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Abstract. This paper develops stability and stabilization for hybrid stochastic differential delay5
equations (SDDEs) with general time-variable delays using the Halanay-type inequalities. First, a6
right-continuous version of the Halanay inequality is proved using methods different from the usual7
approach of proof by contradiction method. Because the Halanay inequality does not require much8
on the delay, boundedness and stability in mean square of hybrid SDDEs with general time delays are9
obtained. For stability not focusing on the equilibrium points, asymptotic stability in distribution is10
an appropriate criterion and has been studied extensively. For this type of stability, it is crucial to11
use time-homogeneous Markov processes. In this work, the problem is examined by treating delays12
that behave periodically. The proof is conducted using probabilistic argument, segment processes,13
and weaker conditions than that of the moment conditions. For a given hybrid SDDE being unstable14
in distribution, a feedback control based on discrete-time observations is constructed to stabilize15
the underlying system. For the controlled systems (hybrid SDDEs with non-constant delays), time-16
homogeneous Markov processes are also identified. The use of Halanay inequality enables us to17
obtain the upper bound of observation duration using linear equations rather than the cumbersome18
exponential equations. Finally, two examples are given to demonstrate the effectiveness of our theory.19
It is shown that a better bound of observation duration can be achieved compared with the existing20
results.21
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1. Introduction. Stochastic differential delay equations with Markovian switch-25

ing (the so-called hybrid SDDEs) have been used as a useful modeling tool for numer-26

ous practical systems. The hybrid systems are highlighted by the coexistence of con-27

tinuous dynamics and discrete events, which are used to model environmental noises,28

abrupt changes in structures or parameters, and the influence of past history. Stability29

and stabilization have received heightened attention; see [11, 15, 16, 18, 23, 27, 34, 36]30

and references therein. In the traditional Lyapunov analysis, to tackle the delay ef-31

fect, the delay function δ(t) : [0,∞) → [0, h] is required to be differentiable with its32

derivative being less than 1 (e.g., [16, 24, 31]), but this leaves many real-world de-33

lays excluded such as the piecewise constant delay [8] and saw-tooth delay [28]. To34

remove this restriction, effort has been devoted to a relatively weaker condition based35

on Lebesgue measure theory; see [4, 15],36

(1.1) lim sup
∆→0+

(
sup
s≥−h

Leb({t ≥ 0 : t− δ(t) ∈ [s, s+∆)})
∆

)
<∞.37
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2 H. XU, X. MAO, AND G. YIN

Although this has alleviated some restrictions, one may still wonder what if our delay38

functions violate condition (1.1) such as the commonly seen sampling-holding delay39

δ(t) = t − [t/h]h (e.g., [14]). Is it possible to study such delays and is there any40

appropriate tool available?41

The answer is positive. Some powerful tools have been developed such as the42

Razumikhin method (RM) [26] and the Halanay inequality (HI) [9]. [Recall that HI is43

a comparison theorem for differential delay equations, which has been used to analyze44

stability of delay equations. For a nonnegative real-valued function v(·), HI states45

that if46

(1.2) v̇(t) ≤ −λ2v(t) + λ3 sup
−h≤θ≤0

v(t+ θ) with λ2 > λ3 ≥ 0,47

then v(t) ≤ k exp(−η(t − t0)) for t ≥ t0, where k > 0 and η > 0.] The basic idea48

of these two methods are similar: if at some time t, state v(t) reaches the supremum49

of the whole past segment, then the derivative v̇(t) becomes negative whence the50

state decreases; otherwise, current state could not exceed the history and behave51

the tendency of decay. Because it only operates in a pointwise setting, it does not52

require much on the information of delay functions. There are effective approaches for53

dealing with asymptotic behaviors of delay systems (e.g., see [10, 23, 33, 35] for RM,54

and [1, 3, 13, 25, 32, 40] for HI). RM indeed works well, but compared with HI, it is55

somewhat inconvenient to verify the conditions, and to provide qualitative properties56

rather than quantitative estimates for system states. Therefore, in this paper, we will57

use HI to study the stability of hybrid SDDEs with more general delays.58

In addition, not only are we concerned with asymptotic stability of equilibrium59

state (ASE), but also we deal with asymptotic stability in distribution (ASD). Com-60

pared with the former, ASD is in fact more appropriate for many real stochastic61

systems since the equilibrium states do not always exist (e.g., the mean reverting pro-62

cesses [20]). In many practical systems, we expect that the solutions would converge63

in the sense of in probability distribution rather than to a steady state, especially for64

population systems under random environment, where coexistence of species is more65

desired than extinction [12]. Though some results have been achieved in the past two66

decades (see [2, 5, 30, 38, 39]), ASD has not been extensively studied compared to67

ASE due to much more complex mathematics involved. Moreover, for hybrid SDDEs,68

the existing papers (e.g., [5, 39]) mainly considered the delay function to be a con-69

stant, not time-varying, or under condition (1.1), or more general condition. To the70

best of our knowledge, there has not been much work on using HI to study ASD of71

hybrid SDDEs with time-variable delays.72

Furthermore, it is highly desirable to use feedback control to stabilize systems.73

Traditionally, control is designed based on continuous-time state observations. Nev-74

ertheless, it has been recognized that it is more reasonable and less costly in practice75

if observations are made at discrete epochs 0, τ, 2τ, . . . (see [21]). In the past few76

year, the literature on stabilization by discrete-time feedback control has been grow-77

ing rapidly (e.g., [6, 22, 35, 37]). However, these papers have paid much attention to78

the stabilization of equilibrium, and up to now, only [17, 19] considered the discrete-79

state-feedback stabilization in the sense of ASD. But the original unstable systems80

investigated were all delay-free.81

In this paper, we use HI to study the stability and stabilization of hybrid SDDEs82

with general time-variable delays. We first treat boundedness and ASE. Then if83

equilibria are not the primary concerns or information on equilibrium points is not84

available, we concentrate on the weaker property ASD. To stabilize unstable hybrid85
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STABILITY AND STABILIZATION FOR HYBRID STOCHASTIC DELAY SYSTEMS 3

SDDEs in the sense of ASD, the design of feedback control based on discrete-time86

observations is proposed. Compared with the existing results, the main contributions87

and highlights of this paper are given as follows.88

(1) In contrast to the usual continuity condition, the HI is developed under right89

continuity. In [1, 25], HI (1.2) was generalized from constants λ2, λ3 to functions90

λ2(t), λ3(t), and further developed to λ1 − λ2(t)v(t) + λ3(t) sup−h≤θ≤0 v(t + θ) in91

[3, 13, 32], so that the boundedness of the systems can be derived. Note that it is often92

required the right-hand side of (1.2) being continuous (including v(t), λ2(t), λ3(t)).93

However, for our hybrid SDDEs, v(t) will always be used in the form of E|x(t)|p.94

Although the solution x(t) is continuous, its pth-moment may not be; see [35]. In95

this case, right-continuity is more appropriate than straight continuity, especially for96

systems with Markovian switching. It should be emphasized that our work is not97

a straightforward generalization of that under the continuity assumption. Note also98

that the contradiction method used in the proof (e.g., [3, 25]) is not valid when99

v(t) only has right-continuity. As an alternative, we present novel idea to prove the100

boundedness and stability of right-continuous version of HI.101

(2) For ASD, delay functions of hybrid SDDEs are non-constant. In the study102

of ASD, time homogeneity is of critical importance. For delay equations, the so-103

lution process x(t) does not possess Markov property, so we need to focus on the104

segment process xt = {x(t + θ) : −h ≤ θ ≤ 0}. Unfortunately, xt is usually105

not time-homogeneous since δ(t) is a function of time, and shifting the time axis106

would give us a different hybrid SDDE. As a result, there is virtually no results107

for ASD of non-constant time delays. Recently, [2, 19] explained how to find time-108

homogeneous Markov segment processes for periodic non-delay systems. Motivated109

by their work, we consider our time-variable delays to be periodic and present proper110

time-homogeneous Markov processes. The difference is however, we will prove ASD111

under the probability conditions of segment processes rather than the stronger mo-112

ment conditions (see Definition 4.3 below).113

(3) Our discrete-feedback controlled system is a hybrid SDDE with two periodic114

delays. How to select τ and form segment processes wisely is crucial for the under-115

lying Markov processes to be time-homogeneous. Moreover, in the proof of ASD for116

controlled systems, [17, 19] both adopted the exponential type of integral inequalities,117

and hence the bound of τ was given by solving exponential equations. In contrast,118

we will apply HI to show ASD, where the delay is dealt with under the worst-case119

scenario, not an average with respect to the whole time domain. As a result, inte-120

gral inequalities could be avoided and the bound of τ will be obtained through linear121

equations. Clearly, the computational cost and root estimation of linear equations are122

generally better than exponential equations. We also give an example to show that123

a better bound on the observation duration τ could be obtained compared to that in124

[17] (a special case that time delays vanish).125

2. Halanay-type inequality. We first give the notation to be used in this126

paper. Let R+,N+ be the family of all non-negative real numbers and natural num-127

bers, respectively. Denote by Rd the d-dimensional vector space over the reals with128

Euclidean norm | · |. If a and b are both real numbers, then a ∧ b = min{a, b} and129

a ∨ b = max{a, b}. Use Ch to represent the family of all continuous functions ξ from130

[−h, 0] to Rd and designate the norm of its element ξ by ∥ξ∥ = sup−h≤θ≤0 |ξ(θ)|. Let131

Ba = {ξ ∈ Ch : ∥ξ∥ ≤ a}. For a vector or matrix M , MT represents its transpose. If132

M is a matrix, denote its trace norm by |M | =
√

trace(MTM), and operator norm133

by ∥M∥ = max{|Mx| : |x| = 1}. For a symmetric matrix M , let λmin(M), λmax(M)134
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4 H. XU, X. MAO, AND G. YIN

be the smallest and largest eigenvalues, respectively. By M > 0(< 0), we mean M is135

positive (negative) definite. Also denote by Id the d-dimensional identity matrix. For136

a set A, let 1A be its indicator function with 1A(a) = 1 if a ∈ A, and 0 otherwise.137

