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MG DAU

Gia st M* (C) 1a tap cac ham phan hinh khéc hang trén trudng sb phiic
C va F la tap con khéc rong cuia M* (C).

Mot tap con S ctia C duge goi la tap xac dinh duy nhat ( tinh c& boi) cho
ho ham phan hinh F néu véi moi ham phan hinh khac hing f, g € F thoa

man

( tinh ca boi) thi f = g.

Vao nam 1982, vi du dau tién vé tap xac dinh duy nhat da dudc F. Gross
va C.C. Yang dua ra [8]. Hai tac gia nay da ching minh duge riang tap cac
khong diém ctia phuong trinh z + ¢* = 0 1a tap xac dinh duy nhat. Tt do6
dén nay, bai toan xay dung cac tap xic dinh duy nhat da thu hut duge sy
quan tam nghién ctu ctia nhieu nha toan hoc. C6 hai van dé chinh lién quan
dén viéc nghién citu tap xac dinh duy nhat. Van dé thi nhat 1a xay dung tap
xac dinh duy nhat cho ho cac ham phan hinh c6 s6 phan tit it nhat. Van de
tht hai 1a tim dac trung clia cac tap xac dinh duy nhat cho ho cic ham phan
hinh. Hau hét cac tap xac dinh duy nhat cho ho cdc ham phan hinh da ducc
xay dung la cic tap khong diém ctia cac da thitc théa man Diédu kién (I) clia

H. Fujimoto, tiic 1a cac da thiic don anh trén tap céc khong diem ctia dao



ham bac nhat clia chung. Nam 2011, trong bai bao [4], tac gia T.T.H. An da
xay dung dudc cac tap xac dinh duy nhat cho ho cdc ham phan hinh 1a cac
tap khong diém clia cac da thitc khong can théa man Diéu kién (I) ctia H.
Fujimoto.

Trong luan van nay, ching téi tap trung tim hiéu tap xac dinh duy nhat
cho ho cac ham phan hinh.

Noi dung chinh ctia luan vin 1a tim hiéu va trinh bay mot cach chi tiét
nhitng két qua trong bai bao Unique range sets for meromorphic functions
constructed without an injectivity hypothesis cia tac gia T.T.H. An trén tap

chi Taiwanese Journal of Mathematics [4].

Ngoai phan md dau, két luan va tai lieu tham khéo, noi dung ctia luan van

dugc chia thanh hai chuong.

Chuong 1. Kién thic chuan bi.

Trong chuong nay chiing toi trinh bay mot s6 kién thiic co s vé Hinh hoc
dai s6 nham muc dich lam co sd cho viéc trinh bay noi dung ctia chuong 2.
Ngoai ra chiing toi con trich dan mot sd két qua da c6 nham phuc vu cho céac

chiing minh § phan sau.

Chuong 2. Tap xac dinh duy nhat cho ho cac ham phan hinh.
Trong chuong nay, ching toi tim hiéu Dinh 1§ co ban thi hai Nevanlinna.
Dong thoi, qua viéc tim hiéu cach xay dung céac tap xac dinh duy nhat cho

ho cac ham phan hinh 1 céc tap khong diém ctia cac da thitc khong thoa



méan Diéu kién I ctia Fujimoto, ching téi tim hiéu diéu kién can va du dé tap
khong diém ctia mot da thiic 1a tap xac dinh duy nhéat cho ho cdc ham phan

hinh.

Dé hoan thanh luan van nay tac gid xin chan thanh cdm on su huéng dan
tan tinh chu dao ctia TS. Nguyén Thi Ngoc Diép va tat ca cac Thay gido,
Co gidao thuoce chuyén nganh Dai s6 - Ly thuyét s6 Khoa Su pham Toan hoc
- Truong Dai hoc Vinh da nhiét tinh gidng day va gitp dé tac gia trong suot
thoi gian hoc tap. Mic dit da c6 nhiéu ¢d ging nhung luan vian c6 thé con c6
nhitng thiéu sét, tac gid mong nhan duge st gép ¥ clia cdc Thay, Co va cac
ban hoc vién.

Nghé An, thang 06 nam 2022

Tac gia



CHUONG 1

KIEN THUC CHUAN BI

Trong chuong nay chiing toi trinh bay nhiing kién thiic co ban nham muc
dich lam co s6 cho viéc trinh bay ndi dung ctia chuong 2. Ngoai ra chung toi
con trich dan mot s6 két qua da c6 nham phuc vu cho cac ching minh & phan
sau. Nhitng noi dung nay chi yéu duge tham khao trong cac tai ligu [1], [2],
3] va [7].

1.1 Tap dai s6 trong khéng gian afin va khéng gian xa anh

Trong toan bo chuong nay ta luén luon ky hiéu k£ 1a mot truong.
1.1.1. Pinh nghia. Cho da thic E (1,29, -+ ,2,) € klr1,29, 2]
Mot diem W= (wy,wa, - -+ ,w,) € A" (k) duge goi 1a khong diém ctia da thiic

E (x1,x9,- -+ ,2,) néu
E(W)=E(w,wa, - ,wy) =0.

Néu E khong 1a hing thi tap hop cac khong diem ctia £ dude goi 1a siéu
mat xac dinh bdi E, ky hiéu 1a Z (E). Nhu vay

Z(E)={W € A" (k) |E(W) =0} .

1.1.2. Dinh nghia. Néu & la tap hop cac da thiic bat ky trong vanh da



thic k [x1, x9,- -, x,] thi tap hop
Z(A)={WeA"(k)|[E(W)=0,VE € & }

duge goi 1a tdp dai so trong A™ (k).
1.1.3. Vi du.

