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INTRODUCTION

1. Reasons for choosing the topic

The Japanese mathematician Gisiro Maruyama is credited as the first to formally and
generally propose the extension of the Euler method from ordinary differential equa-
tions to stochastic differential equations. In his 1955 paper Icite{Mar}, he introduced
the idea of approximating the solution of a stochastic differential equation by a sequence
of simpler processes. This work led to the development of one of the most widely used
approximation schemes today: the EulerMaruyama method. Kloeden and Platen [47]
later proved that this method has a strong convergence order of % in the L?-norm,
provided that the coefficients of the equation satisfy the global Lipschitz condition.
When the coefficients of a stochastic differential equation do not satisfy the stan-
dard global Lipschitz condition, research has focused on several important classes of

equations. These include cases where the coefficients are:

e Non-smooth: for instance, being merely Holder continuous or even discontinu-

ous.
e Superlinearly growing: exhibiting growth that is faster than linear.
e Singular: becoming undefined at a finite number of points.

Regarding the first class of coefficients, Hairer, Hutzenthaler, and Jentzen [26] con-
structed a notable example of a stochastic differential equation where the drift coef-
ficient b is bounded and infinitely differentiable (C*°) and the diffusion coefficient o
is constant. Nevertheless, its Euler-Maruyama approximation fails to converge to the
exact solution, neither in the strong nor in the weak sense, at any positive rate. Their
key idea was to construct a drift b whose derivatives exhibit extremely high oscilla-
tions, which prevents b from satisfying the global Lipschitz condition. Subsequently, in

[27], Hefter and Jentzen showed that for the equation describing the Cox-Ingersoll-Ross
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process,
t t
Xt:x+/ (a—bXs)ds+/ o/ XsdWs,
0 0
1

for which the diffusion coefficient is merely Hélder continuous of order 5. In this
setting, the convergence rate of any discrete-time approximation method deteriorates
significantly as the parameter o becomes large. Subsequently, Gyongy and Résonyi [25]
proved that for an SDE with a Lipschitz drift and a diffusion coefficient that is Holder
continuous of order % + « for some a € (0, %} , the Euler-Maruyama scheme achieves a
convergence order of o in the L' norm. Their proof relied on the Yamada-Watanabe
technique of approximating the absolute value function |z|, a method that has since
paved the way for numerous studies on approximating SDEs with non-Lipschitz dif-
fusion coefficients [3, 72, 73]. It is important to note, however, that these results are
only applicable to equations whose coefficients have at most linear growth.

For the second class of problems, involving superlinear coefficients, Hutzenthaler,

Jentzen, and Kloeden [34] studied the stochastic differential equation
1
dX, = (—§2Xt + Xf’) dt +6X,dW,,  with Xo=1.

In their work, the authors demonstrated that for SDEs of this type-where the drift coef-
ficient grows superlinearly and the diffusion coefficient has linear growth-the moments
of the EulerMaruyama approximation diverge to infinity. In contrast, the moments
of the true solution remain finite. This divergence of moments proves that the Euler-
Maruyama scheme fails to converge in the LP-sense for any p > 1, highlighting the
need for modified numerical schemes.

To overcome this divergence issue, a variety of explicit tamed methods have been pro-

posed in recent years. Notable examples include:

e The tamed Euler-Maruyama scheme, introduced by Hutzenthaler, Jentzen, and
Kloeden [35] and independe by Sabanis [80], which is designed for SDEs with

a superlinearly growing drift and a locally Lipschitz diffusion coefficient.

e The truncated Euler-Maruyama scheme, proposed by Mao [63], for equations with

locally Lipschitz coefficients.

The fundamental idea behind these ”tamed” methods is to replace the original, un-

bounded coefficients with suitably constructed bounded functions in the numerical
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scheme. However, a kd%mitation of the aforementioned works is that they are pri-
marily applicable to SDEs whose diffusion coefficients are (at least) locally Lipschitz.

A notable limitation of the aforementioned works is their focus on the convergence of
numerical schemes over a finite time horizon [0,7]. However, the long-term behavior
of solutions to stochastic differential equations, particularly those driven by Brown-
ian motion or Lévy processes, is of paramount importance in fields such as stochastic
process theory, control theory, and optimization. Consequently, the problem of nu-
merical approximation over infinite time intervals has garnered significant research
attention in recent years. For instance, Fang and Giles [17] introduced an adaptive
Euler-Maruyama scheme. They proved its convergence in the LP-norm over an infi-
nite time horizon under several conditions: the drift b must be polynomially growing
and satisfy a contractive condition, while the diffusion ¢ must be globally Lipschitz
continuous. More recently, Li [58] investigated the strong convergence over infinite
time for a truncated Euler-Maruyama scheme applied to SDEs with locally Lipschitz
and polynomially growing coefficients. Their analysis relied on applying Khasminski’s
techniques to carefully constructed Lyapunov functions.

Alongside the approximation of solutions, the stability of solutions is another funda-
mental problem that has been extensively studied. The long-term stabiiity of a system
is of paramount importance in many applications; in mathematical biology, for instance,
it can correspond to the survival or extinction of a species? Foundational results on
the stability of SDEs can be found in classical texts such as Khasminskii [43] and Mao
[62]. A key challenge is that numerical methods must not only approximate the so-
lution’s path but also replicate its long-term stability properties. This has motivated
considerable research into constructing numerical schemes that preserve the stability
of the underlying true solution. Early work by Saito and Mitsui [82] investigated the
stability of numerical solutions for linear SDEs. These findings were later extended to
more general SDEs with Lipschitz or locally Lipschitz coefficients [32, 33, 62, 64]. Cru-
cially, standard explicit methods like the Euler-Maruyama or Milstein schemes often
fail to preserve the stability of the true solution. This shortcoming has spurred the
development and analysis of alternative methods, such as implicit #-Euler-Maruyama
schemes and various tamed Euler methods [28, 32, 64, 84, 91]. Nevertheless, research
on stability-preserving schemes for equations with non-regular coefficients-for example,

where the drift or diffusion is merely locally Holder continuous—remains comparatively
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limited.
For the above reasons, the graduate student and the instructors chose the research
topic for the thesis as: ” The tamed-adaptive Euler-Maruyama scheme for some

classes of stochastic differential equations with irregular coefficients”.

2. Research objectives

The primary objectives of this thesis are:

e To establish existence and uniqueness theorems for solutions to certain classes of

stochastic differential equations, including those with jumps.

e To propose and analyze novel numerical approximation schemes for these equa-
tions, particularly under conditions where the drift coefficient has superlinear
growth and is only locally Lipschitz continuous and the diffusion coefficient is

merely Holder continuous (or locally Holder continuous).

e To investigate the long-term moment stability of both the true solution and its nu-
merical approximation for stochastic differential equations whose drift coefficient

satisfies a one-sided Lipschitz condition with a negative constant.

3. Research subjects

The research object of the thesis are classes of stochastic differential equations of the
forms

dX; = b(Xt>dt + O'(Xt)th, Xo = xp;

and

dX; = x9 + b(Xt)dt + U(Xt)th +c (Xt,) dzy, Xo = xo.

where the displacement coefficients b(z) and diffusion coefficients o(z) satisfy one of

the following conditions:

e b(x) is locally Lipschitz and one-sided Lipschitz continuous; o(x) is the locally

(1/2 + «)-Hélder continuous.

e b(x) is locally Lipschitz and one-sided Lipschitz continuous; o(x) is the locally

(1/2 + «)-Holder continuous and ¢(z) is Lipschitz continuous.



e b(z) and o(x) are non-globally Lipschitz continuous and of super-linearly growth

and c(x) is Lipschitz continuous.

4. Research scope

The research scope of this thesis encompasses stochastic analysis, stochastic differential
equations, and numerical analysis. The primary contributions of this work focus on
the quantitative and qualitative properties of both exact and approximated solutions,
specifically concerning the Euler-Maruyama scheme for stochastic differential equations

with irregular coefficients and for stochastic differential equations with jumps.

5. Research Methods

e Conduct a thorough analysis of contemporary research on stochastic differential

equations with irregular coefficients and associated approximation methods.

e Execute computer simulations to analyze, evaluate, and propose innovative ap-

proximation algorithms.

e Engage in scientific exchange initiatives, including conferences and seminars, to
facilitate the exchange, discussion, and updating of cutting-edge research method-

ologies and findings within the relevant fields.

6. Scientific and practical significance

The results of this thesis contribute to the expansion of research in the numerical
solutions of specific classes of stochastic differential equations. It is anticipated that

this thesis will yield several novel contributions:

e Propose a numerical scheme that achieves strong convergence over both finite
and infinite time intervals for a class of one-dimensional stochastic differential
equations with locally Lipschitz continuous drift and locally Hélder continuous

diffusion coefficients.

e Develop a tamed-adaptive Euler-Maruyama approximation scheme for Lévy-driven

stochastic differential equations where coefficient ¢ is locally Holder continuous,



coefficients ¢ and b exhibit superlinear growth, and coefficient ¢ is Lipschitz con-

tinuous.

e Introduce a tamed-adaptive Euler-Maruyama approximation scheme for Lévy-
driven McKean-Vlasov stochastic differential equations where coefficients o and
b are non-globally Lipschitz continuous, superlinear growth, and coefficient ¢ is

Lipschitz continuous.

The thesis can be used for reference in related research by students and scientists in the
fields of probability theory and mathematical statistics and in the field of numerical

analysis.

7. Thesis structure

The thesis includes an introduction, three main chapters, conclusions, list of published

works and references:

e Chapter 1: Overview
In this chapter, we gives the definition of stochastic differential equations; suf-
ficient conditions for the equation to exist and have unique solutions. We also
introduces sufficient conditions for the solution to satisfy a number of properties
such as bounded moments, continuity over time, and asymptotic stability. We also
introduce briefly some basic knowledge for stochastic differential equations with
jump such as: compound Poisson processes, Lévy processes, stochastic calculus for
Lévy processes and stochastic differential equations driven by Lévy processes. At
the conclusion of this chapter, we present a selection of Euler-Maruyama approx-
imation schemes that have been previously introduced by researchers in earlier

publications.

e Chapter 2: Tamed-adaptive Euler-Maruyama scheme for Lévy-driven
SDEs with irregular coefficients
In this chapter, a tamed-adaptive Euler-Maruyama approximation scheme is pro-
posed for Lévy-driven stochastic differential equations with locally Lipschitz con-
tinuous, polynomial growth drift, and locally Holder continuous, polynomial growth
diffusion coefficients. We show that new scheme converges in both finite and infi-

nite time intervals under some suitable conditions on the regularity and the growth



of the coeflicients.

Chapter 3: Tamed-adaptive Euler-Maruyama scheme for Lévy-driven
McKean-Vlasov SDEs with irregular coefficients

In this chapter, we study the numerical approximation for McKean-Vlasov stochas-
tic differential equations driven by Lévy processes. We propose a tamed-adaptive
Euler-Maruyama scheme and consider its strong convergence in both finite and in-
finite time horizons when applying for some classes of Lévy-driven McKean-Vlasov
stochastic differential equations with non-globally Lipschitz continuous and super-

linearly growth drift and diffusion coefficients.



Chapter 1

OVERVIEW

1.1 Stochastic differential equation driven by Brownian mo-
tion

In this section, we briefly introduce some basic properties of the random integral 1to
used in the thesis. Symbols, definitions and properties in this section are referenced

from [62].
1.1.1 Ito stochastic integral

Let (€2, F, P) be a complete probability space with a filtration {F¢},-, satisfying the
usual conditions. Let (Wi, Fi)i>0 be a one-dimensional Brownian motion defined on

the probability space adapted to the filtration.

Theorem 1.1.1 ([62], Theorem 5.8). Let f,g € M?([a,b];R) and let a, B be two real

numbers. Then

(1) fab f(t)dWy is Fy-measurable;
(i) E [ I f(t)dwt} —0;
2
(iii) B Uf;’f(t)dwt\ ] —E [} 1))

(i) [laf(t) + Bg®)]dWs = a [ FE)dW; + B [* g(t)dWV:.
Theorem 1.1.2 ([62], Theorem 5.9). Let f € M?([a,b];R). Then

M b
E / f<t>dwtfa] _o,

b 2
/f(t)th Fu| =E

b
a

b
/ f(t)zdtfa] =/ E [|£(t)*|Fa] dt.




Theorem 1.1.3 ([62], Theorem 5.12). Let f € M? ([0, T];R). Define

t
I(t) = / f(s)dWs  for 0<t<T,
0

then (I(t), Ft)iepo,1) 18 a square-integrable martingale with respect to the filtration { F}.

t T
2
E [OiltlET /O f(s)dWs| | <4E [/O 1f(s)] dS] '

Theorem 1.1.4 ([62], Theorem 5.16, Theorem 5.17). Let f € M?([0,T];R) and let
p, T be two stopping times such that 0 < p < 17 <T. Define

In particular,
2

T T
/ F(s)dW, — / T (5) (5)dVs,
0 0

then

() E|[] (s)aW,| =0;

(ii) E :‘prf(S)dWs 2] —E ] 1£()%s);

(iii) E N f(s)dWs} _0;

(iv) E ‘ [ $(s)dB,

i ‘fp] . [f; f(s)[2ds fp].

Theorem 1.1.5 (The one-dimensional Ité formula, [62], Theorem 6.2). Let X (t)

be an Ito process on t > 0 with the stochastic differential
dXt = f(t)dt + g(t)th,

where f € LY (R R) and g € L2 (R;R). Let V(t,z) € CY? (Ry x R;R). Then
V(t, X¢) is again an It process with the stochastic differential given by

dV(t, Xy) = |Vi(t, Xy) + Va(t, Xo) f(t) + %Vm(t,Xt)gQ(t) dt
+ vm(t,Xt)g(t)th a.s.

Theorem 1.1.6 (The multi-dimensional Ité, [62], Theorem 6.4). Let X; be a

d-dimensional Ito process on t > 0 with the stochastic differential

dXy = f(t)dt + g(t)dWy,
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where f € L1 (R+;Rd) and g € L2 (R+;Rdxm). Let V(t,x) € C1? (]R+ X Rd;R>.
Then V (t, X¢) is again an It process with the stochastic differential given by

dV (t, Xy) = [wt,Xt) + Va(t, Xo) f(E) + %trace (th)vm@,Xt)g(t))} dt
+ Vo (t, Xy)g(t)dWy  a.s.

Theorem 1.1.7 ([62], Theorem 7.1). Let p > 2. Let g € M?> ([O, T];Rdxm) such that

T

/ g(s)|pds] < 0.
0

/Tg(s)dWs ] < (p(p_l))QTpEQE
0 2

In particular, for p = 2, there is equality.

E

Then

E

/O ; g(s)pds] .

Theorem 1.1.8 (Birkholder-Davis-Gundy inequality, [62], Theorem 7.3). Let
g€ L? (R+; Rdxm). Define, fort >0,

t t
Xt :/ g(s)dWs and Ay :/ 9(s)|ds.
0 0

Then for every p > 0, there exist universal positive constants c,, Cy (depending only
on p ), such that
E [|A5] <E l sup yXSyP] < GE [|4%]
0<s<t

for allt > 0. In particular, one may take

op = (p/2)F, Cp = (32/p)p/2 if 0 <p<2;
cp =1 C,=4 ifp=2;
¢y = (2p) 72, €, = [P 2(p — 1)) ifp>2.

Theorem 1.1.9 (Gronwall’s inequality, [62], Theorem 8.1). Let T > 0 and ¢ > 0.
Let u(-) be a Borel measurable bounded nonnegative function on [0,T], and let v(-) be

a nonnegative integrable function on [0,T]. If

t
u(t) <c —I—/ v(s)u(s)ds  for all0 <t <T,
0

then

t
u(t) < cexp </0 v(s)ds> forall0 <t <T. (1.1)

10
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1.1.2 Stochastic differential equations

Let (22, F, P) be a complete probability space with a filtration {3}, satisfying the
usual conditions. Let Wy = (th, WE el th) T, t > 0 be an m-dimensional Brownian
motion defined on the space. Let 0 <ty < T < oo and xg be an Fy,-measurable R4
valued random variable such that [E []330 ]2] < 00. Consider the d-dimensional stochastic

differential equation of Ito type
dXt = b(t,Xt)dt + O'(t, Xt)th on to S t S T (12)

with initial value x (tg) = x¢. By the definition of stochastic differential, this equation

is equivalent to the following stochastic integral equation:

t t
X(t) = xo +/t b(s, X(s))ds —I—/t o(s,X(s)dW(s) onty<t<T. (1.3)

Definition 1.1.10 ([62], Definition 2.1). An R%-valued stochastic process { X (t)}t,<t<T

is called a solution of equation (1.28) if it has the following properties:
(1) {X¢} is continuous and Fi-adapted;

(ii) {b(t, Xy)} € L' ([to, T];RY) and {o(t, X;)} € L2 ([to, T]; R>™);

(iii) equation (1.3) holds for every t € [to, T| with probability 1.

A solution {Xy} is said to be unique if any other solution {X;} is indistinguishable
from {X;}, that is
P{X; =X forallto<t<T}=1.

Remark: Denote the solution of equation (1.28) by X (¢; o, z9). From equation (1.28)
that for any s € [to, T,

t t
Xt =X +/ b(u, Xy)du +/ o(u, Xy)dWy, on s <t <T. (1.4)
S S

However, (1.4) is also a stochastic differential equation on [s,7T] with initial value
Xs = X (s;t0,x0), whose solution is denoted by X (t;s, X (s;to, x0)). Therefore, we see
that the solution of equation (1.28) satisfies the following flow or semigroup property

X(t;to, o) = X(t; 8, 2(s;t0,70)), to<s<t<T.

11



Theorem 1.1.11 ([62], Theorem 3.1). Assume that there exist two positive constants
K and K such that

(i) (Lipschitz condition)) for all x,y € R va t € [tg, T]
b(t, ) = b(t,y)[* V |o(t,2) — o (t,y)|* < Kl —y[> (1.5)

(ii) (Linear growth condition)) for all x,y € RY x [to, T
b(t, 2)[* Vo (t,2)]* < K(1+|a]). (1.6)

Then there ezists a unique solution X (t) to equation (1.28) and the solution such that

T
/ |X82ds] < 0. (1.7)
to

When the coefficients of the stochastic differential equation satisfy the Lipschitz

E

condition (1.5) and the linear growth condition (1.6), we say the equation (1.28) has
reqular coefficient. When at least one of the above two conditions is not satisfied, we

say that the equation (1.28) has irregular coefficients.

Lemma 1.1.12 ([62], Lemma 3.2). Assume that the linear growth condition (1.6) holds

and Xy is a solution of equation (1.28), then

E
tE[tQ,T]

sup Xt2] < (1+BE“QZ‘()‘Q])e?’K(T_tO)(T—t0+4)'

In particular, X; satisfies condition (1.7).
Consider a stochastic differential equation on [tg, 00),
dX; = b(t, Xt)dt + O'(t, Xt)th, t e [t(), OO) (18)

Theorem 1.1.13 ([62], Theorem 3.6). Assume that for every real number T > ty and
integer n > 1, there exists a positive constant Kr,, such that for all t € [ty, T] and all
z,y € R with || V |y| < n,

|b(t,{)§') - b(tay)|2 v |O'(t,l‘) - U(t7y)|2 < KT’n|[E - y|2

Assume also that for every T > tgy, there exists a positive constant K such that for

all (x,y) € RY x [ty, T7,
1
w'0(t,w) + S lo(ty)[* < Kr(1+[af).

Then there exists a unique global solution X (t) to equation (1.8) and the solution

belongs to M? ([to, 00); Rd).

12



1.1.3 Boundedness and continuity of moment of solution

Assume that X; is the unique solution of equation (1.8).

Theorem 1.1.14 ([62], Theorem 4.1, page 59). Let p > 2 and xo € LP (Q;Rd).
Assume that there exists a constant a > 0 such that for all (t,z) € [to, T] x RY,

2

o)+ P o )P < a (14 [of?) (1.9)

Then
E[|X!] <27 (1+E [Jzo"]) e?*=%)  for all t € [t,T). (1.10)
If the linear growth condition (1.6) holds, then the condition (1.9) holds with o =
VK + K(p —1)/2 due to
1

2\/f|b(ﬂfﬂt)|2 < VE(1+[z]),

vV K
x bt x) < T|m\2 +
and
lo(t, 2) < K(1+[af).

Theorem 1.1.15 ([62], Theorem 4.3, page 61). Let p > 2 and xy € LP (Q;Rd).
Assume that the linear growth condition (1.6) holds. Then

ya
2

E[|X: —XsP] <C(t—s)2  forallty<s<t<T, (1.11)

where

€ =272 (14 E [Jaol’]) T (12T ~ t0)]* + plp ~ 1]
and o = VK + K(p—1)/2. In particular, the pth moment of the solution is continuous
on [to, T].

1.2 Stochastic differential equations driven by Lévy process

In this section, we briefly introduce some basic knowledge for stochastic differential
equations with jump used in the thesis. Symbols, definitions and properties in this

section are referenced from [2, 11, 22, 49, 74].

1.2.1 Poisson processes

Definition 1.2.1 ([49], Definition 2.1.17). Let T' = (T, )nen be a discrete time stochas-
tic process on (Q, F,P). Then T is called a point process on RT if

O<T1<"'<Tn<"' andTnTOO.

13



Definition 1.2.2 ([49], Definition 2.1.18). (Ni)i>0 is called a counting process of the

Ne=) i<y

n>1

Definition 1.2.3 ([49], Definition 2.1.20). Let (7;)i>1 be a sequence of independent

point process T = (Ty)nen if

exponential random variables with positive parameter X\ and T, = Z?:l 7i- The process

(Nt)e>0 defined by
Ni = Z Lir, <t
n>1

15 called a Poisson process with intensity .

Proposition 1.2.4 ([49], Proposition 2.1.24). The Poisson process (N¢)¢>0 has inde-
pendent increments. That is, for any partition 0 < t1 < --- < ty, the random variables

Ny Ny, — Niyyoooy Ny, — Ny, are independent.

n—1

Lemma 1.2.5 ([49], Lemma 2.1.25). Let (N¢)i>0 be a counting process of the point

process (Ty)nen with stationary independent increments. That is:

(i) forallm > 2,0 <ty <ty <---<ty, the increments {th =N, ;1 <5< n} are
mutually independent,
(ii) for all 0 < s < t, the law of Ny — Ns depends upon the pair (s,t) only through the
difference t — s.
We define that 7y == T, 7 :=T; — T;—1 (i > 2). If, for any t > 0, Ny follows a Poisson
distribution with parameter Xt (A > 0), then (7;);en is a sequence of independent

exponential random variables with parameter \.

Definition 1.2.6. Let (Ni)i>0 be a Poisson process with intensity A\. The process
(Nt)tzo defined by
Ny = Ny — M

is called a compensated Poisson process. Here, (At)i>o is called the compensator of

(Nt)>0-

As the Poisson process, N also has independent increments and it is easy to show

that (]Vt) has the martingale property:

~

vt > s E [K/t | f\'fs] = N,. (1.12)

14



1.2.2 Poisson random measures

Definition 1.2.7 ([11], Definition 2.18). Let E C R¢ and a given (positive) Radon
measure p on (E,E). A Poisson random measure on E with intensity measure j is an

integer valued random measure:
M:Qx€&—N
(w, A) = M(w, A),
such that

(i) For almost all w € Q, M (w,-) is an integer-valued Radon measure on E: for any

bounded measurable A C E, M(A) < oo is an integer valued random variable.

(ii) For each measurable set A C E, M(-,A) = M(A) is a Poisson random variable
with parameter p(A):

VkeN, P[M(A) =k =e A Wﬁ))k.

(iii) For disjoint measurable sets Ay, ..., An € &, the variables M (A1), ..., M (Ay)

are independent.

The following result allows to construct, given any Radon measure p, a Poisson

random measure with intensity pu:

Proposition 1.2.8 ([11], Proposition 2.14). For any Radon measure p on E C R,

there exists a Poisson random measure M on E with intensity .

In the same way, one can construct the compensated Poisson random measure M

by subtracting from M its intensity measure:
M(A) = M(A) — u(A). (1.13)
1.2.3 Compound Poisson processes

Definition 1.2.9 ([11], Definition 3.3). A compound Poisson process with intensity

A > 0 and jump size distribution F is a stochastic process X = (Xi)i>0 defined as

Ny
Xi =)V, (1.14)
=1

where jumps sizes Y; are i.i.d. with distribution F' and (N¢),~ is a Poisson process

with intensity A, independent from (Y;);,-

15



Note that, the following identity may be useful in order to prove various properties:

N; 00
D Yi=) Vil
1=1 1=1

Proposition 1.2.10 ([11], Proposition 3.3). (X¢);5q is compound Poisson process if

and only if it is a Lévy process and its sample paths are piecewise constant functions.

Definition 1.2.11 ([49], Definition 3.3.1). For any a € R?, the Dirac point mass

measure 6, at a 1s defined by:

1ifacA,
0q(A) = 1.15
(4 {Oz’fagéA, ( )

for any A € B (Rd>.

Definition 1.2.12 ([49], Definition 3.3.2). Let (X; = Y2 Yilyr,<py),o, be a com-
pound Poisson process. Then N is called a Poisson random measure associated with
(Xt)e>0, if
0.0]
N(F):=> 01, x 6y,(F), F e 2[0,00)x BRY). (1.16)
i=1

Its differential form is denoted by N(dt,dz) for anyt >0, z € Rg.

Proposition 1.2.13 ([49], Proposition 3.3.5). Let N be a Poisson random measure
associated with (X¢)i>0. Then
(i) (fg Jga N(ds, dz)) is a Poisson process.
>0
(ii) For any A € %[0,00), B € B(R?) and for any g € L'([0,00) x R?, B0, 00) x
#(R7),N),

/A/ g(s,2)N(ds,dz) = Zg(Tz‘,Yz) Lireal{vieny-
B i=1

In particular, if g : R — R?, then

/0 t /R 9(z)N(ds.d2)

is a compound Poisson process with each jump size following the same distribution as

that of g(Y).

16



Notice that if g(s, z) = 2z then

X = / / N(ds,dz).
Rd

Definition 1.2.14 ([49], Definition 3.4.1). Let (X¢)i>0 be a compound Poisson pro-
cess. The jump size of X at time t (t > 0) is defined by

AXt = Xt — Xt— = Xt — limXS,
sTt
and AXy = 0.
Note that AX satisfies the following properties:
(i) For any time interval [0, t], AXs # 0 for a finite number of values of s.

(ii) From the above, we may use the sum notation to have that

Xt: Z AXg = Z AXSl{AXS;éO}'

0<s<t 0<s<t

Definition 1.2.15 ([49], Definition 3.4.10). (Compensator, compensated Pois-
son random measure) Let N be a Poisson random measure. Then we define the

compensator of N as the o-finite measure
N(F) =\ / f(z)dsdz, F e BJ0,00) @ B(RY)
F
and the compensated Poisson random measureas
N:=N-N.

Theorem 1.2.16 ([49], Theorem 3.4.11). Let g be a bounded PB[0,00) ® B(R?)-
measurable function where g(-,z) is a cadlag function for any z € R Then for any

partition: 0 <tg <t <---<t, =1,

n—1 tit1 tit1
Z/ / g (ti,z) N(ds,dz) | F, | = / / (ti, 2) ds ,dz).
St Jre R¢

Furthermore, if max {|t;y1 —t;|;1=0,...,n— 1} — 0 asn — oo then by taking limits

we also have

(LHS) _)E|:/to/Rd N(ds dz)|ft0] (n — o0),

(RHS) —>// ds ,dz)(n — 00).
to JRY



Moreover, if j;i Jra9(s™,2)N(ds,dz) € L'(Q, ., P), then we get

[ [ soraian 2] - [ [ oS,

1.2.4 Lévy processes

Definition 1.2.17 ([11], Definition 3.1). A cadlag stochastic process Z = (Zt)y~o on
(Q, F,P) with values in R? such that Zy = 0 is called a Lévy process if it possesses the

following properties:

(i) Independent increments: for every increasing sequence of times 0 < tg < t] <

. < tyn, the random variables Zy,, Zy, — Zpyy ..., Zt,, — Lt are independent.

n—1
(ii) Stationary increments: the law of Zyyp, — Zy does not depend on t.
(iii) Stochastic continuity: Ve > 0,1limy, o P[|Zpop — Z4] > €] = 0.

