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MO DAU

Cho N Ia vi nhém cong cac s6 tu nhien. Mot nia nhém so S 1a mot vi
nhém con ctia N sao cho phan bu ctia S trong N 1a mot tap hop hitu han.
Nhu vay, S 1a mot nita nhém sé néu S 1a mot tap con chita 0 ctia N sao cho
N\ S htu han va S déng kin d6i v6i phép cong cac so6 tu nhién.

Cho A 1a mot tap con khéac réng tuy ¥ ciia tap hop cac s6 tu nhien N. Ta
n6i uée chung 16n nhat ctia A bang 1, ky hieu ged(A) = 1 néu ude chung lén
nhat ctia moi tap con hitu han ciia A déu bang 1. Ky hieu (A) la tap tat ca
cac to hgp tuyén tinh trén N ciia A, nghia la

<A> :{A1a1+>\2a2+...+)\nan | )\Z'EN,CLZ'EA,HEN}.

Chu y réang (A) 1a mot nita nhém s6 néu va chi néu ged(A4) = 1.

Cho S 1& mot nita nhém so6.

(1). S6 nguyen 16n nhat khong thuoc S dude goi 1a s6 Frobenius ctia S va
ky hieu Ia F(S).

(2). S6 nguyen a dugce goi 1a s6 gid Frobenius néu
a¢Sa+seSVseS\{0}.
Tap hop tat ca cac s6 gia Frobenius dudc ki hieu 1a PF(S).

(3)-
(4). Luec lugng ctia tap hop PF (S) duge goi 1a kiéu ciia nita nhom s6 S va
i hie

(5). Lutc lugng ctia tap hop N\ .S duge goi 1a gidng clia nita nhoém s6 S va
ki higu la ¢ (5) .



Céac bat bién bang s6 néi trén khong nhitng cho ta biét thong tin vé niia
nhom s6 S ma con cho ta cac thong tin lien quan dén viéc tng dung cta ly
thuyét ntta nhom s6 vao cac linh viyc khéc ctia toan hoc nhu Hinh hoc dai so,
Dai s6 giao hoan, Ly thuyét so, ....

Khai niém s6 Frobenius ciia mot nita nhém s6 xuat phat tit mot van dé
do nha toan hoc Frobenius (1849-1917) dua ra vao cudi thé ky 19 va dau thé
ky 20. Ong da dit van dé tim cong thitc xac dinh sé nguyén 16n nhéat khong
biéu thi tuyén tinh duge qua mot ho hitu han céc s6 nguyén duong nguyéen
t6 cling nhau véi cac hé s6 nguyén khong am. Vi méi nita nhom s6 déu hitu
han sinh va mdi phan tit ctia nita nhém sé nay 1a mot t6 hop tuyén tinh trén
N ciia hé sinh, nén van dé Frobenius chinh 14 van dé x4c dinh cong thic tinh
s6 Frobenius ciia mot nita nhém s6. Ngoai viec dat van dé tim s6 Frobenius
nhu da néi thi nha todn hoc Frobenius con dit ra cau hoi: c6 bao nhiéu s6
nguyen khong am khong bieu thi tuyén tinh duge qua mot ho hitu han cac
s6 nguyen duong nguyén to ciing nhau véi cac hé s6 nguyén khong am. Dicu
nay c6 nghia 1a tinh giéng ¢ (S) clia mot nita nhém s6 S. Van dé Frobenius
van chua dude gidi quyét tron ven doéi véi cdc nita nhom sd c¢6 chieu nhing
16n hon ho#c bang 3.

Mot s6 nguyen duong x duge goi 1a s6 Mersenne néu x = 2" — 1 véi n la
mot s6 nguyen duong nao do.

Mot nita nhém s6 S duge goi 1 nia nhém so Mersenne néu ton tai mot
s6 nguyen duong n sao cho S = ({2"" — 1|7 € N} ). Nita nhém s6 Mersenne
d6 duge ky hiéu la S(n).

Trong bai bao [5] trén tap chi Mathematische Zeitschrift ra nam 2017, J.C.
Rosales, M.B. Branco va D. Torrdo da nghién citu van dé Frobenius déi véi
nita nhom s6 Mersenne S(n). Ho da dua ra cong thic tinh chiéu nhing, s6
Frobenius, kiéu va giéng ctia nita nhém sé sinh béi cac s6 Mersenne 16n hon

hodc bang mot s6 Mersenne cho trude. Ho da chi ra he sinh t6i tiéu ctia S(n) 1a



{or—1,27 —1,...,2%"1 1} do d6 chi¢u nhing ctia S(n) la e(S(n)) = n.
Trong [5], cac tac gia giai quyét duge van dé Frobenius déi v6i nita nhom s6
Mersenne, cu thé 14 ho da chitng minh duge ring F (S (n)) = 22" — 2" — 1 va
g(S(n)) =2""1(2" +n — 3). Ngoai ra, néu n > 2 thi bai bao [5] con chi ra

PF(S5(n)) ={F(5(n),F(5(n) =1,....,F(5(n) = (n—2);

vadodét(S(n)) =n—1.

Noi dung ctia luan van 1a trinh bay lai mot cach chi tiét cac két qua trong
bai bao noi trén cta J.C. Rosales, M. B. Branco va D. Torrao.

Cau tric ctia luan van dude chia thanh hai chuong, ngoai phan mé dau,
két luan va tai lieu tham khao.

