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Lol cam on

Lai dau tién tac gia xin chan thanh cam on dén quy Thay - Co6 cta Khoa Toan,
Trudong Su pham - Truong Pai hoc Vinh. Dic biét quy Thay - Co trong Bo mon Dai
s0 - Hinh hoc cling nhu quy Thay - C6 da giang day 16p Cao hoc Khéa 28 cua Truong
Pai hoc Vinh da tan tinh day bao tac gia trong sudt khoa hoc vira qua.

Tac gia xin dugc bay to 1ong biét on sau sac dén TS. Nguyén Qudoc Tho. Thay da
luon quan tam, tan tinh gidp dd toi trong sudt qua trinh hoc tap. Thay da danh nhicu
thoi gian va cong siic huéng dan dé givp t6i hoan thanh luan van ctia minh

Tac gia xin cam on Ban Gidm hiéu va Phong dao tao Sau dai hoc ctia Truong Dai
hoc Vinh da tao diéu kién thuén loi dé tic gia hoan thanh nhiém vu ctia mot hoc vién
cao hoc.

Tac gia chan thanh cam on quy Thay - Co, dong nghiép noi tac gia dang giang
day va cong tac di tao diéu kién thuan loi, ¢ vii, dong vién va gitp dd tic gia trong
sudt qua trinh hoc tap.

Cudi cling xin bay td long biét on sau sdc dén gia dinh t6i. Gia dinh luon Ia
nguén dong vién tinh than to 16n dé t6i vuot qua khé khin, hoan thanh nhiém vu hoc

tap cua minh.

Nghé An, ngay 25 thang 5 ndam 2022
Tac gia

Pinh Cong Minh



Mo dau

1. Ly do chon dé tai

Dai s6 Lie toan phuong g 1a dai s6 Lie g ma trén dé duoc trang bi mot dang song
tuyén tinh doi xing, bat bién va khong suy bién. Dai s6 Lie toan phuong duoc coi
12 16p dai s6 Lie tong quat ctia dai s6 Lie nlta don va dang song tuyén tinh d6i xtng
duge khdi quat tr dang Killing. Lép dai s6 nay duoc dé cap dau tién vao nam 1985
trong cuon sach Infinite-dimensional Lie algebras, Cambridge University Press,
New York cta V. Kac. Néu xét vé mit cdu tric thi mot dai s6 Lie toan phuong 1a
tong truc ti€p truc giao clia cdc idéan khong suy bién hodc 12 téng truc tiép truc giao
clia mot idéan tam khong suy bién v mot idéan c6 tam dang cu toan bo. Vé bai todn
md rong dai s6 Lie thi mot dai s6 Lie toan phuong khong tdm thudng c6 thé coi nhu
1a mot m& rong kép ctia mot dai s6 Lie ¢ s6 chiéu nhd hon hodc bang nhitng dao
ham phan xing (xem [6]) hodc mot dai s6 Lie toan phuong giai dugc ¢ s6 chiéu
chan 1la m& rong 1™ cua mot dai s6 Lie bdi mot doi chu trinh cyclic (xem [9]). Mot
vi du vé€ dai s6 Lie toan phuong la dai s6 Lie kim cuong 4— chiéu k sinh béi hé

vecto co sG 1a F = {ey, ey, €3, €4} (ky hieu 1a k = span{ey, ey, €3, €4}), véi tich

[617 62] = €3
Lie duge xdc dinh bai: 4 1 €11 =
[64, 62] = €2
[63,61] = [63762] = [64, 63] =0

va dang song tuyén tinh doi xdng ¢ duge cho bdi @(ey, e1) = p(ey, e3) = 1, céc
trudng hop khéc biang 0. Dé dang thay dai s6 Lie kim cuwong nay 1a gidi dugc va né
la m& rong 1™ cha dai s6 Lie giai dugc khong giao hodn 2— chiéu. Bén canh d6 ta
con ¢6 cdc dai s6 Lie toan phuong ki€u Jordan j,,, va j,,,.;. Cu thé né duge xay dung

nhu sau;
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e Xét khoi Jordan liy linh J, = [0 0 0 0 1 O (véin >2)vaJ, =[0]
00000 1
00000 0

(ma tran khong). Khong gian vecto jo, = C"® Cxy @ Cy o 12 mot mé rong ctia C**
2n Y

bdi 4nh xa tuyén tinh ® : C*" — C?" 1a mot dai s6 Lie toan phuong, véi tich Lie:

[, y] = 0(®(2), y)xo, Y,y € C
[$07j2n] =0
Yo, 2] = ®()

va dang song tuyén tinh bat bién, khong suy bién ¢ dugc xac dinh boi

e VxV—C

(zi,y;) > 0y = {

1 néui=35=0,n

0 néut #j.

e Dai v6i dai s6 Lie toan phuong ki€u Jordan j,,, . ; xay dung hoan toan tuong tu nhu
truong hop js,, -

Cho g la dai s6 Lie, V' 1a mot khong gian vecto hitu han chiéu trén trudong so
phitic C. V6i méi k € N, ta ky hicu C*(g, V') 1a khong gian céc dnh xa k— tuyén
tinh phdn xtng trg X g X --- X g vao V néu k > 1 va C%g, V) = V. Mot phan tit
f e C*g,V) goilamot k— doi chu trinhnéu § f = 0 va f 1a mot k— doi bo'néu tén
tai g € C*'(g, V') sao cho f = dg, trong d6 6 := 0, : C*(g, V) — C**l(g, V)

1a todn tw do6i bo dugc xac dinh boi:

k

Onf(wo,mr, i) = D (=)o) (f(zo, - Tir. . )
+ Z(_l)i+jf([xi7xj];xo,...Z/U\Z',...,Z/If\j,...,ﬂfk).

Ky hi¢u Z*(g, V') 1a tap hop cdc k— doi chu trinh va B*(g, V') 1a tap hop céc
k— doi bd. Khi d6 khong gian thuong H*(g, V) = Z%(g,V)/B*(g, V') duoc goi

12 nhém doi dong diéu thit k ctia g v6i hé s6 trong V. Méi phan tit thuoc H*(g, V)
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cling dugc goi 1a mot k— chu trinh (xem [1]). Mo td H*(g, V') nhém d6i déng diéu
tha k£ cua dai s6 Lie g 1a mot trong nhitng bai todn nghién ctu cau tric cta dai s6
Lie, nhung su hi€u biét vé né vin con kh4 han ch€. Vi du nhu ngudi ta méi giai quyét
duoc trén mot it cdc dai s6 Lie cu thé hoac chi dimg lai & viéc mo ta s6 chiéu clia
cac nhém d6i dong dicu. Do d6 xoay quanh van dé nay van dang ton tai nhiing cau
hoi mé.

Trong trudng hop g 1a dai s6 Lie toan phuong, thi nhém déi dong diéu H?(g, C)
dugc mo ta bang hai cdch: Mo ta thong qua khong gian cidc dao ham phén xiing ctia
g hodc tinh toén truc ti€p tréen H?(g, C) nhd todn toén tir d6i bd § = —{I, .}, trong
d6 I 1a 3— dang lien két v6i g va {., .} 1a tich Super - Poisson dugc dinh nghia trén
khong gian A(g") chita cdc dang da tuyén tinh phan xing trén g (xem [6]). So Véi
cdch thi nhat thi cich mo ta nhém doi dong diéu cua dai s6 Lie toan phuong nho
todn tir doi bo thuan tién hon, vi né6 mdé ra cho ta mot huéng di méi trong viéc tim
ki€m nhiing ho dai s6 Lie thich hop véi cach tinh thong qua tich super - Poisson. Tir
d6 nhém doi dong diéu dugec mo td mot cdch triét dé va chi tiét.

Viéc mo ta tuong minh cac nhém doi déng di€u s€ cung cap thém cdc thong tin
vé dai s6 Lie toan phuong va tir d6 gitip ching ta hi€u biét thém vé 16p dai so nay.
V6i mong muén tim hiéu thém vé 16p céc dai s6 Lie toan phuong va duoc su goi y
cta TS. Nguyén Quoc Tho, ching toi chon dé tai: Nhém doi dong diéu cua dai s6
Lie kim cuong va dai sé Lie kiéu Jordan 1am dé tai nghién citu clia minh.

Muc dich ctia luan van la dua vao cac két qua cua bai bao khoa hoc "Cohomology
of some families of Lie algebras and quadratic Lie algebras," East-West J. of Mathe-
matics. Vol 20, No 2 (2018), 188-201 ctia cac tac gia Cao Tran Tt Hai, Duong Minh
Thanh va Lé Anh Vii va "S¢ Betti thit hai cua cdc dai sé Lie lity linh kiéu Jordan,"
Tap chi Khoa hoc Truong dai hoc Su pham H6 Chi Minh.Vol 16, No 12(2019), 877
- 890 ctia cac tac gia Cao Tran Tu Hai va Duong Minh Thanh, cing véi mot s6 tai
lieu lién quan dé doc hiéu, trinh bay cdch tinh nhém doi dong diéu thit 2 cua dai s6

Lie kim cuong va dai s6 Lie kiéu Jordan.
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2. Noi dung nghién ciru cua luan van

Trinh bay mot cach c¢6 hé céc kién thic vé dai s6 Lie toan phuong, nhém d6i
dong diéu cua dai s6 Lie toan phuong. Tir d6 dp dung cdc kién thiic trén cho dai s6
Lie kim cuong va dai s6 Lie kiéu Jordan. Noi dung cu thé nhu sau:

2.2.1. M6 ta nhém d6i dong dicu thit 2 chia dai s6 Lie kim cuong.

2.2.2. M6 ta nhém doi dong diéu thit 2 cua dai s6 Lie kiéu Jordan.

3. Tong quan va cau triic cua luan van

Ngoai phan Loi n6i dau, Két luan va Tai liéu tham khao thi noi dung ctia luan
van dugc trinh bay trong hai chuong.

Chuong 1: Kién thic co s6. Noi dung chinh trong chuong nay, ching toi trinh
bay khai niém va mot so tinh chit ctia dai so6 Lie toan phuong, dai s6 Lie toan phuong
lily linh, dai s6 Lie toan phuong giai dugc va nhém do6i dong di€u cta dai so Lie va
dai s0 Lie toan phuong.