Let h0 be a positive constant in this section. Next we provide the Halanay-138

type inequality, which forms a solid foundation when we study the boundedness and139

stability for delay equations subsequently.140

Theorem 2.1. Assume that Φ : [−h0,∞) → R+ is a right-continuous function141

satisfying that Φ(t) ≤ CΦ for t ∈ [−h0, 0] and142

(2.1) D+Φ(t) ≤ λ1 − (λ2 + λ3(t))Φ(t) + λ3(t) sup
−h0≤θ≤0

Φ(t+ θ), ∀t ∈ R+.143

Here λ1 ≥ 0, λ2 > 0, and λ3(t) is non-negative, bounded and right-continuous. Fur-144

ther assume that D+Φ(t) is also a right-continuous function of time t. Then145

(2.2) Φ(t) ≤ λ1
λ

+ CΦe
−λt, ∀t ∈ R+,146

where λ > 0 is the unique root to equation λ − (λ2 + λ̂3) + λ̂3e
λh0 = 0, in which147

λ̂3 = supt∈R+
λ3(t), and D

+ is the right-hand side Dini derivative.148

Proof. Since λ2 is positive, λ is well defined. Furthermore, we have the following149

useful inequality150

(2.3) λ− (λ2 + λ3(t)) + λ3(t)e
λh0 ≤ 0, ∀t ∈ R+.151

If not, we can find a T ∈ R+ so that λ− (λ2 + λ3(T )) + λ3(T )e
λh0 > 0. This implies152

that (λ2 + λ̂3)− λ̂3e
λh0 − (λ2 + λ3(T )) + λ3(T )e

λh0 > 0. But this is impossible since153

the left-hand side equals (λ̂3−λ3(T ))
(
1− eλh0

)
, which is non-positive. Thus we must154

have (2.3).155

Next for each t ∈ R+, let156

Ψ(t) = sup
−h0≤θ≤0

(
eλ(t+θ)Φ(t+ θ)

)
, ψ(t) = λ1

∫ t

0

eλsds.157

If we have158

(2.4) D+(Ψ(t)− ψ(t)) ≤ 0, ∀t ∈ R+,159

then we derive that160

Ψ(t)− ψ(t) ≤ Ψ(0)− ψ(0) = sup
−h0≤θ≤0

Φ(θ) ≤ CΦ,161

which implies that eλtΦ(t) ≤ CΦ + λ1
∫ t

0
eλsds. Dividing by eλt on both sides gives162

the desired assertion (2.2).163

The remaining work is to prove inequality (2.4). For any fixed t ∈ R+, either164

Ψ(t) > eλtΦ(t) or Ψ(t) = eλtΦ(t). In the former case, the right-continuity of Φ(·) tells165

us that for any small ∆ ∈ (0, h0),166

Ψ(t) ≥ eλsΦ(s), s ∈ (t, t+∆].167

While for s ∈ [t+∆− h0, t] ⊂ [t− h0, t], it is naturally e
λsΦ(s) ≤ Ψ(t). Hence,168

Ψ(t+∆) ≤ Ψ(t) ≤ Ψ(t) + λ1

∫ t+∆

t

eλsds,169
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which implies that Ψ(t+∆)− ψ(t+∆) ≤ Ψ(t)− ψ(t), and so D+(Ψ(t)− ψ(t)) ≤ 0.170

On the other hand, if we have Ψ(t) = eλtΦ(t), then171

(2.5) eλ(t+θ)Φ(t+ θ) ≤ eλtΦ(t), ∀θ ∈ [−h0, 0].172

Applying condition (2.1) and (2.3) yields that173

D+Φ(t) + λΦ(t) ≤λ1 − (λ2 + λ3(t))Φ(t) + λ3(t) sup
−h0≤θ≤0

Φ(t+ θ) + λΦ(t)174

≤λ1 +
(
λ3(t)e

λh0 − (λ2 + λ3(t)) + λ
)
Φ(t)175

≤λ1 < λ1 + ε.176

Here ε is an arbitrary positive constant. By the right-continuity of D+Φ(·) and Φ(·),177

for any small ∆ ∈ (0, h0), we also have178

(2.6) D+Φ(s) + λΦ(s) ≤ λ1 + ε, ∀s ∈ (t, t+∆].179

Using the fundamental theorem of calculus and (2.6), for any s ∈ (t, t+∆]180

eλsΦ(s) ≤eλtΦ(t) +
∫ s

t

eλv
(
D+Φ(v) + λΦ(v)

)
dv181

≤eλtΦ(t) + λ1

∫ t+∆

t

eλvdv + ε

∫ t+∆

t

eλvdv.182

While for s ∈ [t+∆− h0, t], it is easy to see from (2.5) that183

eλsΦ(s) ≤ eλtΦ(t) ≤ eλtΦ(t) + λ1

∫ t+∆

t

eλvdv + ε

∫ t+∆

t

eλvdv.184

Combining these two inequalities, we obtain that185

Ψ(t+∆) ≤ Ψ(t) + λ1

∫ t+∆

t

eλvdv + ε

∫ t+∆

t

eλvdv,186

and so D+(Ψ(t) − ψ(t)) ≤ εeλt. Since t is fixed and ε > 0 is arbitrary, we conclude187

that D+(Ψ(t)− ψ(t)) ≤ 0. This completes the proof of inequality (2.4).188

Remark 2.2. In [3, 32], the Halanay inequality is given by189

D+Φ(t) ≤ λ1 − λ̂2(t)Φ(t) + λ3(t) sup
−h0≤θ≤0

Φ(t+ θ), ∀t ∈ R+,190

where λ̂2(t), λ3(t) are bounded continuous functions satisfying that inft∈R+
(λ̂2(t) −191

λ3(t)) = σ̂ > 0. In this case, λ̂2(t) ≥ λ3(t)+ σ̂, which means our condition (2.1) holds192

with λ2 = σ̂. Certainly, the key difference between our results with those in [3, 25, 32]193

is that Φ(t), λ3(t) are all right-continuous. This change is actually non-trivial. Let us194

recall the proving ideas in [3, 25, 32]. The key step is to show the objective function195

B(t) := eλtΦ(t) − ψ(t) is smaller than CΦ for all t ∈ R+. If this assertion is not196

true (namely, using the contradiction method), since Φ(t) is continuous, we are able197

to find t1 > 0 such that (i) B(t) < CΦ for all 0 ≤ t < t1; (ii) B(t1) = CΦ; (iii)198

B(tk) ≥ CΦ for a decreasing sequence {tk}k∈N+
with limk→∞ tk = t1. Using (ii) and199

(iii) yields that D+B(t1) ≥ 0, and using (i) and (ii) as well as condition (2.1) gives200
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6 H. XU, X. MAO, AND G. YIN

that D+B(t1) < 0. But in this paper, we only have the right-continuity of Φ(t), which201

means (ii) will become B(t1) ≥ CΦ, and we could not derive D+B(t1) ≥ 0 to identify202

the contradiction point. Thus in Theorem 2.1, we apply the supremum functional203

method, namely, construct the supremum functional sup−h0≤θ≤0B(t + θ) to cover204

B(t), analyze its Dini derivative, and obtain the decay trend. This idea is widely used205

in the stability study of delay equations such as the Razumikhin method [10, 23, 26].206

But using this idea to prove the boundedness (λ1 > 0) is a little technical. Finally,207

it should be pointed out that owing to the right-continuity of Φ(t) and the use of208

supremum functional method, we ask D+Φ(t) to be right-continuous, which is crucial209

in the proof (see (2.6)). If Φ(t) is continuous and we use the contradiction method210

(e.g., [3, 32]), this requirement is not necessary.211

When λ3(t) reduces to a constant, we get the following useful corollary.212

Corollary 2.3. Assume that Φ : [−h0,∞) → R+ is a right-continuous function213

satisfying that Φ(t) ≤M for t ∈ [−h0, 0] and214

D+Φ(t) ≤ λ1 − λ2Φ(t) + λ3 sup
−h0≤θ≤0

Φ(t+ θ), ∀t ∈ R+,215

where constants λ1, λ3 ≥ 0, λ2 > λ3. If D+Φ(t) is right-continuous, then216

Φ(t) ≤ λ1
λ

+Me−λt, ∀t ∈ R+,217

where λ is the unique root of the equation λ− λ2 + λ3e
λh0 = 0.218

3. Boundedness. Consider a d-dimensional hybrid SDDE219

(3.1) dx(t) = f(x(t), x(t− δ(t)), r(t))dt+ g(x(t), x(t− δ(t)), r(t))dW (t), t ∈ R+,220

defined on a complete probability space (Ω,F , P ) with a filtration {Ft}t∈R+
satisfying221

the usual conditions (that is, it is increasing, right-continuous and F0 contains all P -222

null sets). Here W (t) = (W1(t), . . . ,Wm(t))
T
is an m-dimensional Brownian motion,223

r(t) is a right-continuous Markov chain independent of W (t), taking values in a finite224

state space S = {1, 2, . . . , S} with transition rate matrix Q = (qij)S×S given by225

P (r(t+∆) = j|r(t) = i) =

{
1 + qij∆+ o(∆), if i = j

qij∆+ o(∆), if i ̸= j
226

as ∆ ↓ 0. For hybrid SDDE (3.1), we need the initial data227

{x(θ) : −h ≤ θ ≤ 0} = ξ ∈ Ch, r(0) = i0 ∈ S.228

Assume that the Markov chain r(t) is ergodic, and the delay function δ : R+ → [0, h] is229

right-continuous; system coefficients f : Rd×Rd×S → Rd, g : Rd×Rd×S → Rd×m are230

locally Lipschitz continuous, and satisfy the following polynomial growth condition.231

Assumption 3.1. There are positive constants K0, K1, K2, and p ≥ 1 such that232

for any (x, y, i) ∈ Rd × Rd × S233

(3.2) |f(x, y, i)| ≤ K0 +K1 (|x|p + |y|p) , |g(x, y, i)|2 ≤ K0 +K2

(
|x|p+1 + |y|p+1

)
.234

But this assumption could not guarantee the unique global solution of hybrid235

SDDE (3.1). Thus the following Khasminskii-type condition is often required (see,236

e.g., [23]).237
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Assumption 3.2. There is a positive constant α such that for any (x, y, i) ∈ Rd ×238