Chuong 1. Kién thitc chuan bi vé nita nhém sb

Trong chuong nay ching toi trinh bay mot sé kién thic chuan bi vé nta
nhom s6 ¢6 lien quan dén noi dung chinh ctia luan vian 6 Chuong 2, bao gom
nhiing noi dung sau day:

1.1. Ntta nhém s6 va chiéu nhtng clia ntta nhém so6

1.2. Tap Apéry

1.3. S6 Frobenius va giong clia nita nhém s

1.4. S6 gia Frobenius va kieéu clia nita nhom sd

Chuong 2. Van dé Frobenius dbi véi nita nhém sé6 Mersenne
Trong chuong nay ching toi trinh bay cac két qué trong bai bao [5] cta

J.C. Rosales, M. B. Branco va D. Torrdo, bao gom nhitng noi dung sau day.

2.1. Ntta nhém s6 Mersenne va chiéu nhting ciia nita nhoém s6 Mersenne

2.2. Tap Apéry ciia nita nhém s6 Mersenne

2.3. Cong thiic tinh s6 Frobenius, s6 gia Frobenius, giéng va kiéu ctia nita
nhém s6 Mersenne

Tac gia xin bay t6 long biét on dén co gido - PGS.TS. Nguyén Thi Hong

Loan, c¢o da tan tam gidng day, ti mi huéng dan tac giad trong sudét qua trinh



hoan thién luan van. Tac gia gui 16i cam on Ban giam hiéu truong THPT
Chuyén Lé Quy Dén - Thanh phé Viing Tau, cac dong nghiép to Toan, ngusi
than trong gia dinh da tao moi diéu kién thuan lgi dé tac gia theo hoc lép
cao hoc khoa 28. Tic gia xin chan thanh cdm on cac thay co truong Dai hoc
Vinh, cac thay c6 Khoa Toéan, cic thay ¢o6 bo mon Dai s6 - Ly thuyét s6 da
nhiét tinh gidng day va da tao diéu kién tét nhat cho tac gid trong sudt qua
trinh hoc téap.

Tran trong!

Nghé An, thang 06 nam 2022

Tac gia



CHUONG 1

KIEN TH&C CHUAN Bj Vé NtA NHOM Sé

Trong chuong nay, ching toi trinh bay vé khai niém nita nhém sb, cic bat
bién clia mot nita nhém s6 nhu chiéu nhing, tap Apéry, sé6 Frobenius, giong,
s6 gid Frobenius va kiéu. Day 1a nhiing kién thtc chuan bi can dung cho cac
chitng minh 6 Chuong 2. Vi cac kién thic nay da duge trinh bay chi tiét trong
céc luan van trude day nén ching toi chi néu két qua ma khong ching minh.

Céc két qua trong chuong nay duge tham khéo tir cac tai lieu [1], [3] va [4].

1.1 Nuta nhém so va chiéu nhing cta nita nhém so

1.1.1 Dinh nghia. Cho S 14 mot tap con chita 0 clia tap cac sé tir nhién N.
Khi d6 S duge goi 1d mot nita nhém sé6 néu S déng kin v6i ddi véi phép cong

cic soO tir nhién va phan bl ctia S trong N 1 tap hitu han.

Nhu vay, mot nita nhém s6 14 mot vi nhém con ciia vi nhém cong cic so tu
nhién sao cho phan bu ciia n6 trong N 1 tap hop hitu han. Néu nq, na, ..., n,

la céc s6 nguyén duong sao cho ged(ng, ng, ..., n,)= 1 thi tap hop
(nl,ng,...,np> = {nl)\l + noAg + ...—I—np)\p | )\1,)\2,...,)\]) - N}

12 mot nita nhoém s6. Chi ¥ rang, moi nita nhém s6 déu c6 dang nay. Khi do6
{ni,ng,...,n,} duge goi 1a hé sinh cia nida nhém so (ny,na, ..., ny).
Cho A la mot tap con khéac réng tuy y (tap A c6 thé vo han) ciia tap

hop cac s6 tu nhien N. Ta néi uéc chung 16n nhat ctia A bang 1, ky hiéu



gcd(A) = 1 néu u6e chung 16n nhat clia moi tap con hitu han ctia A 1a 1. Ky
hieu (A) 1a tap tat ci cac to hop tuyén tinh trén N ctia A, nghia la

<A> :{A1a1+)\2a2+...+)\nan | /\Z'EN,CLZ'GA,REN}.

1.1.2 Dinh li. Cho A la mot tap con khdc rong cia tap hop cdc so tu nhién
N. Khi dé (A) la mot nita nhém sé néu va chi néu ged(A) = 1.

Mot heé sinh ctia mot nita nhém s6 S duge goi 1a hé sinh toi tiéu néu moi

tap con thuc su ctia n6 déu khong thé sinh ra S.

1.1.3 Ménh dé. Méi nita nhém sé déu c¢é duy nhat mot hé sinh toi tiéu va

hé sinh toi tieu nay la hitu han.

Theo Ménh dé [1.1.3] m6i nita nhém sé déu ¢6 duy nhit mot hé sinh t6i

tiéu va heé sinh t6i tiéu nay 1a hitu han. Vi vay, ta c6 dinh nghia sau day.

1.1.4 Dinh nghia. Cho S la mot nita nhém s6 va {as,...,a,} sao cho
a; < ... < apla mot hé sinh t6i ticu cta S. Khi do:

e 56 boi ctia S, ki hieu 1a m(S) dugce dinh nghia & s6 ty nhién bé nhat
trong hé sinh t6i tiéu ctia S. Nhu vay m(S) = a;.

e Chiéu nhiing ciia S, ki hi¢u 1a e(S) duge dinh nghia la lyc lugng clia he
sinh tdi tiéu cta S. Do d6 e(S) = p.

