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Tamed-adaptive Euler-Maruyama approximation for SDEs
with locally Lipschitz continuous drift and locally H€older
continuous diffusion coefficients
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Hanoi National University of Education, Cau Giay, Hanoi, Vietnam

ABSTRACT
We propose a tamed-adaptive Euler-Maruyama approximation
scheme for stochastic differential equations with locally Lipschitz
continuous, polynomial growth drift, and locally H€older continuous,
polynomial growth diffusion coefficients. We consider the strong
convergence and the stability of the new scheme. In particular, we
show that under some sufficient conditions for the stability of the
exact solution, the tamed-adaptive scheme converges strongly in
both finite and infinite time intervals.
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1. Introduction

Throughout this paper, we consider the process ðXtÞt�0 given by the following stochastic
differential equation (SDE),

Xt ¼ x0 þ
ðt
0
bðXsÞdsþ

ðt
0
rðXsÞdWs, x0 2 R, t � 0, (1)

where ðWtÞt�0 is a standard Brownian motion defined on a complete probability space
ðX,F , ðF tÞt�0,PÞ with the filtration ðF tÞt�0 satisfying the usual conditions; b and r are
real-valued measurable functions. Such SDEs arise in many areas of science and engin-
eering, from population genetics to financial mathematics (see, e.g., Chapter 7 in [1],
and [2]). Therefore, it is important to find effective methods to solve SDEs numerically.
If coefficients b and r are Lipschitz continuous, the numerical approximation for X has
been well studied (see [1, 3]). However, numerical analysis for SDEs with non-Lipschitz
coefficients is still a very active research area. In [4], Hutzenthaler et al. showed the
divergence of the classical Euler-Maruyama approximation in Lp-norm when applying
for some classes of SDEs with super-linear growth coefficients. After that, they intro-
duced in [5] a tamed Euler-Maruyama approximation scheme and showed its strong
convergence when applying for SDEs with locally Lipschitz continuous, super-linear
growth drift coefficient and globally Lipschitz continuous diffusion coefficient. Since
then, the tamed Euler-Maruyama has been developed by many authors for larger classes
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of SDEs with super-linear growth and low regularity coefficients (see, e.g., [6–10] and
the references therein).
The strong convergence in infinite time of approximated solutions has attracted

much attention recently. In [11], Fang and Giles introduced an adaptive Euler-
Maruyama approximation. They showed that if b and r satisfy the contractive Lipschitz
condition (Assumption 9 in [11]), b is polynomial growth Lipschitz continuous, and r
is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation con-
verges in Lp-norm in infinite time intervals. In [12], Li et al. studied the strong conver-
gence in infinite time of a truncated Euler-Maruyama approximation scheme for SDEs
with locally Lipschitz and polynomial growth coefficients. Their method is to use
Khasminski’s techniques on some well-designed Lyapunov functions.
The aim of this paper is to propose a numerical scheme that strongly converges in

both finite and infinite time intervals for some class of one-dimensional SDEs with
locally Lipschitz continuous drift and locally H€older continuous diffusion coefficients.
By combining the tamed Euler-Maruyama approximation in [5, 9, 10] with the adaptive
one in [11], we propose a tamed-adaptive Euler-Maruyama approximation scheme. We
study the strong convergence of the scheme in both finite and infinite time intervals.
The convergence rate to be established is optimal because it is similar to the standard
results of the classical and tamed Euler-Maruyama schemes for SDEs with H€older con-
tinuous diffusion coefficient (see [7, 8, 13, 14]). We also consider the stability of the
tamed-adaptive scheme in Lp-norm where we obtain a similar result to Theorem 5 in
[11] for a more general class of diffusion coefficients. The key idea of our argument is
to use the Yamada-Watanabe approximation to obtain upper bounds for some p-th
moments of the approximated solution. In comparison to [12], our method works for
SDEs with locally H€older continuous diffusion coefficient. However, a disadvantage
point of using the Yamada-Watanabe approximation is that it can be applied only for
one-dimensional SDEs while the method of Lyapunov functions in [11, 12] works for
multi-dimensional SDEs.
The rest of this paper is organized as follows. The definition of tamed-adaptive Euler-

Maruyama scheme and its convergence are established in Section 2. All the proofs are
deferred to Section 3.

2. Main results

2.1. Assumptions

We consider the following assumptions on b and r.

A1. There exist c 2 R, g 2 ½0, þ1Þ, and p0 2 ½2, þ1Þ such that

xbðxÞ þ p0 � 1
2

jrðxÞj2 � cjxj2 þ g,

for any x 2 R:
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A2. b is one-sided Lipschitz: there exists a constant L1 such that

ðx � yÞðbðxÞ � bðyÞÞ � L1jx � yj2,

for any x, y 2 R:

A3. b is locally Lipschitz continuous: there exist positive constants l and L2 such that

jbðxÞ � bðyÞj � L2 1þ jxjl þ jyjl
� �

jx � yj,

for any x, y 2 R:

A4. r is aþ 1
2

� �
-locally H€older continuous: there exist positive constants m, L3 and

a 2 ½0, 12� such that

jrðxÞ � rðyÞj � L3 1þ jxjm þ jyjm� �jx � yj1=2þa,

for any x, y 2 R:

It follows from Theorem 2.1 in [8] that if Assumptions A1, A3, A4 hold for p0 �
4l þ 4, then Equation (1) has a unique strong solution. It is straighforward to verify
that the result of that Theorem 2.1 also holds for a¼ 0.

2.2. Tamed-adaptive Euler-Maruyama scheme

For each D 2 ð0, 1Þ, the tamed-adaptive Euler-Maruyama discretization of Equation (1)
is defined as follows

t0 ¼ 0, X̂0 ¼ x0, tkþ1 ¼ tk þ hDðX̂ tkÞ,
X̂ tkþ1 ¼ X̂ tk þ bDðX̂ tkÞhDðX̂ tkÞ þ rDðX̂ tkÞðWtkþ1 �WtkÞ,

(
(2)

where

hDðxÞ ¼ D

ð1þ jbðxÞj þ jrðxÞj þ jxjlÞ2
, (3)

for some constant l � 1, and bD, rD are some approximations of b and r which will be
specified later.
The next result provides a sufficient condition for tk ! 1 as k ! 1, which implies

that the tamed adaptive approximation scheme (2) is well-defined.