1.1. Pai s0 Lie toan phuong Liiy linh - Giai duoc.

1.2. Nhom d6i dong di€u cua dai so Lie.

Chuong 2: Poi dong diéu ciua dai s6 Lie kim cuong. Noi dung chinh cua
chuong nay la ching toi trinh bay khdi niém vé dai s6 Lie kim cuong, dai s6 Lie kiéu
Jordan, mot s6 két qua vé mo ta khong gian cdc dao ham phan xtng cua dai s6 Lie,
mo ta d6i dong diéu cua dai s6 Lie kim cuong va dai so Lie kiéu Jordan. Du kién
duogc chia thanh cdc muc sau:

2.1. Nhom do6i dong di€u thit 2 cta dai s6 Lie kim cuong.

2.2. Nhém d6i dong diéu thi 2 cua dai s6 Lie kiéu Jordan.

Mic du da ¢6 nhiéu ¢6 gang trong viéc hoan thanh luan van, nhung do nang luc
con nhiéu han ché&, nén chic chan luan van van con ¢ nhitng sai s6t khong mong
muon, nhitng thi€u s6t khong trdnh khoi. Tac gia rat mong nhan duoc su danh gia,
nhan xét, gop y cua cdc nha khoa hoc va déng nghiép dé€ luan van c6 thé dugc hoan

thién t6t hon.



Chuong 1

Kién thitc chuan bi

Noi dung trong chuong nay, chiing t6i trinh bay lai mot cdch cé hé thong cdc
khdi niém co bdn va nhiing két qud cdan thiét lién quan dén dai so Lie toan phuong,
dai so Lie toan phuong gidi duoc, dai sé Lie toan phuong liy linh, nhém doi dong

cua dai sé Lie toan phuong......

1.1 Dai so Lie toan phuong Ly linh - Giai duoc

1.1.1. Pinh nghia. Cho g 1a khong gian vecto hitu han chiéu trén trudong so6 phiic C.
Trén g ta dinh nghia phép nhan
[..]: exg—g
(z,y) — [z, y].
Khi d6 g duoc goi 1a mot dai s6 Lie trén C (hay C— dai s6 Lie) néu phép nhan dinh
nghia & trén thoa man cdc di€u sau:
i) Phép nhan 1a todn tlr song tuyén tinh, tic 1a: Vz,y, z € g, VA, i € C, ta ¢
Az + py, 2] = A, 2] + ply, 2],
[, Ay + pz] = Az, y] + plz, 2].
i1) Phép nhan phan xing, tic 1a: [x,y] = —[y, z], [z,2] =0, Vz,y € g.

i17) Phép nhan thda man dang thic Jacobi, tic la:
.yl 2] + [ly, 2], 2] + [[2,2], 4] =0, =,y,2z €8

+) Phép nhan dinh nghia & trén dugc goi la tich Lie trén dai so Lie g.

8
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+) SO chiéu ctia khong gian vecto g duoc goi 1a s6 chiéu cua dai s6 Lie g. Dai so Lie
g dugc goi 1a giao hodn, néu [z, y] = 0,Vx,y € g.

e Khong gian vecto con h cua dai s6 Lie g duoc goi 1a dai so Lie con cua g, néu
Vz,y € hthi [z,y] € h.

e Khong gian vecto con i clia dai s6 Lie g dugc goi 12 idéan cia g (ky hicu lai<g),
néu:

Vo € g, Va €ithi[z,a] €1
e Cho i la idéan cua dai so0 Lie g. Trén khong gian vecto thuong
g/i={z+i|Vreg}

dinh nghia tich Lie

[z +iy+i]l=[z,y]+i, Vet+iy+icg/i
Khi d6 khong gian vecto thuong g/i 12 mot dai s6 Lie, vdi tich Lie duge dinh nghia
& trén va duoc goi la dai s6 Lie thuong ctua dai s6 Lie g theo idéan i.
Vi du 1. Cho a la dai so trén truong C. Todn tu tuyén tinh ¢ : a — a dugc goi la
todn tit vi phdn trén A néu ndé thoa man cong thic Leibniz:

p(r.y) = plr)y —z.0(y).

Ky hi¢u Der(a) 1a tap hop céc todn ti vi phan trén a. Khi d6 Der(a) 1a dai s6 Lie
con ctia gl(a).

Chiing minh. Thay vay, Vo, ¢ € Der(a), ta c6:

o, @ 1(ab) = (pp —@p)(a.b)
= (@ (a):b—ag (b)) — ¢ (p(a).b— ap(b))
= (pp — ¢ ¥)(@)b—a.(pp — ¢ p)(b)
= [, ¢1(a)-b—afp,](b).

Do d6 [p, ¢'] € Der(a). Vay Der(a) 1a dai s6 Lie con ctia gl(a). 0
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1.1.2. Pinh nghia.e Cho g, g, 1a hai C— dai s6 Lie. Mot dnh xa ¢ : g, —> &,
duoc goi 1a dong cdu dai so Lie, néu:

+) ¢ la anh xa tuyén tinh,

# ollz,9]) = [6(x), 6(y)] Yo,y € g,
e Cho g 1a dai s6 Lie trén C va V' 12 C— khong gian vecto. Mot biéu dién clia g trén
V 1adong cau ¢ : g — gl(V).
1.1.3. Pinh nghia. e Cho g la dai so6 Lie trén truong so6 phic C. Tdm ctua g 1a tap
hop Z(g) :== {z € g| [z,y] = 0,Vy € g}.
e Cho a la dai sO con cua g. Tap hop

Ny(a) :={zx € g|[r,y] Ca,Vye€a}

dugc goi 1a chudn tdc héa cia a. Néu a = Ny(a) thi a duge goi 1a s chudn tdc.
e Cho g 1a dai s6 Lie. Khi d6 dai s6 Lie con [g, g] := {[z,y] | =,y € g} dugc la
dai s6 dan xudt cua g.
Tur dinh nghia dai s6 con va idéan cua dai s6 Lie, ta co:

+) Z(g) 1a dai s6 Lie con cua g.

+) Ny(a) la dai s6 con cta g va hon th€ nifa né 1a dai s6 con 16n nhat ctia g ma
chita a nhu 1a mot idéan.

+) Dai s6 Lie g giao hodn khi va chi khi [g, g] = 0.

+) Néu g 1a dai s6 Lie don thi Z(g) = {0} va [g,g] = 0.

+) Cho g la dai s Lie va ¢ : g —> gl(n) 1a mot biéu dién cla g. Ky hiéu
Tr(¢(g)) la vet cia ¢(g), Vg € g. Khi d6, néu x € [g, g] thi Tr(o(z)) = 0.

Qua dinh nghia vé dai sO Lie ta thdy néu g dai s6 Lie thi g la dai s6. Nguoc lai,

moi dai s6 néi chung khong phai 1a dai s6 Lie. Nhung néu ta chon tich Lie 12 hodn
tir thi moéi dai sO trd thanh dai s6 Lie. Dai s6 Lie xay dung nhu vay dugc goi 1a dai

s0 Lie cam sinh tir dai s6. D6 chinh 1a noi dung ctia dinh 1y sau.
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1.1.4. Pinh ly. Cho g la mot dai s6 trén truong sé phitc C. Trén g dinh nghia tich
Lie nhu sau:
[.]: gxg—¢
(z,y) — [z,y] = vy —yx, Vr,ycg.
Khi dé, g cung voi tich Lie dinh nghia o trén la mét dai so Lie trén C.
Cho g 1a dai s6 Lie trén truong s6 phic C va x € g.

+) Dinh nghia anh xa
ad, : g— g

y — ad,(y) = [z,y].
Khi d6 ad, 1a 4nh xa tuyén tinh va hon thé nita ad, con la mot vi phan, cé nghia la:
adyly, z] = [ad,(y), 2] + [y, ad.(2)].
+) Tt vi phan ad,, ta xét dnh xa
ad: g — Der(g)
r — ad,.

Khi d6, Vz,y, z € g, ta ¢6:

lad,,ad,](z) = ad,oad,(z)— ad, o ad,(z)
= adl‘([y? Z]) - ady([x, Z])

Vay 4nh xa ad 1a mot dong céu dai s6 Lie va hon nita ad 12 mot biéu dién.
1.1.5. Pinh nghia. e Vi phan c¢6 dang ad, dinh nghia & trén duoc goi 1a vi phdn
trong cua g.
e Biéu dién ad dinh nghia & trén dugc goi 1a biéu dién chinh quy cla g.
1.1.6. Pinh nghia. Cho g 1a mot dai s6 Lie trén truong C. Dang song tuyén tinh
K: gxg—g
(z,y) — K(z,y) = Tr|ad, o ad,].
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goi 1a dang Killing cua g.
Tur dinh nghia trén, ta co:
+) Dang Kiling K bat bién qua moi tu dang cau ctia g. C6 nghia 13, néu g 1a dai

s6 Lie, f 1a mot tu ding ciu cta g va K 1a dang Kiling clia g thi
K(f(x), f(y) = K(z,y), Y,y € g
+) Cho g la dai s6 Lie va K 1a dang Kiling cta g. Ky hiéu
radc = {x € g| K(x,y) =0,Vy € g}.

Khi d6 rady < g. Dang Kiling & goi 1a khong suy bién néu rade = {0}.

t 0z
Vi du 2. Cho dai s6 Lie g = { [O t y]

000
cta g. Khi d6 C duoc xdc dinh nhu sau:

Vr,y,t € C}. Gia su [ la dang Kiling

K(X,Y)="Tr(adx oady) =2ap,Va, € C;VX,Y € g

200
va ma tran biéu dién cta K 1a My = [0 0 O] :

000
1.1.7. Pinh nghia. Cho g Ia dai s6 Lie. Dat:

Z’(g) = g,
Z'(g) = [g.g =¢,
Z'g) = 82" (g) =g lg -lgg --]=g"

+) Day
{Zg)}: Z(g=g2g' 2 -2g 2

duoc goi 1a ddy tam gidm cla g.
+) Dai s6 Lie g dugc goi 1a liy linh néu day tam giam {Z(g)} dimg sau hitu han
budc, tiic 1a ton tai s6 tu nhién n dé Z"(g) = {0}.

