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LIST OF NOTATION

Throughout the thesis, we agree on a number of symbols as follows:

a.s Almost surely

càdlàg Functions whose domain is included in R, which are right-

continuous with left-hand limits

i.i.d Independently and identically distributed

A := B A is defined by B or A is denoted by B

a ∨ b The maximum of a and b

a ∧ b The minimum of a and b

R+ The set of all nonnegative real numbers

Rd The d-dimensional Euclidean space

Rd
0 := Rd\{0}

Rd×m The space of real d×m−matrices

|x| The Euclidean norm of a vector x

AT The transpose of a vector or matrix A

trace(A) The trace of a square matrix A = (aij)d×d, i.e. traceA =∑
1≤i≤d aii

|A| =
√

trace (ATA), i.e. the trace norm of a matrix A

(Ω,F ,P) The complete probability space with a filtration {Ft}t≥0

E[X] The expectation of random variable X

limsup The upper limit

C[a; b] The family of continuous functions defined on [a; b]

C1,2 (R+ ×R;R) The family of all real-valued functions V (t, x) defined on R+×
R which are continuously twice differentiable in x ∈ R and

once differentiable in t ∈ R+.

Mp
(
[a, b];Rd

)
The family of processes {f(t)}a≤t≤b in Lp

(
[a, b];Rd

)
such that

E
[∫ b

a
|f(t)|pdt

]
<∞

Lp
(
[a, b];Rd

)
The family of Rd-valued Ft-adapted processes {f(t)}a≤t≤b
such that

∫ b
a
|f(t)|pdt <∞ a.s.

Lp
(
R+;Rd

)
The family of processes {f(t)}t≥0 such that for every T > 0,

{f(t)}0≤t≤T ∈ Lp
(
[0, T ];Rd

)
Lp(Ω;Rd) The family of Rd-valued random variables ξ with E[|ξ|p] <∞
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INTRODUCTION

1. Reasons for choosing the topic

The Japanese mathematician Gisiro Maruyama is credited as the first to formally and

generally propose the extension of the Euler method from ordinary differential equa-

tions to stochastic differential equations. In his 1955 paper Icite{Mar}, he introduced

the idea of approximating the solution of a stochastic differential equation by a sequence

of simpler processes. This work led to the development of one of the most widely used

approximation schemes today: the EulerMaruyama method. Kloeden and Platen [47]

later proved that this method has a strong convergence order of 1
2 in the L2-norm,

provided that the coefficients of the equation satisfy the global Lipschitz condition.

When the coefficients of a stochastic differential equation do not satisfy the stan-

dard global Lipschitz condition, research has focused on several important classes of

equations. These include cases where the coefficients are:

• Non-smooth: for instance, being merely Hölder continuous or even discontinu-

ous.

• Superlinearly growing: exhibiting growth that is faster than linear.

• Singular: becoming undefined at a finite number of points.

Regarding the first class of coefficients, Hairer, Hutzenthaler, and Jentzen [26] con-

structed a notable example of a stochastic differential equation where the drift coef-

ficient b is bounded and infinitely differentiable (C∞) and the diffusion coefficient σ

is constant. Nevertheless, its Euler-Maruyama approximation fails to converge to the

exact solution, neither in the strong nor in the weak sense, at any positive rate. Their

key idea was to construct a drift b whose derivatives exhibit extremely high oscilla-

tions, which prevents b from satisfying the global Lipschitz condition. Subsequently, in

[27], Hefter and Jentzen showed that for the equation describing the Cox-Ingersoll-Ross
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process,

Xt = x+

∫ t

0

(a− bXs) ds+

∫ t

0

σ
√
XsdWs,

for which the diffusion coefficient is merely Hölder continuous of order 1
2 . In this

setting, the convergence rate of any discrete-time approximation method deteriorates

significantly as the parameter σ becomes large. Subsequently, Gyöngy and Rásonyi [25]

proved that for an SDE with a Lipschitz drift and a diffusion coefficient that is Hölder

continuous of order 1
2 +α for some α ∈

(
0, 1

2

]
, the Euler-Maruyama scheme achieves a

convergence order of α in the L1 norm. Their proof relied on the Yamada-Watanabe

technique of approximating the absolute value function |x|, a method that has since

paved the way for numerous studies on approximating SDEs with non-Lipschitz dif-

fusion coefficients [3, 72, 73]. It is important to note, however, that these results are

only applicable to equations whose coefficients have at most linear growth.

For the second class of problems, involving superlinear coefficients, Hutzenthaler,

Jentzen, and Kloeden [34] studied the stochastic differential equation

dXt =
(
−1

2
σ̄2Xt +X3

t

)
dt+ σ̄XtdWt, with X0 = 1.

In their work, the authors demonstrated that for SDEs of this type-where the drift coef-

ficient grows superlinearly and the diffusion coefficient has linear growth-the moments

of the EulerMaruyama approximation diverge to infinity. In contrast, the moments

of the true solution remain finite. This divergence of moments proves that the Euler-

Maruyama scheme fails to converge in the Lp-sense for any p ≥ 1, highlighting the

need for modified numerical schemes.

To overcome this divergence issue, a variety of explicit tamed methods have been pro-

posed in recent years. Notable examples include:

• The tamed Euler-Maruyama scheme, introduced by Hutzenthaler, Jentzen, and

Kloeden [35] and independently by Sabanis [80], which is designed for SDEs with

a superlinearly growing drift and a locally Lipschitz diffusion coefficient.

• The truncated Euler-Maruyama scheme, proposed by Mao [63], for equations with

locally Lipschitz coefficients.

The fundamental idea behind these ”tamed” methods is to replace the original, un-

bounded coefficients with suitably constructed bounded functions in the numerical

2
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scheme. However, a key limitation of the aforementioned works is that they are pri-

marily applicable to SDEs whose diffusion coefficients are (at least) locally Lipschitz.

A notable limitation of the aforementioned works is their focus on the convergence of

numerical schemes over a finite time horizon [0, T ]. However, the long-term behavior

of solutions to stochastic differential equations, particularly those driven by Brown-

ian motion or Lévy processes, is of paramount importance in fields such as stochastic

process theory, control theory, and optimization. Consequently, the problem of nu-

merical approximation over infinite time intervals has garnered significant research

attention in recent years. For instance, Fang and Giles [17] introduced an adaptive

Euler-Maruyama scheme. They proved its convergence in the Lp-norm over an infi-

nite time horizon under several conditions: the drift b must be polynomially growing

and satisfy a contractive condition, while the diffusion σ must be globally Lipschitz

continuous. More recently, Li [58] investigated the strong convergence over infinite

time for a truncated Euler-Maruyama scheme applied to SDEs with locally Lipschitz

and polynomially growing coefficients. Their analysis relied on applying Khasminski’s

techniques to carefully constructed Lyapunov functions.

Alongside the approximation of solutions, the stability of solutions is another funda-

mental problem that has been extensively studied. The long-term stability of a system

is of paramount importance in many applications; in mathematical biology, for instance,

it can correspond to the survival or extinction of a species? Foundational results on

the stability of SDEs can be found in classical texts such as Khasminskii [43] and Mao

[62]. A key challenge is that numerical methods must not only approximate the so-

lution’s path but also replicate its long-term stability properties. This has motivated

considerable research into constructing numerical schemes that preserve the stability

of the underlying true solution. Early work by Saito and Mitsui [82] investigated the

stability of numerical solutions for linear SDEs. These findings were later extended to

more general SDEs with Lipschitz or locally Lipschitz coefficients [32, 33, 62, 64]. Cru-

cially, standard explicit methods like the Euler-Maruyama or Milstein schemes often

fail to preserve the stability of the true solution. This shortcoming has spurred the

development and analysis of alternative methods, such as implicit θ-Euler-Maruyama

schemes and various tamed Euler methods [28, 32, 64, 84, 91]. Nevertheless, research

on stability-preserving schemes for equations with non-regular coefficients-for example,

where the drift or diffusion is merely locally Hölder continuous—remains comparatively

3
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limited.

For the above reasons, the graduate student and the instructors chose the research

topic for the thesis as: ”The tamed-adaptive Euler-Maruyama scheme for some

classes of stochastic differential equations with irregular coefficients”.

2. Research objectives

The primary objectives of this thesis are:

• To establish existence and uniqueness theorems for solutions to certain classes of

stochastic differential equations, including those with jumps.

• To propose and analyze novel numerical approximation schemes for these equa-

tions, particularly under conditions where the drift coefficient has superlinear

growth and is only locally Lipschitz continuous and the diffusion coefficient is

merely Hölder continuous (or locally Hölder continuous).

• To investigate the long-term moment stability of both the true solution and its nu-

merical approximation for stochastic differential equations whose drift coefficient

satisfies a one-sided Lipschitz condition with a negative constant.

3. Research subjects

The research object of the thesis are classes of stochastic differential equations of the

forms

dXt = b(Xt)dt+ σ(Xt)dWt, X0 = x0;

and

dXt = x0 + b(Xt)dt+ σ(Xt)dWt + c (Xt−) dZt, X0 = x0.

where the displacement coefficients b(x) and diffusion coefficients σ(x) satisfy one of

the following conditions:

• b(x) is locally Lipschitz and one-sided Lipschitz continuous; σ(x) is the locally

(1/2 + α)-Hölder continuous.

• b(x) is locally Lipschitz and one-sided Lipschitz continuous; σ(x) is the locally

(1/2 + α)-Hölder continuous and c(x) is Lipschitz continuous.

4



• b(x) and σ(x) are non-globally Lipschitz continuous and of super-linearly growth

and c(x) is Lipschitz continuous.

4. Research scope

The research scope of this thesis encompasses stochastic analysis, stochastic differential

equations, and numerical analysis. The primary contributions of this work focus on

the quantitative and qualitative properties of both exact and approximated solutions,

specifically concerning the Euler-Maruyama scheme for stochastic differential equations

with irregular coefficients and for stochastic differential equations with jumps.

5. Research Methods

• Conduct a thorough analysis of contemporary research on stochastic differential

equations with irregular coefficients and associated approximation methods.

• Execute computer simulations to analyze, evaluate, and propose innovative ap-

proximation algorithms.

• Engage in scientific exchange initiatives, including conferences and seminars, to

facilitate the exchange, discussion, and updating of cutting-edge research method-

ologies and findings within the relevant fields.

6. Scientific and practical significance

The results of this thesis contribute to the expansion of research in the numerical

solutions of specific classes of stochastic differential equations. It is anticipated that

this thesis will yield several novel contributions:

• Propose a numerical scheme that achieves strong convergence over both finite

and infinite time intervals for a class of one-dimensional stochastic differential

equations with locally Lipschitz continuous drift and locally Hölder continuous

diffusion coefficients.

• Develop a tamed-adaptive Euler-Maruyama approximation scheme for Lévy-driven

stochastic differential equations where coefficient σ is locally Hölder continuous,

5



coefficients σ and b exhibit superlinear growth, and coefficient c is Lipschitz con-

tinuous.

• Introduce a tamed-adaptive Euler-Maruyama approximation scheme for Lévy-

driven McKean-Vlasov stochastic differential equations where coefficients σ and

b are non-globally Lipschitz continuous, superlinear growth, and coefficient c is

Lipschitz continuous.

The thesis can be used for reference in related research by students and scientists in the

fields of probability theory and mathematical statistics and in the field of numerical

analysis.

7. Thesis structure

The thesis includes an introduction, three main chapters, conclusions, list of published

works and references:

• Chapter 1: Overview

In this chapter, we gives the definition of stochastic differential equations; suf-

ficient conditions for the equation to exist and have unique solutions. We also

introduces sufficient conditions for the solution to satisfy a number of properties

such as bounded moments, continuity over time, and asymptotic stability. We also

introduce briefly some basic knowledge for stochastic differential equations with

jump such as: compound Poisson processes, Lévy processes, stochastic calculus for

Lévy processes and stochastic differential equations driven by Lévy processes. At

the conclusion of this chapter, we present a selection of Euler-Maruyama approx-

imation schemes that have been previously introduced by researchers in earlier

publications.

• Chapter 2: Tamed-adaptive Euler-Maruyama scheme for Lévy-driven

SDEs with irregular coefficients

In this chapter, a tamed-adaptive Euler-Maruyama approximation scheme is pro-

posed for Lévy-driven stochastic differential equations with locally Lipschitz con-

tinuous, polynomial growth drift, and locally Hölder continuous, polynomial growth

diffusion coefficients. We show that new scheme converges in both finite and infi-

nite time intervals under some suitable conditions on the regularity and the growth

6



of the coefficients.

• Chapter 3: Tamed-adaptive Euler-Maruyama scheme for Lévy-driven

McKean-Vlasov SDEs with irregular coefficients

In this chapter, we study the numerical approximation for McKean-Vlasov stochas-

tic differential equations driven by Lévy processes. We propose a tamed-adaptive

Euler-Maruyama scheme and consider its strong convergence in both finite and in-

finite time horizons when applying for some classes of Lévy-driven McKean-Vlasov

stochastic differential equations with non-globally Lipschitz continuous and super-

linearly growth drift and diffusion coefficients.

7



Chapter 1

OVERVIEW

1.1 Stochastic differential equation driven by Brownian mo-
tion

In this section, we briefly introduce some basic properties of the random integral Itô

used in the thesis. Symbols, definitions and properties in this section are referenced

from [62].

1.1.1 Itô stochastic integral

Let (Ω,F , P ) be a complete probability space with a filtration {Ft}t≥0 satisfying the

usual conditions. Let (Wt,Ft)t≥0 be a one-dimensional Brownian motion defined on

the probability space adapted to the filtration.

Theorem 1.1.1 ([62], Theorem 5.8). Let f, g ∈ M2([a, b];R) and let α, β be two real

numbers. Then

(i)
∫ b
a
f(t)dWt is Fb-measurable;

(ii) E
[∫ b

a
f(t)dWt

]
= 0;

(iii) E
[∣∣∣∫ ba f(t)dWt

∣∣∣2] = E
[∫ b

a
|f(t)|2dt

]
;

(iv)
∫ b
a

[αf(t) + βg(t)]dWt = α
∫ b
a
f(t)dWt + β

∫ b
a
g(t)dWt.

Theorem 1.1.2 ([62], Theorem 5.9). Let f ∈M2([a, b];R). Then

E

[∫ b

a

f(t)dWt|Fa

]
= 0,

E

∣∣∣∣∣
∫ b

a

f(t)dWt

∣∣∣∣∣
2

|Fa

 = E

[∫ b

a

|f(t)|2dt|Fa

]
=

∫ b

a

E
[
|f(t)|2|Fa

]
dt.

8



Theorem 1.1.3 ([62], Theorem 5.12). Let f ∈M2 ([0, T ];R). Define

I(t) =

∫ t

0

f(s)dWs for 0 ≤ t ≤ T,

then (I(t),Ft)t∈[0,T ] is a square-integrable martingale with respect to the filtration {Ft}.
In particular,

E

[
sup

0≤t≤T

∣∣∣∣∫ t

0

f(s)dWs

∣∣∣∣2
]
≤ 4E

[∫ T

0

|f(s)|2ds

]
.

Theorem 1.1.4 ([62], Theorem 5.16, Theorem 5.17). Let f ∈ M2([0, T ];R) and let

ρ, τ be two stopping times such that 0 ≤ ρ ≤ τ ≤ T . Define∫ τ

0

f(s)dWs =

∫ T

0

I[0,τ ](s)f(s)dWs,

then

(i) E
[∫ τ

ρ
f(s)dWs

]
= 0;

(ii) E
[∣∣∣∫ τρ f(s)dWs

∣∣∣2] = E
[∫ τ

ρ
|f(s)|2ds

]
;

(iii) E
[∫ τ

ρ
f(s)dWs

]
= 0;

(iv) E
[∣∣∣∫ τρ f(s)dBs

∣∣∣2 ∣∣∣Fρ] = E
[∫ τ

ρ
|f(s)|2ds

∣∣∣Fρ].
Theorem 1.1.5 (The one-dimensional Itô formula , [62], Theorem 6.2). Let X(t)

be an Itô process on t ≥ 0 with the stochastic differential

dXt = f(t)dt+ g(t)dWt,

where f ∈ L1 (R+;R) and g ∈ L2 (R+;R). Let V (t, x) ∈ C1,2 (R+ ×R;R). Then

V (t,Xt) is again an Itô process with the stochastic differential given by

dV (t,Xt) =
[
Vt(t,Xt) + Vx(t,Xt)f(t) +

1

2
Vxx(t,Xt)g

2(t)
]
dt

+ Vx(t,Xt)g(t)dWt a.s.

Theorem 1.1.6 (The multi-dimensional Itô, [62], Theorem 6.4). Let Xt be a

d-dimensional Itô process on t ≥ 0 with the stochastic differential

dXt = f(t)dt+ g(t)dWt,

9
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where f ∈ L1
(
R+;Rd

)
and g ∈ L2

(
R+;Rd×m). Let V (t, x) ∈ C1,2

(
R+ ×Rd;R

)
.

Then V (t,Xt) is again an Itô process with the stochastic differential given by

dV (t,Xt) =
[
Vt(t,Xt) + Vx(t,Xt)f(t) +

1

2
trace

(
g>(t)Vxx(t,Xt)g(t)

)]
dt

+ Vx(t,Xt)g(t)dWt a.s.

Theorem 1.1.7 ([62], Theorem 7.1). Let p ≥ 2. Let g ∈M2
(
[0, T ];Rd×m) such that

E

[∫ T

0

|g(s)|pds

]
<∞.

Then

E

[∣∣∣∣∣
∫ T

0

g(s)dWs

∣∣∣∣∣
p]
≤
(
p(p− 1)

2

) p
2

T
p−2
2 E

[∫ T

0

|g(s)|pds

]
.

In particular, for p = 2, there is equality.

Theorem 1.1.8 (Bürkholder-Davis-Gundy inequality , [62], Theorem 7.3). Let

g ∈ L2
(
R+;Rd×m). Define, for t ≥ 0,

Xt =

∫ t

0

g(s)dWs and At =

∫ t

0

|g(s)|2ds.

Then for every p > 0, there exist universal positive constants cp, Cp (depending only

on p ), such that

cpE
[
|At|

p
2

]
≤ E

[
sup

0≤s≤t
|Xs|p

]
≤ CpE

[
|At|

p
2

]
for all t ≥ 0. In particular, one may take

cp = (p/2)p, Cp = (32/p)p/2 if 0 < p < 2;

cp = 1, Cp = 4 if p = 2;

cp = (2p)−p/2, Cp =
[
pp+1/2(p− 1)p−1

]p/2
if p > 2.

Theorem 1.1.9 (Gronwall’s inequality , [62], Theorem 8.1). Let T > 0 and c ≥ 0.

Let u(·) be a Borel measurable bounded nonnegative function on [0, T ], and let v(·) be

a nonnegative integrable function on [0, T ]. If

u(t) ≤ c+

∫ t

0

v(s)u(s)ds for all 0 ≤ t ≤ T,

then

u(t) ≤ c exp

(∫ t

0

v(s)ds

)
for all 0 ≤ t ≤ T. (1.1)
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1.1.2 Stochastic differential equations

Let (Ω,F , P ) be a complete probability space with a filtration {Ft}t≥0 satisfying the

usual conditions. Let Wt =
(
W 1
t ,W

2
t . . . ,W

m
t

)>
, t ≥ 0 be an m-dimensional Brownian

motion defined on the space. Let 0 ≤ t0 < T < ∞ and x0 be an Ft0-measurable Rd-

valued random variable such that E
[
|x0|2

]
<∞. Consider the d-dimensional stochastic

differential equation of Itô type

dXt = b(t,Xt)dt+ σ(t,Xt)dWt on t0 ≤ t ≤ T (1.2)

with initial value x (t0) = x0. By the definition of stochastic differential, this equation

is equivalent to the following stochastic integral equation:

X(t) = x0 +

∫ t

t0

b(s,X(s))ds+

∫ t

t0

σ(s,X(s))dW (s) on t0 ≤ t ≤ T. (1.3)

Definition 1.1.10 ([62], Definition 2.1). An Rd-valued stochastic process {X(t)}t0≤t≤T
is called a solution of equation (1.28) if it has the following properties:

(i) {Xt} is continuous and Ft-adapted;

(ii) {b(t,Xt)} ∈ L1
(
[t0, T ] ;Rd

)
and {σ(t,Xt)} ∈ L2

(
[t0, T ] ;Rd×m);

(iii) equation (1.3) holds for every t ∈ [t0, T ] with probability 1.

A solution {Xt} is said to be unique if any other solution {Xt} is indistinguishable

from {Xt}, that is

P
{
Xt = Xt for all t0 ≤ t ≤ T

}
= 1.

Remark: Denote the solution of equation (1.28) by X(t; t0, x0). From equation (1.28)

that for any s ∈ [t0, T ],

Xt = Xs +

∫ t

s

b(u,Xu)du+

∫ t

s

σ(u,Xu)dWu on s ≤ t ≤ T. (1.4)

However, (1.4) is also a stochastic differential equation on [s, T ] with initial value

Xs = X(s; t0, x0), whose solution is denoted by X(t; s,X(s; t0, x0)). Therefore, we see

that the solution of equation (1.28) satisfies the following flow or semigroup property

X(t; t0, x0) = X(t; s, x(s; t0, x0)), t0 ≤ s ≤ t ≤ T.

11



Theorem 1.1.11 ([62], Theorem 3.1). Assume that there exist two positive constants

K and K such that

(i) (Lipschitz condition)) for all x, y ∈ Rd và t ∈ [t0, T ]

|b(t, x)− b(t, y)|2 ∨ |σ(t, x)− σ(t, y)|2 ≤ K|x− y|2. (1.5)

(ii) (Linear growth condition)) for all x, y ∈ Rd × [t0, T ]

|b(t, x)|2 ∨ |σ(t, x)|2 ≤ K(1 + |x|2). (1.6)

Then there exists a unique solution X(t) to equation (1.28) and the solution such that

E

[∫ T

t0

|Xs|2ds

]
<∞. (1.7)

When the coefficients of the stochastic differential equation satisfy the Lipschitz

condition (1.5) and the linear growth condition (1.6), we say the equation (1.28) has

regular coefficient. When at least one of the above two conditions is not satisfied, we

say that the equation (1.28) has irregular coefficients.

Lemma 1.1.12 ([62], Lemma 3.2). Assume that the linear growth condition (1.6) holds

and Xt is a solution of equation (1.28), then

E

[
sup

t∈[t0,T ]

|Xt|2
]
≤
(

1 + 3E[|x0|2]
)
e3K(T−t0)(T−t0+4).

In particular, Xt satisfies condition (1.7).

Consider a stochastic differential equation on [t0,∞),

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, t ∈ [t0,∞). (1.8)

Theorem 1.1.13 ([62], Theorem 3.6). Assume that for every real number T > t0 and

integer n ≥ 1, there exists a positive constant KT,n such that for all t ∈ [t0, T ] and all

x, y ∈ Rd with |x| ∨ |y| ≤ n,

|b(t, x)− b(t, y)|2 ∨ |σ(t, x)− σ(t, y)|2 ≤ KT,n|x− y|2.

Assume also that for every T > t0, there exists a positive constant KT such that for

all (x, y) ∈ Rd × [t0, T ],

x>b(t, x) +
1

2
|σ(t, y)|2 ≤ KT (1 + |x|2).

Then there exists a unique global solution X(t) to equation (1.8) and the solution

belongs to M2
(
[t0,∞);Rd

)
.
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1.1.3 Boundedness and continuity of moment of solution

Assume that Xt is the unique solution of equation (1.8).

Theorem 1.1.14 ([62], Theorem 4.1, page 59). Let p ≥ 2 and x0 ∈ Lp
(
Ω;Rd

)
.

Assume that there exists a constant α > 0 such that for all (t, x) ∈ [t0, T ]×Rd,

x>b(t, x) +
p− 1

2
|σ(t, x)|2 ≤ α

(
1 + |x|2

)
. (1.9)

Then

E [|Xt|p] ≤ 2
p−2
2

(
1 + E

[
|x0|p

])
epα(t−t0) for all t ∈ [t0, T ] . (1.10)

If the linear growth condition (1.6) holds, then the condition (1.9) holds with α =
√
K +K(p− 1)/2 due to

x>b(t, x) ≤
√
K

2
|x|2 +

1

2
√
K
|b(x, t)|2 ≤

√
K(1 + |x|2),

and

|σ(t, x)|2 ≤ K(1 + |x|2).

Theorem 1.1.15 ([62], Theorem 4.3, page 61). Let p ≥ 2 and x0 ∈ Lp
(
Ω;Rd

)
.

Assume that the linear growth condition (1.6) holds. Then

E [|Xt −Xs|p] ≤ C(t− s)
p
2 for all t0 ≤ s < t ≤ T, (1.11)

where

C = 2p−2
(
1 + E

[
|x0|p

])
epα(T−t0)

(
[2 (T − t0)]

p
2 + [p(p− 1)]

p
2

)
and α =

√
K+K(p−1)/2. In particular, the pth moment of the solution is continuous

on [t0, T ].

1.2 Stochastic differential equations driven by Lévy process

In this section, we briefly introduce some basic knowledge for stochastic differential

equations with jump used in the thesis. Symbols, definitions and properties in this

section are referenced from [2, 11, 22, 49, 74].

1.2.1 Poisson processes

Definition 1.2.1 ([49], Definition 2.1.17). Let T = (Tn)n∈N be a discrete time stochas-

tic process on (Ω,F ,P). Then T is called a point process on R+ if

0 < T1 < · · · < Tn < · · · and Tn ↑ ∞.
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Definition 1.2.2 ([49], Definition 2.1.18). (Nt)t≥0 is called a counting process of the

point process T = (Tn)n∈N if

Nt =
∑
n≥1

1{Tn≤t}.

Definition 1.2.3 ([49], Definition 2.1.20). Let (τi)i≥1 be a sequence of independent

exponential random variables with positive parameter λ and Tn =
∑n

i=1 τi. The process

(Nt)t≥0 defined by

Nt =
∑
n≥1

1{Tn≤t}

is called a Poisson process with intensity λ.

Proposition 1.2.4 ([49], Proposition 2.1.24). The Poisson process (Nt)t≥0 has inde-

pendent increments. That is, for any partition 0 < t1 < · · · < tn, the random variables

Nt1 , Nt2 −Nt1 , . . ., Ntn −Ntn−1 are independent.

Lemma 1.2.5 ([49], Lemma 2.1.25). Let (Nt)t≥0 be a counting process of the point

process (Tn)n∈N with stationary independent increments. That is:

(i) for all n ≥ 2, 0 ≤ t0 < t1 < · · · < tn, the increments
{
Ntj −Ntj−1 ; 1 ≤ j ≤ n

}
are

mutually independent,

(ii) for all 0 ≤ s < t, the law of Nt −Ns depends upon the pair (s, t) only through the

difference t− s.

We define that τ1 := T1, τi := Ti− Ti−1 (i ≥ 2). If, for any t ≥ 0, Nt follows a Poisson

distribution with parameter λt (λ > 0), then (τi)i∈N is a sequence of independent

exponential random variables with parameter λ.

Definition 1.2.6. Let (Nt)t≥0 be a Poisson process with intensity λ. The process

(Ñt)t≥0 defined by

Ñt = Nt − λt

is called a compensated Poisson process. Here, (λt)t≥0 is called the compensator of

(Nt)t≥0.

As the Poisson process, Ñ also has independent increments and it is easy to show

that
(
Ñt

)
has the martingale property:

∀t > s,E
[
Ñt | Ñs

]
= Ñs. (1.12)
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1.2.2 Poisson random measures

Definition 1.2.7 ([11], Definition 2.18). Let E ⊂ Rd and a given (positive) Radon

measure µ on (E, E). A Poisson random measure on E with intensity measure µ is an

integer valued random measure:

M : Ω× E → N

(ω,A) 7→M(ω,A),

such that

(i) For almost all ω ∈ Ω,M(ω, ·) is an integer-valued Radon measure on E: for any

bounded measurable A ⊂ E,M(A) <∞ is an integer valued random variable.

(ii) For each measurable set A ⊂ E, M(·, A) = M(A) is a Poisson random variable

with parameter µ(A):

∀k ∈ N, P[M(A) = k] = e−µ(A) (µ(A))k

k!
.

(iii) For disjoint measurable sets A1, . . . , An ∈ E, the variables M (A1) , . . ., M (An)

are independent.

The following result allows to construct, given any Radon measure µ, a Poisson

random measure with intensity µ:

Proposition 1.2.8 ([11], Proposition 2.14). For any Radon measure µ on E ⊂ Rd,

there exists a Poisson random measure M on E with intensity µ.

In the same way, one can construct the compensated Poisson random measure M̃

by subtracting from M its intensity measure:

M̃(A) = M(A)− µ(A). (1.13)

1.2.3 Compound Poisson processes

Definition 1.2.9 ([11], Definition 3.3). A compound Poisson process with intensity

λ > 0 and jump size distribution F is a stochastic process X = (Xt)t≥0 defined as

Xt =

Nt∑
i=1

Yi, (1.14)

where jumps sizes Yi are i.i.d. with distribution F and (Nt)t≥0 is a Poisson process

with intensity λ, independent from (Yi)i≥1.
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Note that, the following identity may be useful in order to prove various properties:

Nt∑
i=1

Yi =

∞∑
i=1

Yi1{Ti≤t}.

Proposition 1.2.10 ([11], Proposition 3.3). (Xt)t≥0 is compound Poisson process if

and only if it is a Lévy process and its sample paths are piecewise constant functions.

Definition 1.2.11 ([49], Definition 3.3.1). For any a ∈ Rd, the Dirac point mass

measure δa at a is defined by:

δa(A) =

{
1 if a ∈ A,
0 if a /∈ A,

(1.15)

for any A ∈ B
(
Rd
)
.

Definition 1.2.12 ([49], Definition 3.3.2). Let
(
Xt =

∑∞
i=1 Yi1{Ti≤t}

)
t≥0

be a com-

pound Poisson process. Then N is called a Poisson random measure associated with

(Xt)t≥0, if

N(F ) :=

∞∑
i=1

δTi × δYi(F ), F ∈ B[0,∞)×B(Rd). (1.16)

Its differential form is denoted by N(dt, dz) for any t > 0, z ∈ Rd
0.

Proposition 1.2.13 ([49], Proposition 3.3.5). Let N be a Poisson random measure

associated with (Xt)t≥0. Then

(i)
(∫ t

0

∫
Rd N(ds, dz)

)
t≥0

is a Poisson process.

(ii) For any A ∈ B[0,∞), B ∈ B(Rd) and for any g ∈ L1([0,∞) × Rd,B[0,∞) ×
B(Rd), N), ∫

A

∫
B

g(s, z)N(ds, dz) =

∞∑
i=1

g (Ti, Yi) 1{Ti∈A}1{Yi∈B}.

In particular, if g : Rd → Rd, then∫ t

0

∫
Rd
g(z)N(ds, dz)

is a compound Poisson process with each jump size following the same distribution as

that of g(Y ).
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Notice that if g(s, z) = z then

Xt =

∫ t

0

∫
Rd
zN(ds, dz).

Definition 1.2.14 ([49], Definition 3.4.1). Let (Xt)t≥0 be a compound Poisson pro-

cess.The jump size of X at time t (t > 0) is defined by

∆Xt := Xt −Xt− = Xt − lim
s↑t

Xs,

and ∆X0 = 0.

Note that ∆X satisfies the following properties:

(i) For any time interval [0, t], ∆Xs 6= 0 for a finite number of values of s.

(ii) From the above, we may use the sum notation to have that

Xt =
∑

0≤s≤t

∆Xs :=
∑

0≤s≤t

∆Xs1{∆Xs 6=0}.

Definition 1.2.15 ([49], Definition 3.4.10). (Compensator, compensated Pois-

son random measure) Let N be a Poisson random measure. Then we define the

compensator of N as the σ-finite measure

N̂(F ) := λ

∫
F

f(z)dsdz, F ∈ B[0,∞)⊗B(Rd)

and the compensated Poisson random measureas

Ñ := N − N̂ .

Theorem 1.2.16 ([49], Theorem 3.4.11). Let g be a bounded B[0,∞) ⊗ B(Rd)-

measurable function where g(·, z) is a càdlàg function for any z ∈ Rd. Then for any

partition: 0 ≤ t0 < t1 < · · · < tn = t,

E

[
n−1∑
i=0

∫ ti+1

ti

∫
Rd
g (ti, z)N(ds, dz) | Ft0

]
=

n−1∑
i=0

∫ ti+1

ti

∫
Rd
g (ti, z) N̂(ds, dz).

Furthermore, if max {|ti+1 − ti| ; i = 0, . . . , n− 1} → 0 as n→∞ then by taking limits

we also have

(LHS)→ E
[∫ t

t0

∫
Rd
g(s−, z)N(ds, dz) | Ft0

]
(n→∞),

(RHS)→
∫ t

t0

∫
Rd
g(s−, z)N̂(ds, dz)(n→∞).
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Moreover, if
∫ t
t0

∫
Rd g(s−, z)N(ds, dz) ∈ L1(Ω,F ,P), then we get

E
[∫ t

t0

∫
Rd
g(s−, z)N(ds, dz) | Ft0

]
=

∫ t

t0

∫
Rd
g(s−, z)N̂(ds, dz).

1.2.4 Lévy processes

Definition 1.2.17 ([11], Definition 3.1). A càdlàg stochastic process Z = (Zt)t≥0 on

(Ω,F ,P) with values in Rd such that Z0 = 0 is called a Lévy process if it possesses the

following properties:

(i) Independent increments: for every increasing sequence of times 0 ≤ t0 < t1 <

. . . < tn, the random variables Zt0 , Zt1 − Zt0 , . . . , Ztn − Ztn−1 are independent.

(ii) Stationary increments: the law of Zt+h − Zt does not depend on t.

(iii) Stochastic continuity: ∀ε > 0, limh→0 P [|Zt+h − Zt| ≥ ε] = 0.

Definition 1.2.18 ([11], Definition 3.4). Let (Zt)t≥0 be a Lévy process on Rd. The

measure ν on Rd defined by:

ν(A) = E

∑
t∈[0,1]

1{∆Zt 6=0,∆Zt∈A}

 , A ∈ B
(
Rd
)

(1.17)

is called the Lévy measure of Z : ν(A) is the expected number, per unit time, of jumps

whose size belongs to A.

Definition 1.2.19. Let Z = (Zt)t≥0 be a Lévy process on Rd and ν be its Lévy measure.

The jump measure N is a Poisson random measure on
[
0,∞

[
×Rd with intensity

measure ν(dz)dt. That is,

N(dt, dz) :=
∑

0≤s≤t

1{∆Zs 6=0}δ(s,∆Zs)(ds, dz).

The compensated jump measure Ñ , also compensated Poisson random measure, is de-

fined by

Ñ(dt, dz) := N(dt, dz)− ν(dz)dt.

Now, we define a stochastic integral with respect to the compensated Poisson ran-

dom measure Ñ for the class of predictable and square integrable processes defined

below.
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Definition 1.2.20. A stochastic process g =
(
g(t, z), z ∈ Rd

0

)
t≥0

is called adapted if

g(t, z) is Ft-measurable for all t ≥ 0 and z ∈ Rd
0. Moreover, g is called predictable if it

is measurable with respect to the σ-field generated by the sets{
B × (s, t]× A,B ∈ Fs, 0 ≤ s < t, A ∈ B

(
Rd

0

)}
.

Notice that any adapted and left-continuous process (in t) is predictable.

We denote by L2(P) the set of stochastic processes g : Ω×R+ ×Rd
0 → R that are

predictable and satisfy ∫
R+

∫
Rd0

E
[
g2(t, z)

]
ν(dz)dt <∞.

