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STABILITY AND STABILIZATION USING DISCRETE-TIME
FEEDBACK CONTROL FOR HYBRID STOCHASTIC DELAY
SYSTEMS WITH GENERAL DELAY*

HENGLEI XUT, XUERONG MAO*, AND GEORGE YINS

Abstract. This paper develops stability and stabilization for hybrid stochastic differential delay
equations (SDDEs) with general time-variable delays using the Halanay-type inequalities. First, a
right-continuous version of the Halanay inequality is proved using methods different from the usual
approach of proof by contradiction method. Because the Halanay inequality does not require much
on the delay, boundedness and stability in mean square of hybrid SDDEs with general time delays are
obtained. For stability not focusing on the equilibrium points, asymptotic stability in distribution is
an appropriate criterion and has been studied extensively. For this type of stability, it is crucial to
use time-homogeneous Markov processes. In this work, the problem is examined by treating delays
that behave periodically. The proof is conducted using probabilistic argument, segment processes,
and weaker conditions than that of the moment conditions. For a given hybrid SDDE being unstable
in distribution, a feedback control based on discrete-time observations is constructed to stabilize
the underlying system. For the controlled systems (hybrid SDDEs with non-constant delays), time-
homogeneous Markov processes are also identified. The use of Halanay inequality enables us to
obtain the upper bound of observation duration using linear equations rather than the cumbersome
exponential equations. Finally, two examples are given to demonstrate the effectiveness of our theory.
It is shown that a better bound of observation duration can be achieved compared with the existing
results.

Key words. Hybrid stochastic differential delay equation, time-variable delay, Halanay inequal-
ity, stability in distribution, discrete-time feedback control.

MSC codes. 60H10, 60J10, 93E15.

1. Introduction. Stochastic differential delay equations with Markovian switch-
ing (the so-called hybrid SDDESs) have been used as a useful modeling tool for numer-
ous practical systems. The hybrid systems are highlighted by the coexistence of con-
tinuous dynamics and discrete events, which are used to model environmental noises,
abrupt changes in structures or parameters, and the influence of past history. Stability
and stabilization have received heightened attention; see [11, 15, 16, 18, 23, 27, 34, 36)
and references therein. In the traditional Lyapunov analysis, to tackle the delay ef-
fect, the delay function §(¢) : [0,00) — [0, k] is required to be differentiable with its
derivative being less than 1 (e.g., [16, 24, 31]), but this leaves many real-world de-
lays excluded such as the piecewise constant delay [8] and saw-tooth delay [28]. To
remove this restriction, effort has been devoted to a relatively weaker condition based
on Lebesgue measure theory; see [4, 15],

< Leb({tZO:t6(t)€[s,s+A)})> .

(1.1) lim sup
A—0T

sup
s>—h A
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2 H. XU, X. MAO, AND G. YIN

Although this has alleviated some restrictions, one may still wonder what if our delay
functions violate condition (1.1) such as the commonly seen sampling-holding delay
5(t) =t — [t/hlh (e.g., [14]). Is it possible to study such delays and is there any
appropriate tool available?

The answer is positive. Some powerful tools have been developed such as the
Razumikhin method (RM) [26] and the Halanay inequality (HI) [9]. [Recall that HI is
a comparison theorem for differential delay equations, which has been used to analyze
stability of delay equations. For a nonnegative real-valued function v(-), HI states
that if

(12) ”U(t) < —>\2U(t) + A3 sup U(t + 0) with Ay > A3 >0,
—h<6<0

then v(t) < kexp(—n(t — o)) for ¢ > to, where k¥ > 0 and n > 0.] The basic idea
of these two methods are similar: if at some time ¢, state v(t) reaches the supremum
of the whole past segment, then the derivative ©(t) becomes negative whence the
state decreases; otherwise, current state could not exceed the history and behave
the tendency of decay. Because it only operates in a pointwise setting, it does not
require much on the information of delay functions. There are effective approaches for
dealing with asymptotic behaviors of delay systems (e.g., see [10, 23, 33, 35] for RM,
and [1, 3, 13, 25, 32, 40] for HI). RM indeed works well, but compared with HI, it is
somewhat inconvenient to verify the conditions, and to provide qualitative properties
rather than quantitative estimates for system states. Therefore, in this paper, we will
use HI to study the stability of hybrid SDDEs with more general delays.

In addition, not only are we concerned with asymptotic stability of equilibrium
state (ASE), but also we deal with asymptotic stability in distribution (ASD). Com-
pared with the former, ASD is in fact more appropriate for many real stochastic
systems since the equilibrium states do not always exist (e.g., the mean reverting pro-
cesses [20]). In many practical systems, we expect that the solutions would converge
in the sense of in probability distribution rather than to a steady state, especially for
population systems under random environment, where coexistence of species is more
desired than extinction [12]. Though some results have been achieved in the past two
decades (see [2, 5, 30, 38, 39]), ASD has not been extensively studied compared to
ASE due to much more complex mathematics involved. Moreover, for hybrid SDDEs,
the existing papers (e.g., [5, 39]) mainly considered the delay function to be a con-
stant, not time-varying, or under condition (1.1), or more general condition. To the
best of our knowledge, there has not been much work on using HI to study ASD of
hybrid SDDEs with time-variable delays.

Furthermore, it is highly desirable to use feedback control to stabilize systems.
Traditionally, control is designed based on continuous-time state observations. Nev-
ertheless, it has been recognized that it is more reasonable and less costly in practice
if observations are made at discrete epochs 0,7,27,... (see [21]). In the past few
year, the literature on stabilization by discrete-time feedback control has been grow-
ing rapidly (e.g., [6, 22, 35, 37]). However, these papers have paid much attention to
the stabilization of equilibrium, and up to now, only [17, 19] considered the discrete-
state-feedback stabilization in the sense of ASD. But the original unstable systems
investigated were all delay-free.

In this paper, we use HI to study the stability and stabilization of hybrid SDDEs
with general time-variable delays. We first treat boundedness and ASE. Then if
equilibria are not the primary concerns or information on equilibrium points is not
available, we concentrate on the weaker property ASD. To stabilize unstable hybrid
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STABILITY AND STABILIZATION FOR HYBRID STOCHASTIC DELAY SYSTEMS 3

SDDESs in the sense of ASD, the design of feedback control based on discrete-time
observations is proposed. Compared with the existing results, the main contributions
and highlights of this paper are given as follows.

(1) In contrast to the usual continuity condition, the HI is developed under right
continuity. In [1, 25], HI (1.2) was generalized from constants A2, A3 to functions
A2 (t), A3(t), and further developed to Ay — Aa(£)v(t) + A3(t) sup_j,<g<ov(t + 0) in
[3, 13, 32], so that the boundedness of the systems can be derived. Note that it is often
required the right-hand side of (1.2) being continuous (including v(t), A2 (t), As(t)).
However, for our hybrid SDDEs, v(t) will always be used in the form of E|x(¢)[?.
Although the solution z(t) is continuous, its pth-moment may not be; see [35]. In
this case, right-continuity is more appropriate than straight continuity, especially for
systems with Markovian switching. It should be emphasized that our work is not
a straightforward generalization of that under the continuity assumption. Note also
that the contradiction method used in the proof (e.g., [3, 25]) is not valid when
v(t) only has right-continuity. As an alternative, we present novel idea to prove the
boundedness and stability of right-continuous version of HI.

(2) For ASD, delay functions of hybrid SDDEs are non-constant. In the study
of ASD, time homogeneity is of critical importance. For delay equations, the so-
lution process z(t) does not possess Markov property, so we need to focus on the
segment process x; = {x(t +6) : —h < 6 < 0}. Unfortunately, x; is usually
not time-homogeneous since 4(t) is a function of time, and shifting the time axis
would give us a different hybrid SDDE. As a result, there is virtually no results
for ASD of non-constant time delays. Recently, [2, 19] explained how to find time-
homogeneous Markov segment processes for periodic non-delay systems. Motivated
by their work, we consider our time-variable delays to be periodic and present proper
time-homogeneous Markov processes. The difference is however, we will prove ASD
under the probability conditions of segment processes rather than the stronger mo-
ment conditions (see Definition 4.3 below).