Proposition 2.1. Suppose that there exist positive constants L and b such that coefficients
b, r, bD and rD satisfy the following conditions

T1. jbðxÞj�jrðxÞj � Lð1þ jxjbÞ;
T2. xðbDðxÞ � bDð0ÞÞ � Ljxj2;
T3. jrDðxÞj � LjrðxÞj and jbDðxÞj � LjbðxÞj;
T4. jrDðxÞj � Lffiffiffi

D
p ;
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for any x 2 R. Then

lim
k!þ1

tk ¼ þ1 a:s: (4)

The proof is deferred to Section 3.3.
Under the assumptions of Proposition 2.1, we can define t :¼ max tn : tn � tf g for

the nearest time point before t, and Nt :¼ max n : tn � tf g for the number of time steps
approximation up to time t. Note that t is a stopping time. We define the piecewise
constant interpolant process �Xt ¼ X̂ t and also define the standard continuous interpo-
lant as

X̂ t ¼ X̂ t þ bD X̂ t

� �
ðt � tÞ þ rD X̂ t

� �
Wt �Wt
� �

¼ �Xt þ bDð�XtÞðt � tÞ þ rDð�XtÞðWt �Wt Þ: (5)

Hence, X̂ t is the solution of the SDE

dX̂t ¼ bDð�XtÞdt þ rD �Xtð ÞdWt, X̂0 ¼ x0:

Remark 2.2. It is straightforward to verify that under Assumptions A1–A4, the follow-
ing functions

bDðxÞ ¼ bðxÞ, rDðxÞ ¼ rðxÞ
1þ D1=2jrðxÞj : (6)

satisfy all conditions of Proposition 2.1.

2.3. Moments

We first consider the moments of the exact solution. The following result should be
known but we are not able to find it in any classical texts. The proof is given in
Section 3.1.

Proposition 2.3. Assume that coefficients b and r satisfy the condition A1, and r is
bounded on every compact subset of R. Then, for any p 2 ½0, p0�,

E jXtjp
� � � jx20e2ct þ g

c ðe2ct � 1Þjp=2 if c 6¼ 0,

jx20 þ 2gtjp=2 if c ¼ 0:

(
(7)

We have the following bound on moments of the tamed-adaptive Euler-Maruyama
approximation.

Theorem 2.4. If coefficients b, r, bD, rD satisfy Conditions T1–T4, and there exist c 2
R, g 2 ½0, þ1� and p0 2 ½2, þ1Þ such that for all x 2 R and t � 0, it holds

xbDðxÞ þ p0 � 1
2

r2DðxÞ � cjxj2 þ g: (8)

Then, for any positive integer k � p0=2, there exists a positive constant
K ¼ Kðx0, k, g, c, LÞ, which does not depend on t or D, such that
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E jX̂ tj2k
h i

�E j�Xtj2k
h i

�
Ke2kct if c > 0
Kð1þ tÞk if c ¼ 0
K if c < 0

:

8><
>: (9)

The proof of Theorem 2.4 is deferred to Section 3.4.

Remark 2.5. Under Assumptions A1–A4, functions bD and rD defined in (6) satisfy
conditions T2–T4 and (8). If c < 0, then the approximated solution is stable in the
sense that for any 0 � p � 2½p0=2� there exits a constant K, which does not depend on
D, such that

sup
t�0

E jX̂ tjp
� �

�E j�Xtjp
� �

< K:

Here we use the notation ½p0=2� for the integer part of p0=2: Therefore, our result
slightly improves Theorem 5 in [11] since we are able to relax the boundedness condi-
tion on r. This improvement is due to the Yamada-Watanabe approximation.

Remark 2.6. Let NT be the number of timesteps required by a path approximation on
½0,T� for any T> 0. Suppose that all conditions of Theorem 2.4 hold, then we have the
following bound on the expectation of NT,

E NT � 1ð Þp� � � CðpÞD�p, (10)

for any p 2 0, ½p0=2�b�l

h i
, where C(p) is a positive constant which does not depend on D.

By following the argument in the proof of Lemma 2 in [11], we can obtain the esti-
mate (10) as a consequence of Theorem 2.4.

2.4. Convergence

Theorem 2.7. Let Assumptions A1–A4 hold and p0 � 2l�ð2þ 4aþ 4mÞ. Suppose that
functions bD, rD satisfy all conditions of Theorem 2.4, and

jbðxÞ � bDðxÞj � L4DjbðxÞj, jrðxÞ � rDðxÞj � L4D
1=2jrðxÞj2, (11)

for some constant L4 > 0:
Then, for any T> 0, there exists a positive constant CT ¼ Cðx0, L, L1, L2, L3, L4, c, g,TÞ

such that

sup
0�t�T

E jX̂ t � Xtj
� �

�
CTD

a if 0 < a � 1
2
,

CT

log
1
D

if a ¼ 0:

8>>>><
>>>>:

(12)

Moreover, if L1 < 0 and c < 0, then there exists a positive constant
C ¼ Cðx0, L, L1, L2, L3, L4, c, gÞ, which does not depend on T, such that
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sup
t�0

E jX̂ t � Xtj
� �

�
CDa if 0 < a � 1

2
,

C

log
1
D

if a ¼ 0:

8>>>><
>>>>:

(13)

The proof of Theorem 2.7 is deferred to Section 3.5.

Remark 2.8. It is straightforward to verify that under Assumptions A1–A4, the func-
tions bD and rD defined in (6) also satisfy condition (11).

