BO GIAO DUC VA DAO TAO
TRUONG DAI HOC VINH

LE MAI PHAP

VE LUY THUA HINH THUC
CUA IDEAN CANH NHI THUC

LUAN VAN THAC SI TOAN HOC

Nghé An - 2022



BO GIAO DUC VA DAO TAO
TRUONG DAI HQOC VINH

LE MAI PHAP

VE LUY THUA HINH THUC
CUA IDEAN CANH NHI THUC

Chuyén nganh: DAI sO VA LY THUYET sO
Ma s6: 8460104

LUAN VAN THAC SI TOAN HOC

Ngudi huéng dan khoa hoc
TS. THIEU DINH PHONG

Nghé An - 2022



MUC LUC
Muc luc 1
Mdé dau 2
1 KIEN THUC CHUAN BI 5
1.1. Mot s6 khainiem ve do thi . . . . . . . . . . ... ... ... .. 5
1.2. Idean khéi dau va co s6 Grobner . . . . . . L. L. 7
1.3. Liay thua hinh thtc ciaidéan . . . . . . . . . . . . . . ... .. 10

2 LUY THUA HINH THUC CUA IDEAN CANH NHI THUC 14

2.1. Idéan canh nhi thuwe . . . . . . . . . . . .. ... ... 14
2.2. Luy thtra hinh thitc cta idéan canh nhi thiae . . . . . . . . . . .. 16
Két luan 21

Tai liéu tham khao 22



MG DAU

Goi S = K[x1,...,Zn, Y1, .,Ys) 1a vanh da thitc 2n bién trén mot trudng
K va G mot do thi don trén tap dinh [n] véi tap canh E(G). Idéan canh nhi
thiic cia G dugc tao ra béi tap hop dinh thiic con cap 2 ting v6i chi s6 cac canh

cia G tit ma tran cac bién

X: (El .SUQ o« o e xn
(?Jl Y2 - Yn

dugce 1ap chi muc béi cac canh cua GG. N6i cach khac,
JG = (xzy] — XjY; ¢ 1< ] va {Z,j} € E(G))

Trong thap ky gan day, mot so tinh chat clia cac idéan canh nhi thic da
duge nhiéu nha toan hoc quan tam nghién ctu. Trong [11], cac tac gia da chi ra
rang, doi v6i moi do thi G, idéan Jg 1a mot idéan can va cac idéan nguyén to
téi thiéu ducc dic trung béi tinh chat to hop clia do thi. Nhiéu nha toan hoc
da nghién cttu tinh chat Cohen-Macaulay clia cac idéan canh nhi thic; va dat
duge mot s6 két qua dang ke, dic biet 1a vé giai tu do ciia cac idéan canh nhi
thic.

C4c tinh chat va ting dung ctia liy thita hinh thitc 13 mot chii dé nghién ciu
trong dai s6 giao hoan trong hon 40 nim qua. Luy thita hinh thitc va luy thita
thong thuong néi chung khong trung khép v6i nhau. Tuy nhién, c6 nhiing 16p
clia cac idéan thuan nhat trong vanh da thiic ma cac liiy thita hinh thic va

lily thita thong thudng trung nhau. Vi du: néu I 1a canh idéan ctia d6 thi, thi



I = I®) v6i tat ca k > 1 néu va chi khi do thi 1a d6 thi hai phan. Téng quét hon,
idean mat cuc dai I(A) ctia mot phite don hinh A ¢6 tinh chat I(A)F = I(A)®)
cho tat cd k > 1 (tuong duong, I(A) 1a xodn ty do chuan tic) néu va chi néu
A 13 mot phiic Mengerian; xem [10, Phan 10.3.4]. Idéan ctia cac dinh thtic con
ciic dai clia mot ma tran chung c¢6 ciing mot tinh chat, dé 13, cac liiy thita hinh
thitc va luy thia thong thuong ctia ching la triing nhau [6].