Let E denote the set of elementary and predictable processes of the form

g(t, z) =

m∑
j=1

n−1∑
i=0

Fi,j1(ti,ti+1](t)1Aj(z), (1.18)

where 0 ≤ t0 < · · · < tn, all Fi,j belong to Fti and are bounded, and A1, . . . , Am are

pairwise disjoint subsets of Av. We define the integral of g ∈ E of the form (1.18) with

respect to Ñ by∫
R+

∫
Rd0
g(t, z)Ñ(dt, dz) =

m∑
j=1

n−1∑
i=0

Fi,jÑ ((ti, ti+1] , Aj) . (1.19)

This defines a linear functional with the following properties:

Lemma 1.2.21 ([74], Lemma 9.4.1). For any g ∈ E,

E
[∫

R+

∫
Rd0
g(t, z)Ñ(dt, dz)

]
= 0, (1.20)

and

E

[(∫
R+

∫
Rd0
g(t, z)Ñ(dt, dz)

)2
]

=

∫
R+

∫
Rd0

E
[
g2(t, z)

]
ν(dz)dt. (1.21)

We denote by L2
∞(P) the set of stochastic processes g : Ω×R+×Rd

0 → R that are

predictable and satisfy ∫ t

0

∫
Rd0

E
[
g2(s, z)

]
ν(dz)ds <∞,

for all t > 0. For any process g ∈ L2
∞(P), by considering the restriction of g to each

interval [0, t], we can define the indefinite integral process(∫ t

0

∫
Rd0
g(s, z)Ñ(ds, dz)

)
t≥0

.
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This process is an Ft-martingale (see [2], Theorem 4.2.3). Thus, it is now easy to see

that the following properties of stochastic integrals based on Lévy processes:

(i) E
[∫ t

0

∫
Rd0
g(s, z)Ñ(ds, dz)

]
= 0.

(ii) E
[∫ t

0

∫
Rd0
g(s, z)N(ds, dz)

]
= E

[∫ t

0

∫
Rd0
g(s, z)ν(dz)ds

]
.

(iii) E

[(∫ t

0

∫
Rd0
g(s, z)Ñ(ds, dz)

)2
]

= E
[∫ t

0

∫
Rd0
g2(s, z)ν(dz)ds

]
.

We extend the stochastic integral to the set L2
loc(P) of stochastic processes g :

Ω×R+ ×Rd
0 → R that are predictable and satisfy

P
(∫ t

0

∫
Rd0
g2(s, z)ν(dz)ds <∞

)
= 1,

for all t > 0.

Let g ∈ L2
loc(P). Then we can find a sequence of processes g(n) in E such that, for

all T > 0, the sequence ∫ T

0

∫
Rd0

∣∣∣g(t, x)− g(n)(t, z)
∣∣∣2 ν(dz)dt

converges to zero in probability. Therefore, the sequence∫ T

0

∫
Rd0
g(n)(t, z)Ñ(dt, dz)

is Cauchy in probability, and thus converges in probability. We denote the limit by∫ T

0

∫
Rd0
g(t, z)Ñ(dt, dz)

and call it the (extended) stochastic integral. The process (Mt)t≥0 defined by Mt =∫ t
0

∫
Rd0
g(s, z)Ñ(ds, dz) is a local martingale (see [2], Theorem 4.2.12). Therefore, we

have the following result.

Corollary 1.2.22 ([74], Corollary 9.4.3). Let g ∈ L2
loc(P). Then

lim
n→∞

∫ T

0

∫
{|z|≥1/n}

g(s, z)Ñ(ds, dz) =

∫ T

0

∫
Rd0
g(s, z)Ñ(ds, dz),

in probability.

Next, we present two important representations of the Lévy process.
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Proposition 1.2.23 ([11], Proposition 3.7). (Lévy-Itô decomposition) Let Z =

(Zt)t≥0 be a Lévy process on Rd and ν be its Lévy measure.

• ν is a Radon measure on Rd
0 and verifies:∫

Rd0
(1 ∧ |z|2)ν(dz) <∞.

• The jump measure of Z, denoted by N , is a Poisson random measure on [0,∞]×Rd

with intensity measure ν(dz)dt.

• There exist a vector γ and a d-dimensional Brownian motion (Wt)t≥0 with covari-

ance matrix A such that

Zt = γt+Wt +

∫ t

0

∫
|z|≥1

zN(ds, dz) +

∫ t

0

∫
|z|<1

zÑ(ds, dz). (1.22)

The terms in (1.22) are independent.

Note that, in the case that Z = (Zt)t≥0 is a d-dimensional centered pure jump

Lévy process whose Lévy measure ν satisfies
∫
Rd
(
1 ∧ |z|2

)
ν(dz) < +∞, the Lévy-Itô

decomposition of Z is given by

Zt =

∫ t

0

∫
Rd0
z(N(ds, dz)− ν(dz)ds).

Proposition 1.2.24 ([11], Proposition 3.2, Theorem 3.1). (Lévy-Khinchin repre-

sentation) Let Z = (Zt)t≥0 be a Lévy process on Rd. There exists a continuous

function ψ : Rd 7→ R called the characteristic exponent of Z, such that:

E
[
eiuZt

]
= etψ(u), u ∈ Rd. (1.23)

where

ψ(u) = iγu− 1

2
u · Au+

∫
Rd

(
eiuz − 1− iuz1{|z|≤1}

)
ν(dz)

The triplet (A, ν, γ) is called characteristic triplet or Lévy triplet of the process Zt.

Finally, we now state the Burkholder-Davis-Gundy inequality for the compensated

Poisson stochastic integral which will be useful in the thesis.

Lemma 1.2.25. ([2, Theorem 4.4.23] and [90, Proposition 2.2]) Let B(Rd
0) be the

Borel σ-algebra of Rd
0 and P be the progressive σ-algebra on R+ × Ω. Let g be a
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P ⊗B(Rd
0)-measurable function satisfying that

∫ T
0

∫
Rd0
|g(s, z)|2ν(dz)ds <∞ P-a.s. for

all T ≥ 0. Then for any p ≥ 2, there exists a positive constant Cp such that

E

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

∫
Rd0
g(s, z)Ñ(ds, dz)

∣∣∣∣p
]

≤ Cp

E

(∫ T

0

∫
Rd0
|g(s, z)|2ν(dz)ds

) p
2

+ E

[∫ T

0

∫
Rd0
|g(s, z)|pν(dz)ds

] .

Furthermore, for any 1 ≤ p < 2, there exists a positive constant Cp such that

E

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

∫
Rd0
g(s, z)Ñ(ds, dz)

∣∣∣∣p
]
≤ CpE

(∫ T

0

∫
Rd0
|g(s, z)|2ν(dz)ds

) p
2

 .
1.2.5 Stochastic calculus for Lévy processes

Consider processes X = (Xt)t≥0, admitting stochastic integral representation in the

form

Xt = x+

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dWs +

∫ t

0

∫
R0

c(Xs− , z)Ñ(ds, dz). (1.24)

Theorem 1.2.26 ([22], Theorem 9.4). The one-dimensional Itô formula. Let

X = (Xt)t≥0, be the Itô-Lévy process given by (1.24) and let f : (0,∞)×R→ R be a

function in C1,2((0,∞)×R) and define

Yt := f(t,Xt), t ≥ 0.

Then the process Y = (Yt)t≥0, is also an Itô-Lévy process and its differential form is

given by

dYt =
∂f

∂t
(t,Xt)dt+

∂f

∂x
(t,Xt)b(Xt)dt+

1

2

∂2f

∂x2
(t,Xt)σ

2(Xt)dt

+
∂f

∂x
(t,Xt)σ(Xt)dWt

+

∫
R0

[
f(t,Xt + c(Xt, z))− f(t,Xt)−

∂f

∂x
(t,Xt)c(Xt, z)

]
ν(dz)dt

+

∫
R0

[
f (t,Xt− + c(Xt− , z))− f (t,Xt−)

]
Ñ(dt, dz). (1.25)

In the multidimensional case, we are given a d-dimensional Brownian motion Wt =(
W 1
t , . . . ,W

d
t

)T
, t ≥ 0, and independent compensated Poisson random measures Ñ(dt, dz) =
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(
Ñ1 (dt, dz1) , . . . , Ñd (dt, dzd)

)T
, t ≥ 0, z = (z1, . . . , zd) ∈ Rd

0, and n Itô-Lévy pro-

cesses of the form

dXt = b(Xt)dt+ σ(Xt)dWt +

∫
Rd0
c(Xt− , z)Ñ(dt, dz), t ≥ 0,

that is, for i = 1, . . . , n

dXi
t = bi(Xt)dt+

d∑
j=1

σij(Xt)dW
j
t +

d∑
j=1

∫
R0

cij (Xt− , zj) Ñj (dt, dzj) . (1.26)

Theorem 1.2.27 ([22], Theorem 9.5). The multi-dimensional Itô formula. Let

X = (Xt)t≥0, be an d-dimensional Itô-Lévy process of the form (1.26). Let f : (0,∞)×
Rd → R be a function in C1,2

(
(0,∞)×Rd

)
and define

Yt := f(t,Xt), t ≥ 0.

Then the process Y = (Yt)t≥0, is a one-dimensional Itô-Lévy process and its differential

form is given by

dY (t)

=
∂f

∂t
(t,Xt)dt+

n∑
i=1

∂f

∂xi
(t,Xt)bi(Xt)dt+

d∑
i=1

d∑
j=1

∂f

∂xi
(t,Xt)σij(Xt)dW

j
t

+
1

2

n∑
i=1

d∑
j=1

∂2f

∂xi∂xj
(t,Xt)

(
σσT

)
ij

(Xt)dt+

d∑
j=1

∫
R0

[
f
(
t,Xt + c(j)(Xt, z)

)
− f(t,Xt)−

d∑
i=1

∂f

∂xi
f(t,Xt)cij(Xt, z)

]
νj (dzj) dt

+

d∑
j=1

∫
R0

[
f
(
t,Xt− + c(j)(Xt− , z)

)
− f (t,Xt−)

]
Ñj (dt, dzj) , (1.27)

where c(j) is the column number j of the d× d matrix c = [cij ].

1.2.6 Stochastic differential equations driven by Lévy processes

We next consider a process X = (Xt)t≥0, the solution to the following stochastic

differential equation with jumps in Rd :

dXt = b (Xt) dt+

d∑
j=1

σj (Xt) dW
j
t +

∫
R0

c (Xt−, z) Ñ(dt, dz),
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with initial condition X0 = x0 ∈ Rd. The coefficients σj , b : Rd → Rd and c :

Rd × R0 → Rd are measurable functions satisfying the following Lipschitz and linear

growth conditions: for all x, y ∈ Rd,

max
j

{
|σj(x)− σj(y)|2 ; |b(x)− b(y)|2;

∫
R0

|c(x, z)− c(y, z)|2ν(dz)

}
≤ K|x− y|2

and

max
j

{
|σj(x)|2 ; |b(x)|2;

∫
R0

|c(x, z)|2ν(dz)

}
≤ K

(
1 + |x|2

)
.

Theorem 1.2.28 ([74], Theorem 11.4.2). There exists a unique càdlàg, adapted, and

Markov process X on (Ω,F ,P) satisfying the integral equation

Xt = x0 +

∫ t

0

b (Xs) ds+

d∑
j=1

∫ t

0

σj (Xs) dW
j
s +

∫ t

0

∫
R0

c (Xs−, z) Ñ(ds, dz).

Moreover, for any T > 0,

E

[
sup
t∈[0,T ]

|Xt|2
]
<∞.

1.3 Numerical analysis for stochastic differential equations
with irregular coefficients

Consider the d-dimensional stochastic differential equation of Itô type

dXt = b(t,Xt)dt+ σ(t,Xt)dWt on t0 ≤ t ≤ T (1.28)

with initial value x (t0) = x0.

In [65], Maruyama introduced the Euler approximation method for equation (1.28)

as follows:

Theorem 1.3.1 ([65], Theorem 1). Let W (t) be the Brownian motion, W (0) = 0,

E
[
(∆Wt)

2
]

= ∆t, of which Gaussian increments ∆Wt over disjoint intervals are in-

dependent, and let b(t, x), σ(t, x) be continuous functions satisfying the Lipschitz con-

dition. Consider a division of (0; 1),∆ = ∆ (t0, t1, . . . , tn) , 0 = t0 < t1 < · · · < tn = 1,

and variables X1, X2, . . . , Xn defined by
X1 = X0 + b (t0, X0) ∆t0 + σ (t0, X0) ∆W0

X2 = y1 + b (t1, X1) ∆t1 + σ (t1, X1) ∆W1

· · · · · · · · · · · · · · ·
Xn = Xn−1 + b (tn−1, Xn−1) ∆tn−1 + σ (tn−1, Xn−1) ∆Wn−1
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and also X∆(t) defined by

X∆(t) = Xµ + b (tµ, Xµ) (t− tµ) + σ (tµ, Xµ)
[
Wt −Wtµ

]
where

Wv = Wtv , ∆Wv−1 = Wv −Wv−1, ∆tv−1 = tv − tv−1 tµ 6 t < tµ+1

Then, for every t, in the L2-sense, there exists

X(t) = lim
ρ(∆)→0

X∆(t), ρ(∆) = max
1≤v≤n

∆tv−1

and X(t) becomes the unique solution of (1.28).

The Euler-Maruyama scheme, demonstrated by Kloeden and Platen [47] to converge

with a rate of 1/2 in L2 when the equation’s coefficients satisfy regularity conditions,

specifically global Lipschitz continuity. The analog of the Euler-Maruyama approxi-

mation for (1.28) is defined by

Xh
0 = x, Xh

tk+1
= Xh

tk + b
(
tk, X

h
tk

)
h+ σ

(
tk, X

h
tk

)
∆Wk

∆Wk = ∆W h
k = Wtk+1 −Wtk , tk = kh

It is convenient to extend it to the whole interval [0, T ] as follows:{
Xh

0 = x

Xh
t = Xh

tk + b
(
tk, X

h
tk

)
(t− tk) + σ

(
tk, X

h
tk

)
(Wt −Wtk) , t ∈ [tk, tk+1]

Theorem 1.3.2 ([47], Theorem 13.2). Suppose that the coefficients of equation (1.28)

satisfy the Lipschitz condition

|b(t, x)− b(s, y)|2 + |σ(t, x)− σ(s, y)|2 6 C
(
|x− y|2 + |t− s|

)
Then

sup
t6T

E
[∣∣Xh

t −Xt

∣∣] = O
(
h1/2

)
, h→ 0

that is, the Euler-Maruyama approximation (as a strong approximation) has the order

1
2 .

Subsequently, Gyöngy and Rásonyi [25] proved that if the equation has a Lipschitz

drift coefficient and a Hölder continuous diffusion coefficient of order (1/2 + α), then

the Euler-Maruyama scheme has a convergence rate of α in L1. In [25], the authors

construct the Euler-Maruyama approximation scheme as follows:
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For integers n ≥ 1, let define the functions κn : [0, T ] → [0, T ] by κn(T ) := n−1
n T

and

κn(x) =
iT

n
for

iT

n
≤ x <

(i+ 1)T

n
, for i = 0, . . . , n− 1.

Let define the Euler approximations of X(t), t ∈ [0, T ], as the solutions of

dXn(t) = b (t,Xn (κn(t))) dt+ σ (t,Xn (κn(t))) dW (t)

Xn(0) = ξ

for each n ≥ 1.

Theorem 1.3.3 ([25], Theorem 2.1). Assume that σ, f, g : [0, T ] × R → R are mea-

surable; g(t, ·) is monotone decreasing; b = f + g and there exist K > 0, α ∈ [0, 1/2]

and γ ∈ (0, 1] such that for all t ∈ [0, T ] and x, y ∈ R,

|σ(t, x)− σ(t, y)| ≤ K|x− y|
1
2
+α, |f(t, x)− f(t, y)| ≤ K|x− y|

|g(t, x)− g(t, y)| ≤ K|x− y|γ ,

and

|b(t, 0)|+ |σ(t, 0)| ≤ K.

Let E
[
|ξ|1+2α

]
< ∞. Then there is a constant C depending only on K,T, γ and

E
[
|ξ|1+2α

]
such that

E [|X(τ)−Xn(τ)|] ≤

 C
lnn if α = 0,

C
(

1
nα + 1

nγ/2

)
if α ∈ (0, 1/2].

for all n ≥ 2 for every stopping time τ ≤ T .

However, for equations with superlinearly growing coefficients b and linearly bounded

coefficients σ, the Euler-Maruyama scheme does not converge in Lp. To address this

issue, Hutzenthaler, Jentzen, and Kloeden [35] and Sabanis [80] introduced a new ex-

plicit scheme, named the tamed Euler-Maruyama scheme, for the class of equations

with superlinearly growing and locally Lipschitz coefficients.

In [35], the tamed Euler-Maruyama approximation scheme is constructed as follows.

The numerical method for approximating the solution of the SDE (1.28) is proposed

here. Let Y Nn : Ω→ Rd, n ∈ {0, 1, . . . , N}, N ∈ N, be given by Y N0 = ξ and

Y Nn+1 = Y Nn +
T/N · µ

(
Y Nn
)

1 + T/N · |µ (Y Nn )|
+ σ

(
Y Nn
) (
W(n+1)T/N −WnT/N

)
(1.29)
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for all n ∈ {0, 1, . . . , N − 1} and all N ∈ N.

In order to formulate our convergence theorem for the tamed Euler method (1.29),

we now introduce appropriate time continuous interpolations of the time discrete nu-

merical approximations (1.29). More formally, let Ȳ N : [0, T ]× Ω→ Rd, N ∈ N, be a

sequence of stochastic processes given by

Ȳ Nt = Y Nn +
(t− nT/N) · µ

(
Y Nn
)

1 + T/N · |µ (Y Nn )|
+ σ

(
Y Nn
) (
Wt −WnT/N

)
(1.30)

for all t ∈
[
nT
N ,

(n+1)T
N

]
, n ∈ {0, 1, . . . , N − 1} and all N ∈ N.

Theorem 1.3.4 ([35], Theorem 1.1). Let b : Rd → Rd be a continuously differentiable

and globally one-sided Lipschitz continuous function whose derivative grows at most

polynomially and let σ = (σi,j)i∈{1,2,...,d},j∈{1,2,...,m} : Rd → Rd×m be a globally Lips-

chitz continuous function. More formally, suppose that there is a real number c ∈ (0,∞)

such that |b′(x)| ≤ c (1 + |x|c) , |σ(x)−σ(y)| ≤ c|x−y| and 〈x−y, b(x)−b(y)〉 ≤ c|x−y|2

for all x, y ∈ Rd. Then there exists a family Cp ∈ [0,∞), p ∈ [1,∞), of real numbers

such that (
E

[
sup
t∈[0,T ]

∣∣Xt − Ȳ Nt
∣∣p])1/p

≤ CpN
−1/2,

for all N ∈ N and all p ∈ [1,∞). Here X : [0, T ]×Ω→ Rd is the exact solution of the

SDE (1.28) and Ȳ N : [0, T ]× Ω→ Rd, N ∈ N , are the time continuous interpolations

(1.30) of the numerical approximations (1.29).

In [80], the tamed Euler-Maruyama approximation scheme is constructed as follows.

For every n ≥ 1, and any t ∈ [0, T ], the following tamed Euler scheme is defined

dXn(t) = bn (t,Xn (κn(t))) dt+ σ (t,Xn (κn(t))) dW (t)

with the same initial value X(0) as SDE (1.28) and κn(t) := [nt]/n. Moreover, it is

assumed that

bn(t, x) :=
1

1 + n−α|b(t, x)|
b(t, x),

for any t ∈ [0, T ], x ∈ Rd and α ∈ (0, 1/2].

Theorem 1.3.5 ([80], Corollary 2.3). Suppose the drift coefficient is superlinearly

growing and the diffusion coefficient is locally Lipschitz continuous and has at most

linear growth, then the tamed Euler scheme with α = 1/2 converges to the true solution
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of SDE (1.28) in Lp-sense with order 1/2, i.e.

E
[

sup
0≤t≤T

|X(t)−Xn(t)|p
]
≤ Cn−p/2

for all p > 0, where C is a constant independent of n.

Recently, in [44], our research group also developed a tamed Euler-Maruyama scheme

for a class of stochastic differential equations with one-sided Lipschitz continuous drift

and Hölder continuous diffusion coefficients.

For each h ∈
(

0, L1

L2
2

)
, denote ηh(t) = kh if t ∈ [kh, (k+ 1)h) for some k = 0, 1, . . ., and

bh(x) =
b(x)

1− L2
2L
−1
1 h

and σh(t, x) =
σ(x)

1 + h1/2e2L1t(|σ(x)|+ 1)

A tamed Euler-Maruyama approximation of SDE (1.28) is defined as follows

Xh
t = x0 +

∫ t

0

bh

(
Xh
ηh(s)

)
ds+

∫ t

0

σh

(
ηh(s), Xh

ηh(s)

)
dWs, t ∈ [0,+∞) (1.31)

Theorem 1.3.6 ([44], Theorem 1). (i) Assume that b satisfies the local Lipschitz con-

dition; b and σ satisfy the linear growth condition. For any T > 0,

lim
h→0

E
[

sup
0≤t≤T

∣∣Xh
t −Xt

∣∣] = 0.

(ii) Assume that b satisfies the local Lipschitz condition and σ satisfies the Hölder con-

dition. If 0 < h < L1

2L2
2
∧1 then there exists a positive constant C = C (x0, L2, L3, T, α)

such that

sup
0≤t≤T

E
[∣∣Xh

t −Xt

∣∣] ≤
Chα if 0 < α ≤ 1

2

C
log(1/h)

if α = 0
,

and

E
[

sup
0≤t≤T

∣∣Xh
t −Xt

∣∣] ≤
Ch

2α2

if 0 < α ≤ 1
2

C√
log(1/h)

if α = 0
.

(iii) Assume that b satisfies the local Lipschitz condition and σ satisfies the Hölder

condition. If 0 < h < L1

2L2
2
∧ 1, for any p ≥ 2, there exists a constant C =

C (x0, L2, L3, T, p, α) such that

E
[

sup
0≤t≤T

∣∣Xt −Xh
t

∣∣p] ≤


C
log(1/h)

if α = 0

Chp/2 if α = 1
2

Chα if 0 < α < 1
2

.
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The tamed Euler-Maruyama scheme (1.31) converges in L1-norm, L1-sup norm, and Lp-

sup norm at the same rates as the plain Euler-Maruyama scheme does when applying

for SDEs with Hölder continuous coefficients (see [25]).

On the other hand, the aforementioned works primarily focus on the convergence

of the approximation scheme over a finite time interval [0, T ]. Consequently, approxi-

mation over infinite time intervals has garnered significant research interest in recent

years. In [17], Fang and Giles introduced a new approximation scheme, termed the

adaptive Euler-Maruyama approximation. They demonstrated that if b and σ satisfy

the contractive Lipschitz condition, b is polynomially growing Lipschitz continuous, and

σ is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation

converges in the Lp-norm over infinite time intervals.

The proposed adaptive EulerMaruyama discretisation is

tn+1 = tn + hn, X̂tn+1 = X̂tn + b(X̂tn)hn + σ(X̂tn)∆Wn

where hn , h(X̂tn) and ∆Wn , Wtn+1 − Wtn , and there is fixed initial data t0 =

0, X̂0 = X0.

We use the notation t , max {tn : tn ≤ t} , nt , max {n : tn ≤ t} for the nearest

time point before time t, and its index. We define the piecewise constant interpolant

process Xt = X̂t and also define the standard continuous interpolant as

X̂t = X̂t + b(X̂t)(t− t) + σ(X̂t)
(
Wt −Wt

)
so that X̂t is the solution of the SDE

dX̂t = b(X̂t)dt+ σ(X̂t)dWt = b(Xt)dt+ σ(Xt)dWt.

Theorem 1.3.7 ([17], Theorem 3). If b satisfies the one-sided Lipschitz condition and

the polynomial growth Lipschitz condition; σ satisfies the Lipschitz condition and the

timestep functions h, hδ satisfies

〈x, b(x)〉+
1

2
h(x)|b(x)|2 ≤ α|x|2 + β,

δmin(T, h(x)) ≤ hδ(x) ≤ min(δT, h(x)).

Then for all p > 0, there exists a constant Cp,T such that

E
[

sup
0≤t≤T

∣∣X̂t −Xt

∣∣p] ≤ Cp,T δ
p/2.
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Theorem 1.3.8 ([17], Theorem 6). Assume that b and σ satisfy the contractive Lips-

chitz condition, b satisfies the polynomial growth Lipschitz condition and σ satisfies the

Lipschitz condition. Moreover, assume that the timestep functions h, hδ satisfies

〈x, b(x)〉+
1

2
h(x)|b(x)|2 ≤ −α|x|2 + β,

δmin(T, h(x)) ≤ hδ(x) ≤ min(δT, h(x)).

Then for all p ∈ (0, p∗] there exists a constant Cp such that, ∀t ≥ 0,

E
[∣∣X̂t −Xt

∣∣p] ≤ Cpδ
p/2.
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Chapter 2

TAMED-ADAPTIVE EULER-MARUYAMA

SCHEME FOR LÉVY-DRIVEN SDEs WITH

IRREGULAR COEFFICIENTS

This chapter presents a new approximation scheme for a class of stochastic differential

equations with irregular coefficients. We consider both the case of SDEs driven by

Brownian motion (continuous noise) and the more general case of SDEs driven by

Lévy processes (which include jumps). Since the Brownian-driven model is a special

case of the Lévy model and the proof methods are logically parallel, this chapter will,

for the sake of conciseness, present the detailed analysis only for the more general

Lévy case. The corresponding results for the simpler Brownian-driven model can be

inferred similarly. These results are written based on the articles [1, 2] in section List

of Author’s Related Papers.

2.1 Introduction

We consider the process X = (Xt)t≥0 as a solution to the following stochastic differ-

ential equation (SDE) with jumps

Xt = x0 +

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dWs +

∫ t

0

c (Xs−) dZs, (2.1)

for t ≥ 0, where x0 ∈ R, W = (Wt)t≥0 is a one-dimensional standard Brownian motion

and Z = (Zt)t≥0 is a one-dimensional centered pure jump Lévy process (independent

of W ) with Lévy measure ν satisfying
∫
R(1 ∧ z2)ν(dz) < +∞. Two processes W and

Z are defined on a complete probability space (Ω,F ,P) equipped with the natural

filtration (Ft)t≥0 generated by W and Z and augmented by all the null sets in F so
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that it satisfies the usual conditions. The integral equation of (2.1) can be written as

Xt = x0 +

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dWs +

∫ t

0

∫
R0

c (Xs−) zÑ(ds, dz).

Such Lévy-driven SDEs arise in many applications [11, 76] and the references therein.

Therefore, it is important to find effective methods to solve such SDEs numerically.

Several modified Euler-Maruyama schemes have been proposed for Lévy-driven SDEs

with locally Lipschitz and super-linearly growing coefficients in [9, 10, 12, 13, 29, 30,

31, 52, 53, 57]. The first explicit approximation for SDEs driven by Brownian motion

with super-linearly growing drift coefficients is the tamed Euler-Maruyama schemes,

which was introduced in [35, 37, 38, 80]. The strong convergence of Euler-Maruyama

schemes for Lévy-driven SDEs with Hölder continuous diffusion coefficient has been

studied in [55, 56, 89].

Note that, all the works mentioned above only considered the convergence of the

approximation scheme in a finite time interval, say [0, T ] with T <∞. For SDEs driven

only by Brownian motions, the approximation in infinite time interval has just been

studied recently by Fang and Giles [17]. They introduced an adaptive Euler-Maruyama

approximation scheme and showed its strong convergence in the interval [0,∞) when

applying for SDEs whose coefficients b and σ satisfy the contractive Lipschitz con-

dition, b is locally Lipschitz and of polynomial growth, and σ is globally Lipschitz

continuous. In this chapter, we propose a tamed-adaptive Euler-Maruyama approxi-

mation scheme for Lévy-driven stochastic differential equations with locally Lipschitz

continuous, polynomial growth drift, and locally Hölder continuous, polynomial growth

diffusion coefficients. Moreover, we show that new scheme converges in both finite and

infinite time intervals under some suitable conditions on the regularity and the growth

of the coefficients.

2.2 Model assumptions

In this chapter, we assume that the drift, diffusion and jump coefficients b, σ, c and the

Lévy measure ν of equation (2.1) satisfy the following conditions:

B1. There exists a positive constant L0 such that

|c(x)| ≤ L0(1 + |x|),

for any x ∈ R.
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B2. For some p0 ∈ [2; +∞), there exist constants γ ∈ R, η ∈ [0; +∞) such that

xb(x) +
p0 − 1

2
σ2(x) +

c2(x)

2L0

∫
R0

|z|
(
(1 + L0|z|)p0−1 − 1

)
ν(dz) ≤ γx2 + η,

for any x ∈ R.

B3. Coefficient b is locally Lipschitz: for any R > 0, there exists a positive constant

LR such that

|b(x)− b(y)| ≤ LR|x− y|,

for all |x| ∨ |y| ≤ R.

B4. Coefficient σ is locally
(
α + 1

2

)
-Hölder continuous: for any R > 0, there exist

positive constants LR and α ∈
(
0, 1

2

]
such that

|σ(x)− σ(y)| ≤ LR|x− y|1/2+α,

for all |x| ∨ |y| ≤ R.

B5. Coefficient c is locally Lipschitz: for any R > 0, there exists a positive constant

LR such that

|c(x)− c(y)| ≤ LR|x− y|,

for all |x| ∨ |y| ≤ R.

B6.
∫
|z|>1

|z|pν(dz) <∞ for all p ∈ [1; 2p0] and
∫

0<|z|≤1
|z|ν(dz) <∞.

B7. Coefficient b is one-sided Lipschitz: there exists a constant L1 such that

(x− y)(b(x)− b(y)) ≤ L1|x− y|2,

for any x, y ∈ R.

B8. Coefficient b is locally Lipschitz continuous: there exist positive constants l and

L2 such that

|b(x)− b(y)| ≤ L2

(
1 + |x|l + |y|l

)
|x− y|,

for any x, y ∈ R.

B9. Coefficient σ is (α + 1
2)-locally Hölder continuous: there exist positive constants

m,L3 and α ∈ [0, 1
2 ] such that

|σ(x)− σ(y)| ≤ L3 (1 + |x|m + |y|m) |x− y|1/2+α,

for any x, y ∈ R.
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B10. Coefficient c is Lipschitz: there exists a positive constant L4 such that

|c(x)− c(y)| ≤ L4|x− y|,

for any x, y ∈ R.

2.3 Lévy-driven SDEs with irregular coefficients

The existence and uniqueness of the solution to Lévy-driven SDEs with non-Lipschitz

coefficients have been studied by many authors [23, 59, 86]. In this section, we present

another version of their result for SDEs with locally Hölder continuous diffusion coef-

ficients and super-linearly growing drift and diffusion coefficients.

First, we establish a priori estimate for the moments of X as long as the solution

exists.

Proposition 2.3.1. Assume that coefficients b, c, σ and the Lévy measure ν satisfy

conditions B1, B2, B6 and σ is bounded on every compact subset of R. Assume

further that X = (Xt)t≥0 is a solution to equation (2.1). Then, for any p ∈ (0, p0],

there exists a positive constant Cp such that for any t ≥ 0,

E [|Xt|p] ≤

Cp(1 + eγpt) if γ 6= 0,

Cp(1 + t)p/2 if γ = 0.
(2.2)

Note that when γ < 0, we have supt≥0 E [|Xt|p] ≤ 2Cp.

Remark 2.3.2. Since (1 + L0|z|)x is an increasing function for x ≥ 1, it follows from

Condition B2 that for any p ∈ [2, p0] and x ∈ R,

xb(x) +
p− 1

2
σ2(x) +

c2(x)

2L0

∫
R0

|z|
(
(1 + L0|z|)p−1 − 1

)
ν(dz) ≤ γx2 + η.

Proof of Proposition 2.3.1. Let p ∈ [2, p0] be an even natural number. Applying Itô’s

formula to e−pγtXp
t , we have for any t ≥ 0,

e−pγtXp
t = xp0 + p

∫ t

0

e−pγs
(
−γXp

s +Xp−1
s b (Xs) +

p− 1

2
Xp−2
s σ2 (Xs)

)
ds

+

∫ t

0

∫
R0

e−pγs
[
(Xs + c (Xs) z)p −Xp

s − pXp−1
s c (Xs) z

]
ν(dz)ds

+ p

∫ t

0

e−pγsXp−1
s σ (Xs) dWs
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+

∫ t

0

∫
R0

e−pγs
[
(Xs− + c (Xs−) z)p −Xp

s−
]
Ñ(ds, dz). (2.3)

Then, applying (2.3) to p = 2, using B2 and Remark 2.3.2, we get

e−2γtX2
t

= x2
0 + 2

∫ t

0

e−2γs

[
−γX2

s +Xsb (Xs) +
1

2
σ2 (Xs) +

1

2
c2 (Xs)

∫
R0

z2ν (dz)

]
ds

+ 2

∫ t

0

e−2γsXsσ (Xs) dWs

+

∫ t

0

∫
R0

e−2γs
[
2Xs−c (Xs−) z + c2 (Xs−) z2

]
Ñ(ds, dz)

≤ x2
0 + 2η

∫ t

0

e−2γsds+ 2

∫ t

0

e−2γsXsσ (Xs) dWs

+

∫ t

0

∫
R0

e−2γs
[
2Xs−c (Xs−) z + c2 (Xs−) z2

]
Ñ(ds, dz). (2.4)

Now, for each N > 0, we denote τN := inf{t ≥ 0 : |Xt| ≥ N}. Then, using (2.4), the

fact that σ is bounded on every compact subset of R and Condition B1, we obtain

E
[
e−2γ(t∧τN )X2

t∧τN

]
≤ x2

0 + 2η

∫ t

0

e−2γsds. (2.5)

This implies that

P(τN < t) ≤
(
x2

0 + 2η

∫ t

0

e−2γsds

)
e2γtN−2,

which deduces that τN ↑ ∞ a.s. as N ↑ ∞. Now, let N ↑ ∞ and using Fatou’s lemma

for the left-hand side of (2.5), we obtain

E
[
e−2γtX2

t

]
≤ x2

0 + 2η

∫ t

0

e−2γsds.

If γ = 0:

E
[
X2
t

]
≤ x2

0 + 2ηt.

If γ 6= 0:

E
[
X2
t

]
≤
(
x2

0 +
η

γ

)
e2γt − η

γ
.

Thus, (2.2) holds for p = 2. Thanks to Hölder’s inequality, (2.2) is also valid for

p ∈ (0; 2].
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Now, we suppose that (2.2) holds for all even integer q ∈ [0, p− 2] with even integer

p, i.e.,

E
[
Xq
t

]
≤

Cq(1 + eγqt) if γ 6= 0,

Cq(1 + t)q/2 if γ = 0.

We shall show that (2.2) holds for p. For this, using the binomial theorem, we have

(Xs + c (Xs) z)p −Xp
s − pXp−1

s c (Xs) z

=

(
p

2

)
Xp−2
s c2 (Xs) z

2 +

p∑
i=3

(
p

i

)
Xp−i
s ci (Xs) z

i. (2.6)

For all 3 ≤ i ≤ p, using Condition B1, the binomial theorem and the fact that

|x|p−3 ≤ 1
2(|x|p−2 + |x|p−4) valid for any x ∈ R, we get that

Xp−i
s ci (Xs)

= Xp−i
s c2 (Xs) c

i−2 (Xs)

≤ |Xs|p−ic2 (Xs)L
i−2
0 (1 + |Xs|)i−2

= |Xs|p−ic2 (Xs)L
i−2
0

(
|Xs|i−2 + (i− 2)|Xs|i−3 +

i−2∑
j=2

(
i− 2

j

)
|Xs|i−2−j

)

= c2 (Xs)L
i−2
0

(
|Xs|p−2 + (i− 2)|Xs|p−3 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)

≤ c2 (Xs)L
i−2
0

(
|Xs|p−2 + (i− 2)

1

2

(
|Xs|p−2 + |Xs|p−4

)
+

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)

= c2 (Xs)L
i−2
0

(
i

2
|Xs|p−2 +

i− 2

2
|Xs|p−4 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)
.