(3) Our discrete-feedback controlled system is a hybrid SDDE with two periodic
delays. How to select 7 and form segment processes wisely is crucial for the under-
lying Markov processes to be time-homogeneous. Moreover, in the proof of ASD for
controlled systems, [17, 19] both adopted the exponential type of integral inequalities,
and hence the bound of 7 was given by solving exponential equations. In contrast,
we will apply HI to show ASD, where the delay is dealt with under the worst-case
scenario, not an average with respect to the whole time domain. As a result, inte-
gral inequalities could be avoided and the bound of 7 will be obtained through linear
equations. Clearly, the computational cost and root estimation of linear equations are
generally better than exponential equations. We also give an example to show that
a better bound on the observation duration 7 could be obtained compared to that in
[17] (a special case that time delays vanish).

2. Halanay-type inequality. We first give the notation to be used in this
paper. Let R, N, be the family of all non-negative real numbers and natural num-
bers, respectively. Denote by R? the d-dimensional vector space over the reals with
Euclidean norm | - |. If a and b are both real numbers, then a A b = min{a,b} and
a Vb =max{a,b}. Use Cj to represent the family of all continuous functions £ from
[~h,0] to R? and designate the norm of its element & by [|€|| = sup_, << |£(0)]. Let
B, = {¢ € Cy, : ||¢]| < a}. For a vector or matrix M, MT represents its transpose. If
M is a matrix, denote its trace norm by |M| = y/trace(MTM), and operator norm
by || M| = max{|Mz| : |z| = 1}. For a symmetric matrix M, let Apin(M), Amax (M)
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4 H. XU, X. MAO, AND G. YIN

be the smallest and largest eigenvalues, respectively. By M > 0(< 0), we mean M is
positive (negative) definite. Also denote by I; the d-dimensional identity matrix. For
a set A, let 14 be its indicator function with 14(a) =1 if a € A, and 0 otherwise.

Let hg be a positive constant in this section. Next we provide the Halanay-
type inequality, which forms a solid foundation when we study the boundedness and
stability for delay equations subsequently.

THEOREM 2.1. Assume that ® : [—hg,00) = Ry is a right-continuous function
satisfying that ®(t) < Cg fort € [—ho,0] and

(1) DFRE) <M = (ot ()R As(t) sup  B(t+6), Vi ER,.

Here \y >0, Ay > 0, and A3(t) is non-negative, bounded and right-continuous. Fur-
ther assume that DT ®(t) is also a right-continuous function of time t. Then

A
(2.2) B(t) < 71 + Cpe™ M, Vte Ry,

where X > 0 is the unique root to equation A — (Ag + 5\3) + AzeMo = 0, in which
A3 = supseg, A3(t), and D% is the right-hand side Dini derivative.

Proof. Since Ag is positive, A is well defined. Furthermore, we have the following
useful inequality

(2.3) A — (A2 + A3(t) + Az(t)eMo <0, VteR,.

If not, we can find a T € R, so that A — (A2 + A3(T)) + A3(T)e M > 0. This implies
that (A2 4+ As) — AzeMo — (A + A3(T)) + A3(T)e o > 0. But this is impossible since
the left-hand side equals (As — A3 (7)) (1 — e*h), which is non-positive. Thus we must
have (2.3).

Next for each t € Ry, let

t

V() = swp (H0840). 0 =h [ s
—ho<6<0 0

If we have

(2.4) DF(P(t) (1) <0, VteRy,

then we derive that

W(D)— U(t) < ¥(O0) ~(0) = swp_@(6) < Ca,

which implies that eM®(t) < Cp + A\ fot e*#ds. Dividing by e on both sides gives
the desired assertion (2.2).

The remaining work is to prove inequality (2.4). For any fixed ¢t € R, either
U(t) > e Md(t) or U(t) = e*®(t). In the former case, the right-continuity of ®(-) tells
us that for any small A € (0, hg),

U(t) > eMd(s), s€(t,t+A]

While for s € [t + A — hg,t] C [t — ho, t], it is naturally e**®(s) < W(¢). Hence,

t+A
U(t+A) < V() <U(t) + Al/ eMds,
t

This manuscript is for review purposes only.
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STABILITY AND STABILIZATION FOR HYBRID STOCHASTIC DELAY SYSTEMS 5

which implies that W(t + A) — ¢(t + A) < U(t) — (t), and so DT (T(t) — (t)) < 0.
On the other hand, if we have W(t) = eM®(t), then

(2.5) AP (L + ) < MB(t), VO € [—ho,0).
Applying condition (2.1) and (2.3) yields that

DYO(t) + AD(t) <A — (A2 + A3(8)D(¢) + A3(2) Sup D(t+6) + AD(¢)
—ho<0<0
<M+ (As()ero — (Aa + A3(1) + A) @(2)
<A < A +e

Here ¢ is an arbitrary positive constant. By the right-continuity of DT ®(-) and ®(-),
for any small A € (0, ho), we also have

(2.6) Dt®(s) + AP(s) < Ay +¢, Vse (t,t+ Al

Using the fundamental theorem of calculus and (2.6), for any s € (¢,t 4+ A]

M D(s) <eMd(t) + /S e (DT @(v) + A®(v)) dv

t

t+A t+4
<eMd(t) + Ay / eMdw + 5/ eMdw.
t t
While for s € [t + A — hg, t], it is easy to see from (2.5) that
t+A t+A
eMd(s) < Md(t) < MO(t) + )\1/ eMdv + s/ eMdv.
t ¢
Combining these two inequalities, we obtain that
t+A t+A
U(t+A) <T(E) + N / eMdv + 5/ eMdw,
t ¢

and so DV (W(t) — ¢(t)) < eeM. Since t is fixed and £ > 0 is arbitrary, we conclude
that DT (¥(t) —4(t)) < 0. This completes the proof of inequality (2.4). 0

Remark 2.2. In [3, 32], the Halanay inequality is given by

DY®(t) < Ay — Aa(8)B(t) + As(t) sup ®(t+0), VteRy,
—ho<6<0

where Ao (t), As(t) are bounded continuous functions satisfying that inft€R+(5\2(t) -
As(t)) = 6 > 0. In this case, Aa(t) > As(t) + &, which means our condition (2.1) holds
with Ay = 6. Certainly, the key difference between our results with those in [3, 25, 32]
is that ®(t), A3(t) are all right-continuous. This change is actually non-trivial. Let us
recall the proving ideas in [3, 25, 32]. The key step is to show the objective function
B(t) := eM®(t) — t(t) is smaller than Cgp for all t € R,. If this assertion is not
true (namely, using the contradiction method), since ®(¢) is continuous, we are able
to find t; > 0 such that (i) B(t) < Cg for all 0 < t < ¢y; (ii) B(t1) = Cg; (i)
B(ty) > Cg for a decreasing sequence {ty}ren, with limy_, tx = t1. Using (ii) and
(iii) yields that DT B(t1) > 0, and using (i) and (ii) as well as condition (2.1) gives
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6 H. XU, X. MAO, AND G. YIN

that DT B(t;) < 0. But in this paper, we only have the right-continuity of ®(¢), which
means (ii) will become B(t;) > Cgp, and we could not derive DT B(t1) > 0 to identify
the contradiction point. Thus in Theorem 2.1, we apply the supremum functional
method, namely, construct the supremum functional sup_j <p<oq B(t + 6) to cover
B(t), analyze its Dini derivative, and obtain the decay trend. This idea is widely used
in the stability study of delay equations such as the Razumikhin method [10, 23, 26].
But using this idea to prove the boundedness (A; > 0) is a little technical. Finally,
it should be pointed out that owing to the right-continuity of ®(¢) and the use of
supremum functional method, we ask DT ®(t) to be right-continuous, which is crucial
in the proof (see (2.6)). If ®(t) is continuous and we use the contradiction method
(e.g., [3, 32]), this requirement is not necessary.
When A3(t) reduces to a constant, we get the following useful corollary.