Cho dén nay, phép so sanh gitta lfiy thita hinh thtc va lity thita thong thuong
doi v6i cac idéan canh nhi thiic méi chi duge xem xét trong [12]. Trong Phan
4 ctia bai bao nay, Ohtani da chitng minh rang néu G 14 mot do thi da phan
hoan chinh thi J} = Jék) v6i moi sO6 nguyén k > 1.

Trong bai bao [8], cac tac gid Viviana Ene va Jurgen Herzdg da chiing minh
rang, doi v6i moi idéan canh nhi thic c¢6 co s Grobner binh phuong thi liy
thtta hinh thitc va liy thtta thong thuong cia Jg trung nhau. Chiing minh dua
trén viéc chuyén dang thiic cho lily thita hinh thic va liy thita thong thudng
tit idean khdi dau sang idéan chinh né.

Trén co s6 d6 ching toi chon dé tai “Lity thita hinh thic cia idéan canh
nhi thic” dé trinh bay lai ching minh ciia dinh 1y va cac két qua da deé cap &
trén ctia Viviana Ene va Jurgen Herzog trong tai liu tham khéo chinh [8].

Luan vin bao gom phan md dau, noi dung chinh va cac tai lieu tham khéo.
Trong dé, néi dung ctia ludn van duge chia lam hai chuong:

Chuong 1. Kién thic chuan bi. Chuong nay trinh bay cac kién thitc co
sd ve do thi, idean khdi dau, idéan canh nhi thic...

Chuong 2. Liay thwa hinh thitc ctia idéan canh nhi thitc Noi dung
ctia chuong nay 1a trinh bay vé Liiy thita hinh thic ctia idean canh nhi thtc
trén co s6 trinh bay chitng minh chi tiét mot s6 két qua ctia tai lieu tham khao

chinh.
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CHUONG 1

KIEN THUC CHUAN BI

1.1 Mot sé khai niém ve do thi

Noi dung clia muc nay la trinh bay mot s6 khai niém va tinh chat co ban

cua do thi.

1.1.1 Dinh nghia. Ta goi G 1a mot do thi néu G c6 mot tap dinh V = V(G)
va mot tap canh E = E(G) ndi cac cgp dinh (néu o), ki hieu G = (V, E).

1. Mot dinh v ctia do thi G dugc goi 1a dinh co lap néu v khong thudc bat ci

canh nao cua G.

2. Mot canh c6 2 dinh tring nhau ctia do thi G dudc goi 1a mot khuyén cia

do thi G.

3. Hai canh c6 cung chung cap dinh ctia mot do thi G' dudce goi canh kép cla

do thi G.

4. Do thi G khong c6 canh kép va khong c6 khuyen dude goi 1a do thi don.

1.1.2 Vi du. Cho cac do thi G, G, G3 nhu trong Hinh 1.1. Khi d6 G4, G5
khong c6 dinh co6 lap, tuy nhién do thi G c¢6 dinh co lap 1a dinh a vi n6 khong
thuoc bat ¢t canh nao ctia Ga. Do thi G5 ¢6 hai khuyeén tai dinh /; do thi Gy ¢6
canh kép 12 bc, bd. Do d6, ta c6 do thi G 1a do thi don trong khi do thi G, G3
khong phai 1a do thi don.



G3

Hinh 1.1: D6 thl Gl, GQ, Gg.
1.1.3 Dinh nghia. Do thi H dugc goi 1a do thi con cia G néu V(H) C V(G)

va E(H) C E(G).
Do thi H dugc goi 1a do thi con cam sinh cta G trén tap dinh V(H) néu H
la do thi con clia G' va u, v 13 mot canh ctia H khi va chi khi {u, v} cling 1a mot

canh cua G.

1.1.4 Vi du. Cho do6 thi G = (V, E) x4c dinh nhu trong Hinh 1.2. Khi d6 G
1a mot do thi don. Xét W = {a,b,c,d} C V 1a mot tap con cac dinh. Tap hop
cac canh ctia do thi G chi chita cac dinh trong W 1a Ey = {ab, be, ad, bd}. Khi
d6 Gw = (W, Ey) chinh 1a d6 thi con cam sinh ctia G trén W.

b

e
Hinh 1.2: D6 thi G

1.1.5 Dinh nghia. Cho G 1a mot do thi véi tap dinh V(G) = {x1, 29, ..., z,}.
Mot duong di trong G la mot day cac dinh z;,,2;,,...,x; trong G sao cho

Ti;, Tip .y, VO 1 < 7 <k —1,1a mot canh cta G.