This, combined with the fact that
∑p

i=2

(
p
i

)
iai = pa

(
(1 + a)p−1 − 1

)
valid for any

a ∈ R, we obtain that

(Xs + c (Xs) z)p −Xp
s − pXp−1

s c (Xs) z

≤
(
p

2

)
|Xs|p−2c2 (Xs) z

2 + c2 (Xs) |Xs|p−2

p∑
i=3

(
p

i

)
Li−2

0

i

2
|z|i

+ c2 (Xs)

p∑
i=3

(
p

i

)
Li−2

0

(
i− 2

2
|Xs|p−4 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)
|z|i
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= c2 (Xs) |Xs|p−2 1

2L2
0

p∑
i=2

(
p

i

)
i(L0|z|)i

+ c2 (Xs)

p∑
i=3

(
p

i

)
Li−2

0

(
i− 2

2
|Xs|p−4 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)
|z|i

= c2 (Xs) |Xs|p−2 p

2L0
|z|
(
(1 + L0|z|)p−1 − 1

)
+ c2 (Xs)

p∑
i=3

(
p

i

)
Li−2

0

(
i− 2

2
|Xs|p−4 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

)
|z|i. (2.7)

Therefore, inserting (2.7) into (2.3), using Condition B2, Remark 2.3.2 and c2(x) ≤
2L2

0(1 + x2) for any x ∈ R, we get

e−pγtXp
t ≤ xp0 + p

∫ t

0

e−pγsXp−2
s

[
− γX2

s +Xsb (Xs) +
p− 1

2
σ2 (Xs)

+
c2 (Xs)

2L0

∫
R0

|z|
(
(1 + L0|z|)p−1 − 1

)
ν(dz)

]
ds

+

∫ t

0

e−pγsc2 (Xs)

p∑
i=3

(
p

i

)
Li−2

0

[
i− 2

2
|Xs|p−4 +

i−2∑
j=2

(
i− 2

j

)
|Xs|p−2−j

]

×
∫
R0

|z|iν(dz)ds+ p

∫ t

0

e−pγsXp−1
s σ (Xs) dWs

+

∫ t

0

∫
R0

e−pγs
[
(Xs− + c (Xs−) z)p −Xp

s−
]
Ñ(ds, dz)

≤ xp0 + pη

∫ t

0

e−pγsXp−2
s ds

+ 2

∫ t

0

e−pγs
p∑
i=3

(
p

i

)
Li0

[
i− 2

2

(
|Xs|p−4 + |Xs|p−2

)
+

i−2∑
j=2

(
i− 2

j

)(
|Xs|p−2−j + |Xs|p−j

)]∫
R0

|z|iν(dz)ds

+ p

∫ t

0

e−pγsXp−1
s σ (Xs) dWs

+

∫ t

0

∫
R0

e−pγs
[
(Xs− + c (Xs−) z)p −Xp

s−
]
Ñ(ds, dz). (2.8)

Now, it suffices to use the same argument as in the case p = 2 by replacing t by t∧ τN
in (2.8) and taking expectations on both sides to get that

E
[
e−pγ(t∧τN )Xp

t∧τN

]
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≤ xp0 + pη

∫ t

0

e−pγsE
[
Xp−2
s

]
ds

+ 2

∫ t

0

e−pγs
p∑
i=3

(
p

i

)
Li0

[
i− 2

2

(
E
[
|Xs|p−4

]
+ E

[
|Xs|p−2

])
+

i−2∑
j=2

(
i− 2

j

)(
E
[
|Xs|p−2−j]+ E

[
|Xs|p−j

]) ]∫
R0

|z|iν(dz)ds. (2.9)

Then, using the fact that τN ↑ ∞ a.s. as N ↑ ∞, letting N ↑ ∞ on the left hand side

of (2.9) and using Fatou’s lemma and B6, we get

E
[
e−pγtXp

t

]
≤ xp0 + pη

∫ t

0

e−pγsE
[
Xp−2
s

]
ds+ C

∫ t

0

e−pγs
p∑
i=2

E
[
|Xs|p−i

]
ds.

Now, it suffices to use the inductive assumption.

If γ = 0:

E
[
Xp
t

]
≤ xp0 + Cp

∫ t

0

(1 + s)p/2−1ds+ Cp

p∑
i=2

∫ t

0

(1 + s)(p−i)/2ds

≤ Cp (1 + t)p/2 .

If γ 6= 0:

E
[
e−pγtXp

t

]
≤ xp0 + Cp

∫ t

0

e−pγs
(

1 + eγ(p−2)s
)
ds+ Cp

p∑
i=2

∫ t

0

e−pγs
(

1 + eγ(p−i)s
)
ds

≤ Cp + Cpe
−pγt.

This implies that

E
[
Xp
t

]
≤ Cp + Cpe

γpt.

Therefore, (2.2) is valid for p. By the induction principle, (2.2) holds for any even

natural number p ∈ [2, p0]. Finally, using Hölder’s inequality, we finish the proof for

any p ∈ (0, p0].

Subsequently, we establish the existence and uniqueness of the solution for the

equation (2.1).

Theorem 2.3.3. Assume that the coefficients b, c and σ satisfy the conditions B1–B5.

Assume further that the Lévy measure satisfies
∫
R0
|z|ν(dz) <∞ and

∫
R0
z2ν(dz) <∞.

Then the path-wise uniqueness holds for equation (2.1).
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Moreover, suppose that there exist positive constants C and ` ∈ (0;
p0

4
] such that

|b(x)| ∨ |σ(x)| ∨ |c(x)| ≤ C
(
1 + |x|`

)
,

for all x ∈ R, where p0 is defined in Condition B2. Then the equation (2.1) has a

strong solution.

Proof of Theorem 2.3.3. Without loss of generality, we assume that γ is a positive

constant.

Existence of solution:

For each N > 0, set

bN (x) =


b(x), if |x| ≤ N,

b

(
Nx

|x|

)
(N + 1− |x|), if N < |x| < N + 1,

0, if |x| ≥ N + 1,

and

σN (x) =


σ(x), if |x| ≤ N,

σ

(
Nx

|x|

)
(N + 1− |x|), if N < |x| < N + 1,

0, if |x| ≥ N + 1,

and

cN (x) =


c(x), if |x| ≤ N,

c

(
Nx

|x|

)
(N + 1− |x|), if N < |x| < N + 1,

0, if |x| ≥ N + 1.

It is clearly that bN , cN and σN satisfy Assumptions of Theorem 2.2 in [59]. Thus, the

equation

XN
t = x0 +

∫ t

0

bN
(
XN
s

)
ds+

∫ t

0

σN
(
XN
s

)
dWs +

∫ t

0

∫
R0

cN
(
XN
s−
)
zÑ(ds, dz)

(2.10)

has a unique strong solution XN
t . We will show that when N → ∞, XN

t converges in

probability to a process Xt which satisfies equation (2.1).

For each N > 0, set

τN = T ∧ inf
{
t ∈ [0;T ] :

∣∣XN
t

∣∣ ≥ N
}
.

Due to the pathwise uniqueness of solution to equation (2.10), XN
t = XM

t almost

surely for any t < τN and N < M. Then, we will show that τN = T almost surely for
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all N large enough.

In addition, it is straightforward to show that the coefficients bN (x), cN (x) and σN (x)

satisfy Condition B2’:

p0xbN (x) +
p0(p0 − 1)

2
σ2
N (x) +

c2N (x)

4L2
0

∫
R0

((1 + 2L0|z|)p0 − 1− 2p0L0|z|) ν(dz)

≤ 2γ|x|2 + 2η,

for any x ∈ R.

Firstly, by applying Itô’s formula for |XN
t |2 and Condition B2’ with p0 = 2, we have

|XN
t |2 = x2

0 +

∫ t

0

(
2XN

s bN
(
XN
s

)
+ σ2

N

(
XN
s

))
ds+

∫ t

0

2XN
s σN

(
XN
s

)
dWs

+

∫ t

0

∫
R0

((
XN
s + cN

(
XN
s

)
z
)2 − |XN

s |2 − 2XN
s c
(
XN
s

)
z
)
ν(dz)ds

+

∫ t

0

∫
R0

((
XN
s− + cN

(
XN
s−
)
z
)2 − |XN

s−|2
)
Ñ(ds, dz)

= x2
0 +

∫ t

0

(
2XN

s bN
(
XN
s

)
+ σ2

N

(
XN
s

))
ds+

∫ t

0

2XN
s σN

(
XN
s

)
dWs

+

∫ t

0

∫
R0

c2N
(
XN
s

)
z2ν (dz) ds+

∫ t

0

∫
R0

(
2XN

s−cN
(
XN
s−
)
z + c2N

(
XN
s−
)
z2
)
Ñ (ds, dz)

= x2
0 +

∫ t

0

(
2XN

s bN
(
XN
s

)
+ σ2

N

(
XN
s

)
+ c2N

(
XN
s

) ∫
R0

z2ν(dz)

)
ds

+

∫ t

0

2XN
s σN

(
XN
s

)
dWs +

∫ t

0

∫
R0

(
2XN

s−cN
(
XN
s−
)
z + c2N

(
XN
s−
)
z2
)
Ñ(ds, dz)

≤ x2
0 + 2

∫ t

0

(
γ
∣∣XN

s

∣∣2 + η
)
ds+

∫ t

0

2XN
s σN

(
XN
s

)
dWs

+

∫ t

0

∫
R0

(
2XN

s−cN
(
XN
s−
)
z + c2N

(
XN
s−
)
z2
)
Ñ(ds, dz), (2.11)

Taking expectation on both sides (2.11) to get

E
[
|XN

t |2
]
≤ x2

0 + 2E
[∫ t

0

(
γ
∣∣XN

s

∣∣2 + η
)
ds

]
≤ x2

0 + 2

∫ T

0

(
γE
[∣∣XN

s

∣∣2]+ η
)
ds

≤ (x2
0 + 2ηT ) + 2|γ|

∫ T

0

E
[∣∣XN

s

∣∣2] ds.
By using the Gronwall’s inequality, we have

E
[
|XN

t |2
]
≤ (x2

0 + 2ηT )e2|γ|T = C(x0, γ, η, T ). (2.12)
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On the other hand, the estimate (2.11) implies that

|XN
t∧τ |2 ≤ x2

0 + 2

∫ t∧τ

0

(
γ
∣∣XN

s

∣∣2 + η
)
ds+

∫ t∧τ

0

2XN
s σN

(
XN
s

)
dWs

+

∫ t∧τ

0

∫
R0

(
2XN

s−cN
(
XN
s−
)
z + c2N

(
XN
s−
)
z2
)
Ñ(ds, dz), (2.13)

for any stopping time τ ≤ T .

Taking expectation on both sides (2.13) and using (2.12) to obtain

E
[
|XN

t∧τ |2
]
≤ x2

0 + 2E
[∫ t∧τ

0

(
γ
∣∣XN

s

∣∣2 + η
)
ds

]
≤ x2

0 + 2

∫ T

0

(
|γ|E

[∣∣XN
s

∣∣2]+ η
)
ds

≤ C(x0, γ, η, T ).

For any p ∈ (0; 2), thanks to Proposition IV.4.7 in [79], we have

E
[

sup
0≤t≤T

∣∣XN
t

∣∣p] ≤ C(x0, γ, η, p, T ) for any N > 0. (2.14)

Thus,

C ≥ E
[

sup
0≤t≤T

∣∣XN
t

∣∣p] ≥ E
[

sup
0≤t≤T

∣∣XN
t

∣∣p I[τN<T ]

]
≥ NpP [τN < T ] .

It leads to
∑∞

N=1 P (τN < T ) <∞. Thanks to Borel-Cantelli’s lemma, we obtain

P
[

lim sup
N

{τN < T}
]

= 0.

Since (τN )N is increasing, τN = T for all N large enough. It means limN→∞X
N
t = Xt

exists almost surely and Xt = XM
t almost surely for any t < τN and M ≥ N .

Secondly, for any κ > 0, k > 1, 2 < q ≤ p0,

E
[∣∣XN+k

t∧τN+k
−XN

t∧τN
∣∣2] ≤ 2E

[(∣∣XN+k
t

∣∣2 +
∣∣XN

t

∣∣2) I{τN<T}]
≤ Cq

(
κE
[∣∣XN+k

t

∣∣q]+ κE
[∣∣XN

t

∣∣q]+
P [τN < T ]

κ2/(q−2)

)
.

Let N →∞ and then let κ→ 0, we get

E
[∣∣XN+M

t∧τN+M
−XN

t∧τN
∣∣2]→ 0 as N →∞. (2.15)

It means that (XN
t∧τN )N≥1 is a Cauchy sequence in L2 space. This implies

XN
t∧τN

L2

−→ Xt as N →∞.
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Since coefficients bN , cN and σN satisfy Condition B2’, it follows that they also satisfy

Condition B2. Thus, from Proposition 2.3.1, we have that for any p ∈ (0, p0], there

exists a constant Cp > 0 such that

sup
0≤t≤T

E
[
|XN

t |p
]
≤ Cp.

Thanks to Fatou’s lemma, there exists a constant Cp > 0 such that

sup
0≤t≤T

E [|Xt|p] ≤ Cp.

From the definition of bN (x), we have

E

[∣∣∣∣∫ t∧τN

0

[
bN
(
XN
s

)
− b(Xs)

]
ds

∣∣∣∣2
]

= 0.

Moreover, using the fact that |b(x)| ≤ C
(
1 + |x|`

)
for all x ∈ R and p0 ≥ 4l,

E

[∣∣∣∣∫ t

t∧τN
b(Xs)ds

∣∣∣∣2
]
≤ C

∫ t

0

E
[(

1 + |Xs|2`
)
I{τN≤s}

]
ds

≤ κC

∫ T

0

E
[
1 + |Xs|2`

]2
ds+

CP [τN < T ]

κ

≤ κC +
CP [τN < T ]

κ
.

Let N →∞ and κ→ 0, we have∫ t∧τN

0

bN
(
XN
s

)
ds

L2

−→
∫ t

0

b(Xs)ds as N →∞. (2.16)

In the same manner, we can see that∫ t∧τN

0

σN
(
XN
s

)
dWs

L2

−→
∫ t

0

σ(Xs)dWs as N →∞, (2.17)

and, by
∫
R0
z2ν(dz) <∞,∫ t∧τN

0

∫
R0

cN
(
XN
s−
)
zÑ(ds, dz)

L2

−→
∫ t

0

∫
R0

c (Xs−) zÑ(ds, dz) as N →∞. (2.18)

Finally, by combining (2.10), (2.15), (2.16), (2.17) and (2.18), we get

Xt = x0 +

∫ t

0

b(Xs)ds+

∫ t

0

σ(Xs)dWs +

∫ t

0

∫
R0

c (Xs−) zÑ(ds, dz)

almost surely for all t ∈ [0, T ]. This shows that (Xt)t∈[0,T ] is a solution of equation

(2.1).
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Pathwise uniqueness:

Suppose that equation (2.1) has a solution (Xt)0≤t≤T , and (X ′t)0≤t≤T is another so-

lution of equation (2.1). It follows from the proof of Proposition 2.3.1 that the sam-

ple paths of (Xt)0≤t≤T and (X ′t)0≤t≤T do not explode. We are going to show that

E [|Xt −X ′t|] = 0 for all t ∈ [0, T ], which implies the uniqueness of solution. For each

N > 0, let τN = T ∧ inf {t ≥ 0 : |Xt| ∨ |X ′t| ≥ N}.
Firstly, applying Itô’s formula for X2

t and Condition B2 with p0 = 2, we have

X2
t = x2

0 +

∫ t

0

(
2Xsb (Xs) + σ2 (Xs)

)
ds+

∫ t

0

2Xsσ (Xs) dWs

+

∫ t

0

∫
R0

(
(Xs + c (Xs) z)2 −X2

s − 2Xsc (Xs) z
)
ν(dz)ds

+

∫ t

0

∫
R0

(
(Xs− + c (Xs−) z)2 −X2

s−
)
Ñ(ds, dz)

= x2
0 +

∫ t

0

(
2Xsb (Xs) + σ2 (Xs)

)
ds+

∫ t

0

2Xsσ (Xs) dWs

+

∫ t

0

∫
R0

c2 (Xs) z
2ν (dz) ds+

∫ t

0

∫
R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz)

= x2
0 +

∫ t

0

(
2Xsb (Xs) + σ2 (Xs) + c2 (Xs)

∫
R0

z2ν(dz)

)
ds

+

∫ t

0

2Xsσ (Xs) dWs +

∫ t

0

∫
R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ(ds, dz)

≤ x2
0 + 2

∫ t

0

(
γ |Xs|2 + η

)
ds+

∫ t

0

2Xsσ (Xs) dWs

+

∫ t

0

∫
R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ(ds, dz),

which implies

X2
t∧τN ≤ x2

0 + 2

∫ t∧τN

0

(
γ |Xs|2 + η

)
ds+

∫ t∧τN

0

2Xsσ (Xs) dWs

+

∫ t∧τN

0

∫
R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ(ds, dz).

For any stopping time τ ≤ T , we get

X2
τ∧τN ≤ x2

0 + 2

∫ τ∧τN

0

(
γ |Xs|2 + η

)
ds+

∫ τ∧τN

0

2Xsσ (Xs) dWs

+

∫ τ∧τN

0

∫
R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ(ds, dz). (2.19)
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Taking expectation on both sides (2.19) and using Proposition 2.3.1 to obtain

E
[
X2
τ∧τN

]
≤ x2

0 + 2E
[∫ τ∧τN

0

(
γ |Xs|2 + η

)
ds

]
≤ x2

0 + 2

∫ T

0

(
γE
[
|Xs|2

]
+ η
)
ds

≤ C(x0, γ, η, T ).

For any p ∈ (0; 2), thanks to Proposition IV.4.7 in [79], we have

E
[

sup
0≤t≤T

|Xt∧τN |
p

]
≤ C(x0, γ, η, p, T ).

Let N →∞ and apply Fatou’s lemma, we get

E
[

sup
0≤t≤T

|Xt|p
]
≤ C(x0, γ, η, p, T ). (2.20)

Similarly, since (X ′t)0≤t≤T is another solution of equation (2.1), as in (2.20), for any

p ∈ (0; 2), we have

E
[

sup
0≤t≤T

∣∣X ′t∣∣p] ≤ C (x0, γ, η, p, T ) . (2.21)

Since Xt and X ′t are solutions of (2.1), we write

Xt −X ′t =

∫ t

0

[
b (Xs)− b

(
X ′s
)]
ds+

∫ t

0

[
σ (Xs)− σ

(
X ′s
)]
dWs

+

∫ t

0

∫
R0

(
c (Xs−)− c

(
X ′s−

))
zÑ (ds, dz) .

Applying Itô’s formula for φδε (Xt −X ′t) and using the mean value theorem, YW2 and

YW5, we get∣∣Xt∧τN −X ′t∧τN
∣∣ ≤ ε+ φδε

(
Xt∧τN −X ′t∧τN

)
= ε+

∫ t∧τN

0

φ′δε
(
Xs −X ′s

) (
b (Xs)− b

(
X ′s
))
ds

+

∫ t∧τN

0

1

2
φ′′δε
(
Xs −X ′s

) (
σ (Xs)− σ

(
X ′s
))2

ds

+

∫ t∧τN

0

φ′δε
(
Xs −X ′s

) (
σ (Xs)− σ

(
X ′s
))
dWs

+

∫ t∧τN

0

∫
R0

[
φδε
(
Xs −X ′s +

(
c (Xs)− c

(
X ′s
))
z
)

44



− φδε
(
Xs −X ′s

)
− φ′δε

(
Xs −X ′s

) (
c (Xs)− c

(
X ′s
)
z
) ]
ν(dz)ds

+

∫ t∧τN

0

∫
R0

[
φδε
(
Xs− −X ′s− +

(
c (Xs−)− c

(
X ′s−

))
z
)

− φδε
(
Xs− −X ′s−

) ]
Ñ (ds, dz)

≤ ε+

∫ t∧τN

0

∣∣b (Xs)− b
(
X ′s
)∣∣ ds

+

∫ t∧τN

0

1

|Xs −X ′s| log δ
I[ εδ ,ε]

(
|Xs −X ′s|

) (
σ (Xs)− σ

(
X ′s
))2

ds

+

∫ t∧τN

0

φ′δε
(
Xs −X ′s

) (
σ (Xs)− σ

(
X ′s
))
dWs

+

∫ t∧τN

0

∫
R0

2
∣∣c (Xs)− c

(
X ′s
)∣∣ |z|ν (dz) ds

+

∫ t∧τN

0

∫
R0

[
φδε
(
Xs− −X ′s− +

(
c (Xs−)− c

(
X ′s−

))
z
)

− φδε
(
Xs− −X ′s−

) ]
Ñ (ds, dz) .

Then, using Conditions B3, B4, B5, we get∣∣Xt∧τN −X ′t∧τN
∣∣ ≤ ε+

∫ t∧τN

0

LN
∣∣Xs −X ′s

∣∣ ds+

∫ t∧τN

0

ε2αL2
N

log δ
ds

+

∫ t∧τN

0

φ′δε
(
Xs −X ′s

) (
σ (Xs)− σ

(
X ′s
))
dWs

+

∫ t∧τN

0

∫
R0

2LN
∣∣Xs −X ′s

∣∣ |z|ν(dz)ds

+

∫ t∧τN

0

∫
R0

[
φδε
(
Xs− −X ′s− +

(
c (Xs−)− c

(
X ′s−

))
z
)

− φδε
(
Xs− −X ′s−

) ]
Ñ (ds, dz)

≤ ε+

∫ t∧τN

0

LN (1 + 2µ)
∣∣Xs −X ′s

∣∣ ds+

∫ t∧τN

0

ε2αL2
N

log δ
ds

+

∫ t∧τN

0

φ′δε
(
Xs −X ′s

) (
σ (Xs)− σ

(
X ′s
))
dWs

+

∫ t∧τN

0

∫
R0

[
φδε
(
Xs− −X ′s− +

(
c (Xs−)− c

(
X ′s−

))
z
)

− φδε
(
Xs− −X ′s−

) ]
Ñ (ds, dz) . (2.22)
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By taking expectation on both sides (2.22) and using Proposition 2.3.1, we obtain

E
[
|Xt∧τN −X ′t∧τN

]
≤ ε+ LN (1 + 2µ)

∫ t

0

E
[∣∣Xs∧τN −X ′s∧τN

∣∣] ds+
ε2αL2

NT

log δ
.

By choosing δ = 2 and letting ε→ 0, we get

E
[∣∣Xt∧τN −X ′t∧τN

∣∣] ≤ LN (1 + 2µ)

∫ t

0

E
[∣∣Xs∧τN −X ′s∧τN

∣∣] ds.
Thanks to Gronwall’s inequality, E

[∣∣Xt∧τN −X ′t∧τN
∣∣] = 0. It means Xt∧τN = X ′t∧τN al-

most surely. This leads to E [|Xt −X ′t|] = E
[
|Xt −X ′t| I[τN≤t]

]
. By applying Cauchy’s

inequality, (2.20) and (2.21) for any p ∈ (1; 2), we obtain

E
[∣∣Xt −X ′t

∣∣] ≤ 1

2N
E
[∣∣Xt −X ′t

∣∣2]+
N

2
P [τN ≤ T ]

≤ 1

2N
E
[∣∣Xt −X ′t

∣∣2]+
1

2Np−1

(
E
[

sup
0≤t≤T

|Xt|p
]

+ E
[

sup
0≤t≤T

∣∣X ′t∣∣p])
≤ 1

2N
E
[∣∣Xt −X ′t

∣∣2]+
C

2Np−1
.

Let N → ∞ we obtain E [|Xt −X ′t|] = 0. It means Xt = X ′t almost surely for any

t ∈ [0;T ]. Since X and X ′ are càdlàg, they are indistinguishable on [0, T ]. The proof

is complete.

2.4 Tamed-adaptive Euler-Maruyama scheme

In this section, we present a new Euler-Maruyama approximation scheme for equation

(2.1). This new scheme is constructed based on a combination of the tamed Euler-

Maruyama and the adaptive Euler-Maruyama schemes, and we refer to it as the tamed-

adaptive Euler-Maruyama scheme.

For each ∆ ∈ (0, 1), the tamed-adaptive Euler-Maruyama discretisation of equation

(2.1) is defined as follows
t0 = 0, X̂0 = x0, tk+1 = tk + h(X̂tk)∆,

X̂tk+1 = X̂tk + b(X̂tk) (tk+1 − tk) + σ∆(X̂tk)(Wtk+1 −Wtk)

+c∆

(
X̂tk

)(
Ztk+1 − Ztk

)
,

(2.23)

where

h(x) =
1

(1 + |b(x)|+ |σ(x)|+ |x|l)2 + |c(x)|p0
, (2.24)
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Here l, p0 are some positive constants and l ≥ 1, p0 ≥ 2. Moreover, c∆, σ∆ are some

approximations of c, σ, and their conditions will be specified later on.

As discussed in Chapter 1, the core idea behind the adaptive Euler-Maruyama

scheme is to control the step size h∆(x) rather than directly taming the equation’s

coefficients. Consequently, to ensure desired properties of the approximate solution

over infinite time intervals, the time points tk must diverge to infinity, albeit at a

potentially slow rate. The next result provides a sufficient condition for tk → ∞ as

k → ∞, which guarantees that the tamed-adaptive approximation scheme (2.23) is

well-defined.

Proposition 2.4.1. Suppose that there exist positive constants L and β such that the

coefficients b, c, σ, c∆, σ∆ satisfy the following conditions

T1. |b(x)| ∨ |σ(x)| ≤ L
(
1 + |x|β

)
;

T2. x(b(x)− b(0)) ≤ L|x|2;

T3. |σ∆(x)| ≤ L|σ(x)| and |c∆(x)| ≤ |c(x)|;

T4. |σ∆(x)| ≤ L√
∆

; |c∆(x)| ≤ L√
∆

and |b(x)c∆(x)| ≤ L√
∆

;

for any x ∈ R. Assume further that the Lévy measure satisfies
∫
R0
z2ν(dz) <∞. Then

lim
k→+∞

tk = +∞ a.s.

Proof of Proposition 2.4.1. Throughout the thesis, the following classical moment es-

timates for the increment of Brownian motion W and Lévy process Z will be useful

E
[∣∣Wt −WtH

∣∣r ∣∣FtH] ≤ Cr
(
t− tH

)r/2
; E

[∣∣Zt − ZtH ∣∣r ∣∣FtH] ≤ Cr
(
t− tH

)
,

(2.25)

for any t > 0, r ≥ 1 and some positive constant Cr.

The proof strategy is based on the projection method outlined in [17]. This method

involves truncating the solution processes and subsequently demonstrating the bound-

edness of the moment of the solution, which implies that the solutions are almost

surely bounded. Consequently, the two classes of approximate solutions coincide almost

surely, and therefore share common properties. Moreover, to address the superlinear

growth of σ, we employ the Yamada-Watanabe function φδε instead of the Lp-norm,

as utilized in [17].
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For each H > |x0|, a projected approximation scheme is defined as follows
tH0 = 0, tHk+1 = tHk + h(X̂H

tHk
)∆,

X̂H
tHk+1

= PH

(
X̂H
tHk

+ b
(
X̂H
tHk

)
h
(
X̂H
tHk

)
∆ + σ∆

(
X̂H
tHk

)
(WtHk+1

−WtHk
)

+c∆

(
X̂H
tHk

)
(ZtHk+1

− ZtHk )
)
,

where PH(Y ) := min

(
1,
H

|Y |

)
Y . Observe that

∣∣∣X̂H
tHk

∣∣∣ ≤ H for all k. Thus h(X̂H
tHk

)∆ ≥

C(H,L, l,m)∆, which implies that tHk ↑ ∞ as k →∞. We note that for each k, tHk is

a stopping time and tHk+1 is FtHk -measurable. Set tH = max{tHk : tHk ≤ t}. Then tH is

also a stopping time.

The continuous approximation is given by

X̂H
t = PH

(
X̂H
tH + b

(
X̂H
tH

)(
t− tH

)
+ σ∆

(
XH
tH

)(
Wt −WtH

)
+c∆

(
X̂H
tH

)(
Zt − ZtH

))
.

First, the fact that PH(Y ) = min(1, H/|Y |)Y implies φδε (PH(Y )) ≤ φδε(Y ). There-

fore,

φδε

(
X̂H
t

)
= φδε

[
PH

(
X̂H
tH + b

(
X̂H
tH

)
(t− tH) + σ∆

(
X̂H
tH

)(
Wt −WtH

)
+ c∆

(
X̂H
tH

)(
Zt − ZtH

))]
≤ φδε

[
X̂H
tH + b

(
X̂H
tH

)
(t− tH) + σ∆

(
X̂H
tH

)(
Wt −WtH

)
+c∆

(
X̂H
tH

)(
Zt − ZtH

)]
.

Next, using Taylor’s expansion, there exists an (Ft)-adapted process (ξt) such that

φδε

(
X̂H
t

)
≤ φδε

(
X̂H
tH

)
+ φ′δε

(
X̂H
tH

)[
b
(
X̂H
tH

)
(t− tH) + σ∆

(
X̂H
tH

)(
Wt −WtH

)
+c∆

(
X̂H
tH

)(
Zt − ZtH

)]
+

1

2
φ′′δε(ξt)

[
b
(
X̂H
tH

)
(t− tH)

+σ∆

(
X̂H
tH

)(
Wt −WtH

)
+ c∆

(
X̂H
tH

)(
Zt − ZtH

)]2

.

Recall that |φ′′δε(x)| ≤ 2δ
ε log δ . Thus,

φδε

(
X̂H
t

)
≤ φδε

(
X̂H
tH

)
+ φ′δε

(
X̂H
tH

)[
b
(
X̂H
tH

)
− b(0)

]
(t− tH)

+ φ′δε

(
X̂H
tH

)
b (0) (t− tH) + φ′δε

(
X̂H
tH

)
σ∆

(
X̂H
tH

)(
Wt −WtH

)
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+ φ′δε

(
X̂H
tH

)
c∆

(
X̂H
tH

)(
Zt − ZtH

)
+

3δ

ε log δ

[
b2
(
X̂H
tH

)
(t− tH)2

+σ2
∆

(
X̂H
tH

)(
Wt −WtH

)2
+ c2∆

(
X̂H
tH

)(
Zt − ZtH

)2
]
.

Using (2.24), we get

b2(X̂H
tH )(t− tH) ≤ b2

(
X̂H
tH

)
h
(
X̂H
tH

)
∆ ≤ ∆.

Using YW3, T2 and the fact that |x|φ′δε (|x|) ≤ φδε (x) + ε, we get

φ′δε

(
X̂H
tH

)[
b
(
X̂H
tH

)
− b(0)

]
(t− tH)

=
φ′δε

(
|X̂H

tH
|
)

|X̂H
tH
|

X̂H
tH

[
b
(
X̂H
tH

)
− b(0)

]
(t− tH)

≤ L
∣∣∣X̂H

tH

∣∣∣φ′δε (|X̂H
tH |
)

(t− tH)

≤ L
(
φδε

(
X̂H
tH

)
+ ε
)

(t− tH).

Now, using T4 and the fact that dW 2
t = 2WtdWt + dt, we have

σ2
∆

(
X̂H
tH

)(
Wt −WtH

)2 ≤ L2

∆

(
2

∫ t

tH

(
Ws −WsH

)
dWs + (t− tH)

)
.

Moreover, the Itô’s formula yields(
Zt − ZtH

)2
= (t− tH)

∫
R0

z2ν(dz) +

∫ t

tH

∫
R0

[
z2 + 2z

(
Zs− − ZtH

)]
Ñ(ds, dz).

This, together with T4, gives

c2∆

(
X̂H
tH

)(
Zt − ZtH

)2 ≤
L2
(
t− tH

)
∆

∫
R0

z2ν(dz)

+
L2

∆

∫ t

tH

∫
R0

[
z2 + 2z

(
Zs− − ZsH

)]
Ñ(ds, dz).

Consequently, we have shown that

φδε

(
X̂H
t

)
≤
[
1 + L

(
t− tH

)]
φδε

(
X̂H
tH

)
+

(
Lε+ |b(0)|+ 3δ∆

ε log δ
+

3δL2

∆ε log δ
+

3δL2

∆ε log δ

∫
R0

z2ν(dz)

)(
t− tH

)
+

∫ t

tH

[
φ′δe

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs
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+

∫ t

tH

∫
R0

[
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z +

3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ(ds, dz).

(2.26)

Note that e−Lt(1 + L(t − tH)) ≤ e−Lt
H

. Then, multiplying by e−Lt in both sides of

(2.26), we have

e−Ltφδε

(
X̂H
t

)
≤ e−Lt

H

φδε

(
X̂H
tH

)
+ C(b(0), L,∆, ε, δ)

∫ t

tH
e−Lsds

+ e−Lt
∫ t

tH

[
φ′δe

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs

+ e−Lt
∫ t

tH

∫
R0

[
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z

+
3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ(ds, dz). (2.27)

Now, from (2.27), we get

e−Lt
H
k+1φδε

(
X̂H
tHk+1

)
≤ e−Lt

H
k φδε

(
X̂H
tHk

)
+ C(b(0), L,∆, ε, δ)

∫ tHk+1

tHk

e−Lsds

+ e−Lt
H
k+1

∫ tHk+1

tHk

[
φ′δe

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs

+ e−Lt
H
k+1

∫ tHk+1

tHk

∫
R0

[
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z

+
3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ(ds, dz). (2.28)

Summing (2.28) over multiple timesteps and adding (2.27), we obtain

e−Ltφδε

(
X̂H
t

)
≤ φδε (x0) + C(b(0), L,∆, ε, δ)

∫ t

0

e−Lsds

+

∫ t

0

e
−L
(
sH+h

(
X̂H
sH

)) [
φ′δe

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs

+

∫ t

0

∫
R0

e
−L
(
sH+h

(
X̂H
sH

)) [
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z

+
3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ(ds, dz)
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+

(
e−Lt − e−L

(
tH+h

(
X̂H
tH

)))∫ t

tH

[
φ′δε

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs

+

(
e−Lt − e−L

(
tH+h

(
X̂H
tH

)))∫ t

tH

∫
R0

[
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z

+
3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZHs

))]
Ñ (ds, dz)

≤ φδε (x0) + C(b(0), L,∆, ε, δ)

∫ t

0

e−Lsds

+

∫ t

0

e
−L
(
sH+h

(
X̂H
sH

)) [
φ′δe

(
X̂H
sH

)
σ∆

(
X̂H
sH

)
+

6δL2

∆ε log δ

(
Ws −WsH

)]
dWs

+

∫ t

0

∫
R0

e
−L
(
sH+h

(
X̂H
sH

)) [
φ′δε

(
X̂H
sH

)
c∆

(
X̂H
sH

)
z

+
3δL2

∆ε log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ(ds, dz)

+ L∆

(
2L√

∆
sup

0≤s≤t
|Ws|+

12δL2

∆ε log δ
sup

0≤s≤t
|Ws|2

)
+ L∆

(
2L√

∆
sup

0≤s≤t
|Zs|+

12δL2

∆ε log δ
sup

0≤s≤t
|Zs|2

)
.

Now, using Lemma 1.2.25, we have

E
[

sup
0≤s≤t

|Zs|
]
≤ C
√
t

(∫
R0

z2ν(dz)

) 1
2

; E
[

sup
0≤s≤t

Z2
s

]
≤ Ct

∫
R0

z2ν(dz).

Hence, for any the stopping time τ ≤ t, it follows from the modulus of continuity of W

and the Condition B6 that there exists a positive constant C = C(x0, ε, δ,∆, L, b(0), t),

which does not depend on H such that

E
[
e−Lτ

∣∣∣X̂H
τ

∣∣∣] ≤ C(x0, ε, δ,∆, L, b(0), t).

From this point forward, by repeating the argument in the proof of Proposition 2.1 in

[45] we obtain the desired result.

Under the assumptions of Proposition 2.4.1, the nearest time point before t is defined

by t := max {tn : tn ≤ t}, and the number of time steps approximation up to time t

is defined by Nt := max {n : tn ≤ t}. Observe that t is a stopping time. Then, the

standard continuous interpolant is defined by

X̂t = X̂t + b
(
X̂t

)
(t− t) + σ∆

(
X̂t

)(
Wt −Wt

)
+ c∆

(
X̂t−

)(
Zt − Zt

)
. (2.29)
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Hence, X̂ = (X̂t)t≥0 is the solution of the following SDE

dX̂t = b(X̂t)dt+ σ∆

(
X̂t

)
dWt + c∆

(
X̂t−

)
dZt, X̂0 = x0. (2.30)

2.5 Moments of the approximate solution

In Section 2.3, we established the boundedness of the moments of the exact solution

in Lp (for p ∈ (0, p0]), over both finite and infinite time horizons. In this section, we

will also establish similar properties for the moments of the approximate solution.