COROLLARY 2.3. Assume that ® : [—hg,00) = Ry is a right-continuous function
satisfying that ®(t) < M for t € [—hg,0] and

DT®(t) <A\ — X\a®(t) + A3 sup D(t+0), VteR,,
—ho<6<0

where constants A1, A3 > 0, Aa > A3. If DT ®(t) is right-continuous, then

A
d(t) < 71 + Me ™M, VteR,,

where X is the unique root of the equation X\ — Ay + Aze*0 = 0.
3. Boundedness. Consider a d-dimensional hybrid SDDE

(3.1) da(t) = f(x(t),z(t — 5(t),r())dt + g(x(t), z(t — (1)), r(t))dW (t), t € Ry,

defined on a complete probability space (2, F, P) with a filtration {F;};cr, satisfying
the usual conditions (that is, it is increasing, right-continuous and Fy contains all P-
null sets). Here W (t) = (Wi (t), ..., Wy (t))" is an m-dimensional Brownian motion,
r(t) is a right-continuous Markov chain independent of W (t), taking values in a finite
state space S = {1,2,..., S} with transition rate matrix @ = (g;;)sxs given by

1+ qijA+o0(A), ifi=j

as A ] 0. For hybrid SDDE (3.1), we need the initial data

P(r(t+A) = jlr(t) = i) ={

{2(0): —h <0 <0} =€ €Cp, r(0)=1ig€S.

Assume that the Markov chain r(¢) is ergodic, and the delay function § : Ry — [0, h] is
right-continuous; system coefficients f : R x R¥xS — R, g : R xR xS — R4 are
locally Lipschitz continuous, and satisfy the following polynomial growth condition.

Assumption 3.1. There are positive constants Ko, K7, Ks, and p > 1 such that
for any (z,y,i) € R x R x S

(32) [f(z,y,0)| < Ko+ K1 |z +|yl"), |g(w,y,0)* < Ko+ Ka (27" + [y[F).

But this assumption could not guarantee the unique global solution of hybrid
SDDE (3.1). Thus the following Khasminskii-type condition is often required (see,

e.g., [23]).

This manuscript is for review purposes only.
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STABILITY AND STABILIZATION FOR HYBRID STOCHASTIC DELAY SYSTEMS 7

Assumption 3.2. There is a positive constant « such that for any (z,y,i) € R? x
R? xS
—1
2

Under these two assumptions, we can derive the existence and uniqueness of the
global solution together with two useful moment properties.

N, 2 .
(3-3) ot f(w,y,i) + l9(@.y. )" < o (1+ [ + [y[?) .

THEOREM 3.3. Let Assumptions 3.1 and 3.2 hold. Then for any initial data & and
ig, there exists a unique global solution x5 (t) of hybrid SDDE (3.1), which satisfies
that for all T > 0 and R > 0,

(3.4) sup sup E|xf7io (t)|2:0 < C1(R, T)7
(£,4)EBR xS 0<t<T
(3.5) sup E( sup |x§,i0(t)11+1> < Co(RT),
(&,i)eEBRXS 0<t<T

where C1(R,T) and Co(R,T) are positive constants depending on R and T'.

To emphasize the initial data, we used x5%(¢) to denote the solution of hybrid
SDDE (3.1) starting with (,4g). The existence of unique global solution as well as
claim (3.4) is not difficult to show if we use the same analysis as in the proof of
Theorem 2.6 in [15]. The other claim (3.5) could also be proved similar to Lemma 3.1
in [35]. But Theorem 3.3 only gives us a basic moment estimate of solution, it is not
enough to obtain the moment boundedness. The additional assumption is needed.

Assumption 3.4. For each ¢ € S, there are constants ay;,a3; > 0 and ag; € R
such that for any (z,y,i) € R x R x §

(36) S (98) + oy < st sl + asilyl,
while for A = —2diag(as1, - ,a25) — @ to be non-singular M-matrix and
(3.7) 2max(n;as;) < Q:,
ies 7
where (n1,--+ ,ns)T = A71(1,--- ,1)T with /) = max;es 1; and 7 = min;eg 7;.

Since A is a non-singular M-matrix, all 7; are positive. Define the Lyapunov
function V(x,i) € C?(R? x S;Ry) by V(x,4) = n;|z|?, and the operator function
LV :R?*xR? xS — R by

: N1 )
LV(.’L‘, Y, Z) = 2771 <sz(1,7 Y, Z) + §|g($v Y, Z)|2> + Z qijT]j|1'|2.
jes
From condition (3.6), we derive that

LV (,,1) <20 (o1 + ozl + asilyl®) + D aymill®
j€ES
=2n;00; + (2771'0421' +) Qij77j> |? + 2micuzs[y|?
Jj€ES
(3.8) <ay — |z|* + asly|?,

where & = 2max;es(n;1;) and d3 = 2max;es(n;as;)-

This manuscript is for review purposes only.
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8 H. XU, X. MAO, AND G. YIN

THEOREM 3.5. Let Assumptions 3.1, 8.2, and 3.4 hold. Then for any initial data
& and iy,

(3.9) Blz®* () < -

+g||§||2, Vi€ Ry,

A
where o* = L — 43 ca"h,
7 7

Proof. Fix &, ig and write 2(t) = 25%(¢) for simplicity. Applying the generalized
It6 formula to V' (z,4) gives that
t
(3.10) EV(x(t),r(t)) =V +/ ELV (x(s),z(s — d(s)),r(s))ds,
0

where Vo = 1;,|€(0)|>. Owing to the right-continuity of Markov chain r(¢) and delay
function 6(¢), V(z(t),r(t)) and LV (z(t),z(t — §(t)),r(t)) are right-continuous. For
any A > 0, we have

sup  V(a(s).r(s)) <# sup Iw(8)|2§ﬁ<1+ sup |x<s>|ﬂ+1).
t<s<t+A 0<s<t+A 0<s<t+A

From condition (3.2), we also have
LV (2(t),(t — 6(t)),r(t))]
<27 (Ifﬂ(t)Hf(fE(t)ax(t —4(8)), () + %Ig(ff(t),x(t - 5(t)),7"(t))|2>
+ 3 [ary g il ()]

JES
<C (1 [z + @ + |o(t = o) + (1))

and as a result,

sup |LV(x(s),z(s —d0(s)),r(s))| < C (1 + sup |x(s)|p+1> ,
t<s<t+A t—h<s<t+A

where C is a genetic positive real constant independent of ¢t and A. By (3.5), namely,

E (supg<s<sya [2(s)[PT) < oo, the dominated convergence theorem yields that

lim EV(z(s),r(s))=F ( lim V(x(s),r(s))) = EV(x(t),r(t))

s—tt s—tt

and

sligl+ ELV(x(s),xz(s —d(s)),r(s)) =E <sli>r{1+ LV (z(s),xz(s —d(s)), r(s)))
—ELV (2(t), 2(t — 6(1)), (1),

Thus EV (z(t),r(t)) and ELV (z(t),x(t — (t)),r(t)) are right-continuous.

Next, let ®(t) = EV(z(t),r(t)) for t € Ry and ®(¢) = n;,/£(¢)| for t € [—h,0),
then from (3.10), we have that DT ®(t) = ELV (z(t),z(t — §(t)), r(t)), and also ®(t)
and DT ®(t) are right-continuous. From the estimate of LV in (3.8),

DT ®(t) =ELV (z(t),z(t — §(t)),r(t))

This manuscript is for review purposes only.
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. 1 a%
<bq — 5E (e () [?) + 7 E (-5 [zt — 6())]?)
. R
=61 — —®(t)+ — sup B(t+6).
N 1 —h<6<0

Since % > %, which is guaranteed by condition (3.7), all conditions in Corollary 2.3

are satisfied. We conclude that

1 1 (G1 oo —an
(3.11) Ble(o) < 200 < 1 (S alelpee).
0 0\ o
The desired (3.9) follows immediately. The proof is hence complete. O

If we have Ky = 0 in (3.2), then hybrid SDDE (3.1) admits the trivial solution.
From (3.11), we have the following corollary of mean square exponential stability.

COROLLARY 3.6. Let all the conditions in Theorem 3.5 hold. If Ky = 0 and
a1; = 0 for each i € S, then hybrid SDDE (3.1) is exponentially stable in mean
square, that is, for any initial data & and iy,

(3.12) lim sup ! log |25 (t)]? < —a*.
t—o00 t

4. Stability in distribution. In the last section, we have seen the exponential
stability in mean square when Ky = 0 and all a;; = 0. But what happened if these
conditions are not satisfied? This part studies the stability in distribution of hybrid
SDDE (3.1). For this purpose, we introduce more notation. Let r‘(t) denote the
Markov chain starting from 7(0) = i and let 2%%(¢) denote the solution of hybrid
SDDE (3.1) with initial data £ and ig, and 25 = {250 (¢t +6) : —h < 6 < 0}.