1.1.5 Vi du. Cho ntta nhom s6 S = (3,5, 8) Khi d6 ta co:

e S =1{0,3,56,8—} (trong d6 ky hi¢u 8 — nghia la cac s6 ty nhién lien
tiép bat dau tu 8).

e {3,5,8} 1a mot he sinh t6i tiéu clia nita nhém s6 S.

e Chicu nhing ctia S 1a ¢(S) = 3.

e SO boi ctia S 1a m(S) = 3.
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1.2 Tap Apéry
Dé nghién cttu céc van dé vé nita nhém so, trude tien ta tim hiéu khai
niém tap Apéry.

1.2.1 Pinh nghia. Cho ntta nhém s6 S va n € S\ {0}. Khi do, tap Apéry

cua n trong S duge xac dinh nhu sau:
Ap(S,n)={ue S|u—n¢S}.

1.2.2 B6 dé. Cho S la mot nita nhém sé va n la mot sé nguyén duong thudc
S. Néu u,v € S sao chou+v € Ap(S,n) thi {u,v} C Ap(S,n).

1.2.3 B6 dé. Cho S la mot nita nhém s6 va n la mot phan ti khdc khong
cua S. Khi do

AD(S,m) = {0 = w(0),w(D), ..., w(n — 1)},

trong dé w(i) la phan ti bé nhat cia S dong du vdi i theo modun n vdi moi
i€{0,1,....,n—1}.
1.2.4 Vi du. Cho nita nhém s6 S = (3,5,8) Ta co:

S ={0,3,5,6,8 ).
Ta tinh dugce

Ap(S,3) = {0,5,10},

Ap(S,5) = {0,3,6,9,12} .
1.2.5 Bo dé. Cho S la mot nita nhém s6 va n € S\ {0}. Khi dé vdi moi
s € S, ton tai duy nhat cap so (k,w) € N x Ap(S,n) sao cho
s = kn + w.

1.2.6 Nhan xét. Tit Bo dé v B dé[1.2.5] ta c6 thé két luan ring mot
s6 nguyén z thuoc S khi va chi khi z > w (2 mod ) (trong d6 z mod z 1a s6

du ctia phép chia z cho x).
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1.3 SO Frobenius va giong cua nita nhém so

1.3.1 Dinh nghia. Cho S 1 mot ntta nhém s6. S6 Frobenius clia nita nhém

s6 S, ky hieu F (S) duge dinh nghia 1a s6 nguyén 16n nhat khong thuoc S.

Nhu vay
F(S) = max (Z\95).

1.3.2 Vi du. 1). Cho nita nhom s6 S = (3,5,8) = {0,3,5,6,8 —}. Khi do6
F(S)="71.
2). Cho ntta nhém s6 S = (4, 7). Khi do
S =1{0,4,7,8,11,12, 14, 15,16, 18 —}
va nhu vay F(S) = 17.

1.3.3 Dinh nghia. Cho S 13 mot ntta nhom s6. Ta ky hiéu phan bu ciia S
trong N 1a H (S) thi tap hop H (S) 1a hitu han. Gidng ctia nita nhém s6 S,
ky hieu la g (S) duge dinh nghia 1a lyc lugng ctia tap H (S).

1.3.4 Vi du. 1). Xét nita nhom s6
S =1(3,5,8) = {0,3,5,6,8 =} .

Khi d6 H (S) = {1,2,4,7}, do d6 ¢ (S) = 4.

2). Xét nita nhom s6
S =(3,8) = {0,3,6,8,9,11,12,14 —}.

Khi d6 ta tinh duge g (S) = T7.
Két qua sau cho thay s6 Frobenius va giéng ctia mot nita nhém sb c6 thé

xac dinh duge qua tap Apéry.
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1.3.5 Bo dé. Cho S la mot nita nhém sé va n la moét phan tit khdc 0 cia S.
Khi do:

(1). F(S) = (max Ap(S,n)) — n,

2. 88)= (¥ w-"

N weAp(Sn) 2

Néu S = (z,y) 1a mot nita nhém s6 véi hé sinh t6i tidu 1a {z,y} thi

Ap(S,x) = {0, Y, 2y, ..., (v — 1)y}

va do do6 tir Bo dé ta c6 hé qua sau. Day chinh 13 két qua ctia Sylvester
ti nam 1882, gidi quyét van dé Frobenius trong truong hop chiéu nhing ctia

nita nhém s6 bang 2.

1.3.6 Hé qua. Cho x vay la hai s6 nguyén khong am sao cho ged(x,y) = 1.
Khi do ta co:
(1)' F(<$,y>> =Yy —T =Y,

e e

1.4 So6 gia Frobenius va kiéu cta nita nhém so

1.4.1 Dinh nghia. Cho S 14 mot nita nhém so.

(1). S6 nguyen u duge goi 1a s6 gid Frobenius néu
ué¢ Su+se S Vse S\ {0}.

(2). Tap hop tat ca cac s6 gia Frobenius dyoc ki hieu 1a PF(.S).
(3). Kiéu ctia ntta nhom s6 S, ki hiéu 1a ¢ (S) duge dinh nghia la Iyc lugng
cia tap hop PF (9).

