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1. Introduction

Throughout this paper, we consider the process (X;),., given by the following stochastic
differential equation (SDE),

t t

b(X,)ds + J o(X5)dW,, x € Rt >0, (1)

Xt:x0+J
0

0

where (W;),-, is a standard Brownian motion defined on a complete probability space
(QF,(F t)t;O,]P’) with the filtration (F;),, satisfying the usual conditions; b and o are
real-valued measurable functions. Such SDEs arise in many areas of science and engin-
eering, from population genetics to financial mathematics (see, e.g., Chapter 7 in [1],
and [2]). Therefore, it is important to find effective methods to solve SDEs numerically.
If coefficients b and o are Lipschitz continuous, the numerical approximation for X has
been well studied (see [1, 3]). However, numerical analysis for SDEs with non-Lipschitz
coefficients is still a very active research area. In [4], Hutzenthaler et al. showed the
divergence of the classical Euler-Maruyama approximation in LP-norm when applying
for some classes of SDEs with super-linear growth coefficients. After that, they intro-
duced in [5] a tamed Euler-Maruyama approximation scheme and showed its strong
convergence when applying for SDEs with locally Lipschitz continuous, super-linear
growth drift coefficient and globally Lipschitz continuous diffusion coefficient. Since
then, the tamed Euler-Maruyama has been developed by many authors for larger classes
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of SDEs with super-linear growth and low regularity coefficients (see, e.g., [6-10] and
the references therein).

The strong convergence in infinite time of approximated solutions has attracted
much attention recently. In [11], Fang and Giles introduced an adaptive Euler-
Maruyama approximation. They showed that if b and ¢ satisfy the contractive Lipschitz
condition (Assumption 9 in [11]), b is polynomial growth Lipschitz continuous, and ¢
is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation con-
verges in L”-norm in infinite time intervals. In [12], Li et al. studied the strong conver-
gence in infinite time of a truncated Euler-Maruyama approximation scheme for SDEs
with locally Lipschitz and polynomial growth coefficients. Their method is to use
Khasminski’s techniques on some well-designed Lyapunov functions.

The aim of this paper is to propose a numerical scheme that strongly converges in
both finite and infinite time intervals for some class of one-dimensional SDEs with
locally Lipschitz continuous drift and locally Holder continuous diffusion coefficients.
By combining the tamed Euler-Maruyama approximation in [5, 9, 10] with the adaptive
one in [11], we propose a tamed-adaptive Euler-Maruyama approximation scheme. We
study the strong convergence of the scheme in both finite and infinite time intervals.
The convergence rate to be established is optimal because it is similar to the standard
results of the classical and tamed Euler-Maruyama schemes for SDEs with Holder con-
tinuous diffusion coefficient (see [7, 8, 13, 14]). We also consider the stability of the
tamed-adaptive scheme in L”-norm where we obtain a similar result to Theorem 5 in
[11] for a more general class of diffusion coefficients. The key idea of our argument is
to use the Yamada-Watanabe approximation to obtain upper bounds for some p-th
moments of the approximated solution. In comparison to [12], our method works for
SDEs with locally Holder continuous diffusion coefficient. However, a disadvantage
point of using the Yamada-Watanabe approximation is that it can be applied only for
one-dimensional SDEs while the method of Lyapunov functions in [11, 12] works for
multi-dimensional SDEs.

The rest of this paper is organized as follows. The definition of tamed-adaptive Euler-
Maruyama scheme and its convergence are established in Section 2. All the proofs are
deferred to Section 3.

2. Main results
2.1. Assumptions

We consider the following assumptions on b and o.

Al. There exist y € R, € [0, + 00), and py € [2, + 00) such that

po—1
2

xb(x) + lo()I* < ylxl” +n,

for any x € R.
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A2. b is one-sided Lipschitz: there exists a constant L; such that

(x = »)(b(x) = b(y)) < Lilx =y,

for any x,y € R.

A3. b is locally Lipschitz continuous: there exist positive constants / and L, such that

1b(x) — b)| < L1+ [+ ') e — 1,

for any x,y € R.

A4. o is (o +3)-locally Holder continuous: there exist positive constants m,L; and
o € [0, 3] such that

|o(x) — o ()] < Ls(1+ ™ + [y™) |x — y|"/**%,

for any x,y € R.

It follows from Theorem 2.1 in [8] that if Assumptions Al, A3, A4 hold for p, >
41+ 4, then Equation (1) has a unique strong solution. It is straighforward to verify
that the result of that Theorem 2.1 also holds for «=0.

2.2, Tamed-adaptive Euler-Maruyama scheme

For each A € (0,1), the tamed-adaptive Euler-Maruyama discretization of Equation (1)
is defined as follows

to =0, AXO = X0, ter1 =t + hA(X&)) (2)
th+1 = th + bA(th)hA(th) + GA(ka)(Wfk+1 - Wtk)’
where
A
ha(x) = , (3)

(1+ [b(x)| + |o(x)| + [x])*

for some constant [ > 1, and ba, o5 are some approximations of b and ¢ which will be
specified later.

The next result provides a sufficient condition for #, — oo as k — oo, which implies
that the tamed adaptive approximation scheme (2) is well-defined.

Proposition 2.1. Suppose that there exist positive constants L and B such that coefficients
b,a,ba and o, satisfy the following conditions

TL. [b(x)|v]o(x)| < L(1 +|x]");

T2. x(ba(x) — ba(0)) < L|x|%;

T3. |oa(x)| < Llo(x)| and [ba(x)] < L|b(x)];
T4. |oa(x)] < J5
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for any x € R. Then
lim ¢ =400 a.s. (4)

k—+oc0

The proof is deferred to Section 3.3.

Under the assumptions of Proposition 2.1, we can define t := max{t, : t, <t} for
the nearest time point before ¢, and N; := max{n : t, < t} for the number of time steps
approximation up to time t. Note that t is a stopping time. We define the piecewise
constant interpolant process X; = X, and also define the standard continuous interpo-
lant as

X=X, +ba (X,) (t—1t)+oa (Xt> (We — Wy)

=X, + ba(X)(t — t) + oa(X,) (W, — Wy). (5)

Hence, X, is the solution of the SDE
dX[ = bA(Xt)dt + O'A(Xt)dwt, X() = Xp-

Remark 2.2. It is straightforward to verify that under Assumptions A1-A4, the follow-
ing functions

a(x)

ba(x) = b(x), oa(x)= H‘TW.

(6)

satisfy all conditions of Proposition 2.1.

2.3. Moments

We first consider the moments of the exact solution. The following result should be
known but we are not able to find it in any classical texts. The proof is given in
Section 3.1.

Proposition 2.3. Assume that coefficients b and o satisfy the condition Al, and ¢ is
bounded on every compact subset of R. Then, for any p € [0, po),

E[|x.[7] < e +1 (@ =D if p£0, (7)
NG if 7=0.

We have the following bound on moments of the tamed-adaptive Euler-Maruyama
approximation.

Theorem 2.4. If coefficients b, a,ba,oa satisfy Conditions T1-T4, and there exist y €
R,n € [0, + o] and py € [2, + 00) such that for all x € R and t > 0, it holds

po—1
2

xba(x) + oA (x) < ylx|* + 1. (8)

Then, for any positive integer k < po/2, there exists a positive constant
K = K(xo,k, 1,7, L), which does not depend on t or A, such that
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Ke?kt if >0
[P VE[x ] < ka+0f iy =o0. ©)
K if <0

The proof of Theorem 2.4 is deferred to Section 3.4.