4.1. Time-homogeneity. Although the joint process (5, r%(t)) of past seg-
ment is indeed a Markov process for ¢ € Ry, it might not be time-homogeneous
in general. This is because hybrid SDDE (3.1) in fact, depends on t since our un-
derlying delay function §(t) is time-variable, not just a constant anymore. But the
time-homogeneous Markov property is highly desired in the study of stability in dis-
tribution (see, e.g., [19, 38, 39]).

Therefore, in order to form time-homogeneous Markov processes, we need to
assume that 0(t) is a periodic function with period 7. Without loss of generality,
we may assume that 7 > h; otherwise choose an integer n for n7 > h and regard
d(t) as a periodic function with period n7. We may further assume that 7 = h;
otherwise (i.e., h < T) we can treat hybrid SDDE (3.1) as an SDDE with initial data
&1 € Cr by setting £7(6) = £(0) for 8 € [—h,0] and &7 (0) = £(—h) for 6 € [-T, h)
and resetting h to 7. From now on, we will assume that 7 = h. With this standard
setting, we could obtain the following time-homogeneous Markov process.

LEMMA 4.1. The process {xi}f“mio(kh)}kemr forms a time-homogeneous strong
Markov process in Cy, xS. Its k-step transition probability is denoted as p(k,&,ip;-x"),
that is, for any Borel measurable set U C Cp and V C S

p(k,&,io; U x V) = P((wgn, m(kh)) € Ux V | (z0,7(0)) = (§,70))-

We refer the reader to Lemma 2.4 in [19] for the detailed proof of this lemma.
Denote by P(Cy,) the family of all probability measures on Cj. For P; and Py in
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10 H. XU, X. MAO, AND G. YIN

P(Cp,), define the Kantonorvich metric d¢ by

dc(P1, P2) = sup
lell

HOPs(a0) ~ [ 10)Paa0).
Cp, Cp

where L = {l: C;, = R : [I(() —1(Q)] <IK=C|land JI(-)| <1 for any ¢, € Cp}. Also
let P (%) be the probability measure on Cj, generated by x5
that P(xi,ﬁ“) =p(k,&,i0;- x S) for each k € N.

DEFINITION 4.2. Hybrid SDDE (3.1) is said to be stable in distribution if there
is a probability measure m € P(Cy) such that for any initial data & and i

. It is not hard to see

lim de(P(25°),7) = 0.

k—o0

In the study of stability in distribution for hybrid SDDEs, several papers (see,

g., [19, 39]) aimed to show the following two properties,
sup Bl || 2|1 =
keNy

< oo and hm B2 — xkh

The former is the moment boundedness of the segment process xi’,ﬁ% and the latter
is so-called the moment attractivity of xy; starting from different initial values £ and
€. But they are a little strong sometimes since we might impose some additional
conditions to obtain these two moment properties. In fact, according to the theory in
[5, 30, 38], they are only needed in the probability version.

DEFINITION 4.3. Hybrid SDDE (3.1) is said to have property (P1) if for any
(&,i0) € Cp, xS and any € > 0, there is a positive number Ry = Ry(g,&) such that
(4.1) P(|z5 ] < Ri)>1—¢, VkeN,.

Hybrid SDDE (3.1) is said to have property (P2) if for any € > 0 and any R > 0,
there is a ko = ko(e, R) such that

(4.2) P(l|laSie —aSio| <e)>1—¢, Vk> ko,

whenever £,€ € Bg and iy € S.

Property (P1) is referred to as the boundedness in probability of segment pro-
cesses, which could be derived in the following lemma.

LEMMA 4.4. Under Assumptions 3.1, 3.2 and 3.4, hybrid SDDE (3.1) has prop-
erty (P1).

Proof. Let £, ig, € be fixed, and write x(t) = 2% (t), x; = :c . For any t € Ry

and any positive constant H, define a stopping time o/’ = mf{s 2 t:|z(s)| > H}.

Applying the Itd formula to e!|x|? and using condition (3.6) gives that

E (e (¢ + B) A ofh)[?)
(t+h) Ao
<e'Elz(t)]* + E/ Ce® (1+ [z(s)]* + |z(s — 6(s))[*) ds
¢

t+h
§e’5E|ac(t)|2 + C’/t e’ (1 + E|:L'(S)|2 + E|z(s — 5(5))|2) ds,
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where C' is a genetic positive real constant independent of ¢, H, £, and ig. By Theorem
3.5, there exists a positive constant Ry = Ra(€) such that E|z(v)|? < Ry for any v > 0.
Consequently,

CE((t+h) A2 <E (e<f+h>AUf’ l((t + h) A atH)|2) < Roe! + O(1 + 2Ry)et .

Letting R3 = \/é (R + C(1 4 2Ry)eh), we have P(of%* <t + h) < e, which implies

P( sup |z(s)| < Rg) >1—¢, VteRy.
t<s<t+h

Taking R; = R3 + ||£]|, which depends on € and £, we have

P(llxe|| < R1) =P ( sup |z(s)| < Rl) >1—¢, VteRy.

t—h<s<t
Inequality (4.1) follows naturally by taking ¢ = kh. The proof is hence complete. 0O

4.2. Attractivity. For property (P2), we need to consider the difference equa-
tion of two solutions with initial data (&,io) and (&,14o)

d(z®(t) — 2S5 (1))
= (@S0 (1), a8 (= 3(1)), 7™ (1) =SS (1), 2% (¢ = 3(8)), v (1)) v

(4:3) + (g(as™ (1), 287 (1 = 5(6)), 7 (6)) — g(a® (£), a5 (¢ = 5(1)), 7™ (1)) ) AW (2).

And the following attractivity condition is needed.

Assumption 4.5. Assume that for each ¢ € S, there are constants 32; € R and
Bs; > 0 such that for any z,y,z,7 € R%,i €S

(0= ) (F(9,8) — @ 0,0)) + 5l y.0) — 902,50
(4.4) <Bailz — Z* + Baily — 91?,
while for B = —2diag(8a1, - , f25) — @ to be a non-singular M-matrix and
(4.5) 2%138)((%531‘) < l

)

where (71,...,7s)T = B7Y(1,...,1)T with 4 = max;csy; and ¥ = min;es ;.

Define the Lyapunov function U(z,i) € C?*(R? x S;R,) by U(x,i) = 7;|z|?, and
the operator function LU : R* x S — R corresponding to equation (4.3) by

LU(.’E,{f,y,g,’L) :271 <(l’ - i‘)T(f(IE,y,Z) - f(i’,g,l)) + %|g(x,y,2) - g(f,ﬂ,l)ﬁ)

+ Zqiﬂj\x — 53|2.
J€eSs

Using (4.4) and letting By = 2max;es(vifs:), it is easy to derive that

(46) EU(III,i’,y,ﬂ,i) S 7|$*§3|2+B3|y*g|2.
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12 H. XU, X. MAO, AND G. YIN

LEMMA 4.6. Let Assumptions 3.1, 3.2, 8.4, and 4.5 hold. Then for any positive
number R, and £,£ € By, 19 € S,

44 R?

(4.7) E|z§,i0 (t) _ xé,io (t)|2 < 2 E*W*t,
5
where v* is the root to equation v* = % _ %e“’ h

Proof. Fix €, € Bg, ig € S and write z(t) = 25 (1), Z(t) = 25 (t) simply.
Applying the generalized 1t formula to equation (4.3), we have

EU(x(t) — 2(t),r(t)) = Uo+/ ELU (2(s),2(s — 6(s)), Z(s), 2(s — 8(s)), 7(s))ds,
where Uy = 7;,[€(0) — £(0)|? < #||€ — £]|?. By the definition of U and LU, we compute

Ulx —z,i) <Alo — 2> < C (1 + [P + [z™)

12U @,y,7,5, D)) <C(le] + |2)(|f (2, 3. 9)| + (7, 5.9))
+ g, ,0) +19(@,5,0)1 + |2 + |2
SC (1 [P+ [yPH + |z 4 gt

For any A > 0, sup;<s<;n U(z(s) — Z(s),7(s)) and sup;< <;n LU(2(5),7(s —
5(s)), Z(s), Z(s — &(s)),r(s)) are bounded by

C <1 + sup |z(s)[PTM 4+ sup x(s)p+1) .
0<s<t+A 0<s<t+A

From Theorem 3.3, the expectation of this item is finite, so that by the dominated

convergence theorem again, EU (z(t) —z(t), r(t)) and ELU (z(t), z(t—45(t)), Z(t), T(t —

8(t)), r(t)) are right-continuous. Choose ®(t) by EU (x(t)—z(t), r(t)), then DT ®(t) =

ELU(z(t),z(t—46(t)), Z(t),Z(t —d(¢)),r(t)). The estimate of LU in (4.6) further gives

that

DY @(t) < — [a(t) — 2(t)|* + Bala(t — (1)) — 2(t — 6(1))

<—f¢()+& sup (¢t +0)
Y —h<6<0
By condition (4.5), % % We could hence derive from Corollary 2.3 that
_ ]. ’/‘\/ _ 4’7R2 %
Ele(t) —2(0)* < 2 0(t) < Z€ — €[’ < v
Y v v
The proof is concluded. ad

We need to extend the convergence of two solutions from point distance into
segment distance. If we follow the proof of Lemma 3.2 in [38], we could derive that
) H2

limg 00 EHQUg sio :Ckh = 0, though we would impose an additional condition on f

and g, namely,

(.’E - E)T(f(x7yal> - f(:faga Z)) + 17|g(:€, y,l) - g(ja g72)|2 S 521|x - f|2 + 531|y - g|2
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To avoid this, we need to prove a weaker result as follows.