(1) tap réng ¢ 1a mot tap dai s6 vi tap rong 1a tap nghiém cia phuong
trinh f =0 v6i moi f € k, f #£ 0.

(2) Méi diem W = (wy,ws, - - - ,wy) trong khong gian A" (k) 13 mot tap dai

s6 vi W 1a tap nghiém ctia hé phuong trinh sau

:El—w1:0
372—11}2:0

Ty — wn =0
nghia la
W =Z (21 — wy,xg — Wa, -+ , Ty — Wy) .

(3) Tap nghiém clia mot he phuong trinh tuyén tinh 1a mot tap dai sé va
dudce goi 1a da tap tuyén tinh .

(4) A™ (k) 1a tap dai s6 trong A" (k) vi A" (k) 1a tap nghiém clia phuong
trinh 0 =0 .
1.1.4. Ménh dé. (i) Cho @, la cic hé da thic trong vanh da thic
klx1, 20, -, x,). Néu o C oy thy Z () C Z (abb).
(ii) Hop cia hai tap dai so cing la tap dai so, nghia la: Vi cic hé da thic

A, Gty trong vanh da thic k |[x1,x9, -+, z,] ta luon co

Z(h)UZ (h) = Z(H)



trong do
o/ ={hg|he€ o, gecab}.

(iii) Giao ciia mot ho tuy 3 cac tap dai so la mot tap dai sb, nghia la: Véi

mot ho {27} cdic hé da thitc trong vanh da thic k[xq1, 9, - -+ , ] ta luon cé

Nz =2 (Um) .

1.1.5. Cha y. Trong khong gian afin A" (k) ta ludn c¢6 hgp cia hai tap dai
sO 13 mot tap dai s6, giao clia mot ho tity ¥ cac tap dai sd 1a mot tap dai so,
tap rong va toan bo khong gian afin A” (k) 1 cic tap dai s6. Vi vay ta c6 the
trang bi mot topo trén khong gian afin A" (k) bang cach coi cac tap dai s6
1a tap dong. Topo nay duge goi 1a topo Zariski trén khong gian afin A" (k).
1.1.6. Dinh nghia. (i) Ta néi tap dai s6 M C A" (k) 1a khd quy néu
M = My U My, trong d6 My, M 1a céac tap dai s6 trong A™ (k) va My # M,
My # M. Trong truong hop ngudc lai tap dai s6 M duge goi 1a bat khd quy .

(i) Mot tap dai s6 bat khd quy trong khong gian afin A" (k) ducc goi la
mot da tap afin .

(iii) Mot tap con mé ctia mot da tap afin duge goi 1a da tap tua afin .
1.1.7. Dinh li. Gid sit M la mot tap dai s6 trong khong gian afin A™ (k).

Khi dé ton tai duy nhat cdc tap dai so bat khd quy My, Mo, - - -, M,, sao cho
M=MUM,U---UM,,

trong do M; ¢ M; vdi moi 1 # j.

Cac tap dai s6 bat kha quy M; dudc goi 1a cdc thanh phan bat khd quy ciia



tap dai so M va M = M;UM,U...U M, 1a su phan tich M thanh cac thanh
phan bat kha quy.

Gia st S 1a da thitc thuan nhat bac s trong vanh da thite & [z1, xo, - -+, Tpi1].
Ta co

S (Aar, Aag, - -+, Aans1) = A°S (a1, a2, anta)
v6i moi diem (ay, az, - ,any1) € A" (k) VX € k. Vi vay néu a 1a nghiem
ciua § thi A\a cing la nghiém cta S.

Luu ¥ rang diém 0 1a nghiém ctia moi da thitc thuan nhat.

Dé xét nghiém ctia da thitc thuan nhéat ta chia tap A" (k) \ {0} theo quan
hé tuong duong

a ~ b néu ton tai A # 0 sao cho a = \b.

Tap hop cac 16p tuong duong nay dude goi 1a khong gian za dnh n chicu
trén truong k va ky hieu la P" (k).

V6i mdi diém a € A" (k)\ {0} ta ciing dung ky hiéu a dé chi 16p cac

diém tuong duong véi a. Khi do6 ta coi a nhu la diém ciia khong gian xa anh
P" (k).
1.1.8. Dinh nghia. (i) Cho da thic R € k[z1, 29, -+ ,2p41]. Mot diém
a € P" (k) dugc goi 1a nghiém za dnh cia da thic R néu R (Aa) = 0 véi
moi A € k.

(ii) V6i méi tap £ khong rong gom cac da thiic thuan nhat trong vanh da

thue k [331,.%2, s ,{L’n+1] thi
Z(AB)={aecP"(k)|R(a)=0,VR € A}

duge goi 1a tdp dai so za dnh trong khong gian xa anh P™ (k).
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1.1.9. Dinh nghia. (i) Ta n6i tap dai s6 M trong khong gian xa anh P" (k)
1a bat khd quy néu M khong l1a hop ciia hai tap dai s6 bé hon thuc su.

(i) Mot tap dai s6 bat kha quy trong P" (k) dudc goi 1a mot da tap za dnh

(iii) Mot tap con mé cia mot da tap xa anh goi 1a da tap tua xa dnh .

1.2 Dudng cong phang trong mat phiang afin

1.2.1. Dinh nghia. Dudng cong phing .# trong A? (k) xac dinh bdi da
thic R (x,y) la

< = {(a,b) € A* (k) |R (a,b) =0} .

Duong cong .Z 1a bat kha quy néu R (x,y) bat kha quy. Bac ctia dudng cong
xac dinh béi da thic R (z,y) 1a bac cta da thic R (z,y).