Remark 2.5. Under Assumptions Al1-A4, functions by and oa defined in (6) satisfy
conditions T2-T4 and (8). If y < 0, then the approximated solution is stable in the
sense that for any 0 < p < 2[p,/2] there exits a constant K, which does not depend on

A, such that
sup E[|X,[P]VE[|X,[f] < K.
£>0

Here we use the notation [py/2] for the integer part of py/2. Therefore, our result
slightly improves Theorem 5 in [11] since we are able to relax the boundedness condi-
tion on ¢. This improvement is due to the Yamada-Watanabe approximation.

Remark 2.6. Let N1 be the number of timesteps required by a path approximation on
[0, T] for any T > 0. Suppose that all conditions of Theorem 2.4 hold, then we have the
following bound on the expectation of N,

E[(Nr — 1)’] < C(p)A?, (10)

for any p € [O, [Pﬁ"élz]}, where C(p) is a positive constant which does not depend on A.

By following the argument in the proof of Lemma 2 in [11], we can obtain the esti-
mate (10) as a consequence of Theorem 2.4.

2.4. Convergence

Theorem 2.7. Let Assumptions A1-A4 hold and py > 2Iv(2 + 4o + 4m). Suppose that
functions ba, o satisfy all conditions of Theorem 2.4, and

[b(x) = ba(x)] < LiAb(x)], |a(x) = oa(x)| < LA *|a(x)P, (11)

for some constant Ly > 0.
Then, for any T> 0, there exists a positive constant Cr = C(xo, L, L1, Ly, L3, Ly, 7,1, T)
such that

CrA*  if0<a<
sup E“Xt _Xt|] S CT

0<t<T

1
2’
if «=0. (12)

log A

Moreover, if L <0 and 7<0, then there exists a positive constant
C = C(xo,L, Ly, Ly, L3, Ly, y, 1), which does not depend on T, such that
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1

CA* fo<a< >
= ] L
0og A

The proof of Theorem 2.7 is deferred to Section 3.5.

Remark 2.8. It is straightforward to verify that under Assumptions Al1-A4, the func-
tions by and g defined in (6) also satisfy condition (11).

3. Proofs
3.1. Proof of Proposition 2.3
Applying 1t6’s formula for e?"*|X,|” and the Condition A1, for any p € [2,po], we have

t
, " — -1
e X = Ixol +J pe PEIX [P 2[—leslz + Xb(X;) +pT<72(Xs) ds
0

t
+J pe PEIX P o (X)dW, (14)
0

t

X o(X)dW.

< ol +j

t
pre PPIX P ds + J pe P
0 0

For each N> 0, we consider 1y = inf{t > 0 : |X;| > N}. It follows from (14) that
t
B e #7000, ] <l [ e on o .
0

Since (p — 2)|x[” +2 > p|x|P >, we get
t

B[, ] < bl 4 200 4 (5200 |

E [e_m(“f”) [Xs oy |P} ds.
0

It then follows from Gronwall’s inequality that
E[efpyawqxtwp} < (Jxof? + 2ntellt) o2t

This implies
Pley < 1] < (|xol? + 2nte?t) b2t Pl N =P,

Thus, Ty T oo as N — oo. It follows from (14) that

E[e*Pv(MfN)|XMTN|P} < |xo|P—|—E

tATN
J pne 7| X |p2ds] ) (15)

0

Let N — oo in (15), and using Fatou’s lemma for the left hand side, and the mono-
tone convergence theorem for the right hand side, we get
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E[e P X,\] < |xoff + J;pneP’SE[IXSIP‘z] ds. (16)
Let p=2, we get
Ele 2 X,*] < |xo|® + J:) 2ne”ds,
which implies (7) for p=2. Furthermore, thanks to Holder’s inequality, (7) holds for

any p € [0,2].
Suppose that (7) holds for some p = p; € [0,pp — 2], i,

B[] < { B U@ - )P iy £

(17)
|2 + 2t/ if 3 =0.

We shall show that (7) holds for p = p; + 2. Thanks to the estimate (16), we have

E[e~®1+2)

t
] < |x0|P1+2 +J (P1 _’_z)nef(pﬁrz)ysE['XslPl]ds
0
If y = 0: using the estimate (17) to obtain
t
B < ol + [ (o -+ 20l + 20

— ‘X()|P1+2 (|X + 21,/t|(P1+2 | 2|(Pl+2 /2>
= |x3 + 2;7t|(p’Jr2

If y # 0: using the estimate (17) to obtain

‘ /2
E[e*(P1+2)Vt|Xt|P1+2] < |x0|P1+2 + (pl +2)nef(p1+2)ys x(Z)eZys _’_ﬂ(ezys . 1) ds.
Y
2
_ pi+2 s non s p/
- |x0| + (P] + 2)1’]6 x 4+ = Ty ds.
2
NI B PR LI P G ES I P
02 7Y vy
(p1+2)/2
= |x0|P1+2+ x() ’7 1’[ 72yt ! |x0|(p1+2
Yy o7
(p1+2)/2
= x§+ﬂ_ﬂ672w
Yy oy
This implies
(p1+2)/2

= [xteP + = i (e —1)

N

(p1+2)/2
E[1x"] < '

22t+’7 ot M
Y Y

By the induction principle, we obtain (7) for any p € [0, po).
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3.2. Yamada and Watanabe approximation

We recall the approximation technique of Yamada and Watanabe (see [13, 15]). For
each 6>1 and ¢>0 there exists a continuous function Vg, : R — R with
suppys, C [¢/0; €] such that

¢ 2

[ ptate=1s 0w s -

Define

I

b= |

0

y
J Vs, (2)dzdy, x € R.
0

It is easy to verify that ¢, has the following useful properties: for any x € R,

YWI. (ib;s(x) :ﬁd);sﬂxD’
YW2. 0 [¢),(0| < 1,
YW3. x| <&+ ¢y(x),
YWA4. P35, (1x]) < g)

YWS5. g?(|x|> = lp(;£<|x|) < \x\l%)g&l[fé;s](|x|) < slﬁgé'

3.3. Proof of Proposition 2.1

Throughout the proof, we use the following result, which is a consequence of the strong
Markov property of W,

. 0 if r is an odd integer
E[(W, =W, )|F,] = o(s—s)”? if r is an even integer, (18)

for some positive constant o,.

Proof of Proposition 2.1. We also use the projection method like in [11]. However, to
deal with the superlinear growth of g, we use the Yamada-Watanabe function ¢;,
instead of L-norm.

For each H > |x|, we define a projected approximation scheme as follows:

~H
o =0, 1 =t + ha(Xp),
~H ~H ~H ~H ~H

X = P (g + ba (X0 ) ha () + oa (X0 ) (Wi

k+1 k+1

- Wt{j))’

where Py (Y)£min(1,H/|Y|)Y and therefore |Xg,| < H for all k. Thus hA(}A(g) >
C(H,L,I,m)A, which implies that # 1 co as k — co. We also note that for each k, !
is a stopping time and #/, is ]:tiz—measurable. Set t" = max{tf : tf <t}. Then t¥ is
also a stopping time. ) u

The piecewise constant approximation for intermediate times is again X, = X,u,
and the continuous approximation is
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¢ = Py (X" o (XY 6= 1) 4 o (K™ ) (W2 — W)
:PH(Xf+bA<X )( )+0A<X >(W, Wtﬂ)).
Firstly, we note that Py(Y)£min(1, H/|Y|)Y implies ¢s,(Pu(Y)) < ¢s,(Y). Hence,
5. (517) = 05 (Pu (K1 04 (K1) =) 00 (X) (w1 = o))

§¢5c(t+bA( )( )+0'A( )(Wt WtH))

Using Taylor’s expansion, there exists an (F;)-adapted process (&;) such that
(1) < 00, (6) 00, (57) (0 () = £+ 0 (57) (9= i)
+—<f>” (& )(bA( )(t t )+o-A( )(Wt WtH))z.
Note that |¢],(x)] < - 20 , thus
Do (K1) < 5o (X11) + 5, (%) [oa (X) = ()] ¢ = ) + 5, (XY Ba0) ¢ — £
+¢>5< )(;A(X )(Wt W)

+81255<b2( )(t_tH) +62(X5—1)(Wt_W£H)2),

Thanks to T3, we get
BRI (- 1) < 20 (X)) — = = 1’A
b (%)

It follows from YW3 and T2 that

95, (X11) [ba (XF) — ba(0)] (¢ — 1) :M 1 ba (X1) = ba(0)] (¢ — £

X/
- H —-H
< 1795, (1X11) ¢ — 1.
Because |x|¢, (]x]) < ¢s.(x) + &,

95, (X)) [oa (XF) — ba0)] ¢ — 1) < L (5, (X7) +2) (1 - 1),

Moreover, thanks to T4 and the fact that de = 2W,dW,; + dt, we have

ai(;H;Xf)(Wt W,n)? <%2<2jt (Wi — Wéa)dWs—l—(t—tH)).