1.4.2 Nhan xét. Tt Dinh nghia[1.4.1] ta c6 nhan xét sau day.
(1). PF(S) ={u e Z\ S |u+se S Vs e S} valatap hitu han. That
vay, néu S # N thi PF(S) C N\ S ma N\ S la tap hitu han.
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(2). F(S) € PF(S) va F(S) 1a s6 16n nhat trong tap hop céc s6 gia Frobe-
nius PF(.S5).
(3). Cho S 1a mot nita nhém s6. Trén tap hop cac s6 nguyen Z ta dinh

nghia mot quan hé hai ngoi "<g” nhu sau:
u<gqv néu v—uc€S.

Quan hé nay c6 tinh phan xa, tinh phan d6i xing va bac cau. Do d6 "<J¢” 1a
mot quan hé thit tu trén tap hop cac sd nguyén Z.

Cho X C Z. Ta ky hieu Maximal<g (X) la tap tat ca cac phan tit cuyc
dai cia X theo quan hé tha tuy <g.

1.4.3 Ménh dé. Cho S la mot nita nhém s6. Khi do:
(1). PF(S) = Maximal <g (Z\ S),
(2). z € Z\ S néu va chi néu h —x € S vdi h € PF(S).

Vi tap hop Minimal <g (S \ {O}) chinh 1& hé sinh téi tiéu cta nita nhém
s6 S nén Menh de cho ta mot su dbi ngdu gitta hé sinh téi tiéu cta S

va tap cac s gia Frobenius ctia S.
1.4.4 Bo dé. Cho S la mot nita nhém sé va n la mot phan ti khdc 0 cia S.
Khi do

PF(S) = {w —n | w € Maximal <g (Ap(S,n))}.
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CHUONG 2

VAN Dé FROBENIUS D61 V6I NrA NHOM S6 MERSENNE

Nhu da néi trong Md dau, van dé Frobenius dén nay van chua cé cau tra
16i tron ven ddi véi cac nita nhom s6 ¢6 chiéu nhing 16n hon ho#ic bang 3. Vi
thé cac nha toan hoc c¢6 xu huéng giai quyét van dé nay doéi véi mot sd 16p
nita nhém so dic biét.

Trong [5], J.C. Rosales, M.B. Branco va D. Torrdo da nghién citu van de
Frobenius d6i v6i nita nhém s6 Mersenne S(n). Chuong nay, ching t6i trinh

bay chi tiét cac két qua trong [5].

2.1 Nuta nhém s6 Mersenne va chiéu nhing ctua nira
nhém so6 Mersenne

2.1.1 Dinh nghia. Mot s6 nguyén duong x dudc goi 1a s6 Mersenne néu

x = 2" — 1 v6i n 1a mot sd nguyén duong nao do.

Cho A 14 mot tap con khéc rong ctia N. Ky hiéu (A) 1a vi nhém con ciia

vi nhém cong cac s6 tu nhién N sinh bdi A, nghia 1a
<A> = {)\1@1 + Xoas + ...+ \,a, | N €Nya; € A,n € N}
Chu y rang (A) 1a nita nhom s6 khi va chi khi ged (4) = 1.

2.1.2 Bo dé. Cho A la tap hop khdc rong cic s6 nguyén duong va M = (A).
Cac dieu kién sau la tuong duong:
(1). 2a+1 € M vdi moia € A;
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(2). 2m +1 € M vdi moi m € M\ {0}.
Chiing minh. (1) = (2). Néum € M\ {0}, thi ton tai ai, ..., ar € A sao cho
m=ai+ ...+ ag.

Néeuk=1thim=a, vadod62m+1=2a;,+1¢€ M.
Néu k£ > 2 thi

2m+1=2(a1+ ...+ ap1) +2ax + 1 € M,

vi M déng kin doi v6i phép cong.
(2) = (1). Hién nhién. O
Cho n 1a mot s6 nguyén duong. Ky hieu S (n) = ({2"7 —1 | i € N}) lavi

nhém con ctia vi nhém cong cac s6 tir nhién N sinh béi tap { onti 1 ‘ 1€ N}.

Meénh dé sau day cho thay S (n) la mot nita nhom sb.

2.1.3 Ménh dé. Cho n la mot s6 nguyén duong. Khi dé S (n) la mot nia
nhém so. Hon nita, 2s +1 € S (n) vdi moi s € S (n)\ {0}.

Chiing minh. Ro rang, S (1) = N la mot nita nhom s6 va véi moi s € N\ {0},
tacod 25+ 1€ N.

Gia st n > 2 va ta ching t6 rang S (n) 1a mot nita nhom s6. Vi S (n) la
mot vi nhém con ciia vi nhém cong cac s6 tu nhien (N, 4) nén chi can chiing
minh N\S (n) 1a tap hitu han, diéu nay tuong duong véi viec chiing t6 rang
ged (S (n)) = 1.

That vay, vi 2% — 1 v 2°"! — 1 déu thuoc S (n) nén
ged{2" —1,2""" =1} =ged {2" = 1,2(2" = 1) + 1} = 1.

Ta co

S(n)=({2"" —1] i e N}).
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Néu i € N thi
22" —1)+1=2"""—-1€ 5 (n).

Theo B6 dé2.1.2, ta c¢6 25 +1 € S (n) véi moi s € S (n)\ {0}.
L]

2.1.4 Dinh nghia. Mot nita nhém s6 S dude goi 1a nita nhom so Mersenne

néu ton tai mot s6 nguyen duong n sao cho S = S (n).

Nhu vay, cac nita nhom s6 Mersenne 1a cac nita nhom so6 ¢6 dang S (n) véi
n 1a mot s6 nguyén duong nao do.
Bay gio ching ta sé tim hiéu vé hé sinh t6i tieu clia nita nhém s6 Mersenne.