+) S6 n thdéa man di¢u kién trén duoc goi 1a bdc liy linh cua dai so Lie g.
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Tt dinh nghia trén, ta c6 (xem [6]):
+) Dai s6 con cua dai s6 lily linh 12 liiy linh, c6é nghia l1a: Cho g la dai s0 liiy linh va
a 1a dai s6 con ctia g. Khi d6 a Iy linh.

+) Cho g 1a dai s6 Ity linh va Z(g) 1a tam cta g. Néu g/Z(g) 1a liiy linh thi Z(g)

Iy linh.
Vi du 3. Xét dai sO Lie cdc ma tran trén truong s6 phic C la
0 XT -YT 2 T Y1
g{g e e ye@}
0 0 0 O . Yn

Khi d6 g la ldy linh va g duoc goi la dai s6 Lie Heisenberg.
1.1.8. Tiéu chuan lity linh. Pai 56 Lie g la lity linh khi va chi khi mét trong cdc diéu
kién tuong duong sau duoc thoa man.

i) Ton tai 56 ty nhién n dé sao cho Z™"'(g) = {0}.

ii) Ton tai s6 tu nhién n dé véi Yu,, Uy, - -+, Upiq € g, ta cé

[ funs [ua, - [, ], -] = 0.

iii) Ton tai mot day g = ip D iy O -+ i, D i,y = {0} hitu han cdc ideal giam
ctia g sao cho i;/i;, | chita trong tam Z(g/i;,1), titc la [g, g;] C ;41
1.1.9. Tiéu chuan Cartan vé liy linh. (xem [6]) Pai s6 Lie g la Ity linh khi va chi
khi
tr(ad,oad,) =0, Vzr,yecg.
Vay qua tiéu chudn Cartan ta thdy, dai s6 Lie g 1a liiy linh khi va chi khi dang Killing
la triét tiéu trén g.

1.1.10. Pinh ly. Cho g la dai sé Lie trén truong so phiic C. Ddt

D(g) = g
D'(g) = lg g,
D*(g) = [D'(g),D'(g)],
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Khi dé
D(g)<gva D'(g) D D' (g),Vi=0,1,2,....

Tir két qua ctua Dinh ly trén ta ¢6 diy giam cdc idéan cua g la:
{D"(g)}: &=D")2D'(g)2D%g)-2D"(g)2

1.1.11. Pinh nghia. Cho g la dai s6 Lie trén truong s6 phiic C.
+) Day {D"(g)} xay dung & trén dugc goi 1a ddy dao giam cla g.
+) Dai s6 Lie g dugc goi 1a gidi dugc néu day dao gidam {D"(g)} cua g ding sau
hitu han budc, tic 12 3n € N sao cho D"(g) = {0}.
+) SO tu nhién n thoa man diéu kién trén goi 1a bdc gidi dugc cua g.
Tir dinh nghia dai s6 Lie iy linh va dai s6 Lie giai duoc, ta ¢c6 mdt so tinh chat sau.
1.1.12. Ménh dé. Cho g la dai s6 Lie trén truong so phiic C. Ta co:
i) Gid sit a la dai so Lie con cua g. Néu g la gidi duoc va thi a gidi duoc.
ii) Néu g la gidi dugc va o : g — g, la mot dong cdu dai so'Lie. Khi dé Im(g)
la mot dai so Lie gidi duoc.
iii) Gid sit h la ideal ciia g. Néu h va g/h la gidi duoc thi g gidi dugc.
iv) Gid sit h va k la hai ideal cua g. Néu h va k la gidi duoc thi h + k gidi duoc.
v) Néu g liy linh thi g gidi duoc.
vi) Néu g gidi duoc thi dai so con g, = |g, g liiy linh.

vii) Cho h;(i = 0,n) la cdc idéan cia g sao cho

g=hy2h DhyD---h, ; Oh, 2= {0}.

Néu hy_y/hy, giao hodn véi moi 1 < k < n thi g gidi dugc.
1.1.13. Tiéu chuan Cartan vé giai duoc. Cho g la dai s6 Lie trén truong sé phitc C

va K la dang Kiling cua g. Khi dé g gidi duoc khi va chi khi
K(z,y) =0,Vz € g, Vy € [g.g].

C6 nghia la dang Killing IC triét tiéu trén tich Dé cdc g X |g, gl.
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SO
oQ O
S

Vi du 4. Dai s6 Lie cdc ma tran g = { [ ] ‘a, b, ce (C} la giai dugc.

c
0

Chiing minh. Trong g ta xét co sO

1 00 001 000
U:{U1:[0 1 0],(]2:[0 0 0],U3:[O 0 1] }
000 000 000
Khi d6 v6i VX, Y, Z € g, ton tai duy nhét «;, 5;,7; € C(i = 1, 3) sao cho:
X = C\(lUl +OZQUQ+043U3

Y = 51U, + BUs + B3Us
Z = 11Uy + Uy + v3Us

Suy ra
adx = ayady, + asady, + asady,
ady = Brady, + Brady, + B3adU3
ady = yiady, + Yeady, + ysady,

Theo Vi du 2, néu K 1a dang Kiling cua g thi
K(X,Y)="Tr(adx oady) =2ap,Va, € C;VX,Y € g.

Suy ra ma tran biéu dién cua ady, ady, ady twong ting 1a

0 0 0 0O 0 0 0O 0 O
My = [—042 Qq O] , My = [—52 B 0] , My = [—’72 M O] .
—az 0 o —B3 0 5 -7 0 m
Bay gi® bang céch tinh toédn truc tiép, ta co:

0 00
Ma tran bicu dién cta ad[Y, Z] 1a M.z = [5271 — By, 0 O] .
By — Biys 0 0
0 00
Ma tran biéu dién ctha adX o ad[Y, Z] 1a Mx.My 7 = |21(y221 — y122) 0 0
r1(ysz1 — phz3) 0 0
Vay

K(X,[Y,Z]) =Tr(adX oadlY,Z]) = Tr(Mx.My_z) =0,VX,Y,Z € g.
Do d6 theo tiéu chudn Cartan vé giai dugc thi g 1a giai duoc. O

1.1.14. Dinh nghia. Cho g dai s6 Lie hitu han chiéu trén truong s6 phic C va
g x g — C la dang song tuyén tinh trén g. Pai s6 Lie g dugc goi la dai s6 Lie

toan phuong, néu @ c6 cac tinh chat:
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+) Doi xiing, c6 nghia 1a o(z,y) = ¢(y,x), Vr,y € g.
+) Khong suy bién, ¢6 nghia 1a néu p(z,y) = 0,Vy € g thi = = 0.
+) Bdt bién (hay 12 két hop) c6 nghia 1a o([z, y], 2) = ¢(z, |y, 2])Vx,y, 2z € g.
Vay, dai s6 Lie toan phuong 1a dai s6 Lie g trén truong C ma trén né dugc trang

bi mot tich vo huéng bat bién, doi xing va khong suy bién. Dai s6 Lie toan phuong
dugc ky hiéu 1a (g, ¢).
Vidu 5. Cho g = GL(n,C) la dai s6 cdc ma tran vuong cép n trén C. Trén g ta
dinh nghia:

+) Tich Lie: [A, B] = AB — BA,VA, B € g.

+) Dang song tuyén tinh ¢ xdc dinh boi: (A, B) = Tr(AB),VA, B € g.
Khi d6 g 1a mot dai s6 Lie véi tich Lie dugc xdc dinh & trén va dang song tuyén tinh
© doi xung, khong suy bién va bat bién. Vay g la mot dai s6 Lie toan phuong.
Vi du 6. Cho g 1a C— khong gian vecto sinh bdi he vecto co s6 {xy, Ty, T3, 4}
(Ky hieu 1a g = span{z, xo, T3, 24}).

+) Tich Lie khong tam thuong trén g dugce xac dinh bai:
(1, Xo] = @, [11, 3] = —x3, [12, T3] = 24.

+) Dang song tuyén tinh ¢ dugc xéc dinh boi (1, x4) = (29, 3) = 1, céc trudng
hop con lai bang 0.
Khi d6 g cung véi tich Lie va dang song tuyén tinh dinh nghia & trén la mot dai so
Lie toan phuong trén C.
1.1.15. Pinh nghia. (xem [8]). Cho (g, ) 1a dai s6 Lie toan phuong, V' 1a khong
gian vecto con cua g va i la mot idéan cua g.
i) Phan tir x € g dugc goi 1a tr dang hudng néu p(x,x) = 0.
ii) V' duoc goi 1a tu ddng huéng hoan toan néu o(xz,y) = 0,Vx,y € V.
iii) g dugc goi la dai so' Lie rit gon néu tam Z(g) la ty dang huéng hoan toan.
iv) g dugc goi 1a ddy dii néu g := [g, g|.
v) i dugc goi 1a khong suy bién néu |, . khong suy bién.

vi) i dugc goi 13 dang huéng néu gp}ixi: 0.
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vii) Taphop V+ = {z € g | o(x,y) = 0,Vy € V} dugc goi la thanh phdn
trie giao cta V.

viii) g duogc goi 1a bdt khd phdn néu g = iy é io phan tich thanh téng truc ti€p
tryc giao clia hai idéan bat ky i; va i, cta g thi iy = {0} hoac i, = {0}.

ix) g dugc goi la khd quy néu trong g ton tai mot idéan k khong tdm thudng
dé sao cho @’kxk la dang song tuyén tinh doi xing khong suy bién. Ngugc lai, néu
khong ton tai idéan k thoa man diéu kién trén thi g dugc goi 1a bdt khd quy.

1.1.16. Pinh nghia. Hai dai s6 Lie toan phuong (g,, ©1) va g,, ©2) goi la ddng cdu

ddng cw néu ton tai mot dang ciu dai s6 Lie ® : g, — g, théa man diéu kién

901(3379) - 902((1)(56)7(1)(:”)7 Vi,y € g;.

Trong truong hop nay ta cling néi ® 1a ddng cdu dang cy. Nhu vay @ 1a dang cau
déng cu khi va chi khi ® vira ding céu, vira dang cu. Nhung tinh chat ding cdu va
dang ciu dang cu khong tuong duong nhau.