Firstly, we require a crucial estimate for the moment of X̂t.

Lemma 2.5.1. Assume that Conditions T1-T4 and B6 hold. Then for any p ∈ [1; 2p0]

and T > 0, there exists a positive constant C(p, L, T, x0,∆) such that

E
[

sup
0≤t≤T

|X̂t|p
]
≤ C(p, L, T, x0,∆).

Proof. Using the property YW3 and applying Itô’s formula for e−Ltφδε(X̂t), we get

e−Lt|X̂t|

≤ e−Ltε+ e−Ltφδε(X̂t)

≤ ε+ φδε(x0) +

∫ t

0

e−Ls
[
−Lφδε(X̂s) + φ′δε(X̂s)b(X̂s) +

1

2
φ′′δε(X̂s)σ

2
∆(X̂s)

]
ds

+

∫ t

0

e−Lsφ′δε(X̂s)σ∆(X̂s)dWs

+

∫ t

0

∫
R0

e−Ls
[
φδε

(
X̂s + c∆(X̂s)z

)
− φδε

(
X̂s

)
− φ′δε

(
X̂s

)
c∆

(
X̂s

)
z
]
ν(dz)ds

+

∫ t

0

∫
R0

e−Ls
[
φδε

(
X̂s− + c∆

(
X̂s

)
z
)
− φδε

(
X̂s−

)]
Ñ(ds, dz).

Now, applying Taylor’s expansion for φ′δε and using T2, YW2, YW5 and equation

(2.29), there exists an (Fs)-adapted process ξ = (ξs) such that

φ′δε(X̂s)b(X̂s) =
(
φ′δε

(
X̂s

)
+ φ′′δε(ξs)

(
X̂s − X̂s

))
b
(
X̂s

)
= φ′δε

(
X̂s

)
b
(
X̂s

)
+ φ′′δε(ξs)

[
b
(
X̂s

)
(s− s) + σ∆

(
X̂s

)
(Ws −Ws)

+c∆

(
X̂s

)
(Zs − Zs)

]
b
(
X̂s

)
= φ′δε

(
X̂s

)(
b
(
X̂s

)
− b(0)

)
+ φ′δε

(
X̂s

)
b(0)
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+ φ′′δε(ξs)
[
b2
(
X̂s

)
(s− s) + b

(
X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

+b
(
X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

]
=
φ′δε

(∣∣∣X̂s

∣∣∣)∣∣∣X̂s

∣∣∣ X̂s

(
b
(
X̂s

)
− b(0)

)
+ φ′δε

(
X̂s

)
b(0)

+ φ′′δε(ξs)
[
b2
(
X̂s

)
(s− s) + b

(
X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

+b
(
X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

]
≤ L

∣∣∣X̂s

∣∣∣+ |b(0)|+ Cδ∆

ε log δ
+

2δ

ε log δ

∣∣∣b(X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

∣∣∣
+

2δ

ε log δ

∣∣∣b(X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

∣∣∣ .
Again, applying Taylor’s expansion for φδε and using YW5, T4, there exists an (Fs)-
adapted process θ = (θs) such that

φδε

(
X̂s + c∆

(
X̂s

)
z
)
− φδε

(
X̂s

)
− φ′δε

(
X̂s

)
c∆

(
X̂s

)
z

=
1

2
φ′′δε (θs) c

2
∆

(
X̂s

)
z2

≤ δ

ε log δ

L2

∆
z2.

Hence, we have shown that

e−Lt|X̂t| ≤ ε+ φδε(x0) +

∫ t

0

e−Ls
[
−Lφδε(X̂s) + L

∣∣∣X̂s

∣∣∣+ |b(0)|

+
Cδ∆

ε log δ
+

2δ

ε log δ

∣∣∣b(X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

∣∣∣
+

2δ

ε log δ

∣∣∣b(X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

∣∣∣+
Lδ

∆ε log δ

]
ds

+

∫ t

0

e−Lsφ′δε(X̂s)σ∆(X̂s)dWs +
L2δ

∆ε log δ

∫ t

0

e−Lsds

∫
R0

z2ν(dz)

+

∫ t

0

∫
R0

e−Ls
[
φδε

(
X̂s− + c∆

(
X̂s

)
z
)
− φδε

(
X̂s−

)]
Ñ(ds, dz).

Next, using YW3 and (2.29), we have

−φδε(X̂s) +
∣∣∣X̂s

∣∣∣ ≤ −|X̂s|+ ε+
∣∣∣X̂s

∣∣∣
≤ ε+ |b(X̂s)(s− s)|+ |σ∆(X̂s)(Ws −Ws)|+ |c∆(X̂s)(Zs − Zs)|.
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Thus,

e−Lt|X̂t|

≤ (1 + Lt)ε+ φδε(x0)

+

∫ t

0

Le−Ls
[
|b(X̂s)(s− s)|+ |σ∆(X̂s)(Ws −Ws)|+ |c∆(X̂s)(Zs − Zs)|

]
ds

+

∫ t

0

e−Ls
[
|b(0)|+ Cδ∆

ε log δ
+

2δ

ε log δ

∣∣∣b(X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

∣∣∣
+

2δ

ε log δ

∣∣∣b(X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

∣∣∣+
Cδ

∆ε log δ

]
ds

+

∫ t

0

e−Lsφ′δε(X̂s)σ∆(X̂s)dWs +
CL2δ

∆ε log δ

∫ t

0

e−Lsds

+

∫ t

0

∫
R0

e−Ls
[
φδε

(
X̂s− + c∆

(
X̂s

)
z
)
− φδε

(
X̂s−

)]
Ñ(ds, dz). (2.31)

Using (2.25), for any p ∈ [1; 2p0], there exists a constant C(p) > 0 such that

E
[∣∣∣b(X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

∣∣∣p] = E
[∣∣∣b(X̂s

)
σ∆

(
X̂s

)∣∣∣pE [|Ws −Ws|p
∣∣∣Fs]]

≤ C(p)E
[∣∣∣b(X̂s

)
σ∆

(
X̂s

)∣∣∣p (s− s)p/2
]

≤ C(p)E
[∣∣∣b(X̂s

)
σ∆

(
X̂s

)∣∣∣p ∣∣∣h(X̂s)
∣∣∣p/2 ∆p/2

]
.

Next, using the Burkholder-Davis-Gundy’s inequality with jumps and B6, for any

p ∈ [1; 2p0], there exists a constant C(p) > 0 such that

E
[∣∣∣b(X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

∣∣∣p]
= E

[∣∣∣b(X̂s

)
c∆

(
X̂s

)∣∣∣pE [|Zs − Zs|p∣∣∣Fs]]
≤ C(p)E

[∣∣∣b(X̂s

)
c∆

(
X̂s

)∣∣∣p(∫ s

s

∫
R0

|z|2∨pν(dz)ds

)1∧p/2
]

= C(p)

(∫
R0

|z|2∨pν(dz)

)1∧p/2

E
[∣∣∣b(X̂s

)
c∆

(
X̂s

)∣∣∣p (s− s)1∧p/2
]

≤ C(p)E
[∣∣∣b(X̂s

)
c∆

(
X̂s

)∣∣∣p ∣∣∣h(X̂s)
∣∣∣1∧p/2 ∆1∧p/2

]
.

Thanks to (2.24) and Conditions T3, T4, we have

max
{
E
[∣∣∣b(X̂s

)
σ∆

(
X̂s

)
(Ws −Ws)

∣∣∣p] ;E
[∣∣∣b(X̂s

)
c∆

(
X̂s

)
(Zs − Zs)

∣∣∣p]}
≤ C(p, L,∆).
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Therefore, by choosing ε = 1, δ = 2 in (2.31), it follows from T1–T4, Hölder’s in-

equality and Burkholder-Davis-Gundy’s inequality that for any T > 0, there exists a

positive constant C(p, L, T, x0,∆) <∞ such that

E
[

sup
0≤t≤T

|X̂t|p
]
≤ C(p, L, T, x0,∆).

This finishes the proof.

Next, utilizing Lemma 2.5.1, we establish the following bound on the moments of the

tamed-adaptive Euler-Maruyama approximation. Our proof technique remains consis-

tent, relying on mathematical induction, the binomial theorem, and Hölder inequality,

mirroring the approach taken in Proposition 2.3.1.

Theorem 2.5.2. Assume that Conditions T1–T4 and B6 hold, and for some p0 ∈
[2,+∞), there exist constants γ ∈ R, η ∈ [0,+∞) such that for all x ∈ R,

xb(x) +
p0 − 1

2
σ2

∆(x) +
c2∆(x)

2L0

∫
R0

|z|
(
(1 + L0|z|)p0−1 − 1

)
ν(dz) ≤ γx2 + η. (2.32)

Then, for any positive integer k ≤ p0/2, there exists a positive constant C = C(x0, k, η, γ,

L, L0, p0) which does not depend neither on t nor on ∆ such that

E
[
|X̂t|2k

]
∨ E

[
|X̂t|2k

]
≤


Ce2kγt if γ > 0,

C(1 + t)k if γ = 0,

C if γ < 0.

(2.33)

Remark 2.5.3. Since (1 +L0|z|)x is an increasing function for x ≥ 1, we deduce from

condition (2.32) that for any p ∈ [2, p0] and x ∈ R,

xb(x) +
p− 1

2
σ2

∆(x) +
c2∆(x)

2L0

∫
R0

|z|
(
(1 + L0|z|)p−1 − 1

)
ν(dz) ≤ γx2 + η.

Proof of Theorem 2.5.2. Using Hölder’s inequality, it is sufficient to show (2.33) for a

positive integer k and k ≤ p0/2. We will use the induction method.

Firstly, for k = 1, applying Itô’s formula to e−2γtX̂2
t , we get

e−2γtX̂2
t = x2

0 + 2

∫ t

0

e−2γs

(
−γX̂2

s + X̂sb(X̂s) +
1

2
σ2

∆(X̂s) +
1

2
c2∆(X̂s)

∫
R0

z2ν (dz)

)
ds

+ 2

∫ t

0

e−2γsX̂sσ∆(X̂s)dWs

+

∫ t

0

∫
R0

e−2γs
[
2X̂s−c∆

(
X̂s−

)
z + c2∆

(
X̂s−

)
z2
]
Ñ(ds, dz). (2.34)
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It follows from (2.29) that

X̂2
s = X̂2

s + 2X̂s

(
b
(
X̂s

)
(s− s) + σ∆

(
X̂s

)(
Ws −Ws

)
+ c∆

(
X̂s

)(
Zs − Zs

))
+
(
b
(
X̂s

)
(s− s) + σ∆

(
X̂s

)(
Ws −Ws

)
+ c∆

(
X̂s

)(
Zs − Zs

))2

.

Using T3, T4, B6, (2.25), and (2.24),

max
{
|X̂sb(X̂s)(s− s)|; b2(X̂s)(s− s)2

}
≤ C∆.

max
{
E
[
σ2

∆(X̂s)(Ws −Ws)
2
∣∣Fs] ; E

[
c2∆

(
X̂s

)(
Zs − Zs

)2 ∣∣Fs]} ≤ C∆. (2.35)

Therefore,

E
[
−γX̂2

s

]
≤ E

[
−γX̂2

s

]
+ C|γ|∆. (2.36)

A similar argument yields to

E
[
X̂sb(X̂s)

]
≤ E

[
X̂sb(X̂s)

]
+ C∆. (2.37)

Thanks to Lemma 2.5.1, the expectation of the stochastic integrals in (2.34) is equal

to zero. It then follows from (2.32), (2.34), (2.36), (2.37) that

E
[
e−2γtX̂2

t

]
≤ x2

0 + 2

∫ t

0

e−2γs
(
E
[
−γX̂2

s + X̂sb(X̂s) +
1

2
σ2

∆(X̂s)

+
1

2
c2∆(X̂s)

∫
R0

z2ν (dz)

]
+ C∆

)
ds

≤ x2
0 + C(η + 1)

∫ t

0

e−2γsds. (2.38)

Using the fact that

X̂t = X̂t − b
(
X̂t

)
(t− t)− σ∆

(
X̂t

)(
Wt −Wt

)
− c∆

(
X̂t−

)(
Zt − Zt

)
together with (2.35), we get the following estimate for any p > 1

E
[∣∣∣X̂t

∣∣∣p] ≤ 4p−1
(
E
[∣∣∣X̂t

∣∣∣p]+ E
[∣∣∣b(X̂t)(t− t)

∣∣∣p]+ E
[∣∣∣σ∆(X̂t)(Wt −Wt)

∣∣∣p]
+E
[∣∣∣c∆(X̂t)(Zt − Zt)

∣∣∣p])
≤ 4p−1

(
E
[∣∣∣X̂t

∣∣∣p]+ C∆p + C∆p/2 + C∆1∧p/2
)
. (2.39)

It follows from (2.38) and (2.39) that (2.33) holds for k = 1.

Secondly, assume that (2.33) holds for any k ≤ k0 ≤ [p0/2] − 1, we will show that

(2.33) still holds for k = k0 + 1. Here we use the notation [p0/2] for the integer part of
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p0/2.

By applying Itô’s formula for e−pγtX̂p
t with p = 2(k0 + 1) being an even integer, we

have

e−pγt
∣∣∣X̂t

∣∣∣p = xp0 +

∫ t

0

e−pγs
[
−pγX̂p

s + pX̂p−1
s b(X̂s) +

p(p− 1)

2
X̂p−2
s σ2

∆(X̂s)

+

∫
R0

((
X̂s + c∆(X̂s)z

)p
− X̂p

s − pX̂p−1
s c∆(X̂s)z

)
ν (dz)

]
ds

+ p

∫ t

0

e−pγsX̂p−2
s X̂sσ∆(X̂s)dWs

+

∫ t

0

∫
R0

e−pγs
((

X̂s− + c∆(X̂s−)z
)p
− X̂p

s−

)
Ñ(ds, dz). (2.40)

It follows from (2.29) and the binomial theorem that for any positive integer q,

X̂q
s =

∑
0≤i,j,r,v≤q
i+j+r+v=q

q!

i!j!r!v!

(
X̂s

)i (
b(X̂s)(s− s)

)j (
σ∆(X̂s)(Ws −Ws)

)r
×
(
c∆(X̂s)(Zs − Zs)

)v
. (2.41)

Using (2.25), the independence between W and Z, Burkholder-Davis-Gundy’s inequal-

ity and B6, we have

E
[
−γX̂p

s

∣∣Fs]
≤ −γX̂p

s − pγX̂sb(X̂s)(s− s)X̂p−2
s

+
∑

0≤i≤p−2
i+j+2r=p

Cp|γ|p!
i!j!r!

∣∣∣X̂s

∣∣∣i ∣∣∣b(X̂s)(s− s)
∣∣∣j ∣∣∣σ2

∆(X̂s)(s− s)
∣∣∣r

+
∑

0≤i≤p−2,v≥2
i+j+2r+v=p

Cp|γ|p!
i!j!r!v!

∣∣∣X̂s

∣∣∣i ∣∣∣b(X̂s)(s− s)
∣∣∣j ∣∣∣σ2

∆(X̂s)(s− s)
∣∣∣r ∣∣∣cv∆(X̂s)(s− s)

∣∣∣ .
Again, using T3, T4 and (2.24), we get

E
[
−γX̂p

s

∣∣Fs] ≤ −γX̂p
s + Cp|γ|

p−2∑
i=0

|X̂s|i. (2.42)

Choosing q = p− 1 and q = p− 2 in (2.41) and using the same argument, we get

E
[
X̂p−1
s b(X̂s)

∣∣Fs] ≤ X̂p−1
s b(X̂s) + Cp

p−2∑
i=0

|X̂s|i (2.43)
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and

E
[
X̂p−2
s σ2

∆(X̂s)
∣∣Fs] ≤ X̂p−2

s σ2
∆(X̂s) + Cp

p−2∑
i=0

|X̂s|i. (2.44)

Now, using the binomial theorem, we have(
X̂s + c∆

(
X̂s

)
z
)p
− X̂p

s − pX̂p−1
s c∆

(
X̂s

)
z =

p∑
i=2

(
p

i

)
X̂p−i
s ci∆

(
X̂s

)
zi. (2.45)

Then, applying (2.41) to q = p− j with j ∈ {2, . . . , p}, we obtain that, for 4 ≤ i ≤ p,

E
[
X̂p−i
s ci∆

(
X̂s

) ∣∣Fs] ≤ X̂p−i
s ci∆

(
X̂s

)
+ (p− i)X̂sb

(
X̂s

)
ci∆

(
X̂s

)
(s− s)X̂p−i−2

s

+ E
[
Qp−2

(
X̂s

)
|Fs
]
ci∆

(
X̂s

)
≤ X̂p−i

s ci∆

(
X̂s

)
+ CpQp−2

(
X̂s

)
. (2.46)

Using (2.45), (2.46), and T3, B1, proceeding as in (2.6) and (2.7), we obtain that

E
[(
X̂s + c∆

(
X̂s

)
z
)p
− X̂p

s − pX̂p−1
s c∆

(
X̂s

)
z
∣∣∣Fs]

≤
p∑
i=2

(
p

i

)
X̂p−i
s ci∆

(
X̂s

)
zi + CQp−2

(∣∣∣X̂s

∣∣∣ , z)
≤ c2∆

(
X̂s

)
|X̂s|p−2 p

2L0
|z|
(
(1 + L0|z|)p−1 − 1

)
+ c2∆

(
X̂s

) p∑
i=3

(
p

i

)
Li−2

0

(
i− 2

2
|X̂s|p−4 +

i−2∑
j=2

(
i− 2

j

)
|X̂s|p−2−j

)
|z|i

+ CQp−2

(∣∣∣X̂s

∣∣∣ , z) . (2.47)

Consequently, from (2.32), (2.42),(2.43), (2.44), (2.47), B6 and Remark 2.5.3, and

c2∆(x) ≤ c2(x) ≤ 2L2
0(1 + x2) for any x ∈ R, we obtain that

E
[
−pγX̂p

s + pX̂p−1
s b(X̂s) +

p(p− 1)

2
X̂p−2
s σ2

∆(X̂s)

+

∫
R0

((
X̂s + c∆(X̂s)z

)p
− X̂p

s − pX̂p−1
s c∆(X̂s)z

)
ν (dz)

∣∣∣Fs]
≤ p|X̂s|p−2

(
− γX̂2

s + X̂sb
(
X̂s

)
+
p− 1

2
σ2

∆

(
X̂s

)
+
c2∆(X̂s)

2L0

∫
R0

|z|
(
(1 + L0|z|)p−1 − 1

)
ν(dz)

)
+Qp−2

(∣∣∣X̂s

∣∣∣)
≤ pη|X̂s|p−2 +Qp−2

(∣∣∣X̂s

∣∣∣) .
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Therefore,

E
[
−pγX̂p

s + pX̂p−1
s b(X̂s) +

p(p− 1)

2
X̂p−2
s σ2

∆(X̂s)

+

∫
R0

((
X̂s + c∆(X̂s)z

)p
− X̂p

s − pX̂p−1
s c∆(X̂s)z

)
ν (dz)

]
≤ C(p, η, L0)

p−2∑
i=0

E
[∣∣∣X̂s

∣∣∣i] . (2.48)

Thanks to Lemma 2.5.1, the expectation of the stochastic integrals in (2.40) is equal

to zero. Then, from the estimates (2.39), (2.40), (2.48) and the inductive assumption,

we obtain that (2.33) holds for k = k0 + 1, which implies the desired result.

Remark 2.5.4. If γ < 0, then the approximated solution is stable in the sense that

for any 0 ≤ p ≤ 2[p0/2] there exists a positive constant C, which does not depend on

∆, such that

sup
t≥0

E
[
|X̂t|p

]
∨ E

[
|X̂t|p

]
< C.

Remark 2.5.5. Suppose that all conditions of Theorem 2.5.2 hold, then the bound on

the expectation of the number of time steps NT required by a path approximation on

[0, T ] for any T > 0 is given by

E [NT − 1] ≤ C

∆
, (2.49)

where C is a positive constant that does not depend on ∆.

By following the argument used in the proof of Lemma 2 in [17], we can obtain the

estimate (2.49) as a consequence of Lemma 2.5.1 and Theorem 2.5.2.

Remark 2.5.6. It can be checked that under Conditions B7–B9 and
∫
R0
z2ν(dz) <∞,

the following functions

c∆(x) =
c(x)

1 + ∆1/2|c(x)|(1 + |b(x)|)
, σ∆(x) =

σ(x)

1 + ∆1/2|σ(x)|
(2.50)

satisfy all conditions of Proposition 2.4.1.

2.6 Convergence of the tamed-adaptive Euler-Maruyama scheme

In this section, we will assess the strong convergence rate of the tamed-adaptive Euler-

Maruyama scheme, across both finite and infinite time intervals. To achieve this, we

first require the following uniformly-in-time bound for the difference between the two

approximate solutions X̂ and X̂t.
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Lemma 2.6.1. Suppose that coefficients b, c, σ, σ∆, c∆ and the Lévy measure ν satisfy

all conditions of Theorem 2.5.2 and p ∈ (0; p0], then there exists a positive constant

Cp = C(p, L) such that

sup
t≥0

E
[
|X̂t − X̂t|p

]
≤ Cp∆

1∧p/2,

Proof. From (2.29), for any p ≥ 1,

|X̂t − X̂t|p

=
∣∣∣b(X̂t)(t− t) + σ∆(X̂t)(Wt −Wt) + c∆(X̂t)(Zt − Zt)

∣∣∣p
≤ 3p−1

[∣∣∣b(X̂t)(t− t)
∣∣∣p +

∣∣∣σ∆(X̂t)(Wt −Wt)
∣∣∣p +

∣∣∣c∆(X̂t)(Zt − Zt)
∣∣∣p]

≤ 3p−1
[∣∣∣b(X̂t)

∣∣∣p ∣∣∣h(X̂t)
∣∣∣p ∆p +

∣∣∣σ∆(X̂t)
∣∣∣p ∣∣Wt −Wt

∣∣p +
∣∣∣c∆(X̂t)

∣∣∣p ∣∣Zt − Zt∣∣p] .
By applying T3 and (2.24), we have∣∣∣b(X̂t)h(X̂t)

∣∣∣ ≤ C; σ2
∆(X̂t)h(X̂t) ≤ C and

∣∣∣cp∆(X̂t)h(X̂t)
1∧p/2

∣∣∣ ≤ C,

for some positive constant C. Consequently, using Burkholder-Davis-Gundy’s inequal-

ity, B6 and (2.25), we obtain the desired result. For 0 < p < 1, it suffices to use

Hölder’s inequality.

Finally, we assess the convergence rate of the tamed-adaptive Euler-Maruyama

scheme in the following main theorem.

Theorem 2.6.2. Assume that Conditions B2, B6–B10 hold and p0 ≥ max{4l; 2 +

4α+ 4m}. Assume that the functions c, b, σ, c∆, σ∆ and the Lévy measure ν satisfy all

conditions of Theorem 2.5.2, and

|c(x)− c∆(x)| ≤ L5∆1/2c2(x)(1 + |b(x)|), |σ(x)− σ∆(x)| ≤ L5∆1/2σ2(x), (2.51)

for all x ∈ R and some constant L5 > 0.

Then, for any T > 0, there exists a positive constant CT = C(x0, L, L0, L1, L2,

L3, L4, L5, γ, η, T ) such that

sup
0≤t≤T

E
[
|X̂t −Xt|

]
≤


CT∆α if 0 < α ≤ 1

2
,

CT

log 1
∆

if α = 0.
(2.52)
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Moreover, let µ :=
∫
R0
|z|ν(dz) and assume that L1+2L4µ < 0, γ < 0, then there exists

a positive constant C = C(x0, L, L0, L1, L2, L3, L4, L5, γ, η) which does not depend on

T such that

sup
t≥0

E
[
|X̂t −Xt|

]
≤


C∆α if 0 < α ≤ 1

2
,

C

log 1
∆

if α = 0.
(2.53)

Remark 2.6.3. Note that if c satisfies Condition B10 then it also satisfies Condi-

tion B1 with L0 = max{L4, |c(0)|}. Moreover, conditions B8, B9, B10 imply condi-

tions B3, B4, B5. Therefore, under Conditions B2, B8–B10 and
∫
R0
|z|ν(dz) <∞,∫

R0
z2ν(dz) <∞, equation (2.1) has a unique strong solution.

Remark 2.6.4. It is straightforward to verify that under Conditions B2, B6–B10,

the functions c∆ and σ∆ defined in (2.50) satisfy condition (2.51).

Proof of Theorem 2.6.2. Put Yt = Xt − X̂t. For any λ ∈ R, applying the property

YW3 and Itô’s formula for e−λtφδε(Yt), we get

e−λt|Yt| ≤ e−λtε+ e−λtφδε(Yt)

= e−λtε+

∫ t

0

e−λs
[
−λφδε(Ys) + φ′δε(Ys)

(
b(Xs)− b(X̂s)

)
+

1

2
φ′′δε(Ys)

∣∣∣σ(Xs)− σ∆(X̂s)
∣∣∣2] ds+

∫ t

0

e−λsφ′δε(Ys)
(
σ(Xs)− σ∆(X̂s)

)
dWs

+

∫ t

0

∫
R0

e−λs
[
φδε

(
Ys +

(
c(Xs)− c∆

(
X̂s

))
z
)
− φδε (Ys)

−φ′δε (Ys)
(
c (Xs)− c∆

(
X̂s

))
z
]
ν(dz)ds

+

∫ t

0

∫
R0

e−λs
[
φδε

(
Ys− +

(
c (Xs)− c∆

(
X̂s

))
z
)
− φδε (Ys−)

]
Ñ (ds, dz) .

(2.54)

Set

J1(s) = φ′δε(Ys)
(
b(Xs)− b(X̂s)

)
,

J2(s) =
1

2
φ′′δε(Ys)

∣∣∣σ(Xs)− σ∆(X̂s)
∣∣∣2 ,

J3(s) = φδε

(
Ys +

(
c(Xs)− c∆

(
X̂s

))
z
)
− φδε (Ys)

− φ′δε (Ys)
(
c (Xs)− c∆

(
X̂s

))
z.
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Firstly, using properties YW1, YW2, Conditions B7, B8 and Cauchy’s inequality,

we have

J1(s) ≤
φ′δε(|Ys|)
|Ys|

Ys

(
b(Xs)− b(X̂s)

)
+
∣∣∣φ′δε(Ys)(b(X̂s)− b(X̂s)

)∣∣∣
≤ L1φ

′
δε(|Ys|)|Ys|+ L2

(
1 + |X̂s|l + |X̂s|l

)
|X̂s − X̂s|

≤ L1|Ys|+
3

2
L2∆1/2

(
1 + |X̂s|2l + |X̂s|2l

)
+

1

2
L2∆−1/2|X̂s − X̂s|2. (2.55)

Secondly, by using the property YW5, the Condition B9 and (2.51), we have

J2(s) =
1

2
φ′′δε(Ys)

∣∣∣σ(Xs)− σ(X̂s) + σ(X̂s)− σ(X̂s) + σ(X̂s)− σ∆(X̂s)
∣∣∣2

≤ 3

|Ys| log δ
I[ ε
δ
;ε](|Ys|)

[∣∣∣σ(Xs)− σ(X̂s)
∣∣∣2 +

∣∣∣σ(X̂s)− σ(X̂s)
∣∣∣2

+
∣∣∣σ(X̂s)− σ∆(X̂s)

∣∣∣2]
≤ 3

|Ys| log δ
I[ ε
δ
;ε](|Ys|)

[
L2

3

(
1 + |Xs|m + |X̂s|m

)2

|Xs − X̂s|1+2α

+L2
3

(
1 + |X̂s|m + |X̂s|m

)2

|X̂s − X̂s|1+2α + L2
5∆
∣∣∣σ(X̂s)

∣∣∣4]
≤ 3

|Ys| log δ
I[ ε
δ
;ε](|Ys|)

[
3L2

3

(
1 + |Xs|2m + |X̂s|2m

)
|Ys|1+2α+

+3L2
3

(
1 + |X̂s|2m + |X̂s|2m

)
|X̂s − X̂s|1+2α + L2

5∆
∣∣∣σ(X̂s)

∣∣∣4]
≤

9L2
3ε

2α

log δ

(
1 + |Xs|2m + |X̂s|2m

)
+

3L2
5δ∆|σ(X̂s)|4

ε log δ

+
9L2

3δ

ε log δ

(
1 + C|X̂s − X̂s|2m + C|X̂s|2m

)
|X̂s − X̂s|1+2α

≤
9L2

3ε
2α

log δ

(
1 + |Xs|2m + |X̂s|2m

)
+

9L2
3δ

ε log δ
|X̂s − X̂s|1+2α

+
9CL2

3δ

ε log δ
|X̂s − X̂s|1+2α+2m

+
9CL2

3δ

ε log δ
|X̂s|2m|X̂s − X̂s|1+2α +

Cδ∆
(
|X̂s|2+4α+4m + 1

)
ε log δ

. (2.56)

Thirdly, using the mean value theorem, the property YW2, the Conditions B1, B10

and (2.51), there exists an (Fs)-adapted process ξ = (ξs) such that

J3(s) = φδε

(
Ys +

(
c (Xs)− c∆

(
X̂s

))
z
)
− φδε (Ys)

− φ′δε (Ys)
(
c (Xs)− c∆

(
X̂s

))
z
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= φ′δε (ξs)
(
c (Xs)− c∆

(
X̂s

))
z + φ′δε (Ys)

(
c (Xs)− c∆

(
X̂s

))
z

≤ 2
∣∣∣c (Xs)− c∆

(
X̂s

)∣∣∣ |z|
≤ 2
[∣∣∣c (Xs)− c

(
X̂s

)∣∣∣+
∣∣∣c(X̂s

)
− c
(
X̂s

)∣∣∣+
∣∣∣c(X̂s

)
− c∆

(
X̂s

)∣∣∣] |z|
≤ 2
[
L4 |Ys|+ L4

∣∣∣X̂s − X̂s

∣∣∣+ L5∆1/2c2(X̂s)(1 + |b(X̂s)|)
]
|z|

≤ 2
[
L4 |Ys|+ L4

∣∣∣X̂s − X̂s

∣∣∣+ C∆1/2(1 + |X̂s|l+3)
]
|z|. (2.57)

By choosing λ = L1 +2L4µ where recall that µ =
∫
R0
|z|ν(dz) and using YW3, we get

(L1 + 2L4µ) [|Ys| − φδε (Ys)] ≤ ε (|L1|+ 2L4µ) . (2.58)

A combination of (2.54), (2.55), (2.56), (2.57) and (2.58) implies

E
[
e−(L1+2L4µ)t|Yt|

]
≤ e−(L1+2L4µ)tε+

∫ t

0

e−(L1+2L4µ)s

[
ε (|L1|+ 2L4)

+
3

2
L2∆1/2

(
1 + E

[
|X̂s|2l

]
+ E

[
|X̂s|2l

])
+

1

2
L2∆−1/2E

[
|X̂s − X̂s|2

]
+

9L2
3ε

2α

log δ

(
1 + E

[
|Xs|2m

]
+ E

[
|X̂s|2m

])
+

9L2
3δ

ε log δ
E
[
|X̂s − X̂s|1+2α

]
+

9CL2
3δ

ε log δ
E
[
|X̂s − X̂s|1+2α+2m

]
+

9CL2
3δ

ε log δ
E
[
|X̂s|2m|X̂s − X̂s|1+2α

]
+
Cδ∆

(
E
[
|X̂s|2+4α+4m

]
+ 1
)

ε log δ

]
ds

+

∫ t

0

∫
R0

2e−(L1+2L4µ)s
(
L4E

[∣∣∣X̂s − X̂s

∣∣∣]+ C∆1/2
(

1 + E
[
|X̂s|l+3

]))
|z|ν(dz)ds

≤ e−(L1+2L4µ)tε+

∫ t

0

e−(L1+2L4µ)s

[
ε (|L1|+ 2L4)

+
3

2
L2∆1/2

(
1 + E

[
|X̂s|2l

]
+ E

[
|X̂s|2l

])
+

1

2
L2∆−1/2E

[
|X̂s − X̂s|2

]
+

9L2
3ε

2α

log δ

(
1 + E

[
|Xs|2m

]
+ E

[
|X̂s|2m

])
+

9L2
3δ

ε log δ
E
[
|X̂s − X̂s|1+2α

]
+

9CL2
3δ

ε log δ
E
[
|X̂s − X̂s|1+2α+2m

]
+

9CL2
3δ

ε log δ
E
[
|X̂s|2m|X̂s − X̂s|1+2α

]
+
Cδ∆

(
E
[
|X̂s|2+4α+4m

]
+ 1
)

ε log δ
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+ 2µ
(
L4E

[∣∣∣X̂s − X̂s

∣∣∣]+ C∆1/2
(

1 + E
[
|X̂s|l+3

]))]
ds. (2.59)

Now, using equation (2.29), Burkholder-Davis-Gundy’s inequality, T3, B6, (2.25), and

(2.24), we obtain

E
[
|X̂s − X̂s|1+2α|Fs

]
≤ 32α

(
E
[
|b(X̂s)(s− s)|1+2α|Fs

]
+ E

[
|σ∆(X̂s)(Ws −Ws)|1+2α|Fs

]
+ E

[
|c∆(X̂s)(Zs − Zs)|1+2α|Fs

])

≤ C

(
|b(X̂s)(s− s)|1+2α + |σ∆(X̂s)|1+2α(s− s)1/2+α|c∆(X̂s)|1+2α(s− s)1/2+α

)

≤ C

(∣∣∣b(X̂s)
∣∣∣1+2α ∣∣∣h(X̂s)

∣∣∣1+2α

∆1+2α + |σ∆(X̂s)|1+2α
∣∣∣h(X̂s)

∣∣∣1/2+α

∆1/2+α

+
∣∣∣c∆(X̂s)

∣∣∣1+2α ∣∣∣h(X̂s)
∣∣∣1/2+α

∆1/2+α

)
≤ C∆1/2+α.

This, together with Theorem 2.5.2 and m ≤ p0/2, yields that

E
[
|X̂s|2m|X̂s − X̂s|1+2α

]
= E

[
E
[
|X̂s|2m|X̂s − X̂s|1+2α|Fs

]]
= E

[
|X̂s|2mE

[
|X̂s − X̂s|1+2α|Fs

]]
≤ C∆1/2+αE

[
|X̂s|2m

]
≤ C∆1/2+α. (2.60)

Consequently, plugging (2.60) into (2.59), and using condition p0 ≥ max{4l; 2 + 4α +

4m}, Theorem 2.5.2, Proposition 2.3.1, and Lemma 2.6.1, for any T > 0, there exists

a positive constant CT such that for any t ∈ [0, T ],

E
[
e−(L1+2L4µ)t|Yt|

]
≤ e−(L1+2L4µ)tε+ CT

[
ε+ ∆1/2 +

ε2α

log δ
+
δ∆1/2+α

ε log δ
+

δ∆

ε log δ

]∫ t

0

e−(L1+2L4µ)sds.

(2.61)

If α ∈
(
0; 1

2

]
, choosing ε = ∆1/2, δ = 2, we obtain

sup
0≤t≤T

E [|Yt|] ≤ CT∆α.
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If α = 0, choosing ε = ∆1/4, δ = ∆−1/4, we obtain

sup
0≤t≤T

E [|Yt|] ≤
CT

log 1
∆

.

Therefore, we have shown (2.52). Note that if L1 +2L4µ < 0 and γ < 0, we can choose

the constant CT in (2.61) such that it does not depend on T . Therefore, we also obtain

(2.53). This finishes the proof.

