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1. Introduction

Throughout this paper, we consider the process (X;),., given by the following stochastic
differential equation (SDE),

t t

b(X,)ds + J o(X5)dW,, x €R,t>0, (1)

Xt:x0+J
0

0

where (W;),-, is a standard Brownian motion defined on a complete probability space
(QF,(F t)t;O,]P’) with the filtration (F;),, satisfying the usual conditions; b and o are
real-valued measurable functions. Such SDEs arise in many areas of science and engin-
eering, from population genetics to financial mathematics (see, e.g., Chapter 7 in [1],
and [2]). Therefore, it is important to find effective methods to solve SDEs numerically.
If coefficients b and o are Lipschitz continuous, the numerical approximation for X has
been well studied (see [1, 3]). However, numerical analysis for SDEs with non-Lipschitz
coefficients is still a very active research area. In [4], Hutzenthaler et al. showed the
divergence of the classical Euler-Maruyama approximation in LP-norm when applying
for some classes of SDEs with super-linear growth coefficients. After that, they intro-
duced in [5] a tamed Euler-Maruyama approximation scheme and showed its strong
convergence when applying for SDEs with locally Lipschitz continuous, super-linear
growth drift coefficient and globally Lipschitz continuous diffusion coefficient. Since
then, the tamed Euler-Maruyama has been developed by many authors for larger classes
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of SDEs with super-linear growth and low regularity coefficients (see, e.g., [6-10] and
the references therein).

The strong convergence in infinite time of approximated solutions has attracted
much attention recently. In [11], Fang and Giles introduced an adaptive Euler-
Maruyama approximation. They showed that if b and ¢ satisfy the contractive Lipschitz
condition (Assumption 9 in [11]), b is polynomial growth Lipschitz continuous, and ¢
is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation con-
verges in L”-norm in infinite time intervals. In [12], Li et al. studied the strong conver-
gence in infinite time of a truncated Euler-Maruyama approximation scheme for SDEs
with locally Lipschitz and polynomial growth coefficients. Their method is to use
Khasminski’s techniques on some well-designed Lyapunov functions.

The aim of this paper is to propose a numerical scheme that strongly converges in
both finite and infinite time intervals for some class of one-dimensional SDEs with
locally Lipschitz continuous drift and locally Holder continuous diffusion coefficients.
By combining the tamed Euler-Maruyama approximation in [5, 9, 10] with the adaptive
one in [11], we propose a tamed-adaptive Euler-Maruyama approximation scheme. We
study the strong convergence of the scheme in both finite and infinite time intervals.
The convergence rate to be established is optimal because it is similar to the standard
results of the classical and tamed Euler-Maruyama schemes for SDEs with Holder con-
tinuous diffusion coefficient (see [7, 8, 13, 14]). We also consider the stability of the
tamed-adaptive scheme in L”-norm where we obtain a similar result to Theorem 5 in
[11] for a more general class of diffusion coefficients. The key idea of our argument is
to use the Yamada-Watanabe approximation to obtain upper bounds for some p-th
moments of the approximated solution. In comparison to [12], our method works for
SDEs with locally Holder continuous diffusion coefficient. However, a disadvantage
point of using the Yamada-Watanabe approximation is that it can be applied only for
one-dimensional SDEs while the method of Lyapunov functions in [11, 12] works for
multi-dimensional SDEs.

The rest of this paper is organized as follows. The definition of tamed-adaptive Euler-
Maruyama scheme and its convergence are established in Section 2. All the proofs are
deferred to Section 3.

2. Main results
2.1. Assumptions

We consider the following assumptions on b and o.

Al. There exist y € R, € [0, + 00), and py € [2, + 00) such that

po—1
2

xb(x) + lo(x)[* < ylxl” +n,

for any x € R.
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A2. b is one-sided Lipschitz: there exists a constant L, such that

(x =) (b(x) = b(y)) < Lilx = I,
for any x,y € R.

A3. b is locally Lipschitz continuous: there exist positive constants / and L, such that

1b(x) — b(y)| < L1+ x4+ ') e — 1,

for any x,y € R.

A4. o is (o +1)-locally Holder continuous: there exist positive constants m,L; and
o € [0, 3] such that

|o(x) — o ()] < La(1+ ™ + [y™) |x — y|"/**%,

for any x,y € R.

It follows from Theorem 2.1 in [8] that if Assumptions Al, A3, A4 hold for p, >
41+ 4, then Equation (1) has a unique strong solution. It is straighforward to verify
that the result of that Theorem 2.1 also holds for «=0.