Do thi G dugce goi 1a lién thong néu gitta moi cap dinh phan biét ctia G luon
ton tai mot duong di chita ching. Ngudc lai, néu ton tai mot cap dinh phan biét
ciua G ma khong c¢6 duong di chita ching thi G duge goi la khong lién thong.

Mot thanh phan lién thong clia do thi G 1a mot do thi con lien thong toi dai
ctia G, tic 1a khong duge chita thuce sy trong mot do thi con lien thong khac

ciia GG. Do thi lien thong khi va chi khi né chi ¢6 mot thanh phan lién thong.

1.1.6 Vi du. Cho G 1a do thi trong Hinh 1.3. Khi d6 do thi G khong lién thong
vi khong c6 duong di gitta moi cap dinh phan biét. Cu thé & day 1a dinh co lap
ctia G. Do thi G bao gom 3 thanh phan lién thong. Dinh ¢6 1ap ctia G ciing 1a
moOt thanh phan lién thong.

Hinh 1.3: D6 thi ¢6 3 thanh phan lién thong.

1.2 Idéan khdi dau va co sé Grobner

Cho R = K[xy,...,x,] vanh da thic trén truong K. Tap hgp tat ca cac don
thic thuoe R duge ky higu Mon(R).

1.2.1 Dinh nghia. Mot thi ty toan phan trén tap Mon(R) duge goi 1a mot

thit tu don thic < trén R néu théa méan cac tinh chat.

1. 1 <uvéimoiul, uée Mon(R);



2. Néu u,v € Mon(R) va u < v, thi véi moi w € Mon(R) ta ¢6 uw < vw.

Mot thit tu don thic trén vanh da thic duge sit dung thuong xuyén do la

thi tu tit dién. That tu tit dién <jex trén R cidm sinh béi thi tu ty nhién cla cac

bién ¥y > x9 > .... > x, dudc dinh nghia nhu sau: Véi v = x;,.x, ... 7, 0 =
xj,.Tj, ... x5 trong do i1,1, ..., %, J1,J2.--Jk € [n] ytacou <jex v 1, < Ty
hodac 31 <t <k—1saochox; =xj,...,2;, =2 va x;,,, <Tj,,-

Thit tu don thic duge xét trong luan van nay tha tu don thitc cam sinh bdi

thit tu tu nhién x; > 29 > ... > x,, cla cac bién.

1.2.2 Dinh nghia. Cho < la mot thi tu don thiic tréen R va 0 # f € R. Don
thiic khdi dau cta f tng v6i <, ky hieu béi in. (f), 1a don thitc 16n nhat theo
thit tu < gitta tat ca cac don thitc thuoc vao Supp(f) (tap cac don thic véi he
s6 khac 0 xuat hieén trong da thitc f)

Tic la v6i f = ajug + agus + .. .. + aplm; a; # 0,u; # uj la cac don thic
phan biét. Ta c6

in.(f) = max {u;|u; € Supp(f)} = max{u;li =1,...,m}.

Ta c6 thé kiém tra truc tiép ducc bo dé sau.
1.2.3 B6 dé. Cho cdc da thic 0 # fg € R va don thiic u € Mon (R). Ta cé:

1. inc (uf) = winc (f).

2. inc (fg) = in< (f)in< (g).

1.2.4 Dinh nghia. Cho I C R 13 idéan thuan nhat. Ta dinh nghia idéan khdi
dau ctia I, ky hieu béi in- (I), 1a idéan don thiic trong R sinh bdi tat ci céc

don thite khéi dau ine (f) cta céc da thie 0 # f € 1. Thc la

inc (I) = (in< (f) [f € I).



Do I 1a thuan nhat nén ta ciing co:
inc (J) = (inc (f)|f € J va f la thuan nhat).