Gid st R = H R, trong d6 R; 1a cac nhan tit bat kha quy ctia R vae; > 1.
Ta goi cac R; 1; cac thanh phan ciia R va e; 1a boi ctia thanh phan R;. Ta
n6i R; 1a thanh phan don néu e; = 1, va 1a thanh phan boi néu e; > 1.

Do vanh da thic k [z, y] 1a vanh nhan it héa nén moi da thic R (z,y) €
k [x,y] déu c6 thé phan tich dugc mot cAch duy nhat thanh thanh phan bat
kha quy

R— Ry R
trong d6 Ry, Ra, - -+ , Ry 1a cac da thitc bat kha quy phan biét va s, s9, -+ , 5
1& cac s tu nhién.
Bay gio ta ky hiéu

% ={(a,b) € A* (k) |R; (a,b) =0}, i=1,2,--- 1.
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Khi d6 .%; (i =1,2,---,1) 1a cdc thanh phan bat kh& quy ctia dudng cong

Z. Dong thoi duong cong . c6 sit phan tich thanh phan bat kha quy
L=AUL%0U---UL.
Gia stt R (z,y) 1a da thiic hai bién trén trudng k c6 bac n. Dat

R (x,y,2) = 2"R (E, g) ,

2z
ta c6 R (z,y, z) 1amot da thic thudn nhat bac n thudce vanh da thic k [z, y, 2]
va duge goi 1a sy thuan nhdt cta da thic R (x,y).

Ta ky hiéu

—~

7= {[a:b:c] e P2 (k) é(a,b,@:o}

thi & duge goi 1a duong cong za dnh tuong ting ciia dudsng cong .Z. Diém
(a,b) thuoc duong cong . khi va chi khi diém (a, b, 1) thuoc dusng cong 2.
Duong cong % bat kha quy khi va chi khi duong cong # bét kha quy. Néu

duong cong £ c6 sut phan tich thanh cic thanh phan bat kha quy
L =L ULU---UY,

thi dudng cong £ ciing ¢6 su phan tich thanh céc thanh phin bat kha quy
tuong ung

L= AU L5U---UL.

1.2.2. Dinh nghia. Cho dudng cong phang % trong khong gian afin A2 (k)

x4ac dinh béi phuong trinh R (z,y) = 0 va diém N = (u,v) € .£. Diém N
, . OR OR

dugce goi la diem don cta duong cong £ néu . (N) # 0 hoac rm (N) #0.
x Y



12

Khi d6 dusng thang xac dinh béi phuong trinh

OR OR
%’N@—U)Jfa—y’N(y—U)—o

duge goi 1a duong tiép tuyén véi dusng cong . tai diem N. Mot diém khong
phai 13 diém don thi duge goi 1a diém ky di .

Mot dusng cong dudgce goi la tron néu moi diém ctia dudng cong dé déu la
diém don.
1.2.3. Dinh nghia. Cho dudng cong phang % trong khong gian afin A% (k)

xac dinh bdi phuong trinh R (z,y) = 0 va diém N = (0,0). Ta viét
R=R+Riy1+--+ Ry,

trong d6 R; 1a da thitc thuan nhat bac ¢ trong vanh da thic k [z, y] , Ry # 0.
Ta goi t 1a s6 boi ctia duong cong £ tai N = (0,0) va viét ¢ = ty (R) =
tn ().

Do R; 1a da thic thuan nhat hai bién trén truong dong dai s nén ta co
the viét Ry = I1 Q7 trong d6 @); 1a cadc nhan t1 tuyén tinh. Cac @Q; duge goi
1a cdc duong tz’lé/p tuyén cta dudng cong £ tai N = (0,0); ¢; goi 1a so boi
ctia tiép tuyén . Q; goi 1a tiép tuyén don ( kép,...) néu q; =1 (2,---).

Néu duong cong & c6 t tiép tuyén don phan biét tai N thi ta néi N la
diém ky di chinh tic ctia dudng cong .Z.

Gia stt R = [[ R;" 1a su phan tich R thanh cdc thanh phan bat khé quy.
Khi d6

ty (R) = Z eity (R;) .
i
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Néu @ 1a duong tiép tuyén ctia R; v6i s6 boi ¢; thi @ 1a tiép tuyén ctia R voi
s6 boi Z €iq;.

1.2.4. lz\Thén xét. Ta c6 thé mé rong cac dinh nghia trén day cho diem N =
(u,v) # (0,0) bang cach thyc hién phép tinh tién S (x,y) = (x + u,y + v)
bién (0,0) thanh N. Khi d6 RS = R(X + u,Y +v) va ta dinh nghia ty (R)

chinh 1a ¢ g) (R%).
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CHUONG 2

TAP XAC DINH DUY NHAT
CHO HO CAC HAM PHAN HINH

Trong chuong nay, ching to6i tim hiéu Dinh 1y co ban tht hai Nevanlinna.
Dong thoi, qua viéc tim hiéu cach xay dung cac tap xac dinh duy nhat cho
ho cac ham phan hinh 1a cac tap khong diém ctia cac da thitc khong thoa
méan Diéu kién I ctia Fujimoto, chiing téi tim hiéu diéu kién can va du dé tap
khong diém ctia mot da thic 1a tap xac dinh duy nhat cho ho cdc ham phan

hinh.

2.1 Dinh ly co ban thi hai Nevanlinna

Gia st f 1a mot ham phan hinh trén dia D (R) v6i ban kinh 0 < R < o0
va tam tai géc. Ta ky hicu s6 cye diém ctia f trén dia déng D (), r < R,
tinh c& boi va khong tinh boi lan lugt 1a n (f, ) va ny (f, 7).