!H
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Hence,

d)dc(j(f]) < [t+L{e—t" )]¢bc( )
+ (L8+17A(0)|+2L25A+ 2L% )(t—t’*)+Jt o (X)ou (X5) dw,

elogd  eAlogd i

t 2
J 4L70 (We = Wyn)dW,.

t1 eAlog o
(19)

Note that e (1 4 L(t — t7)) < e”". By multiplying e * to both sides of (19), we
have

2L%6A 20%6
s (K1) < by 4 e (X )+<Le+|bA<0)\+ + )e“(t—t*ﬂ

elogd  eAlogd
et — pr(tmen(x)] (%(’ ) (XtH) (Wi — W) +% [(Wt — W) — (¢ —tH)]>,

(20)
where
t 2
et ) (o (2 ou (%) + 20w w
| e (6006 (52) o o,
Let o(t,A) be the modulus of continuity of W, i.e.,
o(t,A) = sup [W(s1) — W(s2)|-
515 52€[0, t];[s2—s1|<A
For any p >0, it follows from Theorem 1 in [16] that
Eflo( A)] < Gy(Alog ). 1)

Therefore,
H

5 -1t o 2U25A 2125\ (!
e (X)) <M e g (X)) + <L8+|bA<o>|+ + )J e leds
!H

elogd  eAlogd

L 412
+ Le MM (1 — ) (ﬁ o(t,A) + 1025 o(t, A)2> .

(22)
It also follows from (20) that

eiLtleJrl ¢58 (thl:l) S Mt;:’ + eiLt]):I d)(SE (X:I(Ii)

2 2 e
+ <L8+ ba(0)] 4 2E04 2L ) J eds, (23)
tH

elogd  eAlogd
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where

s Hop (g - - 417
— —L(s"+h(X; H H _
Mgy = th o L(s"+n(x)) (ngc(xs >0'A (Xs ) + sTogoa (W Ww))ciWs.

Summing (23) over multiple timesteps and then adding (22) gives

X < ok e, (X))

i 2I26A 2125 !
<e+M S L -
<&+ M+ dgp(x0) + ( 8+|bA(0)|+slog5+sA10g5> Joe %

2
L (ﬁ““ )+ Togs A)2>’

where

i J;eL<§H+h<x5>>@;g(xf)ﬂ(xf) (W, ))dWS'

Hence, for any the stopping time 7 < t, it follows from (21) that there exists a constant
C = C(x9, ¢, 0,A,L,ba(0)), which does not depend on H such that

E[e 18] < Clxore0,A,L, ba(0)) (1 + | og ).
Applying Proposition IV.4.7 in [17], for any p € (0,1), we have

E{sup e |P] < f—icm £.6,AL ba(0))" (1 + |log])".

0<s<t

Hence,

E[sup b |P] < f;iqxo, £.6.AL ba(0)) (1 + | log ]) e, (24)

0<s<t

On the other hand, for any T >0,

P[tk<T]:IP>[tk<T, sup |X |> +P

0<s<T

H
tir <T, sup |X | < 1

0<s<T

It follows from Markov’s inequality and (24) that

. H H 2\’ .
]P’ltk < T, sup |X?| >?] <P[sup X, |>—‘| < <E> E[sup |Xf|P]

0<s<T 0<s<T 0<s<t

2\"2 -
< (E) —p C(xo &6, AL b(0))’ (1 + |log T|) €.

On the other hand, on the set {supogng |XS | < %} XH = X, for all s < T, which,

in turn, implies that t,fl =t if tx < T. Hence,
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o H
limsup]P’ltk < T, sup |Xf[| < 5] <limsupP[tf < T] =0,

k—o00 0<s<T k—o00

which implies that

2\'2-
limsup Pty < T] < (E) ﬁC(xo,s, 8. A L.ba(0))" (1 + |log T|)"e*T,

k—00

for any H>0. Let H — oo, we get limsup, Pty < T] =0 for any T>0. This
implies that limy_,, t = 400 almost surely, which is the desired result.

3.4. Proof of Theorem 2.4
We start will the following key estimate on moments of X.

Lemma 3.1. Assume that Conditions T1-T4 hold. Then for any p>0 and T> 0, there
exists a positive constant C(p, L, T, x9, A) < oo such that

E[ sup |Xt|P] < C(p,L, T, x0, A).
0<t<T

Proof. Applying Ito’s formula for e Mg, (X,) gives
e X < e et e My, (Xe)

<o o)+ [ 0|0+ (K00 (X0) + 3 6Kl ()P
+ Jt e 1@ (Xo)aa(Xs)dWs.
0

Applying Taylor’s expansion for ¢,, there exists an (F;)-adapted process ¢ = (&)
such that

P (Kba(Xe) = (4, (%) + ¢l (2 (%, — X)) ba(X,)
= ¢isc(5<s>bA<Xs) + #4,(6) (ba(X) (s = 9) + 0a(K)(We = W,) ) ba(X.)
= §4,(X) (0a(X) = ba(0)) + &, (X,)ba(0)
¥ ¢"< >(bz<x )(s = 5) + ba(XJoa(X) (W, = W)

X
+¢3’s (&) (PAX (s ) +bA<X >oA< s><Ws—Wi>>
20
slog5C 810g5

< LIX| 4 |ba(0)] + ba(Xs)oa(Xs)(Ws — W)l
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Hence,

t

[ Lbsu (%) + L] + [oal0)] + o~

—Ltj( < e . J
€ | t|—8+¢06(x0)+ 1g5

0

gliégéwA(Xs)o'A(Xs)(Ws—Ws)|+ 0 5A}ds+J eI, (X,)oa(Xs)dW..
Note that
— 5. (Xs) + |Xo| < —IX| + &+ |X]
<o+ [ba(Xo) (s — s)| + [oa(Xs)(Ws — WJ)I.
Thus,

I < (1 L0+ o) + [ Lo (1) s 9+ lon (KW, = W) s

t
+J e gl (X)oa(X,)dW,
0

! 20 . 6 C
—Ls —
+ Le {|bA(o)| +slog5CA+slo 5 |bA(X)aa(X)(Ws — W) +8log5A]d
(25)
Note that, for any p >0, there exists a constant C(p) > 0 such that
E[|ba(X.)oa () (W, - w,)ﬂ

_E[mx)@ [W W|P|fH
< COIE||ba (X o (X (s — )"].
Thanks to (3) and Condition T4, we have
E|lba(XJoa (X (We = Wo)P| < Clp,L).