1.2.5 Ménh dé. Cho <, < la cdc thi tu don thice trén R va I,I C R la cdc

idéan thuan nhat. Khi dé ta cé:
1. Néuin. (I) Cin_r (1) thyinc (I) = in_ (I).
2. NéuICI vainc(I)=in. (I') thil=1.

1.2.6 Dinh nghia. Cho idéan 0 £ I C R. Mot co s¢ Grobner cua I ting véi
thtt ty don thic < 1a mot tap hitu han cac phan tit g1, go,...,gs € I sao cho

idean khdi dau in. (J) cta I sinh béi inc (¢1), . ..., inc (gs), tic 1a
in. (1) = (inc (¢1) ,in< (g2) , - . .,in< (gs)).
1.2.7 Vi du. Cho vanh da thic R = K[x1, 29, x3] va idéan
I = {x129 + a:g), T1T3 + ToX3).
Khi d6 véi < la thi tu tit dién trén R ta c6
in. (1) = (xyw9, x123).
Do d6 hé sinh {z17y + 23, x123 + 2223} ciing 1A mot co sé Grobner clia 1.

1.2.8 Dinh nghia. Cho R 13 mot vanh da thitc va I 14 mot idéan thuan nhat
trong R. Mot co sé Grobner G = {g1,...,9s} cta idéan I dugc goi 1a binh
phuong néu véi moi ¢, hé s6 clia in. (g;) trong G 1a 1 va g; 1a cac da thiic thuan

nhat bac 2.
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1.3 Liuy thwra hinh thic cua idéan

Cho I C R la mot idean trong vanh Noether R, va ky hieu Min(7) la tap
cac idean nguyen t6 toi tiéu ctia I. Cho s6 nguyén k > 1, luf thita hinh thic
bac k cta I, ky hieu 1a I® | duge dinh nghia nhu sau:

W= () (I"'B,nR)= () ker(R— (R/I"),)

peMin(l) peMin([)
={a € R: v6i moi p € Min(I), ton tai w, & p v6i wya € I}

:{aeR: téntaiw@? U PVéiwaelk}-
peMin(])

Béi dinh nghia ctia luy thita hinh thic, ta c6 I¥ C I® for k > 1. Luy thia
hinh thic néi chung la khac v6i luy thuta thong thuong cia mot idéan. Tuy
nhién néu I 1a mot idéan giao day du hoic 1a idéan dinh thitc sinh béi cac dinh
thitc con tdi dai clia mot ma tran tong quat thi ngudi ta da ching minh dugc
ring I¥ = I™) v6i k > 1; xem [6].

Cho I = Q1N---NQ,, 1a mot phan tich nguyén so thu gon ctia I v6i /Q; = p

v6i moi 7. Néu cac idéan nguyéen to t6i tiéu ctia I 1a p1, ... p,, thi

1M =QWn...AW
Dic biet, néu I C R = Klxy,...,,] 1a mot idéan don thtc khong chinh
phuong trong vanh da thiic trén truong K, thi

= p

peMin(l
1.3.1 Vi du. Cho R = K [z,y, 2] 1a vanh da thitc 3 bién trén truong K. Xét
I = (23,9 2yz) 1a mot idéan ctia R. Ta c6 mot phan tich nguyén so cta [

dang

I=(z,y°) N (2°,y) N (2%,% 2)
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Phan tich nay khong l1a phan tich nguyén so thu gon vi v/x,y? = /23, y.
Mot phan tich nguyén so khac ctia [ dang

1= (.2 y?) 0 (@, o, 2)

la mot phan tich nguyén so thu gon cua I vi

\/ (xy7 $37y2) = (x’y) % V x37y27z = (:C7 y7 Z)'

1.3.2 Vi du. Cho R = K [z,y] va idéan [ = (zy,z). Ta ¢c6 mot phan tich
nguyén so cua I 1a I = (z,z) N (y,2). Do I 1a idéan don thic khong chinh

phuong nén ta co
I? = (2,220 (y,2)? = (2%, 22, 22) N (12, yz, 22) = (%)%, zyz, 22) = T2
1.3.3 Pinh nghia. Mot idéan I C R dudc goi la zodn tu do chuan tdc néu
Ass(I") C Ass(I),Vk.