Trude hét ta c6 bo dé sau.

2.1.5 B6 dé. Cho n la mot s6 nguyén duong va cho
S=({2""-1]i€{0,1,....,n—1}}).

Khi dé 2s+1 € S vdi moi s € S\ {0}.

Chiing minh. Néu n = 1 thi S = N va bo dé 1a ding trong trusng hop nay.
Gidsitn > 2. Néuie {0,1,...,n— 2}, thi

22" —1)+1=2""*—1€8.
Ngoai ra
22 —1)+1=2"-1=(2"-1)(2"+1) € S.

Bing cach ap dung B dé 2.1.2] ta thu duge 25 + 1 € S véi moi s € S\ {0}.
[

Cho X va Y la cac tap hgp khac rong cac s6 nguyén duong sao cho Y C X
va X C (V). Khi d6 (X) = (Y'). Meénh dé sau chi ra mot hé sinh hitu han

ctia nita nhém s6 Mersenne.



17

2.1.6 Ménh dé. Néu n la s6 nguyén duong thi
Sn)y={{2"""—-1]ie€{0,1,....,n—1}}).

Chiing minh. Cho S = ({2"*" — 1 ’ i€{0,1,...,n—1}})

Ta can chtiing minh S (n) = S. Theo nhan xét trén day, mot tap con clia
mot nita nhém ma chita mot tap sinh ctia nita nhéom dé thi tap hop do cing
chinh la tap sinh ctia nita nhém d6. Vi vay, ta chi can chitng minh 2" —1 € S
vl moi ¢ € N.

That vay, ta sit dung quy nap theo 1.

V6i ¢ = 0, khang dinh ding. Gid st rang khing dinh ddng véi ¢ va ta
ching minh khang dinh ding vé6i i + 1. Ta ¢6

2n+i-‘r1 —1=29 (2n+z - 1) 4+ 1’
do doé, theo gia thiét quy nap va Bo dé taco 2"ttt — 1€ S, O

Ménh dé trén cho ta thay {2"" —1| i€ {0,1,...,n —1}} la mot he

sinh ctia nita nhém s6 Mersenne S (n).
2.1.7 Bo dé. Cho n la mot s6 nguyén ldn hon hodc bing 2. Khi dé
2t —1¢ ({2 —1|i€{0,1,....,.n—2}}).
Chiing minh. Gia st ngudc lai rang ton tai ag, ..., a,—2 € N sao cho
2" 1 =0ay(2"—1)+...+a,2 (2" —1).
Khi do
2L 1 =ap2" + .. a2t — (ag ...+ ap_o)

va suy ra

(ap+ ...+ ap_9) =1 (mod2").
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Do d6 (ag+ ...+ an2) =1+ 2"k véi k € N.
Néuk=0thiay+...+a, o=1vadodoton taii e {0,1,...,n—2}
sao cho a; =1 vava; = 0 véi moi j € {0,1,...,n—2}\ {i}. Vi vay, ta suy
ra rang 2271 — 1 =2"" — 1 v6ii € {0,1,...,n — 2}, di¢u nay 1a vo ly.
Néu k # 0 thi ag + ...+ a,_2 > 1+ 2", Diéu nay suy ra rang
ag(2" — 1)+ ... a, 2222 = 1) > (ag + ...+ a,2)(2" — 1)
> (14+2")(2" = 1)
=2 —1
> 221,

Diéu nay 1a vo 1y. Vay bé dé da duge ching minh.

. ~ ~ 2 ~ . £ 2 2 2 P £
Dinh 1y sau day chi ra hé sinh t6i tiéu cua nita nhém s6 Mersenne.

2.1.8 Dinh li. Cho n la mot s6 nguyén duong va S (n) la nida nhém so
Mersenne lién két vdi n. Khi dé chiéu nhing cia S (n) la e (S (n)) =n. Hon
nia {27 — 1| i€ {0,1,...,n—1}} la hé sinh toi tiéu cia S (n).

Chiing minh. V6i n = 1 thi dinh 1 hién nhién ding.
Gia st n > 2. Theo Meénh dé [2.1.6]

{27 —-1|ie€{0,1,....,n—1}}

13 mot hé sinh ctia S (n). Néu n6 khong phai 1a he sinh t6i tiéu thi ton tai

he{l,...,n—1} sao cho
"th —1e ({2 —1]ie€{0,1,...,h—1}}).
Ky hiéu
S={2""—-1|i€{0,1,...,h —1}}).
Néuie{0,1,...,h—2} thi 2(2"" —1) 4+ 1 =2""*"' —1 € S. Hon nita

22" 1) +1=2""—-1€8.
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Ap dung B6 dé2.1.2, ta c¢6 2s + 1 € S véi moi s € S\ {0}.
Bay gio chiing ta sit dung quy nap theo i dé ching minh ring 2" —1 € S

v6i moi 7 € N.
V6i ¢ = 0 thi khang dinh 13 dang. Gia st khang dinh ding véi @ va ta sé
ching minh khang dinh ding vé6i ¢ + 1. That vay, vi

2n+i-‘r1 —1=2 (2n+z . 1) T 1
nén ap dung gia thiét quy nap va 2s+1 € S véi moi s € S\ {0}, ta thu dugc
2n+i+1 -1 c S

Do d6 22"~1 — 1 € S, diéu nay mau thuin véi Bo deé .
Nhitng phan tich trén da ching to

{27 —-1|i€{0,1,....,n—1}}

14 he sinh t6i tieu ctia S (n) va dinh 1y duge chitng minh.
[]

T cac két qua trong phan nay, chiing ta thay réang v6i méi sd6 nguyén
duong n ton tai duy nhat mot nita nhém s6 Mersenne vé6i chiéu nhiung n.
Chang han

S4)=({2"-1,2°—1,20-1,2" - 1}) = ({15, 31,63, 127})

14 ntta nhom s6 Mersenne duy nhat v6i chiéu nhiung 4.