Ham dém céac khong diem ctia f véi boi duge tinh day da va véi boi duge

ngat lan luot duge xac dinh béi

r

N () = 0logr+ [ (7.0 = n (00

va
,

dt

Ny (f,T’) = (f,O)lOgT+/(n1 (f?t) —n (f,O))7,
0
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trong d6 n (f,0) la bac cta cyc diém clia f tai z = 0 va ny (f,0) 1a 1 néu f
c6 cuc diem tai z = 0 va 1a 0 néu f khong c6 cuc diém tai z = 0.
2.1.1. Dinh 1i [1]. Cho f la mot ham phan hinh trén C. Khi do, vdi moi

r>1, ta co

27 2
N(f,r)—N(%,r) zio/log’f(rew)}dﬁ%Oflogf(ew)d&

Véi méi s6 thire ¢ dit log™x = max {0,log x}. Khi d6 ta luu ¥ mot s6 tinh
chat sau day:
1
logz = log™z —log™ =
T

1
llog x| = log¥x + log*~
T

N N
log*ZxQ < Zlog xj + log N

Jj=1 Jj=1

2.1.2. Dinh nghia. Cho f 1a mot ham phan hinh trén C khong dong nhat

bang 0. Ham zap i cta f duge dinh nghia bdi
27 10
= [ log" —
m(fir) = [1og”|£ (re")| 5
0
2.1.3. Dinh nghia. Cho f 1a mot ham phan hinh trén C khong dong nhat

bang 0. Ham ddc trung Nevanlinna duge dinh nghia béi

T(fr)=m(f,r)+N(fr).

2.1.4. Nhan xét. Gia st ¢y, ..., gr la cac ham phan hinh trén C. Tu dinh

nghia cac ham co ban, ta thu duge cic tinh chat sau day:
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e) T(ﬁ ) < iw,r).

=1

V6i mo6i ham phan hinh f = Jo ta co

fi’
2

m(f,r) = ;/logﬂf(re )‘d@

2T
1
=— /1 i) 1) .
27r/0g\/ re d9+O()
0
Do do
1 2m ) 2 f 2
T(f,r) ZW/log]fl(re )‘d¢9+27T/10g\/ + fl(re )| df + O (1)

0 0

1 . .
_ %/log V1o re®) + £ (rei®) P8 + 0O (1)
0

af +b
cf +d’

T(f) =1

Vi vay, v6i ham phan hinh a,b,c,d € C, ad — bc # 0, ta c6

b
—Z;id,r> +0(1) .

2.1.5. Dinh 1i.( Dinh 1y co ban thit nhat) [1]. Gid st f la mot ham
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phan hinh khdc hang trén C. Khi dé véi a € C ta cé

,r) =T (f,r)+0(1).

1
N(f—a,r)er(f_a
2.1.6. Chu y. Do ham xap xi luon nhan gia tri khong am, nén ta thu ducc

bat dang thitc sau day
N(f—ar) <T(f,r)+0(1).

2.1.7. Dinh li.( Pinh 1y co ban thw hai ) [1]. Gid st a1, a9, ...,a, la
tap cdc s6 phitc phan biét. Gid st f la mot ham phan hinh khdc hang trén C.

Khi do

,7“) +O(logT (f,r)) .

(¢—2)T(fr) SZ; (

2.2 Tap xac dinh duy nhét cho ho cic ham phan hinh

a;

Trong muc nay, ching toi tim hiéu cach xay dung céac tap xac dinh duy
nhat cho ho cédc ham phan hinh I céc tap khong diém ctia céc da thiic khong
can théa man Diéu kién I ctia Fujimoto. Qua d6, ching toi tim hiéu diéu kien
can va du dé tap khong diém ctia mot da thic 1a tap xac dinh duy nhat cho
ho cac ham phan hinh. N6i dung ctia muc nay duge tham khao trong bai bao
[4].

Gia stt M* (C) la tap cac ham phan hinh khac hang xac dinh trén tap C
va F 1a tap con khéc rong cia M* (C).

2.2.1. Dinh nghia. Véi ham f € F va tap con S trong mién gia tri clia

ham f, ta ky hiéu

E(f,8) =] {(zm) eCxZ": f(2) =a,véiboim} .

aceS



18

Tap hop S dugce goi 1 tdp xdc dinh duy nhat , tinh ca boi, cho ho ham F

néu véi moi ham phan hinh f, g € F théa man diéu kién
E(f,8)=E(g,5)

thi f=g.
Vi du dau tien vé tap xac dinh duy nhat dugc dua ra béi Gross va Yang

8] vao nam 1982, d6 1a tap cac khong diém ctia phuong trinh
z+e*=0.

Sau do, cac vi du vé tap xac dinh duy nhat duge dua ra nhicu nhat 1a cac
tap c6 dang
{zeClz"+az"+b=0},

trong d6 a, b 1a cac hang s6 va m,n 1a cic s6 nguyén duong. Luu ¥ rang tap
khong diem ctia mot da thic c6 phai 1a tap xac dinh duy nhat hay khong
khong chi phu thudc vao bac ciia da thitc ma con phu thudc vao dang cua da
thic . Ban dau cac tap xac dinh duy nhat da dudc xay dung hau hét 1a cac
tap khong diém ctia cac da thic théa man Diéu kien I ctia Fujimoto, sau do6
1a cac tap khong diém ciia céc da thic khong théa man Diéu kien 1.