1.3.4 Ménh dé. Cho I C S la mot idéan don thitc khong chinh phuong. Khi
dé cdc dieu kién sau tuong duong:

(a) I la zodn tu do chuan tdc;

(b) 1) = I* k.

Néu cac dieu kién tuong duong duge théa man, thi I la mot idéan chuan tdc.

1.3.5 Vi du. Ching t6 rang idéan I = (xy,zz,yz) C K|x,y, 2], khong phai
x0an tu do chuéan tic ma 1a chuan tic.
Truée hét I c6 bicu dién thu gon 1a I = (z,y) N (z,2) N (y, z). Khi d6 ta c6

Min(I) = {(z,y), (z,2), (y, 2)}. T I*) = N  P*, ta can ching to:
PeMin(I)
(a) Ass(I¥) ¢ Ass(I) va
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(b) I™) = I* v6i mot vai k nao do.

Do Min(I) = {(z,y), (x,2), (y, 2)}, ta ¢6 Ass(I) = {(z,y), (z, 2), (y, 2) }, mait

khac tu
I? = (2%, 2%yz, wyPz, 2222, wy2?, P 22).

Ta c6 phan tich nguyén so cta I? 1

I* = (2%, 2y, y”) N (y° yz, %) N (27, 22, 27) N (2%, 7, 27).
Tu do
ASS(1?) = {(2,), (22), (4, 2), (5,9, 2)} £ Ass(]).
Vay (a) dugc ching minh.
Ngoai ra:

Véi k=2 : Taco I* = (2%, 2%yz, xy’z, 1222, vy2?, y?2?), trong khi d6

1% = (2 2y, ") N (2%, 202, 2%) N (1P, yz, 2%) = (2797, 227, wyz, y727).

Vi vay 1) #£ 2.

Do dé theo ménh dé trén ta c6 I khong la idéan xoan tu do chuan téc.

Tiép theo, ta trinh bay khai trién nhi thic ctia cac luy thita hinh thitc. Cho
I C Rva J C R la hai idéan thuan nhat trong vanh da thic R, R’ clia cac tap
bién phan biét trén cuing truong K. Ta viét I, J cho cidc mé rong clia hai idéan
nay trong R ®x R'. Khi d6, ngudi ta chiing minh duge khai trién nhi thic nhu

sau.

1.3.6 Dinh li. /9, Theorem 3.4] Vi cic dinh nghia va kij hiéu nhu trén, ta cd,
I+ )™= 1Y
i+j=n
Hon nita, ta c¢6 tiéu chuan sau cho st bang nhau gitta luy thita hinh thitc va

luy thita thong thuong ctia mot idéan .
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1.3.7 Hé qua. [9, Corollary 3.5] Véi cic khdi niém va kij hiéu J trén, gid si
ring It # I wa Jt # JH wgit <n—1. Khi do (I+J)™ = (I +J)" néu va

chi néu I = Tt va JO = Jt cho moi t < n.
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CHUONG 2

LUY THUA HINH THUC CUA IDEAN CANH NHI THUC

2.1 Idéan canh nhi thic

2.1.1 Dinh nghia. Cho G 1a mot do thi don trén tap cac dinh [n] véi tap canh
E(G) va cho S 1a mot vanh da thic K[z, ..., 2n, 41, - .,Ys] clia 2n bién trén
truong K. Idéan canh nhi thic Jo C S cia G duge dinh nghia la idéan

JG = (f?j 11 < ja {7’7J} S E(G))7

trong d6 fi; = zy; — x4 v6i 1 < i < j < n. Luu y rang f;; chinh xac 1a céc

dinh thtc t6i dai clia ma tran chung cap 2 X n c¢6 dang

_ [ X1 X2 - Tp
X_<y1 Y2 v yn)
Chiing ta thuong st dung khai niem [i, j| cho cdc ma tran con cap 2 ctia X xac
dinh béi cac cot ¢ va j.