2.2, Tamed-adaptive Euler-Maruyama scheme

For each A € (0,1), the tamed-adaptive Euler-Maruyama discretization of Equation (1)
is defined as follows

to =0, AXO = X0, ter1 =t + hA(X&)) (2)
th+1 = th + bA(th)hA(th) + GA(ka)(Wfk+1 - Wtk)’
where
A
ha(x) = , (3)

(1+ [b(x)| + |o(x)| + [2])*

for some constant [ > 1, and ba, o5 are some approximations of b and ¢ which will be
specified later.

The next result provides a sufficient condition for #, — oo as k — oo, which implies
that the tamed adaptive approximation scheme (2) is well-defined.

Proposition 2.1. Suppose that there exist positive constants L and f such that coefficients
b,a,ba and o, satisfy the following conditions

T1. |b(x)|v|o
T2. x(ba(x)
T3. |oa(x)|
T4. |oa(x)]

() < L1+ [2");

—ba(0)) < Ll

< Llo(x)[ and |ba(x)[ < L|b(x)};
<

L.
NI
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for any x € R. Then
lim ¢ =400 a.s. (4)

k—+o0

The proof is deferred to Section 3.3.

Under the assumptions of Proposition 2.1, we can define t := max{t, : ¢, <t} for
the nearest time point before ¢, and N; := max{n : t, < t} for the number of time steps
approximation up to time t. Note that t is a stopping time. We define the piecewise
constant interpolant process X; = X, and also define the standard continuous interpo-
lant as

X=X, +ba (X,) (t—1t)+oa (Xt> (We — Wy)

=X, + ba(X)(t — t) + oa(X,) (W, — W,). (5)

Hence, X, is the solution of the SDE
dX[ = bA(Xt)dt + O'A(Xt)dwt, X() = Xp-

Remark 2.2. It is straightforward to verify that under Assumptions A1-A4, the follow-
ing functions

a(x)

ba(x) =b(x), oa(x)= H‘TW.

(6)

satisfy all conditions of Proposition 2.1.

2.3. Moments

We first consider the moments of the exact solution. The following result should be
known but we are not able to find it in any classical texts. The proof is given in
Section 3.1.

Proposition 2.3. Assume that coefficients b and o satisfy the condition Al, and ¢ is
bounded on every compact subset of R. Then, for any p € [0, po),

E[|x.[7] < e +1 (@ =D if p£0, (7)
T 2t if 7=0.

We have the following bound on moments of the tamed-adaptive Euler-Maruyama
approximation.

Theorem 2.4. If coefficients b, a,ba,oa satisfy Conditions T1-T4, and there exist y €
R,n € [0, + o] and py € [2, + 00) such that for all x € R and t > 0, it holds

po—1
2

xba(x) + ai(x) < ylx|* + 1. (8)

Then, for any positive integer k < po/2, there exists a positive constant
K = K(xo,k, 1,7, L), which does not depend on t or A, such that
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Ke?kt if >0
B[P VE[xH] < ka+0f iy =o0. ©)
K if <0

The proof of Theorem 2.4 is deferred to Section 3.4.

Remark 2.5. Under Assumptions Al-A4, functions by and oa defined in (6) satisfy
conditions T2-T4 and (8). If y < 0, then the approximated solution is stable in the

sense that for any 0 < p < 2[p,/2] there exits a constant K, which does not depend on
A, such that

sup E[|X,[P]VE[|X,[f] < K.
£>0

Here we use the notation [py/2] for the integer part of py/2. Therefore, our result
slightly improves Theorem 5 in [11] since we are able to relax the boundedness condi-
tion on ¢. This improvement is due to the Yamada-Watanabe approximation.

Remark 2.6. Let N1 be the number of timesteps required by a path approximation on
[0, T] for any T > 0. Suppose that all conditions of Theorem 2.4 hold, then we have the
following bound on the expectation of N,

E[(Nr — 1)’] < C(p)A?, (10)

> pvl
By following the argument in the proof of Lemma 2 in [11], we can obtain the esti-
mate (10) as a consequence of Theorem 2.4.

for any p € [O o/ 2]}, where C(p) is a positive constant which does not depend on A.