Cho (g, ¢) 1a mot dai s6 Lie toan phuong trén trudng s6 phiic C va Der(g) dai

s0 Lie cac toan tu vi phan trén g. Ky hiéu
Derq(g,¢) = {f € Der(g) | ¢(f(x),y) = —o(z, f(y)), Y,y € g}.

la tap hop cdc todn ti vi phan f trén g phan xding doi véi .
Khi d6, Der,(g, ¢) 1a dai s6 Lie con ctia Der(g).
1.1.17. Pinh nghia. Dai s6 Lie con Der,(g, ¢) xay dung nhu trén duge goi 1a dai
s0 Lie cdc todn tit vi phdn phdn xiing cua g.
Cho g 1a dai so Lie trén truong s6 phic C. Ky hiéu:
+) F(g) 1a tap hop tat ca cac dang song tuyén tinh d6i xding, bat bién trén g.
+) B(g) 1a tap hop tét ca céc tich vo hudng bat bién (tic 1a cic dang song tuyén tinh
doi xing bat bién, khong suy bién) trén g
Khi d6 ta dé dang ching minh duoc:
+) F(g) lap thanh mot khong gian vecto trén C.
+) B(g) 1a khong gian vecto con cta F(g).
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1.1.18. Pinh nghia. Cho (g, ) 1a C— dai s6 Lie toan phuong. Chiéu toan phiiong
clia g 1a chiéu cua khong gian vecto B(g) va duge ky hi¢u la d,(g).

Nghia 13, d,(g) = dimcB(g).
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1.2 Doi dong diéu cua dai so Lie

1.2.1. Pinh nghia (xem [1]) Cho g la dai s6 Lie, V' 1a mot C— khong gian vecto,
dim(V) < oo ( hitu han) va p : g — End(V) 1a mot déng cau dai s6 Lie tir g

vao dai s6 End(V') chita cidc dong cdu trén V) ¢6 nghia la

p(lz,y]) = [p(z), p(y)], VXY g,

hay p 12 mot bi€u dién cta g trong V.

Vé6i méi s6 ty nhien &k € N*\{0}, ky hieu C*(g, V) la khong gian cdc 4nh xa
k— tuyén tinh phan xting titg X g X --- X g vao V va quy uéc C°(g, V) = V. Pat
C(g, V)= li)Ck(& V). Xay dung d4nh xa d, : C*(g, V) — C*"'(g, V') nhu sau:

k

onf(xo, @1, 21) = Z(—l)ip(xi)(f(xo, Ty, TE))

1=0
k

+ Z(—l)lﬂf([x“ Zl}'j], Loy o - Zl]'\i, ceey Z/U\J, ce ,xk),

i<j

v6imoi f € C*(g,V);xq, ...,z € g va & day ky hiéu T; dé chi z; khong c6 trong
cong thic. Khi d6 dnh xa ¢, xay dung nhu trén dugc goi 1a rodn tir doi bo va dé dang
chitng minh dugc J;, o d,._; = 0. Néu ching ta khong quan tdm dén chi s6 £ thi ta
dong nhat ky hiéu ¢ := 0. Do d6 6% = 0.

Mot phan tir f € C*(g, V') goi 1a mot k— doi chu trinh néu 6 f = 0 va f goi la
mot k— doi bonéu ton tai g € O (g, V) sao cho f = dg.

Ky hi¢u Z*(g, V') 1a tap hop cdc k— déi chu trinh va B*(g, V') 1a tap hop céc
k— doi bo, tic 1a Z%(g, V) = Kerd, va B*(g,V) = Imd,_,. Tu tinh chat
62 = 0 & trén, ching t6 B¥(g, V) C Z*(g, V') va do d6 ta c6 khong gian thuong
Z%(g,V)/B*(g, V). Khong gian thuong nay thuong dugc ky hicu 1a H*(g, V') va
duoc goi 1a nhém doi dong diéu thir k cta g vGi hé s6 trong V. Moi phan tlr thudc
H*(g, V) cling dugc goi 1a mot k— chu trinh (xem [1]).

Bai todn mo ta twong minh H"*(g, V') nhém déi dong diéu ctia mot dai s6 Lie

g cho trudc hoac it nhat la tinh dugc chi€u cua né dang dugc nhicu nguoi quan
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tam nghién ctu. Vi du nhu trong [2] nguoi ta da xay dung dugc cong thic tinh
s6 chiéu ctia H"(g, V') thong qua s6 chiéu clia g va s6 chiéu clia V, nhu sau: Néu

n = dim(g), m = dim(V) thi

djm(Hk(g, V)= dim(Kerd,_,) + dim(Kerd,) —m (k i 1) ;

nn—1)---(n—k+2)
k—1)(k—2)---21
Trong trudng hop V' = C thi C°(g, C) = C va C*(g, C) khong gian cdc dnh xa

trong do (k 1) =

k— tuyén tinh phan xing tir g X g X - -- X g vao C dugc dinh nghia 1a

C*g,C) = {p:gxgx---xg— C|plak— tuyén tinh phan xting }

= A¥(g") 1a khong gian céc k - dang phan xting trén doi ngiu g*.

Mit khic méi biéu dién p cua g trong C 1a mot dong cau dai s6 Lie
p g — End(C), do dé p(x) = 0,Vx € g va toan tir d6i bd § duge xéc
dinh 12

() (w1, ) =

D™ f([zs, 23], Toy o Ty oo Ty e vy )

i

Khi do ta co

k

(Skf(ﬂfl, Loy ... ,l’k) = Z(—l)l+]f([ﬂf“ ZC]'], To. ... ,Z/If\i, ce ,Zlf\j, ce ,.Tk),

i<j

véimoi f € C*(g,C); xy,. .., 1, € g va &day ky hiéu T; dé chi z; khong c6 trong
cong thuec.

1.2.2. Pinh nghia. Cho g 1a mot dai so Lie. Dang song tuyén tinh, d6i xing, khong

suy bién w : g X g — C dugc goi 1a mot cdu triic symplectic trén g, néu:

w(lz, ], 2) +w(ly, 2], 2) +wllz, 2 y),  2y,z€ce

Vi du 1. Néu g 1a dai s6 Lie sl,(C) thi Khi d6 H2(g, C) = {0}.
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Chitng minh. Goi

C?*(g),C)={p:gxg— C|¢la2— tuyén tinh phan xing }

la khong gian cac anh xa 2— tuyén tinh phan xtng tir g X g vao C.

Z*(g), C) la tap hop céc 2— chu trinh cta g trén C.

B?*(g), C) la tap hgp cdc 2— doi bo cha g trén C.

Vi dim(g) = 3, do d6 gia st g = span{ei, ey, e3} 1a khong gian sinh bdi hé vecto

co s6 F = {ey, €9, €3} vatich Lie [.,.] dugc xdc dinh boi:

le1, ea] = €3, |e1, €3] = —2e; va [es, €3] = 2e.

Ta ldy w € C*(g),C). Neuw € Z*(C*(g),C)) thi
w(le: €], ex) — w([es, ex], ;) +w(ej, ex], ;) = 0,Vi, 5, k =1,2,3.
Khong mat tinh tong quat ta xét (4, j, k) = (1,2, 3). Khi d6 ta ¢
w([er, ea], e3) — w(ey, es], e2) + w(les, €3], e1) = 0.
Vi [e, e5] = e3, [e1, €3] = —2ey, |9, €3] = 25, nén
w(es, e3) + 2w(ey, es) + 2w(es, e;) = 0.

Vi biéu thifc cuéi cting hién nhién ding, nén Vw € C?*(g), C) thiw € Z*(sly(C), C).

Mat khac, vi {[ey, es], [e1, €3], [e2, €3]} tao thanh mot co s& clia g nén Yw €
C?*(g),C) ta luon tim dugc f € g dé w(e;, e;) = f([ei, e;]). Diéu nay ching to
B(g),C) = Z°(g), ©). Vay H*(g),C) = {0}. e



Chuong 2

Poi dong diéu thir 2 cua dai
sO Lie toan phuong

Noi dung trong chuong nay, chiing toi trinh bay lai mot cdch c¢é hé thong cdc
khdi niém co bdn va nhiing két qud can thiét lién quan dén nhém doi dong diéu cua
dai s6 Lie toan phuong. Sit dung cdc két qud dé dé tinh nhém doi dong diéu thir 2

cia dai so Lie kim cuong va dai so Lie kiéu Jordan.

2.1 Doi dong diéu thir 2 cua dai so Lie kim cuong

2.1.1. Pinh nghia. Mot khong gian vecto V' hitu han (dim(V') = n) trén trudng s6
phiic C dugc goi la khong gian vecto toan phuong n— chiéu néu tén tai
¢ : V. xV — C la dang song tuyén tinh d6i xing, khong suy bién trén V.
Khi d6 ngudi ta ky hieu 1a (V, ¢).

Gid st V* 1a khong gian doi ngau ctia V. Ky hieu A*(V*) 1a dai s6 Grassmann
chita cac dang k— tuyén tinh phan xing trén V* véi tich ngoai A va [, 1a dnh xa dao

ham cua A(V*), v6i © € V. Khi d6 [, dugc xdc dinh nhu sau: (xem [1])

L) (Y, un) = QUz,yr, - Yk),
VQ) € Ak“(V*);yl, oy e Vi(k>0).

Gia st £ = {ej, €9, -+ ,€,} 1a mot co s& truc chudn cta V. Khi d6 tich super

22
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- Poisson trén khong gian A(V*) dugc dinh nghia nhu sau:
{2,QF = (=11 (Q) A L(Q),¥Q € A(V7),VQ € A(V7).
j=1

Tir dinh nghia tich super - Poisson ta thay:
+) Tich super - Poisson dinh nghia & trén khong phu thuoc vao viéc chon co sé truc
chuian E cua V.

+) Néu o, o € V* thi

{o, Q} = 15-1)(Q),VQ € A(V7)

/

{a,a'} = B(¢™'(a),¢7'(a)).
Vé6i mbi dang k— tuyén tinh phan xing Q € A*(V*), xay dung 4nh xa
adp($2) : A(V*) — A(V7), xdc dinh boi:

adp(Q)(Q) = {0, Q}, vQ e A(VY).

