Ja,f e R, aA+ B = 0 <= A, B c6 tinh chat ND va
Fy (R™") # R (2.12)

Dé ¥ rang trong trudng hop nay Fy (R") = R?, ta c6 F (R") = R? béi Bo

deR.2.11l

Dinh 1i 2.2.6. Gid siu tinh chat ND dat duoc cho cip A va B. Khi dé
(a) hodc Fy (R?*) = R? hodc F (R?) la loi;
(b) néun >3 th F (R") la los.

Ching minh. (a) : Gid st ring Fy (R?) # R Tt Ménh dé [2.1.3/ va Dinh
Iy [2.1.5], ta c6 tinh chat SD dat dugc cho A va B, diéu nay c6 nghia 1a ton tai
{u,v} doclap tuyén tinh théa man z,, = 0. Do d6 F' (R?) = F(Ru)+F(Rv).
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Hon ntta, Fy(u) # 0 # Fg(v) va béi su lya chon cia u va v, Fy(u) #

—pFy(v) v6i moi p > 0. Ta ¢6 khiang dinh sau
co F'(Ru) + F(Rv) C F(Ru) + F(Rv). (2.13)

Bdi B6 d&[2.2.2] ta chi cin xét truong hop { Fy(u), Fr(u)} doc 1ap tuyén tinh.
Ta c6 the viét w; va 05,1 = 1,2, Fy(v) = mFy(u) + poFr(u) va Fr(v) =
o1 Fg(u) + 09 Fr(u). Lay bat ky « € co F(Ru) + F(Rv); khi d6, béi Ménh de
2.2.1, x = Flau) + v*Fy(u) + F(Bv) v6i a, 8 € R va v € R nao doé.

Ta tim kiém )\; € R,i = 1,2 théa man z = F (Mu) + F (Av). Tt hai

phuong trinh cudi, ta nhan duogc

AT+ Ao + Aoy — o = — B2y — Boy = 0;
)\1 + )\%,LLQ + )\202 - — 52/12 — /80_2 = 0.

Tit phuong trinh thi 2, ta c6 A\ = o + [%pg + Bog — A3jis — Xa0o9, n6 duge
thay vao bén trai ciia phuong trinh thit nhat ta nhan dugc mot da thic véi
bién Ao, ky hiéu da thic nay 1a p(Ag). Muc tiéu clia ching ta 13 tim mot
nghiém ctia p. Dé ¥ rang Ay = 8 suy ra Ay = a va do d6 p(f) = —y? < 0.
Néu p5 # 0, bac cao nhat cia p 1a p3A* n6 dan ra +oo khi Ay — +o00; néu
(s = 0, bac cao nhat cia p la (0% + ,LL1) A3, v6i py 1a duong béi sy Iya chon
ctia u va v. Do d6, trong hai trudng hop, p (A2) > 0 vé6i Ag di 16n. Do d6, ton
tai p (A2) =0, va d6 d6 dugc chitng minh.

Bay gio ta kiém tra ring ConvE (R2) = F (R2). That vay, né dat dugc

tit bicu thitc sau:
co ' (R?) = co F(Ru) + co F(Rv) = co F(Ru) + F(Rv) + R, Fy(v)
= F(Ru) + F(Rv) + Ry, Fy(v) = F(Ru) 4 co F(Rv))
C F(Ru) + F (Rv = F (R?)
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(b): Ta sé thiy ngay cich rit ngon vé trusng hop n = 2, do dé (a) c6 thé
dugc ap dung cho trusng hop nay. Gia st z,y € R" va t € (0, 1), ta c6

tF(x)+ (1 —t)F(y) e tF(Re+Ry) + (1 —¢)(F(Rz + Ry).  (2.14)

Do d6, dé chiing minh tinh 16i ciia F'(Rz + Ry) ta chi can xét trudng hop
{z,y} 1a doc lap tuyén tinh. Lay bat ky \; € R,i = 1,2, thi

f(uz + hay) = M(Az, ) + 2\ (A, y) + XAy, y) + Mi(a, z) + do(a, y)

(Ax,x) (Az,y) A A
=1 M A a,r) (a,
( > (Az,y) (Ay,y) A2 ' ( %) {o.y) ) A2
Mot biéu dién tuong tu cho g. Béi ky hieu
- (Az,x) (Azx,y) - Bzx,z) (Bx,y
Alx,y) = , B(x,y) =
) (Az,y) (Ay,y) o) (Bz,y) (By,y)
. (a,x) ~ (b, x
alz,y) = . b(x,y) = ;
(2,9) (a4 (z,y) )
ta c6 thé viét
F(RCE —HRy) _ F()\) S <1§($,y)/\,)\> + <C:L(J,‘,y),)\> -\ c RQ
(B(z, y)A, A) (0(x,y), A)
= F(R?). (2.15)

Bay gio ta ap dung phan (a) cho vé phai ctia (2.15). Khong kho dé kiém
tra rang néu tinh chat ND dat dudc cho A va B, thi tinh chit ND ciing
dat duge cho A(z,y) va B(z,y) véi {z,y} doc lap tuyén tinh. Hon nia,
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Vi Fir (R") # R?, ta c6 Fyr (R?) # R% Béi ap dung (a), ta két luan ring
F (R?) = F(Rx + Ry) 12 16i, va do d6 ta c6 tinh 16i ctia F (R™).
Dé thiét lap ducc két qua co ban tht hai cho trusng hop khong cé tinh

chat ND, ta can mot vai két qua co sé.