2.7 Numerical experiments

We consider numerical experiments for four different SDEs with coefficients given in

Table 2.1. For all equations, X0 = 0, (Zt)t≥0 is a compound Poisson process of the

form Zt =
∑Nt

i=1 ξi, where (Nt)t≥0 is a Poisson process with intensity λ = 5, and (ξi)i≥1

is a sequence of independent and identically distributed random variables. We suppose

that each ξi has a normal distribution with mean zero and standard deviation 0.2. A

simple computation shows that these equations satisfy Conditions B2, B6–B10 with

constants p0, L1, γ, l,m, α given in Table 2.1. In all these cases, p0 ≥ max{4l; 2 + 4α+

4m}, hence it follows from Theorem 2.6.2 that the tamed-adaptive Euler-Maruyama

approximation scheme defined by (2.23), (2.24) and (2.50) converges in L1-norm at

the rate of order α in any finite time interval. Moreover, in Case 4, since L1 < 0 and

γ < 0, the tamed-adaptive Euler-Maruyama approximation scheme (2.23) converges in

L1-norm at the rate of order α in infinite time intervals.

Case b σ c p0 L1 γ η l m α

1 −1 + x− x3 1 + (1 + x)x2/3 x+ sin(x) 10 1 −1 31873 2 4
3

1
6

2 −1 + x− x3 1 +
√

x4+x4/3

14 x+ sin(x) 10 1 1 957 2 2 1
6

3 −1− x− x7/3 1 +
√

2x2+x10/3+x4/3

14 x+ sin(x) 10 −1 1 1868 4
3 1 1

6

4 −1− x− x7/3 1 +
√

x10/3+x4/3

14 x+ sin(x) 10 −1 −1 1583 4
3 1 1

6

Table 2.1: Four jump SDEs with their parameters

To study the empirical rates of convergence of the tamed-adaptive Euler-Maruyama

scheme, we consider

me(l) =
1

M

M∑
k=1

|X̂(l,k)
5 − X̂(l+1,k)

5 |,

where for each l ≥ 2, (X̂(l,k))1≤k≤M is a sequence of independent copies of X̂(l) defined

by equations (2.23), (2.24), and (2.50) with ∆ = 2−l. We adapt the Algorithm 1 in
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[17] to generate X̂
(l,k)
5 and X̂

(l+1,k)
5 on the same Brownian motion W and Lévy process

Z for each k and l.

If X̂(l) converges at the rate of order β ∈ (0,+∞) in L1-norm, then there exists a

constant β > 0 such that 2βlE[|X5−X(l)
5 |] = O(1), implying that 2βlE[|X̂(l+1)

5 −X̂(l)
5 |] =

O(1) and vice-versa. In this case, we can write log2me(l) = −βl + C + o(1), for some

constant C ∈ R. Thus β can be estimated by the regression method.

Figure 2.1 shows the simulation result of log2me(l) for l = 2, ..., 6. We draw the

regression lines to estimate the empirical rates of convergence β in each case. In Case 2,

the empirical rate of convergence, which is 0.1819, is almost the same as the theoretical

rate, which is 1/6. In the other cases, the empirical rates are slightly better than the

theoretical rate.

Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges

in infinite time intervals while in other cases, it converges in any finite time intervals.

Figure 2.1: Values of log2(me(l)) for l = 2, 3, 4, 5, 6.

2.8 Conclusions

This chapter proposed a tamed-adaptive Euler-Maruyama approximation scheme for

the Lévy-driven SDEs (2.1) where σ is locally Hölder continuous; σ and b are superlinear

growth and c is Lipschitz continuous. We study the strong convergence of the scheme

in both finite and infinite time intervals. Our finding extends the result in [17] and

[45], which considered SDEs driven by Brownian motions, for a class of Lévy-driven

SDEs.
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Chapter 3

TAMED-ADAPTIVE EULER-MARUYAMA

SCHEME FOR LÉVY-DRIVEN

MCKEAN-VLASOV SDEs WITH IRREGULAR

COEFFICIENTS

Following the analysis of the tamed-adaptive Euler-Maruyama scheme for stochastic

differential equations with jumps in Chapter 2, this chapter presents new results on

approximating solutions for a particular class of equations, namely McKean-Vlasov

SDEs with jumps. The core difference is that the coefficients of the McKean-Vlasov

equation depend on both the state and the probability distribution of the process,

creating a complex mean-field interaction structure. In this chapter, we focus on the

case where the drift and diffusion coefficients are non-globally Lipschitz continuous

and have superlinear growth. These results are written based on the article [3] in the

section List of Author’s Related Papers.

3.1 Introduction

On a complete probability space (Ω,F ,P), we consider the d-dimensional process X =

(Xt)t≥0 solution to the following McKean-Vlasov stochastic differential equation (SDE)

with jumps

dXt = b(Xt,LXt)dt+ σ(Xt,LXt)dWt + c
(
Xt−,LXt−

)
dZt, (3.1)

for t ≥ 0, where X0 = x0 ∈ Rd is a fixed initial value, LXt denotes the marginal law of

the process X at time t, W = (Wt)t≥0 is a d-dimensional standard Brownian motion

and Z = (Zt)t≥0 is a d-dimensional centered pure jump Lévy process whose Lévy

measure ν satisfies
∫
Rd(1 ∧ |z|

2)ν(dz) < +∞. Two processes W and Z are supposed

to be independent. The natural filtration (Ft)t≥0 is generated by W and Z.
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We denote by P(Rd) the space of all probability measures defined on a measurable

space (Rd,B(Rd)), where B(Rd) denotes the Borel σ-field over Rd, and by

P2(Rd) :=

{
µ ∈ P(Rd) :

∫
Rd
|x|2µ(dx) <∞

}
the subset of probability measures with finite second moment. As metric on the space

P2(Rd), we use the L2-Wasserstein distance. That is, for µ, ν ∈ P2(Rd), the L2-

Wasserstein distance between µ and ν is defined as

W2(µ, ν) := inf
π∈C(µ,ν)

(∫
Rd×Rd

|x− y|2 π(dx, dy)

)1/2

,

where C(µ, ν) denotes all the couplings of µ and ν. That is, π ∈ C(µ, ν) if and only if

π(·,Rd) = µ(·) and π(Rd, ·) = ν(·).
The coefficients b = (bi)1≤i≤d : Rd×P2(Rd)→ Rd, σ = (σij)1≤i,j≤d : Rd×P2(Rd)→

Rd⊗Rd and c = (cij)1≤i,j≤d : Rd×P2(Rd)→ Rd⊗Rd are measurable functions. The

integral equation (3.1) now writes as

Xt = x0 +

∫ t

0

b(Xs,LXs)ds+

∫ t

0

σ(Xs,LXs)dWs +

∫ t

0

∫
Rd0
c
(
Xs−,LXs−

)
zÑ(ds, dz),

for any t ≥ 0.

The McKean-Vlasov process was first studied by McKean in [66] as a model for the

Vlasov equation describing the time evolution of the distribution function of a plasma

consisting of charged particles with long-range interaction. The process can be obtained

as a limit of a mean-field system of interacting particles as the number of particles tends

to infinity. The very first studies on the numerical approximation for McKean-Vlasov

SDEs are the works of Ogawa [75], Kohatsu-Higa and Ogawa [48] and Bossy and Talay

[4], where the authors considered the weak approximation of McKean-Vlasov SDEs

with regular coefficients. However, the numerical approximation for McKean-Vlasov

SDEs has only become active in the last decade.

Let X
(n)
T be an approximation of XT which depends on the values of W and Z

at fixed equidistance times tk = kT
n , k = 0, 1, . . . , n. Then under some regularity

conditions on the coefficients b, σ, and c, one may prove that

|X(n)
T −XT |Lp :=

(
E[|X(n)

T −XT |p]
)1/p

≤ C(T )

nζ0
, (3.2)

for some positive constants p and ζ0. In case the estimate (3.2) holds, we say that the

X
(n)
T converges at the rate of order ζ0 in Lp-norm.
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In [14, 50, 51, 61] the tamed Euler-Maruyama scheme has been developed to ap-

proximate McKean-Vlasov SDEs with super-linear growth coefficients. In [78], the

authors introduced several adaptive Euler-Maruyama and Milstein schemes and stud-

ied their strong rate of convergence for McKean-Vlasov SDEs with super-linear drift.

In [39], the authors introduced a multilevel Picard approximation, which has a low

computational cost, for McKean-Vlasov SDEs with additive noise. In [8, 14], the au-

thors introduced the implicit Euler-Maruyama scheme and studied its convergence in

Lp-norm for McKean-Vlasov SDEs with drifts of super-linear growth.

The McKean-Vlasov SDEs with jumps were studied by many authors with applica-

tions in many domains [1, 15, 16, 19, 24] and the reference therein. In [69], the authors

considered McKean-Vlasov SDEs driven by infinite activity Lévy processes with super-

linear growth coefficients. They proved the existence and uniqueness of the solution

and proposed a tamed Euler-Maruyama approximation for the associated interacting

particle system and proved that the rate of its convergence in Lp-norm is arbitrarily

close to 0.5.

3.2 Model assumptions

In this chapter, we assume that the drift, diffusion and jump coefficients b, σ, c and the

Lévy measure ν of equation (3.1) satisfy the following conditions:

C1. There exists a positive constant L such that

2 〈x, b(x, µ)〉+ |σ(x, µ)|2 + |c(x, µ)|2
∫
Rd0
|z|2ν(dz) ≤ L

(
1 + |x|2 +W2

2 (µ, δ0)
)
,

for any x ∈ Rd and µ ∈ P2(Rd).

C2. There exist constants κ1 > 0, κ2 > 0, L1 ∈ R and L2 ≥ 0 such that

2 〈x− x, b(x, µ)− b(x, µ)〉+ κ1 |σ(x, µ)− σ(x, µ)|2

+ κ2|c(x, µ)− c(x, µ)|2
∫
Rd0
|z|2ν(dz) ≤ L1|x− x|2 + L2W2

2 (µ, µ),

for any x, x ∈ Rd and µ, µ ∈ P2(Rd).

C3. b(x, µ) is a continuous function of x ∈ Rd and µ ∈ P2(Rd).

C4. There exist constants L > 0 and ` ≥ 1 such that

|b(x, µ)− b(x, µ)| ≤ L
(
1 + |x|` + |x|`

)
(|x− x|+W2(µ, µ)) ,
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for any x, x ∈ Rd and µ, µ ∈ P2(Rd).

C5. There exists an even integer p0 ∈ [2,+∞) such that
∫
|z|>1

|z|p0ν(dz) < ∞ and∫
0<|z|≤1

|z|ν(dz) <∞.

C6. There exists a positive constant L3 such that

|c(x, µ)| ≤ L3 (1 + |x|+W2(µ, δ0)) ,

for any x ∈ Rd and µ ∈ P2(Rd).

C7. For the even integer p0 ∈ [2,+∞) given in C5 and the positive constant L3 given

in C6, there exist constants γ1 ∈ R, γ2 ≥ 0 and η ≥ 0 such that

〈x, b(x, µ)〉+
p0 − 1

2
|σ(x, µ)|2 +

1

2L3
|c(x, µ)|2

∫
Rd0
|z|
(
(1 + L3|z|)p0−1 − 1

)
ν(dz)

≤γ1|x|2 + γ2W2
2 (µ, δ0) + η,

for any x ∈ Rd and µ ∈ P2(Rd).

Remark 3.2.1. (i) It follows from Condition C4 that

|b(x, µ)| ≤ |b(0, δ0)|+ L
(
1 + |x|`

)
(|x|+W2(µ, δ0)) ,

for any x ∈ Rd and µ ∈ P2(Rd).

(ii) Assume that Condition C2 holds for κ1 = κ2 = 1 + ε, L1 ∈ R, L2 ≥ 0 with a

constant ε > 0 . This, combined with Condition C4 and Cauchy’s inequality, implies

that

(1 + ε) |σ(x, µ)− σ(x, µ)|2 + (1 + ε) |c(x, µ)− c(x, µ)|2
∫
Rd0
|z|2ν(dz)

≤ 2|x− x||b(x, µ)− b(x, µ)|+ L1|x− x|2 + L2W2
2 (µ, µ)

≤ L
(
1 + |x|` + |x|`

) (
2|x− x|2 + 2|x− x|W2(µ, µ)

)
+ L1|x− x|2 + L2W2

2 (µ, µ)

≤ L
(
1 + |x|` + |x|`

) (
2|x− x|2 + |x− x|2 +W2

2 (µ, µ)
)

+ L1|x− x|2 + L2W2
2 (µ, µ)

≤ LL̃
(
1 + |x|` + |x|`

) (
|x− x|2 +W2

2 (µ, µ)
)
,

with L̃ = max{3, L1, L2} for any x, x ∈ Rd and µ, µ ∈ P2(Rd). This yields to

|σ(x, µ)− σ(x, µ)|2 + |c(x, µ)− c(x, µ)|2
∫
Rd0
|z|2ν(dz)

≤ LL̃

1 + ε

(
1 + |x|` + |x|`

) (
|x− x|2 +W2

2 (µ, µ)
)
,
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for any x, x ∈ Rd and µ, µ ∈ P2(Rd).

(iii) From (ii), we have that for any x ∈ Rd and µ ∈ P2(Rd),

|σ(x, µ)|2 ≤ 2 |σ(x, µ)− σ(0, δ0)|2 + 2 |σ(0, δ0)|2

≤ 2
LL̃

1 + ε

(
1 + |x|`

) (
|x|2 +W2

2 (µ, δ0)
)

+ 2 |σ(0, δ0)|2 ,

and similarly,

|c(x, µ)|2
∫
Rd0
|z|2ν(dz) ≤ 2

LL̃

1 + ε

(
1 + |x|`

) (
|x|2 +W2

2 (µ, δ0)
)

+ 2 |c(0, δ0)|2
∫
Rd0
|z|2ν(dz).

Remark 3.2.2. Observe that Condition C7 yields to

〈x, b(x, µ)〉+
p− 1

2
|σ(x, µ)|2 +

1

2L0
|c(x, µ)|2

∫
Rd0
|z|
(
(1 + L3|z|)p−1 − 1

)
ν(dz)

≤ γ1|x|2 + γ2W2
2 (µ, δ0) + η,

for any p ∈ [2, p0], x ∈ Rd and µ ∈ P2(Rd).

3.3 Lévy-driven McKean-Vlasov SDEs with irregular coeffi-
cients

In this section, we present results concerning the exact solution of the McKean-Vlasov

stochastic differential equation with jumps (3.1). Firstly, we recall a result on the

existence and uniqueness of the strong solution for the McKean-Vlasov SDE with jumps

(3.1), as derived from [69].

Proposition 3.3.1. ([69, Theorem 2.1]) Assume Conditions C1, C3 and that Condi-

tion C2 holds for κ1 = κ2 = 1, L1 = L2 > 0. Then, there exists a unique càdlàg process

X = (Xt)t≥0 taking values in Rd satisfying the McKean-Vlasov SDE with jumps (3.1)

such that

sup
t∈[0,T ]

E
[
|Xt|2

]
≤ K,

where T > 0 is a fixed constant and K := K(|x0|2, d, L, L1, T ) is a positive constant.

Next, we demonstrate the following moment estimates for the exact solution X =

(Xt)t≥0 of the McKean-Vlasov stochastic differential equation with jumps (3.1).
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Proposition 3.3.2. Let X = (Xt)t≥0 be a solution to equation (3.1). Assume Condi-

tions C6, C7, and that σ is bounded on C × P2(Rd) for every compact subset C of

Rd, and C5 holds for q = 2p0. Then for any p ∈ [2, p0], there exists a positive constant

Cp such that for any t ≥ 0

E [|Xt|p] ≤


Cp(1 + eγpt) if γ 6= 0,

Cp(1 + t)p/2 if γ = 0, p = 2 or γ = 0, γ2 > 0, p ∈ (2, p0],

Cp(1 + t)p if γ = 0, γ2 = 0, p ∈ (2, p0],

(3.3)

where γ = γ1 + γ2.

Note that if γ < 0, we have that supt≥0 E [|Xt|p] ≤ 2Cp.

Proof of Proposition 3.3.2. Step 1: We first show that for any even natural number

p ∈ [2, p0] and T > 0,

sup
t∈[0,T ]

E
[
|Xt|p

]
≤ C(T, p). (3.4)

Note that (3.4) holds for p = 2 due to Proposition 3.3.1. Next, we assume that (3.4)

is valid for any even natural number q ∈ [2, p− 2]. That is,

sup
t∈[0,T ]

E
[
|Xt|q

]
≤ C(T, q). (3.5)

Now, for λ ∈ R and even natural number p ∈ [2, p0], applying Itô’s formula to e−λt|Xt|p,
we obtain that for any t ≥ 0,

e−λt|Xt|p

= |x0|p +

∫ t

0

e−λs
[
− λ |Xs|p + p |Xs|p−2 〈Xs, b (Xs,LXs)〉+

p

2
|Xs|p−2 |σ (Xs,LXs)|

2

+
p(p− 2)

2
|Xs|p−4

∣∣XT
s σ (Xs,LXs)

∣∣2 ]ds+ p

∫ t

0

e−λs |Xs|p−2 〈Xs, σ (Xs,LXs) dWs〉

+

∫ t

0

∫
Rd0
e−λs

(∣∣Xs− + c
(
Xs−,LXs−

)
z
∣∣p − |Xs−|p

)
Ñ(ds, dz)

+

∫ t

0

∫
Rd0
e−λs

(
|Xs + c (Xs,LXs) z|

p − |Xs|p − p |Xs|p−2 〈Xs, c (Xs,LXs) z〉
)
ν(dz)ds.

(3.6)

In order to treat the last integral in (3.6), it suffices to use the binomial theorem to

get that, for any t ≥ 0,

|Xs + c (Xs,LXs) z|
p =

(
|Xs + c (Xs,LXs) z|

2)p/2
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=
(
|Xs|2 + |c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)p/2
= |Xs|p +

p

2
|Xs|p−2

(
|c (Xs,LXs) z|2 + 2〈Xs, c (Xs,LXs) z〉

)
+

p/2∑
i=2

(
p/2

i

)
|Xs|p−2i

(
|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i
= |Xs|p + p|Xs|p−2 〈Xs, c (Xs,LXs) z〉+

p

2
|Xs|p−2 |c (Xs,LXs) z|

2

+

p/2∑
i=2

(
p/2

i

)
|Xs|p−2i

(
|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i
. (3.7)

Next, by using the binomial theorem repeatedly, Condition C6, the equalityW2
2 (LXs , δ0) =

E[|Xs|2], and the inequality y|x|p−3 ≤ 1
2(|x|p−2 + y2|x|p−4) valid for any x ∈ Rd, y > 0,∑i

j=0

(
i
j

)
aj = (1 + a)i and

∑i
j=0

(
i
j

)
jaj = ia(1 + a)i−1 valid for any a ∈ R, we obtain

that

|Xs|p−2i
(
|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i
= |Xs|p−2i

i∑
j=0

(
i

j

)
|c (Xs,LXs) z|2i−2j2j (〈Xs, c (Xs,LXs) z〉)

j

≤
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |c (Xs,LXs) |2i−j |z|2i−j

= |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |c (Xs,LXs) |2i−j−2|z|2i−j

≤ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |z|2i−jL2i−j−2

3 (1 + |Xs|+W2(LXs , δ0))2i−j−2

= |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |z|2i−jL2i−j−2

3

(
1 + |Xs|+

√
E[|Xs|2]

)2i−j−2

= |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |z|2i−jL2i−j−2

3

[
|Xs|2i−j−2 + (2i− j − 2)|Xs|2i−j−3

×
(

1 +
√

E[|Xs|2]
)

+

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|2i−j−2−k

]

= |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

[
|Xs|p−2 + (2i− j − 2)|Xs|p−3
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×
(

1 +
√

E[|Xs|2]
)

+

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|p−2−k

]

≤ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

[
|Xs|p−2 +

(2i− j − 2)

2

(
|Xs|p−2

+
(

1 +
√

E[|Xs|2]
)2

|Xs|p−4

)
+

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|p−2−k

]

= |c (Xs,LXs) |2|Xs|p−2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

(
i− j

2

)
+ |c (Xs,LXs) |2

i∑
j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

[(
i− j

2
− 1
)(

1 +
√

E[|Xs|2]
)2

|Xs|p−4

+

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|p−2−k

]

= |c (Xs,LXs) |2|Xs|p−2

[
i

L2
0

(
L2

0|z|2 + 2L0|z|
)i − |z|

L0
i
(
L2

0|z|2 + 2L0|z|
)i−1

]

+ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

[(
i− j

2
− 1
)(

1 +
√

E[|Xs|2]
)2

|Xs|p−4

+

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|p−2−k

]

≤ |c (Xs,LXs) |2|Xs|p−2

[
i

L2
0

(
L2

0|z|2 + 2L0|z|
)i − |z|

L0
i
(
L2

0|z|2 + 2L0|z|
)i−1

]

+ L2
3

(
1 + |Xs|+

√
E[|Xs|2]

)2 i∑
j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

[(
i− j

2
− 1
)

×
(

1 +
√

E[|Xs|2]
)2

|Xs|p−4 +

2i−j−2∑
k=2

(
2i− j − 2

k

)(
1 +
√

E[|Xs|2]
)k
|Xs|p−2−k

]
= |c (Xs,LXs) |2|Xs|p−2 i|z|

L0
(1 + L0|z|)

(
L2

0|z|2 + 2L0|z|
)i−1

+

i∑
j=0

|z|2i−jQp
(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
,
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where 2i− j ≥ 2 and

Qq(m,n, x, y) =
∑

`1≤m,`2≤n,`1+`2=q

c`1`2x
`1y`2 .

This, together with the fact that
∑p/2

i=2

(
p/2
i

)
iai−1 = p

2((1 + a)p/2−1 − 1) valid for any

a ∈ R, yields to

p/2∑
i=2

(
p/2

i

)
|Xs|p−2i

(
|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i
≤ |z|
L3

(1 + L0|z|) |c (Xs,LXs) |2|Xs|p−2

p/2∑
i=2

(
p/2

i

)
i
(
L2

0|z|2 + 2L0|z|
)i−1

+

p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jQp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
=
p

2
|Xs|p−2|c (Xs,LXs) |2

|z|
L3

(
(1 + L0|z|)p−1 − L3|z| − 1

)
+

p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jQp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
. (3.8)

As a consequence of (3.7) and (3.8), we have shown that for any s ≥ 0,

|Xs + c (Xs,LXs) z|
p − |Xs|p − p|Xs|p−2 〈Xs, c (Xs,LXs) z〉

≤ p

2
|Xs|p−2|c (Xs,LXs) |2

(
|z|2 +

|z|
L3

(
(1 + L0|z|)p−1 − L3|z| − 1

))
+

p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jQp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
=

p

2L3
|Xs|p−2|c (Xs,LXs) |2|z|

(
(1 + L0|z|)p−1 − 1

)
+

p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jQp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
. (3.9)

Therefore, substituting (3.9) into (3.6), we get that for any t ≥ 0,

e−λt|Xt|p

≤ |x0|p + p

∫ t

0

e−λs|Xs|p−2

[
− λ

p
|Xs|2 + 〈Xs, b (Xs,LXs)〉

+
p− 1

2
|σ (Xs,LXs) |2 +

1

2L3
|c (Xs,LXs) |2

∫
Rd0
|z|
(
(1 + L0|z|)p−1 − 1

)
ν(dz)

]
ds
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+

∫ t

0

∫
Rd0
e−λs

p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jQp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)
ν(dz)ds

+ p

∫ t

0

e−λs |Xs|p−2 〈Xs, σ (Xs,LXs) dWs〉

+

∫ t

0

∫
Rd0
e−λs

(∣∣Xs− + c
(
Xs−,LXs−

)
z
∣∣p − |Xs−|p

)
Ñ(ds, dz).

Now, we define τN := inf{t ≥ 0 : |Xt| ≥ N} for each N > 0. Choosing λ = γ1p and

using Condition C7, Remark 3.2.2 together with W2
2 (LXs , δ0) = E[|Xs|2], we obtain

that

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + p

∫ t

0

e−γ1psE
[
|Xs|p−2

] (
γ2W2

2 (LXs , δ0) + η
)
ds+

∫ t

0

∫
Rd0
e−γ1ps

×
p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jE

[
Qp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)]
ν(dz)ds

≤ |x0|p + p

∫ t

0

e−γ1psE
[
|Xs|p−2

] (
γ2E

[
|Xs|2

]
+ η
)
ds+

∫ t

0

∫
Rd0
e−γ1ps

×
p/2∑
i=2

i∑
j=0

(
p/2

i

)
|z|2i−jE

[
Qp

(
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

)]
ν(dz)ds.

(3.10)

Next, using e−γ1p(t∧τN ) ≥ e−γ1pt and the induction assumption (3.5), there exists a

positive constant C(T, p) which does not depend on N such that

sup
t∈[0,T ]

E
[
|Xt∧τN |

p] ≤ C(T, p). (3.11)

This yields to

sup
t∈[0,T ]

P(τN < t) ≤ C(T, p)

Np
,

which implies that τN tends to infinity a.s. as N tends to infinity. Now, it suffices to

let N ↑ ∞ and use Fatou’s lemma for the left hand side of (3.11) in order to get that

supt∈[0,T ] E[|Xt|p] ≤ C(T, p). Thus, by the induction principle, we have shown (3.4).

Step 2: We next wish to show (3.3) for any even natural number p ∈ [2, p0].

First, applying (3.6) to λ = 2γ and p = 2, and using C7 and W2
2 (LXs , δ0) = E[|Xs|2],
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we get

e−2γt |Xt|2

= |x0|2 +

∫ t

0

e−2γs
[
−2γ |Xs|2 + 2 〈Xs, b (Xs,LXs)〉+ |σ (Xs,LXs)|

2] ds
+ 2

∫ t

0

e−2γs 〈Xs, σ (Xs,LXs) dWs〉+

∫ t

0

∫
Rd0
e−2γs

[ ∣∣Xs− + c
(
Xs−,LXs−

)
z
∣∣2

− |Xs−|2
]
Ñ(ds, dz) +

∫ t

0

∫
Rd0
e−2γs|c (Xs,LXs) z|2ν(dz)ds

≤ |x0|2 + 2

∫ t

0

e−2γs

[
− γ |Xs|2 + 〈Xs, b (Xs,LXs)〉+

1

2
|σ (Xs,LXs)|

2

+
1

2
|c (Xs,LXs) |2

∫
Rd0
|z|2ν(dz)

]
ds+ 2

∫ t

0

e−2γs 〈Xs, σ (Xs,LXs) dWs〉

+

∫ t

0

∫
Rd0
e−2γs

(∣∣Xs− + c
(
Xs−,LXs−

)
z
∣∣2 − |Xs−|2

)
Ñ(ds, dz)

≤ |x0|2 + 2

∫ t

0

e−2γs
(
−γ2 |Xs|2 + γ2W2

2 (LXs , δ0) + η
)
ds

+ 2

∫ t

0

e−2γs〈Xs, σ (Xs,LXs) dWs〉

+

∫ t

0

∫
Rd0
e−2γs

(∣∣Xs− + c
(
Xs−,LXs−

)
z
∣∣2 − |Xs−|2

)
Ñ(ds, dz). (3.12)

Thanks to the fact that W2
2 (LXs , δ0) = E[|Xs|2], and the estimate (3.4), we get

E
[
e−2γt|Xt|2

]
≤ |x0|2 + 2η

∫ t

0

e−2γsds,

which yields to

E
[
|Xt|2

]
≤


(
|x0|2 +

η

γ

)
e2γt − η

γ
if γ 6= 0,

|x0|2 + 2ηt if γ = 0.

Thus, (3.3) holds for p = 2.

Now, we suppose that (3.3) is valid for all even integer q ∈ [2, p− 2]. That is,

E [|Xt|q] ≤


Cq(1 + eγqt) if γ 6= 0,

Cq(1 + t)q/2 if γ = 0, q = 2 or γ = 0, γ2 > 0, q ∈ (2, p− 2],

Cq(1 + t)q if γ = 0, γ2 = 0, q ∈ (2, p− 2].

(3.13)
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We are going to show that (3.3) holds for even integer p. For this, it suffices to use

(3.10), the inductive assumption (3.13) and Condition C5.

Case γ 6= 0: We have

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + C

∫ t

0

e−γ1ps
(
1 + eγpt

)
ds

= |x0|p + C

∫ t

0

(
e−γ1ps + eγ2ps

)
ds.

Thanks to fact that τN ↑ ∞ a.s. as N ↑ ∞, applying Fatou’s lemma, we get

E
[
e−γ1pt|Xt|p

]
≤ |x0|p + C

∫ t

0

(
e−γ1ps + eγ2ps

)
ds.

When γ1 = 0, we have

E [|Xt|p] ≤ |x0|p + C
(
1 + t+ eγ2pt

)
≤ C

(
1 + eγpt

)
.

When γ1 6= 0, we have

E [|Xt|p] ≤ |x0|peγ1pt +
C

pγ1

(
eγ1pt − 1

)
+

C

pγ2
eγpt

≤ C
(
1 + eγpt

)
.

Case γ = 0: When γ2 > 0, we have

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + C

∫ t

0

e−γ1ps (1 + s)p/2 ds

≤ |x0|p + C (1 + t)p/2
∫ t

0

e−γ1psds.

Then, letting N ↑ ∞ and using −γ1 = γ2, we obtain

E
[
eγ2pt|Xt|p

]
≤ |x0|p + C (1 + t)p/2

∫ t

0

eγ2psds ≤ |x0|p +
C

γ2p
(1 + t)p/2 eγ2pt.

Hence,

E [|Xt|p] ≤ C (1 + t)p/2 .

When γ2 = γ1 = 0, we have

E [|Xt∧τN |p] ≤ |x0|p + C

∫ t

0

(1 + s)p−1 ds ≤ C (1 + t)p .
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Then, letting N ↑ ∞, we obtain

E [|Xt|p] ≤ C (1 + t)p .

Consequently, (3.3) holds for even integer p. Due to the induction principle, (3.3)

is valid for any even natural number p ∈ [2, p0]. Finally, (3.3) is also valid for any

p ∈ [2, p0] thanks to Hölder’s inequality. This finishes the proof.

3.4 Propagation of chaos

McKean-Vlasov SDEs have garnered renewed attention in recent years, largely due to

the resolution of certain technical hurdles, but also owing to their utility in modeling

across diverse fields, including statistical physics, neuroscience, and finance, among

others. At the core of this interest is the fact that McKean-Vlasov SDEs describe a

limiting behavior of individual particles interacting with each other in a ”mean-field”

manner - the well-known Propagation of Chaos result. The dependence of the coef-

ficients on LX(t) signifies that the behavior of each particle (represented by X(t) )

is influenced not only by external factors (noise W (t) and N(t)) and its own present

state, but also by the average state of the entire system (reflected through the dis-

tribution LX(t). As the number of particles approaches infinity, rather than tracking

each individual particle (a computationally expensive task), one can simply describe

the behavior of a ”representative” particle and how it interacts with the ”mean-field”

generated by all the other particles. This latter result also paves the way (among oth-

ers) for the numerical solution of such McKean-Vlasov SDEs through approximation

of the associated system of interacting particles.

For N ∈ N, suppose that (W i, Zi) are independent copies of the couple (W,Z)

for i ∈ {1, . . . , N}. Let N i(dt, dz) be the Poisson random measure associated with

the jumps of the Lévy process Zi with intensity measure ν(dz)dt, and Ñ i(dt, dz) :=

N i(dt, dz) − ν(dz)dt be the compensated Poisson random measure associated with

N i(dt, dz). Thus, the Lévy-Itô decomposition of Zi is given by Zit =
∫ t

0

∫
Rd0
zÑ i(ds, dz)

for t ≥ 0. We now consider the system of non-interacting particles which is associated

with the Lévy-driven McKean-Vlasov SDE (3.1), where the state Xi = (Xi
t)t≥0 of the

particle i is defined by

Xi
t = x0 +

∫ t

0

b(Xi
s,LXi

s
)ds+

∫ t

0

σ(Xi
s,LXi

s
)dW i

s +

∫ t

0

c
(
Xi
s−,LXi

s−

)
dZis
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= x0 +

∫ t

0

b(Xi
s,LXi

s
)ds+

∫ t

0

σ(Xi
s,LXi

s
)dW i

s

+

∫ t

0

∫
Rd0
c
(
Xi
s−,LXi

s−

)
zÑ i(ds, dz), (3.14)

for any t ≥ 0 and i ∈ {1, . . . , N}.
For xN := (x1, x2, . . . , xN ),yN := (y1, y2, . . . , yN ) ∈ RdN , we have

W2
2 (µx

N

, δ0) =
1

N

N∑
i=1

|xi|2 .

Here, the empirical measure is defined by µx
N

(dx) := 1
N

∑N
i=1 δxi(dx), where δx denotes

the Dirac measure at x. Moreover, a standard bound for the Wasserstein distance

between two empirical measures µx
N

, µy
N

is given by

W2
2 (µx

N

, µy
N

) ≤ 1

N

N∑
i=1

|xi − yi|2 =
1

N

∣∣xN − yN
∣∣2 ,

(see (1.24) of [6]).

Now, the true measure LXt at each time t is approximated by the empirical measure

µX
N

t (dx) :=
1

N

N∑
i=1

δXi,N
t

(dx), (3.15)

where XN = (XN
t )t≥0 = (X1,N

t , . . . , XN,N
t )Tt≥0, which is called the system of interact-

ing particles, is the solution to the RdN -dimensional Lévy-driven SDE with components

Xi,N = (Xi,N
t )t≥0

Xi,N
t = x0 +

∫ t

0

b(Xi,N
s , µX

N

s )ds+

∫ t

0

σ(Xi,N
s , µX

N

s )dW i
s +

∫ t

0

c
(
Xi,N
s− , µ

XN

s−

)
dZis

= x0 +

∫ t

0

b(Xi,N
s , µX

N

s )ds+

∫ t

0

σ(Xi,N
s , µX

N

s )dW i
s

+

∫ t

0

∫
Rd0
c
(
Xi,N
s− , µ

XN

s−

)
zÑ i(ds, dz), (3.16)

for any t ≥ 0 and i ∈ {1, . . . , N}.
Observe that the interacting particle system XN = (Xi,N )Ti∈{1,...,N} can be viewed as

an ordinary Lévy-driven SDE with random coefficients taking values in RdN . Therefore,

under Conditions C1, C3 and C2 valid for κ1 = κ2 = 1, L1 = L2 > 0, there exists a

unique càdlàg solution such that

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[
|Xi,N

t |
2
]
≤ K,
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for any N ∈ N, where K > 0 does not depend on N .

Proposition 3.4.1. Let Xi,N = (Xi,N
t )t≥0 be a solution to equation (3.16). Assume

Conditions C6, C7 and that σ is bounded on C × P2(Rd) for every compact subset

C of Rd, and C5 holds for q = 2p0. Then for any p ∈ [2, p0], there exists a positive

constant Cp such that for any t ≥ 0,

max
i∈{1,...,N}

E
[
|Xi,N

t |
p
]
≤


Cp(1 + eγpt) if γ 6= 0,

Cp(1 + t)p/2 if γ = 0, p = 2 or γ = 0, γ2 > 0, p ∈ (2, p0],

Cp(1 + t)p if γ = 0, γ2 = 0, p ∈ (2, p0],

where γ = γ1 + γ2.

Note that when γ < 0, we have that maxi∈{1,...,N} supt≥0 E
[
|Xi,N

t |p
]
≤ 2Cp.

Proof of Proposition 3.4.1. The proof follows the same lines as the one of Proposition

3.3.2, thus we omit it.

Finally in this section, we provide a result on the propagation of chaos which is

the key to the convergence as N ↑ ∞. The new achievement of our research, in

contrast to previous studies, lies in establishing the convergence rate of the system of

N interacting particles towards the mean-field limit, described by the McKean-Vlasov

stochastic differential equation, over infinite time intervals. This result is articulated

in the estimate (3.18) of Proposition 3.4.2.

To simplify the exposition, we define

ϕ(N) =


N−1/2 if d < 4,

N−1/2 lnN if d = 4,

N−2/d if d > 4.