Therefore, by choosing ¢ = 1,0 = 2 in (25), it follows from T1-T4, Holder’s inequal-
ity and Burkholder-Davis-Gundy’s inequality that for any T > 0, there exists a positive
constant C(p, L, T, xy, A) < 0o such that

0<t<T

E[ sup |Xt|P] < C(p,L, T, x0, A).

|

Proof of Theorem 2.4. Thanks to Holder’s inequality, it is sufficient to show (8) for k is
a positive interger and k < po/ 2i We will use the induction method. Firstly, for k=1,
applying Ito’s formula for e 2'X;, we have

ot 2
e X, :x§+J
0

¢ t
(<2 + 2Xba(X) + (X)) ds+ | 267 Keoa(Xe)a.
0

(26)
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On the other hand, it follows from (5) that
X3 = X34 2Xba(Xo)(s = 9) + BR(X)(s = )7 + o (X)(We = W)
+2(X; + ba(X) (s — 5))oa(Xs) (Ws — W),
Thanks to T3, (18), and (3),
max{[X:ba(X)(s = ), LX) (s — )% E[dh(X)(Ws = W, 7 [ p <cA. - @7)
Therefore,
E[—zyXf] < E[—zyXf} + Cly|A. (28)
A similar argument yields
E[2Xba(X,)] < E[2Xba(X)] + Cly|A. (29)
It then follows from (8), (26), (28), (29), that

t
E[e*mf(ﬂ < |xo* + C(n + |y|A)J e 2ds. (30)
0

Note that X, = X, — ba(X,)(t — t) — oa(X,) (W, — W,), which together with (27)
implies the following estimate for any p >0,
E[IX:f] <37 (E[X[] + E[[ba(X)(t ~ )F] +E[Joa(X)(We = Wo)F )
(31)
< 3! (E[|5(t|f’] + CAP + CAP/Z).

It follows from (30) and (31) that (9) holds for k=1.

Secondly, we assume that (9) holds for any k < kg < [po/2] — 1, we will show that
(9) still holds for k = kg + 1.

By applying It6’s formula for e’PVSXf with p = 2(ko + 1) being an even integer, we have

t
ot 1S o N ~p—1 - -1 . _
PP = el + [ e (ol K ba(R) + LKA R, )
0
t (32)
+ J peiP”"S|)A(S|P72XSGA(XS)dWS.
0

It follows from (5) and the Newton expansion formula that for any positive integer g,

X7 = Z q—!(Xs)i(bA(Xs)(S - §))j <O’A(XS)(WS - W§)>

r
Tl :
0<iyjy r<qy i+j+r=q T

(33)
Thanks to (18), we have
E[IKFIF,] = 31K prRoba(R)(s — 9K

- Y BRI a6 ) () 9)

0<i<p—2,i+j+2r=p
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Thanks to (27), we get

p-2 ‘
E[-yX "] <E[-yIX7] + Clyl Y E[1X4]. (34)
i=0

Choose g =p — 1 and g = p — 2 in (33), by the same argument, we also have

p—2
E[& " ba(%,)] < X7 '0a(X) + € S E[X] (35)
i=0
and
p—2 )
]E|:p—|X |p ? 2( s):| _|X |p ? Z(X)"’_CZEUXSH (36)
i=0

Combining (34)-(36) to get

E[—ww X a0 + 2L >]
SE[—VIXSIP+XfIb &)+ xR, 37)

p—2 )
<C) E[X[].
i=0

From (32), (37), (31) and the inductive assumption, we obtain that (9) holds for k =
ko + 1, which implies the desired result.

><\
+
_('3
(]
ik
x

3.5. Proof of Theorem 2.7
We need the following uniformly in time bound for the difference between X and X.

Lemma 3.2. Suppose that coefficients bp,aa satisfy all conditions of Theorem 2.4, then
there exists a positive constant C, = C(p,L) such that

supE“}A(t — XAP] S CPAP/Z, (38)
£>0
for any p > 0.
Proof. From (5),
X = Xiff = [ba(Xe)(t — £) + oa(X) (W, — W)

X
27 (Iea(X0)(t = OF +loa(X)(We = WP )
77 (X

IINCOTERNCOIRIANTASE
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By applying T3 and (3), we have
ba(Xha(X)| <75 and [oa(X)lha(X0)] Y < 1A
Using (18), we obtain the desired result. O
Proof of Theorem 2.7. Put Y, = X; — X,. Applying the property YW3 and It6’s formula

for e 11y, (Y;) gives
e Y, < e e+ g (Y1)

= etk [ a0 + B (0% — ba(R) + 5B TIo(X) — ()P s

+ JO e ¢l () (0(Xs) — aa(X,))dW.

(39)

Set J1(s) = ¢, (Ys)(b(X;) — ba(X5)) and Jr(s) = %¢§E(YS)|0(XS) — o-A()_(s)|2. Firstly, we
write

Ji(s) = @5, (Ye) (b(X0) = b(X0) + 5, (o) (B(X) = b(X)) + ¢5,(Ye) (b(X,) — ba(X)).-
Thanks to properties YW1, YW2, assumptions A2, A3 and (11), we have

I(s) < % Yo(b(X,) — B(X,)) + 64, (Y) (b(Ke) — (X)) + 95, (¥) (b(K) — ba(X.))]

< L (VDY) + Lo (1 4+ K+ Xl K - Xl 4+ A1+ X
3 - - 1 /oA - _
< L, (Y)Yl +5L2A1/2(1 IR IR + SLATR - X+ cA(1+x™).
(40)

Secondly, we write

Ja(s) = %(ﬁS'S(Ys)IG(Xs) —a(Xs) + o(X,) — o(Xs) + a(X,) — oa(X)[
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By using the property YWS5, the assumption A4 and (11), we have
&2 5 T (2 % T (2
Ja(s) < |Y|log5 It (1Y) (l0(X0) — o(X)P + |o(X) = o(X)I* + [o(X,) — oa(X)[)
3
|Y|log5
+ (14 X"+ X)) 1K — X 4 LiAo (X))
3
Y 3L2 1 X 2m X 2m X X 1+23(
< g (DO + X+ P X, -
4303 (1 + (X" + X)X = X 4 LiA|o (X))
9126 (1
logo

[ ](|Y|)(L2(1+|X‘ +|X| ) |X5_Xs|1+2a+

L2 20

~ logd

3L40Al0(X,)[*
elogd

+ |5(5|2m + |X5|2m) |5(3 . X5|20:+1

(14 (X" + 1X) +

9L2e* 9L%5
~ logo 2elogo
9135 - COA(|X 7+ 1

3 A71/271|XS_XS|40H-2+ (| S| + )

2¢elogd elogd

A - 2
(1 5P+ X ) Al

(14 X" + X 2") +

9L3* . 7130 N -
< 3 1 Xs 2m Xs 2m 3 1 Xs 4m Xs 4m A1/2+o¢
< Togs LTI HIKE) 4 s (1 X 1K)
2 v |2+4o+4m
9L50 A—l/z—a|XS_X5|2+4a+C5A(|Xs| +1)'
2elog o ¢logo

(41)

A combination of (39), (40), (41) and the property —L;¢s,(x) + L1, (|x])]x] <
max{L;¢; 0} implies
E[eHy,]]
t
<ehitg 4 J e M [max{L;&; 0} + §LZAI/2 (1 +E [|X5|21] +E [|X5|21D
O 2

1 —12m 1% 5 12 T (41 9L3e™ 2m o 12m
+5 LaA E[|XS—XS|]+CA(1+E[|XS\ D+ log5(1+E[|Xs| | +E[X,*])

271%5 v |4m v [4m 1/2+ 9L§5 -1/2— ” T |2+4u
1+E[IX E|X AT —— A "E|1Xs—X
2eiogs ! TEIX] HEIX A 4+ 50 [X: — X

o |2-Hda-+dm
N COA(E[|X| ]+ 1)](1&
¢logd

(42)

Thanks to the condition py > 21 V(2 + 4o + 4m), Theorem 2.4, Proposition 2.3, and
Lemma 3.2, for any T >0, there exists a positive constant C; such that for any t €

[0, T], it holds that
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Table 1. Four SDEs with their parameters.