2.2 Tap Apéry ctia nita nhém sé Mersenne

Cho u 1a mot phan tit khac 0 ctia ntta nhém s6 S. Trong Chuong 1, ta da

dinh nghia tap Apéry cua u trong S 1a

Ap(S,u) ={se€ S|ls—u ¢ S}.
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Tap Ap(S,u) cho ta nhiéu thong tin vé nita nhom s6 S.
Trong phan nay ta sé mo ta tap Ap (S (n),2" — 1). Dé thuan tien, tit bay

gid ta sé ky hiéu cac phan tit 2" — 1 béi s; véi méii € {0,1,...,n —1}. Vi
vay, véi ky hiéu nay, ta c6 {sg, s1,...,S,_1} & hé sinh tdi tiéu ctia S (n). Ta

c6 cac dang thitc sau day.
2.2.1 B6 dé. Cho n la s6 nguyén lon hon hodc bing 2. Khi do:
(1) néu0<i<j<mn-—1this+2s;=2s_1+Sj11;
(2) néu 0<1 S n—1 th S; + 28n_1 = 2Si_1 + (2” + 1) S50.
Chitng minh. (1) Ta c6
si+2s;= (2" —1)+2(2"7 - 1)
_ 2n+z’ + 2n+j+1 —3
—9 (2n+i—1 o 1) T 2n+j+l -1

= 28; 1+ Sj41

(2) Ta co
i+ 28,1 = (2" —1)+2 (2" —1)
— 2 (27l 1) 4 (220 — 1)
=2(2"" ' —1)+(2"+1)(2" - 1)
= 2s;_1+ (2" + 1) sp.
]
2.2.2 Dinh nghia. Ta néi rang day (a1, ..., a;) 1a mot k - bp s6 du néu n6

thoa man cac diéu kién sau:
(1) véimoi i € {1,...,k} ta cé a; € {0,1,2};
(2)néui e {2,....,k}vaa;=2thia;=...=a;_1 =0.
2.2.3 Bo dé. Chon la s6 nguyén lon hon hodc bing 2. Néuxz € Ap (S (n), so)

thi ton tai mot (n — 1) - b s6 du (ay,...,a,_1) sao cho

r=a181+...+ap_15y-1-
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Chiing minh. Chiing minh bang quy nap theo x.

Bo6 dé 1a 1o rang v6i @ = 0. Gia st rang > 0 va goi
j=min{:€{0,....n—1} | z—s,€ S(n)}.

Nhan xét rang j # 0 vix € Ap (S (n), sp). Theo quy nap, ton tai mot (n—1)

- bo s6 du (ay,...,a,-1) sao cho x — $; = a151 + ... + ap_1S,—1 . Do d6
x:CL181—|—...—|—(CL]'—|—1)Sj-|—...-|—an_18n_1.

Dé két thic chiing minh, ta chi can ching t6 (ay,...,a;+1,...,a,-1) 1a
mot (n — 1) - bo s6 du. Néu a; + 1 = 3 thi béng cach ap dung Bo dé [2.2.1}

ta nhan ducc
(CL]’ + 1) Sj = BSJ' = 25’]’_1 + Sj—H

trong truong hgp 7 < n — 1 hoac
(aj+1)s; =3s; =2s;_1+ (2" + 1) 50
trong truong hgp 7 = n — 1. Trong ca hai truong hop, déu dan dén
r—sj_1 €8(n),

mau thuan véi tinh toi tieu cua j.

Néu ton tai k > j sao cho aj = 2, st dung Bo dé , ta thu duge hoac
Sj+ 28, = 281 + Sp+1
trong truong hop k£ < n — 1 hoac
S;j+ 25, =2s;_1+ (2" + 1) sg

trong truong hgp &k = n — 1. Trong c hai truong hgp, mot lan nita ta nhan
thay rang
r—sj_1 €8(n),
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mau thuan véi tinh t6i tiéu cia j.
Bay gis, lai do tinh téi tic¢u clia j, ta c6
a1:...:aj_1:()

vavivay (aj,...,a;j+1,...,a,-1) 18 (n —1) - bo s6 du.

Vay bo dé duge chiing minh.

Luu ¥ rang néu h 1a mot s6 nguyén duong thi day so6
277, 2n+1 2n+h
1a mot cap s6 nhan véi cong boi bang 2 va do d6 téng cac s6 hang ciia no 1a
2" 27 4 2nth = pnth _on

2.2.4 Dinh li. Cho n la s6 nguyén lén hon hodc bang 2 va S (n) la nia nhém

s0 Mersenne vdi hé sinh toi tieu {so, s1,...,8n_1}. Khi dé
Ap (S (n),s0) = {ars1+ ...+ ap_15n-1| (a1, ..., an_1) la mot (n—1)- bo s6 du }.
Ching minh. Ky hieu R 1a tap hop tat ca cac (n — 1) - bo s6 du. Ro rang
R={0,1Y"""U{(as,...,an1) € R| a; = 2}
U...U{(a1,...,a,_1) € R| a, 1 =2}.