2.4. Convergence

Theorem 2.7. Let Assumptions A1-A4 hold and py > 2Iv(2 + 4o + 4m). Suppose that
functions ba, o satisfy all conditions of Theorem 2.4, and
[b(x) = ba(¥)| < LiA[b(x)],  |o(x) — oa(x)] < LA o ()], (1)

for some constant Ly > 0.
Then, for any T > 0, there exists a positive constant Cr = C(xo, L, L1, Ly, L3, Ly, 7,1, T)
such that

CrA*  if0<a<
sup E“Xt _Xt|] S CT

0<t<T

1
5)
(12)

it «=0.
logK

Moreover, if L <0 and 7<0, then there exists a positive constant
C = C(xo,L, Ly, Ly, L3, Ly, y, 1), which does not depend on T, such that
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1

CA* ifo<a< >
= ] L
0og A

The proof of Theorem 2.7 is deferred to Section 3.5.

Remark 2.8. It is straightforward to verify that under Assumptions Al1-A4, the func-
tions by and g defined in (6) also satisfy condition (11).

3. Proofs
3.1. Proof of Proposition 2.3
Applying 1t6’s formula for e?"*|X,|” and the Condition A1, for any p € [2,p,], we have

t
, " — -1
e X = Ixol +J pe PEIX [P 2[—leslz + Xb(X;) +pT<72(Xs) ds
0

t
+J pe PEIX P o (X)dW, (14)
0

t

X o(X)dW.

< Il +j

t
pre PPIX P ds + J peP”
0 0

For each N> 0, we consider 1y = inf{t > 0 : |X;| > N}. It follows from (14) that
t
B e #7000, ] <l [ e on o .
0

Since (p — 2)|x[” +2 > p|x|P >, we get
t

B[, ] < bl 4 200 4 (5200 |

E [e_m(“f”) [Xs oy |P} ds.
0

It then follows from Gronwall’s inequality that
E[efpyawqxtwp} < (Jxof? + 2ntellt) o2t

This implies
Pley < 1] < (|xof? + 2nte?1t) b2t Pl N =P,

Thus, 7y T oo as N — oo. It follows from (14) that

E[e*Pv(MfN)|XMTN|P} < |xo|P—|—E

tATN
J pne 7| X |p2ds] ) (15)

0

Let N — oo in (15), and using Fatou’s lemma for the left hand side, and the mono-
tone convergence theorem for the right hand side, we get
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E[e P X,\] < |xoff + J;pneP’SE[IXSIP‘z] ds. (16)
Let p=2, we get
Ele 2 X,*] < |xo|® + J:) 2ne”ds,
which implies (7) for p=2. Furthermore, thanks to Holder’s inequality, (7) holds for

any p € [0,2].
Suppose that (7) holds for some p = p; € [0,pp — 2], i.e.,

B[] < { B LS - )P iy £

(17)
|2 + 2P/ if 3 =0.

We shall show that (7) holds for p = p; + 2. Thanks to the estimate (16), we have

E[e~ 152

t
] < |x0|P1+2 +J (P1 _’_z)nef(pﬁrz)ysE['XslPl]ds
0
If y = 0: using the estimate (17) to obtain
t
BIXP] < af™ + [ (o1 -+ 20l + 205

— ‘X()|P1+2 (|X + 21,/t|(P1+2 | 2|(Pl+2 /2>
= |x3 + 2;7t|(p’Jr2

If y # 0: using the estimate (17) to obtain

t n/2
E[e*(P1+2)Vt|Xt|P1+2] < |x0 |P1+2 + (p1 + 2)’,’67(171+2)"/s x(2)ez~/s _’_g(ezys _ 1) ds.
2
— P1+2 —2ys ;/I ;/I _2/5 Pl/
= |xo["" + (P1 + 2)ne 25 |xt + = ds.
vV
2
= |x0|P1+2 + _(Pl + 2) x(z) _|_ﬁ — ﬂe*Z"ys pi/ d(xé +ﬂ - ﬁez?s).
02 vy vy
(p1+2)/2
= |x0|p1+2 + xo Z ;’ e 2t |x0|(p1+2
(p1+2)/2
= x§+ﬂ_ﬂ672w
YoV
This implies
(p1+2)/2

E[|Xt|P1+2] < _ xéGZ/t+n(eZ;,vt_1)

N

' (1+2)/2

22t+’7 ot M
Y Y

By the induction principle, we obtain (7) for any p € [0, po).
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3.2. Yamada and Watanabe approximation

We recall the approximation technique of Yamada and Watanabe (see [13, 15]). For
each 6>1 and ¢>0 there exists a continuous function g : R — R with
suppys, C [¢/0; €] such that