2.2.2. Dinh nghia. Da thic P (z) dugce goi 1a théa man Dieu kien I néu

P don anh trén cac khong diém ciia dao ham ctia P, nghia 1

P (e:) # P (e)

v6i moi khong diém e; # e; ctia P’ (2).
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P(2) =a,2" + i a; 72"
i=0

(1 <m<n,a; €C,ay#0)lamot da thic bac n trong C [z] khong ¢6 cac
khong diém boi. Ta ky hiéu cdc nghiém phan biét ctia dao ham P’ (2) la
aq, Qua, ..., o vOi cac boi tuong ting ciia ching 1a my, mo, ..., my. S6 | duge goi
1a chi s6 dao ham ctia P (2).
2.2.3. Dinh nghia. Mot tap con S cia C duge goi 1a tdp ciéng afin néu
khong ton tai phép bién doi afin ¢ = ux + v, u,v € C, khac phép dong nhat
dé p(S)=S8.
2.2.4. Dinh nghia. Mot da thic P (z) v6i cac he s6 trong C duge goi la
da thitc duy nhat manh cho ho ham F néu véi moi ham khac hing f,g € F
va hang s6 ¢ khac 0 théa man dicéu kien P (f) =cP(g) thic=1va f = g.

Tu day ve sau ta thuong stt dung cac ky hiéu nhu sau:

I'={ila; #0} ,
A=min{ili €},
J={i—-Aliel}.
2.2.5. Dinh li. Guad su
P(2) = a,2" + 2™ + ap12™ -+ ag

(1<m<n,a; €C,a,#0) la mot da thic bic n vdi cic khong diém don.
Ky hiéu S la tdp cdc khong diém cia P (z). Néu n > max {m + 4, 20 + 7},

thi cdc phdt biéu sau la tuong duong:
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(i) S la tap zdc dinh duy nhat cho ho cdac ham phan hinh.

(ii) P la da thiic duy nhat manh cho ho cdc ham phan hinh.

(11i) S la tap cing afin.

(iv) Udc chung Ién nhat cia cdic chi s6 trong I va J déu la 1.
Dé chitng minh Dinh 1y 2.2.5, chting ta can cac bo dé sau day.

2.2.6. Bo dé. Gid su

P(z)=2"+ Zn: piZ" "

=n—m
(1 <m<mn,a; €C,a,,+#0)Ilamot da thic bac n. Gid st rang f va g la cdc
ham phan hinh khdc hang sao cho

! 9 +c
P(f) Plg) "

trong dé co # 0 va ¢1 la cdc hang s6. Néun > max {m + 4, 7} thi c; = 0.

Chitng minh. Gia st ring ¢; # 0 . Ta xét da thiic

@<z>:P<z>+j—f.

Gia stt Q (2) ¢6 k khong diém phan biét 1a e1, ez, - -+ , e vdi sd boi lan lugt

la ny,no, - -+, ng, tic la

Q(z) = (z—e))" - (z —ex)™.
Chuang ta c6

Cf;(?}) =P (9) + 2—? =Q(g) =(g—e)" - (g—er)™  (21)

Vic # 0nén f va g khong c6 cac cie diem chung. Do d6, néu zy € C 1a mot

khong diem ctia g —e; v6i 1 < i < k, thi 2z 13 mot cuc diem cta f. Hon nita
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ti (2.1) ta co:

1
n;ord,, (g —e;) =nord,, <?> ,

trong d6 ord, f 1a s6 boi clia z sao cho f (z) = 0 v6i f 1a mot ham phan hinh

va ord,f am khi f c6 cuc diém tai z. T d6 suy ra

1
ord,, (g —e;) = %ord% <?) > nﬁ (2.2)

Ap dung Dinh 1y co ban thit hai cho g va eq,es, -+ ,ex , ta ¢

(k=2)T(g,7)

A
=

( ! ,7“) +0(log T (g,1)) .

g— €

M- M-

IA
s |3

T(g,7)+ 0O (logT (g,7)) .

=1

=

i—1 T

IA

T (g,7)+ O (logT (g,7))
<T(g,r)+ O (logT (g,7)) .

do do k£ — 3 <0.

Truong hop 1. k=1

Ta co

P(z):(z—el)"—z—?.

Diéu nay mau thudn véi gia thiét he sé trude sé6 hang 2" trong P (z) 14 0.
Do d6 k # 1.
Truong hop 2. k = 2

Ta ¢co
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P(:) = (z-e)"(z =) =

= 2" — (nye + ngeg) 2" !

—1 —1
n (”; ) &2 4 ny (n; ) e%) -2

+ cac s6 hang c6 bac cao hon theo z

+ <n1n26162 +

Theo gid thiét P (2) khong c¢6 s6 hang bac n — 1 hay s6 hang bac n — 2
nén ta co

ny(ng —1 no (no — 1
n161+n262=n1n26162+¥e%+%6320,

mau thuan véi ey # 0,e9 # 0,17 > 0,n9 > 0. Do do6, k # 2.

Truong hop 3. k = 3.

Ta sé phat biéu truong hop nay dusi dang mot bo dé rieng biét dé st dung
Ve sau.

2.2.7. B6 dé. Gid su

Q(z) = (z—e)"(z —e2)"(z —€3)"

la da thiic bac n, trong dé ninans # 0 va e, es, €3 la cdc so phic phan biét.

Néu ton tai cac ham phan hinh khdc hang f va g sao cho

(9 - 61)”1 (9 - 62)”2 (g - 63)n3 = hf"

vdi ham phan hinh h khong triét tiéu trén cac tap khong diém cia g —e;, i =
1,2,3, thi chi xay ra mot trong nhing truong hop sau day

n
ny=mng ="n3 = 7;

3
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hodc
n n
ny = —,No =Nz = —;
]. 27 2 3 47
hodc
n n n
n1=§,n2=§,n3=6~
Ching minh Bo dé 2.2.7.