3. Proofs

3.1. Proof of Proposition 2.3

Applying Itô’s formula for e�pctjXtjp and the Condition A1, for any p 2 ½2, p0�, we have

e�pctjXtjp ¼ jx0jp þ
ðt
0
pe�pcsjXsjp�2 �cjXsj2 þ XsbðXsÞ þ p� 1

2
r2ðXsÞ

	 

ds

þ
ðt
0
pe�pcsjXsjp�1rðXsÞdWs

� jx0jp þ
ðt
0
pge�pcsjXsjp�2dsþ

ðt
0
pe�pcsjXsjp�1rðXsÞdWs:

(14)

For each N> 0, we consider sN ¼ infft � 0 : jXtj � Ng: It follows from (14) that

E e�pcðt � sNÞjXt � sN jp
h i

� jx0jp þ
ðt
0
pgE e�pcðs� sNÞjXs� sN jp�2

h i
ds:

Since ðp� 2Þjxjp þ 2 � pjxjp�2, we get

E e�pcðt � sNÞjXt � sN jp
h i

� jx0jp þ 2gtepjcjt þ ðp� 2Þg
ðt
0
E e�pcðs� sNÞjXs� sN jp
h i

ds:

It then follows from Gronwall’s inequality that

E e�pcðt � sNÞjXt � sN jp
h i

� jx0jp þ 2gtepjcjt
� �

eðp�2Þgt:

This implies

P sN < t½ � � jx0jp þ 2gtepjcjt
� �

eðp�2ÞgtepjcjtN�p:

Thus, sN " 1 as N ! 1: It follows from (14) that

E e�pcðt � sNÞjXt � sN jp
h i

� jx0jp þ E

ðt � sN

0
pge�pcsjXsjp�2ds

" #
: (15)

Let N ! 1 in (15), and using Fatou’s lemma for the left hand side, and the mono-
tone convergence theorem for the right hand side, we get
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E e�pctjXtjp
� � � jx0jp þ

ðt
0
pge�pcs

E jXsjp�2
� �

ds: (16)

Let p¼ 2, we get

E e�2ctjXtj2
� �

� jx0j2 þ
ðt
0
2ge�2csds,

which implies (7) for p¼ 2. Furthermore, thanks to H€older’s inequality, (7) holds for
any p 2 ½0, 2�:
Suppose that (7) holds for some p ¼ p1 2 ½0, p0 � 2�, i.e.,

E jXtjp1
� � � jx20e2ct þ g

c ðe2ct � 1Þjp1=2 if c 6¼ 0,

jx20 þ 2gtjp1=2 if c ¼ 0:

(
(17)

We shall show that (7) holds for p ¼ p1 þ 2: Thanks to the estimate (16), we have

E e�ðp1þ2ÞctjXtjp1þ2
� �

� jx0jp1þ2 þ
ðt
0
ðp1 þ 2Þge�ðp1þ2Þcs

E jXsjp1
� �

ds:

If c ¼ 0: using the estimate (17) to obtain

E jXtjp1þ2
� �

� jx0jp1þ2 þ
ðt
0
ðp1 þ 2Þgjx20 þ 2gsjp1=2ds:

¼ jx0jp1þ2 þ jx20 þ 2gtjðp1þ2Þ=2 � jx20jðp1þ2Þ=2
� �

¼ jx20 þ 2gtjðp1þ2Þ=2:

If c 6¼ 0: using the estimate (17) to obtain

E e�ðp1þ2ÞctjXtjp1þ2
� �

� jx0jp1þ2 þ
ðt
0
ðp1 þ 2Þge�ðp1þ2Þcs

����x20e2cs þ g
c
ðe2cs � 1Þ

����
p1=2

ds:

¼ jx0jp1þ2 þ
ðt
0
ðp1 þ 2Þge�2cs

����x20 þ g
c
� g

c
e�2cs

����
p1=2

ds:

¼ jx0jp1þ2 þ
ðt
0

1
2
ðp1 þ 2Þ

����x20 þ g
c
� g

c
e�2cs

����
p1=2

d x20 þ
g
c
� g

c
e�2cs

� 

:

¼ jx0jp1þ2 þ
����x20 þ g

c
� g

c
e�2ct

����
ðp1þ2Þ=2

� jx20jðp1þ2Þ=2

¼
����x20 þ g

c
� g

c
e�2ct

����
ðp1þ2Þ=2

:

This implies

E jXtjp1þ2
� �

�
����x20e2ct þ g

c
e2ct � g

c

����
ðp1þ2Þ=2

¼
����x20e2ct þ g

c
ðe2ct � 1Þ

����
ðp1þ2Þ=2

:

By the induction principle, we obtain (7) for any p 2 ½0, p0�:
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3.2. Yamada and Watanabe approximation

We recall the approximation technique of Yamada and Watanabe (see [13, 15]). For
each d > 1 and e > 0 there exists a continuous function wde : R ! R

þ with
suppwde � ½e=d; e� such thatðe

e=d
wdeðzÞdz ¼ 1; 0 � wdeðzÞ �

2
z log d

, z > 0:

Define

/deðxÞ :¼
ðjxj
0

ðy
0
wdeðzÞdzdy, x 2 R:

It is easy to verify that /d� has the following useful properties: for any x 2 R,

YW1. /0
deðxÞ ¼ x

jxj/
0
deðjxjÞ,

YW2. 0 � j/0
deðxÞj � 1,

YW3. jxj � eþ /deðxÞ,
YW4. /0

deðjxjÞ
jxj � d

e ,

YW5. /00
deðjxjÞ ¼ wdeðjxjÞ � 2

jxj log d 1 e
d;e½ �ðjxjÞ � 2d

e log d :

3.3. Proof of Proposition 2.1

Throughout the proof, we use the following result, which is a consequence of the strong
Markov property of W,

E Ws �Wsð ÞrjF s

� � ¼ 0 if r is an odd integer
arðs� s

�
Þr=2 if r is an even integer,

(
(18)

for some positive constant ar.