Case b a Do L y n / m o
1 —1+x—x T+ (1+x)x2/3 15 1 -1 18073 2 3 :
2 “1T4+x—x 14\ feut 15 1 L 2 2 2 i
3 717X7X7/3 14+ 202 £x10/3 1x4/3 15 -1 ? % % 1 %
V 14

4 —1—x—xX3 [ s 15 -1 -1 un 4 1 i
1+ % 6 6 3 6

20, 1/24a t

g 0A oA _

Ele1Y,|] <eMe+ Crle+ A2+ A+ + + e lisds.  (43)

logd  elogd  elogd| Jo

If o € (0;1], choosing & = A%, § =2, we obtain

sup E[|Y¢]] < CrA”.

0<t<T

If «=0, choosing ¢ = A1/4, 5 = A%, we obtain

Cr
sup E[|Y;|] <
OSth g log %

We obtain (12). Note that if L; < 0 and 7 < 0, we can choose the constant Cr in
(43) such that it does not depend on T. Therefore, we also obtain (13). O

4. Examples

We consider four different SDEs with coefficients given in Table 1. These SDEs are
chosen such that: L; > 0,7 < 0 in Case 1; L; > 0,7 < 0 in Case 2; L; < 0,7 > 0 in Case
3; and L; < 0,7 < 0 in Case 4. We choose X, = 0 in all the cases. It is straightforward
to verify that these equations satisfy Assumptions Al-A4 with constants
Po-L1,p,m, 1, m, o given in Table 1 as well. In all these cases, py > 21 V(2 + 4o + 4m),
hence it follows from Theorem 2.7 that the tamed-adaptive Euler-Maruyama approxi-
mation scheme (2) converges in L'-norm at the rate of order o in any finite time inter-
val. Moreover, in Case 4, since L; < 0 and y < 0, the tamed-adaptive Euler-Maruyama
approximation scheme (2) converges in L'-norm at the rate of order o in infinite
time intervals.

In order to study the empirical rates of convergence of the tamed-adaptive Euler-
Maruyama scheme, we consider

Z|Xlk l+1 k)|

where for each [ > 2, (X(l k))1<k<M is a sequence of independent copies of %" defined

by Equations (2) and (3) with A = 27", Note that for each k and 1, X< k) and XEZH k)

must be generated on the same Brownian motion. This can be done by using the
Algorithm 1 in [11].
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Case1l:L_1>0,y<0 Case2:L_1>0,y>0
-4 -4
1 .. 3 5 7 1 3 5 7
-4.5 =9 -4.5 o
5 y=-0.1668x - 3.85 5
R?=0.9267 KY
5.5 -5.5 ®
y=-0.2518x - 3.9718
R2=0.983
-6 -6
-6.5 -6.5
Case3:L 1<0,y>0 Cased:L_1<0,y<0
4 -4
1 3 5 7 1 3 5 7
4.5 -4.5
y = -0.2569x - 4.5802
R2=0.9837
-5 o -5
4 e,
5.5 . 5.5 =
5 ..". ‘-.,"‘.".
6 | y=-0.2426x - 4.4134 6
R? = 0.978 °
6.5 6.5

Figure 1. Values of log,(me(/)) for I = 2,3,4,5,6.

it x" converges at the rate of order f§ € (0, 4+ oc) in L'-norm, then there exists a
constant § > 0 such that 2"E[|X; — X\[] = O(1), implying that 2#E[ X\ — x| =
O(1) and vice-versa. In this case, we can write log,me(l) = —pl+ C + o(1), for some
constant C € R. Thus f§ can be estimated by the regression method.

Figure 1 shows the simulation result of log,me(l) for I =2,..,6. We draw the
regression lines to estimate the empirical rates of convergence f§ in each case. In Case 1,
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the empirical rate of convergence, which is 0.1668, is almost the same as the theoretical
rate, which is 1/6. In the other cases, the empirical rates are slightly better than the the-
oretical rate.

Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges in
infinitive time intervals while in other cases, it converges in any finite time intervals.
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Abstract

A tamed-adaptive Euler-Maruyama approximation scheme is proposed for Lévy-driven
stochastic differential equations with locally Lipschitz continuous, polynomial growth drift,
and locally Holder continuous, polynomial growth diffusion coefficients. The new scheme
converges in both finite and infinite time intervals under some suitable conditions on the
regularity and the growth of the coefficients.

Keywords Euler—Maruyama approximation - Holder continuous diffusion - Strong
approximation - Polynomial growth coefficient
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1 Introduction

Throughout this paper, we consider the process X = (X;);>0 as a solution to the following
stochastic differential equation (SDE) with jumps
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t

t t
Xi = xo +/ b(X)ds +/ o (Xs)dW; +/ ¢ (Xs-)dZ;, ey
0 0 0

fort > 0, where xo € R, W = (W;);>0 is a one-dimensional standard Brownian motion and
Z = (Z:)s>0 1s a one-dimensional centered pure jump Lévy process (independent of W) with
Lévy measure v satisfying fR(l AZ2)v(dz) < 400. Two processes W and Z are defined on a
complete probability space (€2, F, P) equipped with the natural filtration (F;);>( generated
by W and Z and augmented by all the null sets in F so that it satisfies the usual conditions.
The Lévy-Itd decomposition of Z takes the form

t
Z; :/ / Z(N(ds, dz) — v(dz)ds),
0 JRy

for any r > 0, where Ry := R\{0}. Here, N is a Poisson random measure on (R X
Ro, B(R4+ x Rp)) associated with the jumps of the Lévy process Z with intensity measure
v(dz)dt. That is,

N(dt,dz) .= Z I{Azﬁgo}ﬁ(&Azs)(ds, dz).

0<s<t

Here, the jump amplitude of Z at time s is defined as AZ := Z; — Z; := Z; — limyyy Z,
forany s > 0, AZy := 0, §(s,;) denotes the Dirac measure at the point (s, z) € R4 x Rg, and
B(R x Ryp) denotes the Borel o-algebraon R x Ry. Let ﬁ(dt, dz) := N(dt, dz) —v(dz)dr
denote the corresponding compensated Poisson random measure. The coefficients b, o and
c are real-valued measurable functions that will be specified later on. The integral equation
of (1) can be written as

t
X[ = X0 +/ b(Xg)dS +/
0 0

Such Lévy-driven SDEs arise in many applications (see Cont and Tankov 2003; Oksendal
and Sulem 2007 and the references therein). Therefore, it is important to find effective meth-
ods to solve such SDEs numerically. The numerical approximation for Lévy-driven SDEs with
Lipschitz continuous coefficients has been well studied (see Platen and Bruti-Liberati 2010;
Jacod 2004). However, numerical analysis for Lévy-driven SDEs with non-Lipschitz coeffi-
cients is still a very active research area. It is well known that the classical Euler—Maruyama
approximation may not converge when applying for SDEs with super-linearly growing coeffi-
cients (see Hutzenthaler et al. 2011). Several modified Euler—Maruyama schemes have been
proposed for Lévy-driven SDEs with locally Lipschitz and super-linearly growing coeffi-
cients (see Higham and Kloeden 2005, 2006, 2007; Dareiotis et al. 2016; Kumar and Sabanis
2017a,b; Chen and Gan 2020; Chen et al. 2019; Deng et al. 2019; Li et al. 2021 and the ref-
erences therein). The first explicit approximation for SDEs driven by Brownian motion with
super-linearly growing drift coefficients is the tamed Euler—Maruyama schemes, which was
introduced in Hutzenthaler et al. (2012) (see also Sabanis 2013; Hutzenthaler and Jentzen
2015, 2020). The strong convergence of Euler—Maruyama schemes for Lévy-driven SDEs
with Holder continuous diffusion coefficient has been studied in Li and Taguchi (2019a,b)
and Yang and Wang (2017).