Definition 1.2.18 ([11], Definition 3.4). Let (Zt);~o be a Lévy process on R?. The

measure v on RY defined by:

V(A) =E Z 1{AZt7$0,AZt€A} , AeB (Rd> (117)
t€]0,1]
is called the Lévy measure of Z : v(A) is the expected number, per unit time, of jumps

whose size belongs to A.

Definition 1.2.19. Let Z = (Zt),5q be a Lévy process on R? and v be its Lévy measure.
The jump measure N s a Poisson random measure on [0,00 [XRd with intensity

measure v(dz)dt. That is,

N(dt,d2) == > " 1{az,20)0(s.a2,)(ds, dz).

0<s<t

The compensated jump measure ]v, also compensated Poisson random measure, is de-
fined by
N(dt,dz) := N(dt,dz) — v(dz)dt.

Now, we define a stochastic integral with respect to the compensated Poisson ran-
dom measure N for the class of predictable and square integrable processes defined

below.
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Definition 1.2.20. A stochastic process g = (g(t, 2),z € Rg) is called adapted if

t>0
g(t, z) is Fy-measurable for allt > 0 and z € Rg. Moreover, g is called predictable if it

is measurable with respect to the o-field generated by the sets
{Bx(s,t]x A\ BeF,,0<s<t AcB(Rj)}.

Notice that any adapted and left-continuous process (in t) is predictable.

We denote by L?(P) the set of stochastic processes g : Q x Ry x R4 — R that are

/R+ /Rg E [¢(t,2)] v(dz)dt < oo.

Let € denote the set of elementary and predictable processes of the form

predictable and satisfy

m n—1
)= > il (014,(2), (1.18)
7=1 =0

where 0 < tp < --- < t,, all F}; belong to F, and are bounded, and Aq,..., Ay, are

pairwise disjoint subsets of A,. We define the integral of g € £ of the form (1.18) with
respect to N by

/R + /R ot N d2) = 30 37 R (6t 4). (119)

This defines a linear functional with the following properties:

Lemma 1.2.21 ([74], Lemma 9.4.1). For any g € &,

{/&/}Rd (t,z)N dt dz)}zo, (1.20)
(/R+ /Rgg(t, z)N(dt,dz> ] /]R+ /R v(dz)dt. (1.21)

We denote by L2 (P) the set of stochastic processes g : Q x Ry x R¢ — R that are

/Ot /RgE [4%(s, 2)] w(dz)ds < oo,

for all ¢ > 0. For any process g € L2 (P), by considering the restriction of g to each

and

predictable and satisfy

interval [0, ], we can define the indefinite integral process

(/Ot Agg(s,z)ﬁ(ds,dz)>t>o.
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This process is an Fi-martingale (see [2], Theorem 4.2.3). Thus, it is now easy to see

that the following properties of stochastic integrals based on Lévy processes:

(i) E /Ot Agg(s,z)ﬁ(ds,dz)] =0.
(i) E /Ot Agg(s,z)]\f(ds,dz)] -E l/ot /Rgg(s,z)y(dz)ds].
(iii) E (/Ot /Rgg(s,z)]v(ds,dz)>2 —E Uot /RggZ(s,z)u(dz)ds].

We extend the stochastic integral to the set L?OC(P) of stochastic processes ¢ :
Q x Ry x R4 — R that are predictable and satisfy

P (/Ot /Rg g2(s, 2)v(dz)ds < oo) =1,

Let g € L? (P). Then we can find a sequence of processes g™ in € such that, for

AL

converges to zero in probability. Therefore, the sequence

T
/ / g™ (¢, 2)N(dt, dz)
0 JRYZ

is Cauchy in probability, and thus converges in probability. We denote the limit by

/OT /Rg g(t, 2)N(dt, dz)

and call it the (extended) stochastic integral. The process (My),sq defined by M; =

for all t > 0.

all T' > 0, the sequence

2
t,x) — g™t 2)| v(dz)dt

fo fRdg s,2)N(ds,dz) is a local martingale (see [2], Theorem 4.2.12). Therefore, we

have the following result.

Corollary 1.2.22 ([74], Corollary 9.4.3). Let g € L? (P). Then

loc

lim / / g(s,z) ds dz) / / (s,2) ds ,dz),
oo {|z|>1/n} R¢

in probability.
Next, we present two important representations of the Lévy process.
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Proposition 1.2.23 ([11], Proposition 3.7). (Lévy-Ité6 decomposition) Let Z =

(Zt);>0 be a Lévy process on R and v be its Lévy measure.

e v is a Radon measure on Rg and verifies:

/ (1A ]2)?)v(dz) < oo.
R§

e The jump measure of Z, denoted by N, is a Poisson random measure on [0, o0] x R4

with intensity measure v(dz)dt.

o There exist a vector vy and a d-dimensional Brownian motion (W)~ with covari-

ance matriz A such that

t t
Zy =yt + Wi + / / 2N (ds,dz) + / / 2N (ds,dz). (1.22)
0 J)z>1 0 Jlz[<1

The terms in (1.22) are independent.

Note that, in the case that Z = <Zt)t20 is a d-dimensional centered pure jump
Lévy process whose Lévy measure v satisfies fRd (1 A |z|2) v(dz) < 400, the Lévy-Ito

decomposition of Z is given by

Z, = /O t /R gz(N(ds,dz)—y(dz)ds).

Proposition 1.2.24 ([11], Proposition 3.2, Theorem 3.1). (Lévy-Khinchin repre-
sentation) Let Z = (Zi);5o be a Lévy process on R, There exists a continuous

function 1 : R4 +— R called the characteristic exponent of Z, such that:
E [em4] =My eRY (1.23)

where

1 .
Ulu) = iyu— Su- Au+t /R ("% =1~ iuzlycpy) v(de)

The triplet (A, v, ) is called characteristic triplet or Lévy triplet of the process Z;.
Finally, we now state the Burkholder-Davis-Gundy inequality for the compensated

Poisson stochastic integral which will be useful in the thesis.

Lemma 1.2.25. ([2, Theorem 4.4.23] and [90, Proposition 2.2]) Let B(RE) be the
Borel o-algebra of Rg and P be the progressive o-algebra on Ry x Q. Let g be a
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P @ B(R3)-measurable function satisfying that fOT Jga lg(s, 2)]Pv(dz)ds < oo P-a.s. for
0

E

allT > 0. Then for any p > 2, there exists a positive constant C), such that

t p
sup / / g(s,2)N(ds,dz)
te[0,T] [Jo JRY

T
<Cp|E / l9(s, 2)Pv(dz)ds +E
o Jre

P

T
/ g(s,z>pu<dz>ds]
0 Jre

Furthermore, for any 1 < p < 2, there exists a positive constant C, such that

//Rd s,2)N(ds,dz)| | < C,E (/OT Rgg(s,z)%(dz)ds>

1.2.5 Stochastic calculus for Lévy processes

P

P 2

sup
t€[0,T

Consider processes X = (X¢)¢>0, admitting stochastic integral representation in the

Xt:er/Otb(X )ds+/ AW, +//R o+, 2)N(ds, dz). (1.24)

Theorem 1.2.26 ([22], Theorem 9.4). The one-dimensional It6 formula. Let
X = (X¢)t>0, be the Ité-Lévy process given by (1.24) and let f : (0,00) x R - R be a
function in CY2((0,00) x R) and define

form

th = f(t,Xt)7 t Z 0.

Then the process Y = (Yi)i>0, is also an Ito-Lévy process and its differential form is

given by
0 10?
dYy = 8—f(t Xy)dt + 8f (t, X¢)b(Xy)dt + = 597 é(t Xy)o?(X;)dt
+ 2 X (xaws

af

—I—/ lf(t,Xt + (X, 2)) — f(t, Xy) — %(t,Xt)c(Xt, z)] v(dz)dt
Ro

+/ [f (t, X;- +c(Xt,z))—f(t,Xt)}N(dt,dz). (1.25)
Ro

In the multidimensional case, we are given a d-dimensional Brownian motion W; =

T . . >
(th, ceey Wtd) ,t >0, and independent compensated Poisson random measures N (dt, dz) =
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~ ~ T
<N1 (dt,dz1),...,Ng (dt,dzd)) >0, 2= (21,...,29) € RZ and n Ité-Lévy pro-

cesses of the form

dXy = b(Xy)dt + o(Xy)dWy + / o(Xy-,2)N(dt,dz), >0,
R§

that is, fort =1,...,n
dX! = bi(Xy) dt+z% (X;)dW? +Z/ cij (Xi-,2z) Nj (dt,dz) . (1.26)

Theorem 1.2.27 ([22], Theorem 9.5). The multi-dimensional It6 formula. Let
X = (X¢)t>0, be an d-dimensional It6-Lévy process of the form (1.26). Let f : (0, 00)x
R? — R be a function in C12 ((O, 00) X Rd) and define

Y = f(t>Xt)7 t > 0.

Then the process Y = (Y)e>0, is a one-dimensional Ito-Lévy process and its differential

form s given by

dY (¢)

9 4. x, dt+z -(t, X0)bi( X, dt+zz ot (t, X )oij (X;)dW

i=1 j=1
221218%8% (t, X) (007, (X) dt+2/ { tXt+c(j)(Xt,z))
i=1 j
of

_f<t,Xt) — Bz, f(t Xt)CZJ(Xt, )] Vj (de) dt

] =1 | )
+Z/R [f (t,Xt_ +C(J)(Xt-,z)> - f(t,Xt_)} N; (dt. dzj) | (1.27)

j=1"/Ro

where ¢U) is the column number j of the d x d matriz ¢ = [cij].

1.2.6 Stochastic differential equations driven by Lévy processes

We next consider a process X = (Xi);~q, the solution to the following stochastic
differential equation with jumps in R? :

d

dX; = b(Xp)dt + ) oy (Xp) dW] +/ ¢ (Xy—, 2) N(dt, dz),

j=1 Ro
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with initial condition Xg = z9 € R? The coefficients oj,b : R?Y - R? and ¢ :
R? x Ry — R? are measurable functions satisfying the following Lipschitz and linear

growth conditions: for all z,y € RY,

max {\axx) — o) () — bly)

J

e, 2) — ely. z)\%(dz)} < Kla—yf?

Ro

and
e { o3 s [ e P} < (1 ).

Theorem 1.2.28 ([74], Theorem 11.4.2). There exists a unique cadlag, adapted, and
Markov process X on (Q, F,P) satisfying the integral equation

Xt:xo+/ ds+2/ o; (X dWJ+// X,_, ) N(ds, dz).
Ro

Moreover, for any T > 0,

E

sup | X;?| < oo.
t€[0,T]

1.3 Numerical analysis for stochastic differential equations
with irregular coefficients

Consider the d-dimensional stochastic differential equation of Ito type
dXt = b(t,Xt)dt + O'(t, Xt)th on to S t S T (128)

with initial value x (o) = zo.
In [65], Maruyama introduced the Euler approximation method for equation (1.28)

as follows:

Theorem 1.3.1 ([65], Theorem 1). Let W(t) be the Brownian motion, W(0) = 0,
E [(AWt)Q] = At, of which Gaussian increments AWy over disjoint intervals are in-
dependent, and let b(t, ), o(t,x) be continuous functions satisfying the Lipschitz con-
dition. Consider a division of (0;1), A = A (to,t1, ...
and variables X1, Xo, ..., X, defined by

An), 0=ty <ty < -+ <tp=1,

( X1 = Xo+ b (to, Xo) Atg + o (tg, Xo) AWy
Xo=y1 +0b(t1, X1) Aty + 0 (t1, X1) AWy

L Xn=Xp1+b (tnfly Xn71> Atnfl +o (tnfla anl) Aanl
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and also X (t) defined by
Xa(t) =Xy +b(ty, Xp) (t = ty) + 0 (ty, Xp) [We — W, |
where
Wy =Wy, AWy 1 =W, —=Wy_1, Aty_1=1t, —ty_1 tu <t <ty
Then, for every t, in the L?-sense, there exists

X(t)= lim Xa(t), p(A)= Aty
()= Hm Xalt), p(A)= max Ate

and X (t) becomes the unique solution of (1.28).

The Euler-Maruyama scheme, demonstrated by Kloeden and Platen [47] to converge
with a rate of 1/2 in L? when the equation’s coefficients satisfy regularity conditions,
specifically global Lipschitz continuity. The analog of the Euler-Maruyama approxi-
mation for (1.28) is defined by

N Xl = X+t X bt o (1 XE) AT
AWy, = AWI? = Wipr = Wi, ti =kh

It is convenient to extend it to the whole interval [0, 7] as follows:

X{)L =z
XP=X"+b(t, X)) (= tg) + 0 (e, X)) (W = Wa), t € [t tog]

Theorem 1.3.2 ([47], Theorem 13.2). Suppose that the coefficients of equation (1.28)
satisfy the Lipschitz condition

b(t,2) = b(s,y)|* +|o(t,.2) = a(s,9)]” < C (Ja —y* + |t = s])

Then

supE [| X! — X;|] = 0 (h1/2)  h—o0
t<T

that is, the Euler-Maruyama approzimation (as a strong approzimation) has the order
1

5

Subsequently, Gyongy and Résonyi [25] proved that if the equation has a Lipschitz
drift coefficient and a Holder continuous diffusion coefficient of order (1/2 + «), then
the Euler-Maruyama scheme has a convergence rate of a in L'. In [25], the authors

construct the Euler-Maruyama approximation scheme as follows:
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For integers n > 1, let define the functions y, : [0,T] — [0,7] by kn(T) := =T
and
T il (G +1)T

for — <z <
n n

K () , fori=0,...,n—1.

Let define the Euler approximations of X (t),t € [0,71], as the solutions of
dX,(t) =b(t, Xy, (kn () dt + o (t, Xy (kn(t))) AW (E)
Xn(o) = 6
for each n > 1.
Theorem 1.3.3 ([25], Theorem 2.1). Assume that o, f,g : [0,T] x R — R are mea-
surable; g(t,-) is monotone decreasing; b = f + g and there exist K > 0, € [0,1/2]
and v € (0,1] such that for all t € [0,T] and z,y € R,
1
|U(t7 .T) - O'(t, y)| < K‘:C - y‘2+a7 |f(t7 :C) - f(tu y)| < K‘l’ - y‘
l9(t,x) = g(t,y)| < Klz =y,
and
1b(t,0)| + |o(t,0)| < K.

Let E [|§]1+20‘} < 00. Then there is a constant C' depending only on K,T,~v and
E [|£]*72%] such that

& if a =0,
E[[X(r) = Xu(7)[] <
C(L+-L;) ifac(0,1/2].

n« n’Y/2

for all n > 2 for every stopping time 7 < T

However, for equations with superlinearly growing coefficients b and linearly bounded
coefficients o, the Euler-Maruyama scheme does not converge in LP. To address this
issue, Hutzenthaler, Jentzen, and Kloeden [35] and Sabanis [80] introduced a new ex-
plicit scheme, named the tamed Euler-Maruyama scheme, for the class of equations
with superlinearly growing and locally Lipschitz coefficients.

In [35], the tamed Euler-Maruyama approximation scheme is constructed as follows.
The numerical method for approximating the solution of the SDE (1.28) is proposed
here. Let ;N : Q - R4 n € {0,1,...,N}, N € N, be given by Y} = ¢ and

T/N - (Y)
T+ T/N - p (YY)l

YN =Y+ o (YY) (Wisnyr/v — War/w) (1.29)
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for all n € {0,1,...,N — 1} and all N € N.

In order to formulate our convergence theorem for the tamed Euler method (1.29),
we now introduce appropriate time continuous interpolations of the time discrete nu-
merical approximations (1.29). More formally, let YV : [0,7] x @ = R% N € N, be a

sequence of stochastic processes given by

%N:YN_‘_(t_nT/N)'M(YTfV)

" TN [ (V)] Fo (1) (W = Waryn) 0

for all £ € [%,%},ne{0,1,...,N—1}andauNeN.

Theorem 1.3.4 ([35], Theorem 1.1). Let b: R — R? be a continuously differentiable
and globally one-sided Lipschitz continuous function whose derivative grows at most
polynomially and let o = (Ui»J)ie{1,2,...,d},je{1,2,...,m} : RT — R¥>*™ be q globally Lips-
chitz continuous function. More formally, suppose that there is a real number ¢ € (0, 00)
such that V' (z)| < ¢ (1 + [2[%), |o(z) =0 (y)| < cle—y| and {z—y, b(z)=b(y)) < clz—y/?
for all z,y € RY. Then there exists a family Cp € [0,00),p € [1,00), of real numbers

such that
1/p
(E ) < C,N~YV2

for all N € N and all p € [1,00). Here X : [0,T] x Q — R? is the exact solution of the
SDE (1.28) and YN :[0,T] x Q — R N € N, are the time continuous interpolations

sup |X, v
te[0,7

(1.30) of the numerical approximations (1.29).

In [80], the tamed Euler-Maruyama approximation scheme is constructed as follows.

For every n > 1, and any t € [0, T}, the following tamed Euler scheme is defined
dXn(t) = by (t, Xy, (kn(1)) dt + o (t, Xy (kn(t))) dW (1)

with the same initial value X (0) as SDE (1.28) and k,(t) := [nt]/n. Moreover, it is

assumed that

1
bp(t, x) == . —|—n*0‘\b(t,x)\b(t’$)’

for any ¢ € [0,7],7 € R? and a € (0,1/2].

Theorem 1.3.5 ([80], Corollary 2.3). Suppose the drift coefficient is superlinearly
growing and the diffusion coefficient is locally Lipschitz continuous and has at most

linear growth, then the tamed Euler scheme with oo = 1/2 converges to the true solution
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of SDE (1.28) in LP-sense with order 1/2, i.e.
Ebwum—%mwgmw2
0<t<T

for all p > 0, where C' is a constant independent of n.

Recently, in [44], our research group also developed a tamed Euler-Maruyama scheme
for a class of stochastic differential equations with one-sided Lipschitz continuous drift

and Holder continuous diffusion coefficients.

For each h € (0, %), denote ny(t) = kh if t € [kh, (k+1)h) for some k =0, 1,..., and
2
b(z) o(x)
b — 2\
(@) 1—- L3 1+ hl/2e2lat(|o(z)] + 1)

A tamed Euler-Maruyama approximation of SDE (1.28) is defined as follows

and  op(t,z) =

t t
XI = xg +/ bn, (Xf;h(s)) ds +/ o (nh(s),X:;h(s)) dWs, te€0,+00) (1.31)
0 0

Theorem 1.3.6 ([44], Theorem 1). (i) Assume that b satisfies the local Lipschitz con-

dition; b and o satisfy the linear growth condition. For any T > 0,

lim £ l sup |Xf —Xt|] = 0.
h—0 0<t<T

(i1) Assume that b satisfies the local Lipschitz condition and o satisfies the Holder con-

dition. If0 < h < %/\1 then there exists a positive constant C = C (xq, L2, L3, T, @)
2

such that

Ch® fo<a<li
sup E HXth — XtH < . . 2 ,
0<t<T o= (177 ifa=0

and

Ch2’ ifo<a<s
h
E [ sup ‘Xt —Xt‘ <
0<t<T —C __ fa=0

v/log(1/h)
(i1i) Assume that b satisfies the local Lipschitz condition and o satisfies the Hdélder

condition. If 0 < h < QLTB A1, for any p > 2, there exists a constant C =
2

C (zo, Lo, L3, T, p, ) such that

C ; _
oy =0
E l sup | Xy —XZ”‘IP] <Scw? ifa=14
0<t<T
Ch® fo<a<i
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The tamed Euler-Maruyama scheme (1.31) converges in L!-norm, L!-sup norm, and LP-
sup norm at the same rates as the plain Euler-Maruyama scheme does when applying
for SDEs with Holder continuous coefficients (see [25]).

On the other hand, the aforementioned works primarily focus on the convergence
of the approximation scheme over a finite time interval [0, 7]. Consequently, approxi-
mation over infinite time intervals has garnered significant research interest in recent
years. In [17], Fang and Giles introduced a new approximation scheme, termed the
adaptive Euler-Maruyama approximation. They demonstrated that if b and o satisfy
the contractive Lipschitz condition, b is polynomially growing Lipschitz continuous, and
o is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation
converges in the LP-norm over infinite time intervals.

The proposed adaptive EulerMaruyama discretisation is

togt = to + hoy Xy = X, 40X, ) + (X0, ) AW,

n+1

where h, = h()?tn) and AW,, & W, ,, — Wi, and there is fixed initial data to =
0, Xo = Xo.

We use the notation t = max {t, : t, < t},n; = max{n:t, <t} for the nearest
time point before time ¢, and its index. We define the piecewise constant interpolant

process X = )?L and also define the standard continuous interpolant as
X = Xp +0(Xy)(t — 1) + o (Xy) (Wy — Wp)
so that )A(t is the solution of the SDE
dX; = b(X,)dt + o(X)dWy = b(X,)dt + o(X¢)dW.

Theorem 1.3.7 ([17], Theorem 3). If b satisfies the one-sided Lipschitz condition and
the polynomial growth Lipschitz condition; o satisfies the Lipschitz condition and the

timestep functions h, hO satisfies
1
(z,b(x)) + 5’1(96)|b(110)|2 < ale]* + 8,
Smin(T, h(z)) < h®(x) < min(6T, h(z)).

Then for all p > 0, there exists a constant C,, 7 such that

E l sup ’Xt - Xt|p S Cp7T(5p/2.

0<t<T
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Theorem 1.3.8 ([17], Theorem 6). Assume that b and o satisfy the contractive Lips-
chitz condition, b satisfies the polynomial growth Lipschitz condition and o satisfies the

Lipschitz condition. Moreover, assume that the timestep functions h, h? satisfies
(2, b(2)) + sh(x) () < ~alaf +
Smin(T, h(z)) < h®(x) < min(6T, h(z)).

Then for all p € (0,p*] there exists a constant C), such that, ¥t > 0,

E||%: - x| < ¢,
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Chapter 2

TAMED-ADAPTIVE EULER-MARUYAMA
SCHEME FOR LEVY-DRIVEN SDEs WITH
IRREGULAR COEFFICIENTS

This chapter presents a new approximation scheme for a class of stochastic differential
equations with irregular coefficients. We consider both the case of SDEs driven by
Brownian motion (continuous noise) and the more general case of SDEs driven by
Lévy processes (which include jumps). Since the Brownian-driven model is a special
case of the Lévy model and the proof methods are logically parallel, this chapter will,
for the sake of conciseness, present the detailed analysis only for the more general
Lévy case. The corresponding results for the simpler Brownian-driven model can be
inferred similarly. These results are written based on the articles [1, 2] in section List

of Author’s Related Papers.

2.1 Introduction

We consider the process X = (X¢)¢>0 as a solution to the following stochastic differ-

ential equation (SDE) with jumps

t t t
Xt:xo+/ b(Xs)der/ a(Xs)dWs+/ c(X,_)dZ,, (2.1)
0 0 0

for t > 0, where g € R, W = (W})>0 is a one-dimensional standard Brownian motion
and Z = (Zt)t>0 is a one-dimensional centered pure jump Lévy process (independent
of W) with Lévy measure v satisfying fR(l A 22)v(dz) < 4o00. Two processes W and
Z are defined on a complete probability space (2, F,[P) equipped with the natural
filtration (F3)¢>0 generated by W and Z and augmented by all the null sets in F so
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that it satisfies the usual conditions. The integral equation of (2.1) can be written as

t
Xt:x0+/b(X)ds—|—/ s)dWs —|—// szsdz)
0 Ro

Such Lévy-driven SDEs arise in many applications [11, 76] and the references therein.
Therefore, it is important to find effective methods to solve such SDEs numerically.
Several modified Euler-Maruyama schemes have been proposed for Lévy-driven SDEs
with locally Lipschitz and super-linearly growing coefficients in [9, 10, 12, 13, 29, 30,
31, 52, 53, 57]. The first explicit approximation for SDEs driven by Brownian motion
with super-linearly growing drift coefficients is the tamed Euler-Maruyama schemes,
which was introduced in [35, 37, 38, 80]. The strong convergence of Euler-Maruyama
schemes for Lévy-driven SDEs with Holder continuous diffusion coefficient has been
studied in [55, 56, 89].

Note that, all the works mentioned above only considered the convergence of the
approximation scheme in a finite time interval, say [0, 7] with 7" < oo. For SDEs driven
only by Brownian motions, the approximation in infinite time interval has just been
studied recently by Fang and Giles [17]. They introduced an adaptive Euler-Maruyama
approximation scheme and showed its strong convergence in the interval [0,00) when
applying for SDEs whose coefficients b and o satisfy the contractive Lipschitz con-
dition, b is locally Lipschitz and of polynomial growth, and o is globally Lipschitz
continuous. In this chapter, we propose a tamed-adaptive Euler-Maruyama approxi-
mation scheme for Lévy-driven stochastic differential equations with locally Lipschitz
continuous, polynomial growth drift, and locally Holder continuous, polynomial growth
diffusion coefficients. Moreover, we show that new scheme converges in both finite and
infinite time intervals under some suitable conditions on the regularity and the growth

of the coeflicients.

2.2 Model assumptions

In this chapter, we assume that the drift, diffusion and jump coefficients b, o, ¢ and the

Lévy measure v of equation (2.1) satisfy the following conditions:

B1. There exists a positive constant Ly such that
le(2)] < Lo(1 + |z]),

for any = € R.
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B2.

B3.

B4.

B5.

B6.

B7.

BS8.

B9.

For some pg € [2;+00), there exist constants v € R, n € [0; +00) such that

—1 2 -
xzb(z) + po—oz(a:) + clz) || ((1 + Lolz|)Po ! — 1) v(dz) < ya? 4+,

for any z € R.

Coefficient b is locally Lipschitz: for any R > 0, there exists a positive constant

Lp such that
|b(z) = b(y)| < Lrlz —yl,

for all |z| V |y| < R.

Coefficient o is locally (a + %) -Holder continuous: for any R > 0, there exist

positive constants Lr and « € (O, %} such that

jo(2) = o(y)l < Lrle —y["/**,
for all |z| V |y| < R.

Coefficient c¢ is locally Lipschitz: for any R > 0, there exists a positive constant

Lp such that
le(x) = c(y)| < Lplz —yl,

for all |z| V |y| < R.

f|z|>1 |z|Pv(dz) < oo for all p € [1;2pg] and f0<|z|§ |z|v(dz) < 0.

Coefficient b is one-sided Lipschitz: there exists a constant L; such that
(& —y)(b(z) = b(y)) < Lilz -y,

for any x,y € R.

Coefficient b is locally Lipschitz continuous: there exist positive constants [ and
Lo such that
|b(x) = b(y)| < Ly (1+ |2 + [y[') |2 — yl,

for any =,y € R.

Coefficient o is (a + %)—locally Holder continuous: there exist positive constants

m, L3 and « € [0, 5] such that
lo(2) = o(y)| < Ly (1+ [2™ + |y ™) [« — y|'/>T,
for any =,y € R.
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B10. Coefficient c is Lipschitz: there exists a positive constant L4 such that
le(z) = c(y)| < Lalz -y,

for any =,y € R.