Rd × S239

(3.3) xTf(x, y, i) +
2p− 1

2
|g(x, y, i)|2 ≤ α

(
1 + |x|2 + |y|2

)
.240

Under these two assumptions, we can derive the existence and uniqueness of the241

global solution together with two useful moment properties.242

Theorem 3.3. Let Assumptions 3.1 and 3.2 hold. Then for any initial data ξ and243

i0, there exists a unique global solution xξ,i0(t) of hybrid SDDE (3.1), which satisfies244

that for all T > 0 and R > 0,245

sup
(ξ,i)∈BR×S

sup
0≤t≤T

E|xξ,i0(t)|2p ≤ C1(R, T ),(3.4)246

sup
(ξ,i)∈BR×S

E

(
sup

0≤t≤T
|xξ,i0(t)|p+1

)
≤ C2(R, T ),(3.5)247

where C1(R, T ) and C2(R, T ) are positive constants depending on R and T .248

To emphasize the initial data, we used xξ,i0(t) to denote the solution of hybrid249

SDDE (3.1) starting with (ξ, i0). The existence of unique global solution as well as250

claim (3.4) is not difficult to show if we use the same analysis as in the proof of251

Theorem 2.6 in [15]. The other claim (3.5) could also be proved similar to Lemma 3.1252

in [35]. But Theorem 3.3 only gives us a basic moment estimate of solution, it is not253

enough to obtain the moment boundedness. The additional assumption is needed.254

Assumption 3.4. For each i ∈ S, there are constants α1i, α3i ≥ 0 and α2i ∈ R255

such that for any (x, y, i) ∈ Rd × Rd × S256

(3.6) xTf(x, y, i) +
1

2
|g(x, y, i)|2 ≤ α1i + α2i|x|2 + α3i|y|2,257

while for A = −2diag(α21, · · · , α2S)−Q to be non-singular M -matrix and258

(3.7) 2max
i∈S

(ηiα3i) <
η̌

η̂
,259

where (η1, · · · , ηS)T = A−1(1, · · · , 1)T with η̂ = maxi∈S ηi and η̌ = mini∈S ηi.260

Since A is a non-singular M -matrix, all ηi are positive. Define the Lyapunov261

function V (x, i) ∈ C2(Rd × S;R+) by V (x, i) = ηi|x|2, and the operator function262

LV : Rd × Rd × S → R by263

LV (x, y, i) = 2ηi

(
xTf(x, y, i) +

1

2
|g(x, y, i)|2

)
+
∑
j∈S

qijηj |x|2.264

From condition (3.6), we derive that265

LV (x, y, i) ≤2ηi
(
α1i + α2i|x|2 + α3i|y|2

)
+
∑
j∈S

qijηj |x|2266

=2ηiα1i +

(
2ηiα2i +

∑
j∈S

qijηj

)
|x|2 + 2ηiα3i|y|2267

≤α̂1 − |x|2 + α̂3|y|2,(3.8)268

where α̂1 = 2maxi∈S(ηiα1i) and α̂3 = 2maxi∈S(ηiα3i).269
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Theorem 3.5. Let Assumptions 3.1, 3.2, and 3.4 hold. Then for any initial data270

ξ and i0,271

(3.9) E|xξ,i0(t)|2 ≤ α̂1

η̌α∗ +
η̂

η̌
∥ξ∥2, ∀t ∈ R+,272

where α∗ = 1
η̂ − α̂3

η̌ e
α∗h.273

Proof. Fix ξ, i0 and write x(t) = xξ,i0(t) for simplicity. Applying the generalized274

Itô formula to V (x, i) gives that275

(3.10) EV (x(t), r(t)) = V0 +

∫ t

0

ELV (x(s), x(s− δ(s)), r(s))ds,276

where V0 = ηi0 |ξ(0)|2. Owing to the right-continuity of Markov chain r(t) and delay277

function δ(t), V (x(t), r(t)) and LV (x(t), x(t − δ(t)), r(t)) are right-continuous. For278

any ∆ > 0, we have279

sup
t≤s≤t+∆

V (x(s), r(s)) ≤ η̂ sup
0≤s≤t+∆

|x(s)|2 ≤ η̂

(
1 + sup

0≤s≤t+∆
|x(s)|p+1

)
.280

From condition (3.2), we also have281

|LV (x(t), x(t− δ(t)), r(t))|282

≤2η̂

(
|x(t)∥f(x(t), x(t− δ(t)), r(t))|+ 1

2
|g(x(t), x(t− δ(t)), r(t))|2

)
283

+
∑
j∈S

|qr(t),j |ηj |x(t)|2284

≤C
(
1 + |x(t)|+ |x(t)|p+1 + |x(t− δ(t))|p+1 + |x(t)|2

)
285

and as a result,286

sup
t≤s≤t+∆

|LV (x(s), x(s− δ(s)), r(s))| ≤ C

(
1 + sup

t−h≤s≤t+∆
|x(s)|p+1

)
,287

where C is a genetic positive real constant independent of t and ∆. By (3.5), namely,288

E
(
sup0≤s≤t+∆ |x(s)|p+1

)
<∞, the dominated convergence theorem yields that289

lim
s→t+

EV (x(s), r(s)) = E

(
lim
s→t+

V (x(s), r(s))

)
= EV (x(t), r(t))290

and291

lim
s→t+

ELV (x(s), x(s− δ(s)), r(s)) =E

(
lim
s→t+

LV (x(s), x(s− δ(s)), r(s))

)
292

=ELV (x(t), x(t− δ(t)), r(t)).293

Thus EV (x(t), r(t)) and ELV (x(t), x(t− δ(t)), r(t)) are right-continuous.294

Next, let Φ(t) = EV (x(t), r(t)) for t ∈ R+ and Φ(t) = ηi0 |ξ(t)| for t ∈ [−h, 0),295

then from (3.10), we have that D+Φ(t) = ELV (x(t), x(t − δ(t)), r(t)), and also Φ(t)296

and D+Φ(t) are right-continuous. From the estimate of LV in (3.8),297

D+Φ(t) =ELV (x(t), x(t− δ(t)), r(t))298
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≤α̂1 −
1

η̂
E
(
ηr(t)|x(t)|2

)
+
α̂3

η̌
E
(
ηr(t−δ(t))|x(t− δ(t))|2

)
299

=α̂1 −
1

η̂
Φ(t) +

α̂3

η̌
sup

−h≤θ≤0
Φ(t+ θ).300

Since 1
η̂ >

α̂3

η̌ , which is guaranteed by condition (3.7), all conditions in Corollary 2.3301

are satisfied. We conclude that302

(3.11) E|x(t)|2 ≤ 1

η̌
Φ(t) ≤ 1

η̌

(
α̂1

α∗ + η̂∥ξ∥2e−α∗t

)
.303

The desired (3.9) follows immediately. The proof is hence complete.304

If we have K0 = 0 in (3.2), then hybrid SDDE (3.1) admits the trivial solution.305

From (3.11), we have the following corollary of mean square exponential stability.306

Corollary 3.6. Let all the conditions in Theorem 3.5 hold. If K0 = 0 and307

α1i = 0 for each i ∈ S, then hybrid SDDE (3.1) is exponentially stable in mean308

square, that is, for any initial data ξ and i0,309

(3.12) lim sup
t→∞

1

t
logE|xξ,i0(t)|2 ≤ −α∗.310

4. Stability in distribution. In the last section, we have seen the exponential311

stability in mean square when K0 = 0 and all α1i = 0. But what happened if these312

conditions are not satisfied? This part studies the stability in distribution of hybrid313

SDDE (3.1). For this purpose, we introduce more notation. Let ri0(t) denote the314

Markov chain starting from r(0) = i0 and let xξ,i0(t) denote the solution of hybrid315

SDDE (3.1) with initial data ξ and i0, and x
ξ,i0
t = {xξ,i0(t+ θ) : −h ≤ θ ≤ 0}.316

4.1. Time-homogeneity. Although the joint process (xξ,i0t , ri0(t)) of past seg-317

ment is indeed a Markov process for t ∈ R+, it might not be time-homogeneous318

in general. This is because hybrid SDDE (3.1) in fact, depends on t since our un-319

derlying delay function δ(t) is time-variable, not just a constant anymore. But the320

time-homogeneous Markov property is highly desired in the study of stability in dis-321

tribution (see, e.g., [19, 38, 39]).322

Therefore, in order to form time-homogeneous Markov processes, we need to323

assume that δ(t) is a periodic function with period T . Without loss of generality,324

we may assume that T ≥ h; otherwise choose an integer n for nT ≥ h and regard325

δ(t) as a periodic function with period nT . We may further assume that T = h;326

otherwise (i.e., h < T ) we can treat hybrid SDDE (3.1) as an SDDE with initial data327

ξT ∈ CT by setting ξT (θ) = ξ(θ) for θ ∈ [−h, 0] and ξT (θ) = ξ(−h) for θ ∈ [−T , h)328

and resetting h to T . From now on, we will assume that T = h. With this standard329

setting, we could obtain the following time-homogeneous Markov process.330

Lemma 4.1. The process {xξ,i0kh , ri0(kh)}k∈N+ forms a time-homogeneous strong331

Markov process in Ch×S. Its k-step transition probability is denoted as p(k, ξ, i0; ·×·),332

that is, for any Borel measurable set U ⊂ Ch and V ⊂ S333

p(k, ξ, i0;U× V) = P ((xkh, r(kh)) ∈ U× V | (x0, r(0)) = (ξ, i0)).334

We refer the reader to Lemma 2.4 in [19] for the detailed proof of this lemma.335

Denote by P(Ch) the family of all probability measures on Ch. For P1 and P2 in336
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P(Ch), define the Kantonorvich metric dC by337

dC(P1,P2) = sup
l∈L

∣∣∣∣∫
Ch

l(ζ)P1(dζ)−
∫
Ch

l(ζ̄)P2(dζ̄)