¢ 2

[ ptae=1s 0w s -

Define

I

b= |

0

y
J Vs(z)dzdy, x€R.
0

It is easy to verify that ¢, has the following useful properties: for any x € R,

YWI. (ib;s(x) :ﬁd)gsﬂxD’
YW2. 0 [¢)(0| < 1,
YW3. x| <&+ ¢s.(x),
YWA4. P, (Ix]) < g)

YWS5. g?(|x|> = lp<3s<|x|) < \x\l%)g&l[f-é;s](wl) < slﬁgé'

3.3. Proof of Proposition 2.1

Throughout the proof, we use the following result, which is a consequence of the strong
Markov property of W,

. 0 if r is an odd integer
E[(W, =W, )|F,] = o(s—s)"? if r is an even integer, (18)

for some positive constant o,.

Proof of Proposition 2.1. We also use the projection method like in [11]. However, to
deal with the superlinear growth of g, we use the Yamada-Watanabe function ¢;,
instead of L-norm.

For each H > |xo|, we define a projected approximation scheme as follows:

~H
o =0, 1y =t + ha(Xp),
~H ~H ~H ~H ~H

X = P (g + ba (X ) ha () + o (X0 ) (Wi

k+1 k+1

- Wt{j))’

where Py (Y)£min(1,H/|Y|)Y and therefore |Xg,| < H for all k. Thus hA(}A(g) >
C(H,L,I,m)A, which implies that # 1 co as k — co. We also note that for each k,
is a stopping time and #/, is ]:tiz—measurable. Set t" = max{tf : tf <t}. Then t¥ is
also a stopping time. ) u

The piecewise constant approximation for intermediate times is again X, = X,u,
and the continuous approximation is
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¢ = Py (X" o (XY 0= 1) 4 oa (K™ ) (We = W)
:PH(Xf+bA<X )( )+0A<X >(W, Wtﬂ)).
Firstly, we note that Py(Y)£min(1, H/|Y|)Y implies ¢5,(Pu(Y)) < ¢s,(Y). Hence,
5. (517) = 05 (P (K104 (K1) =) 00 (X) (91 = i)

§¢5c(t+bA( )( )+0'A( )(Wt WtH))

Using Taylor’s expansion, there exists an (F;)-adapted process (&;) such that
(1) < 00, (6) 00, () (02 () = £+ o (57) (9= i)
+—<f>” (& )(bA( )(t t )+o-A( )(Wt WtH))z.
Note that |¢],(x)] < - 20 , thus
Do (K1) < 5o (X11) + 5, (%) [oa (X) = ()] ¢ = ) + 6, (XY Ba0) ¢ — £
+¢>5< )(;A(X )(Wt W)

+81255<b2( )(t_tH) +62(X5—1)(Wt_W£H)2),

Thanks to T3, we get
BRI (- 1) < 20 (X)) — = = 1’A
b (%)

It follows from YW3 and T2 that

95, (X11) [ (%) — ba(0)] (¢ — £ :M 1 ba (X1) = ba(0)] (¢ — £

bed
- H —-H
< Lx79%, (1X11) ¢ — 1.
Because |x|¢, (Jx]) < ¢s.(x) + &,

95, (X)) [oa (XF) — ba0)] ¢ — 1) < L (. (X7) +2) (1 - 1),

Moreover, thanks to T4 and the fact that de = 2W,dW,; + dt, we have

ai(;H;Xf)(Wt W,n)? <%2<2jt (Wi — Wéa)dWs—l—(t—tH)).

!H
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Hence,

d)dc(j(f]) < [t+L{e—t" )]¢bc( )
+ (L8+17A(0)|+2L25A+ 2L% )(t—t’*)+Jt o (X) ou (X)) dw,

elogd  ¢eAlogd i

t 2
J 4L70 (We = Wn)dW,.

t1 eAlog o
(19)

Note that e (1 4 L(t — t7)) < e”". By multiplying e to both sides of (19), we
have

2L%6A 20%6
s (K1) < by 4 e (X )+<Le+|bA<0)\+ + )e“(t—t*ﬂ

elogd  eAlogd
et — pr(tmen(x)] (%(’ ) (XtH) (Wi — W) +% [(Wt — W) — (¢ —tH)]>,

(20)
where
t 2
e ) (o (2 ou (%) + 20w w
| e (600 (52 o o
Let o(t,A) be the modulus of continuity of W, i.e.,
o(t,A) = sup [W(s1) — W(s2)|-
515 52€[0, t];[s2—s1|<A
For any p >0, it follows from Theorem 1 in [16] that
Eflo( A)] < Gy(Alog ). 1)

Therefore,
H

5 -1t o 2U25A 2125\ (!
e (X)) <M e g (XY + <L8+|bA<o>|+ + )J e leds
!H

elogd  eAlogd

L 412
+ Le MM (1 — ) (ﬁ o(t,A) + 1025 o(t, A)2> .