2.1.2 Vi du. Cho d6 thi G nhu hinh vé.

Hinh 2.1: D6 thi G.
Khi do, idéan canh nhi thic cia G la

Jo = (1‘13/2 —XL2Y1, T1Y3 — XL3Y1, X2Y3 — X3Y2, L2Y4 — T4Y2, X3Y4 — T4Y3, L4Y5 —96594)-
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Xét vanh da thic S ciing véi thit tu tit dién cadm sinh béi thit tu tu nhién
clia cac bién va in-(Jg) ky hieu la idean khdi dau cta Jg tng véi thi ty don
thic nay. Béi [11, Corollary 2.2], Jg 1a mot idean can. Cac idéan nguyen t6 toi
tiéu ctia no c6 thé dac trung béi tinh chat t6 hop ctia do thi G. Ta c6 khai niem
sau:

Cho § C [n] 1a mot tap con (c6 the 1a tap rong) cta [n], va cho Gy, ..., Gys)
la cAc thanh phan lién thong clia G, s trong d6 G, s la do thi con cam sinh
ctia G tren tap céc dinh [n] \ S. Véi 1 < i < ¢(S), ky hieu G; 1a dd thi day du
trén tap cac dinh V(G;). Cho

PS(G) = ({%a%}ig&‘) + ‘]631 + e JG’

e(S)”
Khi d6 Ps(G) 1a mot idean nguyén t6. Do céac luy thita hinh thic ciia mot
idéan ctia cac dinh thiic con t6i dai ciia mot ma tran chung triing véi luy thita

thong thuong cta idéan do, va bdi Hé qua 1.3.7, ta ¢o
Ps(G)® = Pg(G)* for k > 1. (2.1)

Bai [11, Theorem 3.2], Jg = (g}, Ps(G). Dac bigt, cic idean nguyén t6 toi
tiéu ctia Jg 1a idéan nguyén t6 tdi tieu ctia Ps(G) v6i S C [n]. Ménh dé sau

dac trung cac tap S trong d6 idéan nguyeén td Ps(G) 1a téi tiéu.

2.1.3 Ménh dé. [11, Corollary 3.9] Ps(G) la mot idéan nguyén to toi ticu
cia Jg néu va chi néu hoic S = 0 hodc S la khdc rong va vdi moi 1@ € S,

c(S\ {i}) < «(S).

Trong thuat ngit t6 hop, ddi véi mot do thi lien thong G, Ps(G) 13 mot idéan
nguyén t6 t6i thicu ctia Jg néu va chi néu S rong hoac S khong rong va 13 mot
tap diém cdt cia G, tic la i 1a diém cdt ctia d6 thi thu hep G(j)\s)uq) Vi mdi

i €S.GoiC(G) latap hop tat ca cac tap hop S C [n] sao cho Ps(G) € Min(Jg).
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Béi [4, Theorem 3.1] va [4, Corollary 2.12], ta c6

in.(Jg) = [ in< Ps(G). (2.2)
sec(@)

Khi nghién cttu luy thita hinh thic cta cac idéan canh nhi thiic, ta thuong chi
can xem xét cac do thi lien thong. Cho G = G1 U --- UG, trong d6 G4, ..., G,
14 cac thanh phan lién thong ctia G va Jg C S 1a idéan canh nhi thic cia G.
Khi d6 ta c6 thé viét

Jo=Jo, + -+ Ja.
trong d6 Jg, C S; = Klzj,y; : j € V(G;)] v6i 1 <i < c. Trong déng thic ten,

ta st dung khai niém Jg, cho mé rong ctia Jg, trong S.

2.1.4 Ménh dé. Vi cic dinh nghia va ky hiéu & trén, ta cé J(k; = J((;k) v Mot

k > 1 néu va chi néu Jéi = Jg? vdi moi k > 1.
Chatng minh. Dugdc suy ra tryc tiép tu He qua 1.3.7. ]

2.2 Luy thwra hinh thiic cia idéan canh nhi thic

Trong muc nay, ching ta tim hiéu viéc chuyén sy bang nhau gitta luy thita
hinh thitc va luy thita thong thuong tir idéan khdi dau sang idéan chinh né.