∣∣∣∣ ,338

where L = {l : Ch → R : |l(ζ)− l(ζ̄)| ≤ ∥ζ − ζ̄∥ and |l(·)| ≤ 1 for any ζ, ζ̄ ∈ Ch}. Also339

let P(xξ,i0t ) be the probability measure on Ch generated by xξ,i0t . It is not hard to see340

that P(xξ,i0kh ) = p(k, ξ, i0; · × S) for each k ∈ N+.341

Definition 4.2. Hybrid SDDE (3.1) is said to be stable in distribution if there342

is a probability measure π ∈ P(Ch) such that for any initial data ξ and i0343

lim
k→∞

dC(P(xξ,i0kh ), π) = 0.344

In the study of stability in distribution for hybrid SDDEs, several papers (see,345

e.g., [19, 39]) aimed to show the following two properties,346

sup
k∈N+

E∥xξ,i0kh ∥2 <∞ and lim
k→∞

E∥xξ,i0kh − xξ̄,i0kh ∥2 = 0.347

The former is the moment boundedness of the segment process xξ,i0kh , and the latter348

is so-called the moment attractivity of xkh starting from different initial values ξ and349

ξ̄. But they are a little strong sometimes since we might impose some additional350

conditions to obtain these two moment properties. In fact, according to the theory in351

[5, 30, 38], they are only needed in the probability version.352

Definition 4.3. Hybrid SDDE (3.1) is said to have property (P1) if for any353

(ξ, i0) ∈ Ch × S and any ε > 0, there is a positive number R1 = R1(ε, ξ) such that354

(4.1) P (∥xξ,i0kh ∥ ≤ R1) ≥ 1− ε, ∀k ∈ N+.355

Hybrid SDDE (3.1) is said to have property (P2) if for any ε > 0 and any R > 0,356

there is a k0 = k0(ε,R) such that357

(4.2) P (∥xξ,i0kh − xξ̄,i0kh ∥ ≤ ε) ≥ 1− ε, ∀k > k0,358

whenever ξ, ξ̄ ∈ BR and i0 ∈ S.359

Property (P1) is referred to as the boundedness in probability of segment pro-360

cesses, which could be derived in the following lemma.361

Lemma 4.4. Under Assumptions 3.1, 3.2 and 3.4, hybrid SDDE (3.1) has prop-362

erty (P1).363

Proof. Let ξ, i0, ε be fixed, and write x(t) = xξ,i0(t), xt = xξ,i0t . For any t ∈ R+364

and any positive constant H, define a stopping time σH
t = inf{s ≥ t : |x(s)| > H}.365

Applying the Itô formula to et|x|2 and using condition (3.6) gives that366

E
(
e(t+h)∧σH

t |x((t+ h) ∧ σH
t )|2

)
367

≤etE|x(t)|2 + E

∫ (t+h)∧σH
t

t

Ces
(
1 + |x(s)|2 + |x(s− δ(s))|2

)
ds368

≤etE|x(t)|2 + C

∫ t+h

t

es
(
1 + E|x(s)|2 + E|x(s− δ(s))|2

)
ds,369
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where C is a genetic positive real constant independent of t, H, ξ, and i0. By Theorem370

3.5, there exists a positive constant R2 = R2(ξ) such that E|x(v)|2 ≤ R2 for any v ≥ 0.371

Consequently,372

etE|x((t+ h) ∧ σH
t )|2 ≤ E

(
e(t+h)∧σH

t |x((t+ h) ∧ σH
t )|2

)
≤ R2e

t + C(1 + 2R2)e
t+h.373

Letting R3 =
√

1
ε (R2 + C(1 + 2R2)eh), we have P (σR3

t ≤ t+ h) ≤ ε, which implies374

P

(
sup

t≤s≤t+h
|x(s)| ≤ R3

)
≥ 1− ε, ∀t ∈ R+.375

Taking R1 = R3 + ∥ξ∥, which depends on ε and ξ, we have376

P (∥xt∥ ≤ R1) = P

(
sup

t−h≤s≤t
|x(s)| ≤ R1

)
≥ 1− ε, ∀t ∈ R+.377

Inequality (4.1) follows naturally by taking t = kh. The proof is hence complete.378

4.2. Attractivity. For property (P2), we need to consider the difference equa-379

tion of two solutions with initial data (ξ, i0) and (ξ̄, i0)380

d(xξ,i0(t)− xξ̄,i0(t))381

=
(
f(xξ,i0(t), xξ,i0(t− δ(t)), ri0(t))− f(xξ̄,i0(t), xξ̄,i0(t− δ(t)), ri0(t))

)
dt382

+
(
g(xξ,i0(t), xξ,i0(t− δ(t)), ri0(t))− g(xξ̄,i0(t), xξ̄,i0(t− δ(t)), ri0(t))

)
dW (t).(4.3)383

And the following attractivity condition is needed.384

Assumption 4.5. Assume that for each i ∈ S, there are constants β2i ∈ R and385

β3i ≥ 0 such that for any x, y, x̄, ȳ ∈ Rd, i ∈ S386

(x− x̄)T(f(x, y, i)− f(x̄, ȳ, i)) +
1

2
|g(x, y, i)− g(x̄, ȳ, i)|2387

≤β2i|x− x̄|2 + β3i|y − ȳ|2,(4.4)388

while for B = −2diag(β21, · · · , β2S)−Q to be a non-singular M -matrix and389

(4.5) 2max
i∈S

(γiβ3i) <
γ̌

γ̂
,390

where (γ1, . . . , γS)
T = B−1(1, . . . , 1)T with γ̂ = maxi∈S γi and γ̌ = mini∈S γi.391

Define the Lyapunov function U(x, i) ∈ C2(Rd × S;R+) by U(x, i) = γi|x|2, and392

the operator function LU : R4d × S → R corresponding to equation (4.3) by393

LU(x, x̄, y, ȳ, i) =2γi

(
(x− x̄)T(f(x, y, i)− f(x̄, ȳ, i)) +

1

2
|g(x, y, i)− g(x̄, ȳ, i)|2

)
394

+
∑
j∈S

qijγj |x− x̄|2.395

Using (4.4) and letting β̂3 = 2maxi∈S(γiβ3i), it is easy to derive that396

(4.6) LU(x, x̄, y, ȳ, i) ≤ −|x− x̄|2 + β̂3|y − ȳ|2.397
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Lemma 4.6. Let Assumptions 3.1, 3.2, 3.4, and 4.5 hold. Then for any positive398

number R, and ξ, ξ̄ ∈ BR, i0 ∈ S,399

(4.7) E|xξ,i0(t)− xξ̄,i0(t)|2 ≤ 4γ̂R2

γ̌
e−γ∗t,400

where γ∗ is the root to equation γ∗ = 1
γ̂ − β̂3

γ̌ e
γ∗h.401

Proof. Fix ξ, ξ̄ ∈ BR, i0 ∈ S and write x(t) = xξ,i0(t), x̄(t) = xξ̄,i0(t) simply.402

Applying the generalized Itô formula to equation (4.3), we have403

EU(x(t)− x̄(t), r(t)) = U0 +

∫ t

0

ELU(x(s), x(s− δ(s)), x̄(s), x̄(s− δ(s)), r(s))ds,404

where U0 = γi0 |ξ(0)− ξ̄(0)|2 ≤ γ̂∥ξ− ξ̄∥2. By the definition of U and LU , we compute405

U(x− x̄, i) ≤ γ̂|x− x̄|2 ≤ C
(
1 + |x|p+1 + |x̄|p+1

)
406

and407

|LU(x, y, x̄, ȳ, i)| ≤C
(
|x|+ |x̄|)(|f(x, y, i)|+ |f(x̄, ȳ, i)|)408

+ |g(x, y, i)|2 + |g(x̄, ȳ, i)|2 + |x|2 + |x̄|2
)

409

≤C
(
1 + |x|p+1 + |y|p+1 + |x̄|p+1 + |ȳ|p+1

)
.410

For any ∆ > 0, supt≤s≤t+∆ U(x(s) − x̄(s), r(s)) and supt≤s≤t+∆ LU(x(s), x(s −411

δ(s)), x̄(s), x̄(s− δ(s)), r(s)) are bounded by412

C

(
1 + sup

0≤s≤t+∆
|x(s)|p+1 + sup

0≤s≤t+∆
|x̄(s)|p+1

)
.413

From Theorem 3.3, the expectation of this item is finite, so that by the dominated414

convergence theorem again, EU(x(t)− x̄(t), r(t)) and ELU(x(t), x(t−δ(t)), x̄(t), x̄(t−415

δ(t)), r(t)) are right-continuous. Choose Φ(t) by EU(x(t)− x̄(t), r(t)), then D+Φ(t) =416

ELU(x(t), x(t−δ(t)), x̄(t), x̄(t−δ(t)), r(t)). The estimate of LU in (4.6) further gives417

that418

D+Φ(t) ≤− |x(t)− x̄(t)|2 + β̂3|x(t− δ(t))− x̄(t− δ(t))|2419

≤− 1

γ̂
Φ(t) +

β̂3
γ̌

sup
−h≤θ≤0

Φ(t+ θ).420

By condition (4.5), 1
γ̂ >

β̂3

γ̌ . We could hence derive from Corollary 2.3 that421

E|x(t)− x̄(t)|2 ≤ 1

γ̌
Φ(t) ≤ γ̂

γ̌
∥ξ − ξ̄∥2e−γ∗t ≤ 4γ̂R2

γ̌
e−γ∗t,422

The proof is concluded.423

We need to extend the convergence of two solutions from point distance into424

segment distance. If we follow the proof of Lemma 3.2 in [38], we could derive that425

limk→∞E∥xξ,i0kh − xξ̄,i0kh ∥2 = 0, though we would impose an additional condition on f426

and g, namely,427

(x− x̄)T(f(x, y, i)− f(x̄, ȳ, i)) + 17|g(x, y, i)− g(x̄, ȳ, i)|2 ≤ β2i|x− x̄|2 + β3i|y − ȳ|2.428

This manuscript is for review purposes only.