LEMMA 4.7. Under Assumptions 3.1, 3.2, 3.4, and 4.5, hybrid SDDE (3.1) has
property (P2).

Proof. Let R > 0 and ¢ > 0 be fixed. For any given £,€ € Bg,ig € S, write
z(t) = 280 (1), zy = 25, Z(t) = 250 (t), T, = 2. By Lemma 4.6, for any £o > 0,
there is a Ty = Ty (g0, R) such that
(4.8) Elx(t) — 2(t)]* < &g, Vt>To.

For any ¢t > Ty + h, define a stopping time & = inf{s > t : |z(s) — Z(s)| > €}.
Applying the It formula to e’|x|? and using condition (4.4) shows that

E (e(t+h)A6§ lz((t+h)ANGD) —Z((t+h) A 65)\2> —e'Elx(t) — 2(t)?
(t+h)AGS
§E/75 Ce® (|z(s) — z(s)> + |z(s — 6(s)) — Z(s — 8(s))|°) ds

t+h
SC/ e® (Elz(s) — 2(s)]* + E|z(s — 6(s)) — z(s — 8(s))|?) ds,
t
where C' is a genetic positive number independent of ¢, g, €. By (4.8),

e Elx((t+h)A55) — 2((t+ h) A55)|* < ggel + 2Cepe! ™.

A
we have P(6f <t+ h) < % (e + 2Cepe™) <e. Thus

3
3 g
Taklng Ep = T¥2Ceh

P< sup |z(s) — z(s)| S€> >1—¢g, Vt>Ty+h.
t<s<t+h

Let kg be an integer such that kgh > Ty + 2h, which depends on € and R. For any
k > ko, we have

Pl — Fal] <€) = P( sup  fe(s) — #(s)] < ) S1-e
kh—h<s<kh

In other words, property (P2) holds. This completes the proof. 0

4.3. Stability results. After the preparation of Lemmas 4.4 and 4.7, we can
state the results of stability in distribution. Here, we could see the significance of
identifying time-homogeneous Markov processes (e.g., (4.12)).

THEOREM 4.8. Let Assumptions 3.1, 3.2, 3.4, and 4.5 hold. Hybrid SDDE (3.1)
is stable in distribution.

Proof. Step 1. We claim that for any given R > 0,
(4.9) Jim_de(P(af;), Plag;)) = 0
whenever ¢, € € By, ig,io € S. In fact, since {r(kh)}ren, is an ergodic Markov chain,

= inf{kh : 7% (kh) = r'(kh),k € N, } is finite almost surely.
< Tl) >1-— %

the stopping time r;, 7,
Then for any ¢ > 0, there is a positive 77 = T'(e) such that P(x
for any g, 49 € S. From (3.5), we have

10,20

sup E( sup xévio(t”p—s-l) < o0,
(&,1)EBR XS 0<t<Ty
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and so there is a large number Ry = R4(e, R) such that P(Q¢;,) > 1 — 55 for any
(&i0) € Br X S, where Q¢ i, = {w: supye;r, [257(t,w)| < Ry}. Fixing &, € € Bg
and i, 49 € S, we see that for any [ € L and k € N with k > kp, := [Ty /h] + 1,

El(25;) — El(a§))

<2P(kiy7, > Th) + B (L, o <miy Ha50) = 1§

g
<ztE (1{mo,ao§T1}E <|l(33iﬁ°) () I‘f i0. o))

2e i
(4.10) <SHE (1901«7 (2 M = T ||)) ,
where Qo = {r;, 7, < T1} N Qe i, N Qg7 and u = 3:5*“2 v=2abb_ | j=ri O (Kigio) =
»2Q 10 20
rio (Kig,i,)- Since for w € Qo, [lull, |lv]| < R4, we derlve from Lemma 4.7 (namely

property (P2)) that there is a kp € N, such that for all k£ > kp + kp,

: 13
E<2/\ x) — v ><7.
H kh—/{io)go kh— Kig,io -3

Substituting this into (4.10) gives that ‘El(xié") El(z & “’)‘ <eforany k > kp+kp .
Since [ is arbitrary, and kp + k7, only depends on &, R, we must have claim (4.9).
Step 2. For any fixed (&,ig) € Cj, X S, {P(mi;")}keNJr is a Cauchy sequence with

dc in P(Cy). This is equivalent to show that for any € > 0, there is a k¢ € N such
that

(4.11) Sllelg El( (k+k )h) El(l‘i}io)

<e, Vk>kc, ki >1.

For each [ € L, define a function ¢; with respect to [, that 5151( i) = u
for each (u,i) € Cp, x S. It is easy to see that for any i € S, ¢;(- ,z) = () Then
compute for any k, k1 > 1,

Bl ) = (B (6@l 7™ (G + b)) Fion ) )
= /C E (A1, ™ (G + K )R))| (7% (a) = (w,))
% p(k, €, s du x {j})
- /C Bon(aid ) (B i x (7))

(4.12) =/(C XSEl(xkh) p(k1, & dos du x {j}).

Here we have used the Markov property of the process {ziéo r(kh)} in the second

equality, and its time-homogeneous property in the third equality. Since £ is fixed,
we can find a number Rs > 0 such that ||¢|| < Rs. By Lemma 4.4 (namely property

(P1)), for any € > 0, there is a number R; > 0 such that P <||x5 Z°|| < Rl) >1-3
for all k; > 1. Then letting Rg = R5 V R; and using (4.12), we have

S/’
ChXS

b [ delPal), PO s (),

El(z5°, ) — Bl(z5°)

(k+k1)h El(%h) El(xiéo)

p(k1a§7i0;du’ X {.]})
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From (4.9), we can find ko € Ny such that de(P(z))), P(257°)) < £ for any k > K¢
whenever (u,j) € Br, x S. Thus El(a:f,’:ikl)h) - El(miio)‘ < e. Since [ is arbitrary,
(4.11) follows naturally.

Step 3. There is a unique 7 € P(Cy) such that limg_, oo dc(P(xz’hl),ﬂ') = (0. This
together with (4.9) implies that for any (£,49) € Cy, x S,
lim de(P(x’),m) < lim de(P(a3;"), Playy)) + lim de(P(ay;,),m) = 0.

k—oc0

This completes the proof. 0

As discussed in [19], since it is difficult to numerically approximate the invariant
measure 7 in the huge space P(Cy,), it is necessary to consider the long-time behavior of
2% (t), where the measure space becomes the smaller P(R?) (the family of probability
measures on R?). Let P(25%(t)) be the probability measure on R% generated by
x5 (t). Define the Kantonorvich metric in P(R?)

)

1°z)Py(dz) — [ 1°(z)P2(dz)

R4 R4

dR(ﬁl,ﬁg) = Ssup
10¢lL0

where LY = {I° : R? — R : |I°(z) — 1°(Z)| < |z — Z| and |I°(-)| < 1 for any x,Z € R9}.
Then we have the following useful corollary in practice.