(22)
It also follows from (20) that

eiLtleJrl ¢58 (thl:l) S Mt;:’ + eiLt]):I d)(SE (X:I(Ii)

2 2 e
+ <L8+ ba(0)] + 2E04 2L ) J eds, (23)
tH

elogd  eAlogd
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where

s Hop (g - - 417
— —L(s"+h(X; H H _
Mgy = th oL(s"+n(xl)) (ngc(xs >0'A (Xs ) + sTogoa (W Ww))ciWs.

Summing (23) over multiple timesteps and then adding (22) gives

UK < ok e, (5]

i 2UI26A 2125 !
<e+M S L -
<&+ M+ dgp(x0) + ( 8+|bA(0)|+slog5+sA10g5> Joe %

2
L (ﬁ““ )+ Togs A)2>’

where

i J;eL<§H+h<x5>>@;g(xf)ﬂ(xf) (W, ))dWS'

Hence, for any the stopping time 7 < t, it follows from (21) that there exists a constant
C = C(x9, ¢, 0,A,L,ba(0)), which does not depend on H such that

E[e1%Y] < Clxor 0,4, L, ba(0)) (1 + | og ).
Applying Proposition IV.4.7 in [17], for any p € (0,1), we have

E{sup 5| %! |P] < f—icm £.6,AL ba(0))" (1 + |log])".

0<s<t

Hence,

E[sup b |P] < f;iqxo, £.6. AL bs(0)) (1 + | log ]) e, (24)

0<s<t

On the other hand, for any T >0,

P[tk<T]:IP>[tk<T, sup |X |> +P

0<s<T

H
tir <T, sup |X | < 1

0<s<T

It follows from Markov’s inequality and (24) that

. H H 2\’ .
]P’ltk < T, sup |X?| >?] <P[sup X, |>—‘| < <E> E[sup |Xf|P]

0<s<T 0<s<T 0<s<t

2\"2-
< (E) —p C(xo &6, A L ba(0))’ (1 + |log T|) €.

On the other hand, on the set {supogng |XS | < %} XH = X, for all s < T, which,

in turn, implies that t,fl =t if tx < T. Hence,



STOCHASTIC ANALYSIS AND APPLICATIONS . 725

o H
limsup]P’ltk < T, sup |Xf[| < 5] <limsupP[tf < T] =0,

k—o00 0<s<T k—o0

which implies that

2\'2-
limsup Pty < T] < (E) ﬁC(xo,s, 8. A L.ba(0))" (1 + |log T|)"e*T,
k—00 -

for any H>0. Let H — oo, we get limsup, Pty < T] =0 for any T>0. This
implies that limy_,, t = 400 almost surely, which is the desired result.

3.4. Proof of Theorem 2.4
We start will the following key estimate on moments of X.

Lemma 3.1. Assume that Conditions T1-T4 hold. Then for any p>0 and T >0, there
exists a positive constant C(p, L, T, x9, A) < oo such that

E[ sup |Xt|P] < C(p,L, T, x0, A).
0<t<T

Proof. Applying 1to’s formula for e Mg, (X,) gives
e X < e et ey (Xe)

<o )+ [ 1|0+ (K00 X0 + 3 6Kl ()P
+ Jt e 1P (Xo)aa(X)dW..
0

Applying Taylor’s expansion for ¢,, there exists an (F;)-adapted process ¢ = (&)
such that

P (Kba(Xe) = (5, (%) + ¢l (2 (%, — X)) ba(X,)
= ¢isc(5<s>bA<Xs) + #4,() (ba(X) (s = 9) + 0a(K)(We = W,) ) ba(X.)
= ¢4,(X) (0a(X) = ba(0)) + &, (X,)ba(0)
¥ ¢"< >(bz<x )(s = 5) + ba(XJoa(X) (W, = W)