STABILITY AND STABILIZATION FOR HYBRID STOCHASTIC DELAY SYSTEMS 13

To avoid this, we need to prove a weaker result as follows.429

Lemma 4.7. Under Assumptions 3.1, 3.2, 3.4, and 4.5, hybrid SDDE (3.1) has430

property (P2).431

Proof. Let R > 0 and ε > 0 be fixed. For any given ξ, ξ̄ ∈ BR, i0 ∈ S, write432

x(t) = xξ,i0(t), xt = xξ,i0t , x̄(t) = xξ̄,i0(t), x̄t = xξ̄,i0t . By Lemma 4.6, for any ε0 > 0,433

there is a T0 = T0(ε0, R) such that434

(4.8) E|x(t)− x̄(t)|2 ≤ ε0, ∀t ≥ T0.435

For any t ≥ T0 + h, define a stopping time σ̄ε
t = inf{s ≥ t : |x(s) − x̄(s)| > ε}.436

Applying the Itô formula to et|x|2 and using condition (4.4) shows that437

E
(
e(t+h)∧σ̄ε

t |x((t+ h) ∧ σ̄ε
t )− x̄((t+ h) ∧ σ̄ε

t )|2
)
− etE|x(t)− x̄(t)|2438

≤E
∫ (t+h)∧σ̄ε

t

t

Ces
(
|x(s)− x̄(s)|2 + |x(s− δ(s))− x̄(s− δ(s))|2

)
ds439

≤C
∫ t+h

t

es
(
E|x(s)− x̄(s)|2 + E|x(s− δ(s))− x̄(s− δ(s))|2

)
ds,440

where C is a genetic positive number independent of t, ε0, ε. By (4.8),441

etE|x((t+ h) ∧ σ̄ε
t )− x̄((t+ h) ∧ σ̄ε

t )|2 ≤ ε0e
t + 2Cε0e

t+h.442

Taking ε0 = ε3

1+2Ceh
, we have P (σ̄ε

t ≤ t+ h) ≤ 1
ε2 (ε0 + 2Cε0e

h) ≤ ε. Thus443

P

(
sup

t≤s≤t+h
|x(s)− x̄(s)| ≤ ε

)
≥ 1− ε, ∀t ≥ T0 + h.444

Let k0 be an integer such that k0h ≥ T0 + 2h, which depends on ε and R. For any445

k > k0, we have446

P (∥xkh − x̄kh∥ ≤ ε) = P

(
sup

kh−h≤s≤kh
|x(s)− x̄(s)| ≤ ε

)
≥ 1− ε.447

In other words, property (P2) holds. This completes the proof.448

4.3. Stability results. After the preparation of Lemmas 4.4 and 4.7, we can449

state the results of stability in distribution. Here, we could see the significance of450

identifying time-homogeneous Markov processes (e.g., (4.12)).451

Theorem 4.8. Let Assumptions 3.1, 3.2, 3.4, and 4.5 hold. Hybrid SDDE (3.1)452

is stable in distribution.453

Proof. Step 1. We claim that for any given R > 0,454

(4.9) lim
k→∞

dC(P(xξ,i0kh ),P(xξ̄,̄i0kh )) = 0455

whenever ξ, ξ̄ ∈ BR, i0, ī0 ∈ S. In fact, since {r(kh)}k∈N+
is an ergodic Markov chain,456

the stopping time κi0 ,̄i0 = inf{kh : ri0(kh) = rī0(kh), k ∈ N+} is finite almost surely.457

Then for any ε > 0, there is a positive T1 = T1(ε) such that P (κi0 ,̄i0 ≤ T1) > 1 − ε
6458

for any i0, ī0 ∈ S. From (3.5), we have459

sup
(ξ,i)∈BR×S

E

(
sup

0≤t≤T1

|xξ,i0(t)|p+1

)
<∞,460
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and so there is a large number R4 = R4(ε,R) such that P (Ωξ,i0) > 1 − ε
12 for any461

(ξ, i0) ∈ BR × S, where Ωξ,i0 =
{
ω : sup0≤t≤T1

|xξ,i0(t, ω)| ≤ R4

}
. Fixing ξ, ξ̄ ∈ BR462

and i0, ī0 ∈ S, we see that for any l ∈ L and k ∈ N+ with k ≥ kT1
:= [T1/h] + 1,463 ∣∣∣El(xξ,i0kh )− El(xξ̄,̄i0kh )

∣∣∣ ≤2P (κi0 ,̄i0 > T1) + E
(
1{κi0 ,̄i0

≤T1}|l(x
ξ,i0
kh )− l(xξ̄,̄i0kh )|

)
464

≤ε
3
+ E

(
1{κi0 ,̄i0

≤T1}E
(
|l(xξ,i0kh )− l(xξ̄,̄i0kh )|

∣∣∣Fκi0 ,̄i0

))
465

≤2ε

3
+ E

(
1Ω0E

(
2 ∧ ∥xu,jkh−κi0 ,̄i0

− xv,jkh−κi0 ,̄i0
∥
))

,(4.10)466

where Ω0 = {κi0 ,̄i0 ≤ T1} ∩Ωξ,i0 ∩Ωξ̄,̄i0 , and u = xξ,i0κi0 ,̄i0
, v = xξ̄,̄i0κi0 ,̄i0

, j = ri0(κi0 ,̄i0) =467

rī0(κi0 ,̄i0). Since for ω ∈ Ω0, ∥u∥, ∥v∥ ≤ R4, we derive from Lemma 4.7 (namely468

property (P2)) that there is a kP ∈ N+ such that for all k > kP + kT1 ,469

E
(
2 ∧ ∥xu,jkh−κi0 ,̄i0

− xv,jkh−κi0 ,̄i0
∥
)
≤ ε

3
.470

Substituting this into (4.10) gives that
∣∣∣El(xξ,i0kh )− El(xξ̄,̄i0kh )

∣∣∣ ≤ ε for any k > kP+kT1 .471

Since l is arbitrary, and kP + kT1 only depends on ε,R, we must have claim (4.9).472

Step 2. For any fixed (ξ, i0) ∈ Ch × S, {P(xξ,i0kh )}k∈N+
is a Cauchy sequence with473

dC in P(Ch). This is equivalent to show that for any ε > 0, there is a kC ∈ N+ such474

that475

(4.11) sup
l∈L

∣∣∣El(xξ,i0(k+k1)h
)− El(xξ,i0kh )

∣∣∣ ≤ ε, ∀k > kC , k1 ≥ 1.476

For each l ∈ L, define a function ϕl with respect to l, that ϕl(u, i) =
∑

j∈S l(u)1{j}(i)477

for each (u, i) ∈ Ch × S. It is easy to see that for any i ∈ S, ϕl(·, i) = l(·). Then478

compute for any k, k1 ≥ 1,479

El(xξ,i0(k+k1)h
) =E

(
E
(
ϕl(x

ξ,i0
(k+k1)h

, ri0((k + k1)h))
∣∣∣Fk1h

))
480

=

∫
Ch×S

E
(
ϕl(x

ξ,i0
(k+k1)h

, ri0((k + k1)h))
∣∣∣(xξ,i0k1h

, ri0(k1h)) = (u, j)
)

481

× p(k, ξ, i0; du× {j})482

=

∫
Ch×S

Eϕl(x
u,j
kh , r

j(kh))p(k1, ξ, i0; du× {j})483

=

∫
Ch×S

El(xu,jkh )p(k1, ξ, i0; du× {j}).(4.12)484

Here we have used the Markov property of the process {xξ,i0kh , ri0(kh)} in the second485

equality, and its time-homogeneous property in the third equality. Since ξ is fixed,486

we can find a number R5 > 0 such that ∥ξ∥ ≤ R5. By Lemma 4.4 (namely property487

(P1)), for any ε > 0, there is a number R1 > 0 such that P
(
∥xξ,i0k1h

∥ ≤ R1

)
≥ 1 − ε

4488

for all k1 ≥ 1. Then letting R6 = R5 ∨R1 and using (4.12), we have489 ∣∣∣El(xξ,i0(k+k1)h
)− El(xξ,i0kh )

∣∣∣ ≤∫
Ch×S

∣∣∣El(xu,jkh )− El(xξ,i0kh )
∣∣∣ p(k1, ξ, i0; du× {j})490

≤2ε

4
+

∫
BR6

×S
dC(P(xu,jkh ),P(xξ,i0kh ))p(k1, ξ, i0; du× {j}).491
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From (4.9), we can find kC ∈ N+ such that dC(P(xu,jkh ),P(xξ,i0kh )) ≤ ε
2 for any k > KC492

whenever (u, j) ∈ BR6
× S. Thus

∣∣∣El(xξ,i0(k+k1)h
)− El(xξ,i0kh )

∣∣∣ ≤ ε. Since l is arbitrary,493

(4.11) follows naturally.494

Step 3. There is a unique π ∈ P(Ch) such that limk→∞ dC(P(x0,1kh ), π) = 0. This495

together with (4.9) implies that for any (ξ, i0) ∈ Ch × S,496

lim
k→∞

dC(P(xξ,i0kh ), π) ≤ lim
k→∞

dC(P(xξ,i0kh ),P(x0,1kh )) + lim
k→∞

dC(P(x0,1kh ), π) = 0.497

This completes the proof.498

As discussed in [19], since it is difficult to numerically approximate the invariant499

measure π in the huge space P(Ch), it is necessary to consider the long-time behavior of500

xξ,i0(t), where the measure space becomes the smaller P(Rd) (the family of probability501

measures on Rd). Let P̂(xξ,i0(t)) be the probability measure on Rd generated by502

xξ,i0(t). Define the Kantonorvich metric in P(Rd)503

dR(P̂1, P̂2) = sup
l0∈L0

∣∣∣∣∫
Rd

l0(x)P̂1(dx)−
∫
Rd

l0(x̄)P̂2(dx̄)

∣∣∣∣ ,504

where L0 = {l0 : Rd → R : |l0(x)− l0(x̄)| ≤ |x− x̄| and |l0(·)| ≤ 1 for any x, x̄ ∈ Rd}.505

Then we have the following useful corollary in practice.506

Corollary 4.9. Let all the conditions in Theorem 4.8 hold. Then for any fixed507

h0 ∈ [0, h), there is a unique πh0 ∈ P(Rd) such that for any initial data ξ and i0508

(4.13) lim
k→∞

dR(P̂(xξ,i0(h0 + kh)), πh0) = 0.509

Proof. Let h0 be fixed and define a mapping Π from Ch to Rd by Π(ξ̂) = ξ̂(h0−h)510

for any ξ̂ ∈ Ch. It is easy to see that Π is continuous, and l0(Π) ∈ L for any l0 ∈ L0.511