2.3 Lévy-driven SDEs with irregular coefficients

The existence and uniqueness of the solution to Lévy-driven SDEs with non-Lipschitz
coefficients have been studied by many authors [23, 59, 86]. In this section, we present
another version of their result for SDEs with locally Holder continuous diffusion coef-
ficients and super-linearly growing drift and diffusion coefficients.

First, we establish a priori estimate for the moments of X as long as the solution

exists.

Proposition 2.3.1. Assume that coefficients b,c,o and the Lévy measure v satisfy
conditions B1, B2, B6 and o is bounded on every compact subset of R. Assume
further that X = (X¢)i>0 is a solution to equation (2.1). Then, for any p € (0, po),

there exists a positive constant Cy, such that for any t > 0,

Pt 1
Elxp < DT da#D 22)

Cp(L+1)P/2if v=0.
Note that when v < 0, we have sup;>q E [| X¢[F] < 2C),.

Remark 2.3.2. Since (1 + Lg|z|)" is an increasing function for x > 1, it follows from

Condition B2 that for any p € [2 po] and z € R,

p—1 2 2
€T +—0 1+L —1 dz) < ~vx® +n.
b(:c) 9 2[ / \Z| |z]) )y( z) <7z n

Proof of Proposition 2.3.1. Let p € [2,pg] be an even natural number. Applying It6’s

formula to e P7"* X we have for any ¢ > 0,
! ~1
e XY = ab +p/ e Pe (—7X§ + XP1h(X,) + pTXEQJQ (XS)) ds
0
t
+/ / e P8 [(Xs +¢(Xs) 2)P — XP — pXP~le(Xy) z} v(dz)ds
0 JRo

t
+p / e P X (X)) dW
0
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/ / e P [(Xo + ¢ (Xoo) 2)P — XP_| N(ds, dz). (2.3)
Ro
Then, applying (2.3) to p = 2, using B2 and Remark 2.3.2, we get

6_27'5)(152

Lo

t
1
= 12 +2/ e~ 278 l—WXg + Xb(Xs) + 502 (Xs) + 3¢ (X )/ ZQV(dz)] ds
0 Ro

t
+2/ e X0 (X)) dW
// —2s 2X (X )2+ A (Xsl) 2]N(ds,dz)
Ro
t
< a3+ 21 / "2 (s 42 / 2 X 0 (X)) dW
0 0

t
e~ 28 (X )2+ A (X)) 22 N s,dz). .
+/O/RO 7 [2Xs—c(Xoo) 2 4 ¢ (X5 ) 2°] N(ds, dz) (2.4)

Now, for each N > 0, we denote 7y := inf{t > 0 : |Xy| > N}. Then, using (2.4), the

fact that o is bounded on every compact subset of R and Condition B1, we obtain

t
E [e‘QV(tATN)XfMN} < af+ 277/ e~ 25 ds. (2.5)
0

This implies that

t
P(ry <t) < <x(2) + 27]/ ezysds) eINT2,
0

which deduces that 7y 1 co a.s. as N T oo. Now, let N 1T oo and using Fatou’s lemma

for the left-hand side of (2.5), we obtain

t
E [672%)(}2} <2+ 27]/ e~ 28 ds.
0

If v=0:
E [Xﬂ < 23 + 2nt.

If v # 0:

E[x2] < (358 " g) et 1

v
Thus, (2.2) holds for p = 2. Thanks to Hélder’s inequality, (2.2) is also valid for

€ (0;2].
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Now, we suppose that (2.2) holds for all even integer ¢ € [0, p — 2] with even integer
p, i.e.,
Cy(1+¢e1) if 0,
C,(1+ )12 if v =0.
We shall show that (2.2) holds for p. For this, using the binomial theorem, we have

(Xs 4 ¢(Xs) 2)P = XP — pXP~le(X,) 2

_ (g)xg—Q 2 +Z( )Xp id(X,) 2. (2.6)

For all 3 < i < p, using Condition B1, the binomial theorem and the fact that
2P < §(|x|P~2 + |z[P~1) valid for any = € R, we get that
XP7'e (X))
— XPUIE (X,) 2 (X,)
<X (X Ly 2 (1 + X)) ™

1—2
= [ X [P~ (Xo) L2 | 1Xal" 72+ (i = 2)| X2 + ( )XZ2J
X <s>o<s| =T Y (LTI

Jj=2

= () L (1% 72 4+ G - |X|p3+Z(' )X)

‘ 1 ]
2 -2 —2 . 2 4 2—
<AL 1G24 (- 2)5 (%P2 + X +§j(J )|X|p )

7j=2

2 4.
— A L xRt Z( )X“J)

j=2

This, combined with the fact that > ¢ _, (?)ia’ = pa ((14 a)’~' — 1) valid for any
a € R, we obtain that

(Xs 4 ¢(Xs) 2)P — XP — pXP~le(X,) 2

< @lxslp‘%2 (Xo) 2% + ¢ (Xo) | Xo|P™ ZZ( )LZ 2

i( >LZ 2( —21x, +;z§(ij2>xsp2j> "

1=

36



p
=) S (1) il

0 =2
p 1—2 .
+c2<xs>2(>ﬂ2< 2P+ Z( )X?)
1=3 J=
= & () X 52l (O Lofel) ™!~ 1)

p . -2 .
(X)) (p) L (%ws“ ) ( ; 2) Xsp“) 2. @)

i=3 =2
Therefore, inserting (2.7) into (2.3), using Condition B2, Remark 2.3.2 and ¢?(z) <
2L3(1 + 2?) for any x € R, we get

—1
P o2 (x,)

t
e PIXP < ob +p/ e s XP2 { — X2+ Xb(Xs) +
0

2 (Xy) —
3Ly . || ((1 + Lo|z|)P ! = 1) u(dz)} ds

‘ p . i-2
s 2 P\ric2 |1=2 4 pa 3 P2y 2
+/0 e ¢ (Xs) §3 (i)Lo [ 9 | X + : 2( j | X
J:

1=
t
X |z|"v(dz)ds +p/ e P XPg (X)) dW,
Ro 0
t ~
+ / / e [(Xoo + c(Xso) 2)" — XP_] N(ds, dz)
0 JRo
t
<afm [ emexr s
0

t b D 1 — 2
o [y (D]
[ ()nls
1=

1—2

+3 ( ; 2) (1XsP > + Xs“')] | Jevtdz)ds

J=2

(1P~ + | XP7%)

t
+p / e P XP L5 (X)) dW,
0

t
e 5 S— C S— Zp_ p— N 5,4az). ’
Tt i

Now, it suffices to use the same argument as in the case p = 2 by replacing t by t A 7

in (2.8) and taking expectations on both sides to get that

E [ —pYATN) XD }
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< g+ / R [XE?] ds
0
) t —pys b p Lz Z_Q(E[X p—4} E[X p—Q}
+/Oe ;ioz 1X,[P1] +E [|1X,P72])
i2
o E [|X P27 E S|P 2" (dz)ds. .
+;(J‘)( [P + B 1) })]/ROI(dM (29)

Then, using the fact that 7y T co a.s. as N 1 oo, letting N 1 oo on the left hand side

of (2.9) and using Fatou’s lemma and B6, we get

t t p
E [e P XF] <+ pn / e PR [XP7?] ds + C / e PV ZE D X5|p"] ds.
0 0 i=2

Now, it suffices to use the inductive assumption.

Ifv=0:

t P
E[XF] <af+ Cp/ (1+s)P> Vs + C, Z/ (1+5)P=0/245
<Cp (1472,

If v # 0:

t p t
E [e_mtXﬂ <azh+ C’p/ e e (1 + 67(7’_2)8) ds + C, Z/ e e (1 + 67(7’_“8) ds
0 — Jo
<Cp+ C’pe*mt.
This implies that
E [XF] < Cp+ Cpe™™.
Therefore, (2.2) is valid for p. By the induction principle, (2.2) holds for any even
natural number p € [2,po]. Finally, using Holder’s inequality, we finish the proof for
any p € (0, pol. O

Subsequently, we establish the existence and uniqueness of the solution for the

equation (2.1).

Theorem 2.3.3. Assume that the coefficients b, c and o satisfy the conditions B1-B5.
Assume further that the Lévy measure satisfies fRo |z|v(dz) < oo and fRo 22v(dz) < oc.

Then the path-wise uniqueness holds for equation (2.1).
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Moreover, suppose that there exist positive constants C' and ¢ € (0; %] such that
12
[b(@)| Vo ()] V [e(2)] < C (1 + |2[7),
for all z € R, where py is defined in Condition B2. Then the equation (2.1) has a
strong solution.

Proof of Theorem 2.3.3. Without loss of generality, we assume that 7 is a positive
constant.
Existence of solution:

For each N > 0, set

b(x), if |z| < N,
N
by(x) = < b<‘x’x>(1\f—i—1—|x|) if N <|z|] <N+1,
L 0, if [z| > N +1,
and
( o(x), if |z| < N,
Nzx
on(x) = a(m)(NJrl |z]), if N <|z|]<N+1,
| 0, if |2| > N +1,
and
([ c(x), if 2] < N,
N
en(z) = <‘T)(N+1—|x|) if N <|z|] <N+1,
| 0, if |z > N+ 1.
It is clearly that by, ¢y and oy satisfy Assumptions of Theorem 2.2 in [59]. Thus, the
equation
XtN:xH/ bN(XN)ds+/ ) AW +/ / (X)) 2N(ds, dz)
0 Ro

(2.10)

has a unique strong solution XtN . We will show that when N — oo, XtN converges in
probability to a process X; which satisfies equation (2.1).
For each N > 0, set

v =T Ainf {t € [0;T]: | X > N}.

Due to the pathwise uniqueness of solution to equation (2.10), X}V = XM almost

surely for any ¢t < 7y and N < M. Then, we will show that 7y = T almost surely for

39


Diệu Nguyễn
Highlight


all N large enough.
In addition, it is straightforward to show that the coefficients by (x), cny(x) and on(z)
satisfy Condition B2

—1 A2 (x
() + 2=V (0) 4 5D [ (@4 200fa — 1 - 2ol ()
0 Ro

< 27|7|?* + 21,

for any z € R.
Firstly, by applying It6’s formula for | X/V|? and Condition B2’ with py = 2, we have

|XtN\2—x(2)+/Ot (2xNon (X)) + 0% (XgV))der/oth;VaN (XX aw,

v/ t (2 e (2 2)" = X2 2 () 2) wlaas

+/Ot/R ((X;V+CN(X;V) 2)? - |XN|) N(ds, d=)
—x%—i—/t( XNoy (X)) + o3 (XN))der/tQXNJN (XX dw,

//]R (XN 2% (dz) ds+//R (2XN ey (XN) 2+ & (XN) 2%) N (ds, dz)

_x0+/ (XNbN(X ) +or (X)) + iy (X /R )

+/ 2XNoy (XV) dw, Jr//R 2xNen (XN) 2+ & (X)) 22) N(ds, dz)
§x0+2/0 (v |2 +77)ds+/ 2XNoy (XN) dw,

t
b [ ] X (x5 & () 2) Flas o) (2.11)
0 JRo
Taking expectation on both sides (2.11) to get

t
E[|XtN|2} <23 +2E {/ (7‘X§V’2+77>d81
T0 )
§x§+2/ (VEUX;"\ ] +77)ds
0

T
2
< (a2 + 29T) + 2w|/ E UX;V} ] ds
0
By using the Gronwall’s inequality, we have

E [IXM] < (2 + 20T)e2T = C(x0, 7,1, T). (2.12)
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On the other hand, the estimate (2.11) implies that
AT 9 AT
XN 2 §m3+2/ (ﬂXﬁV] +n) ds+/ 2XNon (X)) dw
0 0

tAT
+/ / (QXﬁcN (Xév_)z—i—c?v (XS]\L) 22> N(ds, dz), (2.13)
0 Ro

for any stopping time 7 < T
Taking expectation on both sides (2.13) and using (2.12) to obtain

tAT
E [|X{% 7] < 2§ +2E U (7|X§V‘2 +n) ds}
0

T

< x3+2/ (InfE [|XY]°] +7) ds
0

< 0(3707%77>T)-

For any p € (0;2), thanks to Proposition IV.4.7 in [79], we have
E l sup |XtN‘p1 < C(xo,7v,n,p,T) for any N > 0. (2.14)
0<t<T

Thus,

C’ZElsup ’XtN|p > NPP [y < T].

0<t<T

p
>E l sup | X{ | Iy <y
0<t<T

It leads to > n_; P (75 < T) < co. Thanks to Borel-Cantelli’s lemma, we obtain
P {lim sup {7y < T}] = 0.
N

Since (7y)y is increasing, 7v = T for all N large enough. It means limy o, X;* = X;
exists almost surely and X; = XtM almost surely for any t < 7y and M > N.

Secondly, for any k >0, k > 1, 2 < g < po,
2 2 2
B([X0E, = XD |*] < 2B [ (X8 + X)) Ty |

IATN +k
Plry <T
< ¢, <51E X+ B (X)) + %) |

Let N — oo and then let kK — 0, we get

IANTN+M

2
E [|XN+M — x| ] 0 as N - oo (2.15)
It means that (XtJXTN) ~>1 is a Cauchy sequence in L? space. This implies
N L
Xipry — Xt as N — oo.
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Since coefficients by, ¢y and oy satisfy Condition B2, it follows that they also satisfy
Condition B2. Thus, from Proposition 2.3.1, we have that for any p € (0,pg], there
exists a constant C}, > 0 such that
sup E [|XtN|p} < C,.
0<t<T
Thanks to Fatou’s lemma, there exists a constant Cp, > 0 such that
sup I [[X;[F] < G
0<t<T

From the definition of by (x), we have

E /0 h [bn (X)) = b(X,)] ds

»

Moreover, using the fact that |b(z)| < C (1 + |:c\£) for all z € R and pg > 4l,

2

t t
E / b(Xs)ds| | < C/ E[(1+4[Xs/*) I{ry<q] ds
tATN 0
T
CP T
< HC/ E[1+ |Xs|2£:|2d8+ %
0
P T
K
Let N — oo and kK — 0, we have
tATN 12 t
/ bn (Xév) ds — / b(Xs)ds as N — oo. (2.16)
0 0
In the same manner, we can see that
tATN 5 t
N L
/ on (X)) dw —>/ o(Xs)dW, as N — oo, (2.17)
0 0

and, by fR 2?v(dz) < o0

tATN
/ / zN ds,dz) —>/ / zN ds,dz) as N — oco. (2.18)
Ro RO

Finally, by combining (2.10), (2.15), (2.16), (2.17) and (2.18), we get

t
Xt::v0+/b(X)ds+/ dW+// szsdz)
0 Ro

almost surely for all ¢ € [0,7]. This shows that (X¢),co 1 is a solution of equation

(2.1).
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Pathwise uniqueness:

Suppose that equation (2.1) has a solution (X¢)o<i<7, and (X})o<i< is another so-
lution of equation (2.1). It follows from the proof of Proposition 2.3.1 that the sam-
ple paths of (X¢)o<i<r and (X])o<i<r do not explode. We are going to show that
E[|X: — X/|] =0 for all ¢ € [0,7], which implies the uniqueness of solution. For each
N>0,let iy =T Ainf{t >0:|X;|V|X]| > N}

Firstly, applying 1t6’s formula for X? and Condition B2 with py = 2, we have

t t
Xf:x3+/0 (2X:b (Xs) + 0% (Xy)) ds+/0 2X 0 (X,) dW,
t
+/O/R (X5 +c(Xy) 2)? — X2 - 2X,e (X,) 2) v(d2)ds
t
+/O/R ((Xoo +c(Xso) 2)* — X2) N(ds, dz)
t t
=22 b (X o2 s)) ds 0 (X)) dWy
0+/0 (2Xb (Xs) + 0% (Xs)) t+/02X (Xs) dW,
t
2 22 (dz) ds s—C(Xg_) 2z 2 s— 22 N s, dz
+/O/RO (Xs) 22 (dz) d +/O/RO(2X (Xs-) 2+ (Xoo) 2%) N (ds, d2)
t
:x%—i-/o (QXSb(XS)—i—a2(X5)—i-c2(XS)/R zzy(dz)> ds
t X0 (X,) dW, t Xo_c(Xo )z 4 2 (Xs_) 2%) N(ds, dz
v [ 2xo(x) +/0/RO<2 (Xoo) 2+ 2 (X,) 22) N(ds, d2)
t t
22 32 ds 0 (X)) dW
< 0+2/0 (7 1X.J2 ) +/02X (X,) W,
—l—/o/]R (ZXS,C(XS,)z%—cQ(XS,)zQ)]T/(ds,dz),

which implies
tATN tATN
Xpr, < ad+ 2/ (Y1Xs* + 1) ds +/ 2X 0 (Xs) dWy
0 0

tATN . . C2 22 N s. dz
+/O /R (2Xs—c(Xeo) 2+ ¢ (Xs-) 2%) N(ds, dz).

For any stopping time 7 < T', we get

TATN TATN
X2, <3k + 2/ (7| X% +n) ds +/ 2X 0 (Xs) dW
0 0
TATN »
- / / (2Xs—c(Xso) 2+ ¢ (Xs-) 2°) N(ds, dz). (2.19)
0 Ro
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Taking expectation on both sides (2.19) and using Proposition 2.3.1 to obtain

TATN
B3] <+ 28| [ (X
0
T
<23+ 2/ (7]E [|Xs|2} + 77) ds
0
S C($0777naT)'

For any p € (0;2), thanks to Proposition IV.4.7 in [79], we have

E l sup | Xiarnl?| < C(z0,7,m,0,T).

0<t<T

Let N — oo and apply Fatou’s lemma, we get
E l sup Ithp} < C(x0,7,m,p,T). (2.20)
0<t<T

Similarly, since (X})o<i<7 is another solution of equation (2.1), as in (2.20), for any

€ (0;2), we have

E l sup |Xt| < C(xo,v,m,p,T). (2.21)

0<t<T

Since X; and X] are solutions of (2.1), we write

Xy — X| = /[b(X)—b(X’)}der/o [0 (Xs) — o (X])] AW

/ /R ) —e(Xi2)) 2N (ds.dz).

Applying It6’s formula for ¢s. (X¢ — X/) and using the mean value theorem, YW2 and
YW5, we get

Xinry = Xipry | < €4 0se (Xinry — Xipry)

= g+/ N¢’55 (Xs = X3) (b(Xs) —b(X})) ds
t?\‘rN
+ /O %gbgg (Xs— X)) (0(Xs) =0 (X;))2 ds
/ 05 (Xs — XL) (0 (Xs) — 0 (XL)) dWy

/ NR Oe (X — X0+ (c(X0) — e (X)) 2)
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— sz (X X) P5. (Xs — X1) (c(Xs) — ¢ (XY) Z)}V(dz)ds
/ N [ qs& 5— + (c(Xem) — e (X1)) 2)
- Qbés ( s— — Xg_) ]N (dS, dZ)

§s+/0 N|b(X5)—b(X;)\ds

tATN 1 / .
+/o X xiogs sl (e = XiD) (0 (X0) =0 (7)) ds

o[ e (= 0 (7 (60— ()
0

+ /0 /R 2| (Xo) — e (X9 |2l (d2) ds
tATN
+ / [92555 (Xs— - ng + (C (Xs-) —c <X‘/§*)) Z)
0 Ro

— Poe (Xs— - X;_) ]N (dS, dZ) .

Then, using Conditions B3, B4, B5, we get

IATN IATN 2aL2
A
0 0

o[ e (= 1) (7 (%0 = (0))
0

tATN
+ / / 2Ly | Xy — XU |2|v(dz)ds
0 Ro
tATN
+/ {‘bée (Xs— — X;, + (C (XS_) —c (X;f)) z)
0 Ro
— Poe (Xs— - Xg_) :|j\7 (dS, dZ)
tATN
§5+/ LN(1+2u)|X5—X§|ds+/
0 0

/WN O5. (Xs — X1) (0 (Xs) — 0 (X})) dW

/ N A ¢65 s— ((Xs_)—c(Xg_))z)

— e (oo — X1 ]N (ds, dz). (2.22)
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By taking expectation on both sides (2.22) and using Proposition 2.3.1, we obtain

g2 LT

t
E [|Xinry — Xinry ] §5+LN(1+2u)/ E [|Xonry = Xipry|] ds + 5
0 g

By choosing 6 = 2 and letting ¢ — 0, we get

t
E HXt/\TN - Xt//\TN|:| < LN(l + 2:“)/ E HXS/\TN o X‘/*/\TNH ds.
0

Thanks to Gronwall’s inequality, IE HXt/\TN — X/ prn H = 0. It means Xynry = X, al-
most surely. This leads to E[|X; — X/|] = E [|Xt - X H[rNgt]} . By applying Cauchy’s
inequality, (2.20) and (2.21) for any p € (1;2), we obtain

E (%~ X{[] < 5E [|% - Xi] + TP <7
1 I 1127 1 /1P
< g 6=+ e (B s, v 4B o, 0P )
1 T 2] C
< ovE _\Xt—Xg} |+ 5T

Let N — oo we obtain E[|X; — X/|] = 0. It means X; = X] almost surely for any
t € [0;T]. Since X and X' are cadlag, they are indistinguishable on [0, T]. The proof

is complete. O

2.4 Tamed-adaptive Euler-Maruyama scheme

In this section, we present a new Euler-Maruyama approximation scheme for equation
(2.1). This new scheme is constructed based on a combination of the tamed Euler-
Maruyama and the adaptive Euler-Maruyama schemes, and we refer to it as the tamed-
adaptive Euler-Maruyama scheme.

For each A € (0,1), the tamed-adaptive Euler-Maruyama discretisation of equation

(2.1) is defined as follows
to=0, Xo=u1z0, trpr1=1tx+h(Xs)A,
Xpeor = X +0(X1,) (bt — t) + 0a (X)) Wiy — W) (2:23)
+CA (X\tk) (Ztk+1 - Ztk) ;

where

1
L+ [b(@)] + o (@) + [x])? + |e(z) P

h(z) = (2.24)
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Here [, py are some positive constants and [ > 1, pg > 2. Moreover, ca, oA are some
approximations of ¢, o, and their conditions will be specified later on.

As discussed in Chapter 1, the core idea behind the adaptive Euler-Maruyama
scheme is to control the step size ha(z) rather than directly taming the equation’s
coefficients. Consequently, to ensure desired properties of the approximate solution
over infinite time intervals, the time points t; must diverge to infinity, albeit at a
potentially slow rate. The next result provides a sufficient condition for ¢, — oo as
k — oo, which guarantees that the tamed-adaptive approximation scheme (2.23) is
well-defined.

Proposition 2.4.1. Suppose that there exist positive constants L and B such that the

coefficients b, c, o, ca, oa satisfy the following conditions
T1. |b(z)|V|o(z)| < L (1 + \x|ﬁ);
T2. x(b(x) — b(0)) < L|z|?;
T3. loa(z)| < Llo(z)| and |ea(z)| < |e(z)];
L L L
T4. loa(x)| < —; |lca(x)| < —= and |b(x)ca(x)]| < —;
for any x € R. Assume further that the Lévy measure satisfies fRo 22v(dz) < oco. Then
lim %, =400 a.s.
k—4o00
Proof of Proposition 2./.1. Throughout the thesis, the following classical moment es-

timates for the increment of Brownian motion W and Lévy process Z will be useful

E [|Wi = We|" |Fn] < G (t_ﬁH)m? E[|Z = Zy|" | Fpn] < G (8- £7),

(2.25)
for any ¢t > 0,7 > 1 and some positive constant C.

The proof strategy is based on the projection method outlined in [17]. This method
involves truncating the solution processes and subsequently demonstrating the bound-
edness of the moment of the solution, which implies that the solutions are almost
surely bounded. Consequently, the two classes of approximate solutions coincide almost
surely, and therefore share common properties. Moreover, to address the superlinear
growth of o, we employ the Yamada-Watanabe function ¢g. instead of the LP-norm,

as utilized in [17].
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For each H > |zg|, a projected approximation scheme is defined as follows

(

il =0, t, =t + XA,
S Xl = ru (Rl (Xg) n(RA) A +oa (1) Wy

k+1 k+1
tea (X )(ZtH —Ztg)),

k+1

WtkH )

\

H
where Py (Y) := min ( |Y|> Y. Observe that

Xt

< H for all k. Thus h(Xﬁ,)A >

C(H, L,l,m)A, which implies that tf T 00 as k — 0o. We note that for each k, tk is
a stopping time and tkltﬂ_1 is ftlfj—measurable. Set tH = max{tkH : tkH < t}. Then tH s
also a stopping time.

The continuous approximation is given by

A~

RI = Py (Rf 46 (Xfh) (6= t7) + oa (X[5) (We = W)
vea (R8) (2= 2)).

First, the fact that Py (Y) = min(1, H/|Y])Y implies ¢5- (Pr(Y)) < ¢s:(Y). There-

fore,
osc (R0 = osc P (R8540 (R8) (- 1) 4 08 (R (- Wi)

+ea (R (2~ 2) )1
< o | R+ 0 (Xfh) (6= )+ o (RE) (We = W)
vea (RH) (2 20)|.
Next, using Taylor’s expansion, there exists an (J;)-adapted process (&) such that
0s (RI) < o5 (XHh) + 0he (R0) [0 (Rfh) (6= £+ o (RE) (W2 = W)
vea (Xf) (20— 2)| + oit@) o (R (6 o)
vou (Xfh) (We=Wen) +ca (R5) (2~ ZtH)]z.

Recall that |¢§_(z)] < Thus,

Elog(5
0sc (K1) < 0n (K1) + oh (X80) [o (R81) —w(0)] (0= 1)
+ o () 0(0) (6 — ) + 6. (X)) o (REE) (W = Win)
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o (S8)es (32) (- 20+ 25 (28 -

B) (We = W)+ & (R (2 - )’

/\

+0A(

Using (2.24), we get
DRI (-t < 52( ) ( )A<A
Using YW3, T2 and the fact that |z|¢}_ (
o (K5 o ()~
D ) - -
< L’Xt (1K) (e = £
o (8) ) -0

Now, using T4 and the fact that dW? = 2W;dW; + dt, we have

|z]) < ¢ (z) + &, we get

€

0] (¢ =)

2

o () (We = W) < LK (2 /tt (W, — W) dW, + (t—;H)> |

H

Moreover, the Ito’s formula yields

t ~
(Zt—ZtH)Qz(t—gH)/R 2’21/(dz)+/tH/]R [22+22 (Zs_—ZzH)}N(dS,dZ).

This, together with T4, gives

A (XH) (Zt—ZtH)Q_M / v(dz)
/H/R (22 + 22 (Zs— — Zyn)] N(ds, d2).

Consequently, we have shown that
Qb&s (X\tH) < [1 + L (t _EH)] ¢55 <X\ﬁ{)
30A 30L2 30L2 5 "
L b d t—t
+< a (0)|+510g6+A510g5+A510g5/ROZV( Z))( - )

+/tt l‘%@( ) oa (Xh) + A?li?é (WS_WSH)} A
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t 2
- = 30L v
H H 2
+ /tH /R l(bgg (XSH) ca (XSH> “t Aclons (2% + 22 (Zo— — ZSH))l N(ds,dz).
(2.26)

Note that e X(1 + L(t — t1)) < e~1t" | Then, multiplying by et in both sides of
(2.26), we have
t

e M. (X1) Se“H%E(Aﬁ) + O((0), L, A 2, 0) / e Lods
t

H

NEACHIENEE DLy, v | aw
56 A\ ) T Azlogs VT " .