Khi d6 ta ching minh duoc ¥Q' € AF (V*), Q" € A(V*) thi
adp(Q) ({2, 927}) = {adp()(Q)Q'} + (1) {Q, adp(Q)(Q)},
c6 nghia adp(€2) 1a mot siéu dao ham c6 bac k — 2 cha dai s6 A(V™*).
Diéu nay chiing t6 A(V*) 12 mot dai s6 phan bac vdi tich super - Poisson.
2.1.2. Pinh nghia. (xem [7]). Cho (g, ¢) la mot dai s6 Lie toan phuong. 3— dang
lién két voi g 1a 3— dang tuyén tinh
IT: gxgxg—C
(2, y,2) — L(z,y, z) = B([z,y], 2),

thoa man cac diéu kién:

+) Z la 3— dang phan xiing trén g.

+) Néu ky hiéu {., .} 1a tich super - Poisson trén A(g*) dai s6 Grassmann chita

cdc dang da tuyén tinh phan xing trén g* véi tich ngoai A, thi {Z,7} = 0.

23
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Tir dinh nghia trén, ta thdy néu g 1a khong gian vecto toan phuong hitu han chiéu
duogc trang bi dang song tuyén tinh doi xing khong suy bién ¢ va Z 1a mot 3— dang
phén xiing trén g théa man diéu kién {Z,Z} = 0. Khi d6 (g, ) 12 mot dai s6 Lie
toan phuong v6i 3— dang lién két Z, trong d6 tich Lie dugc xac dinh bai:

[z,y] = o7 (lny (1)), Vz,y €8
Do d6 thay cho viéc nghién ctru dai s6 Lie toan phuong g trén mot khong gian vecto
V' hitu han chiéu ta nghién ctiu cac tinh chat cia 3— dang lién két véi g.

2.1.3. Pinh ly. (xem [7]) Pdng cdu
® : Der,(g,0) — Z°(g,C) = {Q | {I,Q} =0}
cdam sinh ddng cdu

P : ad(g) — l(I) = {Ix(I) | X € g}.

2.1.4. Hé qua. Vi nhiing ky hiéu o trén, ta co:

) LD (1)} = Ly (1),

+) H*(g,C) = Der,(g, B)/ad(g).
Tir He qua 2.1.4, ta thdy khi mo ta H?(g, C) nhém doi déng diéu cua dai s6 Lie
toan phuong g, ta c6 thé mo ta qua cdc dao ham phan xing cua g. Mat khéac, né€u

w : g x g — C la cau tric symplectic trén dai s6 Lie g, thi

w([z,y],2) +w(ly, 2], 2) +wllz, 2], y) =0, 2,9,z €8

Do d6 cdu tric symplectic w trén dai s6 Lie toan phuong (g, ) tuong duong véi dao
ham & bét bién, doi xing dinh nghia bdi w(x,y) = (P(x),y), z,y € g. Vay néu
w 1a symplectic thi w chinh xdc 1a mot 2— dang w thdéa man diéu kién {/,w} = 0.
Néu g ¢6 céu tric w nhu vay, thi ching ta goi (g, v, w) 1a dai s6 Lie toan phuong

symplectic.
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2.1.5. Pinh ly. Cho (g, p,w) la dai s6 Lie toan phuong symplectic va dnh xa
¢:G— G ¢(x) —> B(x,.). Khi dé dnh xa

® : ad(g) — ad(g), ®(ad(r)) — ad(¢™" (I.(w)))

la dao ham khd nghich cia ad(g).
2.1.6. Ménh dé. Gia sir g = g, la dai so Lie kim cuong 4— chiéu sinh bdi hé vecto

cosola E = {ey,eq,e3,e4} (ky hiéu la g, = span{ey,eq, e3,€e4}), vdi tich Lie

[617 62] — €3
duoc xdc dinh béi: lea, 1] = —e
[647 62] — €9
e, 1] = [es, 0] = [eq, e5] = 0

va dang song tuyén tinh doi xiing © dugc cho bdi p(eq,e1) = p(eq, e3) = 1, cdc
tricong hop khdc bang 0. Khi dé H*(g,) = 0.

Chiing minh. Goi ® 12 mot dao ham phan xing cla g,. Ky hiéu Z(g,) 1a tam cla
g,. Khi d6 theo dinh nghia cua tam va dinh nghia tich Lie & trén g,, ta tinh dugc
Z(g,) = Cey la khong gian 6n dinh d6i véi @, tic 1a ¢(Z(g,)) C Z(g,). Do d6 ta

6 thé gia stt (ey) = wey, Vo € C. Vi O phan xiing, nén ta c6:

p(P(e1), e4) = —p(er, P(es)) = —pler, wey) = —a.

Vi E ={ey, e9,6e3,¢4} 12 cosdctag,. Dodé Jx,y, z,w € C sao cho
O(ey) = —wey + yey + zez + wey.

Mat khac [g,, g,] cling 12 mot khong gian 6n dinh doi voi @, nén ta c6 thé viét
D (ey) = aeqy + bes + cey va P(e3) = ajey + bies + creq, Va, b, c, a1, by, ¢, € C.

Ma
P(e) = P([er, e2]) = [P(e1), €2] + [e1, P(e2)].
Vay so sdnh véi su phan tich trén, suyraz = b=0vac = —z.

Lam tuong tu d6i véi P (e3), ta thu duge ¢; = —y va a; = 0.

25
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Vi ® ¢6 tinh chét phan xing, nén tr dang thic p(P(e;),e;) =0 = w = 0.

Tuong tu (P (ey), e3) = —p(ez, P(e3)), suy raa = —b;. Do d6 ta ¢6 ma tran cla
0O 0 0 0
o ) . y a 0 0 -
® doi v6i cos6 E = {eq, ey, 63,64} 12 Ag = >0 —q 0| véiabceC.

0 —2 —y O
Mat khac, n€u chiing ta tinh todn truc ti€p trén co s& £ da chon, thi

¢ = ad(ae; — bey + ces).
Do dé ® la mot dao ham trong ctia g,. Vay, trong dai s6 Lie g, moi dao ham phan

xtng déu 1a dao ham trong. Suy ra H*(g,, C) = {0}. O

2.1.7. Ménh dé. Gid sit g = g, la dai s6 Lie kim cuong 5— chiéu sinh boi hé vecto
cosdla E = {ey, ey, e3,e4,e5} (ky hiéu la g5 = span{ey, ey, e3, ey, €5}), voi tich

Lie duoc xdc dinh boi

[61762] = €3, [61763] = —€s, [82763] = €4

va dang song tuyén tinh p duoc xdc dinh: p(ey, eq) = p(eq, e5) = p(es, e3) =1,

cdc truong hop con lai bang 0. Khi dé

H*(g5,C) = span{[e; A €3], [e5 A efl, [el A ef — €5 A e}

Chitng minh. Gia su [ 1a 3— dang lién két cta g, khi d6 tur sy xac dinh dang song
tuyén tinh ¢ & trén ta tinh dugc I = x] A 3 A t*. Mat khéc tir cong thic xdc dinh
B?*(g;, C), ta c6:

B*(g;, C) = {w € A(g") | w((z,y) = f(z,y), f e g} ={L(I) |z € g},

= B?(g;,C) = span{et A e;, et A ek es A es} 1a khong gian vecto sinh boi he
vecto co sO {e] A€, ef A el el Nest.

Mat khéc,theo dinh nghia ta c6: Z%(g;, C) = {w € A*((gf) | {I,w} = 0}.

26
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Bay gio ta su dung cong thic tinh tich super - Poisson dugc xay dung & trong

([7]), ta co:

{I,e; Nest = {elNeyNes, el Neyt = oleq,eq)es Nes e,
— leq,e5)e; Nes Nel —p(es,el)e] Nes A e,
+ @(es,eq)e; Nes Aej+ p(es,es)e] Aes A e

— p(es,es)el Ney Nep = 0.

= e} Neh € Z%(g,, C).
Tinh hoan toan tuong tu nhu trén ta thu duoc:

({I,efNeil =0= e ANe; € Z%(g,,C)
{I,e;Nei} =0=e;Ne; € Z%(g,C)
c{Les eyt =0= e Neyx € Z*(g;, C)
{I,etNef} =0= et Ne; € Z%(gs,C)
{L.ejNef—esNest =0=e;Nef —ei Ney € Z7(g;,C).

Vay
Z*(gs,C) = span{et Nes, el Nes es Nes er Nes et Nel,er Net —ei Nest
la khong gian sinh boi hé vecto co s&

{es Nes es Nes,es Neb el Nes,es Nelyes Net — et Nest.

Tém lai, tir viec mo ta B*(g,, C) va Z*(g5, C) & trén ta co:
H*(g;,C) = Z*(g5,C)/ B*(g5, C) = span{[ej Aej], [es Aeil, [ Aer —es Aes]}
1a khong gian sinh boi h¢ vecto co s6 {[e] Aed], [er Aef], e Nef —et Nesl}. DO

2.1.8. Ménh deé. Gid sit g = gg la dai s6 Lie kim cuong 6— chiéu sinh bdi hé vecto

co sd la {uy, uy, ug, uy, us, ug } voi tich Lie ditoc xdc dinh bdi:
[y, us] = ug, [Us, us] = ug va [us, uy] = us

va dang song tuyén tinh p dugc xdc dinh: p(uy, uy) = @(uq, us) = p(ug, ug) = 1,
cdc truong hop khdc bang 0. Khi dé
H?(g,C) = span{[uj A ug], [u A ug], [us Aujl, [ug A ugl, [us Al [ug A uzl,

[ulh A uf —uf Ausl, [ug Au—ug Auglt
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Chitng minh. Lap luan tuong tu nhu trong phép chiing minh cia Ménh dé 2.1.7, doi

v6i dai sO kim cuong g ta tinh dugc:

B*(gg, C) = {l.(I) | « € g} = span{uj A uz, uz A ug, uz A uj}

va

Z*(gg, C) = span{uj Aub, us Aug, ui Aut, wi Auk, whAub, uyAug, uhAug, uiAuj,
ub A ul,uh Awl —ui A ug, g Au— ub A ull

Vay

H*(g,C) = Z*(g,C)/B*(g, C) = span{[uj A ug], [ui Aug), [us Aui, [ug Aug],
s A ], [ A ], o A — g A gl [ A — g A ]}