Ménh dé 2.2.7. Gid sin > 2 va 0 # v € R" sao cho Fy(v) = 0. Cdc khing
dinh sau la dung:

(a)  Fu (R*) #R?* va {Av, Bv} la phu thudc tuyén tinh.

(b) néu n > 3 thi hodc la Fg (R") = R? hodc la {Av, Bv} la phu thudc
tuyén tinh.

(¢) Tap Z = {zy, : u € R"} la khong gian véc to con, va néu Fy (R") # R?

tht voi mot uw € R" thoa man z,, # 0,

bdFy (R") = Rz, (2.16)

Dac biét, néu Av # 0 va Bv = MAwv (tuong ing Bv # 0 va Av = ABv)
vdi A € R nao do, thi

bd Fy (R") = R(1, \) (tuwong @ng bd Fry (R") = R(\, 1)). (2.17)

Chitng minh (a): Phan dau dugc suy ra tit Ménh dé [2.1.3, B6i gia thiét
{Av, Bv} C v+, nén {Av, Bv} 1a phu thuoc tuyén tinh .
(b): Vi {Av, Bv} C vt. Gid st v, 2,y € R" doc lap tuyén tinh. Ta xét

truong hop thi nhat véi {z, 4, 2z, } phu thuoc tuyén tinh. Vi trusng hop nay
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ton tai hai s6 khong dong thai bang khong i, Ay € R sao cho Ajz, ,+ Xz =

0. Do d6 2y ) 242,y = 0, 06 suy ra rang
{Av, Bv} C [span {v, M1z + Aoy }] " .

Khong gian con ndy c6 chiéu n — 2. Néu n — 2 = 1, chitng minh két thic; néu
n — 2 > 2, ta tiép tuc thuc hién nhu trén cho dén khi dat dugc s6 chieu 1,
truong hop nay ta két luan riang { Av, Bv} phu thudc tuyén tinh.

Bay git ta xem xét trudng hop {2, ., 2y} doc 1ap tuyén tinh. Lay bat ky
w € R? va viét w = azyp + Pz, Voi o, B € R nao dé. Ta dé dang dat dugc
cho moi € > 0:

1 € 1 1 € 1
Fy (gl' + Oé§U> = EFH(x) + QzZy z, Fr <gy + 557)) = EFH(y) + 5Zv,y

Béi két qua ctia Dines, Fy (R™) 1a nén 161, do d6
1 n
Q(FH@)JFFH(?J))?LW € Fg(R"), Ve>0.

Cho € — +o00, ta coéO w € W, chiing minh réng W = R?, va két
qua nhan duge tu (2.11)).

(c): RO rang Z la mot khong gian véc to con. Gia st u € R", z,, # 0.
Fr(u=+tv) = Fy(u) 4 2t2,, v6i moi t € R, n6 suy ra ring +2z,, € Fy (R").
Vi tap nay 1a 16i va khac R?, W hodc la nia khong gian hoic la duong
thang Rz, ,. Trong mdi trudng hop ta déu nhan dugc ([2.16).

V6i phan cudi cling, dé& nhan thay rang z4,, = ||Av||*(1,A) # (0,0) néu
Av # 0. [

Khi khong ¢6 tinh chat ND, két qua sau khang dinh tinh 16i cia F (R?)

dudi dieu kién khong réng ctia phan trong cia phan thuan nhat.
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Meénh dé 2.2.8. Gid st rang tinh chat N D khong dat duge. Néu IntFy (RQ) +
0, thy F (R?) la lo:.

Chitng minh Gia st v # 0 théa man Fg(v) = 0. Lay u € R? sao cho {u,v}
doc lap tuyén tinh. N6 dan dén Fy (RQ) = Fp(Ru+Rv) = Ry Fy(u)+Rzy,.
Vi IntFy (RQ) # (), ta c6 ngay {Fp(u), z,,} doc 1ap tuyén tinh. Ta sé kiem
tra ring F (R?) = F(Ru + Ro) la 16i. Tt Dinh ly 2 trong [10], ta chi can
ching minh rang F(Ru 4+ Rv) = Fy(Ru + Rv)+ F(Ru + Ro).