//%ﬁﬂm

3617
Acelogd

(22 +22 (Zs- - ZSH))l N(ds, dz). (2.27)

Now, from (2.27), we get
Ltkﬂ(bée (X )
k+1

H
tk+1

< e*Ltquﬁ(;g (ygf) + C(b(O),L,A,g,é)/ e L3ds

H
tk

—LtH tion 1 (TH SH 66L>
4 etk /tH l%e (R8) oa (R5) + Artogs (s = Wan) | aiv:

o tIIc_I-!—l - .
+ e~ Ll [gbgs (Xgl) CA (Xg) z
tH Ro - -

N 3612
Aclogd

(z2 + 2z (ZS_ - ZSH))] N(ds, dz). (2.28)
Summing (2.28) over multiple timesteps and adding (2.27), we obtain
G_Lt¢56 <X\tH)
t
< 05 (20) + COO) LA 2,0) [ e
0

t H vH ~ ~
+/ oL h (X)) ldse (Ri) on (R80) + DLy, —wi) | aw,

Aclogd

/ / Sn (X)) o (R ) ea (R21) -

N 3812
Aclogd

(22 + 2z (Zs_ - ZSH))‘| N(ds, dz)
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2
ok (Wy —WSH)] AW

Aclogd
H ~
(et (R (65 (R ) ea (RE0) 2
tH JRo .
362

T A logs (22 +22 (Zs— - Zf))] N (ds, dz)

t
< 652 (20) + C(b(0), L, A, &, 6) / L g
0

+/te L(s"+n (X)) l%e (X )UA ()’(\g)Jr 65 L2 (WS—WSH)] v

Aclogd
/ / st XH )) [¢38 ()?ﬁ,) CA ()?51) z
+Aii§g5 (e 1 20) | Nt
+ LA <2_LA Osgli}; W, + A12(15L25 OS:;I;t |Ws|2>
+ LA (2—2 S |Zs| + % S |Zs|2>

Now, using Lemma 1.2.25, we have

E l sup ]Zs\l < CVt (/ zzu(dz)> ; E l sup 2821 §C’t/ 22u(dz).
0<s<t Ro 0<s<t Ro

Hence, for any the stopping time 7 < ¢, it follows from the modulus of continuity of W
and the Condition B6 that there exists a positive constant C' = C(xq, ¢, 0, A, L, b(0), 1),
which does not depend on H such that

E |:€—LT

XVEH < C($07€757A7L3b(0)7t)'

From this point forward, by repeating the argument in the proof of Proposition 2.1 in

[45] we obtain the desired result. O

Under the assumptions of Proposition 2.4.1, the nearest time point before ¢ is defined
by t := max {t, : t, < t}, and the number of time steps approximation up to time ¢
is defined by Ny := max{n :t, <t}. Observe that t is a stopping time. Then, the

standard continuous interpolant is defined by

X=X +0 ()’(}) (t— 1) +oa ()?t) (W, — W) + ea ()?t_) (Zi— 7). (229)
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A~

Hence, X = ()?t)tzo is the solution of the following SDE

dX, = b(X,)dt + oa ()?t) AWy + ca ()?t_) AZ,  Xo=m0.  (2.30)

2.5 Moments of the approximate solution

In Section 2.3, we established the boundedness of the moments of the exact solution
in LP (for p € (0,po]), over both finite and infinite time horizons. In this section, we
will also establish similar properties for the moments of the approximate solution.

Firstly, we require a crucial estimate for the moment of X\t.

Lemma 2.5.1. Assume that Conditions T1-T4 and B6 hold. Then for any p € [1; 2pp]
and T > 0, there exists a positive constant C(p, L, T, xo, A) such that

]E l sup ’Xt|p S C(p7L7T7 J,’O,A>.

0<t<T

Proof. Using the property YW3 and applying It6’s formula for e‘Ltgb(;g()?t), we get

+ /Ot A e L5 [ s ()/(\s + CA()A(S)Z) — Ose ()A(s) — ¢, ()/(\s) CA (AS> Z] v(dz)ds
+ /Ot 5 e~ Ls [gbés ()A(s +ca ()A(s) z) — Gse ()?3)] N(ds,dz).

Now, applying Taylor’s expansion for qbga and using T2, YW2, YW5 and equation
(2.29), there exists an (Fs)-adapted process & = (&5) such that

G (KON = (. (%) + o) (% - %) ) v (%)
= o5 (R0) 0 (%) + 0560 [p (R) (5= 9+ oa (X)) 7 =)
rea (R) (2= 2] 0 (%)
=0 (£.) (b(R.) ~0(0)) + o (X.) b00)
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+ gb:;/&.(fs) [bz (As) (s—s8)+0 ()?s) OA (As) (Ws — W)

+b ()?5> cA (AS) (Z, — Zs)}
)

C’5A ~ ~
< - S
L] Xs| + b0} + elogd 510g5 ‘b (X ) oA ( S) (Ws = Wy)

_|_

510g5‘b( ) A(QS) (Zs — Zs)| .

Again, applying Taylor’s expansion for ¢g5. and using YW5, T4, there exists an (Fj)-
adapted process 6 = (65) such that

(s (5 ) -0 (£) -t (£)1 (2):
= %ﬁbg&- (0s) 02A ()?8> 7
5 L%,
= 510g5KZ

Hence, we have shown that

t
e_Lt|Xt| < e+ dge(x0) +/ e Ls [—L¢5E(XS) + L | Xs| +1b(0)]
0

CoA ~

X s — Vs

+€log(5 5log(5’b< )A( >(W Ws)
Lo

Z ds

+510g5‘b( >CA(X)(Z o)+ Aelogé]

! Ls il (v v LZ(S —L 2
+/ 5. (Xs)oa(Xs)dWs +A510g5/ e ds/ROz v(dz)

// —Ls % XS_HA( ) ) %( S_)]N(ds,dz).

Next, using YW3 and (2.29), we have

_¢5s |X5| +e+ s

< e+ [b(Xy)(5 — 8)| + |oa(Xe) Wy — Wi)| + [ea(Xe)(Zs — Zs).

93



Thus,
eth‘it’
< (1 + Lt)e + ¢s:(0)

/ Le~ts [\b( s)(s = 3)[ +]oal §)(W5 - Ws)[ + |CA(A§)<ZS - ZS)’] ds

0

t
C’5A ~
—Ls _
+/0 ¢ {|b(0)| + €log(5 510g(5 ’b( ) oa <XS) (W = Ws)
(@)
* logd‘b( ) A(X)(Z Zs)| + Aalogé}d
t t
s > CL?6
—Ls i/ —Ls
+/ b5 (Xs)oa(Xs)dWs + Az logé/ ds

//RO —Ls gbaa Xs—+cA( ) ) gb&( s_)}]v(ds,dz), (2.31)

Using (2.25), for any p € [1;2py], there exists a constant C'(p) > 0 such that

B (%) os (%) 072w ]=E[\b<f)m (%)] B - wir| 7]
<cwE (%, )%(x)%_g)wj
< B | (%) oa (%) ko] a2

Next, using the Burkholder-Davis-Gundy’s inequality with jumps and B6, for any
p € [1;2po], there exists a constant C'(p) > 0 such that

3 (%) s (2) - 2]
-8 (5) e (2) - 2]

(%) s (%) p( / s / szy(dz)ds)Mp/Q]
_ (/ rz\”puwz))w E [|p (%) ea (%) [

< C(HIE Ub (%) es (%) e wz] |
Thanks to (2.24) and Conditions T3, T4, we have
max {E Hb ()?) oa ()?) (Wy — W) p] E Hb ()?) ca (A) (Zs — Zy)
< Cp, L, A).

< C(p)E

(s — §)1/\p/2]

p

A~

h(Xs)

1}
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Therefore, by choosing ¢ = 1,6 = 2 in (2.31), it follows from T1-T4, Holder’s in-
equality and Burkholder-Davis-Gundy’s inequality that for any 7" > 0, there exists a
positive constant C(p, L, T, xg, A) < oo such that

]E l sup ’Xt|p S C(p7L7T7 J}O,A>.

0<t<T

This finishes the proof. O

Next, utilizing Lemma 2.5.1, we establish the following bound on the moments of the
tamed-adaptive Euler-Maruyama approximation. Our proof technique remains consis-
tent, relying on mathematical induction, the binomial theorem, and Holder inequality,

mirroring the approach taken in Proposition 2.3.1.

Theorem 2.5.2. Assume that Conditions T1-T4 and B6 hold, and for some pg €
[2,4+00), there exist constants v € R, n € [0,+00) such that for all x € R,

— 02 T
xb(x) + p02 102A(x) + %())/R || ((1 + Lolz|)P ! — 1) v(dz) <yx4n. (2.32)

Then, for any positive integer k < pg/2, there ezists a positive constant C' = C'(xo, k,n, ",
L, Lo, po) which does not depend neither on t nor on A such that

Ce2krt if v >0,
E [p?ﬂ”“] VE [|)?t|2k] < 4tk if y=o, (2.33)
C if v<O0.

Remark 2.5.3. Since (1+ Lo|z|)* is an increasing function for z > 1, we deduce from

condition (2.32) that for any p € [2,pg] and z € R,

p—1 5
—a

xb(z) + 5

1+L0|Z|) ) v(dz) < yx? + 1.

Proof of Theorem 2.5.2. Using Holder’s 1nequahty, it is sufficient to show (2.33) for a
positive integer k and k < pg/2. We will use the induction method.
Firstly, for k = 1, applying [t0’s formula to 6_27'5)?3, we get

t
—~ ~ ~ o~ 1 ~ 1 -~
e X? = a2 +2 / e 28 (—7X§ + Xb(X,) + 5ai( o)+ =& (Xs) / z2y(dz)> ds
0 Ro

t
+2/ 21 X oA (X )dW,

t
+ / / e~ [2X5_CA (Xs_) —_ (XS_) 22} N(ds, d2). (2.34)
0 JRy
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It follows from (2.20) that
X2 = X2 42X, (b ()?S) (s —s) + oA ()A(s> (Ws = Wy) +ca ()A(s> (Zs - ZS))
+ (b ()?) (s —5)+0a ()?) (W, = W) + ea ()?) (2, - Zs)>2 |
Using T3, T4, B6, (2.25), and (2.24),
max{|X B(X,)(s — 5)]; BP(Xs)(s — 8)2 } < CA.
max{E [ai(As)(Ws - W3)2|]-"8] : [ 2 <A ) (2. — 7.) }fs}} <COA. (2.35)

Therefore,
E [—7)?3] <E [—7)?3} + Oh|A. (2.36)

A similar argument yields to
E {X b(X )] <E [X b(X )} 4 CA. (2.37)

Thanks to Lemma 2.5.1, the expectation of the stochastic integrals in (2.34) is equal
to zero. It then follows from (2.32), (2.34), (2.36), (2.37) that

t
~ v % e 1 X
o) <z [ o ([ o824 K% + AR
0
AR [ 2
A (X zv(dz)| + CA | ds
2 Ro

¢
<a5+C(n+1) / e 25ds, (2.38)

0

Using the fact that

A~ A~

=X, — b ()?t) (t—1)—on ()?t) (Wy = W) — ea ()?t) (% - 7)

together with (2.35), we get the following estimate for any p > 1

EH)@T §4P‘1( th }+EH1) )t — 1) ]Jr]EHUA()?t)(Wt—Wt) p]
+E [ cA(Xt)(Zt—Zt)’ D
< g1 (IE H)?t‘p} L OAP £ CAP? ¢ CAW’/Q) . (2.39)

It follows from (2.38) and (2.39) that (2.33) holds for k£ = 1.
Secondly, assume that (2.33) holds for any k < kg < [pp/2] — 1, we will show that
(2.33) still holds for k = kg + 1. Here we use the notation [py/2] for the integer part of
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po/2.
By applying Ito’s formula for e*mt)/(\f with p = 2(ko + 1) being an even integer, we

have

t
B ~ |P B ~ ~ —~ pp—l ~ ~
e |Xe| =+ / e [—mxg’wXﬁ R+ D03 (%)
0

+ /]R (()? + ca( As)z)p — XP — pXPea( As)z) v (dz)] ds

A~

t
+p/ e P XP2X 00 (X)) AW

/ / 5 (Bt ea(®a)2) - 82) Nas,a). (240

It follows from (2.29) and the binomial theorem that for any positive integer g,

e Y o (R) (MR- ) (s Eoor - W)

0<4,5,mv<q
i+j+r+v=q

x <cA()?s)(zs _ ZS))U. (2.41)

Using (2.25), the independence between W and Z, Burkholder-Davis-Gundy’s inequal-
ity and B6, we have

1

Colvlp! | &
v Y PP IR pEae- 9] AR -9
0<i<p—2
1+j+2r=p
ColVp! | 1], o j - Tl
- Z i!;!r!v! Xs| |0(Xs)(s = 9) )JQA( s)(s—s)| |caA(Xs)(s —3)
0<i<p—2,v>2
i+j+2r+v=p
Again, using T3, T4 and (2.24), we get
p—2
E |- %2|7| £ 10+ Gl IR (2.42)
1=0

Choosing ¢ =p—1 and ¢ = p — 2 in (2.41) and using the same argument, we get

E [)?5—119 \f] < X (XD + G, Z|X k (2.43)
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and

E|X0203(%0)|7 < R2A (R + G 31K (2.44)

Now, using the binomial theorem, we have

p
~ ~ p ~ ~ ~ ~ .. ~ .
(XS +ea (XS) z) _XP— pXPles (X) =% (i’) Xr=ici, (X) S (2.45)

1=

Then, applying (2.41) to ¢ = p — j with j € {2,...,p}, we obtain that, for 4 <i < p,

B [Rrch (£) 7] < Rich (£) + - 0% (%) s () (s 08702

PE [0 (X) 174 (%)
< XPey (&) + Cplp—2 (As) : (2.46)
Using (2.45), (2.46), and T3, B1, proceeding as in (2.6) and (2.7), we obtain that
~ ~ P~ ~ ~
E [(Xs +ca (Xs) z) — XP —pXPlcp (Xs) z .7:5]
£ ()5
i=2
2 (v )% p2_P
<A (%) 1Kl (L Lol -1)
" (p i—2 — (i—2
2 (¥ i—2 [ L= 2% p4 - T (p—2-j '
+A (%) (i)% ( R ( ; )\sto ) £
1=3 j=2
4 CQ,p s (‘)? z> . (2.47)

Consequently, from (2.32), (2.42),(2.43), (2.44), (2.47), B6 and Remark 2.5.3, and
A(r) < A(x) < 2L%(1 + 2?) for any x € R, we obtain that

- A 1)~ -
B =Rz R 0% + LD R (R

; /R ((Ro+eal®e) = X2 - pReten(%)2) v (d2)

. e o~ 1 N
< p|X§|p_2 < - 7X§2 + Xsb (XS) + L 5 UQA (XS)

C2 As -
vl AEICESZE I v<dz>> + Qs (|5

).

< pn!Xglp_Q + Qp—2 (‘XS

58



Therefore,

s ] . (2.48)

Thanks to Lemma 2.5.1, the expectation of the stochastic integrals in (2.40) is equal
to zero. Then, from the estimates (2.39), (2.40), (2.48) and the inductive assumption,
we obtain that (2.33) holds for k = ko + 1, which implies the desired result. O

Remark 2.5.4. If v < 0, then the approximated solution is stable in the sense that
for any 0 < p < 2[pp/2] there exists a positive constant C, which does not depend on
A, such that

supE [p?ﬂ VE [p?ﬂ <

t>0
Remark 2.5.5. Suppose that all conditions of Theorem 2.5.2 hold, then the bound on
the expectation of the number of time steps Np required by a path approximation on
[0, 7] for any T' > 0 is given by

E[Nr—-1] < %, (2.49)

where C' is a positive constant that does not depend on A.

By following the argument used in the proof of Lemma 2 in [17], we can obtain the

estimate (2.49) as a consequence of Lemma 2.5.1 and Theorem 2.5.2.

Remark 2.5.6. It can be checked that under Conditions B7-B9 and fRo 2?v(dz) < oo,

the following functions

_ c(x)
1+ AL2]e(2)|(1 + [b(2)])’

satisfy all conditions of Proposition 2.4.1.

_ o()
14 AY2|g(z)|

oa(x) (2.50)

ca(T)

2.6 Convergence of the tamed-adaptive Euler-Maruyama scheme

In this section, we will assess the strong convergence rate of the tamed-adaptive Euler-
Maruyama scheme, across both finite and infinite time intervals. To achieve this, we
first require the following uniformly-in-time bound for the difference between the two

approximate solutions X and XL‘
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Lemma 2.6.1. Suppose that coefficients b, c, 0,0, ca and the Lévy measure v satisfy

all conditions of Theorem 2.5.2 and p € (0;po], then there exists a positive constant

Cp =C(p, L) such that

sup E [[Xt — Xﬂp] < CpAl/\p/2,
>0

Proof. From (2.29), for any p > 1,
X — XfP
~ ~ ~ p
= [0t — 1)+ o RV = W) + ea(R)(Z — 7]
p

+

<3t [JRoe -] + |raZ00v -y

ealRo(2 - 20|

<3t ([ [

p ~ |P P
Ap—l—‘O’A(Xt)‘ |Wt—W§| +

CA(X,*,)’ ‘Zt—Z§| i| .
By applying T3 and (2.24), we have

B(RDR(E)| < €5 GARDR(RY < C and | (X)H(R)72] < €,

for some positive constant C. Consequently, using Burkholder-Davis-Gundy’s inequal-
ity, B6 and (2.25), we obtain the desired result. For 0 < p < 1, it suffices to use
Holder’s inequality. O]

Finally, we assess the convergence rate of the tamed-adaptive Euler-Maruyama

scheme in the following main theorem.

Theorem 2.6.2. Assume that Conditions B2, B6—-B10 hold and py > max{4l;2 +
da+4m}. Assume that the functions ¢,b,0,ca,on and the Lévy measure v satisfy all

conditions of Theorem 2.5.2, and
(@) = ca(@)] < LsAV2E (@) (1 + b(2)]),  |o(z) — oa(2)| < LsAY?0?(z), (2.51)

for all x € R and some constant L5 > 0.
Then, for any T > 0, there ezists a positive constant Cp = C(xg, L, Lo, L1, L2,
Ls, Ly, Ls,~v,n,T) such that

~ OrA®  if 0<a<

sup E [|Xt - th <{ o (2.52)
0<t<T T )
10g A

DN | —
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Moreover, let = fRo |z|v(dz) and assume that Li+2L4p < 0, v < 0, then there exists
a positive constant C' = C(xo, L, Lo, L1, Lo, L3, Ly, Ls,vy,n) which does not depend on
T such that

1
supE [yxt - Xt@ <! o (2.53)
>0 T i a=
log %

Remark 2.6.3. Note that if ¢ satisfies Condition B10 then it also satisfies Condi-
tion B1 with Ly = max{L4, |c(0)|}. Moreover, conditions B8, B9, B10 imply condi-
tions B3, B4, B5. Therefore, under Conditions B2, B8-B10 and fRo |z|v(dz) < oo,

fRo 2?v(dz) < oo, equation (2.1) has a unique strong solution.

Remark 2.6.4. It is straightforward to verify that under Conditions B2, B6-B10,
the functions ca and oa defined in (2.50) satisfy condition (2.51).

Proof of Theorem 2.6.2. Put Y; = Xy — )?t. For any A € R, applying the property
YW3 and Ito’s formula for e s, (Y;), we get

e MYl < e e e N (V)
= e [ [+ o (360 - )

A~

5 t
20 Jas [ a0 (o1x) - as(R) aw,

+/Ot/R e_>‘3 gb(sg Ys+(c(X8)—cA ()?s>)2)—¢ag(Ys)
=05 7) (e0%) — ea (%) ) 2] wia
//R s (Yot (e (X —CA( 2)) #) = 0 (V)| N (ds, d2)

(2.54)

A~

U(XS) - UA( g)

Set
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Firstly, using properties YW1, YW2, Conditions B7, B8 and Cauchy’s inequality,

we have

7(s) < BBy, (506 — bR + [0 (6R0) —B(R)

< Lug(YaDIVal + Lo (141801 + 1R ) 1R, - Ry

3 = o ]_ ~ A~
< LYl + S LAV (14 R + %) + S LA V2R - K2 (255)
Secondly, by using the property YW5, the Condition B9 and (2.51), we have

1
Tals) = 505.%3)

3
< -
~ |Ys[logé

2

A~

0(Xy) — 0(Xs) + 0(Xy) — 0(Xy) + 0(Xy) — oa(Xy)

2

~ |2 ~ ~
L1 | [0 = (R +[o(R0)  o(20

2‘|
AN 2 P
23 (1 1R - R

Y 4
o(%) ]

AVaD) [323 (1 X2 4 | &2 ) o] 2

Y
s>]

A~ A~

+ [0(Xs) — oa(Xs)

3
Y,
|Y|log6 g1e) (1Y)
—~ —~ 2 ~
112 (1 IR+ |X3\m) X, — X120 4 12A ’

3
< —
|Y|log5

4312 (1 IR 4 |)?s|2m) X, — X120 4 127 ‘a(

91220 ~ 3L26A|0(X,)[*
< (1+|Xs|2m+|X5|2m) + 5 ‘ ( §)|
log ¢ elogd
9[’%5 v v 12m v 12m v v 14+2a
ooy (L aR - K o) 18, - R
9L2 204 ~ 9L25 ~ ~
< (1 + |Xs’2m + ’Xs‘2m) + 3 ‘Xs . X§’1+2a
log & elogd
+ QCL 5|X X |1+2a+2m
elogd
90L3 CSA (|5€S|2+4a+4m + 1)

X ZmX X 1+2a
logé‘ s s elogd

Thirdly, using the mean value theorem, the property YW2, the Conditions B1, B10
and (2.51), there exists an (F;)-adapted process £ = (£5) such that

J3(s) = dse (Ys + (c (Xs) —ca ()A(S)) z) — b5 (V)
— 0. () (e(x) —ea (%)) 2
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= ¢ (&) (c( s) — CA ()A( )) z + ¢, (Y )(C(Xs) —CcA (J?s))z

¢(X,) —ea (%)
e () e (R e () —ea (%)

:c(XS)—c<)?S)
<2 [Laval + L [, - K|+ a2 R0+ R 1o

<2

||

+

IE

S+ oavza g \Xs|l+3)] 12]. (2.57)

<2 L4‘Y3| —|—L4

By choosing A = L +2L4p where recall that g = fRo |z|v(dz) and using YW 3, we get
(L + 2Las) Vil — 52 (V3)] <  (La] + 2Lap). (2.59)
A combination of (2.54), (2.55), (2.56), (2.57) and (2.58) implies

E {e(L1+2L4u)t|Y2|}

t
R e [<L1+2L4>
0

#2012 (14 B[R] B[IR]) + 2108 E[I1R, - R,P]

9L2 2a N 97,26 ~ ~
n (1+E [1X:?™] + E [|Xs|2mD 280 [|Xs —Xsll”a}
log & elogd =
.25 . R L25 ~ ~ ~
" 9C 3SR [le _ Xg|1+2a+2m] + 90—3]E |:’Xs‘2m|Xs _ XS’1+204]
elogd = elogd = =
CSA (]E [|X\S|2+4a+4m] + 1)

+ dS

elogd

[ v
Ro

t
< g~ (Int2Lap)t, +/ ~(La+2Lap)s [ (|L1] +2L4)
0

] +CA (1 +E [p?w?’])) 2 |v(d2)ds

+ gL A1/2 <1 +E |:|X\S|2l:| +E |:|Xs|2l:|) + %LQA_UZE |:|X\s . )/(\'S|2:|

9L2 2a N 9,26 ~ ~
L+E[XP] 4 E (IR ) + SB[ 1R, - Ry
log 0 ( [XP) B 1 " Clogd | !

9CL [ o CLY e[ 127, _ %

+ 3 E [le . XS|1—|—2a—|—2m:| |:|Xs|2m|Xs o X8|1+2a]
elogd = 5log5 = =
CSA (E |:’XS|2+4a+4m:| + 1)

+

elogd
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AN
s

Lo (L4IE H)?s -

} + CA? (1 +E [)?S|l+3])>]ds. (2.59)

Now, using equation (2.29), Burkholder-Davis-Gundy’s inequality, T3, B6, (2.25), and
(2.24), we obtain

E|I%, - R,|"+|7

~
S

< g0 (E 6(Re)(s = 94217, +E [Joa(R)(Ws = W42

~
S

+E |lea(R0)(Zs - 24|17 )

~ ~
S S

<c<b<l><s§>1”a+m< )2 (s — )12+ en >1+2a<8§>1/2+a>

<c((b<1>

A~

ca(Xs)

142« 1+2«

Al+20 T\ 1420 1/2+a
+ [oa(Xs)]

A1/2+a

A~

h(Xs)

) 1/24a A1/2+04>

This, together with Theorem 2.5.2 and m < pg/2, yields that

A~

h(Xs)

14+2a

A~

h(X,

+

< CA1/2+a.

E |78 - Ry 20] —E[E[IRP"1R, - Ry 2)7]]
—E ||R,"E 1%, - %7
< CAV?HOR [|)?s|2m} < CAYT (2.60)

Consequently, plugging (2.60) into (2.59), and using condition py > max{4l;2 + 4a +
4m}, Theorem 2.5.2, Proposition 2.3.1, and Lemma 2.6.1, for any 7' > 0, there exists
a positive constant Cp such that for any ¢ € [0, 7],

E |:€(L1+2L4u)t|Y%|]

2 1/2+ t
< e~ Wt2Lamte o | AV2 4 E - + SAT/e + o2 e~ (lnt2Lap)s g
log § elogd elogd | J,

(2.61)

If a € (O; %}, choosing £ = A1/2, § = 2. we obtain

sup E[|Yi]] < CrA“.
0<t<T
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If @ = 0, choosing ¢ = A4 § = A=1/4, we obtain

C
sup E[|V[] < —.
0<t<T 0g &

Therefore, we have shown (2.52). Note that if L1 +2L4p < 0 and v < 0, we can choose
the constant C in (2.61) such that it does not depend on T'. Therefore, we also obtain
(2.53). This finishes the proof. O

2.7 Numerical experiments

We consider numerical experiments for four different SDEs with coefficients given in
Table 2.1. For all equations, Xo = 0, (Z¢)¢>0 is a compound Poisson process of the
form Z; = Zi\il &i, where (INVy);>0 is a Poisson process with intensity A = 5, and (&;);i>1
is a sequence of independent and identically distributed random variables. We suppose
that each & has a normal distribution with mean zero and standard deviation 0.2. A
simple computation shows that these equations satisfy Conditions B2, B6-B10 with
constants pg, L1,7, [, m,« given in Table 2.1. In all these cases, pg > max{4l;2 + 4a +
4m}, hence it follows from Theorem 2.6.2 that the tamed-adaptive Euler-Maruyama
approximation scheme defined by (2.23), (2.24) and (2.50) converges in L'-norm at
the rate of order o in any finite time interval. Moreover, in Case 4, since L1 < 0 and
v < 0, the tamed-adaptive Euler-Maruyama approximation scheme (2.23) converges in

L'-norm at the rate of order « in infinite time intervals.

Case b o c po | L1 | v n Il |m|«
1 —14+z—2a° (1+2)2?3 | a+sin(@) [10] 1 | -1[31873 |2 [ 3 | &
2 14z — a3 1+ \/14”«4/3 z+sin(z) | 10| 1 | 1 | 957 |2 ]2 |32
3 | -1-a-2™% |1+ \/M w+sin(z) [ 10| -1 ] 1 | 1868 | 4| 1 |
4 | —l-z-2"3] 1+ \/Im“ﬂ““ z+sin(z) |10 | -1 | -1 | 1583 | 4|1 |1

Table 2.1: Four jump SDEs with their parameters

To study the empirical rates of convergence of the tamed-adaptive Euler-Maruyama

scheme, we consider

M

A( z+1 )

Z X5 - |7

k:
where for each [ > 2, (X x( ’k’))lgkg M 1s a sequence of independent copies of X defined
by equations (2.23), (2.24), and (2.50) with A = 27!, We adapt the Algorithm 1 in
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[17] to generate X él’k) and X élﬂ’k) on the same Brownian motion W and Lévy process
Z for each k and [.