X
+¢3’s (&) (BAX (s ) +bA<X >oA< s><Ws—Wi>>
20
slog5C 810g5

< LIX | + [ba(0)] +

|bA( ) A(Xs)(ws - W§)|
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Hence,

t

[ Lgsu (%) + L] + [bal0)] + oA

—Ltj( < e . J
€ | t|—8+¢06(x0)+ 1g5

0

gliégéwA(Xs)o'A(Xs)(Ws—Ws)|+ 0 5A}ds+J e 15, (X,)oa(Xs)dW..
Note that
— 5. (Xs) + |Xo| < —IX| + &+ |X]
< e+ [ba(Xo) (s — s)| + [oa(Xs)(Ws — W)l
Thus,

I < (1L o) + [ Lo (15— 9+ lon (K (W, = W) s

t
+J e gl (X)oa(X,)dW,
0

! 20 . 6 C
—Ls —
+ Le {|bA(o)| +slog5CA+slo 5 |bA(X)aa(X)(Ws — W) +8log5A]d
(25)
Note that, for any p >0, there exists a constant C(p) > 0 such that
E[|ba(X.)oa () (W, - w,)ﬂ

_E[mx)@ [W W|P|fH
< COIE||ba (X o (X (s — )"].
Thanks to (3) and Condition T4, we have
E|lba(XJoa(X)(We = Wo)P| < Clp,L).

Therefore, by choosing ¢ = 1,0 = 2 in (25), it follows from T1-T4, Holder’s inequal-
ity and Burkholder-Davis-Gundy’s inequality that for any T > 0, there exists a positive
constant C(p, L, T, xy, A) < 0o such that

0<t<T

E[ sup |Xt|P] < C(p,L, T, x0, A).

|

Proof of Theorem 2.4. Thanks to Holder’s inequality, it is sufficient to show (8) for k is
a positive interger and k < po/ 2i We will use the induction method. Firstly, for k=1,
applying Ito’s formula for e 2'X;, we have

ot 2
e X, :x§+J
0

¢ t
(<2 2Xba(X) + (X)) s+ | 267 Keoa(Xe)a.
0

(26)
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On the other hand, it follows from (5) that
X3 = X3 4 2Xba(Xo)(s = 9) + BR(X) (s = )7 + o (X)(We = W)
+2(X + ba(X) (s — 5))oa(Xs) (Ws — W),
Thanks to T3, (18), and (3),
max{[X:ba(X)(s = 5), LX) (s — )% E[dh(X)(Ws — W, 7 [ p <cA. - @7)
Therefore,
E[—zyf(f] < E[—zyXf} + Cly|A. (28)
A similar argument yields
E[2Xba(X,)] < E[2Xba(X)] + Cly|A. (29)
It then follows from (8), (26), (28), (29), that

t
E[e %] < Inof* +Cln + |y|A)J 25 s, (30)
0

Note that X, = X, — ba(X,)(t — t) — oa(X,) (W, — W,), which together with (27)
implies the following estimate for any p >0,
E[IX:] <37 (E[X[] +E[[ba(X)(t ~ )F] +E[Joa(X)(We = Wo)F )
(31)
< 3! (E[|5(t|f’] + CAP + CAP/Z).

It follows from (30) and (31) that (9) holds for k=1.

Secondly, we assume that (9) holds for any k < ko < [po/2] — 1, we will show that
(9) still holds for k = kg + 1.

By applying It6’s formula for e’PVSXf with p = 2(ko + 1) being an even integer, we have

t
ot 1S o N ~p—1 - -1 . _
P = el + [ e (ol K ba(R) + LKA R, )
0
t (32)
+ J pefp"s\)A(S|P72XSGA(XS)dWS.
0

It follows from (5) and the Newton expansion formula that for any positive integer g,

X1 = Z q—!(Xs)i(bA(Xs)(S - §))j <O’A(XS)(WS - W§)>

r
Tl :
0<iyjy r<q i+jtr=q ST

(33)
Thanks to (18), we have
E[IKFI7,] = 31K prRoba(Ro)(s — 9K

- Y BRI a6 - ) () 9)

0<i<p—2,i+j+2r=p
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Thanks to (27), we get

p—2 )
E[-yX "] <E[-yIX 7]+ Clyl Y E[1X4].
i=0

Choose g =p — 1 and g = p — 2 in (33), by the same argument, we also have
1 =2 ;
E[%" by (X,)] < X0 (%,) + C SB[,
i=0

and
p - B
B[P KA | <P A% + e EIRI
i=0
Combining (34)-(36) to get

E[—ww X a6 + 2L >]

SE[—V|X5|P+XfIb &)+ 2 xR,

p—2 )
<C) E[X[].
i=0

><\
+
_('3
(]
ik
x

(34)

(35)

(36)

(37)

From (32), (37), (31) and the inductive assumption, we obtain that (9) holds for k =

ko + 1, which implies the desired result.