Gia st o, 8,7,0 € R va s = (84,5,),h = (hy, hy) € R? sao cho Fr(u) =
Suzupt M Fg(u) va Fr(v) = spzue+hoFr(u). Ta phdi tim A = (A, A2) € R?
thoa man F(au + fv) + Fg(yu + 0v) = F (AMu + Agv). Phuong trinh nay
két hop véi tinh doc 1ap tuyén tinh cta {Fg(u), 2, } n6 dan dén hai phuong

trinh sau:

2/\1/\2—2(045+’}/5)+8u ()\1 —Oz)—FSv ()\2—6) =0
A5 — (6% +6%) + hy (A1 — @) + hy (A2 — B) = 0.

Néu h, # 0, tit phuong trinh thi hai ta c6 mot biéu dién cho A\; va thay thé
n6 vao phuong trinh thit nhat, ta nhan dudc mot phuong trinh da thitc bac
ba véi bién Ao, do d6 né c6 it nhat mot nghiem. Do dé6 mot nghiém sé nam
trong (A1, A2).

Bay gio ta xét trudng hop h, = 0. Phuong trinh thit hai 13 bac hai bién
Ao, ta c6 biét thic A = (h, + 26)2 + 4462 > 0. Do dé6 phuong trinh tht hai
luon ¢6 nghiém Ay € R. Vi phuong trinh dau I3 tuyén tinh véi bién A\q, ta sé
luon tim duge A\; néu hé s6 2\ + s, 12 khac 0. N6 thoa man néu A > 0. Néu
A = 0 va tinh huéng xau nhat 2)\s + s, = 0, ta dé dang suy ra rang phuong

trinh dau théa man. O
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Véi cach biéu dién sau
F(R") = F ((ker ANker B)") + Fy(ker ANker B),

n6 cho thay rang khong mét tinh tdng quat gia st KerA N Ker B = {0}. Ta
c6 tap K = KerANKerB v6i dim K+ = m. Ly mot co 6 {u; : 1 <1 < m}
cia K+. Ta ¢6 F (KL) = F(Rm) 14 cip ham bac hai v6i di kién sau:
A = ((ui,AUJ-))ij,B = ((ui, Buj));;.a = ((a,w) ..., (a,um)) va b =
((byuy) ..., (b, um)).

Ching ta chting minh rang K = ker ANker B = {0}. Lay z € K. Khi d6

<ui,A szuj >—Oand <ui,B szuj >—0 Vi=1,...,m.
j=1 j=1

N6 c6 nghia la Y27 zju; € KN K+ = {0}, va do d6 K = {0}. Diéu kien
nay sé dugc gid dinh trong (b) clia bd dé sau, day 1a két qua tuong tu Dinh
1y Dines v6i tinh chat ND khong thoa man.

B6 dé 2.2.9. Tap F (R") la loi dudi cic diéu kién sau:

(a) Fp(ker AN ker B) # {0}, hodc tuong duong, {a,b} ¢ (ker AN
ker B)*;

(b) 0 # int Fy (R") # R,

Ching minh (a): Gid st u € KerANKerB va dat 0 # h = Fr(u). Khi d6,
v6i moi v € R*, F(z + tu) = F(z) +th € F (R"), Bo dé cho ta diéu
can chiitng minh.

(b): Ta ap dung qui trinh nhu trén dé xem xét F (K') = F (R™) va
F(R") = F(R") 4+ Fy(K) v6i K = KerAN KerB. R6 rang dim K 1'=
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m > 2vi 0 # IntFy (R") =Int Fy (R™). Do d6, néu tinh chat ND dat
dugce cho A va B, béi Dinh Iy [2.2.6, F (R™) 1a 181, va do d6 F (R") ciing 16i.
Truong hop khong théa man tinh chat ND, ta tién hanh véi F, bdi gid st

rang KerANKerB = {0}. Gi st v # 0 théa man Fy(v) = 0. Khong khé dé

kiém tra rang {z,, : u € R"} dugc chita trong duong thang di qua goc toa
do; ta c6 z_yy = —2up va KerANKer B = {0}. Do d6, {2y, : v € R"} =Rx
v6i ™ # 0. Ta dit

Xy ={ueR":2,,#0}, Y,={ueR": Fy(u) ¢ Rr},

va xem xét C,, = X, NY,. Ngoai ra X, khac rong vi Ker AN KerB = {0}, n6
cing tru mat (ug € X, suy ra u + %uo € X, véi moi u € R" va k € N);Y,
khéc rdng ) # IntFy (R"), va mé béi tinh lien tuc. N6 cing tru mat (lay

up € Y, an cht y rang v6i moi u ¢ Y, ta c6 ngay

1 2 1
<7TJ_,FH <U+EUO)> = E<7TJ-7ZU,U0> —f—ﬁ<7TJ_,FH (UO)> 7é 0,

v6i moi k € N du 16n, suy ra rang u + %uo €Y, v6i moi k € N du 16n). He
qua la, C, khong rong va trit mat vi né la giao cia hai tap tri mat, mot trong
chiing 1a mé. Chu y rang moi u € C,, {u, v} 1a doc lap tuyén tinh va do d6
F(Ru + Rv) théa man moi gia thiét ctia B6 dé[2.2.8, do dé n6 16i. Hon nita