Proposition 3.4.2. Assume that all conditions in Proposition 3.4.1 hold and that

Condition C2 holds for κ1 = κ2 = 1, L1 ∈ R, L2 ≥ 0. Then, we have

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣Xi

t −X
i,N
t

∣∣∣2] ≤ CTϕ(N), (3.17)

for any N ∈ N, where the positive constant CT does not depend on N .

Assume further that L1 + L2 < 0 and γ < 0. Then, we have

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣Xi

t −X
i,N
t

∣∣∣2] ≤ Cϕ(N), (3.18)
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for any N ∈ N, where the positive constant C does not depend on N and T .

Proof of Proposition 3.4.2. Observe that for any t ≥ 0,

Xi
t −X

i,N
t =

∫ t

0

(
b(Xi

s,LXi
s
)− b(Xi,N

s , µX
N

s )
)
ds

+

∫ t

0

(
σ(Xi

s,LXi
s
)− σ(Xi,N

s , µX
N

s )
)
dW i

s

+

∫ t

0

∫
Rd0

(
c(Xi

s−,LXi
s−

)− c(Xi,N
s− , µ

XN

s− )
)
zÑ i(ds, dz).

Then, for λ ∈ R, applying Itô’s formula and Condition C2 valid for κ1 = κ2 = 1,

L1 ∈ R, L2 ≥ 0, we obtain that for any t ≥ 0,

e−λt|Xi
t −X

i,N
t |

2

=

∫ t

0

e−λs
[
− λ|Xi

s −Xi,N
s |2 + 2〈Xi

s −Xi,N
s , b(Xi

s,LXi
s
)− b(Xi,N

s , µX
N

s )〉

+ |σ(Xi
s,LXi

s
)− σ(Xi,N

s , µX
N

s )|2
]
ds

+ 2

∫ t

0

e−λs〈Xi
s −Xi,N

s , (σ(Xi
s,LXi

s
)− σ(Xi,N

s , µX
N

s ))dW i
s〉

+

∫ t

0

∫
Rd0
e−λs

[
|Xi

s− −X
i,N
s− +

(
c(Xi

s−,LXi
s−

)− c(Xi,N
s− , µ

XN

s− )
)
z|2 − |Xi

s− −X
i,N
s− |

2
]

× Ñ i(ds, dz) +

∫ t

0

∫
Rd0
e−λs

∣∣(c(Xi
s−,LXi

s−
)− c(Xi,N

s− , µ
XN

s− )
)
z
∣∣2ν(dz)ds

≤
∫ t

0

e−λs

[
− λ|Xi

s −Xi,N
s |2 + 2〈Xi

s −Xi,N
s , b(Xi

s,LXi
s
)− b(Xi,N

s , µX
N

s )〉

+ |σ(Xi
s,LXi

s
)− σ(Xi,N

s , µX
N

s )|2 + |c(Xi
s−,LXi

s−
)− c(Xi,N

s− , µ
XN

s− |2
∫
Rd0
|z|2ν(dz)

]
ds

+ 2

∫ t

0

e−λs〈Xi
s −Xi,N

s , (σ(Xi
s,LXi

s
)− σ(Xi,N

s , µX
N

s ))dW i
s〉

+

∫ t

0

∫
Rd0
e−λs

[∣∣Xi
s− −X

i,N
s− +

(
c(Xi

s−,LXi
s−

)− c(Xi,N
s− , µ

XN

s− )
)
z
∣∣2

− |Xi
s− −X

i,N
s− |

2
]
Ñ i(ds, dz)

≤
∫ t

0

e−λs
(
− λ|Xi

s −Xi,N
s |2 + L1|Xi

s −Xi,N
s |2 + L2W2

2 (LXi
s
, µX

N

s )
)
ds

+ 2

∫ t

0

e−λs〈Xi
s −Xi,N

s , (σ(Xi
s,LXi

s
)− σ(Xi,N

s , µX
N

s ))dW i
s〉
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+

∫ t

0

∫
Rd0
e−λs

(∣∣Xi
s− −X

i,N
s− +

(
c(Xi

s−,LXi
s−

)− c(Xi,N
s− , µ

XN

s− )
)
z|2

− |Xi
s− −X

i,N
s−
∣∣2)Ñ i(ds, dz).

Therefore, taking the expectation and using the estimate W2
2 (LXi

s
,LXi,N

s
) ≤ E[|Xi

s −
Xi,N
s |2], we obtain that for any ε > 0,

e−λtE
[∣∣∣Xi

t −X
i,N
t

∣∣∣2]
≤
∫ t

0

e−λs
(

(−λ+ L1)E
[
|Xi

s −Xi,N
s |2

]
+ L2E

[
W2

2 (LXi
s
, µX

N

s )
])

ds

≤
∫ t

0

e−λs

[
(−λ+ L1)E

[
|Xi

s −Xi,N
s |2

]
+ L2

((
1 +

ε

L2

)
E
[
W2

2 (LXi
s
,LXi,N

s
)
]

+
(
1 +

L2

ε

)
E
[
W2

2 (LXi,N
s
, µX

N

s )
])]

ds

≤
∫ t

0

e−λs

[
(−λ+ L1 + L2 + ε)E

[
|Xi

s −Xi,N
s |2

]
+ L2

(
1 +

L2

ε

)
E
[
W2

2 (LXi,N
s
, µX

N

s )
]]

ds. (3.19)

Moreover, from Proposition 3.4.1, we have that for any p ∈ (4, p0],

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣Xi,N

t

∣∣∣p] ≤ CT ,

for some constant CT > 0. This, together with [7, Theorem 5.8], deduces that

max
i∈{1,...,N}

E
[
W2

2 (LXi,N
s
, µX

N

s )
]
≤ C


N−1/2 if d < 4,

N−1/2 lnN if d = 4,

N−2/d if d > 4

= Cϕ(N), (3.20)

for any s ∈ [0, T ], where the positive constant C does not depend on the time.

Consequently, it suffices to choose λ = L1 + L2 + ε in (3.19) and use the estimate

(3.20) in order to conclude (3.17).

Finally, when γ < 0, it follows from Proposition 3.4.1 that for any p ∈ (4, p0],

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣Xi,N

t

∣∣∣q] ≤ C,
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where the positive constant C does not depend on T . Furthermore, when L1 +L2 < 0,

one can always choose ε sufficiently small such that λ < 0. This allows to conclude

(3.18). The desired proof follows.

3.5 Tamed-adaptive Euler-Maruyama scheme

In this section, we present a novel Euler-Maruyama approximation scheme for equation

(3.1). Approximating solutions for McKean-Vlasov stochastic differential equations

poses greater challenges than for standard stochastic differential equations. Our ap-

proach involves a two-step process. First, we approximate the measure LXt , as detailed

in Section 3.4. Second, we approximate each process Xi,N
t within the system (3.16)

using the tamed-adaptive Euler-Maruyama scheme previously described in Chapter 3.

Let σ∆ = (σ∆,ij)1≤i,j≤d : Rd × P2(Rd) → Rd ⊗ Rd and c∆ = (c∆,ij)1≤i,j≤d :

Rd × P2(Rd) → Rd ⊗ Rd be approximations of the coefficients σ and c, respectively,

which will be specified later. For all i ∈ {1, . . . , N}, ∆ ∈ (0, 1) and k ∈ N, we define

the tamed-adaptive Euler-Maruyama discretization of equation (3.16) by
t0 = 0, X̂i,N

0 = x0, tk+1 = tk + h(X̂
N

tk , µ
X̂
N

tk )∆,

X̂i,N
tk+1

= X̂i,N
tk

+ b(X̂i,N
tk

, µX̂
N

tk )(tk+1 − tk) + σ∆(X̂i,N
tk

, µX̂
N

tk )(W i
tk+1
−W i

tk)

+c∆(X̂i,N
tk

, µX̂
N

tk )(Zitk+1
− Zitk),

(3.21)

where

X̂
N

tk =
(
X̂1,N
tk

, . . . , X̂N,N
tk

)
,

µX̂
N

tk (dx) :=
1

N

N∑
i=1

δ
X̂i,N
tk

(dx),

h(X̂
N

tk , µ
X̂
N

tk ) = min
{
h(X̂1,N

tk
, µX̂

N

tk ), . . . , h(X̂N,N
tk

, µX̂
N

tk )
}
,

and

h(x, µ) =
h0

(1 + |b(x, µ)|+ |σ(x, µ)|+ |x|`)2 + |c(x, µ)|p0
, (3.22)

for x ∈ Rd, µ ∈ P2(Rd) and some positive constant h0. Here, the constants ` and p0

are respectively defined in Conditions C4 and C7.

In all what follows, to simplify the exposition, we take h0 = 1 in the proofs.

Analogous to the approximation schemes presented in Chapters 2 and 3, we must

provide sufficient conditions to guarantee that tk ↑ ∞ as k ↑ ∞, thereby demonstrating
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that the tamed-adaptive Euler-Maruyama approximation scheme (3.21) is well-defined.

Proposition 3.5.1. Assume that Condition C5 holds for p = 2 and there exist positive

constants L, β1 and β2 such that the functions h, b, σ∆ and c∆ satisfy

T1.
1

h(x, µ)
≤ L

(
1 + |x|β1 +Wβ2

2 (µ, δ0)
)

; |b(x, µ)| (1 + |b(x, µ)|)h(x, µ) ≤ L;

T2. 〈x, b(x, µ)− b(0, δ0)〉 ≤ L
(
|x|2 +W2

2 (µ, δ0)
)
;

T3. |σ∆(x, µ)| (1 + |x|) ≤ L√
∆

; |c∆(x, µ)| (1 + |x|) ≤ L√
∆

;

|b(x, µ)||c∆(x, µ)| ≤ L√
∆

;

for any x ∈ Rd and µ ∈ P2(Rd). Then, we have

lim
k→+∞

tk = +∞ a.s.

Proof of Proposition 3.5.1. For all i ∈ {1, . . . , N} and H > 0, we define the tamed-

adaptive Euler-Maruyama discretization of equation (3.16) as follows
t0 = 0, X̂i,N,H

0 = x0, tHk+1 = tHk + hH(X̂
N,H

tHk
, µX̂

N,H

tHk
)∆,

X̂i,N,H
tHk+1

= X̂i,N,H
tHk

+ bH(X̂i,N,H
tHk

, µX̂
N,H

tHk
)(tHk+1 − t

H
k )

+σ∆(X̂i,N,H
tHk

, µX̂
N,H

tHk
)(W i

tHk+1

−W i
tHk

) + c∆(X̂i,N,H
tHk

, µX̂
N,H

tHk
)(Zi

tHk+1

− Zi
tHk

),

(3.23)

where

X̂
N,H

tk =
(
X̂1,N,H
tk

, . . . , X̂N,N,H
tk

)
,

µX̂
N,H

tk (dx) :=
1

N

N∑
i=1

δ
X̂i,N,H
tk

(dx),

hH(X̂
N

tHk
, µX̂

N,H

tHk
) = min

{
hH(X̂1,N,H

tHk
, µX̂

N,H

tHk
), . . . , hH(X̂N,N,H

tHk
, µX̂

N,H

tHk
)
}
,

hH(x, µ) =

h(x, µ) if |x|β1 +Wβ2
2 (µ, δ0) ≤ H,

1

1 +H
if |x|β1 +Wβ2

2 (µ, δ0) > H,

bH(x, µ) =


b(x, µ) if |x|β1 +Wβ2

2 (µ, δ0) ≤ H,

x

1 + |x|2
+ b(0, δ0) if |x|β1 +Wβ2

2 (µ, δ0) > H,

for x ∈ Rd and µ ∈ P2(Rd). Then, it can be checked that for all x ∈ Rd and

µ ∈ P2(Rd),
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(1) |bH(x, µ)|hH(x, µ) ≤ C0 and |bH(x, µ)|2hH(x, µ) ≤ C0,

(2) 〈x, bH(x, µ)− b(0, δ0)〉 ≤ C0

(
|x|2 +W2

2 (µ, δ0)
)

due to Condition T2,

for some other positive constant C0. Moreover, from Condition T1, we have

hH(x, µ)∆ ≥ min{1, L−1}∆
1 +H

,

which implies that tHk+1 − t
H
k ≥

min{1,L−1}∆
1+H . Therefore,

lim
k→+∞

tHk = +∞ a.s.

Now, we define by tH := max
{
tHk : tHk ≤ t

}
the nearest time point before t. The

continuous interpolant process is defined by

X̂i,N,H
t : = X̂i,N,H

tH
+ bH

(
X̂i,N,H
tH

, µX̂
N,H

tH

)
(t− tH) + σ∆

(
X̂i,N,H
tH

, µX̂
N,H

tH

)(
W i
t −W i

tH

)
+ c∆

(
X̂i,N,H
tH

, µX̂
N,H

tH

)(
Zit − ZitH

)
= x0 +

∫ t

0

bH

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
ds+

∫ t

0

σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

+

∫ t

0

∫
Rd0
c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
zÑ i(ds, dz). (3.24)

Using Itô’s formula, we get

|X̂i,N,H
t |2

= |x0|2 +

∫ t

0

[
2
〈
X̂i,N,H
s , bH

(
X̂i,N,H
sH

, µX̂
N,H

sH

)〉
+
∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣2] ds
+ 2

∫ t

0

〈
X̂i,N,H
s , σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+

∫ t

0

∫
Rd0

∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2 ν(dz)ds

+

∫ t

0

∫
Rd0

[∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2 + 2

〈
X̂i,N,H
s− , c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉]

Ñ i(ds, dz)

≤ |x0|2 +

∫ t

0

[
2
〈
X̂i,N,H
s − X̂i,N,H

sH
, bH

(
X̂i,N,H
sH

, µX̂
N,H

sH

)〉
+ 2
〈
X̂i,N,H
sH

, bH

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
− b(0, δ0)

〉
+ 2
〈
X̂i,N,H
sH

, b(0, δ0)
〉

+
∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣2 +
∣∣∣c∆ (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣2 ∫
Rd0
|z|2ν(dz)

]
ds
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+ 2

∫ t

0

〈
X̂i,N,H
s − X̂i,N,H

sH
, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+ 2

∫ t

0

〈
X̂i,N,H
sH

, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+

∫ t

0

∫
Rd0

(∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2

+ 2
〈
X̂i,N,H
s− − X̂i,N,H

sH
, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉)

Ñ i(ds, dz)

+ 2

∫ t

0

∫
Rd0

〈
X̂i,N,H
sH

, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉
Ñ i(ds, dz)

≤ |x0|2 +

∫ t

0

(
2
∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣+ 2C0

(
|X̂i,N,H

sH
|2

+W2
2 (µX̂

N,H

sH , δ0)

)
+ |X̂i,N,H

sH
|2 + |b(0, δ0)|2 +

L2

∆
+
L2

∆

∫
Rd0
|z|2ν(dz)

)
ds

+ 2

∫ t

0

〈
X̂i,N,H
s − X̂i,N,H

sH
, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+ 2

∫ t

0

〈
X̂i,N,H
sH

, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+

∫ t

0

∫
Rd0

(∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2

+ 2
〈
X̂i,N,H
s− − X̂i,N,H

sH
, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉)

Ñ i(ds, dz)

+ 2

∫ t

0

∫
Rd0

〈
X̂i,N,H
sH

, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉
Ñ i(ds, dz). (3.25)

Now, we define τR := inf{t > 0 : maxi∈{1,...,N} |X̂
i,N,H
t | > R} for each R > 0 and

τ := s ∧ τR. On the one hand, using equation (3.24), Condition T3, the isometry

property of stochastic integrals and the fact that |bH(x, µ)|hH(x, µ) ≤ C0, we get

E
[∣∣∣X̂i,N,H

τ − X̂i,N,H
τH

∣∣∣2] ≤ 3

(
E
[ ∣∣∣bH (X̂i,N,H

τH
, µX̂

N,H

τH

)∣∣∣2 (τ − τH)2

]
+
∣∣∣σ∆

(
X̂i,N,H
τH

, µX̂
N,H

τH

)∣∣∣2 ∣∣∣W i
τ −W i

τH

∣∣∣2 +
∣∣∣c∆ (X̂i,N,H

τH
, µX̂

N,H

τH

)∣∣∣2 ∣∣∣Ziτ − ZiτH ∣∣∣2)
≤ 3

(
C2

0∆2 +
L2

∆
E
[
τ − τH

]
+
L2

∆

∫
Rd0
|z|2ν(dz)E

[
τ − τH

])
≤ 3

(
C2

0∆2 + L2 + L2

∫
Rd0
|z|2ν(dz)

)
. (3.26)

87



On the other hand, Condition T3 yields to∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣ ≤ L√
∆
,
∣∣∣c∆ (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣ ≤ L√
∆
,∣∣∣X̂i,N,H

sH

∣∣∣ ∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣ ≤ L√
∆
,
∣∣∣X̂i,N,H

sH

∣∣∣ ∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣ ≤ L√
∆
.

(3.27)

Therefore, all the stochastic integrals with respect to the Brownian motion and the

compensated Poisson random measure above are square martingales. Thus, their mo-

ments are equal to zero.

Moreover, using T3, equation (3.24), moment properties of the Brownian motion,

the isometry property of stochastic integrals and the fact that |bH(x, µ)|2hH(x, µ) ≤ C0,

we get

E
[∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣ ∣∣FsH]
≤ E

[ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣2 (s− sH) +
∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣ ∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣
×
∣∣∣W i

s −W i
sH

∣∣∣+
∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣ ∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣ ∣∣∣Zis − ZisH ∣∣∣ ∣∣FsH
]

≤
∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣2 (s− sH) +
L√
∆

∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣√s− sH

+
L√
∆

(∫
Rd0
|z|2ν(dz)

)1/2 ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣√s− sH

≤ C0∆ + L
√
C0 + L

√
C0

(∫
Rd0
|z|2ν(dz)

)1/2

. (3.28)

This, combined with E
[
W2

2 (µX̂
N,H

sH , δ0)1s≤τR

]
= E

[
|X̂i,N,H

sH
|21s≤τR

]
for i ∈ {1, . . . , N},

yields that for any t ∈ (0, T ],

E
[∣∣∣X̂i,N,H

t∧τR

∣∣∣2] ≤ |x0|2 +

∫ t

0

C (L,∆, b(0, δ0), µ2)

(
1 + E

[∣∣∣X̂i,N,H
sH

∣∣∣2 1s≤τR

])
ds,

where µ2 :=
∫
Rd0
|z|2ν(dz).

Next, using equation (3.24) and (3.26), we get

E
[∣∣∣X̂i,N,H

sH

∣∣∣2 1s≤τR

]
≤ 2E

[∣∣∣X̂i,N,H
s

∣∣∣2 1s≤τR

]
+ 2E

[∣∣∣X̂i,N,H
s − X̂i,N,H

sH

∣∣∣2]
≤ 2E

[∣∣∣X̂i,N,H
s∧τR

∣∣∣2]+ 6
(
C2

0∆2 + L2 + L2µ2

)
.
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This implies that for any t ∈ (0, T ],

E
[∣∣∣X̂i,N,H

t∧τR

∣∣∣2] ≤ C (x0, L,∆, b(0, δ0), µ2, T )

(
1 +

∫ t

0

E
[∣∣∣X̂i,N,H

s∧τR

∣∣∣2] ds) ,
which, together with Gronwall’s inequality, yields that for any t ∈ (0, T ],

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣X̂i,N,H

t∧τR

∣∣∣2] ≤ C (x0, L,∆, b(0, δ0), µ2, T ) .

Then, using Markov’s inequality, we obtain that

P(τR < T ) ≤
N∑
i=1

P(|X̂i,N,H
T∧τR | > R) = NP(|X̂1,N,H

T∧τR | > R)

≤ N
E[|X̂1,N,H

T∧τR |
2]

R2

≤ NC (x0, L,∆, b(0, δ0), µ2, T )

R2
,

which tends to zero as R ↑ ∞. Therefore, τR ↑ ∞ as R ↑ ∞. Then due to Fatou’s

lemma, we get

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣X̂i,N,H

t

∣∣∣2] ≤ C (x0, L,∆, b(0, δ0), µ2, T ) . (3.29)

Now, from (3.25), we get that for any t ∈ (0, T ],

|X̂i,N,H
t |2

≤ |x0|2 +

∫ T

0

[
2
∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣+ |X̂i,N,H
sH

|2

+ 2C0

(
|X̂i,N,H

sH
|2 +W2

2 (µX̂
N,H

sH , δ0)
)

+ |b(0, δ0)|2 +
L2

∆
+
L2

∆
µ2

]
ds

+ 2

∫ t

0

〈
X̂i,N,H
s − X̂i,N,H

sH
, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+ 2

∫ t

0

〈
X̂i,N,H
sH

, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+

∫ t

0

∫
Rd0

[ ∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2

+ 2
〈
X̂i,N,H
s− − X̂i,N,H

sH
, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉]

Ñ i(ds, dz)

+ 2

∫ t

0

∫
Rd0

〈
X̂i,N,H
sH

, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉
Ñ i(ds, dz).
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This, combined with (3.28), the fact that E
[
W2

2 (µX̂
N,H

sH , δ0)
]

= E
[
|X̂i,N,H

sH
|2
]

and

(3.29), deduces that

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2] ≤ C (x0, L,∆, b(0, δ0), µ2, T ) =: C0. (3.30)

Observe that

{tk ≤ T} =

{
tk ≤ T, max

i∈{1,...,N}
sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣β1 +Wβ2
2

(
µX̂

N,H

t , δ0

))
≤ H

2

}

∪

{
max

i∈{1,...,N}
sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣β1 +Wβ2
2

(
µX̂

N,H

t , δ0

))
>
H

2

}

⊂
{
tHk ≤ T

}
∪

{
max

i∈{1,...,N}
sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣β1 +Wβ2
2

(
µX̂

N,H

t , δ0

))
>
H

2

}
.

Then, using E
[
supt∈[0,T ]W2

2 (µX̂
N,H

t , δ0)
]
≤ E

[
supt∈[0,T ] |X̂

i,N,H
t |2

]
for i ∈ {1, . . . , N}

and Markov’s inequality, we get that for any H > 0,

P(tk ≤ T )

≤ P
(
tHk ≤ T

)
+ P

(
max

i∈{1,...,N}
sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣β1 +Wβ2
2

(
µX̂

N,H

t , δ0

))
>
H

2

)

≤ P
(
tHk ≤ T

)
+ P

(
max

i∈{1,...,N}
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣β1 > H

4

)

+ P

(
max

i∈{1,...,N}
sup
t∈[0,T ]

Wβ2
2

(
µX̂

N,H

t , δ0

)
>
H

4

)

= P
(
tHk ≤ T

)
+ P

(
max

i∈{1,...,N}
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2 > (H
4

)2/β1

)

+ P

(
max

i∈{1,...,N}
sup
t∈[0,T ]

W2
2

(
µX̂

N,H

t , δ0

)
>
(
H

4

)2/β2

)

≤ P
(
tHk ≤ T

)
+
(

4

H

)2/β1 N∑
i=1

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]

+
(

4

H

)2/β2 N∑
i=1

E

[
sup
t∈[0,T ]

W2
2 (µX̂

N,H

t , δ0)

]

≤ P
(
tHk ≤ T

)
+
(

4

H

)2/β1 N∑
i=1

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]
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+
(

4

H

)2/β2 N∑
i=1

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]

≤ P
(
tHk ≤ T

)
+

((
4

H

)2/β1

+
(

4

H

)2/β2
)
NC0.

Then, let k ↑ ∞ and recall that lim
k→+∞

tHk = +∞ a.s., we have that for any H > 0,

lim sup
k→∞

P(tk ≤ T ) ≤
((

4

H

)2/β1

+
(

4

H

)2/β2
)
NC0.

Then, letting H ↑ ∞, we get

lim
k→∞

P(tk ≤ T ) = 0.

Therefore, tk → ∞ in probability as k ↑ ∞. Since (tk)k≥0 is an increasing sequence,

we have

lim
k→+∞

tk = +∞ a.s.

Thus, the result follows.

Remark 3.5.2. The demonstration that tk diverges to infinity is a critical and chal-

lenging aspect of constructing an adaptive scheme. Our approach to proving Propo-

sition 3.5.1 diverges significantly from that presented in [17]. Specifically, in [17], the

auxiliary process X̂ is formulated using the projection method, which complicates its

analysis within the context of McKean-Vlasov SDEs. In our proof, we also employ a

truncation technique, but instead of applying it to the entire process X̂, we truncate

the coefficient b and the step size h. This modification results in X̂ being constructed

as an Itô process, enabling us to apply Itô formula to X̂2. This approach substantially

streamlines our proof.

Let all assumptions of Proposition 3.5.1 be satisfied, we define the nearest time

point before t by t := max {tn : tn ≤ t}, and by Nt := max {n : tn ≤ t} the number of

timesteps approximation up to time t. Observe that t is a stopping time. Thus, we

define the standard continuous interpolant as

X̂i,N
t = X̂i,N

t + b
(
X̂i,N
t , µX̂

N

t

)
(t− t) + σ∆

(
X̂i,N
t , µX̂

N

t

)(
W i
t −W i

t

)
+ c∆

(
X̂i,N
t , µX̂

N

t

)(
Zit − Zit

)
. (3.31)
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Hence, X̂i,N = (X̂i,N
t )t≥0 is the solution to the following SDE with jumps

dX̂i,N
t = b

(
X̂i,N
t , µX̂

N

t

)
dt+ σ∆

(
X̂i,N
t , µX̂

N

t

)
dW i

t + c∆

(
X̂i,N
t , µX̂

N

t

)
dZit ,

X̂i,N
0 = x0, (3.32)

whose integral equation has the following form

X̂i,N
t = x0 +

∫ t

0

b
(
X̂i,N
s , µX̂

N

s

)
ds+

∫ t

0

σ∆

(
X̂i,N
s , µX̂

N

s

)
dW i

s

+

∫ t

0

∫
Rd0
c∆

(
X̂i,N
s , µX̂

N

s

)
zÑ i(ds, dz).

3.6 Moments

In Section 3.3, we demonstrated the integrability of the moment of the exact solution

in Lp for any p ∈ [2, p0]. Notably, when γ < 0, the moments of the exact solution are

uniformly bounded over infinite time intervals. In this section, we will establish that

the moments of the approximate solution exhibit similar properties to those of the ex-

act solution. Our proof techniques remain consistent, utilizing mathematical induction,

the binomial theorem, and Hölder inequality. However, due to the two-step approxima-

tion process required for McKeanVlasov stochastic differential equations, proving the

integrability of the approximate solution is more challenging than in previous results.

Consequently, we require several auxiliary estimates.

Firstly, we state the estimate on the moments of X̂i,N = (X̂i,N
t )t≥0.

Lemma 3.6.1. Assume Conditions T1-T3 and that Condition C5 holds for q = 2p0.

Then for any p ∈ [1, 2p0] and T > 0, there exists a positive constant C (p, x0, L,∆,

b(0, δ0), µ2, µp/2, T
)

with µp/2 :=
∫
Rd0
|z|p/2ν(dz) such that

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

|X̂i,N
t |

p

]
≤ C

(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
.

Proof of Lemma 3.6.1. Recall that the process X̂i,N,H = (X̂i,N,H
t )t≥0 is defined in

(3.23) and (3.24). Using Markov’s inequality, the estimate E
[
supt∈[0,T ]W2

2 (µX̂
N,H

t , δ0)
]
≤

E
[
supt∈[0,T ] |X̂

i,N,H
t |2

]
and (3.30), we obtain that for any T > 0, i ∈ {1, . . . , N} and

H > 0,

P

(
sup
t∈[0,T ]

|X̂i,N
t | 6= sup

t∈[0,T ]

|X̂i,N,H
t |

)
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≤ P

(
sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣β1 +Wβ2
2

(
µX̂

N,H

t , δ0

))
> H

)

≤ P

(
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣β1 > H

2

)
+ P

(
sup
t∈[0,T ]

Wβ2
2

(
µX̂

N,H

t , δ0

)
>
H

2

)

= P

(
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2 > (H
2

)2/β1

)
+ P

(
sup
t∈[0,T ]

W2
2

(
µX̂

N,H

t , δ0

)
>
(
H

2

)2/β2

)

≤
(

2

H

)2/β1

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]+
(

2

H

)2/β2

E

[
sup
t∈[0,T ]

W2
2 (µX̂

N,H

t , δ0)

]

≤
(

2

H

)2/β1

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]+
(

2

H

)2/β2

E

[
sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣2]

≤
((

2

H

)2/β1

+
(

2

H

)2/β2
)
C0,

which tends to zero as H ↑ ∞. This implies that supt∈[0,T ] |X̂
i,N,H
t | → supt∈[0,T ] |X̂

i,N
t |

in probability as H ↑ ∞. Thus, for any T > 0 and i ∈ {1, . . . , N}, there exists a se-

quence {Hn}n≥1 that tends to infinity such that supt∈[0,T ] |X̂
i,N,Hn
t | → supt∈[0,T ] |X̂

i,N
t |

a.s. as n ↑ ∞.

Now, from (3.25), we have that for any t > 0, i ∈ {1, . . . , N} and H > 0,

|X̂i,N,H
t |2

≤ |x0|2 +

∫ T

0

[
2
∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣+ 2C0W2
2 (µX̂

N,H

sH , δ0)

+ |b(0, δ0)|2 +
L2

∆
+
L2

∆

∫
Rd0
|z|2ν(dz)

]
ds+ 2

∫ t

0

〈
X̂i,N,H
sH

, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+ 2

∫ t

0

〈
X̂i,N,H
s − X̂i,N,H

sH
, σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
dW i

s

〉
+

∫ t

0

∫
Rd0

[∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)
z
∣∣∣2 + 2

〈
X̂i,N,H
s− − X̂i,N,H

sH
, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉]

× Ñ i(ds, dz) + 2

∫ t

0

∫
Rd0

〈
X̂i,N,H
sH

, c∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)
z
〉
Ñ i(ds, dz)

+ (2C0 + 1)

∫ t

0

|X̂i,N,H
sH

|2ds. (3.33)

First, we have

E
[∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣p/2 ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣p/2 ∣∣FsH]
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≤ C(p)

[
E
[ ∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣p (s− sH)p/2

+
∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣p/2 ∣∣∣σ∆

(
X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣p/2 ∣∣∣W i
s −W i

sH

∣∣∣p/2
+
∣∣∣bH (X̂i,N,H

sH
, µX̂

N,H

sH

)∣∣∣p/2 ∣∣∣c∆ (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣p/2 ∣∣∣Zis − ZisH ∣∣∣p/2 ∣∣FsH]
]

≤ C(p)

[ ∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣p (s− sH)p/2 +

(
L√
∆

)p/2 ∫
Rd0
|z|p/2ν(dz)(s− sH)

+

(
L√
∆

)p/2(∣∣∣bH (X̂i,N,H
sH

, µX̂
N,H

sH

)∣∣∣2 (s− sH)

)p/4 ]

≤ C(p)

Cp/20 ∆p/2 + Lp/2C
p/4
0 +

(
L√
∆

)p/2 ∫
Rd0
|z|p/2ν(dz)

 . (3.34)

Second, we have

E
[∣∣∣X̂i,N,H

τ − X̂i,N,H
τH

∣∣∣p/2]
≤ 3p/2−1

[
E
[ ∣∣∣bH (X̂i,N,H

τH
, µX̂

N,H

τH

)∣∣∣p/2 (τ − τH)p/2
]

+
∣∣∣σ∆

(
X̂i,N,H
τH

, µX̂
N,H

τH

)∣∣∣p/2 ∣∣∣W i
τ −W i

τH

∣∣∣p/2 +
∣∣∣c∆ (X̂i,N,H

τH
, µX̂

N,H

τH

)∣∣∣p/2 ∣∣∣Ziτ − ZiτH ∣∣∣p/2
]

≤ Cp

Cp/20 ∆p/2 +

(
L√
∆

)p/2

E
[
(τ − τH)p/4

]
+

(
L√
∆

)p/2 ∫
Rd0
|z|p/2ν(dz)E

[
τ − τH

]
≤ Cp

Cp/20 ∆p/2 + Lp/2 +

(
L√
∆

)p/2 ∫
Rd0
|z|p/2ν(dz)

 . (3.35)

Therefore, by using the estimate E
[
W2

2 (µX̂
N,H

sH , δ0)
]

= E
[
|X̂i,N,H

sH
|2
]
≤ C0; estimates

(3.33), (3.34), (3.35), (3.27) and the Burkholder-Davis-Gundy inequality, we get that

for any t ∈ (0, T ],

E

[
sup
u∈[0,t]

|X̂i,N,H
u |p

]

≤ C
(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
+ (2C0 + 1)p/2E

[(∫ t

0

|X̂i,N,H
sH

|2ds
)p/2]

94



≤ C̃0 + (2C0 + 1)p/2tp/2−1

∫ t

0

E
[
|X̂i,N,H

sH
|p
]
ds

≤ C̃0 + (2C0 + 1)p/2tp/2−1

∫ t

0

E

[
sup
u∈[0,s]

|X̂i,N,H
u |p

]
ds,

where C̃0 := C
(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
with µp/2 :=

∫
Rd0
|z|p/2ν(dz).

This, combined with Gronwall’s inequality, deduces that

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

|X̂i,N,H
t |p

]
≤ C̃1, (3.36)

where the constant C̃1 does not depend on H.

Therefore, choosing H = Hn in (3.36) and letting n ↑ ∞, combined with Fatou’s

lemma and the fact that supt∈[0,T ] |X̂
i,N,Hn
t | → supt∈[0,T ] |X̂

i,N
t | a.s. as n ↑ ∞, we

obtain that

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

|X̂i,N
t |

p

]
≤ C̃1,

which finishes the desired proof.

Next, we are going to show that the moments of X̂i,N
t depend on t. For this, we

need to introduce the following condition.

T4. There exists a positive constant L such that |σ∆(x, µ)| ≤ |σ(x, µ)| and |c∆(x, µ)| ≤
|c(x, µ)| for all x ∈ Rd and µ ∈ P2(Rd);

T5. For some integer p0 ∈ [2,+∞), there exist constants L̃3 > 0, γ̃1 ∈ R, γ̃2 > 0,

η̃ ≥ 0 such that for all x ∈ Rd and µ ∈ P2(Rd),

|c∆(x, µ)| ≤ L̃3 (1 + |x|+W2(µ, δ0)) , (3.37)

and

〈x, b(x, µ)〉+
p0 − 1

2
|σ∆(x, µ)|2 + |c∆(x, µ)|2

∫
Rd0

[
|z|2

2
+

1

L̃3
2

×
((

1 + |z|(L̃3 + ε)
)p0−1

− 1− |z|(L̃3 + ε)

)(
|z|
(
L̃3

2
+ ε
)

+ ε

)]
ν(dz)

≤ γ̃1|x|2 + γ̃2W2
2 (µ, δ0) + η̃,

(3.38)

where ε = 1
2
√
N

max{3L̃3, 1}.
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Remark 3.6.2. Observe that (3.38) of Condition T5 yields to

〈x, b(x, µ)〉+
p− 1

2
|σ∆(x, µ)|2 + |c∆(x, µ)|2

∫
Rd0

[
|z|2

2
+

1

L̃3
2

×
((

1 + |z|(L̃3 + ε)
)p−1

− 1− |z|(L̃3 + ε)

)(
|z|
(
L̃3

2
+ ε
)

+ ε

)]
ν(dz)

≤ γ̃1|x|2 + γ̃2W2
2 (µ, δ0) + η̃.

for any p ∈ [2, p0], x ∈ Rd and µ ∈ P2(Rd).

In the following, we state an estimate for L2-norm of the approximate solution.

Lemma 3.6.3. Assume T1–T5 and C5 with p0 = 2. Then, there exists a positive

constant C = C(x0, γ̃1, γ̃2, η̃, L, L̃0) which depends neither on ∆ nor on t such that for

any t ≥ 0,

max
i∈{1,...,N}

(
E
[
|X̂i,N

t |
2
]
∨ E

[
|X̂i,N

t |
2
])
≤


Ce2γ̃t if γ̃ > 0,

C(1 + t) if γ̃ = 0,

C if γ̃ < 0,

where γ̃ = γ̃1 + γ̃2.