Ta viet n = o;f; va n; = a7y, trong do (B;,v) = 1,8 > v > 1,40 =
1,2, 3. Gia st zp 1a mot khong diém ctia g — e; v6i ¢ = 1,2, 3. Theo gia thiét
Q (g9) = hf", ta co

ord, (g —e;) = QordZO (f) = @ ord,, (f) > 5;.

n; n;
Ta sé xem xét cac truong hgp sau day.
(i) Tat ca By, B2, 83 > 3 va mot trong s6 ching it nhat 1a 4; gid si rang
B3 > 4.

Trong truong hop nay, ta co

ord,, (g —es3) > B3 > 4

ord, (9 —e;) >0 >3,i=1,2.

Do d6, ap dung Dinh 1y co ban thit hai cho ham ¢ va cac sb phic eq, es, e3 ta

P

CcO

1

7)< (5+5+7) T 0.0+ OosT (5.7)

khong thé xay ra.
(ii) 1 = f2 = B3 = 3.
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Vi fB; > 7; nén ta c6 v; = 1 hodic 7, = 2. Gia st rang ton tai mot chi s6 1,
khong mat tinh tong quét gid st i = 1, sao cho 7 = 2 va ng = 2?”, diéu nay
mau thuan v6i ny +ns +ng =n vanynong #0. Vivay v, = 1véii=1,2,3
vévivaym:ng:ng:g.

(iii) Ton tai it nhat mot chi s6 4 sao cho 3; = 2. Khong mat tinh tong quat
gia st ¢ = 1, sao cho B = 2.

n
V12:51>’ylnéntacéfylzlvadodénlzg.Do

ny + no + n3 = nvangng # 0,

nen [y, B3 > 3.

Néu 3, 3 > 5 thi tit Dinh 1y co ban thi hai suy ra

7)< (3+5+5) T (0 +OlogT (6,1).

diéu nay khong thé xay ra.
Néu ton tai chi s 4, chang han 1a i = 2 sao cho 3y = 4 thi 75 = 1 hoic
) n .. .
Yo = 3. Néeu 9 = 3 thi no = il dieu nay vo ly vi khi d6 ta co

n 3n
n1+n2+n3>n1—|—ng:§+z>n.

n
R
Néu ton tai chi s6 7, chang han 1& ¢ = 2 sao cho 3, = 3 . Thé thi tuong tu

n
Do d6 79 = 1, nghia la ny = 1 va do do6 ng =
n n
ta co vy =1, nghialém:g\@dodéng:g .
Bay gio chiing ta tiép tuc chitng minh Bo dé 2.2.6.

Khi k& = 3, theo B6 dé 2.2.7, ta chi can xem xét ba trusng hop sau day.
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Truong hgp dau tien la

w|3
w|3
w|3

Q(2) = (2 —e1)*(z — e2)* (2 — e3)

suy ra

P(2) = (2 — )" (2 — €)™ (2 — e3)" — z—f .

Trong trudng hop nay ta co e; # 0. Néu e; = 0 thi P (2) ¢6 mot s6 hang bac
n — 1 hodc n — 2 theo z. Mat khéc, do P (2) khong ¢6 s6 hang bac n — 1 nén

ta c6 thé gid stte; = 1,e3=—1—ey . Taco

P(z)=(z—1)"(z—ex)"(z4+14e)" — 2_?

:(23—(€§+62+1)Z+€2(62+1))n1—?.
1

Trong s6 hang liy thita n;, cach duy nhat dé thu dudc s6 hang bac 3n; — 2
la nhan s6 hang 23 len n; — 1 lan va s6 hang z mot lan. Vi ¢6 dén n; cach
lam nhu vay nén sau khi nhan ra, ta c6 hé s6 truée 2™ ~2 1a n; nhan véi he
sO truée z, tic 1la —ny (e% + ey + 1). Tuong tu, cach duy nhat dé thu dugc
s6 hang bac 3n; — 3 la nhan s6 hang 23 lén n — 1 1an va s6 hang hing s6 mot

3TL1—3

lan. Ta c6 dén n; cach lam nhu vay do d6 hé sb trude z sau khi nhan 1a

ny nhan véi s6 hang héng s6, tiic 1a ny (€3 + e). Nhu vay, ta c6
P(z) = 2" —ny (e% + s+ 1) A2y (e% 4 62) SBm—3

+ cac s6 hang c6 bac thap hon.

Theo gia thiét P (z) khong c6 cac s6 hang bac n — 2 hodic n — 3 nén ta ¢
P 2 _
es+ex+1=e5+e =0,

diéu nay khong thé xay ra.
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Truong hop thit hai 1a

Co Co

P(2) = Q) - D = (2 — )z — e0)'(= — ea)" —

C1 C1

n )
voi v = 1 Vi P (z) khong ¢6 cac s6 hang bac n — 1 hay n — 2 theo z nén ta

c6 e1 # 0 va ta co thé gid st rang e; = 1,e3 = —2 — ey . Khi d6 ta co
v v v &
P(e)=(z=D)"(z—e2) (s 42+ €)=
1
:(24—(e%+262+3)22+(26§+462+2)z —6%—262)1]—@.
C1

Trong s6 hang lity thita v, cach duy nhat dé thu dugce s6 hang bac 4v — 2 1
nhan s6 hang 2* lén v — 1 lan va s6 hang 2% mot lan. Vi ¢6 dén v cach lam
nhu vay nén sau khi nhan ra, ta cé he sb trude 2**~2 1a v nhan véi hé sé ding
trude z2. Tuong tu, cach duy nhat dé c6 so6 hang bac 4v — 3 1a nhan s6 hang
2% 1en v — 1 1an va sb hang z mot lan. Ta c6 dén v cach lam nhu vay nén he