Frp(Ru+Ro) = {0} U{Rr + R, Fy(u)}
={0}U{h e R*: (m, Fy(u)) (mi, h) >0},

trong d6 phuong trinh thi hai suy ra tit Ménh dé [2.1.1, Mat khéc, tat ca cac
phan t1 cia dang (71, Fg(u)) c6 cing dau vi Fiy (R") # R?. Do d6, béi Dinh
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ly 2 trong [10], ta c6

F(R") O F(Ru+ Rv) = F(Ru + Rv) + F(Ru + Ro)

V)

F
F(RU, + RU) + R + R++FH(U)
FRu+Rv)+{heR*:r(m k) >0},

v6i Fy(u) ¢ R véi moi u € C,, vd hdng s6 r # 0 ndo dé6. Do d6, bdi Bo deé
5.1.9 (véi X = RC, +Rv), F (R") la 13i. 0

Chu y 2.2.10. Vidu m cho ta mot truong hop khi
0 # int Fy (R?) # R”.
Bo dé 2.2.11. Gid si ring Fy (R") = R2%. Khi dé n > 2 va F (R") = R2.

Chitng minh. Ta xét truong hop n = 2 va gid sit L; € R? 13 mot véc
to khac 0. Lay u va v théa man Fy(u) = —Fg(v) = L;. Do d6 {u,v}
doc lap tuyén tinh. Vi Fy (R") = R? {2,,, L1} doc lap tuyén tinh. Tap
Ly = z,,. Do d6, ton tai o, p;,i = 1,2, sao cho Fr(u) = 201L1 + p1Ly va
Fr(v) = —209L1 + p3Lo. Cho truée x € R?, ta sé tim \; € R,i = 1,2, thda

man
Zlf:F(()\l—O'l)u—l—()\Q—O'g) U). (218)
Mat khac, ta co

F(()\l — 0'1) U+ ()\2 — 0'2) U)
= [MN = N3] L1 + 2\ + (p1 — 02) M+ (p2 — 01) Ao] Lo — C,
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vél C = (0’% — 0%) Ly + (o1p1 + 09p2) Lo. B6i céc viet © = xy Ly + x9Ls — C

va dat m = p; — 09, M = py — 01, (2.18) cho ta
T1 — )\% — )\%, To = 2)\1)\2 + 7T1>\1 + 7'('2)\2. (219)

Ta chia thanh hai truong hop.

Dau tién gia st tap {(2,m1), (w2, —22)} 1& phu thudc tuyén tinh . Khi do,
ton tai ty sao cho ty(2,71) = (w9, —x2). Do d6, phuong trinh thi hai trong
2.19)) riit gon thanh 0 = (A + o) (2Ag + 71). Néu 0 = \; +1g thi xp = t3— A3

v6i moi Ay € R; néu 0 = 2y + 7y thi oy = A% — (%)2 v6i moi A\; € R. Tu d6

ta suy ra rang phuong trinh dau trong (2.19)) cling thda man.

Bay gid gia st rang tap {(2, ), (2, —x2)} 12 doc 1ap tuyén tinh, né tuong
duong v6i 2z9+ Ty # 0 bdi Ménh dé 2.1.1] Tt phuong trinh thit hai trong
, ta dat dugc, bdi gid st them 2\s + 7 # 0 (vi ngugce lai ta c6 dieu
phai chitng minh).

_562—71'2)\2 o 7T2+ 25132—|—7T17T2
L 2Xo + M 2 2(2)\2‘1‘771).
Do do,
2ag 4 mymy \ .
=N\ (2 X2 =p(N).

Vip((—oo,—%)) =R = p((—%, +00)), ta két luan rang 2.19) c6 nghiém, véi

F (R?) = R2.

Bay gio ta xem xét n > 3. Lay u va v théa man Fy(u) = (1,0) va Fg(v) =
(0,1). Khi d6 R%Z C Fy(Ru + Rv), né suy ra rang IntFy(Ru + Rv) # 0.
Trong trusng hop Fr(Ru + Rv) = R?, ta ap dung két qua trén dé di dén
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két luan ring R* = F(Ru + Rv) va do d6 F (R") = R?. Néu ngudc lai,

Fy(Ru + Rv) # R, tit B6 d8[2.2.9] ta ¢6 su 16i ctia F(Ru + Rv)). Béi Dinh

Iy 2 trong [10], R2 C F(Ru+ Rv) 4+ Fy(Ru+ Rv) = F(Ru+Rov) C F (R").

Tuong tu, ta cling c6 cac tap —R% R, x R_ va R_ xR la chia trong F (R"),

va do d6 F (R") = R2. ]
Ap dung hai bd dé tren va Dinh 1y [2.2.6] ta nhan dugc két qua sau

Dinh 1i 2.2.12. Gid sin > 2. Néu IntFyg (R") # () hodc ND dat dugc cho
cap A va B thi F (R") la los.

Bay gio chiing ta mé ta mot qué trinh dé tim mot phép doi bién phi hop.