Proof of Lemma 3.6.3. Proceeding as in (3.12) by applying Itô’s formula to e−2γ̃t|X̂i,N
t |2,

we get that for any i ∈ {1, . . . , N},

e−2γ̃t|X̂i,N
t |

2

≤ |x0|2 + 2

∫ t

0

e−2γ̃s

(
− γ̃|X̂i,N

s |2 + 〈X̂i,N
s , b(X̂i,N

s , µX̂
N

s )〉+
1

2

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣2

+
1

2

∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 ∫

Rd0
|z|2ν (dz)

)
ds+ 2

∫ t

0

e−2γ̃s
〈
X̂i,N
s , σ∆(X̂i,N

s , µX̂
N

s )dW i
s

〉
+

∫ t

0

∫
Rd0
e−2γ̃s

(
2
〈
X̂i,N
s− , c∆

(
X̂i,N
s− , µ

X̂
N

s−

)
z
〉

+
∣∣∣c∆ (X̂i,N

s− , µ
X̂
N

s−

)
z
∣∣∣2) Ñ i(ds, dz).

(3.39)

First, using (3.31), we have

− γ̃|X̂i,N
s |2

= −γ̃|X̂i,N
s |2 − 2γ̃

〈
X̂i,N
s , b

(
X̂i,N
s , µX̂

N

s

)
(s− s) + σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
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+c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)〉
− γ̃

∣∣∣b(X̂i,N
s , µX̂

N

s

)
(s− s)

+σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)∣∣∣2
≤ −γ̃

∣∣∣X̂i,N
s

∣∣∣2 + 2|γ̃|
∣∣∣X̂i,N

s

∣∣∣ ∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣ (s− s)
− 2γ̃

〈
X̂i,N
s , σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)〉
+ 3|γ̃|

(∣∣∣b(X̂i,N
s , µX̂

N

s )
∣∣∣2 (s− s)2 +

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 ∣∣W i

s −W i
s

∣∣2
+
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |Zis − Zis|2) .

Then, using T4, C5, (2.25), and (3.22), we get∣∣∣X̂i,N
s

∣∣∣ ∣∣∣b(X̂i,N
s , µX̂

N

s )
∣∣∣ (s− s) ≤ C∆;∣∣∣b(X̂i,N

s , µX̂
N

s )
∣∣∣2 (s− s)2 ≤ C∆;

E
[∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2 ∣∣W i
s −W i

s

∣∣2 ∣∣Fs] ≤ C∆;

E
[∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣2 ∣∣Zis − Zis∣∣2 ∣∣Fs] ≤ C∆,

which yields that

E
[
−γ̃|X̂i,N

s |2
]

= E
[
E
[
−γ̃|X̂i,N

s |2
∣∣Fs]] ≤ E

[
−γ̃|X̂i,N

s |2
]

+ C|γ̃|∆. (3.40)

Moreover, using again (3.31), we have〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

=
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
〈
X̂i,N
s − X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

≤
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
∣∣∣b(X̂i,N

s , µX̂
N

s )
∣∣∣2 (s− s)

+
〈
σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)
, b(X̂i,N

s , µX̂
N

s )
〉
,

which, combined with the fact that |b(X̂i,N
s , µX̂

N

s )|2(s− s) ≤ ∆ due to (3.22), deduces

that

E
[〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉]
≤ E

[〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉]

+ ∆. (3.41)

Thanks to Lemma 3.6.1, the stochastic integrals in (3.39) have zero expectation. Thus,

using (3.39), (3.40), (3.41) and (3.38) of T5 with p0 = 2 and recall that γ̃ = γ̃1 + γ̃2,
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we obtain that

E
[
e−2γ̃t|X̂i,N

t |
2
]

≤ |x0|2 + 2

∫ t

0

e−2γ̃s

(
E
[
− γ̃|X̂i,N

s |2 +
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
1

2

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 +

1

2

∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 ∫

Rd0
|z|2ν (dz)

]
+ C

)
ds

≤ |x0|2 + 2

∫ t

0

e−2γ̃s

(
− γ̃2E

[
|X̂i,N

s |2
]

+ γ̃2E
[
W2

2 (µX̂
N

s , δ0)
]

+ η̃ + C

)
ds

= |x0|2 + 2

∫ t

0

e−2γ̃s
(
−γ̃2E

[
|X̂i,N

s |2
]

+ γ̃2E
[
|X̂i,N

s |2
]

+ η̃ + C
)
ds

= |x0|2 + 2 (η̃ + C)

∫ t

0

e−2γ̃sds,

for some positive constant C, where we have used the equality E
[
W2

2 (µX̂
N

s , δ0)
]

=

E
[
|X̂i,N

s |2
]
. This yields to

E
[
|X̂i,N

t |
2
]
≤


(
|x0|2 +

η̃ + C

γ̃

)
e2γ̃t − η̃ + C

γ̃
if γ̃ 6= 0,

|x0|2 + 2 (η̃ + C) t if γ̃ = 0.

(3.42)

Next, from (3.31), we have

X̂i,N
t = X̂i,N

t − b
(
X̂i,N
t , µX̂

N

t

)
(t− t)− σ∆

(
X̂i,N
t , µX̂

N

t

)(
W i
t −W i

t

)
− c∆

(
X̂i,N
t , µX̂

N

t

)(
Zit − Zit

)
.

This, combined with T4, C5, (2.25) and (3.22), we get that for any p > 1,

E
[∣∣∣X̂i,N

t

∣∣∣p] ≤ 4p−1

(
E
[∣∣∣X̂i,N

t

∣∣∣p]+ E
[∣∣∣b(X̂i,N

t , µX̂
N

t )(t− t)
∣∣∣p]

+ E
[∣∣∣σ∆(X̂i,N

t , µX̂
N

t )(W i
t −W i

t )
∣∣∣p]+ E

[∣∣∣c∆(X̂i,N
t , µX̂

N

t )(Zit − Zit)
∣∣∣p])

≤ 4p−1
(
E
[∣∣∣X̂i,N

t

∣∣∣p]+ C∆p + C∆p/2 + C∆1∧p/2
)
. (3.43)

Consequently, from (3.42) and (3.43) with p = 2, the result follows.

To estimate Lp-norm of the approximate solution for p > 2, we need a series of

preliminary lemmas.

98



Lemma 3.6.4. Let p be a positive even integer. For any a, b, c ∈ Rd, it holds that

S = |a+ c|p − |b+ c|p − |a|p + |b|p

≤
p/2∑
j=1

j∑
k=0

(
p/2

j

)(
j

k

)
2j−k|c|j+k

[
2p−2j−1(|a− b|p−2j + |b|p−2j)

×
j−k∑
`=1

(
j − k
`

)
|b|j−k−`|a− b|` +

p−2j∑
`=1

(
p− 2j

`

)
|b|p−j−k−`|a− b|`

]
. (3.44)

Proof of Lemma 3.6.4. We first note that S =
(
|a|2 + 2〈a, c〉+ |c|2

)p/2
−|a|p−

(
|b|2 +

2〈b, c〉+ |c|2
)p/2

+ |b|p. Using the binomial theorem, we have

S =

p/2∑
j=1

j∑
k=0

(
p/2

j

)(
j

k

)
2j−k|c|2k

(
|a|p−2j〈a, c〉j−k − |b|p−2j〈b, c〉j−k

)
.

Next, we write

|a|p−2j〈a, c〉j−k − |b|p−2j〈b, c〉j−k = |a|p−2j
(

(〈b, c〉+ 〈a− b, c〉)j−k − 〈b, c〉j−k
)

+
(

(|b|+ (|a| − |b|))p−2j − |b|p−2j
)
〈b, c〉j−k.

Using the binomial theorem, the estimates |a|p−2j ≤ 2p−2j−1(|a − b|p−2j + |b|p−2j),

|〈a− b, c〉| ≤ |a− b||c|, and |〈b, c〉| ≤ |b||c|, we obtain the desired result.

Lemma 3.6.5. Assume Conditions T1–T5 and C5. Then, for any even integer p ∈
(0, p0], there exists a positive constant Cp such that for any s > 0, i ∈ {1, . . . , N} and

λ ∈ R,

a) E
[
−λ|X̂i,N

s |p
∣∣Fs] ≤ −λ|X̂i,N

s |p + Cp|λ|
p−2∑
j=0

|X̂i,N
s |j.

b) E
[
|X̂i,N

s |p−2
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉 ∣∣Fs] ≤ |X̂i,N

s |p−2
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+Cp
p−2∑
j=0

|X̂i,N
s |j .

c) E
[
|X̂i,N

s |p−4|(X̂i,N
s )Tσ∆(X̂i,N

s , µX̂
N

s )|2
∣∣Fs] ≤ |X̂i,N

s |p−2|σ∆(X̂i,N
s , µX̂

N

s )|2+Cp
p−3∑
j=0

|X̂i,N
s |j .

Proof of Lemma 3.6.5. First, by using T4, (3.22), Burkholder-Davis-Gundy’s inequal-

ity, (2.25) and C5, we get that for all 2 ≤ j ≤ p,

max

{
|X̂i,N

s |
∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣ |s− s| ;E [|X̂i,N
s |

∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣ ∣∣W i
s −W i

s

∣∣ ∣∣Fs] ;
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E
[
|X̂i,N

s |
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣ ∣∣Zis − Zis∣∣ ∣∣Fs]} ≤ C
√

∆,

max

{∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣j |s− s|j ; E
[∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j ∣∣W i
s −W i

s

∣∣j ∣∣Fs] ;

E
[∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j ∣∣Zis − Zis∣∣j ∣∣Fs]} ≤ C∆. (3.45)

a) Using the binomial theorem and (3.31), we get that

− λ|X̂i,N
s |p

= −λ|X̂i,N
s |p − λ

p∑
j=1

(
p

j

)
|X̂i,N

s |p−j
(
|X̂i,N

s | − |X̂i,N
s |
)j

≤ −λ|X̂i,N
s |p + |λ|p|X̂i,N

s |p−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣+ |λ|
p∑
j=2

(
p

j

)
|X̂i,N

s |p−j
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣j
≤ −λ|X̂i,N

s |p + |λ|p|X̂i,N
s |p−2

[
|X̂i,N

s |
∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣ |s− s|
+ |X̂i,N

s |
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣ ∣∣W i
s −W i

s

∣∣+ |X̂i,N
s |

∣∣∣c∆ (X̂i,N
s , µX̂

N

s

)∣∣∣ ∣∣Zis − Zis∣∣
]

+ |λ|
p∑
j=2

3j−1

(
p

j

)
|X̂i,N

s |p−j
[ ∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣j |s− s|j
+
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j ∣∣W i
s −W i

s

∣∣j +
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j ∣∣Zis − Zis∣∣j
]
.

Using (3.45), we conclude part a) of Lemma 3.6.5.

b) Using a similar computation as in part a), we obtain

|X̂i,N
s |p−2

〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

≤ |X̂i,N
s |p−2

〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+ |X̂i,N
s |p−2|b(X̂i,N

s , µX̂
N

s )|2(s− s)

+ |X̂i,N
s |p−2

〈
σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)
,

b(X̂i,N
s , µX̂

N

s )

〉
+

p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−1−j3j−1|b(X̂i,N
s , µX̂

N

s )|

×
[∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣j |s− s|j +
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j ∣∣W i
s −W i

s

∣∣j
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+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j ∣∣Zis − Zis∣∣j]+

p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j3j |b(X̂i,N
s , µX̂

N

s )|

×

[ ∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣j+1

|s− s|j+1 +
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j+1 ∣∣W i
s −W i

s

∣∣j+1

+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j+1 ∣∣Zis − Zis∣∣j+1

]
.

Using again (3.45), we conclude part b) of Lemma 3.6.5.

c) Using the binomial theorem and (3.31), we have

|X̂i,N
s |p−2|σ∆(X̂i,N

s , µX̂
N

s )|2

≤ |X̂i,N
s |p−2|σ∆(X̂i,N

s , µX̂
N

s )|2 +

p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j |σ∆(X̂i,N
s , µX̂

N

s )|23j−1

×

[ ∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣j |s− s|j +
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j ∣∣W i
s −W i

s

∣∣j
+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j ∣∣Zis − Zis∣∣j
]
.

Then, using the estimates (3.45), we get that

E
[
|X̂i,N

s |p−4|(X̂i,N
s )Tσ∆(X̂i,N

s , µX̂
N

s )|2
∣∣Fs]

≤ E
[
|X̂i,N

s |p−2|σ∆(X̂i,N
s , µX̂

N

s )|2
∣∣Fs]

≤ |X̂i,N
s |p−2|σ∆(X̂i,N

s , µX̂
N

s )|2 + Cp

p−3∑
j=0

|X̂i,N
s |j . (3.46)

We conclude part c) of Lemma 3.6.5.

Lemma 3.6.6. Assume Conditions T1–T5 and C5. Then, for any even integer p ∈
(0, p0], s > 0, and z ∈ Rd, it holds that

E

[(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − ∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p)

−
(
|X̂i,N

s |p − |X̂i,N
s |p

) ∣∣∣∣∣Fs
]
≤ Q̂p−2

(∣∣∣X̂i,N
s

∣∣∣ , |z|)+

p/2∑
j=1

j∑
k=0

Cj,k|z|j+kWj+k
2 (µX̂

N

s , δ0)

×

[ ∣∣∣X̂i,N
s

∣∣∣j−k−2

+
∣∣∣X̂i,N

s

∣∣∣p−j−k−2

+

j−k∑
`=2

(∣∣∣X̂i,N
s

∣∣∣j−k−` +
∣∣∣X̂i,N

s

∣∣∣p−j−k−`)
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+

p−2j∑
`=2

∣∣∣X̂i,N
s

∣∣∣p−j−k−` ], (3.47)

where (Cj,k) are some positive constants , Q̂p−2(|X̂i,N
s |, |z|) is a polynomial in |X̂i,N

s |
of degree p− 2.

Proof of Lemma 3.6.6. By using Lemma 3.6.4, we have(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − ∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p)− (|X̂i,N

s |p − |X̂i,N
s |p

)
≤

p/2∑
j=1

j∑
k=0

(
p/2

j

)(
j

k

)
2j−k

∣∣∣c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣j+k [2p−2j−1

j−k∑
`=1

(
j − k
`

)∣∣∣X̂i,N
s

∣∣∣j−k−`
×
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣p−2j+`

+ 2p−2j−1

j−k∑
`=1

(
j − k
`

)∣∣∣X̂i,N
s

∣∣∣p−j−k−` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣`
+

p−2j∑
`=1

(
p− 2j

`

)∣∣∣X̂i,N
s

∣∣∣p−j−k−` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣` ].
Then, using (3.37) of T5 and (3.31), we get(∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p − ∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p)− (|X̂i,N

s |p − |X̂i,N
s |p

)
≤

p/2∑
j=1

j∑
k=0

(
p/2

j

)(
j

k

)
2j−k |z|j+k (L̃3)j+k3j+k−1

(
1 +
∣∣∣X̂i,N

s

∣∣∣j+k +Wj+k
2 (µX̂

N

s , δ0)

)

×

[
2p−2j−1(j − k)

∣∣∣X̂i,N
s

∣∣∣j−k−2

3p−2j

(∣∣∣X̂i,N
s

∣∣∣ ∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣p−2j+1

|s− s|p−2j+1

+
∣∣∣X̂i,N

s

∣∣∣ ∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣p−2j+1 ∣∣W i
s −W i

s

∣∣p−2j+1
+
∣∣∣X̂i,N

s

∣∣∣ ∣∣∣c∆ (X̂i,N
s , µX̂

N

s

)∣∣∣p−2j+1

×
∣∣Zis − Zis∣∣p−2j+1

)
+

(
2p−2j−1

(
j − k

1

)
+

(
p− 2j

1

))∣∣∣X̂i,N
s

∣∣∣p−j−k−2

×
(
|X̂i,N

s ||b(X̂i,N
s , µX̂

N

s )|(s− s) + |X̂i,N
s |

∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣ ∣∣W i
s −W i

s

∣∣
+ |X̂i,N

s |
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣ ∣∣Zis − Zis∣∣)
]

+

p/2∑
j=1

j∑
k=0

(
p/2

j

)(
j

k

)
2j−k |z|j+k

× (L̃3)j+k3j+k−1
(

1 + |X̂i,N
s |j+k +Wj+k

2 (µX̂
N

s , δ0)
)[

]2p−2j−1

j−k∑
`=2

(
j − k
`

)
×
∣∣∣X̂i,N

s

∣∣∣j−k−` 3p−2j+`−1

(∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣p−2j+`

|s− s|p−2j+`
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+
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣p−2j+` ∣∣W i
s −W i

s

∣∣p−2j+`
+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣p−2j+`

×
∣∣Zis − Zis∣∣p−2j+`

)
+ 2p−2j−1

j−k∑
`=2

(
j − k
`

)∣∣∣X̂i,N
s

∣∣∣p−j−k−` 3`−1

(∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣`
× |s− s|` +

∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣` ∣∣W i
s −W i

s

∣∣` +
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣` ∣∣Zis − Zis∣∣`)
+

p−2j∑
`=2

(
p− 2j

`

)
3`−1

∣∣∣X̂i,N
s

∣∣∣p−j−k−`(∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣` |s− s|` +
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣`
×
∣∣W i

s −W i
s

∣∣` +
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣` ∣∣Zis − Zis∣∣`)
]
.

By applying the estimates (3.45) and condition T4, we obtain the desired result.

Lemma 3.6.7. Assume Conditions T1–T5 and C5. Then, for any even integer p ∈
(0, p0], s > 0, and z ∈ Rd, it holds∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2p

(
|z|2

2
+ L̃3

−2
((

1 + |z|(L̃3 + ε)
)p−1

− |z|(L̃3 + ε)− 1

)

×
(
|z|
(
L̃3

2
+ ε
)

+ ε

))
+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
,

(3.48)

where ε = 1
2
√
N

max{3L̃3, 1}, Û i,Ns :=
1√
N

∑N
j=1;j 6=i

∣∣∣X̂j,N
s

∣∣∣, and

Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
:= 2L̃3

2
((

1 +
1√
N

)2

|X̂i,N
s |2 +

(
1 + Û i,Ns

)2
)(

k

`

)
2`L̃3

2k−`−2

×

[(
k − `

2
− 1
)(

1 +
1√
N

)2k−`−3
(

1 + Û i,Ns

)2

|X̂i,N
s |p−4

+

2k−`−2∑
m=2

(
2k − `− 2

m

)(
1 +

1√
N

)2k−`−2−m
(

1 + Û i,Ns

)m
|X̂i,N

s |p−2−m

]
.

Proof of Lemma 3.6.7. Proceeding in the same way as in (3.7), we get∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉
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=
p

2

∣∣∣X̂i,N
s

∣∣∣p−2 ∣∣∣c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣2 +

p/2∑
k=2

(
p/2

k

)
|X̂i,N

s |p−2k
k∑
`=0

(
k

`

)
×
∣∣∣c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣2k−2`

2`
(〈

X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉)`

≤ p

2

∣∣∣X̂i,N
s

∣∣∣p−2 ∣∣∣c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣2 +

p/2∑
k=2

k∑
`=0

(
p/2

k

)(
k

`

)
2`|X̂i,N

s |p−2k+`

×
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2k−` |z|2k−`.

It follows from estimate (3.37) of T5 and the estimateW2(µX̂
N

s , δ0) ≤ 1√
N

∑N
j=1 |X̂

j,N
s |

that ∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣2k−`−2

≤ L̃3
2k−`−2

(
1 + |X̂i,N

s |+W2(µX̂
N

s , δ0)
)2k−`−2

≤ L̃3
2k−`−2

(
1 + |X̂i,N

s |+
1√
N

N∑
j=1

∣∣∣X̂j,N
s

∣∣∣)2k−`−2

= L̃3
2k−`−2

(1 +
1√
N

)|X̂i,N
s |+ 1 +

1√
N

N∑
j=1;j 6=i

∣∣∣X̂j,N
s

∣∣∣
2k−`−2

= L̃3
2k−`−2

[
(1 +

1√
N

)2k−`−2|X̂i,N
s |2k−`−2 + (2k − `− 2)

(
1 + Û i,Ns

)
× (1 +

1√
N

)2k−`−3|X̂i,N
s |2k−`−3 +

2k−`−2∑
m=2

(
2k − `− 2

m

)(
1 + Û i,Ns

)m
× (1 +

1√
N

)2k−`−2−m|X̂i,N
s |2k−`−2−m

]
. (3.49)

Using the estimate
(

1 + Û i,Ns

)
|X̂i,N

s |2k−`−3 ≤ 1
2

((
1 + Û i,Ns

)2

|X̂i,N
s |2k−`−4+|X̂i,N

s |2k−`−2
)

,

we get

k∑
`=0

(
k

`

)
2`|X̂i,N

s |p−2k+`
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2k−` |z|2k−`

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2
k∑
`=0

(
k

`

)
2`|z|2k−`L̃3

2k−`−2
(

1 +
1√
N

)2k−`−3

×
(

1√
N

+ k − `

2

)
+
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 k∑

`=0

(
k

`

)
2`|z|2k−`L̃3

2k−`−2
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×

[(
k − `

2
− 1

)(
1 +

1√
N

)2k−`−3
(

1 + Û i,Ns

)2

|X̂i,N
s |p−4

+

2k−`−2∑
m=2

(
2k − `− 2

m

)(
1 +

1√
N

)2k−`−2−m
(

1 + Û i,Ns

)m
|X̂i,N

s |p−2−m

]
.

Set a = |z|L̃3

(
1 +

1√
N

)
. Note that

k∑
`=0

(
k

`

)
2`|z|2k−`L̃3

2k−`−2
(

1 +
1√
N

)2k−`−3

= L̃3
−2
(

1 +
1√
N

)−3 (
a2 + 2a

)k
and

− 1

2

k∑
`=0

(
k

`

)
2`|z|2k−`L̃3

2k−`−2
(

1 +
1√
N

)2k−`−3

`

= −L̃3
−2
(

1 +
1√
N

)−3

ka
(
a2 + 2a

)k−1
.

These facts imply that

k∑
`=0

(
k

`

)
2`|z|2k−`L̃3

2k−`−2
(

1 +
1√
N

)2k−`−3

(
1√
N

+ k − `

2
)

= L̃3
−2
(

1 +
1√
N

)−3 (
a2 + 2a

)k−1
(
a2 + 2a√

N
+ k(a2 + a)

)
.

Moreover, similar to the estimate (3.49), we get∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 ≤ 2L̃3

2
((

1 +
1√
N

)2

|X̂i,N
s |2 +

(
1 + Û i,Ns

)2
)
.

Therefore, we have

k∑
`=0

(
k

`

)
2`|X̂i,N

s |p−2k+`
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2k−` |z|2k−`

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2L̃3
−2
(

1 +
1√
N

)−3 (
a2 + 2a

)k−1
(
a2 + 2a√

N
+ k(a2 + a)

)
+

k∑
`=0

|z|2k−`Qp
(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
.
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Next, using
∑p/2

k=2

(
p/2
k

)
kzk−1 = p

2((1 + z)p/2−1 − 1) and
∑p/2

k=2

(
p/2
k

)
zk−1 = z−1((1 +

z)p/2 − 1− p
2z) with z > 0, we get that

p/2∑
k=2

(
p/2

k

)
|X̂i,N

s |p−2k

(∣∣∣c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣2 + 2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉)k

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2L̃3
−2
(

1 +
1√
N

)−3

×

(
1√
N

(
(1 + a)p − 1− p

2
(a2 + 2a)

)
+ (a2 + a)

p

2

(
(1 + a)p−2 − 1

))

+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
.

Applying the inequality (1 + a)p − 1 − p
2(a2 + 2a) ≤ (a+ 1)2 ((1 + a)p−2 − 1

)
, with

p ≥ 2 and a > 0, we get that for ε = 1
2
√
N

max{3L̃3, 1},∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2

[
p

2
|z|2 + L̃3

−2
(

1 +
1√
N

)−3

×
(

1√
N

(
(1 + a)p − 1− p

2
(a2 + 2a)

)
+ (a2 + a)

p

2

(
(1 + a)p−2 − 1

))]

+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2

[
p

2
|z|2 + L̃3

−2
(

1 +
1√
N

)−3 (
(1 + a)p−2 − 1

)
(a+ 1)

×
(
a+ 1√
N

+
ap

2

)]
+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2p

[
|z|2

2
+ L̃3

−2
(

(1 + a)p−1 − a− 1
)(

a+ 1

p
√
N

+
a

2

)]

+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2p

[
|z|2

2
+ L̃3

−2
((

1 + |z|(L̃3 + ε)
)p−1
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− |z|(L̃3 + ε)− 1

)(
|z|
(
L̃3

2
+ ε
)

+ ε

)]
+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`

×Qp
(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
,

where we have used the fact that a ≤ |z|(L̃3 + ε),
a+ 1

p
√
N

+
a

2
≤ |z|

(
L̃3

2 + ε
)

+ ε.

Lemma 3.6.8. Assume Conditions T1–T5 and C5. Then, for any even integer p ∈
(0, p0], there exists a positive constant Cp such that for any s > 0 and z ∈ Rd,

E
[
|X̂i,N

s |p−2〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉 − |X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉
∣∣Fs]

≤ Cp|z|

(
p−2∑
j=0

|X̂i,N
s |j +W2(µX̂

N

s , δ0)

p−3∑
j=0

|X̂i,N
s |j

)
. (3.50)

Proof of Lemma 3.6.8. By using the binomial theorem, (3.31) and (3.37) of T5, we

have

|X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉 − |X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉

= 〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉
(
|X̂i,N

s |p−2 − |X̂i,N
s |p−2

)
+ 〈X̂i,N

s − X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉|X̂i,N
s |p−2

= 〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉
p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j
(
|X̂i,N

s | − |X̂i,N
s |
)j

+ 〈X̂i,N
s − X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉|X̂i,N
s |p−2

+ 〈X̂i,N
s − X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉
p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j
(
|X̂i,N

s | − |X̂i,N
s |
)j

≤ (p− 2)|c∆(X̂i,N
s , µX̂

N

s )||z||X̂i,N
s |p−2

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
+ |c∆(X̂i,N

s , µX̂
N

s )||z|
p−2∑
j=2

(
p− 2

j

)
|X̂i,N

s |p−1−j
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣j
+
〈
b
(
X̂i,N
s , µX̂

N

s

)
(s− s), c∆(X̂i,N

s , µX̂
N

s )z
〉
|X̂i,N

s |p−2

+
〈
σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)(
Zis − Zis

)
, c∆(X̂i,N

s , µX̂
N

s )z
〉

× |X̂i,N
s |p−2 + |c∆(X̂i,N

s , µX̂
N

s )||z|
p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣j+1
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≤ (p− 2)|z||X̂i,N
s |p−2

(
|c∆(X̂i,N

s , µX̂
N

s )||b(X̂i,N
s , µX̂

N

s )|(s− s) + |c∆(X̂i,N
s , µX̂

N

s )|

× |σ∆

(
X̂i,N
s , µX̂

N

s

)
|
∣∣W i

s −W i
s

∣∣+ |c∆(X̂i,N
s , µX̂

N

s )|2
∣∣Zis − Zis∣∣)

+ L̃3

(
1 + |X̂i,N

s |+W2(µX̂
N

s , δ0)
)
|z|

p−2∑
j=2

(
p− 2

j

)
|X̂i,N

s |p−1−j3j−1

×

[ ∣∣∣b(X̂i,N
s , µX̂

N

s

)∣∣∣j |s− s|j +
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j ∣∣W i
s −W i

s

∣∣j
+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j ∣∣Zis − Zis∣∣j
]

+
〈
b
(
X̂i,N
s , µX̂

N

s

)
(s− s), c∆(X̂i,N

s , µX̂
N

s )z
〉

× |X̂i,N
s |p−2 +

〈
σ∆

(
X̂i,N
s , µX̂

N

s

)(
W i
s −W i

s

)
+ c∆

(
X̂i,N
s , µX̂

N

s

)
×
(
Zis − Zis

)
, c∆(X̂i,N

s , µX̂
N

s )z
〉
|X̂i,N

s |p−2 + L̃3

(
1 + |X̂i,N

s |+W2(µX̂
N

s , δ0)
)
|z|

×
p−2∑
j=1

(
p− 2

j

)
|X̂i,N

s |p−2−j3j
(∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣j+1

|s− s|j+1

+
∣∣∣σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣j+1 ∣∣W i
s −W i

s

∣∣j+1
+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣j+1 ∣∣Zis − Zis∣∣j+1
)
.

By applying the estimates (3.45) and condition T4, we obtain the desired result.

Proposition 3.6.9. Assume Conditions T1–T5 and C5. Then, for any positive k ≤
p0/2, there exists a positive constant C = C(x0, k, γ̃1, γ̃2, η̃, L, L̃3, p0) which depends

neither on ∆ nor on t such that for any t ≥ 0,

max
i∈{1,...,N}

(
E
[
|X̂i,N

t |
2k
]
∨ E

[
|X̂i,N

t |
2k
])
≤


Ce2kγ̃t if γ̃ > 0,

C(1 + t)k if γ̃ = 0,

C if γ̃ < 0,

(3.51)

where γ̃ = γ̃1 + γ̃2.

Proof of Proposition 3.6.9. Using Hölder’s inequality, it suffices to show (3.51) for pos-

itive intergers k with k ≤ p0/2. We are going to use the induction method. First, note

that (3.51) is valid for k = 1 due to Lemma 3.6.3.

Next, assume that (3.51) holds for any k ≤ k0 ≤ [p0/2]− 1. We wish to show that

(3.51) still holds for k = k0 +1. For this, using Itô’s formula for e−pλt|X̂i,N
t |p with even
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integer p := 2(k0 + 1), we have

e−pλt
∣∣∣X̂i,N

t

∣∣∣p = |x0|p +

∫ t

0

e−pλsRsds+Mt, (3.52)

where

Rs = −pλ|X̂i,N
s |p + p|X̂i,N

s |p−2
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
p

2
|X̂i,N

s |p−2
∣∣∣σ∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 +

p(p− 2)

2
|X̂i,N

s |p−4
∣∣∣(X̂i,N

s )Tσ∆(X̂i,N
s , µX̂

N

s )
∣∣∣2

+

∫
Rd0

(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − |X̂i,N

s |p

−p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉)

ν (dz)

Mt = p

∫ t

0

e−pλs|X̂i,N
s |p−2

〈
X̂i,N
s , σ∆(X̂i,N

s , µX̂
N

s )dW i
s

〉
+

∫ t

0

∫
Rd0
e−pλs

(∣∣∣X̂i,N
s− + c∆(X̂i,N

s− , µ
X̂
N

s− )z
∣∣∣p − |X̂i,N

s− |
p

)
Ñ i(ds, dz).

If follows from Lemma 3.6.5 that

E
[
− pλ|X̂i,N

s |p + p|X̂i,N
s |p−2

〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
p

2
|X̂i,N

s |p−2
∣∣∣σ∆(X̂i,N

s , µX̂
N

s )
∣∣∣2

+
p(p− 2)

2
|X̂i,N

s |p−4
∣∣∣(X̂i,N

s )Tσ∆(X̂i,N
s , µX̂

N

s )
∣∣∣2 ∣∣∣Fs]

≤ p|X̂i,N
s |p−2

(
−λ|X̂i,N

s |2 +
〈
X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

+
p− 1

2
|σ∆(X̂i,N

s , µX̂
N

s )|2
)

+Qp−2

(∣∣∣X̂i,N
s

∣∣∣) , (3.53)

where Qp−2(|X̂i,N
s |) is a polynomial in |X̂i,N

s | of degree p− 2.

We write∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉

=
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉

+

(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣p − ∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣p)− (|X̂i,N

s |p − |X̂i,N
s |p

)
− p
(
|X̂i,N

s |p−2
〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉
− |X̂i,N

s |p−2
〈
X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z
〉)

.

(3.54)

Therefore, taking the conditional expectation on both sides of (3.54) and inserting
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(3.47), (3.48), and (3.50) into the right hand side, we obtain that for ε = 1
2
√
N

max{3L̃3, 1},

E

[ ∣∣∣X̂i,N
s + c∆

(
X̂i,N
s , µX̂

N

s

)
z
∣∣∣p − |X̂i,N

s |p − p|X̂i,N
s |p−2

〈
X̂i,N
s , c∆

(
X̂i,N
s , µX̂

N

s

)
z
〉 ∣∣Fs]

≤ p
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣2 |X̂i,N

s |p−2

[
|z|2

2
+ L̃3

−2
((

1 + |z|(L̃3 + ε)
)p−1

− |z|(L̃3 + ε)− 1

)

×
(
|z|
(
L̃3

2
+ ε
)

+ ε

)]
+

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`Qp

(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
+ Q̂p−2

(∣∣∣X̂i,N
s

∣∣∣ , |z|)+

p/2∑
j=1

j∑
k=0

Cj,k|z|j+kWj+k
2 (µX̂

N

s , δ0)

[ ∣∣∣X̂i,N
s

∣∣∣j−k−2

+
∣∣∣X̂i,N

s

∣∣∣p−j−k−2

+

j−k∑
`=2

(∣∣∣X̂i,N
s

∣∣∣j−k−` +
∣∣∣X̂i,N

s

∣∣∣p−j−k−`)+

p−2j∑
`=2

∣∣∣X̂i,N
s

∣∣∣p−j−k−` ]

+ Cp|z|

(
p−2∑
j=0

|X̂i,N
s |j +W2(µX̂

N

s , δ0)

p−3∑
j=0

|X̂i,N
s |j

)
. (3.55)

Hence, combining (3.53) and (3.55), we get

E[Rs|Fs]

≤ p|X̂i,N
s |p−2

[
− λ|X̂i,N

s |2 + 〈X̂i,N
s , b(X̂i,N

s , µX̂
N

s )〉+
p− 1

2
|σ∆(X̂i,N

s , µX̂
N

s )|2

+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣2 ∫
Rd0

(
|z|2

2
+ L̃3

−2
((

1 + |z|(L̃3 + ε)
)p−1

− |z|(L̃3 + ε)− 1

)

×
(
|z|
(
L̃3

2
+ ε
)

+ ε

))
ν(dz)

]
+Qp−2

(∣∣∣X̂i,N
s

∣∣∣)+

∫
Rd0

[
p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`

×Qp
(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
+ Q̂p−2

(∣∣∣X̂i,N
s

∣∣∣ , |z|)
+

p/2∑
j=1

j∑
k=0

Cj,k|z|j+kWj+k
2 (µX̂

N

s , δ0)

(∣∣∣X̂i,N
s

∣∣∣j−k−2

+
∣∣∣X̂i,N

s

∣∣∣p−j−k−2

+

j−k∑
`=2

(∣∣∣X̂i,N
s

∣∣∣j−k−` +
∣∣∣X̂i,N

s

∣∣∣p−j−k−`)+

p−2j∑
`=2

∣∣∣X̂i,N
s

∣∣∣p−j−k−`)

+ Cp|z|
( p−2∑

j=0

|X̂i,N
s |j +W2(µX̂

N

s , δ0)

p−3∑
j=0

|X̂i,N
s |j

)]
ν(dz).
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In the following, we choose λ = γ̃1 + γ̃2
N . It follows from (3.38) of T5 and the equality

W2
2 (µX̂

N

s , δ0) = 1
N

∑N
m=1 |X̂

m,N
s |2 that

− (γ̃1 +
γ̃2

N
)|X̂i,N

s |2 + 〈X̂i,N
s , b(X̂i,N

s , µX̂
N

s )〉+
p− 1

2
|σ∆(X̂i,N

s , µX̂
N

s )|2

+
∣∣∣c∆ (X̂i,N

s , µX̂
N

s

)∣∣∣2 ∫
Rd0

[
|z|2

2
+ L̃3

−2
((

1 + |z|(L̃3 + ε)
)p−1

− |z|(L̃3 + ε)− 1

)

×
(
|z|
(
L̃3

2
+ ε
)

+ ε

)]
ν(dz)

≤− (γ̃1 +
γ̃2

N
)|X̂i,N

s |2 + γ̃1|X̂i,N
s |2 + γ̃2W2

2 (µX̂
N

s , δ0) + η̃ =
γ̃2

N

N∑
m=1,m6=i

|X̂m,N
s |2 + η̃.