Note that, all the works mentioned above only considered the convergence of the approx-
imation scheme in a finite time interval, say [0, 7] with T < oo. For SDEs driven only by
Brownian motions, the approximation in infinite time interval has just been studied recently
by Fang and Giles (2020). They introduced an adaptive Euler-Maruyama approximation
scheme and showed its strong convergence in the interval [0, co) when applying for SDEs

@ Springer f bMA

t

t
a(XS)dWY—l—// ¢ (X,-) zN(ds, dz).
0 JRo
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whose coefficients b and o satisfy the contractive Lipschitz condition [Assumption 9 in Fang
and Giles (2020)], b is locally Lipschitz and of polynomial growth, and o is globally Lip-
schitz continuous. In Kieu et al. (2022), we introduced a tamed-adapted Euler—Maruyama
approximation scheme and considered its strong convergence in L'-norm on the time interval
[0, oo) when applying for SDEs with locally Holder continuous diffusion coefficients and
superlinear growth coefficients.

This paper aims to propose a tamed-adaptive Euler—Maruyama approximation scheme
for the Lévy-driven SDEs (1) where o is locally Holder continuous; o and b are superlinear
growth and c is Lipschitz continuous. We study the strong convergence of the scheme in both
finite and infinite time intervals. Our finding extends the result in Fang and Giles (2020) and
Kieu et al. (2022), which considered SDEs driven by Brownian motions, for a class of Lévy-
driven SDEs. To the best of our knowledge, this is the first paper to construct a numerical
scheme for Lévy-driven SDEs which converges in the infinite time interval [0, c0).

The rest of this paper is organized as follows. Section 2 provides a condition for the
existence and uniqueness of the solution of Lévy-driven SDEs with irregular coefficients
and an estimate for its moments. Section 3 introduces the tamed-adaptive Euler-Maruyama
scheme and studies its convergence in both finite and infinite time intervals. Section 4 presents
a numerical study for the tamed-adaptive scheme. The proof of the existence and uniqueness
of the solution is given in “Appendix”.

In all that follows, positive constants will be denoted by C whose value may change from
one line to the next, and Q,, denotes polynomials of degree n.

2 Lévy-driven SDEs with irregular coefficients

The existence and uniqueness of the solution to Lévy-driven SDEs with non-Lipschitz coef-
ficients have been studied by many authors (see Li and Mytnik 2011; Xi and Zhu 2019;
Gou et al. 2020 and the references therein). In the following, we present another version of
their result for SDEs with locally Holder continuous diffusion coefficients and super-linearly
growing drift and diffusion coefficients.

Theorem 2.1 Assume that the coefficients b, ¢ and o satisfy the following conditions:

C1. There exists a positive constant Lg such that

le@)] = Lo(1 + [x]),

forany x € R.
C2. For some pg € [2; +00), there exist constants y € R, n € [0; +00) such that
—1 2 (x
wb () + 22200 4+ S 1 (4 Lol — 1) v(do) = pa® 41,
2 2Ly JR,

forany x € R.
C3. Coefficient b is locally Lipschitz: for any R > 0, there exists a positive constant L g
such that

|b(x) = b(y)| = Lgrlx — yl,

forall |x| Vv |y]| <R.
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C4. Coefficient o is locally (Ol + %) -Holder continuous: for any R > 0, there exist positive
constants L and a € (0, %] such that

o (x) — o (y)| < Lglx — y|'/>+,

forall |x| Vv |y| <R.
C5. Coefficient c is locally Lipschitz: for any R > 0, there exists a positive constant L g
such that

le(x) —c()| = Lrlx —yl,
forall |x| Vv |y]| <R.

Assume further that the Lévy measure satisfies fRo |z|v(dz) < oo and fRo Z2v(dz) < oo.
Then, the path-wise uniqueness holds for Eq. (1).

Moreover, suppose that there exist positive constants C and £ € (0; %] such that
@IV o] Vel < € (1+ "),
Jorall x € R, where py is defined in Condition C2. Then the Eq. (1) has a strong solution.
The proof of Theorem 2.1 will be given in the “Appendix 5.

Remark 2.2 Since (1+ Lo|z|)* is an increasing function for x > 1, it follows from Condition
C2 that for any p € [2, pp] and x € R,
c?(x)
2Lo Ry

—1
xb(x) + ”To% + 2l ((1+ Lolzh?™" = 1) v(dz) < yx* + 1.

‘We need some moment estimates of the exact solution.

Proposition 2.3 Assume that coefficients b, ¢, o and the Lévy measure v satisfy conditions
C1, C2, o is bounded on every compact subset of R, and
Cé. flz|>1 |z|Pv(dz) < oo forall p € [1;2po] and f0<|z‘51 |z|v(dz) < oo.

Assume further that X = (X;);>0 is a solution to Eq. (1). Then, for any p € (0, po], there
exists a positive constant C, such that for any t > 0,

Cp(1+e"P) ify #0,

Co(1+0)P? ify =0. @

E[|Xt|p] =

Note that when y < 0, we have sup,-o E [IX,lP] <2Cp.
We recall Kunita’s inequality and Burkholder—Davis—Gundy’s inequality with jumps.

Lemma 2.4 [Applebaum (2009, Theorem 4.4.23) and Zhu et al. (2019, Proposition 2.2)] Let
P be the progressive o -algebra on Ry x Q2 and B(Rq) be the Borel o-algebra of Ry. Assume

that h is a P ® B(Rg)-measurable function such that fOT fJRo |h(s, 2)|?v(dz)ds < oo P-a.s.
forall T > 0. Then, for any p > 2, there exists a constant C = C(p) > 0 such that

t P
E|:sup // h(s, z)N(ds, dz) ]
0<t<T |JO JRy
T
<clE (/ / |h(s,z>|2v(dz>ds)
0 Ro
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Moreover; for any 1 < p < 2, there exists a constant C = C(p) > 0 such that

|: sup / / h(s, z)N(ds, dz) :| <CE (/ / lh(s, z)| v(dz)ds)2
0<t<T Ro Ro

Proof of Proposition 2.3 Let p € [2, po] be an even natural number. Applying It6’s formula
to e P7' X!, we have for any ¢ > 0,

! —1
e—pyrxf’:xg+p/ e—ws( yX?+ x0~ bxy+ 2 5 T x5 (X, ))ds
0
t
+/ / e rrs [(Xs+C(Xs)z)p—Xsp—pr_lc(XS)z] v(dz)ds
0 JRo

1 t
+ p/ e X o (X,) AWy +/ f e [(Xs— + e (X 2)P — X ]
0 0 JRg

N(ds, dz). 3)
Then, applying (3) to p = 2, using C2 and Remark 2.2, we get
e_z’”X,2

t 1 1

=x; +2/ eS| —y X2+ Xob (Xy) + —02 (Xy) + =2 (xs)/ 22v (dz) | ds
0 2 2 Ry
t t
+2 f e X0 (Xy) AWy + / / e [2X e (X )2+ ¢* (X)) 2] N(ds, d2)
0 0 JRy
t t

< x(% + 277/ e s + 2/ e~ X 0 (X,) AW,

0 0

t
+/ / e [2X,—c (Xs-) 2+ ¢ (X5-) 22] N(ds, dz). “)
0 JRy

Now, for each N > 0, we denote ty := inf{r > 0 : | X;| > N}. Then, using (4), the fact that
o is bounded on every compact subset of R and Condition C1, we obtain

1
E [e*ZVWN)foN] <Xx3+2n fo e 1 ds. ©)
This implies that
t
PGty <t) < (xg + 277/ e_zysds> N72,
0

which deduces that iy 1 oo a.s. as N 1 0o. Now, let N 1 0o and using Fatou’s lemma for
the left-hand side of (5), we obtain

'
E [efzthtz] < xg + an e 5 ds.
0
Ify=0:
E[X?] < x§ + 2nt.
Ity £0:

E[X7] < (x(% + ﬁ) vt =1
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Thus, (2) holds for p = 2. Thanks to Holder’s inequality, (2) is also valid for p € (0; 2].
Now, we suppose that (2) holds for all even integer g € [0, p — 2] with even integer p,
1.€e.,

E[x/] < Co(l+evy ify #£0,
“|C,(1+ 092 ify =0.