Proof of Proposition 2.1. We also use the projection method like in [11]. However, to
deal with the superlinear growth of r, we use the Yamada-Watanabe function /d�

instead of Lp-norm.
For each H > jx0j, we define a projected approximation scheme as follows:

tH0 ¼ 0, tHkþ1 ¼ tHk þ hDðX̂H
tHk
Þ,

X̂
H
tHkþ1

¼ PH X̂
H
tHk
þ bD X̂

H
tHk

� �
hDðX̂H

tHk
Þ þ rD X̂

H
tHk

� �
ðWtHkþ1

�WtHk
Þ

� �
,

8<
:

where PHðYÞ¢minð1,H=jYjÞY and therefore jX̂H
tHk
j � H for all k. Thus hDðX̂H

tHk
Þ �

CðH, L, l,mÞD, which implies that tHk " 1 as k ! 1: We also note that for each k, tHk
is a stopping time and tHkþ1 is F tHk

-measurable. Set t H ¼ maxftHk : tHk � tg: Then t H is

also a stopping time.
The piecewise constant approximation for intermediate times is again �XH

t ¼ X̂
H
t H ,

and the continuous approximation is
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X̂
H
t ¼ PH X̂t H

H þ bD X̂ t H
H

� �
ðt � t HÞ þ rD X̂ t H

H
� �

Wt �Wt H
� �� �

¼ PH �XH
t þ bD �XH

t

� �
ðt � t HÞ þ rD �XH

t

� �
Wt �Wt H
� �� �

:

Firstly, we note that PHðYÞ¢minð1,H=jYjÞY implies /deðPHðYÞÞ � /deðYÞ: Hence,

/de X̂
H
t

� �
¼ /de PH �XH

t þ bD �XH
t

� �
ðt � t HÞ þ rD �XH

t

� �
Wt �Wt H
� �� �� �

� /de
�XH
t þ bD �XH

t

� �
ðt � t HÞ þ rD �XH

t

� �
Wt �Wt H
� �� �

:

Using Taylor’s expansion, there exists an ðF tÞ-adapted process ðntÞ such that

/de X̂
H
t

� �
� /de

�XH
t

� �
þ /0

de
�XH
t

� �
bD �XH

t

� �
ðt � t HÞ þ rD �XH

t

� �
Wt �Wt H
� �� �

þ 1
2
/00
deðntÞ bD �XH

t

� �
ðt � t HÞ þ rD �XH

t

� �
Wt �Wt H
� �� �2

:

Note that j/00
deðxÞj � 2d

e log d , thus

/de X̂
H
t

� �
� /de

�XH
t

� �
þ /0

de
�XH
t

� �
bD �XH

t

� �
� bDð0Þ

h i
ðt � t

�

HÞ þ /0
de

�XH
t

� �
bDð0Þðt � t

�

HÞ

þ /0
de

�XH
t

� �
rD �XH

t

� �
Wt �Wt H
� �

þ 2d
e log d

b2D �XH
t

� �
ðt � t HÞ2 þ r2D �XH

t

� �
Wt �Wt H
� �2� �

:

Thanks to T3, we get

b2Dð�XH
t Þðt � t HÞ � L2b2 �XH

t

� � D

b2 �XH
t

� � ¼ L2D:

It follows from YW3 and T2 that

/0
de

�XH
t

� �
bD �XH

t

� �
� bDð0Þ

h i
ðt � t

�

HÞ ¼
/0
de j�XH

t j
� �
j�XH

t j
�XH
t bD �XH

t

� �
� bDð0Þ

h i
ðt � t

�

HÞ

� Lj�XH
t j/0

de j�XH
t j

� �
ðt � t

�

HÞ:

Because jxj/0
deðjxjÞ � /deðxÞ þ e,

/0
de

�XH
t

� �
bD �XH

t

� �
� bDð0Þ

h i
ðt � t

�

HÞ � L /de
�XH
t

� �
þ e

� �
ðt � t

�

HÞ:

Moreover, thanks to T4 and the fact that dW2
t ¼ 2WtdWt þ dt, we have

r2D t
�

H; �XH
t

� �
Wt �Wt H
� �2 � L2

D
2
ðt
t
�
H

Ws �Ws H
� �

dWs þ ðt � t
�

HÞ
 !

:
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Hence,

/de X̂
H
t

� �
� 1þ L t � t H

� �� �
/de

�XH
t

� �

þ Leþ jbDð0Þj þ 2L2dD
e log d

þ 2L2d
eD log d

 !
ðt � t

�

HÞ þ
ðt
t
�
H
/0
de

�XH
s

� �
rD �XH

s

� �
dWs

þ
ðt
t
�

H

4L2d
eD log d

Ws �Ws H
� �

dWs:

(19)

Note that e�Ltð1þ Lðt � t HÞÞ � e�Lt H : By multiplying e�Lt to both sides of (19), we
have

e�Lt/de X̂
H
t

� �
� Mt þ e�Lt H /de

�XH
t

� �
þ Leþ jbDð0Þj þ 2L2dD

e log d
þ 2L2d
eD log d

 !
e�Ltðt � t

�

HÞ

þ e�Lt � e�L t Hþh �XH
tð Þð Þ� �

/0
de

�XH
t

� �
rD �XH

t

� �
Wt �Wt H
� �þ 4L2d

e log dD
Wt �Wt H
� �2 � t � t H

� �h i !
,

(20)

where

Mt ¼
ðt
t H

e�L sHþh �XH
sð Þð Þ /0

de
�XH
s

� �
rD �XH

s

� �
þ 4L2d
eD log d

Ws �Ws H
� � !

dWs:

Let xðt,DÞ be the modulus of continuity of W, i.e.,

xðt,DÞ ¼ sup
s1, s22 0, t½ �;js2�s1j�D

jWðs1Þ �Wðs2Þj:

For any p> 0, it follows from Theorem 1 in [16] that

E jxðt,DÞjp� � � CpðD log
2t
D
Þp=2: (21)

Therefore,

e�Lt/de X̂
H
t

� �
� Mt þ e

�Lt
�

H

/de
�XH
t

� �
þ Leþ jbDð0Þj þ 2L2dD

e log d
þ 2L2d
eD log d

 !ðt
t
�
H
e�Lsds

þ Le�Lðt�DÞðt � t
�

HÞ Lffiffiffiffi
D

p xðt,DÞ þ 4L2d
eD log d

xðt,DÞ2
 !