Therefore, using the estimate W2(µX̂
N

s , δ0) ≤ 1√
N

∑N
m=1 |X̂

m,N
s |, we obtain that

E[Rs] ≤ pE

[
γ̃2

N
|X̂i,N

s |p−2
N∑

m=1,m6=i

|X̂m,N
s |2 +

∫
Rd0

p/2∑
k=2

k∑
`=0

(
p/2

k

)
|z|2k−`

×Qp
(
p− 2, 2k − `, |X̂i,N

s |, 1 + Û i,Ns

)
ν(dz)

]
+ C

p−2∑
j=0

E
[
|X̂i,N

s |j
]
, (3.56)

for some positive constant C.

Thanks to Lemma 3.6.1, E[Mt] = 0. Now, we are going to take the expectation for

(3.52) with λ = γ̃1 + γ̃2
N , plug (3.56) into (3.52), and use the inductive assumption,

Condition C5 and the following fact thanks to the independence between |X̂i,N
s |p−2

and
∑N

m=1,m 6=i |X̂
m,N
s |2

E

|X̂i,N
s |p−2

N∑
m=1,m6=i

|X̂m,N
s |2

 =

N∑
m=1,m6=i

E
[
|X̂i,N

s |p−2
]
E
[
|X̂m,N

s |2
]
,

E
[
|X̂i,N

s |p−`
(

1 + Û i,Ns

)`]
= E

[
|X̂i,N

s |p−`
]
E
[(

1 + Û i,Ns

)`]
,

(3.57)

for any ` ∈ {2, . . . , p − 2}, where recall that Û i,Ns = 1√
N

∑N
m=1;m6=i |X̂

m,N
s |. As a

consequence, we get that

E
[
e
−p
(
γ̃1+

γ̃2
N

)
t
∣∣∣X̂i,N

t

∣∣∣p]
≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s

(
p−2∑
`=2

E
[
|X̂i,N

s |p−`
]
E
[(

1 + Û i,Ns

)`]
+

p−2∑
j=0

E
[
|X̂i,N

s |j
])

ds.
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Here, recall that γ̃ = γ̃1 + γ̃2.

Case γ̃ > 0:

E
[
e
−p
(
γ̃1+

γ̃2
N

)
t
∣∣∣X̂i,N

t

∣∣∣p]
≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s

(
p−2∑
`=2

e
(p−`)

(
γ̃1+γ̃2

)
s
e
`
(
γ̃1+γ̃2

)
s

+

p−2∑
j=0

e
j
(
γ̃1+γ̃2

)
s

)
ds

≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s
e
p
(
γ̃1+γ̃2

)
s
ds

= |x0|p + C

∫ t

0

e
−pγ̃2

(
1
N
−1
)
s
ds

= |x0|p +
C

−pγ̃2

(
1
N − 1

) (e−pγ̃2( 1
N
−1
)
t − 1

)
,

which implies that

E
[∣∣∣X̂i,N

t

∣∣∣p] ≤ |x0|pep
(
γ̃1+

γ̃2
N

)
t
+

C

pγ̃2

(
1− 1

N

) (ep(γ̃1+γ̃2

)
t − ep

(
γ̃1+

γ̃2
N

)
t

)
≤ Ce

p
(
γ̃1+γ̃2

)
t

= Cepγ̃t.

Case γ̃ = 0: In this case, we have γ̃1 + γ̃2
N < γ̃ = 0. Using the integration by parts

formula repeatedly, it can be checked that for any β < 0 and q ∈ N∗,∫ t

0

e−βs(1 + s)qds ≤ C(β, q)

(
e−βt(1 + t)q +

∫ t

0

e−βsds

)
≤ C(β, q)

(
e−βt(1 + t)q + e−βt

)
≤ C(β, q)e−βt(1 + t)q,

for some constant C(β, q) > 0. This deduces that

E
[
e
−p
(
γ̃1+

γ̃2
N

)
t
∣∣∣X̂i,N

t

∣∣∣p]
≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s

(
p−2∑
`=2

(1 + s)(p−`)/2 (1 + s)`/2 +

p−2∑
j=0

(1 + s)j/2

)
ds

≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s

(1 + s)p/2 ds

≤ |x0|p + Ce
−p
(
γ̃1+

γ̃2
N

)
t
(1 + t)p/2 .
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Therefore, we obtain that

E
[∣∣∣X̂i,N

t

∣∣∣p] ≤ C (1 + t)p/2 .

Case γ̃ < 0: In this case, we have γ̃1 + γ̃2
N < γ̃ < 0. Thus, we get

E
[
e
−p
(
γ̃1+

γ̃2
N

)
t
∣∣∣X̂i,N

t

∣∣∣p] ≤ |x0|p + C

∫ t

0

e
−p
(
γ̃1+

γ̃2
N

)
s
ds,

which implies that

E
[∣∣∣X̂i,N

t

∣∣∣p] ≤ C.

Consequently, combining with (3.43), we conclude that (3.51) holds for k = k0 + 1.

Thus, the result follows.

Remark 3.6.10. When condition C6 and all conditions of Proposition 3.6.9 are sat-

isfied, we get the following estimate on the expectation of the number of timesteps

NT

E [NT − 1] ≤ C

∆
, (3.58)

for any T > 0, where the positive constant C does not depend on ∆.

Indeed, the same argument in the proof of Lemma 2 in [17] yields that

NT =

NT∑
k=1

1 ≤
∫ T

0

1

∆h(X̂
N

t , µ
X̂
N

t )
dt+ 1.

Then, using (3.22), Assumption C6, and Remark 3.2.1 (i) and (iii), we get that for

any i ∈ {1, . . . , N} and p0 ≥ 2(`+ 1),

1

h(X̂i,N
t , µX̂

N

t )
≤ C

(
1 + |X̂i,N

t |
p0 +Wp0

2 (µX̂
N

t , δ0)
)

≤ C

(
1 + |X̂i,N

t |
p0 +

1

N

N∑
m=1

∣∣∣X̂m,N
t

∣∣∣p0) .

This, combined with h(X̂
N

t , µ
X̂
N

t ) = min{h(X̂1,N
t , µX̂

N

t ), . . . , h(X̂N,N
t , µX̂

N

t )}, Lemma

3.6.1 and Proposition 3.6.9, shows the estimate (3.58).

3.7 Convergence

In this section, we will assess the strong convergence rate of the tamed-adaptive Euler-

Maruyama scheme, across both finite and infinite time intervals. To accomplish this,
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we first require the following uniformly-in-time bound for the difference between the

two approximate solutions X̂i,N
t and X̂i,N

t .

Lemma 3.7.1. Let all conditions of Proposition 3.6.9 be satisfied. Then for any p ∈
[2, p0], there exists a positive constant Cp = C(p, L) such that

max
i∈{1,...,N}

E
[∣∣∣X̂i,N

t − X̂i,N
t

∣∣∣p ∣∣Ft] ≤ Cp∆,

for any t ≥ 0 and

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣X̂i,N

t − X̂i,N
t

∣∣∣p] ≤ Cp∆.

Proof of Lemma 3.7.1. From (3.31), we have that for any p ≥ 2,

|X̂i,N
t − X̂i,N

t |
p

=
∣∣∣b(X̂i,N

t , µX̂
N

t )(t− t) + σ∆(X̂i,N
t , µX̂

N

t )(W i
t −W i

t ) + c∆(X̂i,N
t , µX̂

N

t )(Zit − Zit)
∣∣∣p

≤ 3p−1

[∣∣∣b(X̂i,N
t , µX̂

N

t )
∣∣∣p (t− t)p +

∣∣∣σ∆(X̂i,N
t , µX̂

N

t )
∣∣∣p ∣∣W i

t −W i
t

∣∣p
+
∣∣∣c∆(X̂i,N

t , µX̂
N

t )
∣∣∣p ∣∣Zit − Zit∣∣p] .

This, combined with (3.45), concludes the desired result.

Next, the following additional condition will be needed.

T6. There exists a positive constant L4 such that

|σ(x, µ)− σ∆(x, µ)| ≤ L4∆1/2|σ(x, µ)|2(1 + |x|),

|c(x, µ)− c∆(x, µ)| ≤ L4∆1/2|c(x, µ)|2 (1 + |x|+ |b(x, µ)|) ,

for all x ∈ Rd and µ ∈ P2(Rd).

Remark 3.7.2. If we choose

σ∆(x, µ) =
σ(x, µ)

1 + ∆1/2|σ(x, µ)|(1 + |x|)
, (3.59)

c∆(x, µ) =
c(x, µ)

1 + ∆1/2|c(x, µ)|(1 + |x|+ |b(x, µ)|)
, (3.60)

then Conditions T3, T4 and T6 are satisfied.

Due to the two-step approximation process necessitated by McKean-Vlasov stochas-

tic differential equations, assessing the convergence rate of the approximation scheme
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requires us to evaluate both the error between the exact solution Xt and the approx-

imate solution Xi,N
t of Propagation of Chaos, as presented in Section 3.4, and the

error between the two approximate solutions Xi,N
t and X̂i,N

t , which we will address

subsequently.

Theorem 3.7.3. Assume that the coefficients b, σ, c, σ∆, c∆ and the Lévy measure ν

satisfy Conditions C1, C3–C5, T2–T6, and p0 ≥ 4` + 6, N ≥
(

max
{

3L̃3,1
}

2ε

)2

.

Assume further that there exists a constant ε > 0 such that C2 holds for κ1 = κ2 =

1 + ε, L1 ∈ R, L2 ≥ 0. Then for any T > 0, there exist positive constants CT =

C(x0, L, L1, L2, L4, γ̃1, γ̃2, η̃, L̃3, ε, T ) and C ′T = C ′(x0, L, L1, L2, L4, γ̃1, γ̃2, η̃, L̃3, ε, T )

such that

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣Xi,N

t − X̂i,N
t

∣∣∣2] ≤ CT∆, (3.61)

and for any p ∈ (0, 2),

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

∣∣∣Xi,N
t − X̂i,N

t

∣∣∣p] ≤ (4− p
2− p

)
(C ′T∆)p/2. (3.62)

Moreover, if γ̃ = γ̃1 + γ̃2 < 0, and L1 + L2 < 0, then, there exists a positive constant

C ′′ = C ′′(x0, L, L1, L2, L4, γ̃1, γ̃2, η̃, L̃3, ε), which does not depend on T , such that

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣Xi,N

t − X̂i,N
t

∣∣∣2] ≤ C ′′∆. (3.63)

Proof of Theorem 3.7.3. Thanks to (3.16) and (3.32), we have that for any i ∈ {1, . . . , N},

Xi,N
t − X̂i,N

t =

∫ t

0

(
b(Xi,N

s , µX
N

s )− b
(
X̂i,N
s , µX̂

N

s

))
ds

+

∫ t

0

(
σ(Xi,N

s , µX
N

s )− σ∆

(
X̂i,N
s , µX̂

N

s

))
dW i

s

+

∫ t

0

∫
Rd0

(
c(Xi,N

s− , µ
XN

s− )− c∆
(
X̂i,N
s , µX̂

N

s

))
zÑ i(ds, dz).

Thanks to Itô’s formula, we obtain that for any λ ∈ R,

e−λt|Xi,N
t − X̂i,N

t |
2

=

∫ t

0

e−λs

[
− λ|Xi,N

s − X̂i,N
s |2 + 2

〈
Xi,N
s − X̂i,N

s , b(Xi,N
s , µX

N

s )− b
(
X̂i,N
s , µX̂

N

s

)〉
+
∣∣∣σ(Xi,N

s , µX
N

s )− σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2]ds
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+ 2

∫ t

0

e−λs
〈
Xi,N
s − X̂i,N

s ,
(
σ(Xi,N

s , µX
N

s )− σ∆(X̂i,N
s , µX̂

N

s )
)
dW i

s

〉
+

∫ t

0

∫
Rd0
e−λs

[
|Xi,N

s− − X̂
i,N
s− +

(
c(Xi,N

s− , µ
XN

s− )− c∆(X̂i,N
s− , µ

X̂
N

s− )
)
z|2 − |Xi,N

s− − X̂
i,N
s− |

2
]

× Ñ i(ds, dz) +

∫ t

0

∫
Rd0
e−λs

∣∣(c(Xi,N
s , µX

N

s )− c∆(X̂i,N
s , µX̂

N

s )
)
z
∣∣2ν(dz)ds. (3.64)

In the following, we will give upper bounds for each term on the right hand side of

(3.64). First, we decompose

2
〈
Xi,N
s − X̂i,N

s , b(Xi,N
s , µX

N

s )− b
(
X̂i,N
s , µX̂

N

s

)〉
= 2
〈
Xi,N
s − X̂i,N

s , b(Xi,N
s , µX

N

s )− b
(
X̂i,N
s , µX̂

N

s

)〉
+ S, (3.65)

where S = 2
〈
Xi,N
s − X̂i,N

s , b
(
X̂i,N
s , µX̂

N

s

)
− b
(
X̂i,N
s , µX̂

N

s

)〉
. By using Cauchy’s

inequality and Condition C4, we obtain that for any ε1 > 0,

S ≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2 +
1

ε1

∣∣∣b(X̂i,N
s , µX̂

N

s

)
− b
(
X̂i,N
s , µX̂

N

s

)∣∣∣2
≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2 +
6

ε1
L2

(
1 +
∣∣∣X̂i,N

s

∣∣∣2` +
∣∣∣X̂i,N

s

∣∣∣2`)
×
(∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

))
≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2 +
6

ε1
L2

(
1 + 22`−1

(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2` +
∣∣∣X̂i,N

s

∣∣∣2`)+
∣∣∣X̂i,N

s

∣∣∣2`)
×
(∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

))
= ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2 +
6

ε1
L2

[ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)
+ 22`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2`+2
]

+
6

ε1
L2

[
22`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2`W2
2

(
µX̂

N

s , µX̂
N

s

)
+ (22`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣2` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 ]+
6

ε1
L2(22`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣2`W2
2

(
µX̂

N

s , µX̂
N

s

)
.

(3.66)

Second, by using Cauchy’s inequality, we have that for any ε2 > 0,∣∣∣σ(Xi,N
s , µX

N

s )− σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2
≤ (1 + ε2)

∣∣∣σ(Xi,N
s , µX

N

s )− σ
(
X̂i,N
s , µX̂

N

s

)∣∣∣2
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+ 2

(
1 +

1

ε2

)[∣∣∣σ (X̂i,N
s , µX̂

N

s

)
− σ

(
X̂i,N
s , µX̂

N

s

)∣∣∣2
+
∣∣∣σ (X̂i,N

s , µX̂
N

s

)
− σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2] . (3.67)

It follows from Remark 3.2.1 that∣∣∣σ (X̂i,N
s , µX̂

N

s

)
− σ

(
X̂i,N
s , µX̂

N

s

)∣∣∣2
≤ LL̃

1 + ε

(
1 +
∣∣∣X̂i,N

s

∣∣∣` +
∣∣∣X̂i,N

s

∣∣∣`)(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

))
≤ LL̃

1 + ε

[
1 + 2`−1

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣` +
∣∣∣X̂i,N

s

∣∣∣` )+
∣∣∣X̂i,N

s

∣∣∣`]
×
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)]
=

LL̃

1 + ε

(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)
+ 2`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣`+2

+ 2`−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

)
+ (2`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2
+ (2`−1 + 1)

∣∣X̂i,N
s

∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

))
. (3.68)

Then, it follows from T6 and Remark 3.2.1(iii) that∣∣∣σ (X̂i,N
s , µX̂

N

s

)
− σ∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2 ≤ L2
4∆
∣∣∣σ (X̂i,N

s , µX̂
N

s

)∣∣∣4 (1 +
∣∣∣X̂i,N

s

∣∣∣)2

≤ 4L2
4∆

[
16
(
LL̃

1 + ε

)2(
1 + |X̂i,N

s |2`
)(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
+ 4 |σ(0, δ0)|4

]
×
(

1 + |X̂i,N
s |2

)
. (3.69)

Third, using Cauchy’s inequality, we obtain that for any ε3 > 0,∣∣∣c(Xi,N
s , µX

N

s )− c∆
(
X̂i,N
s , µX̂

N

s

)∣∣∣2
≤ (1 + ε3)

∣∣∣c(Xi,N
s , µX

N

s )− c
(
X̂i,N
s , µX̂

N

s

)∣∣∣2 + 2

(
1 +

1

ε3

)
×

[ ∣∣∣c(X̂i,N
s , µX̂

N

s

)
− c
(
X̂i,N
s , µX̂

N

s

)∣∣∣2 +
∣∣∣c(X̂i,N

s , µX̂
N

s

)
− c∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2 ].
(3.70)

Thanks to Remark 3.2.1(ii), we have∣∣∣c(X̂i,N
s , µX̂

N

s

)
− c
(
X̂i,N
s , µX̂

N

s

)∣∣∣2 ∫
Rd0
|z|2ν(dz)
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≤ LL̃

1 + ε

(
1 +
∣∣∣X̂i,N

s

∣∣∣` +
∣∣∣X̂i,N

s

∣∣∣`)(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

))
≤ LL̃

1 + ε

[
1 + 2`−1

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣` +
∣∣∣X̂i,N

s

∣∣∣` )+
∣∣∣X̂i,N

s

∣∣∣`]
×
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)]
=

LL̃

1 + ε

[ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)
+ 2`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣`+2

+ 2`−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

)
+ (2`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2
+ (2`−1 + 1)

∣∣X̂i,N
s

∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

)]
. (3.71)

Thanks to Condition T6 and Remark 3.2.1(iii) and (i), we have∣∣∣c(X̂i,N
s , µX̂

N

s

)
− c∆

(
X̂i,N
s , µX̂

N

s

)∣∣∣2
≤ L2

4∆
∣∣∣c(X̂i,N

s , µX̂
N

s

)∣∣∣4 (1 +
∣∣∣X̂i,N

s

∣∣∣+
∣∣∣b(X̂i,N

s , µX̂
N

s

)∣∣∣)2

≤
6L2

4∆(∫
Rd0
|z|2ν(dz)

)2

[
16
(
LL̃

1 + ε

)2(
1 + |X̂i,N

s |2`
)(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
(3.72)

+ 4 |c(0, δ0)|4
(∫

Rd0
|z|2ν(dz)

)2
][

1 + |X̂i,N
s |2 + 2

(
|b(0, δ0)|2 + 4L2

(
1 + |X̂i,N

s |2`
)

×
(
|X̂i,N

s |2 +W2
2

(
µX̂

N

s , δ0

)))]
. (3.73)

Therefore, inserting all estimations (3.65) – (3.73) into (3.64), and choosing ε2 = ε3 = ε,

we obtain that for any λ ∈ R and ε1 > 0,

e−λt|Xi,N
t − X̂i,N

t |
2

≤
∫ t

0

e−λs

{
− λ|Xi,N

s − X̂i,N
s |2 + ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2
+ 2
〈
Xi,N
s − X̂i,N

s , b(Xi,N
s , µX

N

s )− b
(
X̂i,N
s , µX̂

N

s

)〉
+ (1 + ε)

∣∣∣σ(Xi,N
s , µX

N

s )− σ
(
X̂i,N
s , µX̂

N

s

)∣∣∣2
+ (1 + ε)

∣∣∣c(Xi,N
s , µX

N

s )− c
(
X̂i,N
s , µX̂

N

s

)∣∣∣2 ∫
Rd0
|z|2ν(dz)
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+
6

ε1
L2

[ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)
+ 22`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2`+2

+ 22`−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2`W2
2

(
µX̂

N

s , µX̂
N

s

)
+ (22`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣2` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2
+ (22`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣2`W2
2

(
µX̂

N

s , µX̂
N

s

)]
+ 2
(
1 +

1

ε

)[ LL̃

1 + ε

(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2
+W2

2

(
µX̂

N

s , µX̂
N

s

)
+ 2`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣`+2

+ 2`−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

)
+(2`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 + (2`−1 + 1)
∣∣X̂i,N

s

∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

))

+ 4L2
4∆

(
16
(
LL̃

1 + ε

)2(
1 + |X̂i,N

s |2`
)(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
+ 4 |σ(0, δ0)|4

)

×
(

1 + |X̂i,N
s |2

)]
+ 2
(

1 +
1

ε

)[
LL̃

1 + ε

(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 +W2
2

(
µX̂

N

s , µX̂
N

s

)
+ 2`−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣`+2

+ 2`−1
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣` W2
2

(
µX̂

N

s , µX̂
N

s

)
+ (2`−1 + 1)

∣∣∣X̂i,N
s

∣∣∣` ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 + (2`−1 + 1)
∣∣X̂i,N

s

∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

))

+
6L2

4∆∫
Rd0
|z|2ν(dz)

(
16
(
LL̃

1 + ε

)2(
1 + |X̂i,N

s |2`
)(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
+ 4 |c(0, δ0)|4

(∫
Rd0
|z|2ν(dz)

)2
)(

1 + |X̂i,N
s |2 + 2

(
|b(0, δ0)|2 + 4L2

(
1 + |X̂i,N

s |2`
)

×
(
|X̂i,N

s |2 +W2
2

(
µX̂

N

s , δ0

))))]}
ds

+ 2

∫ t

0

e−λs
〈
Xi,N
s − X̂i,N

s ,
(
σ(Xi,N

s , µX
N

s )− σ∆(X̂i,N
s , µX̂

N

s )
)
dW i

s

〉
+

∫ t

0

∫
Rd0
e−λs

(
|Xi,N

s− − X̂
i,N
s− +

(
c(Xi,N

s− , µ
XN

s− )− c∆(X̂i,N
s− , µ

X̂
N

s− )
)
z|2

− |Xi,N
s− − X̂

i,N
s− |

2

)
Ñ i(ds, dz).

Using Condition C2 for κ1 = κ2 = 1 + ε, L1 ∈ R, L2 ≥ 0, we obtain that for any

λ ∈ R and ε1 > 0,

e−λt|Xi,N
t − X̂i,N

t |
2
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≤
∫ t

0

e−λs

{
− λ|Xi,N

s − X̂i,N
s |2 + ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣2 + L1|Xi,N
s − X̂i,N

s |2

+ L2W2
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µX
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N

s

)
+
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s
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s
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2

(
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N
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N

s
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+ 2

(
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ε
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s
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s

∣∣`W2
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N
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N

s
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+ 4L2
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(
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(
LL̃

1 + ε

)2(
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s |2`
)

×
(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
+ 4 |σ(0, δ0)|4

)(
1 + |X̂i,N

s |2
)]

+ 2
(

1 +
1

ε

)[
LL̃

1 + ε

(∣∣∣X̂i,N
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s

∣∣∣2 +W2
2
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s

)
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(
µX̂

N
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)
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s
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s
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∣∣X̂i,N
s

∣∣`W2
2

(
µX̂

N

s , µX̂
N

s

))
+

6L2
4∆∫

Rd0
|z|2ν(dz)

(
16
(
LL̃

1 + ε

)2(
1 + |X̂i,N

s |2`
)

×
(
|X̂i,N

s |4 +W4
2

(
µX̂

N

s , δ0

))
+ 4 |c(0, δ0)|4

(∫
Rd0
|z|2ν(dz)

)2
)(

1 + |X̂i,N
s |2

+ 2

(
|b(0, δ0)|2 + 4L2

(
1 + |X̂i,N

s |2`
)(
|X̂i,N

s |2 +W2
2

(
µX̂

N

s , δ0

))))]}
ds

+ 2

∫ t

0

e−λs
〈
Xi,N
s − X̂i,N

s ,
(
σ(Xi,N

s , µX
N

s )− σ∆(X̂i,N
s , µX̂

N

s )
)
dW i

s

〉
+

∫ t

0

∫
Rd0
e−λs

(
|Xi,N

s− − X̂
i,N
s− +

(
c(Xi,N

s− , µ
XN

s− )− c∆(X̂i,N
s− , µ

X̂
N

s− )
)
z|2

− |Xi,N
s− − X̂

i,N
s− |

2

)
Ñ i(ds, dz). (3.74)
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Now, using Lemma 3.7.1 and Proposition 3.6.9, we have the following estimates

E
[
W2

2

(
µX̂

N

s , µX̂
N

s

)]
≤ 1

N

N∑
j=1

E
[∣∣∣X̂j,N

s − X̂j,N
s

∣∣∣2] = E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣2] ≤ C∆,

E
[
W2

2

(
µX̂

N

s , δ0

)]
= E

[
1

N

N∑
j=1

∣∣∣X̂j,N
s

∣∣∣2] =
1

N

N∑
j=1

E
[∣∣∣X̂j,N

s

∣∣∣2] = E
[∣∣∣X̂i,N

s

∣∣∣2] ≤ C,

E
[
W4

2

(
µX̂

N

s , δ0

)]
= E

( 1

N

N∑
j=1

∣∣∣X̂j,N
s

∣∣∣2)2
 ≤ 1

N

N∑
j=1

E
[∣∣∣X̂j,N

s

∣∣∣4] = E
[∣∣∣X̂i,N

s

∣∣∣4] ≤ C,

(3.75)

for any i ∈ {1, . . . , N} and some constant C > 0.

Using the estimate

Wp
2

(
µX̂

N

s , µX̂
N

s

)
≤ 1

N

N∑
j=1

∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣p ,
valid for any p ≥ 2 and Lemma 3.7.1, we have that for ρ ∈ {`, 2`},

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣ρW2
2

(
µX̂

N

s , µX̂
N

s

)]
≤ 1

N

N∑
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E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣ρ ∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣2]
=

1

N
E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣ρ+2
]

+
1

N

∑
j 6=i

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣ρ]E[∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣2]
≤ C∆. (3.76)

Next, using Lemma 3.7.1, Proposition 3.6.9 and the fact that p0 ≥ 4`+ 6, we get that

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣q] ≤ C∆,

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣`] ≤ (E[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2`])1/2

≤ C
√

∆ ≤ C,

E
[∣∣∣X̂i,N

s

∣∣∣υ] ≤ C,

(3.77)

for q ∈ {2; `+ 2; 2`; 2`+ 2}, υ ∈ {`; 2`; 2`+ 4; 2`+ 6; 4`+ 6}, and

E
[∣∣∣X̂i,N

s

∣∣∣κ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2] = E
[
E
[∣∣∣X̂i,N

s

∣∣∣κ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 ∣∣Fs]]
= E

[∣∣∣X̂i,N
s

∣∣∣κE[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣2 ∣∣Fs]]
≤ C∆E

[∣∣∣X̂i,N
s

∣∣∣κ]
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≤ C∆, (3.78)

for κ ∈ {`; 2`} and some constant C > 0. Furthermore, using Lemma 3.7.1 and

Proposition 3.6.9, we obtain that for % ∈ {`, 2`},

E
[∣∣∣X̂i,N

s

∣∣∣%W2
2

(
µX̂

N

s , µX̂
N

s
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N

N∑
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E
[∣∣∣X̂i,N

s
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1

N
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s
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s
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N
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E
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s
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s − X̂j,N

s

∣∣∣2]
≤ C∆. (3.79)

Using Proposition 3.6.9, we obtain that for ϑ ∈ {2`+ 2; 4`+ 2},

E
[∣∣∣X̂i,N

s

∣∣∣ϑW4
2

(
µX̂

N

s , δ0
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≤ 1

N

N∑
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E
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s
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s

∣∣∣4]
=

1

N
E
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s
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]

+
1

N

∑
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E
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s

∣∣∣ϑ]E[∣∣∣X̂j,N
s

∣∣∣4]
≤ C. (3.80)

Proceeding similarly to the above, we get that

E
[∣∣∣X̂i,N

s

∣∣∣4`W2
2

(
µX̂

N

s , δ0

)
W4

2

(
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= E

[∣∣∣X̂i,N
s

∣∣∣4`W6
2

(
µX̂

N

s , δ0

)]
≤ C. (3.81)

Consequently, plugging (3.75)-(3.81) into (3.74), taking the expectation on both sides

and choosing λ = ε1 + L1 + L2, we get that for any t ∈ [0, T ],

E
[
e−(ε1+L1+L2)t

∣∣∣Xi,N
t − X̂i,N

t

∣∣∣2] ≤ C∆

∫ t

0

e−(ε1+L1+L2)sds.

This implies that

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[
|Xi,N

t − X̂i,N
t |

2
]
≤ CT∆, (3.82)

for some positive constant CT = C(x0, L, L1, L2, γ̃1, γ̃2, η̃, L̃3, T ), which shows (3.61).

Next, for any stopping time τ ≤ T , using again (3.74) with t = τ , λ = ε1+L1, taking

the expectation of the above inequality on both sides and using again the estimates

(3.75)–(3.81) and (3.82), we obtain that

E
[
e−(ε1+L1)τ |Xi,N

τ − X̂i,N
τ |2

]
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≤
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)(
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µX̂
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≤ C̃T∆,

for some constant C̃T > 0.

Therefore, due to Proposition IV.4.7 in [79], we get that for any p ∈ (0, 2),

max
i∈{1,...,N}

E

[
sup
t∈[0,T ]

e−
p(ε1+L1)t

2 |Xi,N
t − X̂i,N

t |
p

]
≤
(

2− p/2
1− p/2

)
(C̃T∆)p/2,

which, combined with the fact that e−
p(ε1+L1)t

2 ≥ e−
p|ε1+L1|T

2 , concludes (3.62).

Moreover, when L1+L2 < 0, we can always choose ε1 > 0 such that L1+L2+ε1 < 0.

Consequently, when L1 + L2 < 0 and γ̃ < 0, the constant CT in (3.82) now does not
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depend on T . Therefore, we have shown (3.63), which finishes the desired proof.

We now state our main result on strong convergence in both finite and infinite

time intervals of the tamed-adaptive Euler-Maruyama scheme for multidimensional

McKean-Vlasov SDEs driven by Lévy processes.

Theorem 3.7.4. Assume Conditions C1, C3–C7, T2–T6, and p0 ≥ 4`+6. Assume

further that there exists a constant ε > 0 such that C2 holds for κ1 = κ2 = 1 +

ε, L1 ∈ R, L2 ≥ 0. Then for any T > 0, there exists a positive constant CT =

C(x0, L, L1, L2, L3, L4, γ̃1, γ̃2, η̃, L̃3, T ) such that

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[∣∣∣Xi

t − X̂
i,N
t

∣∣∣2] ≤ CT (∆ + ϕ(N)) , (3.83)

for any N ∈ N, where the constant CT > 0 does not depend on N .

Moreover, assume that γ = γ1 + γ2 < 0, γ̃ = γ̃1 + γ̃2 < 0 and L1 + L2 < 0. Then,

there exists a positive constant

C ′′ = C ′′(x0, L, L1, L2, L3, L4, γ̃1, γ̃2, η̃, L̃3) which does not depend on T such that

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣Xi

t − X̂
i,N
t

∣∣∣2] ≤ C ′′ (∆ + ϕ(N)) . (3.84)

Proof of Theorem 3.7.4. As a consequence of Proposition 3.4.2 and Theorem 3.7.3, the

proof is straightforward. Thus, we omit it.

3.8 Numerical experiments

In this section, we consider the rate of convergence of the tamed-adaptive Euler-

Maruyama scheme (3.21),(3.22), (3.59), (3.60) in Theorem 3.7.3 for fixed large values

of N . We consider the following Lévy-driven McKean-Vlasov stochastic differential

equation

dXt =
(
−1− 3 (Xt + E [Xt])−Xt|Xt|0.3

)
dt+ 0.2

(
1 + |Xt|1.1 + E [Xt]

)
dWt

+ 0.2 (Xt− + E [Xt−]) dZt. (3.85)

That is,

b(x, µ) = −1− 3

(
x+

∫
R
zµ(dz)

)
− x|x|0.3,

σ(x, µ) = 0.2

(
1 + |x|1.1 +

∫
R
zµ(dz)

)
, c(x, µ) = 0.2

(
x+

∫
R
zµ(dz)

)
,
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Figure 3.1: Error log2 MSE(l, 10) plotted against l = 1, ..., 6.

for all x ∈ R and µ ∈ P2(R). Here we suppose that Z = (Zt)t≥0 is a bilateral Gamma

process whose scale parameter is 5 and shape parameter is 1. It is straightforward to

verify that these coefficients satisfy Conditions C1–C7 and T2–T6.

In the following, we will implement the tamed-adaptive Euler approximation scheme

(3.21)-(3.22) with N = 500, x0 = 1, ` = 0.3, p0 = 8, and T = 10. Since the exact

solution of equation (3.85) is unknown, we will derive the rate of convergence of the

tamed-adaptive Euler approximation scheme (3.21)-(3.22) in an indirect way as in

[45, 46]. We consider the mean squared difference of X̂ on two consecutive levels as

follows:

MSE(l, T ) =
1

M

M∑
k=1

|X̂(l,k)
T − X̂(l+1,k)

T |2,

where for each l ≥ 1, (X̂(l,k))1≤k≤M is a sequence of independent copies of X̂(l) defined

by equations (3.21), (3.22), (3.59) and (3.60) with ∆ = 2−l. Here X̂
(l,k)
T and X̂

(l+1,k)
T

must be simulated to the same Brownian motions and bilateral Gamma processes (See

Algorithm 1 in [17]).

It is clear that X̂(l) converges at some rate of order β ∈ (0,+∞) in L2-norm iff

2βl|X̂(l+1)
T − X̂(l)

T |L2 = O(1), which implies that log2 MSE(l, T ) = −2βl +C + o(1), for

some constant C ∈ R. Thus we can use the regression method to estimate the rate β.

Figure 3.1 shows the values of log2MSE(l, T ) plotted against l ∈ {1, 2, ..., 6}. We see

that β ≈ 0.5.
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3.9 Conclusions

This chapter generalizes the result of the papers [17, 45, 46] for multi-dimensional

McKean-Vlasov SDEs with jumps. In particular, we propose a tamed-adaptive Euler-

Maruyama approximation scheme for the Lévy-driven SDEs (3.1) where σ and b are

non-globally Lipschitz continuous and of super-linearly growth, and c is Lipschitz con-

tinuous. We will study the strong convergence of the scheme in both finite and infinite

time intervals. Note that in [78] the authors only considered the strong convergence

of their adaptive scheme in a fixed time interval. In [69], the tamed Euler-Maruyama

scheme is also proven to converge in a fixed time interval when applying for McKean-

Vlasov SDEs with jumps. To the best of our knowledge, our tamed-adaptive Euler-

Maruyama scheme is the first approximation method for McKean-Vlasov SDEs that

could be shown to converge in an infinite time horizon.
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CONCLUSIONS AND RECOMMENDATIONS

Conclusions

By combining modern tools in stochastic analysis, stochastic differential equations,

numerical analysis and approximation techniques of Yamada-Watanabe, the thesis has

built appropriate approximation schemes for a number of classes of stochastic differ-

ential equations with irregular coefficients. The main results of the thesis are on the

quantitative and qualitative properties of exact solutions and approximated solutions

of the Euler-Maruyama scheme for stochastic differential equations with irregular co-

efficients and for stochastic differential equations with jump.

The main results of the thesis include:

1) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly

converges in both finite and infinite time intervals for some class of SDEs with locally

Lipschitz continuous drift and locally Hölder continuous diffusion coefficients.

2) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly

converges in both finite and infinite time intervals for the Lévy-driven SDEs where

b is locally Lipschitz continuous; σ is locally Hölder continuous and c is Lipschitz

continuous.

3) Propose a tamed-adaptive Euler-Maruyama approximation scheme that strongly

converges in both finite and infinite time intervals for the Lévy-driven McKean-Vlasov

SDEs where b and σ are non-globally Lipschitz continuous and super-linearly growth,

and c is Lipschitz continuous.

Recommendations

In the process of researching the problems of the thesis, we thought about some

further research directions as follows:

• The approximation methods preserve the geometrical and asymptotic properties

of a system of random differential equations with complex structures, such as a

system of non-coliding random points or a positive system.

• Weak convergence of tamed-adaptive approximation chemes.

• Construct approximation schemes with faster convergence for stochastic differen-

tial equations with smooth and super-linear growth coefficients.
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tic differential equations with Hölder continuous diffusion coefficient”, Vietnam

Journal of Mathematics 48(1), pp. 107–124.

[45] Kieu T.T., Luong D.T., Ngo H.L. (2022), ”Tamed-adaptive Euler-Maruyama

approximation for SDEs with locally Lipschitz continuous drift and locally
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