Bo6 dé 2.2.13. Gid st d = (d1,dy) # 0, va vét F nhu|2.6 vdi A = diI va

B = dyI voi I la ma tran don vi ¢d n va a,b va caic véc to tuy ¢ trong R".
Khi dé, ton tai tg > 0,k € R%, 2 € R? va mot ma tran vuong C théa man
CTC =1 sao cho, néu x = Cy — T thi ta c6

(a) F(z) = F(y) — k trong dé F duge zdc dinh trong cdc thanh phdn
cia A=A, B = B,a=—dstyer, b= ditoe; vdie; = (1,0,...,0) € R™;

(b) néun > 2 tht F(R") = F (Rey) + Rod — k = coF (Rey) — k, va ton
tai § € R" vdi Fy () = d va Fr(g) = 0;

(c) cdc phdat bieu sau la tuong duong (hodc ching khong dat duge néu
n>2):

(c1) {d, Fr.(z)} la doc lap tuyén tinh vdi moi x € Fy;'(d);

(c2) {d, FL(y)} la doc lap tuyén tinh véi moiy € Fg'(d).

Ching minh. (a) : Vi d va d, 1a doc lap tuyén tinh, do d6 ton tai z,y € R"
thoa man
a;

b = 2%;d + y;d |
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v6i moi 7. Véi bat ky € R”, ta viét

F(x) = (x,2)d + 2(Z,z)d + (y,x)d,
=(r+T,2+T)d+ (g, x+x)d, — (T, T)d — (T, y)d,.

Néu y = 0, ta chon tg = 0,C = I va n6 kéo theo két luan ctia bo dé; ngugc
lai ta lay x + & = Cy v6i C = (”% W) trong d6 W la ma tran c6 cic cot
tryc giao va 1a co s6 ctia . R6 rang C''C = I va, bdi cach chon ty = ||7||,

ta co
F(z)=F(y) —k, F(y) = (y,y)d+topdr, k=|z|*d+ (z,y)d.(2.20)
(b): Tt phuong tinh cudi, ta c6

F(z) =yid+ |glyde +d ) y; —k

1>2

n6 suy ra rang F (R") = F (Ry) + R, d — k; phuong trinh thi hai trong (b)

ducc suy ra tit Ménh dé [2.2.1] vi Fy (e1) = d. Hon nita, ta c6 Fy (e2) = d va
FL (62) = 0.

(c1) = (¢2) : Tu cac két qua trén, ta suy ra

F(z) = F(Cy — &) = F(Cy) + F(—&) — 2zcyz = F(y) — k

véi k = —F(=2), Fy(y) = Fu(y) = Fu(Cy) va Fi(y) = FL(Cy) — 22cy.s.

Gia st y € Fg'(d). Khi d6 Fy(Cy) = d, va bdi (c1) {FL(Cy),d} doc

lap tuyén tinh. Do d6 {FL(y),d} ciing la doc lap tuyén tinh, vi Fy(y) =
(z, ACy)

Fr.(Cy) —2z0yz VA 2oy z = (. BCy) = (z, Cy)d.
Z, Y
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(c2) = (cl) : tuong tu.

Truong hop n > 2, ca hai (c1) va (¢2) déu khong dang, n6é dugc suy ra ti
(D). O

Dinh 1y tiép theo dic trung nhiing huéng d sao cho F (R™)+ R, d 1a khong

X
X

161.

Dinh 1i 2.2.14. Gid st f,g la cdc ham bac hai va d = (dy,dy) € R?, d # 0.
Cdc khang dinh sau la tuong duong:
(a) F (R™) + R.d khong 13i;
(b) Cdc biéu thic sau la ding:
(b1) {a,b} C (KerANKer B)*;
(b2) dyA = dy B;
(b3) —d € Fg (R");
(04) [(Au,u) = —dy, (Bu,u) = —ds] = dy (b, u) # da{a,u).

Ching minh (a) = (b) : Tt Bo dé 2.2.9| ta ¢6 Fj, (KerAN Ker B) = {0}
va do d6 (b1) la ddng, hon nita Int Fiy (R”) = (). Bay gio ta gi6i thiéu ham F

c6 dang gibng nhu F, nhimg tren R"*!, véi F(0) = 0 va cac dit kien

e A 0 B- B 0 i a ,B _
0 & 0 do 0 0

Thi ta 6 ' (R"™) = F(R") + Rid va Fiy (R™) = Fy (R") + Ryd. Vi
(b2) la diing khi va chi khi Fiy (R") C Rd, ta ¢6 ngay IntF (R"*1) 5 () néu
Fy (R") ¢ Rd. Do d6, néu (b2) la khong ding thi £ (R™+1) 1a 18i boi BS dé

2.2.9) nén, F (R") + R d 1a 18i, n6 chitng minh khing dinh (a) suy ra (b2).
(b3): Bay gid ta kiém tra ring F};' (—d) # 0. Néu ngugc lai —d ¢ Fy (R™),
ta c6 Fy (R") C Ryd béi (b2). Do d6, hoac Fy (R") = {0} hodc Fy (R") =
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R, d. Truong hgp thit nhat A =0 vad B = 0, suy ra tinh 16i ctia F' (R"), diéu
nay khong thé vi da gid st (a) ding. Truong hop thit hai ciing khong thé xay
ra vi phan (c¢) cia Ménh dé , vay (b3) phai dung.