O

Trong cdc ménh d¢ trén ching ta dd mo ta dugc nhém d6i dong diéu thd 2 cho
mot s6 dai s6 Lie kim cuong toan phuong véi s6 chiéu bang 4, 5, 6. Bay gio ching
ta giai bai toan d6 cho dai so Lie kim cuong toan phuong tong quat.
2.1.9.Pinh 1y . Dgr C* = (C\{0})"(n e N*)va I := (A1, Ao, ..., \,) € C". Gid
S § = go,4- la dai s6 Lie kim cuong phiic (2n + 2)— chiéu sinh bdi hé vecto co s
la {eg,e1,... €Uy, Uy, ..., Uy,} VO tich Lie khong tdm thuong dugc xdc dinh nhu
sau:

[wo, €1] = ey, [ug, ws] = =Ny, [eq, wi] = Nieg; 1 <@ < n.

va dang song tuyén tinh @ xdc dinh bdi:
ole,u)=1;, 0<i<n

plei, e) = plei, uy) = p(u,u;) =0, 0<i#j<n
Khi dé H*(g,,,.o, C) la nhém doi dong diéu thit 2 cia g, ., la mot trong cdc truong

hop sau:
{flesnel | M+A=0,1<1i<j<nj,
{lu; Al | A+ A =0,1 <0 < j < nj,
{les Al [N =X =0,1<i<j<n}

Chiing minh. TruGc hét ta chd y rang, \; € ' := (A, Ao,..., A,) € CI thi
A\, # 0,V1 = 1, n vacdc sé phic \; € I', Vi = 1, n khong nht thiét phai khdc nhau.
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Bay gid ching ta xay dung tap con {ay, ay, . . ., a; } gébm k s6 phic khdc khong thoa
man cac dicu kién sau day:

+) Vi = 1, n, ton tai duy nhdt j = 1, k, sao cho a; = \; hoac a; = —\;.

++) Vj =1, k, t6n tai duy nhit ¢ = 1, n, sao cho a; = \; hoac a; = —\,.

Véii € {1,2,...,k}, ching ta ky hieu p; (tuong tng ¢;) 12 s6 lugng nhan gid tri a;
(twong tng 1a —a;) dugc 1ap di lap lai trong I' := (A, Ag, ..., Ay).

batn; = p; +¢;,Vi = 1,n. Suy ra inz = n. Tu d6 ta thdy néu cho trudc bd n
s6 phiic I' := (A, Ag, ..., \,) € C:}Zt:hli c4c s6 mq, N, . . ., 1y hoan toan duoc xic
dinh va khong khé dé tim ra nd.

Ky hiéu {eg, el, ..., €}, ug, ui, ..., u:} 1acosd doingdu trong g5, . , tuong tng
v6icosd{eg, €1, ..., €, Uy, Uty ..., Uy, L trong gy . Dat P = span{e;,eh, ... et}
va ) = span{uj,uj, ..., u;} tuong tng 1a cdc khong gian sinh bdi h¢ vecto co s
{ej,e5, ... ei}va{ui,ul, ... ut}. Gid st I 1a 3— dang lién két véi g, », khi d6
I dugc xac dinh boi

I=uj Ny Nef AN
i=1

Ky hieéu 2, := > \;ef A u;. Khi d6 theo [4] ta ¢
i=1

B*(gy,.0) = span{uy Aej,ug Aul,Q, 01 <i<n}

e Ta thdy vé6i gid tri n = 1 thi cho ta dai s6 Lie kim cuong 4— chiéu g,. D6i dong
diéu thir 2 cia né da duge tinh trong Ménh d¢ 2.1.6.
e Bay gid ta xét truong hop n > 1. Theo trén 3— dang lién két [ duoc xdc dinh boi
I =ui N an\ie;f‘ A u;. Khi d6 ta dé dang tinh dugc cdc tich super - Poisson sau:

1.121{1, es Nert =el NQ — Ned Aug A e,

2. {Lef ANu} =ui AQ + Neg A ug A,

3. {l,ef ANus} =1,

4. {I,e; Nest = (N + Aug Ae Ae,

5. {1 ui ANujt = —(Ni + Aj)ug A i A,

6. {I,ef Nuj} = (Ni— Njug Aef Auj.
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Do d6 Z?(g,,,.,-) 12 tap hop cdc 2— chu trinh clia duge g, ., trén C xdc boi cdc tap
hop sau:

{us Nef,us Auf, Q|1 <i<j<n},

fesne [ X+ X =0,1<1i<j<nj,

{uf Al [ XN+ 2 =0,1<i<j<nj,

{e;Auf [ M= =0,1<i<j<n}
Vay ching ta da xdc dinh duge B*(g,,,.,) va Z*(g,,.2)- Do d6 nhém d6i dong diéu
H?(g5,,0) = Z*(82112)/ B*(82,,2) 12 tap céc 16p tuong duong trong Z*(g,,,.») theo
modulo B?(g,,.,) dugc mot ta nhu sau:

{lu; NSl T A+ A =0,1 < < j < nj,

{fles Aul | A=A =0,1<i<j<n}
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4

2.2 Doi dong diéu thir 2 cua dai so Lie kiéu Jordan

01 0 00 07
00100 0
00010 0
Cho n € N*. Xét kh6i Jordan liy linh J, = [0 0 0 0 1 O] va quy

000O0¢O0 1
00000 0.

uéc Jl = [0]

2.2.1. Ménh dé. (xem [3]) Gid st E = {ey,€3....,€,, U, Us, ..., Uy} la cO sT

chinh tdc ciia C— khong gian vecto C**. Khi dé dnh xa

0 :C*" x C™" — C
1 néui=75=0,n
(20,4;) 0y = {0 néi % j.

la dang song tuyén tinh bdt bién, khong suy bién.

2.2.2. Ménh dé. Cho dnh xa tuyén tinh ® : C** — C*". Gid st Ay = [{)” _?]T]

la ma tran ciia © doi véi co sd chinh tic E = {ey,eq. ... €,, U1, Ug, ... U} clia

C?". Pdt j,, = C*" @ Cey @ Cug la mot md réng ciia C*" bdi ©. Khi dé j,, la mot
dai s6 Lie, vdi tich Lie duoc xdc dinh bdi:
[, y] = o(®(x), y)eo, Yo,y € C™

[607j2n] =0
(1o, x] = D(x).

Tir két quéa ctia Ménh dé 2.2.1 va Ménh dé 2.2.2 ta c6: (j,,,, @) trd thanh mot dai
s0 Lie toan phuong trén truong s6 phic C va duoc goi la dai s6 Lie toan phuong kiéu
Jordan j,,.

Theo Ménh d¢ 2.2.2 thi tich Lie & trén j,,, 1a:

[z, y] = o(®(x),y)x0, VX,y € C"

[x07j2n] = 0
[y07 ZU] = (I)($>
Do d6 cdc tich Lie khac khong trén j,, dugc xdc dinh nhu sau:
[an 62] = €y, [UO, 63] = €2,..., [an en] = €n—1,
(U, ur] = —ug, [Ug, us] = —us, ..., [y, Up_1] = —Uy,

e, U] = [e3, us] = -+ = [en 1, Un—s] = [€n, Un_1] = €.
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Giast{ej, er, ... e up,ul, ..., ut}lacosddoingducta{ey, ey, ..., e,, Uy, uy,. ..

Khi d6 theo [3] néu [ 1a 3— dang lién két véi j,,, thi [ dugc xac dinh boi

I'=ui N (7123116;:_1 /\u;‘)
2.2.3. Ménh dé. (xem [3]) Gid sit B%(j,,,) la tdp hop cdc 2— doi bo cia dai so Lie
toan phuong j,, trén C. Thi

BQ(jzn) = span{l,(I) | € jy,}

n—1

= spcm{g efﬂ/\uf,ug/\e;l,ué/\uf|i:1,n—1}.
i=1

Gia st C*(j,,,, C) 1a khong gian cdc énh xa 2— tuyén tinh tir
j2n X j2n — C’
tic 12 C?(j,,,C) = A*(C*(j,). Theo [3] néu P = span{e},ej,...,e:} va
Q = span{u},uj,...,u’} tuong dng la cdc khong gian sinh boi hé vecto co s&

{ex, e, ... eryva{ul,uj, ... ,u'} thi

C?(jon, C) = (s MPRQ))D(upAN(PBQ))BA*(P)BA*(Q)D(POQ)D < egAug >,

nghia 1a C*(j,,,, C) duoc phan tich thanh téng truc ti€p cdc khong gian cdc 2— dang
es N(P®Q),ug AN(PdQ),N(P),A*(Q),PNQ,< el ANujy > .
2.2.4. Ménh dé. Vi nhitng ky hiéu nhu trén, néu ddat Z*(j,,,) la tap hop 2— déi chu

trinh cua j,, thi

Z(oy) = us A(P D Q) D ker{I,\*(P)} ® ker{I,A*(Q)} ® ker{l, P ANQ}

n

® <e;§/\u;§ —Z(n— 1 —i)e; /\u;">

1=1

Chitng minh. Vi C*(j,,,, C) duoc phan tich thanh téng truc ti€p cdc khong gian céc
2— dang

A (P2 Q) ul A(P@®Q), A(P),A*Q),PAQ,< e Al >
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va theo dinh nghia Z2(j,,,), do d6 dé mo ta dugc Z*(j,,) ching ta tinh todn tir {7, .}

lan lugt cho cdc hang t truc ti€p
A (P& Q) us A (P& Q) A(P), AXQ), P AQ,< e Auj >

e Doi v6i hang tit A*(P) : Theo trén vé6i Ve; € P thie] A e € A*(P). taco:
+)Neul <z <n—1thi

n—1
{I,es Nei} ={us A (Ze;ﬁrl /\uj),ef Nett =uiNer Ne

i=1

n—1
va{l,e; Nef = {ug A (Zefﬂ/\ui) efNeL L F=usNef Nel, Neb.
i=1
HNeul<i<j—1,7<n—1th
n—1
(e negh ={us A (St Aut)ser Ae} = ug Aty Aej+us Al Aej,

n—1
DL Aey = {u A (et Aup), ey Aes} =0.
i1
Vi{l,e: [ ANei}=0=¢e Ne: € ker({I,A*(P)}.
Mit khdc Vw € ker({I, A*(P)} thi w c6 dang

n—1

W= Z aije; N €] +Zbe /\eZH—FZce Ne +de [ Ne..