3.5. Proof of Theorem 2.7

We need the following uniformly in time bound for the difference between X and X.

Lemma 3.2. Suppose that coefficients bp,aa satisfy all conditions of Theorem 2.4, then

there exists a positive constant C, = C(p,L) such that
sup E[|X, — X,f] < C,AP?,

£>0
for any p > 0.
Proof. From (5),

b X|—M(X“ﬂ+%@XW—MW

X
( I 4+ |oa(X )(Wt—W£)|P)
27! (Iba(X)FIha(XD)P + [oa(X0)F W, = W, ).

(38)
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By applying T3 and (3), we have
ba(Xha(X)| <2 and [oa(Xo)la(X0)] ] < 1A
Using (18), we obtain the desired result. O
Proof of Theorem 2.7. Put Y, = X; — X,. Applying the property YW3 and It6’s formula

for e 11y, (Y;) gives
e Y, < e e+ g (Y1)

= etk [ g0 + B (%) — ba(R0) + 5B TI0(X) — ()P s

+ JO e ¢l (Ys) (0(Xs) — aa(X,))dW.

(39)

Set J1(s) = ¢, (Ys)(b(X;) — ba(X5)) and Jr(s) = %¢§E(YS)|0(XS) — o-A()_(s)|2. Firstly, we
write

Ji(s) = @5, (Ye) (b(X0) = b(X0) + ¢, (Yo) (B(Xo) = b(X)) + ¢5,(Ye) (b(X,) = ba(X)).-
Thanks to properties YW1, YW2, assumptions A2, A3 and (11), we have

I(s) < % Yo(b(X,) — B(X.)) + 64, (Y) (b(Ke) — (X)) | + 94, (¥) (b(K) — ba(X.))]

< L (VDY) + Lo (1 4+ Kl 4+ Xl K - Xl 4+ A1+ %)
3 - - 1 /oA - _
< L (Y)Yl +5L2A1/2(1 IR IR + LS cA(1+x™).
(40)

Secondly, we write

Ja(s) = %(ﬁS'S(Ys)IG(Xs) —a(Xs) + 0(X,) — 0(Xs) + a(X,) — oa(X)[
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By using the property YWS5, the assumption A4 and (11), we have
& (2 5 7 1|2 — T\ |2
Ja(s) < |Y|log5 It (1Y) (l0(X0) = o(X)P + |o(X) = o(X)I* + [o(X,) — oa(X)[)
3
|Y|log5
m o 1m\2% v o v
‘I'Lg(l + |X5| + X ) X _XS|1+2 +L4A|G(XS)|4)

3 m m o
|Y|1085 [(,,](IYI)(3L2(1+|X|2 + X)X — X+
+ 302 (1 + | X7 + X)) 1K — X" + LaA|a(X)[H)
9126 (1
log o

[ ](|Y|)(L2(1+|X‘ +‘X| ) |X5_Xs|1+2a+

L2 20

~ logd

3L40Al0(X,)[*
elogd

+ |5(5|2m + |X5|2m) |5(3 . X5|20:+1

(14 (X" + 1X) +

9L%e* 9L%5
~ logo 2elogo
9135 - COA(|X 7+ 1

3 A71/271|XS_XS|40H-2+ (| S| + )

2¢elogd elogd

A - 2
(1 5P+ X ) A

(14 X" + X 27) +

9L3* . 7130 N -
< 3 1 Xs 2m Xs 2m 3 1 Xs 4m Xs 4m A1/2+o¢
< Togs LTI HIKE) 4 s (1 X 1K)
2 v |2+4o+4m
9L50 A—l/z—a|XS_X5|2+4a+C5A(|Xs| +1)'
2elog o ¢logo

(41)

A combination of (39), (40), (41) and the property —L;¢s,(x) + L1, (|x])]x] <
max{L;¢; 0} implies
E[eHy,]]
t
< e hitg 4 J e M [max{L;&; 0} + §LZAI/2 (1 +E [|X5|21] +E [|X5|21D
O 2