3 sau khi nhan ra la v nhan véi hé s6 truée z. Do dé, ta cé

sb6 trude 24
P(z) = 2" —v (el +2e2+3) 2"7% + v (2e5 + 4dex +2) 2" 7% +
+ cac s6 hang c6 bac thap hon.
Theo gia thiét P (z) khong c6 cac s6 hang bac n — 2 hay n — 3 nén ta c6

€3+ 2ey +3 =25+ dey +2 =0,

diéu nay khong thé xay ra.
Truong hgp cudi cling 1a

Q(z) = (z—e)2(z —e2)3(z — )6 .
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Trong truong hop nay, ta co

P(2) =Q(2) = = = (2= e)"(2 — e2)"" (2 — e5)" — =

C1 C1

n 2 >
véi v = % Twong tu nhu truong hop trén, khong mat tinh tong quat ching

ta co thé gia st rang e; = 1,e3 = —3 — 2e9. Khi dé ta ¢
3 2 v Qo
P(2)= (= 1’(z—e2) (2 + 8+ 262)) ==
1

= (2% — (3€3 + 6eg + 6) 2" + (25 + 12¢5 + 18e5 +8) 2° + ...)"

= 2% — v (3e3 + 6ea + 6) 2% 72 + v (2e3 + 123 + 18e3 + 8) 2577
+ céc s6 hang c6 bac thap hon.

Vi vay

3e3 + Geg + 6 = 2e5 + 12¢5 + 18y + 8 = 0,
diéu nay khong thé xay ra.
Nhu vay k # 3 . Do d6 ¢; = 0, va B6 dé 2.2.6 dugc chitng minh. [
2.2.8. Bo dé [6]. Cho S = {ay,as, - ,a,} la mot tap hitu han trong C va

Pz)=(z—a1)(z—a2) - (z—ay,) .

Gid st rang f va g la cdac ham phan hinh khdc hang sao cho

E(f,8)=E(9,S) .

Néun > 21+ 7 thi ton tai cdac hang so6 co € C* va ¢, sao cho
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(0 <m < n,a; €C, ay,ay, #0) la mot da thic bac n. Dat

I'={ila; #0} ,

A=min{i|i €I}

J={i—\iel}.

Néun > m+4 thi cic phat biéu sau day la tuong duong:

(i) P la da thiic duy nhat manh cho ho cic ham phan hinh.

(i) S la tap cing afin.

(iii) Udc chung lén nhat cia cdc chi so trong I la 1 va wde chung lon nhat
ctia cdc chi so trong J ciing la 1.

Chitng minh Dinh li 2.2.5. Theo Bo dé 2.2.9, ta chi can chiing minh
rang (i) tuong duong véi (ii).

That vay, gid st S 1a tap xac dinh duy nhat cho ho cac ham phan hinh
va ta ¢6 f va g la cac ham phan hinh khéac hang sao cho P (f) = ¢P (g)
v6i hiang s6 ¢ # 0 nao d6. Ky hieu S = {ay,as, -+ ,a,} 1a tap khong diém
cia P (z). Vi i,1 < i < n, gid st rang f (29) = a; véi boi a. Khi do, do
P(f) = ¢P(g) nén ton tai j,1 < j < n, sao cho g (z) = a; v6i boi a. Vi
vay E(f,S) = E(g,S). Theo gia thiét S 1a tap xac dinh duy nhat cho ho
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cac ham phan hinh nén ta c6 f = g. Do d6, P 1a da thitc duy nhat manh cho
ho cac ham phan hinh.

Ngugc lai, gid st ton tai ciAc ham phan hinh khac hing f va ¢ sao cho
E(f,S) = E(9,8). Vin > max{m +4,2l+7} > 20 + 7, nén tu B dé
2.2.8 suy ra ton tai cac hing sd ¢y € C* va ¢; sao cho

1 Co
P Pl ™

Miit khac, tit Bo dé 2.2.6 va gia thiét n > max {m + 4,2l + 7} > max {m + 4,7}

suy ra c; = 0.
Do d6 ¢oP (f) = P (g) kéo theo f = g vi P la da thiic duy nhat manh cho
ho cac ham phan hinh. [

2.2.10. Dinh li. Gua su
P (2) = ap2" +anz™ + Ap12™ a,? + ag

(n>m>p,a €C: A QpQ 7 0) la mot da thic bac n vdi cic khong diém
don. Ky hiéu S la tap cac khong diém cia P (2). Gid si rang n > 8+ 2m va
p > 4. Khi dé cdc phat biéu sau la tuong duong:
(i) S la tap zdc dinh duy nhat cho ho cac ham phan hinh.
(ii) P la da thiic duy nhat manh cho ho cac ham phdan hinh.
(i5i) S la tap cing afin.
(iv) Udc chung lén nhat cia cic chi s6 trong I la 1.
Dé chitng minh Dinh 1y 2.2.10, chiing ta can them Bo dé sau day.

2.2..11. Bo dé [9]. Gid st g; (zo, x1,- -+ ,xs) la da thite thuan nhat bac §;,
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vdi 0 < j < s. Gid st ton tai anh za chinh hinh
f:C— P
sao cho dnh cia dnh xa nam trén duong cong duoc zdc dinh bdi

S
j: n—4a;

':C] Jg] (CUO,.Tl,"‘ 75Us):0
j=0

Va4

Khi do cac da thic

'%.711_51.91 (370,1'1,“’ 7'178)7"' ,ZL'S_ s (x07$17”' 7$S)

phu thudc tuyén tinh trén dnh cia f.
Ching minh Dinh lyj 2.2.10. Theo Bo dé 2.2.9 ta can chitng minh
rang (i) tuong duong vdéi (iv).