We shall show that (2) holds for p. For this, using the binomial theorem, we have

(X5 +c (X)) — X — pxP e (Xg) 2 :(;))Xf*zcz (Xy) 22

p . . .
+2 (f) XU xpd 6
i=3

For all 3 < i < p, using Condition C1, the binomial theorem and the fact that |x|1’_3 <
$(1x[P=2 4 |x|P~*) valid for any x € R, we get that
X (Xy)
= X! (X)) 2 (Xy)
< IX PR (X)) L2 (4 X)) 2
i—
=X, 1772 (X)) L2 | 1X1 72+ (G = 21X 73 +

(i - 2) X, 12
J

i-2 .
j— - . _ i—2 L,
= (X) LG | X772+ (= 2)IX,]P 3+Z< . )|XS|P 2
j=2

Jj=2

, 1 22 .
2 i—2 p—2 . p—2 p—4 p—2—j
=c (XS)LO [Xs] +(l_2)§(|XS| + [ Xl )+ E ( j >|Xs|
j=2

. . -2 .
> N Ly P2 4 i—2 o
=X)L | ST 4+ = 1X) +Z2< ; )|XS|P i

This, combined with the fact that )7, (f’)iai = pa ((14+a)P~" — 1) valid for any a € R,
we obtain that

(Xs +c(X) )P —XP = pxP e (X)) 2
P N Y
< (2> X 177262 (X) 2% + ¢ (X) | X P72 ; (l, )Léfzilzl’

N ) —(i—2 A\
+c2(X‘Y>Z<.>Lé;2 — X7 ( . )|Xx|"+f |2
: i 2 X J
i=3 j=2
1 < P ;
=c2<xs)|xs|f"2ﬁ2(l.)i(Lo|z|)'
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V4 . -2 .
P\,io[1—2 _ i—2 . .
+ (X)) (l.)Lé)z —1XsI” 4+§:< ; )|Xs|" 20zl
i=3 j=2

2 -2 P -1
= X)X |Pe—— 1+ L =
¢ (Xy) | Xy 2LOIZI(( + Lolz|) )

14 . i-2 .
p . i—2 B i—2 . .
+A (X)) <i>L62 — Xl 1> ( ; )|xs|" =i @
i=3 j=2

Therefore, inserting (7) into (3), using Condition C2, Remark 2.2 and Ax) < 2L(2)(1 +x%)
for any x € R, we get

e Prixl
! 2
p —pysyP—
sxo—l—p/Oe PYS Xy

2

X, )
CZ(L()»)/R lz1 (1 + Lolz)? - l)v(dz)]ds

t 14
+/ e*ﬂy‘v&(xS)Z(i)L’ 2( | X, 1P™ 4+Z< . )mw”)/ |zl v(dz)ds
0 i=3 o

t
+p/ e‘P“Xﬁ’_‘a<Xs)de+/ / e [(Xo— + ¢ (Xs—) 2)? — XP_]N(ds, dz)
0 0 JRy

—1
P02 (xy) +

[f YX2 4+ Xsb (X,) +

t
<xp +pn/ e~PrsxP24s
0

1 4 . i-2 .
cli=2 i—2 ; ;
+2/0 e—WE:(f)Lg( 5 (1Xs177* + 1X,1P72) + ( ; )(|X.r|p‘2‘f+|x.g-|"‘f))
i=3 j=2

Jj=

t
xf Izl’v(dz)ds—l—p/ P XPlg (X)) dW;
Ro 0

t
+/ / P [(Xs— + ¢ (X,2) )P — XP | N(ds, da). (8)
0 JRo

Now, it suffices to use the same argument as in the case p = 2 by replacing 7 by t A t in
(8) and taking expectations on both sides to get that

Pyp f e PVS]E[Xffz]ds
[0l
5 () sl oo

(C))

Then, using the fact that Ty 1 oo a.s. as N 1 oo, letting N 1 oo on the left hand side of (9)
and using Fatou’s lemma and C6, we get

E [e’W(MTN)XfM ]
N

2 E[XI] +E1x,1772)

t t 14
E[e_pytxtp] Sxé)-l-l?’?/ e PR [X&D_Z:I ds—}—C/ e_pysz]E[|Xs|p_':|ds.
0 0 i=2
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Now, it suffices to use the inductive assumption.
Ify=0:

t P t
E[x/] <xb+ C,,/O (1+5)P? s + C, Zfo (1 + 5)P~D/2g
i=2
<Cp (40P,

Ify #0:

t p t
E [efm”X,p] < xg + C,,/ e Pvs (1 + e”(pfz)s) ds+Cp Z/ e PvS (l + e”(pfl)‘?)ds
0 i—2 0

<Cp+ Cpefm’t.
This implies that
E[X]] < Cp+ Cpe’?'.

Therefore, (2) is valid for p. By the induction principle, (2) holds for any even natural number
P € [2, pol. Finally, using Holder’s inequality, we finish the proof for any p € (0, pp]. O

3 Tamed-adaptive Euler-Maruyama scheme
3.1 Definition of the tamed-adaptive Euler-Maruyama scheme

For each A € (0, 1), the tamed-adaptive Euler—Maruyama discretisation of Eq. (1) is defined
as follows

0=0, Xo=x0. fip1 =0+ h(??zk)A,
th+1 = th +b(xtk) (tk+] - tk) + UA(th)(WthH - Wtk) +ca (th) (Ztk+1 - Ztk) s
(10)

where
1
A+ b))+ lo @) + |x[)2 + |e(x)|Po’

h(x) = (11)
Here, I, pp are some positive constants and I > 1, pg > 2. Moreover, ca, oA are some
approximations of ¢, o, and their conditions will be specified later on.

The next result provides a sufficient condition for ty — 00 as k — 00, which implies that
the tamed adaptive approximation scheme (10) is well defined.