For any ξ, ξ̄ ∈ Ch, i0, ī0 ∈ S, k ∈ N+, we have512

dR(P̂(xξ,i0(h0 + kh)), P̂(xξ̄,̄i0(h0 + kh)))513

= sup
l0∈L0

|El0(xξ,i0(h0 + kh))− El0(xξ̄,̄i0(h0 + kh))|514

= sup
l0∈L0

|El0(Π(xξ,i0kh ))− El0(Π(xξ̄,̄i0kh ))|515

≤ sup
l0∈L0

sup
l∈L

|El(xξ,i0kh )− El(xξ̄,̄i0kh )|516

=dC(P(xξ,i0kh ),P(xξ̄,̄i0kh )).517

Thus we derive similar results as (4.9) and (4.11). The required assertion (4.13) then518

follows naturally.519

5. Discrete-time feedback control. When the given hybrid SDDE (3.1) is520

not stable in distribution, we need to design a feedback control based on discrete-time521

observations to achieve the stabilization. The controlled SDDE is given by522

dx(t) =
(
f(x(t), x(t− δ(t)), r(t)) +Dr(t)x([t/τ ]τ)

)
dt523

+ g(x(t), x(t− δ(t)), r(t))dW (t)(5.1)524
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16 H. XU, X. MAO, AND G. YIN

with initial data ξ ∈ Ch, i0 ∈ S. If we let H(t) = t− [t/τ ]τ , the control term can be525

written as Dr(t)x(t−H(t)) so we see that the controlled SDDE (5.1) is a delay system526

with two delays, and the Halany-type results are well-applicable.527

First, due to the technical need of studying discrete-time feedback control, the528

following assumption on the original unstable hybrid SDDE is imposed.529

Assumption 5.1. Assume that there are positive constants L1, L2, L3, and L4530

such that for any x, x̄, y, ȳ ∈ Rd and i ∈ S531

|f(x, y, i)− f(x̄, ȳ, i)| ≤L1|x− x̄|+ L2|y − ȳ|,532

|g(x, y, i)− g(x̄, ȳ, i)| ≤L3|x− x̄|+ L4|y − ȳ|.533

In what follows, we common on why we impose Assumption 5.1.534

Remark 5.2. Assumption 5.1 is the global Lipschitz condition, which could guar-535

antee the controlled SDDE (5.1) admits a unique global solution, satisfying that536

E
(
sup0≤t≤T |xξ,i0(t)2|

)
<∞ for all T > 0, since f and g also meet the linear growth537

condition from this assumption, namely, for any (x, y, i) ∈ Rd × Rd × S538

|f(x, y, i)| ≤|f(x, y, i)− f(0, 0, i)|+ |f(0, 0, i)| ≤ K3 + L1|x|+ L2|y|,539

|g(x, y, i)| ≤|g(x, y, i)− g(0, 0, i)|+ |g(0, 0, i)| ≤ K4 + L3|x|+ L4|y|,540

where K3 = maxi∈S |f(0, 0, i)| and K4 = maxi∈S |g(0, 0, i)|. But if just for the global541

solution, the local Lipschitz condition with Assumption 3.2 is enough. Why do we542

need a stronger one? This is because the study of discrete-time feedback control is a543

kind of delay-dependent property. A significant difference from the delay-independent544

analysis in Sections 3 and 4, is that the delay-dependence analysis in this section is545

to estimate |xξ,i0(t) − xξ,i0(t − H(t))|. If τ is sufficiently small, then this difference546

goes to zero, as a result, we do not need to strengthen the non-delay part to suppress547

the delay effect like conditions (3.7) or (4.5). However, in the sense of stability in548

distribution, the case becomes more complicated, since we would compute |(xξ,i0(t)−549

xξ̄,̄i0(t)) − (xξ,i0(t − H(t)) − xξ̄,̄i0(t − H(t)))|. This force us to impose Assumption550

5.1, whose details could be found in the proof of Lemma 5.7. It is still a challenge551

problem how to estimate this difference without the global Lipschitz condition.552

To make the design of feedback control simpler, we consider the linear form of553

control function Dix. To design the matrices Di and the observation duration τ is a554

non-trivial issue. To design Di, we use the following rule.555

Rule 5.3. Find S triples of symmetric matrices Γi, Γ1i and Γ2i(1 ≤ i ≤ S) with556

Γi > 0 such that for any x, y, x̄, ȳ ∈ Rd, i ∈ S557

2(x− x̄)TΓi(f(x, y, i)− f(x̄, ȳ, i))558

+ trace
(
(g(x, y, i)− g(x̄, ȳ, i))TΓi(g(x, y, i)− g(x̄, ȳ, i))

)
559

≤(x− x̄)TΓ1i(x− x̄) + (y − ȳ)TΓ2i(y − ȳ).(5.2)560

Then for each i ∈ S, design Di such that there is a positive constant µ for the following561

two condition to hold562

Γ̃i := Γ1i +DT
i Γi + ΓiDi +

∑
j∈S

qijΓj + µId < 0, ∀i ∈ S,(5.3)563

φ0 :=
µ

µ̂1
− µ̂2

µ̌1
> 0,(5.4)564

where µ̌1 = mini∈S λmin(Γi), µ̂1 = maxi∈S λmax(Γi), µ̂2 = maxi∈S λmax(Γ2i).565
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The reader might wonder if we can find Γi, Γ1i, Γ2i and Di to let this rule be566

satisfied. The answer is positive under our Assumption 5.1. For condition (5.2), the567

simplest choice is to let Γi = Id,Γ1i = (2L1 + L2 + 2L2
3)Id,Γ2i = (L2 + 2L2

4)Id. Then568

we can choose569

Di = −2(L1 + L2 + L2
3 + L2

4)Id, µ = L1 + 2L2 + L2
3 + 3L2

4, ∀i ∈ S,570

so that Γ̃i = −(L1 + L2 + L2
3 + L2

4)Id < 0 and φ0 = L1 + L2 + L2
3 + L2

4 > 0. But it571

is wise to find alternative matrices in order to make use of the information of system572

coefficients. As for how to solve the linear matrix inequality (5.3), we refer the reader573

to [17] for more details.574

Remark 5.4. It should also be highlighted the importance of Rule 5.3 on how to575

help the controlled SDDE (5.1) achieve the stability in distribution. Combining (5.2)576

with (5.3), we see that577

J̄1(x, x̄, y, ȳ, i) :=2(x− x̄)TΓi(f(x, y, i)− f(x̄, ȳ, i)) + (x− x̄)T(DT
i Γi + ΓiDi)(x− x̄)578

+ trace
(
(g(x, y, i)− g(x̄, ȳ, i))TΓi(g(x, y, i)− g(x̄, ȳ, i))

)
579

+
∑
j∈S

qij(x− x̄)TΓj(x− x̄)580

≤− µ|x− x̄|2 + µ̂2|y − ȳ|2(5.5)581

holds for any (x, x̄, y, ȳ, i) ∈ R4d × S. If we take each Γi as Id, then this becomes582

the attractivity Assumption 4.5. But where is the other key condition for the bound-583

edness (e.g., Assumption 3.4)? Although Assumption 3.4 could not be deduce from584

Assumption 4.5 in general, this becomes possible under the linear growth condition.585

For any (x, y, i) ∈ Rd × Rd × S, letting x̄ = ȳ = 0 in J̄1(x, x̄, y, ȳ, i) gives that586

J1(x, y, i) :=2xTΓif(x, y, i) + trace
(
gT(x, y, i)Γig(x, y, i)

)
+
∑
j∈S

qijx
TΓjx587

≤− µ|x|2 + µ̂2|y|2 + 2|xTΓif(0, 0, i)|+
∣∣trace(gT(0, 0, i)Γig(x, y, i)588

+ gT(x, y, i)Γig(0, 0, i)− gT(0, 0, i)Γig(0, 0, i)
)∣∣589

≤− µ|x|2 + µ̂2|y|2 + 2∥Γi∥K3|x|+ 2m∥Γi∥K4(K4 + L3|x|+ L4|y|)590

+m∥Γi∥K2
4 .591

Choosing an appropriate ϵ > 0, we could obtain that592

(5.6) J1(x, y, i) ≤ C0 − (µ− ϵ)|x|2 + (µ̂2 + ϵ)|y|2,593

where C0 is a positive constant defined by594

C0 =sup
i∈S

∥Γi∥
(
3mK2

4 + sup
x∈Rd

(
−ϵ|x|2 + 2(mL3K4 +K3)|x|

)
595

+ sup
y∈Rd

(
−ϵ|y|2 + 2mL4K4|y|

) )
.596

As a result, we do not need to give additional rules to guarantee the boundedness.597

Recalling the definition of J1(x, y, i) or J̄1(x, x̄, y, ȳ, i) above, we need only derive598

the stability in distribution of the controlled SDDE with feedback control Dr(t)x(t)599
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18 H. XU, X. MAO, AND G. YIN

based on continuous-time observations. For our discrete-time feedback control, the600

differences |xξ,i0(t)−xξ,i0(t−H(t))| and |(xξ,i0(t)−xξ̄,̄i0(t))−(xξ,i0(t−H(t))−xξ̄,̄i0(t−601

H(t)))| should be limited. This could be achieved by the next rule on determining the602

observation duration, where we could see the importance of choosing matrices wisely603

in the rule above since they influence the value of τ .604

Rule 5.5. Let φ1 =
D2

Γ(4L1+4L2+4D̂+2L2
3+2L2

4)
µ̌1

with DΓ = maxi∈S(∥DT
i Γi+ΓiDi∥),605

D̂ = maxi∈S ∥Di∥. Then the observation duration τ should satisfy that606

(5.7) τ < τ∗ :=
µ̌1φ

2
0

φ1
.607

Moreover, in order to form the time-homogeneous strong Markov process for the608

controlled SDDE (5.1), we will set τ as a divisor of h, that is, h
τ is an integer. In609

particular, if the delay δ(t) vanishes (namely, h = 0), τ could be any positive integer610

satisfying (5.7).611

In the remaining part of this section, let τ satisfy Rule 5.5. Since τ is a divisor of612

h, both H(t) and δ(t) are periodic functions with period h. Then {xξ,i0kh , ri0(kh)}k∈N+
613

is also a time-homogeneous strong Markov process in Ch×S. The techniques to prove614

the stability in distribution of the controlled SDDE (5.1) are similar to those in Section615