Gia st ta ¢6 (i), nghia 13 S 14 tap xac dinh duy nhat cho ho cdc ham phan
hinh. Khi d6, tuong tu nhu phép chitng minh dinh 1y 2.2.5 ta c6 P la da thiic
duy nhat manh cho ho cic ham phan hinh. Theo B6 dé 2.2.9 ta c¢6 udc chung
16n nhat cta cac chi s6 trong I 14 1. Nhu vay ta c6 dugc (iv).

Bay gio, ching ta sé ching minh réng (iv) kéo theo (i). That vay, gia st

—

S = {ay,as, -+ ,a,} 1a tap cac khong diém phan biét ctia P (2). Dit
_h
14 cac ham phan hinh khéc héng sao cho E (f,S) = E (g, S), trong d6 (f1, f2)

va (I1,13) 1a cAc cap ham nguyén khong c6 khong diém chung. Khi d6 ton tai
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mot ham nguyén h sao cho

(fi—aifo) - (fi—anfo) =€" (L —arly) - (I} — anl)

1 1
Gr=erly, gg=-erly va ®=(f1, f2,01,92) -

Khi do

AR anifi =gl =g > anigi gy =0.  (2.3)

i=n—m 1=n—m
Ap dung B dé 2.2.11 cho trudng hop s = 3,00 = 09 = 0,01 = 03 = m Vi
n > 84 2m, khong mat tinh tong quat ta cé thé gia si ring ton tai cac hing

sO aq, a9, ag, khong dong nhat bang khong sao cho

n

arff +onfy ™ > an_iftT fs + asgl = 0.

=n—m

Ta xem xét cac truong hop sau day.
Trliéng hOp 1: ayavas 7é 0.

Ap dung B6 dé 2.2.11 v6i s = 2,0y = § = 0, 6; = m, ta thu dugc

o fi 4+ anfy ™ Y aniff T fi=0

1=n—m
trong d6 «;’ khong dong nhat bing 0. Vi vay f 14 ham hang.
Truong hgp 2: g = 0, thé thi f phai 13 ham hang.
Trusng hop 3: a3 = 0. Ta ¢6 asag # 0. Khi dé6

n

agfy " Z an-ifi 7' f3 = —azg.

i=n—m

Chia c hai vé ctia phuong trinh trén cho f' va luu ¥ rang f = L ta o

f2
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n
o
frm (amzm A 2" a2’ + ao) == <@> :

Goi eq, €9, -+ , €4 1a cac khong diem phan biét ciia Q (2) v6i cic s6 boi tuong

ung la ny, ng, - -+ ,ny voi

Q(2) =anz™ +am 12"+ +atf +tag.

Khi d6

P e (e = 2 ()
Theo gia thiét ag # 0, nén ta c6 e; # 0, ma m > p > 4 nén ¢ > 2. Mat khac,
bang cach lap luan tuong ty nhu trong phép chitng minh Bo dé 2.2.6, ta c6
q < 2. Do d6 ¢ = 2. Theo Bo dé 2.2.7, néu ¢ = 2 thi mot trong cac truong

hop sau day xay ra
n
n—m=-—,n—m=
2

Tat cd cac truong hop nay déu mau thuan véi gia thiét n > 8 + 2m. Do d6
f 13 ham hang.

Truong hgp 4: ap = 0. Thé thi a3 # 0. Hon nita,

afl =01,

trong d6 o" = A Ty (2.3) ta co
a3

n

(1 —Oé> O‘nf?"‘f;_m Z an—ifln_ifg _gg—m Z an,ia”_i {l_igé =0.

=n—-m =n—m
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Néu o # 1, thi ap dung Bo dé 2.2.11 cho §y = 0,0, = 6y = m, s = 2 ta
thu duge fi' va f3= " >0 ai fi 7~ phu thudc tuyén tinh, va do d6 f 1a ham

hang. Nhu vay o = 1 va

n

n
anfP 7Y anilfiT = angt g5 Y anigl g

=n—m =n—m

Bay gio ta xét da thic
Q (2) = aohl + aphy ™" + - + an,h ™™ + ay, .
Chia ca hai vé ctia phuong trinh trén cho f]' = ¢} ta dugc
1 1
H(7)=n(;). (2.4)
f g
Mt khéc, do gid thiét uée chung 16n nhat ctia céc chi 86 trong I = {i]a; # 0}

14 1 nén ta c6 ude chung 16n nhéat cia cac chi s6 trong K = {n —i|a; #0}

cing la 1. Vi a, # 0 nén ta co

min{n —iln—ie K} =0.

Tit d6, ap dung Bo dé 2.2.9 véi p > 4 ta c6 H (2) 1a mot da thiic duy nhat

manh cho ho cdc ham phan hinh. Vi vay tur (2.4), ta ¢6 duge f =g¢g. O
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KET LUAN

Trén co s tham khao cac tai liéu, trong luan van nay ching to6i da tap
trung tim hicéu va trinh bay mot cach chi tiét nhitng noi dung sau day:

1. Tap dai s6 trong khong gian afin va khong gian xa anh, dudng cong phang

trong mat phang afin.
2. Dinh 1y co ban tht hai Nevanlinna.

3. Cach xay dung cac tap xac dinh duy nhat cho ho cac ham phan hinh 13
cac tap khong diém ctia cac da thic khong can théa man Diéu kien I ctia

Fujimoto.

4. Diéu kién can va du dé tap khong diém ctia mot da thic 1a tap xac dinh

duy nhat cho ho cac ham phan hinh khac hang trén truong sé phiec.
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