1 —12m 1% 12 s 9L3e™ 2m o 12m
+5 LaA E[|XS—XS|]+CA(1+E[|XS\ D+ log5(1+E[|Xs| | +E[X,*])

271%5 v |4m v [4m 1/2+ 9L§5 -1/2— " T |2+4u
1+E[|IX E|X AT —— A "E|1Xs—X
2eiogs (! TEIX HEIX A 4+ 50 [X: = X

o |2-Hda-+dm
N COA(E]|X| ]+ 1)](1&
¢logd

(42)

Thanks to the condition py > 21 V(2 + 4o + 4m), Theorem 2.4, Proposition 2.3, and
Lemma 3.2, for any T>0, there exists a positive constant C; such that for any t €

[0, T], it holds that
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Table 1. Four SDEs with their parameters.

Case b o Do Ly y i m
1 —1+x—x T+ (1+x)x2/3 15 1 -1 18073 2 3
2 —1+x—x 14\ feut 15 1 13 2 2

i@ Wl

3 717X7X7/3 14+ 202 £x10/3 1x4/3 15 -1
V 14
4 -1 —x— X7/3 10/3 4 y4/3 15 -1
1+ /%

o=
a2 o o O |

al= o= oal—ol—=| R

[FIENERWIEN

200 5A1/2+0( SA t
Ele1Y,|] <eMe+ Crle+ A2+ A+ A + J e lds.  (43)
logd  elogd  elogd| Jo

If o € (0;1], choosing & = A%, § =2, we obtain

sup E[|Y¢]] < CrA”.

0<t<T

If «=0, choosing ¢ = A1/4, 5 = A%, we obtain

Cr
sup E[|Y;|] <
OSth 1] log %

We obtain (12). Note that if L < 0 and 7 < 0, we can choose the constant Cr in
(43) such that it does not depend on T. Therefore, we also obtain (13). O

4. Examples

We consider four different SDEs with coefficients given in Table 1. These SDEs are
chosen such that: L; > 0,7 < 0 in Case 1; L; > 0,7 < 0 in Case 2; L; < 0,7 > 0 in Case
3; and L; < 0,7 < 0 in Case 4. We choose X, = 0 in all the cases. It is straightforward
to verify that these equations satisfy Assumptions Al-A4 with constants
Po-L1,y,m, 1, m, o given in Table 1 as well. In all these cases, py > 21 V(2 + 4o + 4m),
hence it follows from Theorem 2.7 that the tamed-adaptive Euler-Maruyama approxi-
mation scheme (2) converges in L'-norm at the rate of order o in any finite time inter-
val. Moreover, in Case 4, since L; < 0 and y < 0, the tamed-adaptive Euler-Maruyama
approximation scheme (2) converges in L'-norm at the rate of order o in infinite
time intervals.

In order to study the empirical rates of convergence of the tamed-adaptive Euler-
Maruyama scheme, we consider

Z|Xlk l+1 k)|

where for each [ > 2, (X(l k))1<k<M is a sequence of independent copies of %" defined

by Equations (2) and (3) with A = 27", Note that for each k and 1, X< k) and XEZH k)

must be generated on the same Brownian motion. This can be done by using the
Algorithm 1 in [11].
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-5.5

-6.5

-5.5

-6.5

Figure 1. Values of log,(me(/)) for I = 2,3,4,5,6.

Casel:L 1>0,y<0

y =-0.1668x - 3.853%
R? = 0.9267

Case3:L 1<0,y>0

®
y=-0.2426x - 4.4134
R?=0.978

-6.5

=55

-6.5

Case2:L_1>0,y>0

5
y =-0.2518x - 3.9718
R?=0.983

Case4:L _1<0,y<0

y =-0.2569x - 4.5802
R?=0.9837

it x" converges at the rate of order f§ € (0, 4+ oc) in L'-norm, then there exists a
constant § > 0 such that 2”E[|X; — X\[] = O(1), implying that 2#E[ X\ — x| =
O(1) and vice-versa. In this case, we can write log,me(l) = —pl+ C+ o(1), for some
constant C € R. Thus f can be estimated by the regression method.

Figure 1 shows the simulation result of log,me(l) for I =2,..,6. We draw the
regression lines to estimate the empirical rates of convergence f§ in each case. In Case 1,
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the empirical rate of convergence, which is 0.1668, is almost the same as the theoretical
rate, which is 1/6. In the other cases, the empirical rates are slightly better than the the-
oretical rate.

Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges in
infinitive time intervals while in other cases, it converges in any finite time intervals.
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