2<i+1<j<n—1

++) Gia su

n—1 n—2 n—2
w= Z aije;‘/\ejnLZbie;“/\efH+che;“/\e;+defﬂ/\e; € ker({I,A*(P)}
2<i+1<j<n—1 i=1 j=1

sao cho céc a;; déng thoi bang khong, con céc b; khong dong thoi bang khong. Khi
do

n—2 n—
w:Zbiej/\e;‘H—l—Zce Ne, +de, | Ne;.

Bang cach tinh todn truc tiép, ta c6:

{I,w} = Zb Uge; N €yp + Z i€ Ne, = 0.
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Vi cdc b; khong don thoi bing khong, do d6 khong mat tinh téng qudt, gia st ton tai
chi s6 7o d€ sao cho b, = 1. D& {1, e; Nej |} = usAe; Nej o, = 0thiig+2=n
va ¢;,—1 = —b;,. Khi d6 thay truc ti€p vao trén, taco w = e, ,Ae; | —er . Ney
hoac w = e , ANef —e: , Ael | thuoc vao € ker({I,A*(P)}.

n

++) Gia su

n—1 n—2 n—2
w= Y ageAe+Y bieihel Y cieiNe+del_ Ae, € ker({I,A*(P)}
2<i+1<j<n—1 i=1 j=1

sao cho cdc a;; khong dong thoi bang khong. Ta c6:

n—1
2<i+1<j<n—1
n—2 n—2
E Xk k * E * * *
i=1 j=1

Vi cdc a;; khong dong thdi bang khong, do d6 khong mat tinh tong quat, gia

st 4o la chi s6 nho nhét sao cho ton tai chi s6 jo > i + 1 d€ a;;, = 1. Néu
. 7 R ES * * — 3 _ —_
Jo < n — 1, do do de Qo450 U A eio N €j0+1 = 0 thi Qjg—1jo+1 = —Qjp0 = —1,

diéu nay mau thuan véi tinh nho nhat cua 7. Do d6 jo, = n — 1. Néu ¢, = 1 thi
{Lej Ne;} =11, efNe, 1} =usNeyNe, | +ugAer Ae;. So sdnh véi cong
thic xdc dinh tich super - Poisson {/,w} & trén thi uj A e A e}, # 0, diéu nay vo

1y, do d6 gia thi€t 7o = 1 1a sai. Vay 7, > 1. Theo 1ap luan & trén

* * % * * * * *
{Ia% /\ejo} =ugANe; . Ne; +ug ey Nep,

nén Cip—1 = —Qjyj, va Qi 5, = —Qigjp, VOl il = io + 1va jl = jo — 1. Mé.t khac ta

lai c6

* * % * * * * *
,e; Nej y =ugNej  Aej +ugANep ANej L,
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nén a;,;, = —a;,;, Vi iy = 1;+1va j, = j; —1. Lap luan twong tu sau hitu han buéc

tathu duoc a,,;, = —a,, ,j, ,,V0its = ts_1+1 =1p+svaj, = jo_1—1 =n—s—1
sao cho j, = i, + 2 hoac j, = 1, + 3.

Néu j, =i, +2thi {I,e] Nej } =ugNej  Aej ,+ugAe; Aej g Ti
viéc tinh {1, w} & trén cho thdy d6i v6i truong hop nay thi ug Aef ,, Aej ., # 0,
do d6 truong hgp nay khong xay ra.

Néu j, =i, +3thi {I,ej Nej } =usNe)  Aej s +usNej A€y Do
d6 dé ug Aej ., ANej 3 = 0thitacanchon b, = —a; , vaiy > 1,5 > 0 sao
choig+s+3=n—s—1hayigc=n— 27, trong d6 2 <[ < qg— 1 (q la phan
nguyén cua ).

Tir nhitng tinh toan va lap luan & trén, ta c6

k
ker{l, AQ(P)} = Span{Z(_l)iej;—%ﬂ A e:;—H-l} véik=1,q

1=1

k
1a khong gian con sinh béi hé vecto co s6 Y (—1)'er o, A€l ;..

=1
Tinh todn hoan toan tuong tu nhu hang tit A*(P), ta c6:

e D6i v6i hang tir A*(Q) :

k
ker{I, A(Q)} = span{ 3" (~1)'u; Auj_ s, } voik =T

i—1
k .
1a khong gian con sinh bdi hé vecto co s Zl(—l)luj AUy i
1=

e Dai v6i hang tt P A () :

n n—1 n—2
ker{I,PNQ} = spcm{Zez‘ Ay, Zez‘ﬂ Au;, Z€:+2 AU, ... e N uf}
i=1 i—1 i=1
la khong gian con sinh bdi hé vecto co s6
n n—1 n—2
ZG: /\U:, 26211 /\u;ku 26:—0—2 /\u;ku cee 76;: /\UT
i=1 i1 i=1
n—1
e D6i v6i hang tr < ej A ugy >: Taco {I,ef Aus} = uf A (D el Auj) day la
i=1
mot phan tit cha tich super - Poisson {/, P A Q}. Mat khéc, tuong tu nhu trén ta tinh

duogc tich super - Poisson

35
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{I,es ANuj— > (n+1—1i)ef ANui}=0
=1

= eg ANug — > (n+1—i)e; Auj € ker({1,.}).

e DGi v6i hang tir e A (P?; Q) : Doi vé6i e A (P & Q) theo [3] ta dé dang tinh
dugc ker{l,e; N (P & Q)} = {0}.

e Doi v6i hang tir uj A (P @ Q) : D6i véi uy A (P @ Q) theo [3] tinh tryc tiép ta
thu duge dim(ker{l,e; A (P ® Q)}) = 2n.

Tém lai: Tu viéc tinh todn trén cdc hang tir truc tiép ef A (P @ Q),
us AN(P®Q),AN*(P),A*(Q), P NQ,< e Auj > & trén, ta thu dugc

Z%(jy,) = ug AN(P®Q) D ker{l, \N*(P)} ® ker{I,A*(Q)} ® ker{I,P A Q}

n

® <63/\u3 — Z(n— 1—i)e; /\uf>

1=1

]

Tir két qua cia Ménh d¢ 2.2.3 va Ménh d¢ 2.2.4 ta s€ mo ta dugc nhém d6i dong
diéu thit 2 cua dai s6 Lie toan phuong j,,, trén truong s6 phic C thong qua dinh 1y
sau.

2.2.5. Pinh ly. Vi nhitng ky hiéu nhu trén, ta c6 H*(j,,, C) nhém doi dong diéu

thit 2 cua dai s6 Lie toan phuong j,,,

Hz(iZmC) - Zz(jZmC)/Bz(iQmC)
= span{[ug A (P @ Q)], [ker{I, A*(P)}],
[ker{I, A*(Q)}], [ker{I, P A Q]}

la khéng gian con sinh boi hé vecto co so

[ui A (P & Q). [ker {1, ()Y, [ker{ T, A(Q)}], ker{I, P A Q]
2.2.6. Ménh dé. (xem [3]) Gid st U = {e1,ey. ... €, U, Us,y ..., Uy} ld cO SO
chinh tic cuia C— khong gian vecto C*""'. Khi dé dnh xa ¢ : C*"1 x C*"*1 — C

duoc xdc dinh boi:

(1 newi=j=0mn B
(i, ;) = 045 = {0 néi i va p(t,t) = 1.

la dang song tuyén tinh bdt bién, khong suy bién.
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2.2.7. Ménh dé. (xem [3]) Cho dnh xa tuyén tinh ® : C*"*' — C*"*!. Gid su
Ay = {J%H _J\§T] la ma trdn ciia © doi véi co so chinh tic U cia C*", trong
dé M = [mij](nﬂ)nxn la ma tran ¢ (n + 1) X n ¢6 tdt cd cdc s hang bang khong
ngoai trit phan ik M1y, = —1. Dt j,, .1 = C"*1 @& Cxg @ Cyp la mét md rong

ciia C*"** bdi ®. Khi dé j,, ,, la mot dai 56 Lie, véi tich Lie dugc xdc dinh bdi:
[z, y] = p(®(2),y)z0, Y,y € T

[x07j2n+1] =0
(Yo, 2] = ©().

Tir két qua cta Ménh dé 2.2.6 va Ménh dé 2.2.7 ta ¢6: (jy,. 1, ) tr0 thanh mot
dai s6 Lie toan phuong trén truong s6 phic C va dugc goi l1a dai s6 Lie toan phuong
kiéu Jordan j,, ..

Theo Ménh dé 2.2.7 thi tich Lie & trén j,,, ., la:

[z, y] = o(®(x),y)x0, VI,y € C"H

[:COnJQn—H] =0
[vo, 2] = ®(x).

Do do6 cac tich Lie khéac khong trén j,,, ,, dugc xdc dinh nhu sau:

[u07 62] =€1y.. ., [u()v en] = €h1
[u(); ul] — _u27 ey [u07 un—l] — _un7 [Uo, un] — _t
[e2, u1] = [es, ug] = [e3,u2] = -+ - = [€y-1, Un—2] = [€n, Up—1] = 0.
Gid str {eg, €5, ..., €5t up, ui, ..., ut} 1a co s6 d6i ngdu cha
{eo, €1, .., €t ug,uy, ..., u,}. Khi d6 theo [3] néu [ 1a 3— dang lien két véi

Jons thi I duge xdc dinh boi I = uf A Q, trong d6 Q € A*(j5,. 1) = C*(jonr1, C).
2.2.8. Ménh dé. (xem [3]) Gid sit B*(j,, ) la tdp hop cdc 2— doi bo ciia dai s6

Lie toan phuwong j,,, ., trén C. Thi

B2(jzn) = Spcm{lx(l) | @ €j2n+1}

= span{Q,u; Aej,ug Aul,ug At i=1,n—1,5 = ,n}.