If X0 converges at the rate of order 3 € (0, +00) in L'-norm, then there exists a
constant 8 > 0 such that 28/E[| X5~ X{"|] = O(1), implying that 28 E[| XV - XV|] =
O(1) and vice-versa. In this case, we can write logy me(l) = —l + C + o(1), for some
constant C' € R. Thus 8 can be estimated by the regression method.

Figure 2.1 shows the simulation result of log, me(l) for [ = 2,...,6. We draw the
regression lines to estimate the empirical rates of convergence [ in each case. In Case 2,
the empirical rate of convergence, which is 0.1819, is almost the same as the theoretical
rate, which is 1/6. In the other cases, the empirical rates are slightly better than the
theoretical rate.

Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges

in infinite time intervals while in other cases, it converges in any finite time intervals.

Casel: L, >0; y<0 Case2: L,>0; >0 Case3: L, <0; y>0 Case4: L, <0; y<0

. y=-0,2961x-4,4375 LR y=-0,1819x - 3,4635 . s Y=-0,3689x-3,2321 » . y=-0,3913x - 3,284
R?=0,9047 - 48 R?=0,8911 R?=0,9929 R?=0,994

Figure 2.1: Values of log,(me(l)) for | = 2,3,4,5,6.

2.8 Conclusions

This chapter proposed a tamed-adaptive Euler-Maruyama approximation scheme for
the Lévy-driven SDEs (2.1) where o is locally Hélder continuous; ¢ and b are superlinear
growth and c is Lipschitz continuous. We study the strong convergence of the scheme
in both finite and infinite time intervals. Our finding extends the result in [17] and
[45], which considered SDEs driven by Brownian motions, for a class of Lévy-driven

SDEs.
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Chapter 3

TAMED-ADAPTIVE EULER-MARUYAMA
SCHEME FOR LEVY-DRIVEN
MCKEAN-VLASOV SDEs WITH IRREGULAR
COEFFICIENTS

Following the analysis of the tamed-adaptive Euler-Maruyama scheme for stochastic
differential equations with jumps in Chapter 2, this chapter presents new results on
approximating solutions for a particular class of equations, namely McKean-Vlasov
SDEs with jumps. The core difference is that the coefficients of the McKean-Vlasov
equation depend on both the state and the probability distribution of the process,
creating a complex mean-field interaction structure. In this chapter, we focus on the
case where the drift and diffusion coefficients are non-globally Lipschitz continuous
and have superlinear growth. These results are written based on the article [3] in the

section List of Author’s Related Papers.

3.1 Introduction

On a complete probability space (2, F,P), we consider the d-dimensional process X =
(X¢)e>0 solution to the following McKean-Vlasov stochastic differential equation (SDE)

with jumps
dX; = b(Xy, Lx,)dt + 0( Xy, Lx, )W + ¢ (Xe—, Lx,_ ) dZ, (3.1)

for t > 0, where X = zg € R? is a fixed initial value, £ x, denotes the marginal law of
the process X at time ¢, W = (W;)¢>0 is a d-dimensional standard Brownian motion
and Z = (Z)1>0 is a d-dimensional centered pure jump Lévy process whose Lévy
measure v satisfies [p,(1 A |z|?)v(dz) < 400. Two processes W and Z are supposed

to be independent. The natural filtration (F;)s>0 is generated by W and Z.
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We denote by P(R%) the space of all probability measures defined on a measurable
space (RY, B(R?)), where B(R?) denotes the Borel o-field over R, and by

Po(RY) = {,u e P(RY) : lz2p(dx) < oo}

Rd
the subset of probability measures with finite second moment. As metric on the space
P2(RY), we use the Lo-Wasserstein distance. That is, for u,v € Po(R?), the Lo-

Wasserstein distance between p and v is defined as

1/2
W)= int ([ eeatnan)
weC(u,v) Rd xRd

where C(pu, ) denotes all the couplings of p and v. That is, 7 € C(u,v) if and only if
(-, RY) = () and 7(R?, ) = v().

The coefficients b = (b;)1<i<q : RIxPy(RY) — RY, o = (Tij)1<ij<d R x Py(RY) —
RI®@R? and ¢ = (¢jj)1<i j<a : R? x Po(R?) — RY®@R? are measurable functions. The

integral equation (3.1) now writes as

t t t
Xt—a:0+/ b(Xs,ﬁxs)der/ U(Xs,ﬁxs)dWSJr// ¢ (X, Lx, ) 2N (ds, dz),
0 0 0 JRE

for any t > 0.

The McKean-Vlasov process was first studied by McKean in [66] as a model for the
Vlasov equation describing the time evolution of the distribution function of a plasma
consisting of charged particles with long-range interaction. The process can be obtained
as a limit of a mean-field system of interacting particles as the number of particles tends
to infinity. The very first studies on the numerical approximation for McKean-Vlasov
SDEs are the works of Ogawa [75], Kohatsu-Higa and Ogawa [48] and Bossy and Talay
[4], where the authors considered the weak approximation of McKean-Vlasov SDEs
with regular coefficients. However, the numerical approximation for McKean-Vlasov
SDEs has only become active in the last decade.

Let XC(Fn) be an approximation of X7 which depends on the values of W and Z
at fixed equidistance times t;, = %T,k = 0,1,...,n. Then under some regularity
conditions on the coefficients b, o, and ¢, one may prove that

C(T)

e

XM xolr = (EIX™ — X v 3.2
| X7 Tl [| X7 rlP]) < : (3.2)

for some positive constants p and (p. In case the estimate (3.2) holds, we say that the

X:(Fn) converges at the rate of order (p in LP-norm.
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In [14, 50, 51, 61] the tamed Euler-Maruyama scheme has been developed to ap-
proximate McKean-Vlasov SDEs with super-linear growth coefficients. In [78], the
authors introduced several adaptive Euler-Maruyama and Milstein schemes and stud-
ied their strong rate of convergence for McKean-Vlasov SDEs with super-linear drift.
In [39], the authors introduced a multilevel Picard approximation, which has a low
computational cost, for McKean-Vlasov SDEs with additive noise. In [8, 14], the au-
thors introduced the implicit Euler-Maruyama scheme and studied its convergence in
LP-norm for McKean-Vlasov SDEs with drifts of super-linear growth.

The McKean-Vlasov SDEs with jumps were studied by many authors with applica-
tions in many domains [1, 15, 16, 19, 24] and the reference therein. In [69], the authors
considered McKean-Vlasov SDEs driven by infinite activity Lévy processes with super-
linear growth coefficients. They proved the existence and uniqueness of the solution
and proposed a tamed Euler-Maruyama approximation for the associated interacting
particle system and proved that the rate of its convergence in LP-norm is arbitrarily

close to 0.5.

3.2 Model assumptions

In this chapter, we assume that the drift, diffusion and jump coefficients b, o, ¢ and the

Lévy measure v of equation (3.1) satisfy the following conditions:
C1. There exists a positive constant L such that
2 (@, b, 1)) + |o (@, 1)|” + [e(x, ) /Rd [2*r(dz) < L (1+ |2f* + W3(p, 00))
0
for any 2 € R? and p € Po(RY).
C2. There exist constants k1 > 0,k >0, L1 € R and Ly > 0 such that
2 (x =T, b(x, 1) — BT, M) + k1 |o(x, 1) — 0T, W)
+ rale(, p) — ofF, D /R JelPu(d2) < Lale — 7 + LW3(s ),
0
for any z,7 € R? and p, 1 € Po(RY).
C3. b(z, ) is a continuous function of z € R? and p € Po(RY).
C4. There exist constants L > 0 and ¢ > 1 such that
b(z, 1) = b(E, )| < L (1+ [l + [7]°) (|x = F| + Wap, 1)) ,
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for any 2,7 € R? and p, i € Pa(RY).

C5. There exists an even integer pg € [2,+00) such that f

f0<|z|§1 |z|v(dz) < 0.

2> o1 |z[Pev(dz) < oo and

C6. There exists a positive constant Lg such that
le(, )| < L3 (1 + |z| + Wa(p, do))
for any x € RY and p € Po(RY).

C7. For the even integer py € [2,+00) given in C5 and the positive constant L3 given
in C6, there exist constants 71 € R, 79 > 0 and n > 0 such that

ot + grletei [ 1 (4 Lol = 1) o)

d
0

(o, blar, ) + 205
<milz* + 72W22(Ma do) + 1,
for any = € R? and p € Po(R?).
Remark 3.2.1. (i) It follows from Condition C4 that
1b(z, )] < 160, 60)] + L (1 + |]*) (|| + Walu, 60)) .

for any z € R? and p € Po(RY).

(ii) Assume that Condition C2 holds for k1 = kg = 1+¢, L1 € R, Ly > 0 with a
constant € > 0 . This, combined with Condition C4 and Cauchy’s inequality, implies
that

(1+¢)lo(w, ) = o @ W + (1 +¢) le(w, p) — o 1) g |=[*v(dz)

<L(1+z|"+ 7" (2
L(1+ 2| +[z]") (2

< LL(1+ [z + @) (lr — 7 + W (1, ) ,

v =T + 2l — FWa(p, 70)) + Lilz — T° + LW (1, 1)

v =T + v =T + Wi (1)) + Lile — 2 + LaW3 (u, 1)

with L = max{3, L1, Ly} for any z,7 € R? and p, 7t € Po(R?). This yields to

o2.0) = o @) +lele, ) — @ ) | 1Pwd2)

LL

<
“1+e¢

(1+ ]z + 7°) (] — 2> + W3 (1. 70)
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for any 2,7 € R? and p, 77 € Po(RY).
(iii) From (ii), we have that for any = € R? and pu € Po(R?),

o, m)* < 2]o(x, 1) — (0, 60)|* + 2]0(0, do) [
LL

< 25 (L Jal?) (o + W (1, 60)) + 210,601,

and similarly,

LL
e )P [ [2Pu(dz) < 22 (1 o) (lof? + Wi, 60)
Rd 1+ 9

0

+21c(0,60)* [ |21Pv(d2).
R¢

Remark 3.2.2. Observe that Condition C7 yields to

p—1 1 _
o (2, w)[* + s—le(a, )|* | |2 (L + Ls|2)P ™" = 1) v(dz)
2 2L RY

(z,b(x, 1)) +
< 1|z + 2 W, 6o) + 1,

for any p € [2,po], z € R? and p € Po(R?).

3.3 Lévy-driven McKean-Vlasov SDEs with irregular coeffi-
cients

In this section, we present results concerning the exact solution of the McKean-Vlasov
stochastic differential equation with jumps (3.1). Firstly, we recall a result on the
existence and uniqueness of the strong solution for the McKean-Vlasov SDE with jumps

(3.1), as derived from [69].

Proposition 3.3.1. (/69, Theorem 2.1]) Assume Conditions C1, C3 and that Condi-
tion C2 holds for k1 = ko = 1, L1 = Lo > 0. Then, there exists a unique cadlag process
X = (Xy)i>0 taking values in RY satisfying the McKean-Viasov SDE with jumps (3.1)
such that

sup B [|X] <K,
te[0,7]

where T > 0 is a fived constant and K := K(|zo|?,d, L, L1,T) is a positive constant.

Next, we demonstrate the following moment estimates for the exact solution X =

(Xt);>¢ of the McKean-Vlasov stochastic differential equation with jumps (3.1).
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Proposition 3.3.2. Let X = (X¢)i>0 be a solution to equation (3.1). Assume Condi-
tions C6, C7, and that o is bounded on C x Po(R?) for every compact subset C of
R?, and C5 holds for ¢ = 2py. Then for any p € [2, po, there exists a positive constant
C) such that for anyt >0

Col+e) if 5 £0,
E[IX:P) < Co(1+8)P/2  if y=0,p=2 or y=0,72>0,pe (2,p), (3:3)
Co(l+t)P if y=0,72=0,p€ (2,po],
where v = 1 + 2.
Note that if v < 0, we have that sup,>( E [|X;[P] < 2C),.

Proof of Proposition 3.3.2. Step 1: We first show that for any even natural number
p € [2,po] and T > 0,

sup E []Xtm < C(T,p). (3.4)
te[0,7)

Note that (3.4) holds for p = 2 due to Proposition 3.3.1. Next, we assume that (3.4)

is valid for any even natural number g € [2,p — 2]. That is,

sup E [|X[*] < C(T, q). (3.5)
te[0,7)

Now, for A € R and even natural number p € [2, pg], applying Itd’s formula to e | X;|P,

we obtain that for any ¢t > 0,
6_)\t|Xt‘p

2

t
~ P+ [ e”[—wamxsrp—? (Xeb(Xes L) + 5 1P o (X L)
0

-9 . 2 ! - -
+p(p2 ) ’Xs|p 4|X;FO'(X3;£XS>‘ ]ds +p/ € As |Xs|p 2<XS7O-(XS7LXS)dW3>
0

t
+// 6_/\5(‘XS_—FC(XS_,,CXS_)z}p—\XS_|p)K7(ds,dz)
0 JRre

t
+/ /46_/\5 (|X5+C(XS,EXS)Z|p— | X [P — p| X P2 (XS,C(XS,EXS)z>) v(dz)ds.
0 JRe

(3.6)
In order to treat the last integral in (3.6), it suffices to use the binomial theorem to
get that, for any t > 0,

X+ e (Xo Lx,) 2P = (1Xs + ¢ (Xa, £x) =)
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= (IXo[2 + [e (X, £x,) 2 + 2 (Xy, 0 (Xs, £x,) )"
= X, + 51X (e (X, £x,) 2 + 20X, e (X, £x,) 2))

p/2

2 i

+Z (p/ )IX P72 (Je (Xs, Lx,) 2> + 2 (X5, ¢ (X5, L) 2))
1=2

= | X5l + p|Xs P72 (X, ¢ (X5, £x,) 2) + g\Xs\p‘Q (X5, £x,) 2|

p/2

+Z (p/2>|X P2 (e (Xor Lx,) 2 +2(Xo e (Ko £x)2) . (37)

Next, by using the binomial theorem repeatedly, Condition C6, the equality W22 (Lx,,00) =
E[|X,[?], and the mequahty ylzfp—3 < 4 (|:1:|p 2 4 y?|2z[P~*) valid for any z € R4,y > 0,

22‘:0 (Z) = (14 a)’ and Z] 0 ( )]aj = ja(1+ a)*~! valid for any a € R, we obtain

that

X P2 (|e (X, £x,) 2> +2(Xs, ¢ (Xs, £x,) 2))'
=X () o (X, £x,) 272727 (X, e (X, Lx,) 2))
=0\
< (;)2f|Xs|p—2i+f|c<Xs,£Xs>
=0

=le(Xo £x) ) (;)2j|Xs|p—2i+j|c(X8,£Xs)
=0
< |C(Xs,£xs)|2i (J)Qﬂ’X P2 2T L2072 (1 x|+ Wa(Lx,, d0)) 22
=0
= |c(X5,£XS)|2i ]>2J| S|P 2H—]|Z|21 JL2z j—2 <1+|X|+\/|T)2z_ j—2
=0
;)2 D 2[X 27972 4 (20— j — 2)| X P
=0

.
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29—35-2 k
(1+ B[ X, 2 )+ ( )(1+\/E[|Xs\2]) |Xsp2k]
k=2
< ’C(Xs;ﬁX |2 <;>2J’z‘2z ]L2Z 7—2 [X ‘P 2 (22_—‘2]_2> <|X8p2

9 29—75—-2 22_] k
+(1+ X,JP 4>+ > ( )(1+ B[X. 7)) |Xsp”]

— e (Xa L) PIXP 22()23 N ()
Jj=0 J
Fleln ) Y (1) ey [ (i-3 1) (14 VETGA)

=0 2
20—j—2 9
+Z<Z_‘7 )(1+ E[| X,|? Xp”]
o ¢
= [e(Xs, £x,) PIX” “"lﬁ( Bl2I” +2Lol=l)’ —'— (L8] + 2Lol=l)"” ]
0
; 2
+le(Xs, L) 122 (;)wm?z I 2[(131) (1+ \/IE[|XS|2]) | X, [P 4

+QZ§:22<223 ><1+ E[[X )XP“]
2]

2| ? 2], i—1
< le(Xs. £x,) PIXf? Zlﬁ (L3l + 2Lolzl)" = T (L=l + 2Lol=1)’ ]

0
+ L2 (1 X+ \/EHXSP]) 3 (;) 0 | 2= [ 22 [(z -1 1)
=0

9 20—j—2 S k
x (1+ VERGP]) 1 + > (22 / 2) (1+ VEIXA) Xsp”]
= e (X, £) PP (1 Lozl (23128 + 2Lolel)
0

£ 3 0, (p— 2,20 - o Xl 1+ VEIXP])

J=0
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where 2i — j > 2 and
_ by, b2
Qq(m> n) .ZU, y) - Cflﬁgx ?J .
br<m,la<n,l1+l2=q

This, together with the fact that 25122 (%2)2'@"_1 = B((1 4 a)P/?71 — 1) valid for any
a € R, yields to

p/2 /2 _ .
> <p >\Xsyp22 (le(Xs, Lx,) 2[* + 2 (Xg, ¢ (Xs, Lx,) 2))'

{
i=2

p/2
z _ p/2\ . i—1
< %(1+Lo\z\)\c(Xs,£Xs) 2| X,P 22( Z )z(L%]zP%—QLO\le
1=2

p/2 i
p/2 i—j i

S () (- 20 1+ VBT

2 |7]

i ((L+ Lolz)?~" — Ls|2| — 1)

= SIX" e (X, Lx,)

p/2 i

=2 j=0

As a consequence of (3.7) and (3.8), we have shown that for any s > 0,
| Xs + e (Xs, Lx,) 27 — [XfP — p’XS|p_2 (X5, (X5, Lx,) )

z —
(1ot L (@ 2ol = 2ol - 1)

< SN2 (X, Lx,)

p/2 i

2 o
+ Z Z (pé >|zl2z—JQp (p —2,2i— j, | Xs|, 1+ E[IXSIQ])
=2 j=0
= QLZ‘/:)"X‘Spo’C(X&ﬁXS) 2‘Z| ((1 n L0’z|)p_1 B 1)
p/2 i
2 o
+ Z Z (pé ) 2[2Q, (p —2,2i— j, | Xs[, 1+ E[IXSIQ]) ‘ (3.9)
i=2 j=0

Therefore, substituting (3.9) into (3.6), we get that for any ¢ > 0,

e—)xt‘Xt‘p

t
_ _ A
< |xo|p+p/ e |X P zl—z—)|Xs|2+<X57b(Xsaﬁxs)>
0

p—1

T3

’U (XS> ﬁXs)

1 _
2 e (X £x,) / 21 ((1+ Lol = 1) v(dz) | ds
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t p/2 i
+/0 /Rg e—ASZZ <Pé2> |z|2z‘—jQp <p— 2,20 — j, | Xs], 1+ E[|Xs|2]) v(dz)ds
t

i=2 j=0

—l—p/ e |X8]p_2 (Xs,0(Xs, Lx,)dWs)
0

t
+// e_’\s(‘XS_+C(XS_,£X57)z}p—\Xs_|p)]v(ds,dz).
0 JRre

Now, we define 7y := inf{t > 0 : | X¢| > N} for each N > 0. Choosing A\ = v;p and
using Condition C7, Remark 3.2.2 together with W2 (Lx., &) = E[|Xs/?], we obtain
that

E [e—vm(t/\m) | X prn |p]

t t
< |xolP _|_p/ e~ PSR, [|X5|p—2} (72)/\;22 (Lx,,00) + 77) ds +/ / e~ NP3
0 0 JRre

p/2 i

x 22 ZO (p§2> SR [Qp (b - 2,20 - 5,1X,), 1+ VEIX, )| w(dz)ds
1=2 j=
t t
b p [ R 1 )i [ [ e
p/2 i
<33 (%2) 2B | Qp (p - 2,20 = 1X,|, 1+ VEIXSP]) | (d2)ds.
=2 j=0

(3.10)

tATN)

Next, using e~ > e~ MP! and the induction assumption (3.5), there exists a

positive constant C(7', p) which does not depend on N such that
sup B [|Xenry ] < C(T,p). (3.11)
t€[0,17]
This yields to

C(T,p)
sup P(ry <t) < ———,
t€[0,T] NP

which implies that 7y tends to infinity a.s. as N tends to infinity. Now, it suffices to

let N 1 0o and use Fatou’s lemma for the left hand side of (3.11) in order to get that

supye(o,r) E[| X¢[P] < C(T, p). Thus, by the induction principle, we have shown (3.4).
Step 2: We next wish to show (3.3) for any even natural number p € [2, po].

First, applying (3.6) to A = 2y and p = 2, and using C7 and W3 (Lx., &) = E[|Xs|?],
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we get

e 2t | X, 2
2] ds
t t
+2/ 6—275<X5,0(Xs,£xs)dws>+/ / 6—278 {XS_+C(XS_,£XS,)Z\
0 Rd

t
~ Jeol? + / e 25 [“2y | X, 42 (X0 b (Xes L) + | (Xou L)
0

2

- |XS_| N(ds,dz) + / / e e (X, Lx,) 2[Pv(dz)ds
Rd

< ]xo\2+2/ —2s [ v Xo? + (Xs,b(Xs, Lx.)) + |0(XS,EX)
0
1 t
+§|C(XS,,CXS)|2 |2|?v(d2) ds+2/ e (X, 0 (X, Lx,) dWs)
RY 0

2 ~
/ / ‘X5_+C(XS Lx,_ )z| —|Xs_|2) N(ds,dz)
Rd
t
<o +2 [ (X W (Cx) + ) ds
0
¢
+ 2/ e (X, 0 (X5, Lx,) dWs)
/ / \X5_+C(Xs Lx, ) 2" =1%o ) N(ds, dz). (3.12)
Rd
Thanks to the fact that W3 (L., do) = E[| X4|?], and the estimate (3.4), we get
t
E [6_27t]Xt]2] < |xo|* + 27}/ e 25 (s,
0
which yields to
(|:co|2 + 9) U )
Y Y

|zo|? + 2nt if y=0.

E [|X:?] <

Thus, (3.3) holds for p = 2.
Now, we suppose that (3.3) is valid for all even integer ¢ € [2,p — 2]. That is,
Cy(l+ 1) if 7 #0,
EX < C1+ )92 if y=0,g=2 or y=0,72>0,q€ (2,p—2], (3.13)
Cy(1+ 1)1 if v=0,7%=0,q€ (2,p—2].
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We are going to show that (3.3) holds for even integer p. For this, it suffices to use
(3.10), the inductive assumption (3.13) and Condition C5.
Case v # 0: We have

t
E e—w<tATN>|XWN|p] <|zolP +C / e (1 4 ) ds
0

0
Thanks to fact that 7 T oo a.s. as N 1 oo, applying Fatou’s lemma, we get
E [e™P X, P] < |wof? + C’/t (e7 P 4 €72P%) ds.
0
When v; = 0, we have

E[|X:[P) < |of? + C (1+t + )
<C(1+em).
When ~; # 0, we have
C C
E[| X 7] < |zoPeP 4+ — <671pt — 1) + ——ePt
280! P72
<C(1+e7).

Case 7 = 0: When ~5 > 0, we have
t
E e%p<WN>|XWN|p} <|wolP +C / e NP5 (14 5)P/2 ds
0

t
<zl +C (1 +t)p/2/ e MP3(s.
0
Then, letting N 1 oo and using —7y; = 2, we obtain
! C
E [P X, |P] < |zolP +C (1 + t)p/2/ PP ds < |z’ + — (14 t)P/2 1P,
0 Y2p
Hence,
E[|X:P] < C(1+ )72,

When v2 = v = 0, we have

t
E [|Xipry [P] < |zol? + c/ (1+s)P lds<C1L+b)P.
0
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Then, letting N T oo, we obtain
E[|X:P] <C(1+¢)".

Consequently, (3.3) holds for even integer p. Due to the induction principle, (3.3)
is valid for any even natural number p € [2,pg]. Finally, (3.3) is also valid for any

p € [2,po] thanks to Holder’s inequality. This finishes the proof. O

3.4 Propagation of chaos

McKean-Vlasov SDEs have garnered renewed attention in recent years, largely due to
the resolution of certain technical hurdles, but also owing to their utility in modeling
across diverse fields, including statistical physics, neuroscience, and finance, among
others. At the core of this interest is the fact that McKean-Vlasov SDEs describe a
limiting behavior of individual particles interacting with each other in a "mean-field”
manner - the well-known Propagation of Chaos result. The dependence of the coef-
ficients on Ly signifies that the behavior of each particle (represented by X(t) )
is influenced not only by external factors (noise W (t) and N(t)) and its own present
state, but also by the average state of the entire system (reflected through the dis-
tribution Ly ;). As the number of particles approaches infinity, rather than tracking
each individual particle (a computationally expensive task), one can simply describe
the behavior of a "representative” particle and how it interacts with the ”mean-field”
generated by all the other particles. This latter result also paves the way (among oth-
ers) for the numerical solution of such McKean-Vlasov SDEs through approximation
of the associated system of interacting particles.

For N € N, suppose that (W?, Z) are independent copies of the couple (W, Z)
for i € {1,...,N}. Let N(dt,dz) be the Poisson random measure associated with
the jumps of the Lévy process Z¢ with intensity measure v(dz)dt, and Ni(dt,dz) :=
N'(dt,dz) — v(dz)dt be the compensated Poisson random measure associated with
N'(dt,dz). Thus, the Lévy-Itd decomposition of Z¢ is given by Z} = fg ng =N(ds, dz)
for t > 0. We now consider the system of non-interacting particles which is associated
with the Lévy-driven McKean-Vlasov SDE (3.1), where the state X* = (X})¢>0 of the
particle ¢ is defined by

t ¢ !
X§=x0+/ b(Xﬁ,.Cx;)ds+/ U(Xﬁ,ﬁx;)dWsi+/ C(Xé—’EXi) i,
0 0 0
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t t
=0+ / b(X}, Lx:)ds + / o(XL, Lx:)dW!
0 0

t
+/ / C<X;_,£Xi )zNi(ds,dz), (3.14)
0 JRY .

for any t > 0 and i € {1,...,N}.

For 2V := (21, 22,...,2n),y" := (y1, 92, . .. ,yN) € RN we have

WQQ(NJCE O NZ|5E1|

Here, the empirical measure is defined by @ (dz) == + Z i—1 0z, (dz), where §, denotes
the Dirac measure at x. Moreover, a standard bound for the Wasserstein distance

between two empirical measures /ﬁN, ,LLyN is given by
W3 (™ ") < iz o=yl = |2 — ™
2 ? — N — (3 (3 N 9

(see (1.24) of [6]).

Now, the true measure Lx, at each time ¢ is approximated by the empirical measure

,utXN dz) = — N Z(SXZN (dz), (3.15)

where X = (XN);>0 = (X N ,XtN N)t>0, which is called the system of interact-

ing particles, is the solution to the RdN -dimensional Lévy-driven SDE with components
; i, IN
XN = (X7 )izo

t t t
XY =t [0 s+ [ o X awie [e(xi ) az;
0 0 0

t t
g0+ / bXEN X )ds 4 / o (XN, X )
0 0

t
—i—// c( ;_N,,ug( )zNi(ds,dz), (3.16)
o Jre

for any t > 0 and ¢ € {1,...,N}.

Observe that the interacting particle system X N = (X% N ) ief1,..,N} can be viewed as
an ordinary Lévy-driven SDE with random coefficients taking values in RN Therefore,
under Conditions C1, C3 and C2 valid for k1 = ko = 1, L1 = Lo > 0, there exists a

unique cadlag solution such that

max sup E [|X1N| ] <K,
i€{1,....N} tefo,1)
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for any N € N, where K > 0 does not depend on N.