COROLLARY 4.9. Let all the conditions in Theorem 4.8 hold. Then for any fized
RO € [0,h), there is a unique mo € P(R?) such that for any initial data & and ig

(4.13) lim dg (P (5% (h° + kh)), mpo) = 0.

k—o0

Proof. Let h be fixed and define a mapping II from Cj, to R? by H(é) = f(hO —h)
for any £ € Cy. It is easy to see that II is continuous, and 19(T1) € L for any 1° € ILO.
For any &,& € Cy,, 19,10 € S, k € Ni, we have

de(P (@S0 (h° + kh)), P(a*" (h° + kh)))
= sup |E°(z5 (h0 + kh)) — EI°(257% (b + kh))|

10¢lL0

= sup |EI°(T(xf;,°)) — EI°(T(xg,)))|
SIS

< sup sup |El(a:££°) — El(xi,i“ﬂ
1°¢cLO lel

=dc(P(af). P(fi)).
Thus we derive similar results as (4.9) and (4.11). The required assertion (4.13) then
follows naturally. 0

5. Discrete-time feedback control. When the given hybrid SDDE (3.1) is
not stable in distribution, we need to design a feedback control based on discrete-time
observations to achieve the stabilization. The controlled SDDE is given by

da(t) = (f(@(t),a(t = 8(1)),7(8) + Dpya((t/7]7) )t
(5.1) + g(alt), 2(t — 6(), (1) AW (2)
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16 H. XU, X. MAO, AND G. YIN

with initial data & € Cy,, ip € S. If we let H(t) = ¢ — [t/7]T, the control term can be
written as D,y x(t — H(t)) so we see that the controlled SDDE (5.1) is a delay system
with two delays, and the Halany-type results are well-applicable.

First, due to the technical need of studying discrete-time feedback control, the
following assumption on the original unstable hybrid SDDE is imposed.

Assumption 5.1. Assume that there are positive constants L1, Lo, L3, and L4
such that for any z,Z,y,7 € R and i € S

[f (@, y,4) = f(2,9,4)] <La|z — Z[ + Laly — 4,
\g(w,y,z) - g(i,g,%)\ §L3|$ - E' + L4‘y - g‘
In what follows, we common on why we impose Assumption 5.1.

Remark 5.2. Assumption 5.1 is the global Lipschitz condition, which could guar-
antee the controlled SDDE (5.1) admits a unique global solution, satisfying that
E (supg<;<p [25%()?]) < oo for all T > 0, since f and g also meet the linear growth
condition from this assumption, namely, for any (z,v,7) € R? x R? x S

|f(@,y, )| <|f(z,y,1) — £(0,0,0)| + [£(0,0,9)] < K3 + L|a| + Lalyl,

where K3 = max;es |f(0,0,4)| and Ky = max;es |¢(0,0,7)|. But if just for the global
solution, the local Lipschitz condition with Assumption 3.2 is enough. Why do we
need a stronger one? This is because the study of discrete-time feedback control is a
kind of delay-dependent property. A significant difference from the delay-independent
analysis in Sections 3 and 4, is that the delay-dependence analysis in this section is
to estimate |25 (¢) — 25 (¢t — H(t))|. If 7 is sufficiently small, then this difference
goes to zero, as a result, we do not need to strengthen the non-delay part to suppress
the delay effect like conditions (3.7) or (4.5). However, in the sense of stability in
distribution, the case becomes more complicated, since we would compute |(z%(¢) —
280 (1)) — (2% (t — H(t)) — 5% (¢t — H(t)))|. This force us to impose Assumption
5.1, whose details could be found in the proof of Lemma 5.7. It is still a challenge
problem how to estimate this difference without the global Lipschitz condition.

To make the design of feedback control simpler, we consider the linear form of
control function D;x. To design the matrices D; and the observation duration 7 is a
non-trivial issue. To design D;, we use the following rule.

Rule 5.3. Find S triples of symmetric matrices T';, T'y; and T'y;(1 < 4 < S) with
T'; > 0 such that for any z,y,z,5 € R%,i €S

2(‘7: - j)TFl(f(I7y7l) - f(jaga Z))
+ trace ((g(l‘, Y, Z) - g(‘i‘7 Ys i))TFi(g(x7 Y, Z) - g(gf, s Z)))
(5.2) <(z—2)"T(e —2) + (y = §) T2y — 9)-

Then for each i € S, design D; such that there is a positive constant u for the following
two condition to hold

(5.3) Ty =Ty + DfTi + 1D, + Y qiTj + pla <0, Vie€S,
JES
(5.4) po=—1 — 25,
2 251

where 11 = min;es Amin(I's), 1 = max;es Amax(I's), flo = max;es Amax(I'2:)-

This manuscript is for review purposes only.



566
567
568
569

581

582
583
584
585
586

598
599
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The reader might wonder if we can find I';, I'y;, I's; and D; to let this rule be
satisfied. The answer is positive under our Assumption 5.1. For condition (5.2), the
simplest choice is to let T'; = I, T'1; = (2L1 + Lo + 2L3)14,Ta; = (L2 + 2L%)I,;. Then
we can choose

Dj= 2Ly + Lo+ L3+ L)1y, p=1Ly+2Ly+ L3+ 3L% Vies,

so that T; = —(L1+L2+L§+L3)Id < 0 and g :L1+L2+L§+Li > (0. But it
is wise to find alternative matrices in order to make use of the information of system
coefficients. As for how to solve the linear matrix inequality (5.3), we refer the reader
to [17] for more details.

Remark 5.4. It should also be highlighted the importance of Rule 5.3 on how to
help the controlled SDDE (5.1) achieve the stability in distribution. Combining (5.2)
with (5.3), we see that

Ji(x, 2y, 7,1) :=2(x — ) "T5(f(z,y.1) — f(2,9,9) + (¢ — 2)" (D] T; + T:D;)(z — z)
+ trace ((9(z,y,1) — 9(2,5,1)) " Ti(g(z,y,1) — 9(Z,7,1)))
+Zq”x—x i — )

j€Ss
(5.5) < — pla — a2 + fisly — g
holds for any (z,Z,y,7,i) € R* x S. If we take each I'; as I, then this becomes
the attractivity Assumption 4.5. But where is the other key condition for the bound-
edness (e.g., Assumption 3.4)7 Although Assumption 3.4 could not be deduce from

Assumption 4.5 in general, this becomes possible under the linear growth condition.
For any (z,y,i) € R? x R? x S, letting Z = = 0 in Jy(z, Z,y,7,1) gives that

Ty (@, y,1) =22 T f(w,y, 1) + trace (9" (2, y,)Tig(z,y,4)) + Y _ gija T
j€ES

< — plz)? + fioly[* + 2|25 £(0,0,4)] + |trace(g7(0,0,4)T;g(x, y, 9)
+ 9" (2, y,9)Tig(0,0,i) — g7 (0,0,4);g(0,0,7))|

< — plae® + fiolyl* + 2|03 || Ksla| + 2m|| Ty || Ka(Ka + La|| + Lalyl)
+m| || K7

Choosing an appropriate € > 0, we could obtain that
(5.6) Ji(@,y,1) < Co — (p =€)l + (A2 + )y,

where C is a positive constant defined by
Co —sup IIT; ||(3mK4 + sup (—elz|® + 2(mL3 Ky + K3)|z|)
zER?

+ sup (—e|y| —|—2mL4K4|y|) )
yeRd

As a result, we do not need to give additional rules to guarantee the boundedness.

Recalling the definition of Jy(z,y,i) or Ji(z,Z,vy,¥,1) above, we need only derive
the stability in distribution of the controlled SDDE with feedback control D, x(t)
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based on continuous-time observations. For our discrete-time feedback control, the
differences |25 (t) —z%% (t— H(t))| and |(z5% (t) —25%0 (t)) — (&% (t—H(t)) — 25 (t—
H(t)))| should be limited. This could be achieved by the next rule on determining the
observation duration, where we could see the importance of choosing matrices wisely
in the rule above since they influence the value of 7.

Rule 5.5. Let ¢ = D%(4L1+4L2;?D+2L§+2Li) with Dr = max;es(||[DIT;+T:D;l|),
D = max;cs || D;||. Then the observation duration 7 should satisfy that

o2
(5.7) r< = A0
1

Moreover, in order to form the time-homogeneous strong Markov process for the
controlled SDDE (5.1), we will set 7 as a divisor of h, that is, 2 is an integer. In
particular, if the delay d(¢) vanishes (namely, h = 0), 7 could be any positive integer
satisfying (5.7).