Cho R = K|xy,...,x,] 1a vanh da thic trén truong K va I C R la mot
idean thuan nhat. Ta gid s rang ton tai mot thi ty don thic < trén R sao
cho in (/) 1a mot idéan don thiic khong chinh phuong. Dac biet, ta ¢6 I 1a mot

idean can. Ky hieu Min(Z) = {p1,...,ps}. Khi d6 I = (_; p;.

2.2.1 Bb dé. Vi cdic khdi niém va ky hiéu & trén, ta gid st rang cdc diéu kien

sau duoc thoa man:

(i) inc(I) = ;= in<(ps);
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(i) Vi méi s6 nguyén t > 1 ta co:
(a) pl(-t) =pt for 1 <i <s;
(b) inc(p;) = (in<(p))" for 1 <i <s;
(¢) (in<(1))" = (in<(1))".

Khi do I = I'.

Chitng minh. V6i gia thiét nhu trén, ta co:

S

i (1) 2 (in<(1)' = (n<(1)" = ((in<(p:)"

1=1
2 ﬂ(m<(Pz’))t = ﬂ in_(p;)
1=1 1=1
> inc (b)) = inc((Y ") = inc(1)
i=1 i=1
D in(I")
Do d6, suy ra ring in.(I®) =in_(I*). T I C I, ta co It = IV, O

Ta tim hiéu vAn dé khi nao ching ta cé thé st dung bo dé trén dé nghién
cttu luy thira hinh thitc ctia idéan canh nhi thic. Luu ¥ rang, béi (2.2), diéu
kién dau tien trong Bo dé 2.2.1 sé ding v6i moi idéan canh nhi thic Jg. Théem
nita, nhu ta thay tit (2.1), diéu kien (a) trong Bo dé 2.2.1 14 ding v6i moi idéan

nguyen t6 Ps(G) va moi s6 nguyén ¢ > 1.
2.2.2 B dé. Cho S C [n]. Khi dé ta co
in<(Ps(G)") = (in<(Ps(G)))",

vt mot t > 1.
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Chitng minh. Dé 1t ngdn khai niém, ta viét P thay cho Ps(G), ¢ thay cho
c(S), va J; thay cho Jg voi 1 <i<e.
Cho R(P), tuong ting R(in(P)) la cac dai s6 Rees ctia P, tuong ting in (P).

Khi do, tir cac tap cta cac bien {z;,y; : j € V(G;)} la d6i mot phan biét, ta c6
R(P) = R(({xi,yi}ics)) @x (R R(J:)). (2.3)
Mat khac, tu

in.(P) = ({zi, yities) +inc(J1) + - - +inc(Je),

va thyc té 1a Ji, ..., J. 1a cac idéan clia tap cac bién phan biet tit {x;, y; }ies

(xem [11]), ta dat dugc

R(ine P) = R(({zi,yities)) @k (®i=R(in< J;)) (2.4)
= R(({zi,yities)) @ (@i ine R(J)).

Cho dang thic cudi, ta da st dung dang thitc in.(J!) = (in< J;)!, véi moi ¢t > 1,
I3 mot truong hop diic biet clia [3, Theorem 2.1] va dang thic R(in. J;) =
in. R(J;) dua vao [5, Theorem 2.7]. Luu § rang R(P) va in.(R(P)) c¢6 cung
ham Hilbert. Mat khac, cdc dang thic (2.3) va (2.4) chi ra ring R(P) va
R(in< P) ¢6 cung ham Hilbert tt R(J;) va inc R(J;) ¢6 cung ham Hilbert
vl moi 1 < i < s. Do d6, R(in< P) va inc R(P) ¢6 cung ham Hilbert. Tu
R(in. P) C in.(R(P)), ta c6 R(in. P) = in(R(P)), diéu nay suy ra bdi [5,
Theorem 2.7] réng in.(P?) = (in. P)* v6i moi t. O

2.2.3 Dinh 1i. Cho G la mot do thi lien thong trén tap dinh [n]. Néu in.(Jg)

la mot idéan zodn tu do chuan tdc, thi Jék) = JE voi k > 1.