4, where the key steps are to check sup0≤t<∞E|xξ,i0(t)|2 <∞ and limt→∞E|xξ,i0(t)−616

xξ̄,i0(t)|2 → 0. They are stated in the following two lemmas respectively.617

Lemma 5.6. Let Assumption 5.1 and Rule 5.3 hold. Then the controlled SDDE618

(5.1) obeys that619

(5.8) sup
0≤t<∞

E|xξ,i0(t)|2 <∞, ∀(ξ, i0) ∈ Ch × S.620

Proof. Write x(t) = xξ,i0(t) and r(t) = ri0(t) simply. Applying the generalized621

Itô formula to the function Ṽ (x, i) = xTΓix yields that622

(5.9) EṼ (x(t), r(t)) = Ṽ (ξ(0), i0) +

∫ t

0

EL̃Ṽ (x(s), x(s− δ(s)), x(s−H(s)), r(s))ds,623

where L̃Ṽ (x, y, z, i) = J1(x, y, i) + J2(x, z, i) with J2(x, z, i) = 2xTΓiDi(z − x). By624

virtue of Corollary 2.3, the remaining work is to estimate EL̃Ṽ (x(t), x(t− δ(t)), x(t−625

H(t)), r(t)) in term of EṼ (x(t), r(t)) since the right-continuity is very clear.626

Since φ1τ
µ̌1φ0

< φ0 required in Rule 5.5, we can choose ϵ in (5.8) such that627

(5.10)
φ0

2
− φ1τ

2µ̌1φ0
>

(
1

µ̂1
+

1

µ̌1
+

3D2
Γτ

2µ̌2
1φ0

)
ϵ.628

Then the estimate of EJ1 is a direct result from (5.6)629

EJ1(x(t), x(t− δ(t)), r(t))630

≤C0 −
µ− ϵ

µ̂1
EṼ (x(t), r(t)) +

µ̂2 + ϵ

µ̌1
EṼ (x(t− δ(t)), r(t− δ(t))).(5.11)631

As for EJ2, we see that for any (x, z, i) ∈ Rd × Rd × S632

J2(x, z, i) = xT(DT
i Γi + ΓiDi)(z − x) ≤ µ̌1φ0

2
|x|2 + D2

Γ

2µ̌1φ0
|x− z|2,633
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which implies that634

(5.12) EJ2(x(t), x(t−H(t)), r(t)) ≤ φ0

2
EṼ (x(t), r(t))+

D2
Γ

2µ̌1φ0
E|x(t)−x(t−H(t))|2.635

For any t ∈ R+, there is an integer n such that nτ ≤ t < (n + 1)τ . Thus x(t) −636

x(t − H(t)) = x(t) − x(nτ) is in fact, an Itô process on [nτ, (n + 1)τ ], and also for637

any s ∈ [nτ, t], x(s−H(s)) = x(nτ). Applying the Itô formula to |x|2 and using the638

linear growth conditions on f and g, we have639

E|x(t)− x(nτ)|2640

=

∫ t

nτ

(
2(x(s)− x(nτ))T(f(x(s), x(s− δ(s)), r(s)) +Dr(s)x(nτ)

)
641

+ |g(x(s), x(s− δ(s)), r(s))|2
)
ds642

≤C1τ + E

∫ t

t−τ

(
(3L1 + L2 + 2L2

3 + D̂ + ϵ)|x(s)|2 + (L1 + L2 + 3D̂ + ϵ)|x(nτ)|2643

+ (2L2 + 2L2
4 + ϵ)|x(s− δ(s))|2

)
ds644

≤C1τ +
4L1 + 4L2 + 4D̂ + 2L2

3 + 2L2
4 + 3ϵ

µ̌1
τ sup

−h−τ≤θ≤0
EṼ (x(t+ θ), r(t+ θ)),645

where646

C1 =K2
4 + sup

x∈Rd

(
(2K3 + 2K4L3)|x| − ϵ|x|2

)
+ sup

x∈Rd

(
2K3|x| − ϵ|x|2

)
647

+ sup
x∈Rd

(
2K4L4|x| − ϵ|x|2

)
.648

Substituting the estimation of E|x(t)− x(nτ)|2 into (5.12) gives that649

EJ2(x(t), x(t−H(t)), r(t)) ≤D
2
ΓC1τ

2µ̌1φ0
+
φ0

2
EṼ (x(t), r(t)) +

(
φ1τ

2µ̌1φ0
+

3D2
Γτ

2µ̌2
1φ0

ϵ

)
650

× sup
−h−τ≤θ≤0

EṼ (x(t+ θ), r(t+ θ)).(5.13)651

Finally, putting (5.11) and (5.13) into EL̃Ṽ , we obtain that652

EL̃Ṽ (x(t), x(t− δ(t)), x(t−H(t)), r(t))653

≤C0 +
D2

ΓC1τ

2µ̌1φ0
−
(
µ− ϵ

µ̂1
− φ0

2

)
EṼ (x(t), r(t))654

+

(
µ̂2 + ϵ

µ̌1
+

φ1τ

2µ̌1φ0
+

3D2
Γτ

2µ̌2
1φ0

ϵ

)
sup

−h−τ≤θ≤0
EṼ (x(t+ θ), r(t+ θ)).(5.14)655

From the definition of ϵ in (5.10), it is easy to see that656 (
µ− ϵ

µ̂1
− φ0

2

)
−
(
µ̂2 + ϵ

µ̌1
+

φ1τ

2µ̌1φ0
+

3D2
Γτ

2µ̌2
1φ0

ϵ

)
657

=
φ0

2
− φ1τ

2µ̌1φ0
−
(

1

µ̂1
+

1

µ̌1
+

3D2
Γτ

2µ̌2
1φ0

)
ϵ > 0.658

The proof is completed.659
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Next, we show the attractivity of solutions under the same settings.660

Lemma 5.7. Let all the conditions in Lemma 5.6 hold. Then for any positive661

number R,662

(5.15) lim
t→∞

E|xξ,i0(t)− xξ̄,i0(t)|2 → 0, uniformly in ξ, ξ̄ ∈ BR.663

Proof. The proof process is quite similar to Lemma 4.6, so we only highlight the664

difference. The key step is to obtain665

lim
t→∞

E|x(t)− x̄(t)|2 → 0, ∀ξ, ξ̄ ∈ BR.666

The notations x(t) and x̄(t) keep the same as in Lemma 4.6. To show this claim, we667

need to focus on the following equation668

d(x(t)− x̄(t)) = (f(x(t), x(t− δ(t)), r(t))− f(x̄(t), x̄(t− δ(t)), r(t))) dt669

+Dr(t)(x(t−H(t))− x̄(t−H(t)))dt670

+ (g(x(t), x(t− δ(t)), r(t))− g(x̄(t), x̄(t− δ(t)), r(t))) dW (t).671

Just as we do in Lemma 5.6, after applying the generalized Itô formula to Ũ(x, i) =672

xTΓix, the only work is to estimate L̃Ũ : R6d × S → R given by673

L̃Ũ(x, x̄, y, ȳ, z, z̄, i)674

=2(x− x̄)TΓi(f(x, y, i)− f(x̄, ȳ, i)) + (x− x̄)T(DT
i Γi + ΓiDi)(z − z̄)675

+ trace
(
(g(x, y, i)− g(x̄, ȳ, i))TΓi(g(x, y, i)− g(x̄, ȳ, i))

)
676

+
∑
j∈S

qij(x− x̄)TΓj(x− x̄).677

From (5.5), compute678

EL̃Ũ(x(t), x̄(t), x(t− δ(t)), x̄(t− δ(t)), x(t−H(t)), x̄(t−H(t)), r(t))679

≤−
(
µ

µ̂1
− φ0

2

)
EŨ(x(t)− x̄(t), r(t)) +

µ̂2

µ̌1
EŨ(x(t− δ(t))− x̄(t− δ(t)), r(t− δ(t)))680

+
D2

Γ

2µ̌1φ0
E|(x(t−H(t))− x̄(t−H(t)))− (x(t)− x̄(t))|2.681

Noting the constant property of t−H(t), we have nτ ≤ t−H(t) < (n+1)τ and then682

E|(x(t)− x̄(t))− (x(nτ)− x̄(nτ))|2683

=

∫ t

nτ

(
2
(
(x(s)− x̄(s))− (x(nτ)− x̄(nτ))

)T
684

×
(
f(x(s), x(s− δ(s)), r(s))− f(x̄(s), x̄(s− δ(s)), r(s)) +Dr(s)(x(nτ)− x̄(nτ))

)
685

+ 2|g(x(s), x(s− δ(s)), r(s))− g(x̄(s), x̄(s− δ(s)), r(s))|2
)
ds686

≤E
∫ t

t−τ

(
(3L1 + L2 + 2L2

3 + D̂)|x(s)− x̄(s)|2 + (L1 + L2 + 3D̂)|x(nτ)− x̄(nτ)|2687

+ (2L2 + 2L2
4)|x(s− δ(s))− x̄(s− δ(s))|2

)
ds688
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≤4L1 + 4L2 + 4D̂ + 2L2
3 + 2L2

4

µ̌1
τ sup

−h−τ≤θ≤0
Φ(t+ θ).689

Substituting this into EL̃Ũ gives that690

EL̃Ũ(x(t), x̄(t), x(t− δ(t)), x̄(t− δ(t)), x(t−H(t)), x̄(t−H(t)), r(t))691

≤−
(
µ

µ̂1
− φ0

2

)
EŨ(x(t)− x̄(t), r(t))692

+

(
µ̂2

µ̌1
+

φ1τ

2µ̌1φ0

)
sup

−h−τ≤θ≤0
EŨ(x(t+ θ)− x̄(t+ θ), r(t+ θ)).(5.16)693

From Rule 5.5, we could see that
(

µ
µ̂1

− φ0

2

)
−
(

µ̂2

µ̌1
+ φ1τ

2µ̌1φ0

)
> 0. Following the694

procedure in Lemma 4.6 could imply the required (5.15).695

Using the same method of proving Lemmas 4.4, 4.7, we could see from Lemma696

5.6 that property (P1) holds, and property (P2) from Lemma 5.7. The following697

conclusion could hence be drawn easily.698

Theorem 5.8. Let all the conditions in Lemma 5.6 hold. Then the controlled699

SDDE (5.1) is stable in distribution. In other words, there is a probability measure π700

in P(Ch) such that limk→∞ dC(P(xξ,i0kh ), π) = 0. Further, for any h0 ∈ [0, h), there is701

a unique πh0 ∈ P(Rd) such that limk→∞ dR(P̂(xξ,i0(h0 + kh)), πh0) = 0.702

6. Illustrative examples.703

6.1. Example 1. FitzHugh-Nagumo (FHN) system is a well-known nonlinear704

model of a spiking neuron, designed to capture the essential dynamics of action po-705

tential generation in excitable cells and cardiac cells [7]. Consider an FHN system706

with Markovian switching by707

(6.1)