In the remaining part of this section, let 7 satisfy Rule 5.5. Since 7 is a divisor of
h, both H(t) and §(t) are periodic functions with period h. Then {xi,ﬁ“ ;0 (kh) bren,
is also a time-homogeneous strong Markov process in Cj x S. The techniques to prove
the stability in distribution of the controlled SDDE (5.1) are similar to those in Section
4, where the key steps are to check supy; o E|25%(t)|? < oo and lim;_, o E|2%(t)—

2o (t)]> — 0. They are stated in the following two lemmas respectively.
LEMMA 5.6. Let Assumption 5.1 and Rule 5.8 hold. Then the controlled SDDE
(5.1) obeys that

(5.8) sup Elz%"(t)]? < 0o, V(& i) € Cy x S.

0<t<o0

Proof. Write (t) = % (t) and r(t) = r*(t) simply. Applying the generalized
Ito formula to the function V(z,i) = TT;x yields that

(5.9) BV (x(t),r(t)) = V(£(0), i) + /0 ELV (a(s), x(s — 8(s)), (s — H(s)),r(s))ds,

where LV (x,y, 2,1) = Ji(z,y,1) + Jo(x, 2,1) with Jo(z,z,i) = 22TT;D;(z — x). By
virtue of Corollary 2.3, the remaining work is to estimate ELV (z(t), z(t — 6(t)), z(t —
H(t)),r(t)) in term of EV (z(t),r(t)) since the right-continuity is very clear.

Since 21T < g required in Rule 5.5, we can choose € in (5.8) such that

H1®o
1 1 3D?
(5.10) L _ At <A+V+ VQFT)e
2 2o fu i 20500
Then the estimate of E.J; is a direct result from (5.6)

EJy(2(t), x(t = 6(1)), (1))

(5.11) <Co— P BV(a@t),r1t) + MEV(:r(t —5(1), r(t — 8(1)).

M1 H1

As for EJy, we see that for any (z,z,i) € R? x R x S

f1p0 D3
Jo(z,2,1) = xT(D;FE + D) (z —z) < =222 4+ —L— |z — 2%,
2 2[11¢0
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which implies that

Bla(t)—x(t—H(t))|?.

(5.12) EJo(x(t),x(t—H(t)),r(t)) < 7EV( (t),r (t))+2m¢0

For any ¢t € Ry, there is an integer n such that n7 < t < (n + 1)7. Thus z(t) —
x(t — H(t)) = x(t) — x(n7) is in fact, an Itd process on [n7, (n 4+ 1)7], and also for
any s € [n7,t], #(s — H(s)) = x(n7). Applying the It6 formula to |z|? and using the
linear growth conditions on f and g, we have

Bla(t) - o(n7)?
-/ (2<x<s> — 2(nm)) " (F(a(s), 2(s = (5)), 7(5) + Dygoya(nr)

T

T lg(a(s), <sa<s>>,r<s>>|2)ds
SC”+E/t (L1 + Lo + 203 + D + la(s) + (L + Lz + 3D + )la(nr)

+ (2L + 2L% + €)|x(s — (5(3))|2)ds

4Ly + 4Ly + 4D + 212 + 212 _
<Cyry Mot Ale AP ¥ 2L ¥ LA BT (a(t+ 0),r(t + 6)),
a1 —h—7<60<0

where
C1 =K3 + sup ((2K3 + 2K4Ls)|z| — €|z|?) + sup (2K3|z| — €|z|?)
zERC zERY

+ sup (2K4L4|a:| — e|x\2) .
rcRd

Substituting the estimation of E|z(t) — x(n7)|? into (5.12) gives that

EJy(x(t),z(t — H(t)),r(t)) < 12)#10@1; +5 LD EV(x(t),r(t) + (2;2;0 + S,if;o )

(5.13) x sup  EV(x(t+6),r(t+90)).
—h—7<6<0

Finally, putting (5.11) and (5.13) into ELV, we obtain that
ELV (x(t), z(t — 6(t)), 2(t — H(t)), 7(t))

DiC — -
<Co+ ST (L ) BV (a(t).r(0)
21100 fl 2
,[L2+€ 1T 3D%T ) ~
5.14 + — + — + — € su EV(zx(t+0),r(t+0)).
(5:14) ( f1 20100 20300 —h—rgego (a( Jr( )

From the definition of € in (5.10), it is easy to see that

L—€ g f2+e 1T 3D%7
— - 5 |- — + — +
i1 2 i1 2[110 2N1<P0
1 1 3D?
=90 _ (LOlT —(A‘FV—F VQFT>€>O.
2 2o f1 o 20590
The proof is completed. 0
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Next, we show the attractivity of solutions under the same settings.

LEMMA 5.7. Let all the conditions in Lemma 5.6 hold. Then for any positive
number R,

(5.15) tlim Bz (t) — 280 (t)]* = 0, wuniformly in &€ € Bg.
hde el

Proof. The proof process is quite similar to Lemma 4.6, so we only highlight the
difference. The key step is to obtain

Jim Blz(t) — 2(t)]* = 0, V& €€ Bp.

The notations z(t) and Z(t) keep the same as in Lemma 4.6. To show this claim, we
need to focus on the following equation

d(z(t) — 2(t)) = (f(@(t), z(t = 6(t)),r(t)) — f(2(t), 2(t — 6(t)), r(t))) dt
+ Dy (x(t — H(t)) — 2(t — H(t)))dt
+ (g(z(t),z(t = 6()), (1)) — g(@(t), 2(t — 6(t)),r(t))) AW (¢).
Just as we do in Lemma 5.6, after applying the generalized Ité formula to U(x, i) =
2Tz, the only work is to estimate LU : R% x S — R given by
LU (2, Z,y, 7,2, 2,1)
=2(z — &) T(f(z,y,1) = f(2,9,9) + (x = 2) (D Ty + TiDi)(z — 2)
+ trace ((g(=,y,7) — 9(%,9,4)) " Tilg(x, y,7) — 9(7,7,7)))
+qux—x j(x—x).

JjES
From (5.5), compute
ELU ((t), 2(t), x(t — 6(1)), (t — 6(t)), x(t — H(t)), 2(t — H(t)),(t))

0 - flo - -
<- (M - 2) EU(x(t) — &(t),r(t) + &, PU(t = o) — 2(t — (), r(t - 6(1)))

D2 _ e
+ QﬂWOEI(m(t—H(t)) —2(t — H(t))) — (z(t) — 2(1))[".

Noting the constant property of t — H(t), we have nt <t — H(t) < (n+1)7 and then
Bl|(z(t) — 2(t)) - (z(n7) — 2(n7))?

= [ (2(6) 706D - ator) = 2tar)
% (F((s),w(s = 8(5)),7(5)) = F(8(5), 35 = 8(5)),7(5)) + Drgsy(w(nr) = 2(n7)) )
+2lg(w(s), 2(s = 8(s)), 7(s)) — g(a(s), (s = 3(s)), r<s>>|2)ds

<E /:T ((3L1 + Lo+ 2L3 + D)|a(s) — #(s)[* + (L1 + Lo + 3D)|z(n7) — Z(n7)|?

+ (2Ls + 2L2)|a(s — 8(s)) — T(s — 5(5))\2)013
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ALy + 4Ly + 4D + 212 + 212
< e ik s it sup  B(t+0).

fi1 —h—7<0<0
Substituting this into ELU gives that
ELU(2(t), z(t), z(t — 0(t)), 2(t — 6(t)), =(t — H(t)), 2(t — H(t)),(t))
<= (£ -2 B0 - 20, ()

(5.16) +<‘f2+ Qfm) sup  EU(z(t+0) — Z(t 4+ 0),7(t + 6)).
1 201190 ) —h—7<6<0

i1 2 i1 2fi1¢0
procedure in Lemma 4.6 could imply the required (5.15). |

From Rule 5.5, we could see that (# — @) — (@ + ﬂ) > 0. Following the

Using the same method of proving Lemmas 4.4, 4.7, we could see from Lemma
5.6 that property (P1) holds, and property (P2) from Lemma 5.7. The following
conclusion could hence be drawn easily.

THEOREM 5.8. Let all the conditions in Lemma 5.6 hold. Then the controlled
SDDE (5.1) is stable in distribution. In other words, there is a probability measure ©
in P(Cp) such that limy_, dC(P(mi’}fo),w) = 0. Further, for any h° € [0, h), there is
a unique o € P(RY) such that limy s dr (P (28 (A0 + kh)), mh) = 0.