Chiing minh. Ching minh dinh 1y 1a mot hé qua ctia Bo dé 2.2.2 két hop véi
cac két qua (2.2) va (2.1). O
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C6 cac idéan canh nhi thic sao cho idéan khdi dau ctia ching tng véi thi tu
tir dien 1a xoan tu do chuan tic. Vi du, cac idéan canh nhi thiic véi co sé Grobner
binh phuong sé c6 idéan khéi dau 1a xoan tu do chuan tic. Ching dude dic
trung trong [11, Theorem 1.1] va tuong ting véi cac do thi dong. Trong d6, mot
do thi G dudc goi 1a déng néu ton tai mot cach danh sé cac dinh ctia né sao cho
v6i moi canh {i, k} v6i ¢ < k va véi moi i < j < k, ta c6 {i,7},{j,k} € E(G).
Néu G la dong tng véi cach danh s6 ciia nd, thi tng véi thi tu tit dien <
tren S cam sinh bdi thit tu tu nhién cta cac bién, idéan khéi dau ctia Jg 1a
in.(Jg) = (zy; i < jand {i,j} € E(G)). Diéu nay suy ra rang in-(Jg) la
mot idéan canh ctia mot dd thi hai phan, do dé né 1a xodn tu do chuan tic. Do

do6 ta ¢6 nhu sau.

2.2.4 Hé qua. Cho G la mot do thi déng trén tap cac dinh [n]. Khi dé Jék) = J&

vdi k> 1.

Cho Cy 1a mot chu trinh 4 dinh véi cac canh {1, 2}, {2,3}, {3, 4}, {1,4}. Gia
st < 1a thi ty tit dien tren Klzy,..., 24,1, .., %4 cdm sinh bsi z1 > z9 >

T3 > Tq > Yy > Y2 > Y3 > Yy Ung v6i thit ty don thiic nay, ta co

in<(JC4) - (96'155‘4937%192,$1y4,$2y1y47$2y3,9€3y4)-

Cho A 1a mot phtic don hinh ¢6 idean mat tdi dat 1a I(A) = in.(J¢,). Khi
dé A khong c6 chu trinh 1& cu thé nao, do d6, béi [10, Theorem 10.3.16], suy ra
rang 1(A) 1a xoan tu do chuan tic. Luu ¥ rang chu trinh 4 dinh 13 mot do thi

hai phan day du, do d6 dang thiic J& = ng) v6i moi k > 1 duge suy ra tit [12].

2.2.5 Chu y. Tu két qua nay, ngudi ta mong mudn rang cac idéan khdi dau
clia idéan canh nhi thitc clia cidc chu trinh 14 xodn tu do chuan tic. Tuy
nhién, diéu nay khong ding. Cu thé, cho Cs 1a chu trinh 5 dinh véi cac canh
{1,2},{2,3},{3,4},{4,5},{1,5} va I = in_(Jg,) la idean khdi dau cua Jg,
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ting v6i thit tu tit dién trén K[z1...,25,91,...,ys5). Bang cach sit dung Phan
mém SINGULAR [7], ngudi ta da kiém tra duge rang I2 € I®). Thuyc té, don
thic x%x4x5y3y5 € I? 1a mot don thic sinh t61 tiéu ctia I?. Mt khac, don thic
z12ax5ysys; € 1P, do d6 I? # I®, va I 1a khong xodn chudn tic. Mat khac,
ciing bang cach st dung Phan mém SINGULAR, ngudi ta da kiém tra dugc ring

J2 = J3.
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KET LUAN

Luan van da hoan thanh dugc cac noi dung sau:

1. Trinh bay cac khai niém, tinh chat vé do thi, idean khéi dau, co sé Grobner,

Ity thita hinh thic ciia idéan va mot s6 vi du minh hoa.

2. Trinh bay khai niém va mot s6 vi du vé idéan canh nhi thic cia mot do

thi.

3. Trinh bay chitng minh mot s6 tinh chat vé liy thita hinh thitc clia idéan

canh nhi thitc ctia do thi.
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