{
ẋ1(t) = x1(t)− x3

1(t)
3 − x2(t) + Iext,

ẋ2(t) = ϵ̂r(t)(x1(t) + ν1,r(t) − ν2,r(t)x2(t)),
708

where x1(t) and x2(t) represent the membrane potential and recovery variable, respec-709

tively, ϵ̂i controls the speed of recovery, ν1,i, ν2,i are constants of recovery process’710

dynamics, Iext is the external stimulation current like signal input. In a complex711

environment, the input is not only made based on current-time states, but sometimes712

depends on sampling states and noises, such as the following form713

−
(
R1,r(t) + σ1,r(t)Ẇ1(t)

)
x1(t)−

(
R2,r(t) + σ2,r(t)Ẇ2(t)

)
x1([t/h]h) + σ3,r(t)Ẇ3(t).714

For simplicity, let r(t) be a Markov chain taking values in S = {1, 2} with generator715

Q =

(
−2 2
1 −1

)
, W1(t),W2(t),W3(t) be scalar Brownian motions independent of716

each other. The parameters are given as h = 0.02, R1,1 = 5, R1,2 = 3, R2,1 = 0.5,717

R2,2 = 0.1, σ1,1 = 0.2, σ1,2 = 0.1, σ2,1 = 0.4, σ2,2 = 0.2, σ3,1 = 1, σ3,2 = 0.5,718

ϵ̂1 = ϵ̂2 = 0.1, ν1,1 = 1, ν1,2 = 0.3, ν2,1 = 15, ν2,2 = 10.719

Letting x(t) = (x1(t), x2(t))
T,W (t) = (W1(t),W2(t),W3(t))

T, we can rewrite720

FHN system (6.1) as a general form of hybrid SDDE721

(6.2) dx(t) = F (x(t), x([t/h]h), r(t))dt+G(x(t), x([t/h]h), r(t))dW (t),722
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where723

F (x, y, i) =

(
−(R1,i − 1)x1 − x2 −R2,iy1 − x3

1

3
ϵ̂iν1,i + ϵ̂ix1 − ϵ̂iν2,ix2

)
,724

G(x, y, i) =

(
−σ1,ix1 −σ2,iy1 σ3,i

0 0 0

)
.725

It is easy to calculate for every x, y ∈ R2, i ∈ S,726

|F (x, y, i)|2 ≤ 3ϵ̂2i ν
2
1,i + (3(R1,i − 1)2 + 3ϵ̂2i (1 + ν22,i))|x|2 + 3R2

2,i|y|2 +
1

2
|x|6,727

|G(x, y, i)|2 = 3σ2
1,i|x|2 + 3σ2

2,i|y|2 + 3σ2
3,i and728

xTF (x, y, i) ≤−
((

R1,i − 1− R2,i

2
− ϵ̂i + 1

2

)
∧
(
0.99ϵ̂iν2,i −

ϵ̂i + 1

2

))
|x|2729

+
R2,i

2
|y|2 + CF ,730

with CF = supa∈R(ϵ̂iν1,ia− 0.01ϵ̂iν2,ia
2). For x, x̄, y, ȳ ∈ R2731

(x− x̄)T(F (x, y, i)− F (x̄, ȳ, i))732

≤−
((

R1,i − 1− R2,i

2
− ϵ̂i + 1

2

)
∧
(
ϵ̂iν2,i −

ϵ̂i + 1

2

))
|x− x̄|2 + R2,i

2
|y − ȳ|2,733

and |G(x, y, i) − G(x̄, ȳ, i)|2 = 2σ2
1,i|x − x̄|2 + 2σ2

2,i|y − ȳ|2. Therefore, Assumption734

3.1 holds with K0 = 1.7321, K1 = 8.5282, K2 = 0.6928, p = 3, Assumption 3.2 holds735

with α = 4.8333. Assumption 3.4 is satisfied with736

α1,1 = 4.8333, α1,2 = 2.25, α2,1 = −0.875, α2,2 = −0.425, α3,1 = 0.49, α3,2 = 0.11,737

A =

(
3.75 −2
−1 1.85

)
, (η1, η2) = (0.7797, 0.962) so that η̌

η̂ − 2maxi∈S(ηiα3i) = 0.0464 >738

0. Assumption 4.5 is satisfied with739

β2,1 = −0.89, β2,2 = −0.435, β3,1 = 0.49, β3,2 = 0.11,740

B =

(
3.78 −2
−1 1.87

)
, (γ1, γ2) = (0.7635, 0.9431) so that γ̌

γ̂ −2maxi∈S(γiβ3i) = 0.0614 >741

0. By Theorem 4.8 and Corollary 4.9, FHN (6.2) is stable in distribution and {x(h0+742

kh)}k∈N+ also converges to a stationary distribution for any h0 ∈ [0, h).743

For simulation, we first use the Euler-Marayama method with step size ∆ = 0.001744

to obtain 5000 sample paths. Then choose h0 = 0 and do energy-test (see [29]) between745

R2-valued samples x(kh) and x((k+1)h) for k = 0, 1, · · · . The result is shown in Fig.1746

The upper is the E-statistics (energy distances), the values of which are close to zero747

means two samples are almost from the same distributions. This shows that the748

probability distribution of x(kh) will remain unchangeable as k advances. The lower749

is the p values of each test, which are larger than 0.6 for large time, additionally750

indicating that we cannot reject that distributions at quite distant time points follow751

the same distribution. In other words, {x(kh)}k∈N+
will converge to a stationary752

distribution.753
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Fig. 1. Energy distances and p values over time of FHN(6.2).

6.2. Example 2. Next we use this example to show that our developed theory754

could improve the estimation of upper bound of τ . Consider the same example studied755

in [17], namely, the 2-dimensional hybrid SDE756

(6.3) dx(t) =
(
b1,r(t) + B1,r(t)x(t)

)
dt+

(
b2,r(t) + B2,r(t)x(t)

)
dW (t).757

This is a special case that δ(t) ≡ 0. Here W (t) is a scalar Brownian motion, r(t) is758

a Markov chain independent of W (t) with state space S = {1, 2} and generator Q =759 (
−1 1
2 −2

)
. The system parameters are given by b1,1 = (10, 5)T, b1,2 = (15, 10)T,760

b2,1 = (0.5, 0.3)T, b2,2 = (0.4, 0.6)T,761

B1,1 =

(
2 −1
1 −1

)
, B2,1 =

(
−1 2
−2 1

)
, B3,1 =

(
0.1 0.1
0.1 −0.1

)
, B4,1 =

(
−0.1 −0.1
−0.1 0.1

)
.762

From the computer simulations in [17], hybrid SDE (6.3) is not stable in distribution.763

We aim to find a linear control based on discrete-time observations to make the764

controlled SDE765

(6.4) dx(t) =
(
b1,r(t) + B1,r(t)x(t) +Dr(t)x([t/τ ]τ)

)
dt+

(
b2,r(t) + B2,r(t)x(t)

)
dW (t),766

stable in distribution. We still use the same control function in [17], that is767

(6.5) D1 =

(
−3 0
0 0

)
, D2 =

(
0 0
0 −2

)
.768

It is easy to verify that Assumption 5.1 holds with L1 = 3.1623, L2 = 0, L3 = 0.2,769

L4 = 0, K3 = 18.0278, K4 = 0.7211. To verify Rule 5.3, we could take Γ1,Γ2 as 2× 2770

identity matrix, Γ21 = Γ22 = 0, and Γ1i = ΓiB1,i + BT
1,i + 2BT

2,iΓiB2,i, that is771

Γ11 =

(
4.04 0
0 −1.96

)
, Γ12 =

(
−1.96 0

0 2.04

)
.772
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We choose µ = 1.95 and Di in (6.5) to see that Γ̃1 = Γ̃2 =

(
−0.01 0

0 −0.01

)
and773

φ0 = 1.95. By Rule 5.5, compute τ < 0.1538, which is better than the result in774

[17], where τ should be less than 0.01746. Since h = 0 in this special case, we775

could then choose τ = 0.1 for simulation. The result of energy test is given in Fig.2776

(where the step size is 0.01, and we generate 5000 sample paths and with time point777

difference being 0.1). It demonstrates the convergence of the distributions of sequence778

{x(kτ)}k∈N+ from the controlled SDE (6.4).779

Fig. 2. Energy distances and p values over time of the controlled SDE (6.4).

7. Conclusion. In this paper, we successfully used the generalized Halanay in-780

equality described by right-continuous functions to develop moment boundedness,781

moment exponential stability of equilibrium points, and asymptotic stability in dis-782

tribution for hybrid SDDEs with very general time-variable delays. Stabilization by783

discrete-time feedback control was also studied if a given hybrid SDDE was not stable784

in distribution. The upper bound of observation duration could be obtained by a785

linear equation, and its value could be improved compared with the existing results.786

The application to FitzHugh-Nagumo system showed the practical feasibility of our787

theory.788

In the future, we will consider a more general type of the Halanay inequality,789

whose right-hand side is governed by nonlinear form of the objective function. As a790

result, Assumption 3.4 could be relaxed to the generalized Khasminskii-type condition791

for hybrid SDDEs. Besides, more techniques should be developed to the estimation792

of |(xξ,i0(t)−xξ̄,̄i0(t))− (xξ,i0(t−H(t))−xξ̄,̄i0(t−H(t)))|, and so the global Lipschitz793

condition can be relaxed from the study of discrete-state-feedback stabilization in794

distribution.795
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