Proposition 3.4.1. Let X*V = (XZ’N)tzo be a solution to equation (3.16). Assume
Conditions C6, C7 and that o is bounded on C x Po(R?) for every compact subset
C of RZ and C5 holds for ¢ = 2pg. Then for any p € [2,po], there exists a positive
constant Cy, such that for any t > 0,

Coll+ ™) if 740,
z‘e{r?,.%.),(N}]E [’Xf’N’p] S C(1+ t)p/2 if v=0,p=2 or y=0,7v2>0,p€ (2,po],
Cp(L+t)  if v=0,72=0,p€ (2,po],
where v = 1 + 2.
Note that when v < 0, we have that max;e(1 .y} sup;> K [\XZ’NV?] < 20,

Proof of Proposition 3.4.1. The proof follows the same lines as the one of Proposition

3.3.2, thus we omit it. O

Finally in this section, we provide a result on the propagation of chaos which is
the key to the convergence as N 1 oo. The new achievement of our research, in
contrast to previous studies, lies in establishing the convergence rate of the system of
N interacting particles towards the mean-field limit, described by the McKean-Vlasov
stochastic differential equation, over infinite time intervals. This result is articulated
in the estimate (3.18) of Proposition 3.4.2.

To simplify the exposition, we define
N—1/2 if d<4,
e(N) = N"Y2InN if d =4,
N—2/d if d> 4.

Proposition 3.4.2. Assume that all conditions in Proposition 3.4.1 hold and that
Condition C2 holds for k1 = kg =1, L1 € R, Ly > 0. Then, we have

2
i 0, IN
max sup E ‘X’—Xl’ ) ] < Crp(N), 3.17

i€{1,....N} tef0,T] [ ! ! (3:17)
for any N € N, where the positive constant Cp does not depend on N.

Assume further that L1 + Lo < 0 and v < 0. Then, we have

) -
max sup E ‘XZ - XZ’N‘ < Cp(N), (3.18)
ie{1,...,N} >0
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for any N € N, where the positive constant C does not depend on N and T .

Proof of Proposition 3.4.2. Observe that for any ¢ > 0,
X0 = [ (b0 ) O, ) as
0
o [ (o) — oz, v
0
+ /t/d (c(X;,EX;'_) — C(Xifv,usXN)) zﬁi(ds,dz).
0 JRY

Then, for A\ € R, applying It6’s formula and Condition C2 valid for k1 = ko = 1,
L1 € R, Ly > 0, we obtain that for any ¢ > 0,

e NXG =X
= [ A X2 XX L b )
0
1o £x) = o (XN, X2 s
£ [ X0 ) — oY
0
. t e[ = (e ) = o)~ X - X
;

t
xNi(ds,dz)+/ / 6_)\8|(C(X§_,£Xi )—c(X;’iv,u;X_N))z‘Ql/(dz)ds
0 JRY .

t
< [ [ = AT = XV 42X - XEV BT, L) — (XN X))
0

. . N . i N N
+ |O-(X;7£X§) - O-(XQN)M:GX )|2 + |C(X§—7£X;_) - C(X;’_ 7MSX— |2 /d ZQV(dZ)] ds
R

0
¢
+ 2/ e MXT = XEN (0(XL, Lyy) — o(XEN, pXT))aw)
0
t
. / / e[| = XY+ (X £y ) — (XY X))
0 JRE N
. ',N ~.:
— X=X |2} N'(ds,dz)
t
0

t
2 / X = XN (X L) — o (XY, X)) anw)
0
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i N i N N
//R (X0 XV (X £ ) — oY )P
— XL —X;’iv‘ )Ni(ds,dz).

Therefore, taking the expectation and using the estimate W3 (Ly:, £ yin) < E[| X! —
Xﬁ’N\Q], we obtain that for any € > 0,

MR UXt ZN‘ ]
< /Ot e ((—A+L1)E (17— XIV12] 4 LoR [wg(cxz XN)]) ds

t
</“6M[(A+LQE[X§XyVﬂ
0

o ((1 b DB PABLxs, L] + (14 2B WL ) )] ds

t
< / e [()\ +Li+Ly+e)E [|X§ — Xé’N‘Q}
0

L N
%L2@+:§NE{M§(£XyMM§')]]ds (3.19)

Moreover, from Proposition 3.4.1, we have that for any p € (4, po|,

max sup E HXZN‘ } < Cr,
i€{1,....N} e[0T

for some constant Cp > 0. This, together with [7, Theorem 5.8], deduces that

N—1/2 if d<4,
EPWLIL,XN}<C ~1/2 i d—
i b(Lxinv,ps )| SCON2InN if d=4,
N—2/d if d>4
= Cp(N), (3.20)

for any s € [0, 7], where the positive constant C' does not depend on the time.
Consequently, it suffices to choose A = L1 4+ L2 + ¢ in (3.19) and use the estimate
(3.20) in order to conclude (3.17).
Finally, when v < 0, it follows from Proposition 3.4.1 that for any p € (4, pol,

N1
max suplE HXt’ ‘ } <C,
i€{1,...N} >0
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where the positive constant C' does not depend on 7. Furthermore, when L1+ Lo < 0,
one can always choose ¢ sufficiently small such that A < 0. This allows to conclude

(3.18). The desired proof follows. O

3.5 Tamed-adaptive Euler-Maruyama scheme

In this section, we present a novel Euler-Maruyama approximation scheme for equation
(3.1). Approximating solutions for McKean-Vlasov stochastic differential equations
poses greater challenges than for standard stochastic differential equations. Our ap-
proach involves a two-step process. First, we approximate the measure Ly,, as detailed
in Section 3.4. Second, we approximate each process XZ’N within the system (3.16)
using the tamed-adaptive Euler-Maruyama scheme previously described in Chapter 3.

Let oa = (0a4j)1<ij<d @ RT x Po(RY) — R?® R? and ca = (cayj)i<ij<d :
R? x Py(R?) — R? @ R? be approximations of the coefficients o and ¢, respectively,
which will be specified later. For all i € {1,...,N}, A € (0,1) and k € N, we define
the tamed-adaptive Euler-Maruyama discretization of equation (3.16) by

—N

) ~N
N N /\ . .
= X, o ,utk Ntwsr — ) + oa (XN 15X Wi — Wi (3:21)

Xb

tk+1
N
+cA(XZk ,ugf )(Z:

trt1

where
k

oN S1,N SN,N
X, :(th o) )

Mtk (dx) ZN (dx),

HM2

SN x5V . SILN X SNN XV
h(th,,utk ) = min {h(th >Ht)§ Yyenns h(X;, >Ht)§ )} ,

and

ho
(1 + [b(, p)| + o (2, )| + [2[9)2 + [e(z, p)|Po’
for z € R p € Py(R?) and some positive constant hg. Here, the constants £ and pg

h(z, 1) = (3.22)

are respectively defined in Conditions C4 and C7.
In all what follows, to simplify the exposition, we take hg = 1 in the proofs.
Analogous to the approximation schemes presented in Chapters 2 and 3, we must

provide sufficient conditions to guarantee that t; T oo as k 1 oo, thereby demonstrating
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that the tamed-adaptive Euler-Maruyama approximation scheme (3.21) is well-defined.

Proposition 3.5.1. Assume that Condition C5 holds for p = 2 and there exist positive

constants L, 51 and (o such that the functions h,b,oa and ca satisfy

T1 g < L (Lol W (000)) ¢ e )| (L4 b ) ) < L

TZ(@b@ﬁ@—b@j@)gLQﬂ2+M§Wﬁw%

T3, Jos ()| (14 Jol) < 2 lealos )] (14 Jal) <
L

[b(z, )l lea(z, w)| < NN

B

<

for any x € R? and p € Po(R?). Then, we have

lim tp =400 a.s.
k—+00

Proof of Proposition 3.5.1. For all i € {1,...,N} and H > 0, we define the tamed-

adaptive Euler-Maruyama discretization of equation (3.16) as follows

AN’H

i,N,H
to=0, X7 =, k+1_tH+hH(XtH "utH A,

NH NH NH
Xy = X b (Xl — o)
/\N, ~N,H .
+0A<X;N7H, g Wi = Win) +ea(Xp "l ) Zin — Zin),
A A k1 k k+1 k
(3.23)

where
SN.H S1,N,H SN,NH
X, = (th ,...,th )

/\

'U’tk = N E 5X’ N, H dx
~N /\N, —N,H ~ ~N,H
H 1 NH X HNNH X
h (XtH HJtH ) mln{h ( nutkH )7"'7h' (thH a:utkH )}7

ha,) i |xrﬂ1+w;<u,5o>sm

1T H if [z + W5 (i, 00) > H,
b(, 1) if %+ Wy (. 60) < H,
bH(l’,,LL) = X

W + 5(0,50) if ]1:\61 + WgQ(u,(So) > H,

for + € R? and p € Po(RY). Then, it can be checked that for all z € R? and
ne PQ(Rd)J
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(1) [orr (z, )W (2, 1) < Co and [bgy (2, 1) PR (2, ) < Co,
(2) (@, by (z, 1) —b(0,60)) < Co (|x!2 + W3 (u, 60)) due to Condition T2,

for some other positive constant Cy. Moreover, from Condition T1, we have

min{1, L~'}A
1+H

W (2, ) A >

. 1
which implies that ¢/ 1 —t > %. Therefore,

hmt =400 a.s.
k——+o0

Now, we define by tf = max{tkH : tf < t} the nearest time point before t. The
continuous interpolant process is defined by

—~N,H

~ ~ o~ A~ —N,H
RPN Ry (R ) = ) on (RGN ) (Wi W)
ea (RN ) (21 - Ziu)
3 —~N,H t . ~N,H )
_xO"‘/bH(XZNH Ms)g )ds—l—/O'A(X;}ﬁV’H’MSXH )dVVSZ
i s

—N,H ~.
/ /Rd XiNH uﬁ, )zN’(ds,dz). (3.24)

Using [to’s formula, we get

Si,N,H
X

_ 2 ! i,N,H SiNEH XM SiNH x0T 2
= |zo|” + 2 X o ( XJw ™ pgn +loa (X s pgn ds
0 s s

b ~ —~N,H _
+2/ <X“VH oA (X;;ﬁvvﬂ,ﬂgg )dW§>

~N,H 2
/ /d ;IﬁVH’MS )Z v(dz)ds
R,
~N,H 2 . ~N,H .
/ / l XENH ;’2 )z +2<XZNH CA (X;}ﬁv’H,us )z>1 N*'(ds,dz)
Rd = - 2

2 NH  OiNH SiNH X
< || /[2<X; ) ,bH(X;H % )>
i . :
—~N,H

49 <X“VH by ()?;;ﬁvﬂ,u—jg ) - b(0,50)> 49 <)?§;§“H,b(o,5o)>

. ~N,HN\ |2 . ~N,H\ |2
+ ’O'A (X;}ﬁv’H,ug% )‘ + |ea (X;}jv’H,uS )) |221/(dz)] ds
s s s R
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t —~N,H
i Si,N,H N, H ’ ;
+2/ <X§’N’H—X;’H’ : A(XZ T )dVV§>
0 s s

Y sina NH xV
+2/ (REN oa (K% ) awd) //
0o\ ° B B R§

—N,H

+2<X’NH—XZNH cA ()?z}ﬁv’H,us )z>>ﬁi(ds,dz)

o~ <NH ~.
+2/ /d DAL (X;}ﬁV’H,pJS )z> N'(ds,dz)
Re V2 s

—~N,H .
§’$0’2 / <2‘X1NH XZNHHb ( zéVH’lu:S)g )‘—FQCQ(’X;}{(V’H’?
0 s

—N.H
NH ’
z X )Z

7/’L§H

/\NH 2 2

: L L
+ W3 60) +|X N2 L 16(0,00)2 + = + = [ |2lPv(dz) | ds

t —N,H
i vi,N,H NH X i
+2/ <X;’N’H—X;’H’ , A<XZ T )dW§>
. s s

t, . —~N,H —~N,H
+2/ <X;}§V’H70A (X;}jV,H,M;’f, dVVZ // ( ZNH,/@?I )z
0 = = = R =
SiNH  Oi,NH SiNH xM ~
+2( X" XSH coen | X s ,,us z) | N'(ds,dz)
ZNH vi,N,H ANH s
+2 X XN X0 2) Ni(ds, dz). (3.25)
Rd = =

Now, we define 7p := inf{t > 0 : max;cq; . Ny \)/(:ZNH\ > R} for each R > 0 and
7 := s A Tg. On the one hand, using equation (3.24), Condition T3, the isometry
property of stochastic integrals and the fact that |bg(xz, )[R (z, ) < Cp, we get

. ~N,HN\ |2
SS(E“bH (Xi’éV’H,uf{H )‘ (T—IH)zl

~N,H 2 . ~N,HN\ |2
s (R - s (55

2
vi,N.H  vi,N.H
EUXT —Xﬁ ‘

7 7
Zi— 7,

)

2 L2
2 A2 H 2 H
<3 (COA -I—KE [T—z } +K Rg|Z| v(dz)E [T—z })
<3 <03A2 + L2+ 12 |z|2u(dz)) : (3.26)
R
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On the other hand, Condition T3 yields to
/\NIJ L . —~N,H L
oa (%) = 5 Jen (R0 )| < 75
g <V L g
oW IN,H z]V}f 1,N,H
[ fos (R0 7) < 50 IR

(3.27)

Therefore, all the stochastic integrals with respect to the Brownian motion and the
compensated Poisson random measure above are square martingales. Thus, their mo-
ments are equal to zero.

Moreover, using T3, equation (3.24), moment properties of the Brownian motion,
the isometry property of stochastic integrals and the fact that |bg (2, 1) (2, 1) < Co,

we get
E || XiNH _ gi.NH SiNH  xT
XoM = X ow (X s i | Fn

—N,H —~N.,H —~N.,H

’ 2 ? ’
<E \bH( S )| = s o (R foa (RN ET))

:

S

X Wi — Wiy

. —~N,H
+Jon (S5 65)

/\fo
CA ()(ZDJII PL ) “231

—~N,H

A~ ) 2
< Jo (R ) | o =)+ o (R ) | Vo
L N,H
e ([ rvtan) o (52| Ve
0

1/2
< CoA + Lr/Cy+ L+/Cy (/ |z|2y(dz)> . (3.28)
Rd

N,H

This, combined with [E [WQ (/L/;
yields that for any ¢t € (0,7,

t ~ 2
EUXZXXH\ ] smh/o C (L, 8,5(0,00). p2) (1+EUX;£N’H\ 1SSTRDds,

where pg := ng |2|2v(dz).
Next, using equation (3.24) and (3.26), we get

,50)1S§TR] _E [|)?§;§V’H|21S§TR] fori e {1,..., N},

- 2
E UXQ{,V’H) 1894 <2FE

~. 2 . y 2
Sl )

<9E ‘Xi,N,H 2

SATR

] +6(C5A% + L* + L?ps) .
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This implies that for any ¢ € (0, T,

t . 2
E “XZ/\JXH‘ ] < C (20, L, A, b(0,80), j12, T) (1+/0 E ngﬁf }ds),

which, together with Gronwall’s inequality, yields that for any ¢ € (0, T,

max sup E “XZAZXRH

< C'(xo, L, A, b(0, 0, 1) .
il N} 4011 (@ (0. 0), 12, T)

Then, using Markov’s inequality, we obtain that

N
P(rp <T) <Y P(Xp00 > R) = NP( Xz > R)

E[|X ;2]
< NTTR
< NC (xg, L, A, b(0,00), 2, T)
—_ R2 )

which tends to zero as R 1 co. Therefore, 7p T o0 as R T co. Then due to Fatou’s

lemma, we get

,N,H 2
max sup E UXZ ‘ < C(wo, L, A, b(0,80), 2, T) (3.29)

i€{1,...N} 10,77

Now, from (3.25), we get that for any ¢t € (0, 7],

GiN.H
Do

S|xo|2+/ [ }X’LNH XzNHHb ( gLNH MA )’+|X’LNH|

20 ‘)’(\l N,H 2 2, X1 N I
' SiNH  vi,N.H SiNH O xH i
+ 2 <XS’ ’ _ XS’H ’ LOA (XS}{ s 7,U/SH ) dWS>
O - 2 2
! Si,N,H iINH x7 ; i <N 2
+2 i <XH ,OA <XH 13 dW 5 X%, >Z

o~ o~ o~ <N,H ~.

49 <X§’_N’H — XN e, (X;ngH,ugg ) z> ] Ni(ds, dz)
! oi,NH SiNH  xH ~;

+ 2/ / <X;’H ea (X;’H ’ ,ps)g ) z> N'(ds,dz).
0 JRE B B B
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—~N,H

This, combined with (3.28), the fact that E [W%(us)g
(3.29), deduces that

,50)} - E{p?j;ﬁ“ﬂ?} and

< O (o, L, A, b(0,00), po, T) =: Cp. (3.30)

max [E

2
sup ‘Xz N, H‘
ie{1,...,N}

t€[0,T7

Observe that

A H
{tr <T} =<t <T, max sup (‘XZNH +W52 ut > < —
i€{1,....N} tef0,1] 2

~ B1 —~N,H H

U max  sup ‘XZ’N’H +W,? (ut ,60) > —

i€{1,...,N} te[0,1] 2

B N g
‘I‘WBQ (#t ,6o)>>§}

,60)] <E {SUPtGOT |XZNH| } forie {1,...,N}
and Markov’s inequality, we get that for any H > 0,

i€{1,...N} ¢tef0,1]

C{tkH<T}U{ max  sup (‘XZNH

—~N,H

Then, using E [SUpte[o,T] Wg(ugx

P(t, <T)

SIP’(thT)—i—P max  sup (’XZNH
i€{1,....N} e[0T

51 —~N,H H
+W22 (:ut ,50)) >§>

b H
-

—N,H H
+P max sup W, (u ,(50) > —
(ze{l, Nyeor 2N 4

o2 HN2/B
=Pt <T)+P max  sup ‘XZ’N’H‘ > (—)
(k ) (ZE{L 7N}t€[0 7] ! 4

P w2 (X s 2/
+ max sup (,u , ) > (—)
ie{lNY e o N ’ 4

2/B1 NH
gIP’(tngT ( ) ZE sup )XZ ‘
sup W2 ,50)]

g[P’(tngT)—l—P max  sup ‘XZNH
26{1, 7N}t€0T

te[0,7]
4 2/,32
E
(H) Z te[0,1]
2/p1
<P (i <T) +( ) ZE

2
sup ’XZNH‘
t€[0,T7]
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SN H |2
sup |X,

2/6 IV
( ) ZE t€[0,17]
<P(ifl <T) + ((EW (7))

Then, let k£ T oo and recall that . lim tH +00  a.s., we have that for any H > 0,
—>+00

) 4 2/51 4 2/52 -
h;:;s;p[?’(tk <T7T)< <(E) + (E) ) NCy.

Then, letting H T oo, we get

lim P(t; < T) =0.

k—o00
Therefore, t;, — oo in probability as k& T co. Since (tx)r>0 is an increasing sequence,
we have
lim tp =400 a.s.
k——+o00

Thus, the result follows. m

Remark 3.5.2. The demonstration that ¢; diverges to infinity is a critical and chal-
lenging aspect of constructing an adaptive scheme. Our approach to proving Propo-
sition 3.5.1 diverges significantly from that presented in [17]. Specifically, in [17], the
auxiliary process X is formulated using the projection method, which complicates its
analysis within the context of McKean-Vlasov SDEs. In our proof, we also employ a
truncation technique, but instead of applying it to the entire process X , we truncate
the coefficient b and the step size h. This modification results in X being constructed
as an [to process, enabling us to apply It6 formula to X2. This approach substantially

streamlines our proof.

Let all assumptions of Proposition 3.5.1 be satisfied, we define the nearest time
point before ¢ by ¢t := max {t,, : t, < t}, and by Ny := max{n : t,, <t} the number of
timesteps approximation up to time ¢. Observe that ¢ is a stopping time. Thus, we

define the standard continuous interpolant as
—~N

~N . . .
N =R b (V) -0 s (RN 65 ) (WE - )

XN X" (7i_ 7 331
+ca s Mg (t ;)- (3.31)
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Hence, XN = ()?Z’N)tzo is the solution to the following SDE with jumps

aXPN = (RPN ) dt o (RPN ) awi o+ ea (RPN ) azi,
XN =, (3.32)

whose integral equation has the following form

AN t AN . /\N t A /\N .
XZ’Nzxo—l—/ b(Xg’N,,ug( )d8+/ oA (X;’N,,ug( >dVVSZ
0 0
t AN . /\N ~ .
+/ / cA (X;’N,ujsx )le(ds,dz).
0 JRrd -

3.6 Moments

In Section 3.3, we demonstrated the integrability of the moment of the exact solution
in LP for any p € [2,pg]. Notably, when v < 0, the moments of the exact solution are
uniformly bounded over infinite time intervals. In this section, we will establish that
the moments of the approximate solution exhibit similar properties to those of the ex-
act solution. Our proof techniques remain consistent, utilizing mathematical induction,
the binomial theorem, and Holder inequality. However, due to the two-step approxima-
tion process required for McKeanVlasov stochastic differential equations, proving the
integrability of the approximate solution is more challenging than in previous results.
Consequently, we require several auxiliary estimates.

Firstly, we state the estimate on the moments of XN = ()?z’N)tzg.

Lemma 3.6.1. Assume Conditions T1-T38 and that Condition C5 holds for ¢ = 2pqg.
Then for any p € [1,2pg] and T > 0, there exists a positive constant C (p,xo, L, A,
b(O,do),,uz,up/Q,T) with pu, 9 = ng |2|P/2v(dz) such that

max E

ie{1,...N}

sup ]ftz

<C (pa xo, L, A>b(0760)7,u2nup/27T) .
t€]0,T

Proof of Lemma 3.6.1. Recall that the process XiNH = ()?ZW’H)QO is defined in
—N,H

(3.23) and (3.24). Using Markov’s inequality, the estimate [E [supte[O’T] W2 (1% ,50)} <

E [SUpte[o,T} \iZNH\Q] and (3.30), we obtain that for any 7" > 0, i € {1,..., N} and

H >0,

P<sup X7 # sup )?Z’N’H)
t€[0,1] t€[0,17]
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<P| sup (‘XZ N H
t€[0,T)
<P| sup ‘)?ZNH
t€[0,7)
=P | sup
t€[0,T
2 2/51 I
< <—) E | sup
H _te[O,T}
2 2//31 E i
()"
H te[0.7]

Si,N,H

S0, N H

2

()" ()"

which tends to zero as H T oo. This implies that sup;c(o 7 |)?ZNH
in probability as H 1 oo. Thus, for any 7' > 0 and 7 € {1,.
quence {Hy }n>1 that tends to infinity such that supycjo 77| X}’

a.s. asn T oo.

Now, from (3.25), we have that for any ¢ > 0, ¢ € {1,...

Si,N,H
X

<t [ [w R85 o (5

L I b
+—/ |2|?v(dz) ds+2/ <XZ’,§V’H
A Jpa 0o\ *

+16(0, 80) % +

A

sup Wﬁ ?

sup

2 2/52
+(7) E

ZNH
sH

| te [0,T)

—~N,H
X

7/’L§H

1 N.H
+W22 (,ut 7(50)) >H>

B
> a +P
2 t€]0,T
2 2/61
e (5)") e
2 te[0,7]

2_ 2 2/ B2 -
+ (E)

—N,H H
(,Ut

50)
/X\N,H
(:ut )

—~N,H

sup_ W3 (i

XzNHr]

Ws

sup
te [0,T)

<i,N,H,

¢ ~. o~ . —~N,H )
w2 [ (RIS o (S )

Ll

xﬁi(ds,dz)m// <X
0 Jrd

zN

—~N,H
X

§H

H

t
+(2Co+1)/ X5 Pds.
) s

First, we have

R
S

Si N H SiNH
g >CA (XSH

p/zle( Si,N,H

)

2

+2<X’NH

J/"LS

/X_\N,H
)

93

/\NH

$i,N.H
XsH

) z> N'(ds, dz)

p/2

\szl

)

) (3)")

,50)]

SN H
y OA (XSH y

: A(XZNH L

N} and H > 0,

—~N,H

) ) +2CoW3 (1%

H

760)

—~N,H
X
§H

X

) SH

—~N,H

SiN
| — SUD¢e[0,T] | X |
, N}, there exists a se-

SiN
| = supgepo,ry X, |

o)
)9)

(3.33)



. ~N,HN\ |P
< )| B| o (R8s sy

p/2

. =n.HY\ |P/2 —~ =N,H\ |P/2 ) )
o (RN E) [ fon (R XY Wi -

. N,H~\ |P/2 p/2
CA (X;éV’Hj M§1 ) ’ sz]]

p/2
p
<s§%w+(iJ 22w (dz) (s — sH)
R

. —~N,H\ |P/2
vi,NH X~ i i
o (535057 iz

ANH —~N,H
ow (K5 )

<(C
< C(p) A
I p/2 v A’X\NvH 9 Y p/4
+ A ’bH(X;’H’ » High )‘ (s —s")
I p/2
<C(p C’p/2Ap/2+Lp/2Cp/4+ — 2P2u(d2) | 3.34
() 0 0 \/Z Rg|’ ( ) ( )

Second, we have

. . p/2
S

—~N,H 2
§3p/2_1 El)bﬂ (X\j_}{[\CH’//ng{ >‘p/ (T_EH)p/2:|

p/2 p/2

—N,H
SiNH X
+ea (XI5

‘ ~N,H\ |P/2
S < ‘ ‘
+los (REN6 ) Wi -wi

p/2]

p/2 p/2
< Cp Cg/zAp/2 + <\/%> E [(T - IH)p/ﬂ + (%) ]zlp/zz/(dz)E [7- — IH}
R§

p/2
<G, cg/zAp/2+Lp/2+<\/iZ> Rd\z|p/2u(dz) . (3.35)

—~N,H P J—
Therefore, by using the estimate [ [W%(,u‘s’g ,50)} =K [|X;§H\2] < Cp; estimates
(3.33), (3.34), (3.35), (3.27) and the Burkholder-Davis-Gundy inequality, we get that
for any ¢ € (0, 7],

u€[0,t]

E [ sup )?Z’N’Hp]

t p/2
([
o 8

< C (p, x0, L, A, b(0,80), p12, f1y2, T) + (2Co + 1)P/’E
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t
< Co+ (2Cy + 1)p/2tp/2_1/ E [|§;}{,V’H|p] ds
0

t
§50+(200+1)p/2tp/2—1/ E
0

sup |[XyNHP | ds
u€l0,s]

where C := C (p, xo, L, A,b(O,(SO),ug,up/z,T) with fi,/9 1= ng |2|P/21(dz).

This, combined with Gronwall’s inequality, deduces that

~

<y, (3.36)

~max K | sup ]X;’N’H|p
ie{l,...,N} te[0,7]

where the constant 51 does not depend on H.

Therefore, choosing H = H,, in (3.36) and letting n 1 oo, combined with Fatou’s

lemma and the fact that sup;c(o p ])?ZNH"\ — SUPyeo,7] \)?ZN\ a.s. as n T 0o, we
obtain that
max [E | sup \)A(Z’N\p < 51,
i€{l..N} | tefo,T)
which finishes the desired proof. m

Next, we are going to show that the moments of )?ZN depend on t. For this, we

need to introduce the following condition.