6. Illustrative examples.

6.1. Example 1. FitzHugh-Nagumo (FHN) system is a well-known nonlinear
model of a spiking neuron, designed to capture the essential dynamics of action po-
tential generation in excitable cells and cardiac cells [7]. Consider an FHN system
with Markovian switching by

(6.1) {xl(t)

()

3 (t)
w1 (t) — 5= — w2(t) + Leat,
vy (@1 (t) + 10y — Vo 22()),

where 21 (t) and x5 (t) represent the membrane potential and recovery variable, respec-
tively, € controls the speed of recovery, v ;, v2,; are constants of recovery process’
dynamics, I.,; is the external stimulation current like signal input. In a complex
environment, the input is not only made based on current-time states, but sometimes
depends on sampling states and noises, such as the following form

— (Rl,r(t) + Ul,r(t)W1(t))$1(t) - (RZ,r(t) + Uz,r(t)Wz(t))ﬂfl([t/h]h) + 0300y W ().

For simplicity, let r(¢) be a Markov chain taking values in S = {1,2} with generator
Q = _12 _21), Wi (t), Wa(t), W3(t) be scalar Brownian motions independent of
each other. The parameters are given as h = 0.02, R1; =5, R12 = 3, Ry1 = 0.5,
R272 = 0.1, 01,1 = 0.2, 012 = 0.1, 021 = 0.4, 022 = 0.2, 03,1 = 1, 032 = 0.5,
él = ég = 01, Vil = 1, Vi = 03, V21 = 15, Va2 = 10.

Letting z(t) = (21(t),22())T, W(t) = (Wi(t), Wa(t), W3(t))T, we can rewrite
FHN system (6.1) as a general form of hybrid SDDE

(6.2)  da(t) = F(x(t), z([t/h]h), r(t))dt + G(x(t), 2([t/h]h), r(t)) AW (1),
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where

€;V1,i T €;T1 — €2 ;T2

I3
F(x,y,i) = (‘(Ru — )21 — @3 — Rojy1 — 31) |

N [ —014iX1 —02;Y1 03
G(xayal)_( 0 0 O>
It is easy to calculate for every z,y € R2,i € S,
1
(@, y, ) <3607 + (B(Rus — 1)% + 31+ v5,)|al” + 3R, [yl” + S |,

|Gz, y,9)* =308 ;|2|> + 30§7i|y\2 + 30%,1 and

i &Gt R & +1
2V F(x,y,i) < — ((Rl,i —-1- R22’ € ;_ > A (0.996¢V2,i - ;_ >> ||

Ry
+ = 1yl® + Cr,
with Cp = sup,ep(éiv1,:a — 0.01€;v2 ;0%). For z,z,y,j € R?

(.Z’ - i‘)T(F(x’y,i) - F(.’fi,]j,’t))

Ry:, & +1 N & +1 _ Ro; _
§—<<R17i—1— 22’2—12>/\<€il/2,i— 12 >)|m—x|2—|—22’l|y—y|2,

and |G(x,y,i) — G(Z,7,1)|* = Qin|9: —z% + 2a§’i|y — i|?. Therefore, Assumption
3.1 holds with Ky = 1.7321, K; = 8.5282, K5 = 0.6928, p = 3, Assumption 3.2 holds
with o = 4.8333. Assumption 3.4 is satisfied with

ay1 = 48333, Qaq.2 = 2.25, Q21 = —0.875, Q22 = —0.425, Q31 = 049, Q32 = 0.11,

A= 3;715 1—825>’ (111,m2) = (0.7797,0.962) so that I — 2max;es(nias;) = 0.0464 >

0. Assumption 4.5 is satisfied with

Ba1=—0.89, Ba2=—0435 B31 =049, B32=0.11,

-1 1.87
0. By Theorem 4.8 and Corollary 4.9, FHN (6.2) is stable in distribution and {z(h°+
kh)}ren, also converges to a stationary distribution for any h° € [0, h).

For simulation, we first use the Euler-Marayama method with step size A = 0.001
to obtain 5000 sample paths. Then choose h? = 0 and do energy-test (see [29]) between
R2-valued samples x(kh) and z((k+1)h) for k = 0,1, ---. The result is shown in Fig.1
The upper is the E-statistics (energy distances), the values of which are close to zero
means two samples are almost from the same distributions. This shows that the
probability distribution of z(kh) will remain unchangeable as k advances. The lower
is the p values of each test, which are larger than 0.6 for large time, additionally
indicating that we cannot reject that distributions at quite distant time points follow
the same distribution. In other words, {x(kh)}ren, will converge to a stationary
distribution.

B— (3.78 —2 ) (71,72) = (0.7635,0.9431) s0 that I —2 max;es(7;3;) = 0.0614 >
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F1c. 1. Energy distances and p values over time of FHN(6.2).

6.2. Example 2. Next we use this example to show that our developed theory
could improve the estimation of upper bound of 7. Consider the same example studied
in [17], namely, the 2-dimensional hybrid SDE

(6.3) dz(t) = (bire) + Biryx(t)) dt + (ba,r) + Bo vy (t)) dW (£).

This is a special case that §(t) = 0. Here W(t) is a scalar Brownian motion, r(t) is
a Markov chain independent of W (t) with state space S = {1,2} and generator @ =

(21 _12> The system parameters are given by by = (10,5)7, b2 = (15,10)T,
b2’1 = (05703)T, b2,2 == (04,06)T,

2 -1 -1 2 0.1 01 —0.1 —0.1
Bri = (1 —1)  Bea= (—2 1)  Baa = (0.1 —0.1) » Baa= (—0.1 0.1 ) '

From the computer simulations in [17], hybrid SDE (6.3) is not stable in distribution.
We aim to find a linear control based on discrete-time observations to make the
controlled SDE

(64) dx(t) = (bl,r(t) + BLT(t)x(t) + DT(t)x([t/T]T)) dt+ (bQ,T(t) + 8277«(0%(15)) dW(ﬁ),

stable in distribution. We still use the same control function in [17], that is

(6.5) D) = (03 8) , Dy = (8 _02> )

It is easy to verify that Assumption 5.1 holds with L; = 3.1623, L, = 0, Ly = 0.2,
L, =0, K3 =18.0278, K, = 0.7211. To verify Rule 5.3, we could take I'1,I'; as 2 x 2
identity matrix, [y = [y = 0, and T'y; = By ; + BT, + 2B7 I Ba ;, that is

404 0 ~-1.96 0
F“‘( 0 —1.96)’ Fm_( 0 2.04)'
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We choose = 1.95 and D; in (6.5) to see that I =0y = _00'01 _0001 and
wo = 1.95. By Rule 5.5, compute 7 < 0.1538, which is better than the result in
[17], where 7 should be less than 0.01746. Since h = 0 in this special case, we
could then choose 7 = 0.1 for simulation. The result of energy test is given in Fig.2
(where the step size is 0.01, and we generate 5000 sample paths and with time point
difference being 0.1). It demonstrates the convergence of the distributions of sequence
{x(k7)}ren, from the controlled SDE (6.4).

=
o un
T T

energy distance
=
n

o©
[=}
T

100
time

0.8

p values

0.6

0.4r

90 92 94 96 98 100

time
F1G. 2. Energy distances and p values over time of the controlled SDE (6.4).

7. Conclusion. In this paper, we successfully used the generalized Halanay in-
equality described by right-continuous functions to develop moment boundedness,
moment exponential stability of equilibrium points, and asymptotic stability in dis-
tribution for hybrid SDDEs with very general time-variable delays. Stabilization by
discrete-time feedback control was also studied if a given hybrid SDDE was not stable
in distribution. The upper bound of observation duration could be obtained by a
linear equation, and its value could be improved compared with the existing results.
The application to FitzHugh-Nagumo system showed the practical feasibility of our
theory.

In the future, we will consider a more general type of the Halanay inequality,
whose right-hand side is governed by nonlinear form of the objective function. As a
result, Assumption 3.4 could be relaxed to the generalized Khasminskii-type condition
for hybrid SDDEs. Besides, more techniques should be developed to the estimation
of |(x& () — 28 (t)) — (x5 (t — H(t)) — 25" (t — H(t)))|, and so the global Lipschitz
condition can be relaxed from the study of discrete-state-feedback stabilization in
distribution.
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