Dé ¥ ring R 1a hop ctia cac tap rai rac, do do, Iuc lugng ctia R bing
on—lpon=2 4 420 —9n_ 1=y,
Theo B6 dé[2.2.3, ta biét ring
Ap (S (n),s0) C{aisi+...+ap-15,-1 | (a1,...,a,-1) € R}.

Ngoai ra, theo 1y luan trén, ching ta nhan thay rang luc luong cla tap
hop

{ays1+ ...+ an15,1 | (a1,...,a,_1) € R}
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nho6 hon hosic bang sg.
Theo B6 dé [1.2.3], luc lugng ctia Ap (S (n), s) bang sg, va do dé

Ap(S(n),sp) ={a1s1+ ... +apn-18,-1 | (a1,...,a,-1) € R}.

T ching minh ctua dinh 1y trén ta c6 ngay hé qua sau.

2.2.5 Hé qua. Cho n la so nguyén lén hon hodc bang 2, (a1, ...,a, 1) va
(by,...,by1) la cic (n —1) - bo 6 du phan biet. Khi dé ta cé

a181+ ...+ ap_18,-1 7& blbl + ...+ bn—lbn—l-
Sau day 1a mot vi du minh hoa cho Dinh 1y [2.2.4]

2.2.6 Vi du. Tinh Ap (S (4), so).

e Ta c6 sy =15 va S(4) = ({15,31,63,127}).

e Céc 3-bo s6 dula (0,0,0), (0,1,0), (0,0,1), (0,1,1), (1,0,0), (1,1,0),
(1,0,1),(1,1,1),(2,0,0), (2,1,0), (2,0,1),(2,1,1), (0,2,0), (0,2, 1)va (0,0, 2).

e Vi s; = 31, s9 = 63 va s3 = 127, theo Dinh Iy ta thu dugce
Ap (S (4),s0) = {0,63,127,190, 31,94, 158, 221, 62, 125, 189, 252, 126, 253, 254 }.

Vi du tiép theo, ta ap dung Nhan xét dé xét xem mot sd nguyéen
duong c6 thudce hay khong thuoc S (4).

2.2.7 Vi du. T Vi du 2.2.6 ta c6

Ap(S (4), s0) = {w (0) = 0,w (1) = 31,w (2) = 62, w (3) = 63,w (4) = 94,

w(5) = 125, w (6) = 126, w (7) = 127, w (8) = 158, w (9) = 189, w (10) =
190, w (11) = 221, w (12) = 252, w (13) = 253, w (14) = 254}

Tit d6 ta thiy ring 172 € S (4) va 222 ¢ S (4), b6ivi 172 > w (172 mod 15) =
w (7) = 127 va 222 < w (222 mod 15) = w (12) = 252.
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2.3 Cong thic tinh so Frobenius, so gia Frobenius,
giong va kiéu cua nita nhém so6 Mersenne

2.3.1 Bo dé. Cho n la s6 nguyén ldn hon hodc bing 2 va R la tap hop tat cd
cic (n — 1) - b9 s6 du. Khi dé, cic phan tii cuc dai (theo thi tu tich) trong
R la

(2,1,...,1),(0,2,1,...,1),...,(0,0,...,2).

Trong két qué sau day, ching ta sé thay rang
281+82—|—...—|—Sn_1,252—|—83+...-|—Sn_1,...,28n_1

14 mot day cac sd6 nguyeén, trong dé6 moi sd6 hang c6 dugc bang cach lay s6
ngay trudc né cong thém 1.
2.3.2 Bo dé. Cho n la s6 nguyén lon hon hodc biang 3 va choi € {1,...,n — 2}.
Khi do
2s; + 81+ ... +sp1+1 =281+ S0+ ...+ S1.

Chatng minh. Dieu nay tuong duong véi ching minh ring 2s; + 1 = s;.1.
Nhung diéu nay la 16 rang, béi vi 2 (2" — 1) +1 = 2"+ — 1,

]

Dinh 1y sau day duwa ra cong thitc tinh s6 Frobenius clia nita nhém sb

Mersenne.

2.3.3 Dinh li. Cho n la s6 nguyén lén hon hodc bing 2 va S (n) la nia nhém

so Mersenne lien ket vor n. Khi do

F(S(n))=2"—-2"—1.

Chitng minh. Bing cach 4p dung Dinh 1y [2.2.4] B dé [2.3.1) va 2.3.2] ta suy

ra rang

Max (Ap (S (n),so)) = 28,1
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St dung B dé [1.3.5] ta c6
F(S(n)=2s,-1—s9=2(2"""1-1)— (2" —1)=2"—-2" — 1.
O

Dinh 1y sau day cho ta thong tin vé kiéu va s6 gia Frobenius clia nita nhém

s6 Mersenne.

2.3.4 Dinh li. Cho n la s6 nguyén Ién hon hodc bang 2 va S (n) la nida nhom
s6 Mersenne lién két vdin. Khi dé t (S (n)) =n — 1. Hon nia

Chiing minh. Tt Dinh 1y va B6 dé [2.3.1], ta suy ra ring
Maximal< g,y Ap (S (n),50) € {251+ ... +5,-1,250+ ...+ Sp_1,...,25,_1} .