:

(22)

It also follows from (20) that

e�LtHkþ1/de X̂ tHk

� �
� MtHk

þ e�LtHk /de X̂
H
tHk

� �

þ Leþ jbDð0Þj þ 2L2dD
e log d

þ 2L2d
eD log d

 !ðtHkþ1

tHk

e�Lsds, (23)
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where

MtHk
¼
ðtHkþ1

tHk

e�L sHþh �XH
sð Þð Þ /0

de
�XH
s

� �
rD �XH

s

� �
þ 4L2d
e log dD

Ws �Ws H
� � !

dWs:

Summing (23) over multiple timesteps and then adding (22) gives

e�LtjX̂H
t j � eþ e�Lt/de X̂

H
t

� �

� eþ �Mt þ /de x0ð Þ þ Leþ jbDð0Þj þ 2L2dD
e log d

þ 2L2d
eD log d

 !ðt
0
e�Lsds

þ Le�Lðt�DÞðt � t
�

HÞ Lffiffiffiffi
D

p xðt,DÞ þ 4L2d
eD log d

xðt,DÞ2
 !

,

where

�Mt ¼
ðt
0
e�L sHþh �XH

sð Þð Þ /0
de

�XH
s

� �
rD �XH

s

� �
þ 4L2d
e log dD

Ws �Ws H
� � !

dWs:

Hence, for any the stopping time s � t, it follows from (21) that there exists a constant
C ¼ Cðx0, e, d,D, L, bDð0ÞÞ, which does not depend on H such that

E e�LsjX̂H
s j

h i
� Cðx0, e, d,D, L, bDð0ÞÞ 1þ j log tj� �

:

Applying Proposition IV.4.7 in [17], for any p 2 ð0, 1Þ, we have

E sup
0�s�t

e�LpsjX̂H
s jp

	 

� 2� p

1� p
Cðx0, e, d,D, L, bDð0ÞÞp 1þ j log tj� �p

:

Hence,

E sup
0�s�t

jX̂H
s jp

	 

� 2� p

1� p
Cðx0, e, d,D, L, bDð0ÞÞp 1þ j log tj� �p

eLpt: (24)

On the other hand, for any T> 0,

P tk < T½ � ¼ P tk < T, sup
0�s�T

jX̂H
s j >

H
2

" #
þ P tk < T, sup

0�s�T
jX̂H

s j �
H
2

" #
:

It follows from Markov’s inequality and (24) that

P tk < T, sup
0�s�T

jX̂H
s j >

H
2

" #
� P sup

0�s�T
jX̂H

s j >
H
2

" #
� 2

H

� 
p

E sup
0�s�t

jX̂H
s jp

	 


� 2
H

� 
p
2� p
1� p

Cðx0, e, d,D, L, bDð0ÞÞp 1þ j logTj� �p
eLpT :

On the other hand, on the set sup0�s�T jX̂
H
s j � H

2

n o
, X̂

H
s ¼ X̂ s for all s � T, which,

in turn, implies that tHk ¼ tk if tk < T: Hence,
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lim sup
k!1

P tk < T, sup
0�s�T

jX̂H
s j �

H
2

" #
� lim sup

k!1
P tHk < T
� � ¼ 0,

which implies that

lim sup
k!1

P tk < T½ � � 2
H

� 
p
2� p
1� p

Cðx0, e, d,D, L, bDð0ÞÞp 1þ j logTj� �p
eLpT ,

for any H> 0. Let H ! 1, we get lim supk!1 P tk < T½ � ¼ 0 for any T> 0. This
implies that limk!1 tk ¼ þ1 almost surely, which is the desired result.

3.4. Proof of Theorem 2.4

We start will the following key estimate on moments of X̂ :

Lemma 3.1. Assume that Conditions T1–T4 hold. Then for any p> 0 and T> 0, there
exists a positive constant Cðp, L,T, x0,DÞ < 1 such that

E sup
0�t�T

jX̂ tjp
	 


� Cðp, L,T, x0,DÞ:

Proof. Applying Itô’s formula for e�Lt/deðX̂ tÞ gives
e�LtjX̂ tj � e�Lteþ e�Lt/deðX̂ tÞ

� eþ /deðx0Þ þ
ðt
0
e�Ls �L/deðX̂ sÞ þ /0

deðX̂ sÞbDð�XsÞ þ 1
2
/00
deðX̂sÞjrDð�XsÞj2

	 

ds

þ
ðt
0
e�Ls/0

deðX̂ sÞrDð�XsÞdWs:

Applying Taylor’s expansion for /0
de, there exists an ðF sÞ-adapted process n ¼ ðnsÞ

such that

/0
deðX̂ sÞbDð�XsÞ ¼ /0

de
�Xsð Þ þ /00

deðnsÞ X̂ s � �Xs

� �� �
bD �Xsð Þ

¼ /0
de

�Xsð ÞbD �Xsð Þ þ /00
deðnsÞ bD �Xsð Þðs� sÞ þ rD �Xsð ÞðWs �Ws Þ

� �
bD �Xsð Þ

¼ /0
de

�Xsð Þ bD �Xsð Þ � bDð0Þ
� �þ /0

de
�Xsð ÞbDð0Þ

þ /00
de
ðnsÞ b2D �Xsð Þðs� sÞ þ bD �Xsð ÞrD �Xsð ÞðWs �Ws Þ
� �

¼ /0
de
j�Xsj
� �
j�Xsj

�Xs bD �Xsð Þ � bDð0Þ
� �þ /0

de
�Xsð ÞbDð0Þ

þ /00
deðnsÞ b2D �Xsð Þðs� sÞ þ bD �Xsð ÞrD �Xsð ÞðWs �Ws Þ

� �
� Lj�Xsj þ jbDð0Þj þ 2d

e log d
CDþ 2d

e log d
jbD �Xsð ÞrD �Xsð ÞðWs �Ws

�
Þj:
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Hence,

e�LtjX̂ tj � eþ /deðx0Þ þ
ðt
0
e�Ls

	
� L/deðX̂ sÞ þ Lj�Xsj þ jbDð0Þj þ 2d

e log d
CD

þ 2d
e log d

jbD �Xsð ÞrD �Xsð ÞðWs �Ws
�
Þj þ d

e log d
C
D



dsþ

ðt
0
e�Ls/0

deðX̂ sÞrDð�XsÞdWs:

Note that

�/deðX̂ sÞ þ j�Xsj � �jX̂sj þ eþ j�Xsj
� eþ jbDð�XsÞðs� s

�
Þj þ jrDð�XsÞðWs �Ws

�
Þj:

Thus,

e�LtjX̂ tj � ð1þ LtÞeþ /deðx0Þ þ
ðt
0
Le�Ls jbDð�XsÞðs� sÞj þ jrDð�XsÞðWs �Ws Þj

� �
ds

þ
ðt
0
e�Ls/0

deðX̂ sÞrDð�XsÞdWs

þ
ðt
0
e�Ls jbDð0Þj þ 2d

e log d
CDþ 2d

e log d
jbD �Xsð ÞrD �Xsð ÞðWs �Ws Þj þ d

e log d
C
D

	 

ds:

(25)

Note that, for any p> 0, there exists a constant C(p) > 0 such that

E jbD �Xsð ÞrD �Xsð ÞðWs �Ws Þjp
h i
¼ E jbD �Xsð ÞrD �Xsð ÞjpE jWs �Ws jpjF s

h ih i
� CðpÞE jbD �Xsð ÞrD �Xsð Þjpðs� sÞp=2

h i
:

Thanks to (3) and Condition T4, we have

E jbD �Xsð ÞrD �Xsð ÞðWs �Ws Þjp
h i

� Cðp, LÞ:

Therefore, by choosing e ¼ 1, d ¼ 2 in (25), it follows from T1–T4, H€older’s inequal-
ity and Burkholder-Davis-Gundy’s inequality that for any T> 0, there exists a positive
constant Cðp, L,T, x0,DÞ < 1 such that

E sup
0�t�T

jX̂ tjp
	 


� Cðp, L,T, x0,DÞ:

w

Proof of Theorem 2.4. Thanks to H€older’s inequality, it is sufficient to show (8) for k is
a positive interger and k � p0=2: We will use the induction method. Firstly, for k¼ 1,
applying Itô’s formula for e�2ctX̂

2
t , we have

e�2ctX̂
2
t ¼ x20 þ

ðt
0
e�2cs �2cX̂

2
s þ 2X̂ sbDð�XsÞ þ r2Dð�XsÞ

� �
dsþ

ðt
0
2e�2csX̂ srDð�XsÞdWs:

(26)
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On the other hand, it follows from (5) that

X̂
2
s ¼ �X2

s þ 2�XsbDð�XsÞðs� s
�
Þ þ b2Dð�XsÞðs� s

�
Þ2 þ r2Dð�XsÞðWs �Ws

�
Þ2

þ 2ð�Xs þ bDð�XsÞðs� s
�
ÞÞrDð�XsÞðWs �Ws

�
Þ:

Thanks to T3, (18), and (3),

max j�XsbDð�XsÞðs� sÞj, b2Dð�XsÞðs� sÞ2,E r2Dð�XsÞðWs �Ws Þ2jF s

h in o
� CD: (27)

Therefore,

E �2cX̂
2
s

h i
� E �2c�X2

s

h i
þ CjcjD: (28)

A similar argument yields

E 2X̂sbDð�XsÞ
� �

� E 2�XsbDð�XsÞ
� �þ CjcjD: (29)

It then follows from (8), (26), (28), (29), that

E e�2ctX̂
2
t

h i
� jx0j2 þ Cðgþ jcjDÞ

ðt
0
e�2csds: (30)

Note that �Xt ¼ X̂ t � bDð�XtÞðt � tÞ � rDð�XtÞðWt �Wt Þ, which together with (27)
implies the following estimate for any p> 0,

E j�Xtjp
� � � 3p�1

E jX̂ tjp
� �

þ E jbDð�XtÞðt � t Þjp� �þ E jrDð�XtÞðWt �Wt Þjp
h i� �

� 3p�1
E jX̂ tjp
� �

þ CDp þ CDp=2
� �

:
(31)

It follows from (30) and (31) that (9) holds for k¼ 1.
Secondly, we assume that (9) holds for any k � k0 � ½p0=2� � 1, we will show that

(9) still holds for k ¼ k0 þ 1:
By applying Itô’s formula for e�pcsX̂

p
t with p ¼ 2ðk0 þ 1Þ being an even integer, we have

e�pctjX̂ tjp ¼ jx0jp þ
ðt
0
pe�pcs �cjX̂ sjp þ X̂

p�1
s bDð�XsÞ þ p� 1

2
jX̂ sjp�2r2Dð�XsÞ

� 

ds

þ
ðt
0
pe�pcsjX̂ sjp�2X̂ srDð�XsÞdWs:

(32)

It follows from (5) and the Newton expansion formula that for any positive integer q,

jX̂ sjq ¼
X

0�i, j, r�q, iþjþr¼q

q!
i!j!r!

�Xsð Þi bDð�XsÞðs� sÞ� �j
rDð�XsÞðWs �Ws Þ
� �r

: (33)

Thanks to (18), we have

E �cjX̂ sjpjF s

h i
¼ �cj�Xsjp � pc�XsbDð�XsÞðs� s

�
Þj�Xsjp�2

�
X

0�i�p�2, iþjþ2r¼p

cq!
i!j!k!