(b4) : Lay u € R"™ sao cho Fy(u) = —d va Fr(u) = Ad vi A9 € R
nao dé. Tu (b2) v6i moi z € R", z,,, € Rd. Diéu nay cung v6i su that rang
F(z 4 tu) = F(z) + 22,, — t?d + t\od, ta nhan dugc F(z) + Rd € F (R")
v6i moi € R™. Do d6, tinh 16i ctia F (R") dugc suy ra tit BS dé[2.1.2] diéu
nay mau thuan véi (a).

(b) = (a) : Vi A d0i xting, ta luon tim dugc ma tran khong suy bién D

2 ~ T ]ml 0 P N S
thoa man D' AD = d; , trong d6 I; 1a ma tran don vi c6 [
0 —I,,
(vi (b1) ta c6 thé bd qua céc gia tri rieng néu c6), va ma > 1 béi (b3). Ti
I,, 0

(b2), ta ciing c6 DTBD = dy
0 —I,,

Ap dung bd dé trude cho ca hai khéi tuong tng véi cdc ma tran A va B. Do
d6, ta c6 my = 1 vi ngugc lai (b3) la khong thé do phan (c) ctia B6 dé2.2.13]
Do dé tit nay tré di ta c6 thé gid st mi = m va my = 1. Tt B6 dé [2.2.13]
Cm, 0

0 Chp,
sao cho CTC' = I, va néu z = Cy — 7, ¢6 ngay F(z) = F(y) — k, trong d6
F la nhu F véi dit kien A = DTAD, B = DTBD, @ = —dstie1 — dataen 1,

ton tai 0 < t1,t9, k € R?, 7 € R” vA mot ma tran vuong C' =

va b = ditie; + ditoepm 1.

Béi (b3), {d, FL(y)} 1a doc 1ap tuyén tinh v6i moi y € ﬁf}l(—d). Dién
t4 cubi ndy c6 nghia 1a Fy(y) = (> y2 —y2.1) d = —d, n6 rat ngon lai
thanh 2, = 1+ 37, o2

Mit khéc, ]?’L(y) = (t1y1 + toymy1) do. Khi d6 {d, ﬁL(y)} doc lap tuyén
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tinh néu va chi néu t1y; + toy1 # 0.
Ta chira ring F (R")+R. d 1a khong 16i. Trudc hét, dé ¢ ring F (£vems1) =
—2d £ yt1dy, do A6 —y2d & yt1d, — k € F (R") véi moi v > 0. Bay gio ta

kiém tra ring véi moi v > 0,

—’de—f"}/tldJ_—k—’}/Qd—’}/tldJ_—]{?

2
7 2

¢ F(R"),

n6 suy ra rang —y’d — k ¢ F (R") + R, d v6i moi v dua 16n. Gia st ring ton
tai y € R™*! sao cho —v2d = F(y). Nhung

F(y) = (Z vi — ygﬁl) d+ (tiyr + taym1) do.
i=1
Do d6

m
Vo1 =72+ Yy va tiys + taymar = 0. (2.21)
=1

N6 dan dén mot sy mau thuin, vi phuong trinh thit hai suy ra ring

/1 .1
()5 ()
v Y
va do d6 {d, a8 (%y)} phai 13 doc 1ap tuyén tinh, n6 1a, nhu ta thiy & trén,

tiyr + taYme1 # 0. u

T cac két qua trude ta cé dinh 1y sau.

Dinh Ii 2.2.15. Néun > 1 va f,g la cic ham bac hai. Néu F (R") + R, d
la 167 vdi moi d € R%, d # 0, thi F (R™) la loi.
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Chitng minh. Néu F (R") la khong 1i thi Fy (R") # {0}, va béi BS dé
2.2.9) Fi (KerAn KerB) = {0} va IntFy (R") = (. Tit diéu kién cudi,
Fy (R") C Rd v6i d € R? nao d6, n6 tuong duong, nhu ta da thiy trong ching
minh cta dinh 1y trudc, v6i doA = di B. Thuc sy hodc Fy (R") = Rd hoac
Fyr (R") = R, d hodc Fy (R") = —R.d. Trong trusng hop Fy'(—d) # 0, ta
thyc hién nhu sau. B6i Dinh 1y , {d, F.(u)} phu thudc tuyén tinh véi
u € Fj;'(—d) nao dé (hodc tat ca). Thi véi nhitng cdi ma u, Fr,(u) = vd v6i
v € R nao d6. Mat khac, véi moi x € R”, tat cd t € R, gid st rang dy # 0,
cO ngay
F (x + dotu) = F(z) — d3t*d + ydatd + 2tdyz,,
= F(x) — d5t?d + ~ydatd + 2t(Bx, u)d.