T4. There exists a positive constant L such that |oa(x, u)| < |o(z, )| and |ca(z, p)| <
c(z, )| for all z € RY and p € Po(RY);

T5. For some integer pg € [2,+00), there exist constants Ly > 0, Y1 € R, 75 >0,
7 > 0 such that for all # € R? and pu € Po(RY),

lea (@, 1) < Ly (1+ |z + Wa(u, &) , (3.37)
and
po—1 2|2 1
(b + 2 oalo P+ leate? [ (B4 L
R L3

X ((1 +|2](Ls + e))po_l —1— |2|(L3 + e)) (]z\ (% + e) + e)] v(dz)

< 1|w)? + 2 Wi (1, 60) + 7,
(3.38)

where € = #ﬁ max{3L3, 1}.
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Remark 3.6.2. Observe that (3.38) of Condition T5 yields to

(e, bl 0)) + © 5

X ((1 +12|(Ls + 6))”_1 —1—|2|(Ls + e)) <|z|<% + e) - e>] v(dz)

< 1|w)? + 32 W3 (1, 60) + 7

—1 Z2 1
a0l +leale ) [ ['— + =
RO

for any p € [2,po], z € R? and p € Po(R?).
In the following, we state an estimate for L?-norm of the approximate solution.

Lemma 3.6.3. Assume T1-T5 and C5 with pg = 2. Then, there exists a positive

constant C' = C(xo, V1,72, 7, L, ivo) which depends neither on A\ nor on t such that for
any t > 0,

Ce2it if >0,

E[)?Z?NQ]vE[)?@N?D< s
omas (E[KP) VE ISEYP]) < ¢ et i 7=0
C if v <0,

where ¥ =71 + 2.

Proof of Lemma 3.6.3. Proceeding as in (3.12) by applying [t6’s formula to 6_2%\)?Z’N|2,
we get that for any ¢ € {1,..., N},

6_2%|)?§7N|2

¢ _ . . . =N —~N |2
< |:1:0|2+2/ e2%(—7)(;”2+<X;>N,b(xng,ﬂs +3 )UA (XN )
0
1 Siv X[ 2 v /i SiN X\
—1—5 eA(Xe™ us ) |z|“v (dz) |ds+2 | e =7 <XS’ Lo (XD, )dWS>
s o Hs ” ; s o Hs

N —~N
CA (X;iv,,ufsx ) z

L (e (50 )
R

First, using (3.31), we have

2 ~ .
)N’(ds,dz).

(3.39)

— XN

AN . A . AN . .
= FIRENE =27 (R0 (N1 E ) (5= )+ on (REV X ) (Wi - W)
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(s—3)

—~N

Then, using T4, C5, (2.25), and (3.22), we get

o~ o~ —N

TN o, )| (5 - 0) < 0
~. =N |2

RN )] (s - 97 < o

N~ 2
E U% (zev. 3| |wg_wgyz\g} < oA
J

E|-AR0VP] —E [E|-AIRVP|R] | <E[-FIRVE] - cRla. (3.40)

siv NP1, 2
A <XS i )‘ 1zt — 71} | 7| < A,

which yields that

Moreover, using again (3.31), we have
~. . <N
<X;’N, DX, >>
—~. —N
— (REV BRIV X))
o~ —~N —~N 2
< <X;’N (XEN 1) >+ ‘b XﬁN,uf )‘ (s —3)
+ (o (RN XY (W= wi) s ea (R29,057) (22— 20) w(REY 15,
—~N
which, combined with the fact that |b(X X N, ugf )2(s — s) < A due to (3.22), deduces
that

. AN . /\N AN .
E KX;’N, b(XIN X )>} <E [<X;7N bV X )>} YA (341)
Thanks to Lemma 3.6.1, the stochastic integrals in (3.39) have zero expectation. Thus,

using (3.39), (3.40), (3.41) and (3.38) of T5 with py = 2 and recall that 7 = 71 + 72,
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we obtain that
E [6_2%|XZ’N’2]
t ~ AN . AN .
<o 2 [ (B <RV 4 (R )

; s s s

2 2

|z|21/(dz)] +C |ds
R§

t —~N
< Jrof> +2 / e%S(%E IREVE] + 3 W3 0) +’ﬁ+0> ds
0

—~N

oa( XfN,Mg )

1 SiN X
+§ CA(X§7 y Mg )

*3]

t
— ol + 2/ e~ 2s (—%E [|X;¥N|2] + %R {|X§’N|2} YA+ C) ds
0
t ~
= |wo|* +2 (7 + C)/ e ds,
0

for some positive constant C, where we have used the equality E [W2( x" (50)} =

E {|X§’N|2} . This yields to

n+C -, n+C -
(wu%) TS A0,

E|I%V?) <
lzol2 +2(n+O)t if 5=

(3.42)

Next, from (3.31), we have
XN = TN (Z ) (-0 —on (XN ) (W - )
—ea (X9N5) (2 - 7).
This, combined with T4, C5, (2.25) and (3.22), we get that for any p > 1,

. . . —~N p
%] <o (o [5] o & it eof

Il 1)

~ p
<ot (E[|XIN]] + car + car2 + catwr). (3.43)

SN X ‘ ' xuN x"
+EU0A(Xt’ g )W — W) A(Xy aﬂt )2 — Zt)

Consequently, from (3.42) and (3.43) with p = 2, the result follows. O

To estimate LP-norm of the approximate solution for p > 2, we need a series of

preliminary lemmas.
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Lemma 3.6.4. Let p be a positive even integer. For any a,b,c € R%, it holds that

S=la+cP—1b+cfP —|alP + b

p/2 j .
P 2 ¥ . . Y o Yy
<S5 (M) (1) e e e

7=1 k=0
= (G- k ' (p-2
- j—k=4, 114 - p—j—k—¢, 1l
XH( ) )\b[ la — bl +£§_1:( , )]b\ a by]. (3.44)

/2
Proof of Lemma 5.6./. We first note that S = (\a!z +2{a,c) + |c]2) —|alP — (|b|2 +
p/2
2(b,c) + |c|2) + [b|P. Using the binomial theorem, we have

2

5= 250 (77) (1) 2t (jar e ).

=
~

J
1 k=0

.
I

Next, we write
a1 (a, &) — P2 b, 0)7 7 = ol (b ) + (a = b)) = (b, )
(01 + lal = o) = (b1~ (b, )7

Using the binomial theorem, the estimates |a[P=2/ < 2P=2=1(|q — b|P=% + |b|P~%),

|{a —b,c)| < |a—1bl||c|, and |(b,c)| < |b||c|, we obtain the desired result. O

Lemma 3.6.5. Assume Conditions T1-T5 and C5. Then, for any even integer p €
(0, pol, there ezists a positive constant Cp, such that for any s >0, i€ {1,...,N} and
A e R,
r . . p—=2 __.
2) E[-NVPR] < RV 4 GIN T IREYP.
I =0

s

ro. o~ A~ —N . . . N p_2 N ‘
b) B |0V 2 (REV (R 6 X)) [ B ] < IREV 2 (REV R X ) )0, X 1RV
_ >

ro. . . —~N . . —~N p—3 . .
o) B[R P (RN Toa (RN ORI < 10V 2oa(REY, X )P+cy 3 IRV,
L j:O

Proof of Lemma 3.6.5. First, by using T4, (3.22), Burkholder-Davis-Gundy’s inequal-
ity, (2.25) and C5, we get that for all 2 < j < p,

o~ . A~ . N
max {|X;’N| ‘b (X;’N, pg )

AN . AN . /\N . -
s = sl [|X0N] os (R2Y,02 )| i = w2 |7]
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E [I1%4Y]

es ($%F)| |- 2 1] } < ova

—~N

. J ) . SN\ (] ‘ -
maX{ ‘b (X;’N,uﬁ( )‘ |s—s’; E UUA (X;’N,N§ )‘ |W; _W§Z|j !-7:3] ;

f|

a) Using the binomial theorem and (3.31), we get that

sin XNV (i i
€A (Xs » Hs )‘ |ZS ZQ} |‘7:§

} < CA. (3.45)

— AR
- "\ -, oS )i
SR Y ( ].) RN (%5 - %))
j=1

p .
< AR IR RV - Ry Y ()R R - R
=2\
. AN AN . AN . /\N
< SAREVP 4 RN 1R [ (R )

|s — s

AN . AN . /\N . . A .
+ |X§»N‘ ‘m (X;aN,#;X )’ |W; — W;| + yX;N‘

AN . AN . .
cA (X;»N,Mgf )‘Z;Z§|]
— 1 (P N siv X[ j
Y (j)\xsv i | o (%6 )| 1o
=2

Sin TN (i id siv N\ i il
+|oa (XY, pd (Wi = Wi + |ea (X2N 13 |zi-Z|" |.

Using (3.45), we conclude part a) of Lemma 3.6.5.

b) Using a similar computation as in part a), we obtain

AN . AN AN . /\N
RN 2 (REV (R X))
N

AN AN . A /\N AN . AN ~
< [REVP2 (REV BRIV X)) + IRV REY X ) — 9

~. ~. <N . X . —~N . )
¥ rX27N|P2<aA (R ) (Wi = W) s+ ea (R2VX) (20- 22).

p—2
—~N —N
SiN X D=2\ QiNp-1—joij—1 TiN X
R )4 3 ()R R
j=1

SiN X
[l ()

J j Sin TN (o0 i
|s — s +‘0A (Xs, » Hs )’ |W8_W§|
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p72 —~N

~. i - N N
ea (RN 2tz |+ 30 (7 7) R R

J=1

siv x\ [P j+1 sinv N i1J+1
W) s () i

—~nN~ J+1 .
cA (X;»N,%X )‘ |zt — 71 ]

Using again (3.45), we conclude part b) of Lemma 3.6.5.

c¢) Using the binomial theorem and (3.31), we have
XN P2 loa (XN, u )P

i N (p—2 SiN X2 — P— 2\, SiNp-2—j SiN X \|20j-1
<X P loa(XgT py )| +E ( . )\Xé’ P oa(Xg™, ug )73
j=1

. N~ ] . . NN\ ] ) .
X X W W J

+

Si N X\N J . i
ca (Xé’ g )\ Zi= 2z |-
Then, using the estimates (3.45), we get that
B (| R0V P (R Toa (Y, 12|17

A~ o~ N
<E (IR P 2oa (XN X1 7]

p—3
~N
vi,N |p— vi,N X Vi, |j
< |XPNPloa (XN, 1 )P+ Gy Y IXENY (3.46)
j=0
We conclude part ¢) of Lemma 3.6.5. ]

Lemma 3.6.6. Assume Conditions T1-T5 and C5. Then, for any even integer p €
(0,po], s >0, and z € R?, it holds that

~. ~ =N p ~. ~. =N p
E (‘X;NHA(XQN,%X )z —’Xﬁ’N+cA(X;’N,M§ )z )
p/2 N
N . N N
= (1R = TP (B < G (|REV] 1) + 30 DT ol W 50)
j=1 k=0

>~

o j—k=2 . p—j—k—2 Iz o~ | TR o~ | PmF—R—L
i e e e



=2

where (C 1) are some positive constants @p_2(|)?§’N|, |z|) is a polynomial in |)/{\'§’

of degree p — 2.

Proof of Lemma 5.6.6. By using Lemma 3.6.4, we have

—~N

-~ ~ p
(86 + ca(Re 0 -

—~N

‘f;N —|—cA(f§’N,/L§ )z

p/2 ]

(3.47)

N

p o~ ~.
) - (% - 1)

J—k—t

k[ ik,
p/2 sin XN P pea)e AN
SZZ( / )( >2” FleaiN ol )zl Yy (7 ‘XS’N
j=1 k=0 L =1
P25 R B A PV
x |V _ RN +op 2 ( ) > XN R - x|
/=1
e DU B S A N
/=
Then, using (3.37) of T5 and (3.31), we get

RV ea (R X )z

[2]9 25— 1

- oy TV [P
|2 (320

i i|p—2j+1
Wy =Wy

T ’)A(;"N

p/2 j
o~ o~ N . 2
R e (82 ) 122 )] 93 (p/ ) (@)
7=1 k=0
j—k
« (Tg)ithaith-1 (1+|X;,N‘J+k+wj+k('u§( 5 ) [2])2]12 (J . )
=2
2j+0
v ‘)A(;,N‘J Qp—2j+ 1<’b(X1N 2 )p a s — sfP 2t

r)

p o~ ~.
)= (R - xw)
4 /2 ~. Jj+k =N

Z (p )( )2] k-|Z|J+k( )]+/<33J+k 1(1+ ‘X;’N‘ +W]+k( X 750))

=0

j—k—2 ) . . p—2j+1 9it1
ol ] ([ (s ) e

p—25+1



)‘p 2j+4 p—2j5+£

+ )O—A (nga M:SX

J—k . .
. o . CEN |~ =kt SN
x |7t - Ziff 2J“> D) :(*7 ) >‘X§N‘ 35—1(‘b(xg»N,u§ )|
=2

‘ siv V| 1 siv N i (¢
X |s — s +‘0A(X;’ T )‘ |WSZ—W§Z| + CA(XQ T )‘ ’Z;—ZQ
p—2j
p—j—k—£ . =Ny (¢ . —n~y £
S R () s o (5
=2

or (22,5 )[ |2 - 2 )]

By applying the estimates (3.45) and condition T4, we obtain the desired result. []

|Wz Wj}p—2j+€ ’ (XZNHX )’

< [wi—wil +

Lemma 3.6.7. Assume Conditions T1-T5 and C5. Then, for any even integer p €
(0,p0], s > 0, and z € R, it holds

. . SN P
i N TN X
‘ S FealXgTpg )z -

A . AN . . . /\N
RV plREV P2 RV ea (RN X))

siv X vz, [ 12 —2 = p-l -~
< eaREN ) 1REV P2 | S 4 I ((1+|z|<L3+e>) —|z|<L3+e>—1)

—~ p/2 k
L 2 ~. .
. (,4(73 o) +>> Yy (pé >\z\2k—f@p (=225~ £R0), 142V,
k=2 (=0
(3.48)

where € = #ﬁmax{SLg, 1}, Uy = X{7 |, and

1 N
T L=t

Q) (p — 2,2k — £,| XN 1+ ﬁng)
) 1 \2 ~. ~. 2 k ~2k—0—2
‘= 2L3 <(1 + ﬁ) X2+ (1 + U;’N) ) (6) 2Ly
/ 1 \2k—0-3 ~iN\2 i
k— - — 1) 1 - (1 UZ,N) XZ,N p—4
. [( ;) 5) HOT)

2k—0—2
2k -0 -2 1\ 2k—t—2- SN\ N 2
P 3 (e () m].

Proof of Lemma 3.0.7. Proceeding in the same way as in (3.7), we get

-~ p
RN ea (VX )a| -

REN P — pl REN P2 (REN, e (TN, X))
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p/2 k
PloinP?] . oin x| PI2\| 50N p—2k k
o 1P N RGN E IS S W ) Sl
k=2 (=0
% Jea(X0V X002 2 (< N oA (R 2 )z>)
p/2 k
Do p_2 . <N 2 P 2 k
§§ ;,N CA Xé’Nmug )Z 4 Z ]{; ) 2£’X1N’p 2k+4
k=2 (=0
TN XU L 2k—e
X ( s ) Mg ) | |

—N

It follows from estimate (3.37) of T'5 and the estimate Wg(,ug ,0p) < \/LN Zj\le ’féN‘
that
2k—(—2

—N

CA(XgNa :u§X )

2k—{0—2
~2k—{0—2 1
<Ts <1+|XZN+\/_ ‘XJN>

~2k—

9 iy o 2%k —0—2
< L3 (1+|X§’ | + Wa(pg ,50))

N 2k—0—2
~2k—0—2 1 1 S
= L3 (1+ —)|X1Ny+1+— Z ’XﬁvN‘
\/_ \/N] 1571

—~2k—0—2 1 ~; A~
= Ls [(1 + \/_N>2k—£—2’X;,N’2k—€—2 + (Qk (- 2) (1 + U;’N)

2k—0—2
1 S 2k — 0 —2 ~ A\
w (14 2h—03) i N 2k—=3 (1+U“N)
(14 =R DI :
X 1+ 2k—0—2—m gi,N 2k—€—2—m . 349
(14 o) XN (3.49)

Using the estimate (1 + @N) ]fé’NPk’_g_S %( (1 +Ub N) |)/(\'§’N|2k_£—4+|§§’N]2k_€_2),
we get

|z

~N

A(Xé’NJ :ng ) |2k7£

k
Z( )QZ XzN|p 2k+¢

g N 2 Lyes T Bl
s 18re S (§) B (14 )
£=0

N

CA(XiNa g )

k
1 4 ~ Nk k ~2k—0—2
X <—+k——> + Mo < )2€\z|2k Ly
VN 2 = \!
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VN
2%k —0—2
2k —0—2 1
+ (1+ ) (1 + U;JV) | XN p=2=m
m VN
m=2
—~ 1
Set a = |z|L3 (1 + —) . Note that
N
kL b 2t |\ 23
S )2 e L 1+ ——
=0 ¢ qu

-3

k 2k—0-3
1 kN ooy jok—e72k—0=2 1
- = 2 L 1+ —
2;@ T v )

-3
—~—2 1 k—1
=L 1+ — ka (a® + 2a )
’ ( VN) (e 20)

and

These facts imply that

k 2%k—0—3
kN oo (op_p2k—-2 1 1 /
2 L 14+ — —+ k- =
E (€> |2| 3 ~ ( ~ 2)

—_— 1 -3 k-1 [a® + 2a
=1I3 1+ —= (a2 + Qa) ( + k(a® + a)).

VN VN

Moreover, similar to the estimate (3.49), we get

2 _ 2 1 V2 5inpe ~in)2
< 2L, (H\/_N> REVE 4 (14 0EY) ).

~. <N
CA (X;7N7 ﬂf )

Therefore, we have

k
I\ i cin
Z <£)2€|X;,N|p 2k CA(X;’Nallg( ) |Z|2k L
/=0
< ea(xiN ?N)fp?iN\P—QLN_Q — _3(2+2)’“ A ta)
< lea( X5V, ’ 3 — a a a+a
s o Hs s VN JN
k
+> 2 Q, <p — 2,2k — £,|X0N], 1+ (7;"N) .
(=0
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Next, using Zp/z (p/Q)kzk =21+ 2)P/271 — 1) and sz/2 (;D/2) et
z)P/2 —

1 —Lz) with z > 0, we get that

p/2 2\ o, N N 2 N e k
3 (pk )|X;7N\p—2’f ( a(ZeY X | 42 (R, ea(ReV 1 >z>>
k=2
. -2 1 -3
< [eal®Y | RV, (”ﬁ)
1
X (ﬁ ((1 +a)f —1— g(a2 + 2a)) + (a® + a)g((l +a)P? — 1))
p/2 k /2
+ZZ(p ) Eks pr( 2,2k;—€,|X;’N|,1+U§’N).
k=2 (=0

Applying the inequality (1 + a)? — 1 — £(a® + 2q)

< (a+1)*((1+aP2-1), with
p > 2 and a > 0, we get that for e = #ﬁ max{3Ls, 1}

~. ~ =N p ~. ~. —~. —~. =N
RV eal(REN i )a| - IREVP - pl RN (REY ea (RN X )2)

-3
Siv X siNp2| P 2 1
ealREN pZ)| IREN P2 S + L (14 —=

<

VN
" (\/LN (<1 ta)pf —1-— §<a2 - 2a)) + (a® + a)g((l )P 1))]

p/2 k

p/2 i i
+ZZ< )yzyz’f pr( 2,2k—€,\X§’N\,1+U§’N)

k=2 (=0

Siv X siNp2| P 2 1
ea(Xg™omg )| X 5"2’ + L3 L4 —=

\/N) B ((1 +a)p? - 1) (a+1)

<

/2 k
a+1 ap) (p/Z) okt N N
><< + + 2] Q(—22k 0IXN| 14 O )
a5y p
iV X |7 g 2 2 a+1l a
< TN X ‘ XN p-2, | | 7 ( 1 1 1)( _)
> CA( s o Ms ) | s | 9 + L3 ( —|—CL) a , N+2
/2 k

p/2 - > ~;
1539 G [EES A CRER TR R
k

=2 (=0
2|AiN|p 2 [ |2
X

—+Ls 2( (1 4 \z|(fg+e))p_1

N

< CA(X ) ,u’s )
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L 2k p/2

T 3 2k—¢

_|z|(L3+6)—1> (|z|( 5 —f—e)—i—e)] +ZZ< I >|z|
k=2 (=0

% Qp (p 2,2k~ £ REV] 14 T2V,

a+1 a -
+ =< Z(—3+6>+6. L]
v 2SI

Lemma 3.6.8. Assume Conditions T1-T5 and C5. Then, for any even integer p €

where we have used the fact that a < |z|(iv3 +€),

(0, pol, there exists a positive constant C), such that for any s > 0 and z € R¢,

. AN AN . AN . AN . AN . /\N
E [|X§’N|”‘2<Xé’N, ea(XgN, 1 )z) = XN PN ea(XPY 1 )2) !fs]
p—2 p 3
< Cyl2 (Z XN+ W (u |X;}Nﬂ'> . (3.50)
7=0 ]:0

Proof of Lemma 5.6.8. By using the binomial theorem, (3.31) and (3.37) of T5, we

have

—~N —N

RN RV, ea (RN, X)) = IRV PR, ea(REV X )2)
— (R ea (RN, X )z) (1REV P2 - | REN P2

~. ~. ~. <N ~.
+ (XN = XN ea(XPY, 1)) XN P2

p—2

~N 1
SiN . (QiN X P=2\ iNp-2-j (|iN] _ N’
:<Xg ,CA(XE’ T )z)Z( ) )’X;a P 2 J(|X;: |_|Xé7 ‘)
=1 N
. R ~N
+ (XN = XN e (XN, puX )2 [ XN P2
p—2 9 ‘
R - R el 9 X (7 IR (1258 185)
B B J
j=1

AN . N AN AN . A .
< (= Dlea(XY, X YA ZEVP | RN - K3
=N p2 p—2 J
Ti,N X - i, N p-1-j | ¥i,N _ Ti,N
Flea(REN, 2 >||z|Z( . )|X;’ s e g2
= N 7
SiN X SiN X i, N |p—2
(b (RN XY (5 = 9), ealREN w0 )2 )| R0V
~N

. . . AN . . - AN . /\N
+{on (RN ¥ )(W;—W;)+CA (R ) (20— 20) eal X0V X )2)

)/Z'i,N p—2 j(\i,N p— 2 Xsz 2—j XZN XZN J+l
x| XENP2 4 fea(X0N, uX HZIZ XN
7=1

107



N N

—~N —
i, N |p— Si,N X Ti,N X vi,N X
< (p—2)[2[| X2V 2(ICA(XQN,MS NOX™ g (s —8) + lea(Xg™ g )
vi,N SC\N ; ) vi,N _/X\N 2 ] ;
XWAC@’M% )HW?—WQ+EAM?,MS)IVZ—ZH)

p—2
__ g =N —9\ ~. .
+ L3 (1 + |X;JV| + Wg(,ug( ,50)) || Z (p ; ) |X;7N|p—1—33]—1
j=2

—N

) s s o (20 -

_|_

. SN\ T, s . SN ~. =N
CA (X;’N,,LLSX )‘ !Z;Z;’J] +<b (X;’N,,uSX )(S—§),CA(X;’N,/JJ§ )z>

—~N

A A . B A . /\N
x | iV =2 4 <0A (X;N X ) (Wi = W) +ea (X;’N X )

) . . =N . . . N
% (zi— Z1)  ca(XHN X )z>|X;’N\p2+L3 (1+|X;7N|+w2<u;§ ,50)) 12|
P2 o\ . e N
S (77 e (o (5
=1 N
—~nN~ (J+1 .
s (R0 E )z 2

+ |oa (X;’N,/L;X )
By applying the estimates (3.45) and condition T4, we obtain the desired result. [

Jj+1 .
s — st

Jj+1 |W§ B W§i|j+1 n

Proposition 3.6.9. Assume Conditions T1-T5 and C5. Then, for any positive k <
po/2, there exists a positive constant C' = C(:po,k,%,%,ﬁ,[z,zg,po) which depends

neither on A nor on t such that for any t > 0,

Cle?kt if >0,
_max <E [p?;vN\?’f] VE [p?;'rNy?k]) <{ 40k if =0,  (3.51)
ie{l,..., =

C if <0,

where v = 71 + Yo.

Proof of Proposition 3.6.9. Using Holder’s inequality, it suffices to show (3.51) for pos-
itive intergers k with k& < pg/2. We are going to use the induction method. First, note
that (3.51) is valid for £ = 1 due to Lemma 3.6.3.

Next, assume that (3.51) holds for any k& < ky < [pg/2] — 1. We wish to show that

(3.51) still holds for k = ko + 1. For this, using Itd’s formula for e_p)‘t])/(:ti’NW with even
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integer p := 2(ko + 1), we have

t
o—PM ‘ XN ‘ = |zo|? + / e PMRods + My, (3.52)
0

where
AN . AN . A . AN . /\N
Ry = —pA RN 4 pl SN2 <X;’N, W)

P\giNp-2|, (giN 2 pp=2) ciNpal oinT. oin X
+§’Xs’ ’ (Xi nus ) +T’Xs7 | (Xs’ )0A<X§’ » Hs )

~. ~ =N p
# (e eacid ) -
RO
~. ~. . ~N
PRI (REN e (REV, X )z) ) v (d2)
t AN . AN . AN . /\N .
Mi=p [ PHIRNP2 (RN s (R >dW;>

//Rd W(‘XZN+C é_N,uﬁf)

If follows from Lemma 3.6.5 that

[ X P

- |§;_N]p> N'(ds, dz).

N (2

P\ 5iNp- SiN X
+ RN P2 oa (RN, )

(1]

~. ~. ~. ~. -1
< PRI P2 (NI (RN (RN X)) 4

()

o~ ~. ~. ~. <N
B[ - ISP R (R T )

PP = 2), 0N | iy (5
 PE N RNt (RN Tos (R F

—~. —~N
oA(REY, 1 X))

(3.53)
where Q (|)A(ZN|) is a polynomial in |)?ZN] of degree p — 2
o1 X poly s gree p — 2.
We write
i, N Sin X P L iN i, N |p—2 N X"
RV ea (RN, w0 )e| = |REN P — RV (XN, en (K2, X )z )
. o =N P . =N
— | REV 4 calREN X )z| = IREV P = plREN 2 RV, ea(REN, )z
>i,N sin XOUP | i >i,N P >i,N >i,N
b (R ea RV E)e| - | R0V e (XN 4 E )| ) - (1R - 1 %8N

1
S

AN . AN . AN . /\N AN . AN . AN . /\N
= p (IREV P2 (RN ca (RN )z ) — 1RVp 2 (REV, en(REY, 1 )2))

(3.54)

Therefore, taking the conditional expectation on both sides of (3.54) and inserting
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(3.47), (3.48), and (3.50) into the right hand side, we obtain that for e = zx}ﬁ max{?)fg, 1},

~. ~. N p ~. ~. ~. ~. N
B |0 4ea (R0 ) o] = R0V - pl VP2 (XY en (XY ) 2) fs]
siv X iz | 2P 2 T o T
< plea®eN, @O 1R S Ty (1 el e+ ) = lal(Ta 49— 1

X (’Z‘(%+6) + >] +pz/2:§:<p/2)|z|2k ‘Q, (p 9.2k — ¢, |X1N‘ 1+UZN>

k=2 /=0

R R p/2 k=2

+ Gpea (RN 1a) + 30 DT Gl X5 )lX“V
Jj=1 k=0

B T = ADNNT S DT S [Pkt

o S S e R ED O
(=2 (=2
£yl (Zx”” o X ) S ;;’Nf). (3.55)
=0 =0

Hence, combining (3.53) and (3.55), we get

E[Rs|F]

~. _ ~. ~. ~. = p_l ~. <N
§p|X;’N|p 2[)\X§’N2+(X;’N,b(X§’N,MSX )>+ |0A(X;N,M§ )|2

~ 2 2 —~ p—1 —~
es (X)) <—+L3 (@)™ = EiE o -1)
Rd
k=

+

X (Izl(%ﬂ) +€>>V(dz)] +Qps (‘)?ND / [Z% (P/2> 22

2
< Q, (p — 2,2k — | XN 1+ (7;'”) +0ps (‘)?N‘ 2]

j—k—2 p—j—k—2
_l’_

J N
e N
0 il B R o) ( <
k:

/2
J=1 k=0
71—k

+ ‘)?g’N

+ (‘ o
=2
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In the following, we choose A = 1 + i]\? It follows from (3.38) of T5 and the equality
N A~
WX o) = & S IRENP that

72 SN oD i
= (G IXEVE 4 (XY B(XEN, i) + 5 loa (XY )P

() [ |
< (m(% +e) +e>] V(dz)

2\2

+ —+L 2((1+|7:|(va3+6)>]01—|Z|(2/v3+e)—1>

~ ~ N
~ 2y T ~ 1 ~ xV ~ 72 > ~
= (ot IRV P R B b =5 D KPP
m=1,m=#i

Therefore, using the estimate Wa(u3 x" ,00) < \F Zm 1 |X "N we obtain that

~ N
~. _ P 2
E[RS]<pE[%X;,NP 2 Z XmN|2 / ZZ( / > |2k L
m=1,m#i RS k=2 ¢=0
p—2
X0, (p — 2,2k — £, | XN 1+ U;FN) v(dz)| + 03 E [\X;"NP} . (3.56)
=0

for some positive constant C'.