Gia stt C*(jy,, 0, C) 12 khong gian céc dnh xa 2— tuyén tinh tir

j2n+1 X j2n+1 } (CJ
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tic 1a C*(jo,41, C) = A*(C*(j5,,1)- Theo [3] néu P = span{e},eh, ... e:} va
Q = span{u},uj,...,u’} tuong dng la cdc khong gian sinh boi he vecto co s&

{ex, e, ... exyva{ul,uj, ... ,u'} thi

C* i1, C) = (A (PO Q))& (A (P D Q))& A (P) & A(Q)
D <egANt">D<e Nug>@ <usANt" >

& <t'AP>a((Pot ®Q)AQ\N(Q)).

nghia 1a C?(j,,,,,C) dugc phan tich thanh tOng tryc ti€p cdc khong gian cdc
2—dang: e; A (P D Q),us AN(PDQ),AN*(P),A*(Q), < es ANt* >, < ef ANy >,
<up ANt > <tAP> (Pt dQ)AQ)N\A Q).

2.2.9. Ménh dé. Vi nhiing ky hiéu nhu trén, néu ddt Z*(j,,.,) la tdp hop 2— doi

chu trinh cua j,, ., thi

Z(jon) = ugN(P®Q)® < ug,t" > @ker{I, A*(Q)}
o (Pot'®Q) AQ\AN(Q)
® <e(’§ A ugy — Z(n —1—i)e; /\uj>

1=1

Chitng minh. Vi C*(j,,, 1, C) dugc phan tich thanh téng tryc ti€p cdc khong gian cdc
2— dang:

e N(PBQ),uy N (PdQ),AN(P),N(Q),< e ANt* >, < ei ANug, >,

<SUNAN > <AP> (Pt ®Q)ANQ)N\NAN(Q)

va theo dinh nghia Z?(j,, ), do d6 dé mo ta dugc Z2(j,,, ;) ching ta tinh todn todn
tir {1, .} 1an lugt cho cdc hang t truc ti€p

es AN(P®Q),ug N (P®Q),AN*(P),A*(Q), < es ANt* >, < el Nug >,
<USANE > <AP> (POt dQ)NQ)N\AN(Q).

e Déi v6i hang tir A*(Q) : Lam tuong tu nhu trong Ménh dé 2.2.4 ta c6

k

ker{I, AX(Q)} = span{ > (=1)'u; yu; Aty ), ¥k =T,

=1
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(trong d6 ¢ la phan nguyén cta 7) la khong gian con sinh boi h¢ vecto co s
k .
{;(_1)%;—21@“ A u;kz—i—&-l}'

e Déi v6i hang tit A?(P) : Theo Ménh dé 2.2.4, ta c6:

k

ker{I, A*(P)} = ker{u;nQ, AX(P)} = span{ 3" (=1)'¢}_y 1 iA€) o p= {0,

i=1
vé6i k =1, ¢q).
e Doi v6i hang tir < e A uy >: Taco
{Leg Aug} = {uy A, e Augh = uy A <zez+mu )
day 12 mot phan tir clia tich super - Poisson {I, P A Q} Mat khéc, tinh tuong tu nhu

trong Ménh dé 2.2.4 ta tinh duoc tich super - Poisson
{I,e; Nuj— Z(n—l—l—z e; ANuft=0

= eg/\ug—i(n—l—l—z)ei ANu; € ker({I,.}).
e D6i v6i hang tir ef A (P %:91@) : Theo Ménh dé 2.2.4, ta dé dang tinh duoc
ker{I,e; N (P ® Q)} = ker{us ANQ,es N (P ®Q)} = {0}.

e Doi v6i hang tit ujy A (P @ @) : Theo Ménh dé 2.2.4, tinh truc tiép ta thu dugc
dim(ker{I,e; A (P ® Q)}) = dim(ker{ui A Q ui A (P & Q)}) = 2n.

e D6i v6i hang tr t* A P : Stt dung cach tinh & trong Ménh dé 2.2.4, ta c6.

{I,t* Nex} = {usg At Ner} = —ug Aui ANef +ud At Aery, véii=1,n—1

va{l,t* Net} ={us ANt Nel} = —ui Aul Nel.

Tir két qua tinhl(”)’ tren, suy ra {1, t* A P} C (uj Aul A P) & (ui ANt* A P).

Gidsttw = Y ait* Nef +bt* Nel € ker({I,t* A P}).

1= 1
= {l,w} = Za(uo/\u Nel+ui ANt"ANel ) —bug Aur Ae; = 0.
Tix d6 suy ra b=0= a; = 0. Vay ker({I,t* N P} = {0}
e Doi véi hang tr (P @ t* @ Q) A Q)\A*(Q). Tinh todn twong ty nhu trong Ménh

dé 2.2.4, ta chia lam hai truong hop dwa vao tinh chén 1€ cta n.

39
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+) Néu n chin, khong mat tinh téng quét gia st n = 2/, véi [ € N*. Khi d6 ta co:

ker{I,(Pot ®Q)AQ)\N(Q)}
= ker{ug ANQ, (P&t ®Q)AQ)\N(Q)}

n—3
= span{t ANu, + Zel+1/\ut A,y 2—|—Zez+3/\u u, o Au,

=1 =1

A ey Ay = Ay g A e (1) Py A

la khong gian con sinh bdi hé [ vecto co sd

{t* Nur + — Zezﬂ/\u*t*/\un Q—I—HZSeH?)/\u ul o Auk,

N uy + ey /\ wi =y Ay ug Aug g e (1) At
Do d6 dim(ker{I,(P®t*® Q) A Q)\A2(Q)}) = 1.

++) Néu n 1é, khong mat tinh téng quat gia st n = 2] + 1, v6i [ € N*. Khi d6 ta co:

ker{I,(P®t ®Q)AQ)\AN(Q)}
= ker{uyg ANQ (Pt ®Q)NQN\N(Q)}

n—1 n—3
= span{t*/\u;—FZe;‘H/\u " Au) 2—|—Zel+3/\u +ur Auy g,

=1 =1
* * * * * * * * (143), ,* *
C AUy ey Aut A egg Auy — up Ay — o (1), Ay,

BN = U Ay Ay — g Ay e (<) T A
la khong gian con sinh bdi hé [ + 1 vecto co s&
{t" Nu: + Zezﬂ/\u*t*/\u 2+7§€Z+3/\u +ut Aut o A UL+ el A ud
e AUy —ug Ay — -+ (= 1)(l+3)ul+2 AN Upyg, BN UY — Uy Aty
gy Auy —wg Aus e+ (1) T, Ay}
Do d6 dim(ker{I,(P®t ® Q) NQ)\A*(Q)}) =1+ 1.
T6m lai, tir két qua trong hai truong hop ctia n da xét 6 trén, ta di dén két luan vé s6

chiéu cta ker{I, (P&t ® Q) A Q)\A*(Q)} 1a

dim(ker{I, (P & ¢ ® Q) AQ\AAQ)}) = d.

trong d6 d la phan nguyén cua ”H
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e DGi v6i hang tlr e A ¢*. Tinh tuong ty nhu trong Ménh de 2.2.4, ta c6:

{L,es ANt} ={uf ANQef ANt} :t*/\ge;l/\u;‘ — ey Aug A
e Doi v6i hang tir u; A t*. Tuong tu ta c6 .

{Lus Nt} = {uy A Q,uy NtF} :t*/\r‘ilzt;ﬁrl/\ug—u;‘;/\u;‘;/\u;“1 = 0.
Tém lai: T viéc tinh toan trén cac hang tr tl‘zl.?cl ti€p
es AN(P®Q),ug AN (P®Q),AN*(P),A*(Q), < es ANt* >, < el Nug >,
SUNAN > <t AP> (Pt ®Q)ANQN\AN(Q)

O trén, ta thu duoc

ZQ(j2n+1) = uy AN(POQ)D <ugAt" > @ker{I,AQ(Q)}
(Pt ®Q) AQ\A(Q)

D
® <e(’§/\u(’§—2(n— 1 —i)e;"/\u;">.

i=1

O

Tir két qua ctia Ménh dé 2.2.8 va Ménh dé 2.2.9 ta s&€ mo ta dugc nhém déi dong

diéu thit 2 cua dai s6 Lie toan phuong j,, ; trén truong so6 phic C thong qua dinh ly
sau.

2.2.10. Pinh 1y. Vi nhitng ky hiéu nhu trén, ta 6 H*(j,, ., C) nhém doi dong diéu

thit 2 cia dai s6 Lie toan phiuong j,,, .
H2(iQn+17 C) = ZQ(i2n+17 C)/Bzci?n+17 C)
= span{[ug A\ (P & Q)], [ker{I, A*(Q)}],
[Pot®Q) AQN\A(Q)], [ug, e}

la khéng gian con sinh boi hé vecto co so

{[ug A (P& Q)] [ker{I, (@)}, [P&t" & Q) NQ\A*(Q)], [ug, €]}



Két luan

Luan van cé muc dich tim toi, nghién cttu mot so tinh chit cua dai s6 Lie toan
phuong, nhém do6i dong diéu thit 2 ctia dai s6 Lie toan phuong. Trinh bay cdc phuong
phdp mo6 ta nhém dong diéu thir 2 cha dai s6 Lie toan phuong. Ti€p d6 dua vao céac
két qua ctia Duong Minh Thanh va cac cong su vao nam 2018(xem [4]) va nam 2019
(xem [3]) d€ trinh bay cdch tinh nhém d6i dong diéu thi 2 clia dai s6 Lie kim cuong
va dai so Lie kiéu Jordan. Cu thé luan van da nghién ctiu céc van dé sau:

1. Trinh bay lai mot s6 khdi niém va két qua vé dai s6 Lie, dai s6 Lie toan phuong
gidi duoc, lily linh, mot s6 tinh chat co ban va tiéu chudn giai duge, ticu chuédn liy
linh va xét mot s6 vi du minh hoa cho cac khai niém trén.

2. Trinh bay dinh nghia nhém d6i dong dieu cua dai s6 Lie va dai s6 Lie toan
phuong.

3. Trinh bay cach tinh nhém d6i dong diéu thi 2 cua dai s6 Lie cua dai s6 Lie
kim cuong véi s6 chiéu cu thé va dai s6 Lie kim cuong tong quat.

4. Trinh bay cdch tinh nhém d6i dong diéu thit 2 clia dai s6 Lie kiéu Jordan j,,,

vVa Jon41-
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