�Xsð Þi bDð�XsÞðs� sÞ� �j
r2Dð�XsÞðs� sÞ� �r

a2r:
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Thanks to (27), we get

E �cjX̂ sjp
� �

� E �cj�Xsjp
� �þ Cjcj

Xp�2

i¼0

E j�Xsji
� �

: (34)

Choose q ¼ p� 1 and q ¼ p� 2 in (33), by the same argument, we also have

E X̂
p�1
s bDð�XsÞ

h i
� �Xp�1

s bDð�XsÞ þ C
Xp�2

i¼0

E j�Xsji
� �

(35)

and

E
p� 1
2

jX̂ sjp�2r2Dð�XsÞ
	 


� p� 1
2

j�Xsjp�2r2Dð�XsÞ þ C
Xp�2

i¼0

E j�Xsji
� �

: (36)

Combining (34)–(36) to get

E �cjX̂ sjp þ X̂
p�1
s bDð�XsÞ þ p� 1

2
jX̂sjp�2r2Dð�XsÞ

	 


� E �cj�Xsjp þ �Xp�1
s bDð�XsÞ þ p� 1

2
j�Xsjp�2r2Dð�XsÞ

	 

þ C

Xp�2

i¼0

E j�Xsji
� �

� C
Xp�2

i¼0

E j�Xsji
� �

:

(37)

From (32), (37), (31) and the inductive assumption, we obtain that (9) holds for k ¼
k0 þ 1, which implies the desired result.

3.5. Proof of Theorem 2.7

We need the following uniformly in time bound for the difference between X̂ and �X :

Lemma 3.2. Suppose that coefficients bD, rD satisfy all conditions of Theorem 2.4, then
there exists a positive constant Cp ¼ Cðp, LÞ such that

sup
t�0

E jX̂ t � �Xtjp
� �

� CpD
p=2, (38)

for any p � 0:

Proof. From (5),

jX̂ t � �Xtjp ¼ jbDð�XtÞðt � t
�
Þ þ rDð�XtÞðWt �Wt

�
Þjp

� 2p�1 jbDð�XtÞðt � t Þjp þ jrDð�XtÞðWt �Wt Þjp
� �

� 2p�1 jbDð�XtÞjpjhDð�XtÞjp þ jrDð�XtÞjpjWt �Wt jp
� �

:
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By applying T3 and (3), we have

jbDð�XtÞhDð�XtÞj � LD
4

and jrDð�XtÞjhDð�XtÞj1=2j � LD1=2:

Using (18), we obtain the desired result. w

Proof of Theorem 2.7. Put Yt ¼ Xt � X̂ t: Applying the property YW3 and Itô’s formula
for e�L1t/deðYtÞ gives
e�L1tjYtj � e�L1teþ e�L1t/deðYtÞ

¼ e�L1teþ
ðt
0
e�L1s �L1/deðYsÞ þ /0

deðYsÞ bðXsÞ � bDð�XsÞ
� �þ 1

2
/00
deðYsÞjrðXsÞ � rDð�XsÞj2

	 

ds

þ
ðt
0
e�L1s/0

deðYsÞ rðXsÞ � rDð�XsÞ
� �

dWs:

(39)

Set J1ðsÞ ¼ /0
deðYsÞðbðXsÞ � bDð�XsÞÞ and J2ðsÞ ¼ 1

2/
00
deðYsÞjrðXsÞ � rDð�XsÞj2: Firstly, we

write

J1ðsÞ ¼ /0
deðYsÞ bðXsÞ � bðX̂ sÞ

� �
þ /0

deðYsÞ bðX̂sÞ � bð�XsÞ
� �

þ /0
deðYsÞ bð�XsÞ � bDð�XsÞ

� �
:

Thanks to properties YW1, YW2, assumptions A2, A3 and (11), we have

J1ðsÞ � /0
deðjYsjÞ
jYsj Ys bðXsÞ � bðX̂ sÞ

� �
þ j/0

deðYsÞ bðX̂ sÞ � bð�XsÞ
� �

j þ j/0
deðYsÞ bð�XsÞ � bDð�XsÞ

� �j
� L1/

0
deðjYsjÞjYsj þ L2 1þ jX̂ sjl þ j�Xsjl

� �
jX̂ s � �Xsj þ CD 1þ j�Xsjlþ1

� �
� L1/

0
deðjYsjÞjYsj þ 3

2
L2D

1=2 1þ jX̂ sj2l þ j�Xsj2l
� �

þ 1
2
L2D

�1=2jX̂ s � �Xsj2 þ CD 1þ j�Xsjlþ1
� �

:

(40)

Secondly, we write

J2ðsÞ ¼ 1
2
/00
deðYsÞjrðXsÞ � rðX̂ sÞ þ rðX̂ sÞ � rð�XsÞ þ rð�XsÞ � rDð�XsÞj2:
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By using the property YW5, the assumption A4 and (11), we have

J2ðsÞ � 3
jYsj log d I e

d;e½ �ðjYsjÞ jrðXsÞ � rðX̂sÞj2 þ jrðX̂ sÞ � rð�XsÞj2 þ jrð�XsÞ � rDð�XsÞj2
� �

� 3
jYsj log d I e

d;e½ �ðjYsjÞðL23 1þ jXsjm þ jX̂ sjm
� �2jXs � X̂ sj1þ2aþ

þ L23 1þ jX̂sjm þ j�Xsjm
� �2jX̂ s � �Xsj1þ2a þ L4Djrð�XsÞj4Þ

� 3
jYsj log d I e

d;e½ �ðjYsjÞð3L23 1þ jXsj2m þ jX̂ sj2m
� �

jXs � X̂sj1þ2aþ

þ 3L23 1þ jX̂ sj2m þ j�Xsj2m
� �

jX̂ s � �Xsj1þ2a þ L4Djrð�XsÞj4Þ

� 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
� �

þ 9L23d
e log d

1þ jX̂sj2m þ j�Xsj2m
� �

jX̂ s � �Xsj2aþ1

þ 3L4dDjrð�XsÞj4
e log d

� 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
� �

þ 9L23d
2e log d

1þ jX̂ sj2m þ j�Xsj2m
� �2

D1=2þa

þ 9L23d
2e log d

D�1=2�ajX̂ s � �Xsj4aþ2 þ CdD j�Xsj2þ4aþ4m þ 1
� �

e log d

� 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
� �

þ 27L23d
2e log d

1þ jX̂ sj4m þ j�Xsj4m
� �

D1=2þa

þ 9L23d
2e log d

D�1=2�ajX̂ s � �Xsj2þ4a þ CdD j�Xsj2þ4aþ4m þ 1
� �

e log d
:

(41)

A combination of (39), (40), (41) and the property �L1/deðxÞ þ L1/0
deðjxjÞjxj �

maxfL1e; 0g implies

E e�L1tjYtj
� �
� e�L1teþ

ðt
0
e�L1s½maxfL1e; 0g þ 3

2
L2D

1=2 1þ E jX̂ sj2l
h i

þ E j�Xsj2l
h i� �

þ 1
2
L2D

�1=2
E jX̂ s � �Xsj2
� �

þ CD 1þ E j�Xsjlþ1
h i� �

þ 9L23e
2a

log d
1þ E jXsj2m

� �
þ E jX̂ sj2m

� �� �
þ 27L23d
2e log d

1þ E jX̂ sj4m
� �

þ E j�Xsj4m
� �� �

D1=2þa þ 9L23d
2e log d

D�1=2�a
E

	
jX̂ s � �Xsj2þ4a




þ CdD E j�Xsj2þ4aþ4m
� �

þ 1
� �

e log d



ds:

(42)

Thanks to the condition p0 � 2l �ð2þ 4aþ 4mÞ, Theorem 2.4, Proposition 2.3, and
Lemma 3.2, for any T> 0, there exists a positive constant CT such that for any t 2
½0,T�, it holds that
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E e�L1tjYtj
� �

� e�L1teþ CT eþ D1=2 þ Dþ e2a

log d
þ dD1=2þa

e log d
þ dD
e log d

" # ðt
0
e�L1sds: (43)

If a 2 ð0; 12 �, choosing e ¼ D1=2, d¼ 2, we obtain

sup
0�t�T

E jYtj½ � � CTD
a:

If a¼ 0, choosing e ¼ D1=4, d ¼ D�1=4, we obtain

sup
0�t�T

E jYtj½ � � CT

log 1
D

:

We obtain (12). Note that if L1 < 0 and c < 0, we can choose the constant CT in
(43) such that it does not depend on T. Therefore, we also obtain (13). w

4. Examples

We consider four different SDEs with coefficients given in Table 1. These SDEs are
chosen such that: L1 > 0, c < 0 in Case 1; L1 > 0, c < 0 in Case 2; L1 < 0, c > 0 in Case
3; and L1 < 0, c < 0 in Case 4. We choose X0 ¼ 0 in all the cases. It is straightforward
to verify that these equations satisfy Assumptions A1–A4 with constants
p0, L1, c, g, l,m, a given in Table 1 as well. In all these cases, p0 � 2l �ð2þ 4aþ 4mÞ,
hence it follows from Theorem 2.7 that the tamed-adaptive Euler-Maruyama approxi-
mation scheme (2) converges in L1-norm at the rate of order a in any finite time inter-
val. Moreover, in Case 4, since L1 < 0 and c < 0, the tamed-adaptive Euler-Maruyama
approximation scheme (2) converges in L1-norm at the rate of order a in infinite
time intervals.
In order to study the empirical rates of convergence of the tamed-adaptive Euler-

Maruyama scheme, we consider

meðlÞ ¼ 1
M

XM
k¼1

jX̂ ðl, kÞ
1 � X̂

ðlþ1, kÞ
1 j,

where for each l � 2, ðX̂ ðl, kÞÞ1�k�M is a sequence of independent copies of X̂
ðlÞ

defined
by Equations (2) and (3) with D ¼ 2�l: Note that for each k and l, X̂

ðl, kÞ
1 and X̂

ðlþ1, kÞ
1

must be generated on the same Brownian motion. This can be done by using the
Algorithm 1 in [11].

Table 1. Four SDEs with their parameters.
Case b r p0 L1 c g l m a

1 �1þ x � x3 1þ ð1þ xÞx2=3 15 1 –1 18073 2 4
3

1
6

2 �1þ x � x3 1þ
ffiffiffiffiffiffiffiffiffiffiffi
x4þx4=3

14

q
15 1 13

3
5
6 2 2 1

6

3 �1� x � x7=3 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x2þx10=3þx4=3

14

q
15 –1 13

3
5
6

4
3 1 1

6

4 �1� x � x7=3 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x10=3þx4=3

14

q
15 –1 � 1

6
11
6

4
3 1 1

6
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If X̂
ðlÞ

converges at the rate of order b 2 ð0, þ1Þ in L1-norm, then there exists a
constant b > 0 such that 2blE½jX1 � XðlÞ

1 j� ¼ Oð1Þ, implying that 2blE½jX̂ ðlþ1Þ
1 � X̂

ðlÞ
1 j� ¼

Oð1Þ and vice-versa. In this case, we can write log 2meðlÞ ¼ �bl þ C þ oð1Þ, for some
constant C 2 R: Thus b can be estimated by the regression method.
Figure 1 shows the simulation result of log 2meðlÞ for l ¼ 2, :::, 6: We draw the

regression lines to estimate the empirical rates of convergence b in each case. In Case 1,

Figure 1. Values of log 2ðmeðlÞÞ for l ¼ 2, 3, 4, 5, 6:
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the empirical rate of convergence, which is 0.1668, is almost the same as the theoretical
rate, which is 1/6. In the other cases, the empirical rates are slightly better than the the-
oretical rate.
Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges in

infinitive time intervals while in other cases, it converges in any finite time intervals.
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