Vé6i truong hop di # 0, c6 ngay
F (x + ditu) = F(z) — dit*d + yditd + 2t {Ax, u)d) .

Tit day, tasuy ra F (R")—R,d C F (R"). Néu F};' (—d) = @ nhung F;'(d) #
(), ta thyc hién véi d = —d dé di dén phuong trinh tuong ty nhu trén,
suy ra F'(R") — R, d C F(R"). Do d6 F (R") +R,d C F(R"). Cac lap
luan trén chiing minh, bat ky mot trong ba tinh hudng trén Fy (R"), ta c6
F (R") + Fy (R") C F (R"). Do d6, F (R") 1a 16i vi 16 1a hé qua ca Dinh
Iy 2 trong [10], diéu ndy mau thuin, vay F (R") 1a 16i. O

Két hop hai dinh 1y trén, ta nhan dudc mot két qua vé tinh 16i cla tap
anh cho cip ham bac hai, n6 la tong quat hoéa ctia Dinh Iy Dines (xem [8]

Dinh 1y 2]).

Dinh 1i 2.2.16. Gid st n > 1 va f,g la cac ham bac hai. Khi do, F (R") la
10i néu va chi néu vdi moi d € R?,d # 0, mot trong cdc diéu kién sau théa

man.
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C1) Fr(ker ANker B) # {0};
02) diB # doA;
)

(
(
(
(C4) Fu € Fi'(—d) : di(b,u) = da{a,u).

Bay gio ta sé ap dung cac két qua trén cho cic bai toan da dit ra, tic

diéu kién c6 nghiém cta cac hé phuong trinh dang

;

v) = 2T Az + 2aT2 +ay < 0
) f(z) 0 ; (2.22)
g(x) =a"Bx + 207z + by <0
)

x)=aT Az +2a"x +ay <0
} /) " . (2.23)

g(x) =2 Bx + 2072+ by =0

\

Dinh 1i 2.2.17. Gid st ¢6 T € R" sao cho g(Z) < 0, khi dé hé (2.22)) vo
nghiém khi va chi khi ton tai s6 thuc X > 0 sao cho

A+)AB a-+ )\B
al + \bT ag + Abgy

(2.24)

Ching minh (<) Vi tuong duong véi f(z)+ Ag(x) > 0 Ve € R", do
d6 néu g(r) < 0 thi f(z) phai khong am. Vay he {f(z) < 0,¢g(x) < 0} vo
nghiém.

(=) Bay gio gia st hé {f(z) < 0,g(x) < 0} v nghiém, ta ching minh c6
s6 thuc duong \ dé ding.
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Trude hét gid st f va ¢ 14 cac ham bac hai thuan nhéit, béi Dinh 1y [1.5.1]
2.2.16/ &nh cta R" qua dnh xa (f,g) 1a 161, va béi {f(z) < 0,g(x) < 0} vo

nghiém nén né khong c6 giao véi nén 16i C = {(uy, us) : u1 < 0,us < 0} C R
do d6 chiing c6 thé dugc tach nhau bdi mot dudng thang. Diéu nay c6 nghia

14 ton tai cac s6 thuc y; v ys sao cho

y1ur + yous < 0,V (ul, UQ) eC. (2.25)
1 f(z) + yeg(x) > 0,V € R™. (2.26)

Lay (—1,0) € C ta c6 y; > 0 va dat (—e,—1) € C trong d6 € 1a nho tuy
¥, ta 6 yo > 0. Trudng hop y; = 0 c6 thé dudc loai trit béi néu y; = 0 thi
tré thanh yog9(z) > 0 Vo € R™ diéu ndy mau thuin véi yo > 0 va
{r € R" : g(xr) < 0} # (. Vay ta da chiing minh dugc rang y; > 0. Lay
A=1y2/y1 > 0tacod

f(z) + Ag(x) > 0,Vx € R"™.

Xét truong hop tong quat cho f va g. Vi {x € R" : g(z) < 0} # 0, ta ¢6
thé gid st = 0 (néu khong ta dit ham g(z) = g(z +7)). Vi dang tong quat
cua f va g

f(z) = 2" Az + o’z + ag

g(x) = 2" Bx 4 b"x + by

nén theo gid thiét g(0) = by < 0. Ta xét cadc ham thuan nhat sau

fR™Y SR f(a, 1) = 2T Az + 7a" 2 + T2ag (2.27)
R S R, G(x,7) = 27 Bx 4+ 7072 4+ 720 (2.28)

Ny
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Bay gio ta chitng minh rang cdc ham mdi trén théa man diéu kién he
f(z,7) <0
g(x,7) <0

v6 nghieém. Gia st nguge lai, c6 (2,7) € R"™ thoéa man hé trén. Néu 7 # 0

thi

f(x,r)/TQ <0,
gz, 7)/7* <0,

f(x/7)
g(z/7)

diéu nay mau thudn véi gid thiét, sy vo nghiem (he {f(x) < 0,¢9(x) <0} vo
nghiem). Néu 7 = 0 thi 27 Az < 0 va 27 Bz <0, do dé

(Ar)TA(Ax) +Aa’x + ap < 0, néu |A| 1a di l6n, va (2.29)
<0
(Az)'B(A\z) +Ab"z + by < 0, néu A am, (2.30)
T/ \<,O-/

diéu ndy mau thuin véi gia thiét, sy vo nghiem (he {f(z) < 0, g(z) <0} vo
nghiém).