Bing cach sit dung B dé 2.3.2] ta ¢6 cac phan ti trong tap hop nay 1a
cac sO nguyen duong lien tiép va do d6 hiéu s6 gitta hai phan tit bat ky cta
n6 nho hodic bang n — 2. Vi 2" — 1 1a 86 nguyen duong nh6 nhat trong S (n)

va 2" — 1 > n — 2 nén hiéu gitta hai phan t phan biét ctia
{2s1+s2+ ...+ 8,-1,289+ 83+ ...+ Sp-1,---,28,1}
khong thuoc S (n) . Do dé
Maximal< gy Ap (S (1), s0) = {251 + ... + 851,250+ ... + Sp_1,..., 25,1} .
Theo ching minh cta Dinh ly , ta co
F(S(n))=2s,-1— so.

Tit B6 dé[2.3.2 ta nhan dugce
Maximal g, Ap (S (n), s0) =
{F(S(n)+s, F(Sn)+so—1,...,F(S(n))+so—(n—2)}
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Cubi ciing, theo BS dé[1.4.4] ching ta thu duge
PF(5(n)) ={F(5(n)),F(5(n))—1,....F(5(n)) - (n—-2)}

Cha ¥ riang dinh 1y trén khong ding véi n = 1, vi
S(1) =N, PF(S(1) = {1}

va do d6 (S (1)) = 1.

Dinh 1§ sau cho ta cong thiic tinh giéng ctia nita nhém sdé Mersenne.

2.3.5 Dinh li. Cho n la mot s6 nguyén duong va S (n) la nida nhém so

Mersenne lién két véi n. Khi doé
g(S(n)) = on—1 (2" +n—3).

Chiing minh. V6i n = 1, dinh 1§ 1a hién nhién dang. Gia st rang n > 2 va
goi R la tap hop tat ci cac (n — 1) - bo s6 du. Bing cach ap dung Bo dé

[1.3.5) Dinh 1y va He qué 2.2.5] ching ta c6

1 So — 1
S(n))=— + ... n_15n—1 | — .
g9(5(n)) 5 Z a151 + Ap-18n—-1 5
(a1 ..... an_l)ER
Ro6 rang la
E 181+ ...+ Ap—1Spn—1 — Z S1
(al ..... an_l)ER (a1 ..... an_l)ER,alzl
+ > 281 + ...+ > Sp_1
(a1,e-s0n—1)ER,a1=2 (a1,san—1)ERap_1=1
+ Z 23n—1-

(al ----- an—l)eRaan—1:2

Véiie{l,...,n—1}. Taco:
- Luyc lugng cta tap hop {(ay,...,a,-1) € R| a; = 2} 1a 277174,
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- Luyc lugng ctia tap hop { (a1, ...,ap,-1) € R | a;=1va2 ¢ {ay,...,a;1}}
la 272

- Néu 1 < j < ¢ thi lyc lugng cta tap hop {(a1,...,a,1) € R| a; =1
va aj =2} 1a 20

Khi d6 ta suy ra rang

Z a181+ ...+ ap_18,—-1

((11,...70%_1)61%

n—1 ) n—1 )
=> (2" 2m 42 g+ Y 2,

1=1 1=1

n—1 n—1

Z (zn—l _ 2n—1—i) S; + Z 2n_i82‘

1=1 1=1

n—1

— Z (2n—1 . 2n—1—7ﬁ T 2n—z> S;

i=1

n—1

— Z (2n—1 4 2n—1—i) S;
i=1
n—1
— Z (Qn—l € 2n—1—i) (2n+i . 1)
i=1
n—1

— Z (22n+i—1 4 22n—1 _ 2n—1 _ 2n—1—i)
i=1

— 23n—1 _ 22n 4 (TL _ 1) 22n—1 _ (n _ 1) 2n—1 . (2n—1 _ 1)

— 23n—1 _ 22n + (TL _ 1) 22n—1 . n2n—1 +1

= (2" —1) (22— 2" 4 n2n7 —1).

Do d6 ta nhan dugce



28

2" —2
2

g(S(n))=2""1_2"ppont 1 -
— 227171 . 2n + (n . 1) 27171
= 2" 1(2" 4 n —3).

Vi du sau day sé minh hoa cho cac dinh 1y [2.3.3] [2.3.4] v& [2.3.5|

2.3.6 Vi du. Tinh s6 Frobenius, kiéu va giong ctia ntta nhém s6 Mersenne

S (4).

e Tit Dinh 1y [2.3.3] ta thu duge F'S (4) = 28 — 21 — 1 = 239.
e Theo Dinh 1y [2.3.4] ta c6 ¢ (S (4)) = 3 va PF (S (4)) = {239, 238,237}.
o Ap dung Dinh Iy 2.3.5/ta c6 g (S (4)) = 2% (2* +4 — 3) = 136.
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KET LUAN

Noi dung chinh ctia luan vin 13 trinh bay vé nita nhém s6 Mersenne va
mot s6 bat bién clia nita nhém s6 Mersenne. Dya vao bai bao [5] ctia J.C.
Rosales, M. B. Branco, D. Torrao va cac tai liéu tham khao lién quan, ching

toi da trinh bay dugc nhitng noi dung chinh sau day.

1. Mot sb kién thtc chuan bi vé nita nhom s6 ¢é lien quan dén noi dung

chinh ctia luan vian (cac muc (1.1} [1.2] [1.3] [1.4)).

2. Khai niem va mot so tinh chat cia nita nhom s6 Mersenne, chiéu nhing

clia nita nhom s6 Mersenne, tap Apéry ctia nita nhom s6 Mersenne(cac
e 21} £2)

3. Cac cong thiic tinh sb Frobenius F (S (n)), sd gid Frobenius PF (5),
gidng ¢ (S (n)) va kiéu ¢ (S (n)) ctia nita nhom s6 Mersenne S (n) (muc

23).
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