Thanks to Lemma 3.6.1, E[M;] = 0. Now, we are going to take the expectation for
(3.52) with A = 751 + 22, plug (3.56) into (3.52), and use the inductive assumption,
Condition C5 and the following fact thanks to the independence between |)?;N|p*2
and Zr]X:Lm;éi |)?;n’N|2

N N
E IRV ST IReVE = S0 B[RV B IRV
i m=1,m#i m=1,m=#1i (357)

[~ ~ £ ~ ~ £
B |[SeVpt (14 00) 1 —E | %2V E {(1 +02N) 1 ,

for any ¢ € {2,...,p — 2}, where recall that ﬁé’N = \/LN Zgzl.m# |)/€g@’N| As a

consequence, we get that
p‘|

-p(n %2 vi,N
E le p<7 + )t ‘Xt
t +%2) BN A I PO
< ymuc/ e (ZE [|XZN\p f] l(1+U§’N> } +YE [Xg’NJ]> ds
0 -
7=0
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Here, recall that v =51 + 7».

|
t I p—2

< |x0‘p_|_c/ e*P(’YlJr ) Zep ¢ (’71+’72)8 E(%er) X
0

2 J

Case 7 > 0:

E [<> R

-2

i)

¢ (%Jﬁz)s) ds

Il
o

=
t _
< |x0‘p_|_0/ efp(%Jr%)sep(%Jr%)sds
0
t ~ 1
= |a:0|p+C/ e_m?(ﬁ_l)sds
0
= |zol” + % <€—p%<]{,—1)t — 1) ,
_]WQ(N - 1)
which implies that
) HX\Z,N’p] < |x0|p€p(%+%)t + ¢ (é?(%—i—%)t _ ep(%-k:}\?)t)
- riz(1 =)
< o ()t
= CePt,
Case 7 = 0: In this case, we have 71 + :Y—]\? < 7 = 0. Using the integration by parts
formula repeatedly, it can be checked that for any 8 < 0 and ¢ € N*,

¢ t
/ e P51 4 5)1ds < C(B,q) (eﬁt(l + )7+ / eﬁsds>
0 0

C(5,q) (e*ﬂt(l +1t)4+ eiﬁt)
C(B,q)e P (1 +1)1,

IA

IN

for some constant C'(3,q) > 0. This deduces that
g [r () ))?:»N)”]
t ~2 p—2 p—2
Slxo!erC/ ) U@+ a4+ 1+ s
0 /=2 7=0

¢ ~ 72

<z’ + C/ e_p(’yﬁw)s (1+ )P ds
0

< |zol? —i—Ce_p(:“JFWWQ)t(l P2
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Therefore, we obtain that
AN p
E HXZ’N’ | <ca+o
Case 7 < 0: In this case, we have 1 + % <7 < 0. Thus, we get

= . P t =
B[R Hg]] < v [ (e
0

which implies that
[P
el )<
Consequently, combining with (3.43), we conclude that (3.51) holds for & = ko + 1.
Thus, the result follows. m

Remark 3.6.10. When condition C6 and all conditions of Proposition 3.6.9 are sat-
isfied, we get the following estimate on the expectation of the number of timesteps
Np
C
E[Nr -1 < %, (3.58)
for any T' > 0, where the positive constant C' does not depend on A.

Indeed, the same argument in the proof of Lemma 2 in [17] yields that
Nt T

ve=1s |

k=1 0

Then, using (3.22), Assumption C6, and Remark 3.2.1 (i) and (iii), we get that for
any i € {1,..., N} and pg > 2(¢ + 1),

e (UE St
Ah(XL 7“1 )

1 iy o
N =2 <C (1 + | X+ Wgo(M;X 750))
h’(XL nuz )

N
o~z 1 ~ Po
<C (1 FIRPN 4 RN ) .
m=1

—~N —~N

~N ~ ~ -~
This, combined with h(X, ,,uEX ) = min{h(Xil’N, ,uix Yyeens h(XLN’N, ,uix )}, Lemma
3.6.1 and Proposition 3.6.9, shows the estimate (3.58).

3.7 Convergence

In this section, we will assess the strong convergence rate of the tamed-adaptive Euler-

Maruyama scheme, across both finite and infinite time intervals. To accomplish this,
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we first require the following uniformly-in-time bound for the difference between the

two approximate solutions X N and X/ N

Lemma 3.7.1. Let all conditions of Proposition 5.0.9 be satisfied. Then for any p €
[2,po], there exists a positive constant C, = C(p, L) such that
~ ~ NP
max E ng’N - XZ’N‘ 7] < ca,
ie{l,..N} ¢ N
for anyt >0 and

g [P
max suplE HXZ’N - XZ’N‘ ] < CHA.
ie{l,...,N} >0 -

Proof of Lemma 3.7.1. From (3.31), we have that for any p > 2,
|j€i’N . X’I:,N’p

. . . . |P
:\b(XzN,utX )t =)+ oa(XiN 1 VWi = W)+ ea(XiN i )2 - Z)

~ =N P
<3 Ub(XZ’N,utX )

~; <N P . .
(t =9+ [oa KV Wi - Wi

+

ea &) |2 - z;‘ﬂ |
This, combined with (3.45), concludes the desired result. O
Next, the following additional condition will be needed.
T6. There exists a positive constant L4 such that
(@, 1) = oale, 1)] < LaAPlo(z, p)P(1+ |2]),
le(x, 1) = eal, )] < LaAPle(a, )P (1+ |2| + bz, w)])
for all z € RY and p € Po(RY).

Remark 3.7.2. If we choose

)

o(z,
1+ AY2|o(x,

oalz,p) = (3.59)

= | =

)L+ )’
c(x, p)
L+ A2Je(z, p)| (1 + || + [b(z, p)])’
then Conditions T3, T4 and T6 are satisfied.

ca(z, p) = (3.60)

Due to the two-step approximation process necessitated by McKean-Vlasov stochas-

tic differential equations, assessing the convergence rate of the approximation scheme
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requires us to evaluate both the error between the exact solution X; and the approx-
imate solution XZ’N of Propagation of Chaos, as presented in Section 3.4, and the
error between the two approximate solutions X:’N and )A(Z’N, which we will address

subsequently.

Theorem 3.7.3. Assume that the coefficients b,o,c,oa,ca and the Lévy measure v

satisfy Conditions C1, C3-C5, T2-T6, and pg > 40 +6, N > %jal}) .
Assume further that there exists a constant € > 0 such that C2 holds for k1 = ko =
l+e, L1 € R, Ly > 0. Then for any T > 0, there exist positive constants Cp =
C(xo, L, L1, L, Ly, M1, 32, 7, L, &, T) and C} = C'(xq, L, Ly, L, L, Y1, 32, 7, L, &, T)

such that

N 5, N 2
max sup E UXZ XZ’ ‘ < CrA, (3.61)
i€{1,....N} tefo,1)
and for any p € (0,2),
4 —
max [E | sup ‘XZN XZN’ < < p) (CLA)P/?. (3.62)
ief{l N} tefo,1] 2—p

Moreover, if Y =41 + Y2 < 0, and L1 + Ly < 0, then, there exists a positive constant
C" = C"(xg, L, L1, L2, Ly, y1, 72,17, /I:;, e), which does not depend on T, such that

. . 2
max sup E UXZ’N - XZ’N‘ < C"A. (3.63)

i€{1,...,N} t>0

Proof of Theorem 3.7.5. Thanks to (3.16) and (3.32), we have that forany ¢ € {1,..., N},
X RN = [ () <o (R ) ) as
0
: N XV SiN X :
[ (oY ) = o (REV X)) aw
0

t N _
+/ / (c( Zi\],,uSX_ ) —ca ()’Eg,N,“;X )) 2N"(ds,dz).
0 JRY a a

Thanks to Ito’s formula, we obtain that for any A € R,

e*/\t|Xti7N _ §Z7N|2

t . AN . . AN . . A . /\N
[ [ XY RN o (XN - RV b0 X b (R X))
0
. N A~ . <N 2
+ )O'(X;’N, uf ) — oA (X;’N,,ug( > ‘ ds
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N

t ~ .
p [ (N RV (000 ) - oa(REV )
0

t =N
- i\N  i,N i,N N i, N N  i,N
+/ /de M = RN (e ) = ea(REY ) 22 - XN - RN
0 JRY

—N

t
x N'(ds, dz) —l—/ / e_)‘s| (C(X;’N, ,qu) — cA(ié’N, X ))z|2u(dz)ds. (3.64)
0 JRE N -

In the following, we will give upper bounds for each term on the right hand side of

(3.64). First, we decompose

2 (XY = RV e X < (%60
) ~. ) . N
_9 <X;’N _RN (XN XYY <X;’N X )> + 8, (3.65)

where S = 2 <X;’N — XN <X;’N,u§ ) —b (Xé’N,,wSX )> By using Cauchy’s
inequality and Condition C4, we obtain that for any 1 > 0,

SiN X siv X\
(oY) = (T

6 ~. |20 ~. |20
(el

2
iN  Ti,N
S<el ‘Xs ~ X! ‘

1
+= b
€

. ~: |2
<e ‘X;’N — XN ‘

SiN i |? 2 ( XV X
[0V = XN g ()

O rolo2e-1|giN _ piN %Wz x" x"
+ s El 2 | Mg 7,U§

; Sin|? 6 9/ 201 sivl¥ e (XY %Y
RN = XN | 2@ [ RV ().

(3.66)

Second, by using Cauchy’s inequality, we have that for any 9 > 0,
i XYY N %V |2
U( s Mg ) OA s Mg
N XN siv x|
< (1+20) [o (X0 iX™) = o (R0, X))
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+(U(Xé’N,u§‘ )—m (X;’N,uif )\ ] (3.67)

LL sinlt | [sin]|f SiN i 2 XV X
L+ | X7 + | X X, X +Wo (s 1

o~ o~ 2 X\N X\N
X
s

LL (|cin sin|? 2 XV X 1| i N TiN
=11: X — Xy +Wy (s py ) +2 X — Xy

—~N

~. ~ vt =N PONNTAPS |2
+2€—1 ‘X;’N . X;’N‘ W22 (MSX ’MSX ) + (2€—1 + 1) ‘X;’N‘ ‘X;,N —X;’N‘
N
F T R (X)), (3.68)
Then, it follows from T6 and Remark 3.2.1(iii) that
~. =N . N\ 4 . 2
o (52 F) —os (%X ) < tiafo (R )| (1+]52°)
2 ~. ~.
) (1 1R (e W) + alot0.601

% (14 X0N2). 3.69
s

LL
< 4L3A [16(1—+6

Third, using Cauchy’s inequality, we obtain that for any €3 > 0,
BETN)
N XN L (giN X
o(Xg™pg ) —ea ( Xg™pg

2 1

< (1+e3) |e(XEN, 1 X7) - C(X’N,M;X )’ +2<1+€—
3
[ (XZ Nalu“s > —C ()?;'7]\]7#5 )

Thanks to Remark 3.2.1(ii), we have

SiN X sin X[ 2
o (RN X ) = e (RN X )| [ JePuta)
RO
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LZ sin|t | gin| SiN _ pin|? 2 X" X"
< 1+ XS’ ’+)XS» ) ‘st -~ X0 ‘ + W3 (1)
N (el
l1+2“ R - X’N‘ +[ %] )+’X§’N”

. . —~N —N
N )

LL SiN i |? 2 ( XV XV 1 loin  oin|?
- = ‘Xs’ ~ X ‘ +W2(:U’s 2 )+2 ‘X; ~ Xi ‘

~N

—~. ~ ¥ =N A 2
2[RV - R0V (u;" X )+(2£_1+1)‘X;’N‘ XV x|

+

'+ lX“Vlwz X X (3.71)

Thanks to Condition T6 and Remark 3.2. 1(111 ) and (i), we have

AN . /\N 4 AN AN /\N 2
(&) (1+\ é’NMb(XéMi‘ )))

6L2A LL \2 .
< 1 2[16(1+6) (1+]X;’N\%)(|X2N]4+W2( x" 50)) (3.72)
(ng |z|2v(dz )

2 ~ ~
rale0.0n' ([ 1) ] [1 +IREN 2 42 (b<o,5o>2 AL (1 REV)
R B B

(!XZN|2+W2( X" 50)))]. (3.73)

Therefore, inserting all estimations (3.65) — (3.73) into (3.64), and choosing g9 = €3 = ¢,

we obtain that for any A € R and 1 > 0,

6_)‘t|Xti’N _ )/(\*:7N|2

2

t
</ { AR - RN e XY - R
0
. AN . . AN . /\N
£ 2 (XEN = RV B0, X b (R X))
i XYY (RN %V |2
U( S 7/’LS ) g S 7ILLS

2
. N A~ .
X2V X = e (REN X )| Jafuta)
R

+(1+¢)

+(1+¢)




N 2042

6 2 o~ I
+ L [ ‘X;’N - X;’N’ +W3 (u;’( Yo ) + 221 ‘XQN - X;’N‘
9201 | Fi.N _ i.N 20 W2 x" x" 9201 o 1| 0N 2 TN _ N 2
+ s e 2 | Mg ,M§ + ( + ) e s e

) ’X’LN XZNF
1+5

ol~1|Fi.N _ Fi.N EWQ x" x"
+ s s 2 | Ms 7:u§

1

9201 | 1| N 00 X X 2(1
+ @) XN W (e ) | F2(1

‘£+2

—N —N o~ o~
+WE () 2 RN - R

_ A~ . 14 ~ . -~ 2 _ i 14 x" x"
+(2° 1+1)‘X;’N‘ ’X;’N—Xé’N) + TGN (“5( s )

) LL \2 AV AL x" !
+AL2A 16(1+6) (1+’Xs’ | )(|X | _|_W2( 60)> +410(0,dp)]

- 1
< (1+X;’Nl2)] +2 (1+ )

‘€+2

1+¢

—~N —~N
(st oot )
ol—1|FiN _ giN ol=1|Fi.N _ Fi.N ¢ W2 x' x"
+ S s + s s 2 | Mg ,,u§

i 2 x" x"
(2 1+1)’X;’N’ ‘X;,N_X;W’ + 7 )| XN s (uf Yo ))

L2A L \2 i
16(—LL ) (1+yx;vN|2€) (|X@Ny4+wg( x" 50))
fRd|Z| +€ -

2 o~ ~.
+410(0,80)/" ( 2Pu(d2)) ) (1 +IREVE 4 2(|b<o,5o>|2 +41? (14 12V )
R4 - -

(s o)) o
N[N TN iIN XN SiN X i
+2 [ e <XS’ - Xy ,(J(XS’ g ) —oa(XgT pg ))dWS>
0
t
b e (I R (e ) - eal R )
0 JRe
N LN NG
— X0 - X 12> N'(ds,dz).

Using Condition C2 for k1 = ke = 1+ ¢, L1 € R, Ly > 0, we obtain that for any

A€ R and g1 >0,

B_M|XZ’N . )?57N|2
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t 2
< / e“{ = AXEN — REN ey |XEN = IV Ly X0 - RENP
0

—~N

o2 (XY X ELQ )?i,N_)?i,NQ W2 x" xV
+ LoWVo | g 5 H +€1 s s + Wo | us » Mg

20—1 | vi,N vi,N 262
o S ]

9201 | $iN _ Qi.N 2 W2 x" xV
+ s e 2 | Ms >ﬂ§

ST ]
+ (22471 + 1) ‘XZ,N‘ ‘

S
1
+2<1+—)
3

9201 4 1y | giN 2 W2 x' x"

E + ( + ) E 2 |\ Ms ,ug
(1| giN _ FiN Cel X %Y —1 i ¢ N _ giN 2

+2 S e W2 2 7/’L§ + (2 + 1) E S E

2
Ci,N N
X0 — X§ ‘

SN Sin|? 2 XV XV 1N in|?
R = RV g (X ) 2t RN - R

LL
1+¢

~

-1 SiN[a2 (X X P LL \? i, N (20
+ QT D[XEY s (6 2 +4L3A [ 16 T 1+ | XN

9
< (IREV 4+ W (X 00)) +4a<o,5o>4> (1+ )?;*NP)]

1
+2(1+—)
£

LL
1+¢

‘KJrQ

~. ~ ]2 <N =N ~. ~.
()X;»NXQN + W3 (u;" N >+2€_1)X;’N—X;’N
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Now, using Lemma 3.7.1 and Proposition 3.6.9, we have the following estimates

- N N 1 N . ~. 12 ~. ~ a2

E W5 (pX uX )} gNZEU)(gaN_Xg,N’ } :EUXQN_XZ,N’ } < CA,
j=1

- N q _1 N N 2 1 N ~ 2 ~
s g o) =& |+ | | - £ e[| ] e[ J5] <

) ) L j=1 | j=1

- N - -1NA‘22 1N . 14 ~. 4
E Wy (uX .60)| =E (NZ N ) SNZEUX;N”:ElX;,N‘

i j=1 j=1
(3.75)

for any i € {1,..., N} and some constant C' > 0.

Using the estimate

N
=N =N 1 ~. ~ ar|P
X X N N
W§’<u8 T >§N§ ‘Xg» - X7 ‘
j=1

valid for any p > 2 and Lemma 3.7.1, we have that for p € {¢,2¢},

~N ~N

N
~. ~ P 1 o~ ~ P~ ~. |2
- o) A S -l -
j=1
1 ~. o~ | P2 1 ~. ~ nr|P ~. ~ a2
= N]E “X;,N _ X;’N‘ :| + _ZE HX;,N - Z,N‘ :| E l‘Xg,N . Xg,N‘ ]
< CA. (3.76)
Next, using Lemma 3.7.1, Proposition 3.6.9 and the fact that pg > 4¢ + 6, we get that
|~ P
E[|XiN - X;»N) ] < CA,

A‘ e . 20\ V2
E XQN—X;’N) S(E UX;’N—X;’N‘ D <CcvVA<C, (3.77)

A v
E||%Y)] <c
for g € {2;0+2;20;20 + 2}, v € {£;20;20 4+ 4;20 + 6;4¢ + 6}, and
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< CA, (3.78)

for k € {¢;2¢} and some constant C' > 0. Furthermore, using Lemma 3.7.1 and

Proposition 3.6.9, we obtain that for ¢ € {¢,2¢},

N N

N
~. Ar]O = 1 ~ O]~ ~. |2
EHX;N‘ W3 (ui‘ s )] SN;EUX?N‘ )Xi’N—Xﬁ’N”
j:
1 ~ A O]~ ~. |2 1 ~ |0 P ~ a2
e -] el s -]
J#i
< CA. (3.79)

Using Proposition 3.6.9, we obtain that for O € {2¢ 4 2;4¢ + 2},
N
1 PO AT
<[l
j=1
1 o~ v+4 1 . J . 4
el e s ]

i#i
<C. (3.80)

. |0 =N
E UX;’N‘ Wi (uX " 6)

Proceeding similarly to the above, we get that

—~N —N

. l —~N . l
EUX;N“‘ W3 (12X, 5o) Wi (uX ,50)1 :EUX;,N"‘ WS (X 50)| <C. (381)

Consequently, plugging (3.75)-(3.81) into (3.74), taking the expectation on both sides
and choosing A\ = &1 + L1 + Lo, we get that for any ¢t € [0, T,

t
E le—(€1+L1+L2)t ‘X;’N _ )/(\VZ'JV‘Q < CA/ 6_(81+L1+L2)8d5‘.
0

This implies that

max sup E DXZ;’N - )?Z’NP] < CrA, (3.82)
i€{L,....N} tefo,1)

for some positive constant Cp = C(xg, L, L1, L2, V1, V2,1, va3, T), which shows (3.61).
Next, for any stopping time 7 < 7', using again (3.74) with t = 7, A = €1+ L1, taking
the expectation of the above inequality on both sides and using again the estimates

(3.75)—(3.81) and (3.82), we obtain that

—(e1+L1)7T| vi,N vi,N |2
E e (e v ’X’T _XT ’
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Therefore, due to Proposition IV.4.7 in [79], we get that for any p € (0, 2),

42 (|b(o, 502 + 412 (1 + ])?;’Ny%) (\)?;?NF + W2 (X ,50))) )

< 6Y/TA7

for some constant Cp > 0.

max K
1e{l,...,N}

t€[0,T] 1—p/2

_plea+Lq)t _plaat+Ig|T
2

which, combined with the fact that e P >e

ple1+Ly)t ; S 2—p/2 ~
sup e~ = |Xz,N Xz,Np] < ( p/ )(CTA>p/27

, concludes (3.62).
Moreover, when Li+ Lo < 0, we can always choose €; > 0 such that L1+ Lo+e1 < 0.

Consequently, when Ly + Ly < 0 and 7 < 0, the constant C7 in (3.82) now does not
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depend on T'. Therefore, we have shown (3.63), which finishes the desired proof. [

We now state our main result on strong convergence in both finite and infinite
time intervals of the tamed-adaptive Euler-Maruyama scheme for multidimensional

McKean-Vlasov SDEs driven by Lévy processes.

Theorem 3.7.4. Assume Conditions C1, C3—C"7, T2—-T6, and pg > 4(+6. Assume

further that there exists a constant € > 0 such that C2 holds for k1 = ko = 1 +

e, L1 € R, Ly > 0. Then for any T > 0, there exists a positive constant Cp =
C(l‘o,L,Ll,LQ, L3,L4,’”¥1,f’?2,/ﬁ, Zg, T) such that

2

max sup E UXtZ — XZ’N‘ < Cr(A+p(N)), (3.83)

i€{L,....N} tefo,1)

for any N € N, where the constant Cp > 0 does not depend on N.
Moreover, assume that v =v1 + v <0, ¥y =71+ <0 and L1 + Ly < 0. Then,
there exists a positive constant

C" = C"(xo, L, L1, Lo, Ls, Ly, V1,72, 7, fg) which does not depend on T such that

. . 2
max__sup E ng - XZ’N‘ 1 < C"(A + p(N)). (3.84)
ie{1,...,N} +>0

Proof of Theorem 3.7./. As a consequence of Proposition 3.4.2 and Theorem 3.7.3, the

proof is straightforward. Thus, we omit it. O

3.8 Numerical experiments

In this section, we consider the rate of convergence of the tamed-adaptive Euler-
Maruyama scheme (3.21),(3.22), (3.59), (3.60) in Theorem 3.7.3 for fixed large values
of N. We consider the following Lévy-driven McKean-Vlasov stochastic differential

equation

dXy = (-1 -3(X; +E[Xy]) — Xy Xo|*3) dt + 0.2 (1 + | X" + E [X¢]) dW;
+0.2(X- +E[X;])dZ. (3.85)

That is,

b(z,p)=—-1-3 <x + /RZM(dZ)) EMUES

o(x,pu) =0.2 (1 + |z + /Rzu(dz)) , c(x,pu) =0.2 (x + /Rzu(dz)) :
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Figure 3.1: Error log, MSE(], 10) plotted against 1 =1, ..., 6.

for all z € R and pu € Po(R). Here we suppose that Z = (Z;)>0 is a bilateral Gamma
process whose scale parameter is 5 and shape parameter is 1. It is straightforward to
verify that these coefficients satisfy Conditions C1-C7 and T2-T6.

In the following, we will implement the tamed-adaptive Euler approximation scheme
(3.21)-(3.22) with N = 500, 9 = 1,/ = 0.3,pg = 8, and T" = 10. Since the exact
solution of equation (3.85) is unknown, we will derive the rate of convergence of the
tamed-adaptive Euler approximation scheme (3.21)-(3.22) in an indirect way as in
[45, 46]. We consider the mean squared difference of X on two consecutive levels as

follows:

where for each 1 > 1, ()? (l’k))lg k<M 1s a sequence of independent copies of XU defined
by equations (3.21), (3.22), (3.59) and (3.60) with A = 271, Here X" and X{*
must be simulated to the same Brownian motions and bilateral Gamma processes (See
Algorithm 1 in [17]).

It is clear that X® converges at some rate of order 3 € (0,+oc0) in L%norm iff
28 X0 — XW) 1, = O(1), which implies that logy MSE(1, T) = —281+ C + o(1), for
some constant C' € R. Thus we can use the regression method to estimate the rate [.
Figure 3.1 shows the values of logy M SE(1,T) plotted against 1 € {1,2,...,6}. We see
that 5 ~ 0.5.
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3.9 Conclusions

This chapter generalizes the result of the papers [17, 45, 46] for multi-dimensional
McKean-Vlasov SDEs with jumps. In particular, we propose a tamed-adaptive Euler-
Maruyama approximation scheme for the Lévy-driven SDEs (3.1) where o and b are
non-globally Lipschitz continuous and of super-linearly growth, and c is Lipschitz con-
tinuous. We will study the strong convergence of the scheme in both finite and infinite
time intervals. Note that in [78] the authors only considered the strong convergence
of their adaptive scheme in a fixed time interval. In [69], the tamed Euler-Maruyama
scheme is also proven to converge in a fixed time interval when applying for McKean-
Vlasov SDEs with jumps. To the best of our knowledge, our tamed-adaptive Euler-
Maruyama scheme is the first approximation method for McKean-Vlasov SDEs that

could be shown to converge in an infinite time horizon.
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CONCLUSIONS AND RECOMMENDATIONS

Conclusions

By combining modern tools in stochastic analysis, stochastic differential equations,
numerical analysis and approximation techniques of Yamada-Watanabe, the thesis has
built appropriate approximation schemes for a number of classes of stochastic differ-
ential equations with irregular coefficients. The main results of the thesis are on the
quantitative and qualitative properties of exact solutions and approximated solutions
of the Euler-Maruyama scheme for stochastic differential equations with irregular co-
efficients and for stochastic differential equations with jump.

The main results of the thesis include:

1) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly
converges in both finite and infinite time intervals for some class of SDEs with locally
Lipschitz continuous drift and locally Holder continuous diffusion coefficients.

2) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly
converges in both finite and infinite time intervals for the Lévy-driven SDEs where
b is locally Lipschitz continuous; o is locally Hélder continuous and ¢ is Lipschitz
continuous.

3) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly
converges in both finite and infinite time intervals for the Lévy-driven McKean-Vlasov
SDEs where b and o are non-globally Lipschitz continuous and super-linearly growth,

and c is Lipschitz continuous.

Recommendations

In the process of researching the problems of the thesis, we thought about some

further research directions as follows:

e The approximation methods preserve the geometrical and asymptotic properties
of a system of random differential equations with complex structures, such as a

system of non-coliding random points or a positive system.
e Weak convergence of tamed-adaptive approximation chemes.

e Construct approximation schemes with faster convergence for stochastic differen-

tial equations with smooth and super-linear growth coefficients.
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