Vay ta da ching minh duge he {f(z,7) < 0, §(z,7) < 0} vo nghiém. Hon
nita, 1y (0,1) ta c¢6 §(0,1) = g(0) < 0. Do d6 ta c6 thé ding trudng hop cac
ham thuan, da chiing minh & trén, cho cap ham {f(z, 1), j(z,7)}, tic la ton
tai A > 0 sao cho

flx,7)+ Ag(x,7) > 0,V(x,7) € R

va véi 7 = 1 ta c6 diéu phai ching minh. O
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Dinh 1i 2.2.18. Gid st ton tai T,§ sao cho g(z) < 0,9(y) > 0 va {A, B}
doc tap tuyén tinh, khi dé hé (2.23)) vo nghiém khi va chi khi ton tai X € R

sao cho

A+ B a+)\B

= 0. (2.31)
CLT + )\bT ap + >\b0

Chitng minh. (<) Vi tuong duong véi f(z) + Ag(x) > 0 Vo € R,
do d6 néu g(x) = 0 thi f(x) phai khong am. Vay he {f(x) < 0,g(z) < 0} vo
nghiém.

(=) Bay gio gia st hé {f(z) < 0,g(x) < 0} v nghiém, ta ching minh c6
s6 thuc duong \ dé ding.

Bé6i Dinh ly [2.2.16/ &nh clia R™ qua anh xa (f,g) 1a 161, va béi {f(z) <

0,9(z) = 0} vo nghiém nén n6 khong c6 giao v6i nén 161
C= {(ubuZ) cup < 07“2 = O} C RQ?

do d6 chiing c6 thé dugc tach nhau bdi mot dudng thang. Diéu nay c6 nghia

14 ton tai cac s6 thuc y; v ys sao cho

yi + 5 #0; (2.32)
yrug + yous < 0,V (ug,us2) € C; (2.33)
y1f(z) + yog9(x) > 0,Vr € R". (2.34)

Truong hop y1 = 0 ¢6 thé dudc loai trit béi néu y; = 0 thi tré thanh
yog(x) > 0V € R" dieu nay két hop véi gid thiét g(z) < 0,¢g(g) > 0, ta suy
ra ¥y = 0. Mau thuan véi (2.32). Vay y; phai khac khong, do d6 chia hai vé
clia cho 11 ta c6 diéu phai chitng minh.
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Nhan xét 2.2.19. Trong Dinh 1y [2.2.17] ta gia thiét {z € R" : g(z) < 0} #
(). Néu gia thiét nay khong théa man thi {x € R" : g(x) < 0} ho#c rong

hodc 1a mot cdi phang trong R”™. Do d6 he {f(z) < 0, g(z) < 0} trd nén tam
thuong.

Trong Dinh 1y [2.2.17 ta gid thiét {xr € R" : g(z) < 0} # 0, {x € R" :
g(x) > 0} # (). Néu giad thiét nay khong théa man thi {x € R" : g(z) = 0}

hoidc réng hodc 14 mot cai phang trong R™. Do dé hé {f(z) < 0,g(x) = 0}
trd nén tam thudng.
Néu gia thiét { A, B} 1a doc lap tuyén tinh trong Dinh 1y [2.2.18 khong thoa

man thi he {f(z) < 0, g(x) = 0} c6 thé bién do6i thanh hé, trong d6 c6 mot
ham bac nhat, do d6 bai toan vé sy ¢6 nghiém cta hé {f(z) < 0, g(x) = 0}

cling tré nén tam thuong.
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KET LUAN

V6i muc tieu di sau nghién ctu, tim hiéu vé diéu kién can va dua dé hé phuong
trinh, bat phuong trinh bac hai ¢6 nghiém, luan van da trinh bay ducgc cac
noi dung sau:

1. He thong lai cac khai niém va tinh chat ctia tap afin, tap 16i, nén, anh
xa bac hai, ma tran gia nghich dao.

2. Cac két qud lien quan dén tinh 16i cia tap 4nh ctia anh xa bac hai tu
R” vao R2.

3. Ap dung cac tinh chét 16i clia tap 4nh ctia 4nh xa bac hai vao bai toan
diéu kién c6 nghiém ctia hé phuong trinh, bat phuong trinh bac hai. Dua ra
cac ching minh chi tiét cho cac dinh 1y Dinh 1y 2.2.17 va Dinh ly 2.2.18.
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