Proposition 3.1 Suppose that there exist positive constants L and  such that the coefficients
b, c, 0, ca, op satisfy the following conditions

T1. |b(x)| Vo) < L(1+ |x|f);
T2. x(b(x) — b(0)) < L|x|?;
T3. |oa(x)] < L|o(x)] and [ca(x)| < [e(x)];

T4, los()] < % lea(@)] < % and |b(x)ca(x)] <
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for any x € R. Assume further that the Lévy measure satisfies fRo 72v(dz) < oo. Then

lim t =400 a.s.
k— 400
We recall the approximation technique of Yamada and Watanabe (see Yamada and Watan-
abe 1971; Gyongy and Résonyi 2011). For each § > 1 and ¢ > 0, there exists a continuous
function y5. : R — R with suppyse C [¢/6; €] such that

&

Yse(@)dz =1; 0 < tse(z) < z>0

e/s zlogs’

Then, we define
lxl py
$se(x) :=/ / Yse(2)dzdy, x € R.
o Jo

It can be checked that ¢ has the following useful properties: for any x € R,

YWL. ¢} (x) = P |qbsg(lxl)

YW2. 0 <|pf (0] <1,
YW3. x| <&+ ¢se(x),

ywa, PelD 3
e
YWS. ], (1x) = e (lal) = sl x) = o

Proof of Proposition 3.1 We will adapt the projection method in Kieu et al. (2022) (see also
Fang and Giles 2020). For each H > |xgp|, a projected approximation scheme is defined as
follows

=0, ifl, =i +nX5aA,

XH = Py <X’f, +b<XH>h(XH>A
1 k

k+ I I

+0A<)?{Z,>(Wt[, WH)+CA< )(z —ztkH)),

H
) Y. Observe that H
1Yl i

C(H, L,l, m)A, which implies that tk 1 0o as k — oo. We note that for each k, t,f isa
stopping time and t,ﬁl is .7-"lkH -measurable. Set t# = max{t,f{ : tkH < t}. Then t¥ is also a
stopping time. Throughout the proof, we use the following result which is a consequence of
the strong Markov property of W

r 0 if r is an odd integer
E[(Wt - W,H) |f,H] - PP , (12)
- - o (t —t) if r is an even integer,

where Py (Y) = min(

< H for all k. Thus /(XZ)A >
il!

for some positive constant «;-.
The continuous approximation is given by

(850 (1) (1) o () (0 ) e (52) (5 2))

First, the fact that Py (Y) = min(1, H/|Y|)Y implies ¢5. (P (Y)) < ¢s<(Y). Therefore,
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o (R = s P (R4 (R10) 0 = %) o (RE) (Wi = W) e (R05) (20 20) )|
< ne (X0 46 (RE) =t o (RE) (W= W) +ea (X)) (20— 7))

Next, using Taylor’s expansion, there exists an (;)-adapted process (£,) such that
(@
<o (52) - (7)o (52)
+on (%) (Wi = War) ea (%51) (7~ 24
o () (- ) e (24) (5 20
Recall that ¢, (x)] < Thus,
o3 (X17)
= da (RI1) + 05 (1) [ (Xf1) — 0@ [ = ™) + 95 (R ) 0.0 (0 =1
95 (%3) o (%) (W0 = War) 64 (R ea (%3) (2 = 70)
s (7 (R = R (51 ()

vt (%) (2~ 2r)').

Using (11), we get

slogé

PRI - 1) < b ()?ﬁ,) h ()?;Z,) A<A.
Using YW3, T2 and the fact that |x|¢(§8 (|x]) < ¢se (x) + &, we get
o (X25) [o (RE) = @] @ = 1)
- M}?Z [b (?ﬁ,) - b(O)] (t — 1

IXh Ot
1|65 (1RM1) @ = 1)

< L (g5 (RH) +e) (=1,

Now, using T4 and the fact that th2 = 2W,dW, + dt, we have

<L

o2 )7”) W, —Ww L W, — W) dW, + (1 — 7
A\ ' ) = (s sH s+ @ —t7)].

Moreover, the Itd’s formula yields

(2 - ZLH)2 =t [ 2u(dz) + /t; /RO [ +22 (2 = 7,0) | N s, do).
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This, together with T4, gives
~ 2
& (X11) (20— 2m)
L (1 —1") 2 L 2 ~
< 7/ 2u(dz) + —/ / [z +2z (Zs_ —Zsy)]N(ds,dz).
A Ro A Jit IRy -
Consequently, we have shown that
¢8£ (ftH)
<[1 (o) o (%20)
+

38A 3812 3812
Le + |b(0 2v(dz) ) (1 — 1"
( e+ 1 )|+elog8+ Aslog8+ A810g8/ROZ v( Z)>( - )

+/z [%e (%) on (3) + Aialﬁgﬁ (. - W£H>] W
/tH /RO [qﬁag XH cA (XH) + ;jlﬁga (12 + 2z (Zs_ - ZEH))] N(ds, dz).

(13)

Note that e =L/ (1 + L(t — t1)) < e~Lt" . Then, multiplying by e’ in both sides of (13),
we have

87L1¢58 ()?;H)

< e s (R]1) + C0). L, A, 2.9) /t e~L5ds
: p
+e—Lt/; |:¢§e ( 5 )O’A (XH ) + Ai‘slf)‘;s (Ws — W£H>j| dwg
S CACANCAE

N 38L?
Acelogé

(z +2z( . ZEH))] N(ds, dz). (14)

Now, from (14), we get

Lt 5N
€ Ltk“‘lszﬁa XI{I
Tk
H
H
k

H
< e M g, ( ,

tH

)+C(b(0) LA e 5)/ e Lsds

_|_
o
T
Tk
—
T
|
3
o
~~
el
s
N—"
>
S
Mx)
:cm
N—"
+
2o
S|~
VS] (&)
[«%)
~~
=
s ]
N—"
—_
o
=

(15)
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Summing (15) over multiple timesteps and adding (14), we obtain

t
s (RIT) < Bse (x0) + CBO), L, A, 2, 5) / L5 ds
0

+ te_L<£H+h(§%>> r (xH oA 5(\11, + 65L2 Wy — Wen ) | dWg
%e(w) (%) (s = W)

Acelogé

3812 —L<LH+h<)?H ))
n <z2 +2z (Zs_ —z, H))} N(ds,dz)+ e 2 —e i
[y ()?H ()?H ) L (W W) |dw.
X o Ose £H)UA sH m s £H> s

_L L H)
+ eth —e H ¢5,9 S ( ﬁl) Z
tH JRy - =

N 3512 (Zz+2z (Zﬁ _ zf))]ﬁ(ds,dz)

Acglogé

t
< ¢se (x0) + C(b(0). L, A, . 6) / o—Lsds
0

+/’@—L<XH+h()?HH)> [¢ée (R2h)os (%1) 65L2 (W, - WEH)}dWS

£ Acglogd

[ D g (5 e ()

b (e (2 - 7))
Aglog$ ‘ L\ s

+

N(ds, dz)

LA 2L |W|+ 12812 WP
— su su
\/K0<szt ' Aclogé 0<slit *
2L 128 L2

+ LA | — sup |Zs|+7 sup IZSI .

0<s<t log§ g<s<;

Now, using Lemma 2.4, we have

1
2
E| sup |Z] SC\/;(/ zzv(dz)> ; E| sup Zs2 Sth zzv(dz).
0<s<t Ry 0<s<t Ro

Hence, for any the stopping time t < ¢, it follows from the modulus of continuity of W and
the Condition C6 that there exists a positive constant C = C(xp, &, §, A, L, b(0), t), which
does not depend on H such that

IE I:efLT
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From this point forward, by repeating the argument in the proof of Proposition 2.1 in Kieu
et al. (2022) we obtain the desired result. ]

Under the assumptions of Proposition 3.1, the nearest time point before ¢ is defined by
t := max {t, : t, < t}, and the number of time steps approximation up to time ¢ is defined
by N, := max {n : t, < t}. Observe that ¢ is a stopping time. Then, the standard continuous
interpolant is defined by

Hence, X = ()?,),20 is the solution of the following SDE
dX; = b(X)dr + oa (X,) AW, +ca (X;-)dZ,  Xo = xo. (17)
3.2 Moments of the tamed-adaptive Euler-Maruyama scheme

We first provide the following preliminary estimate on the moments of X.

Lemma 3.2 Assume that Conditions T1-T4 and C6 hold. Then for any p € [1;2po] and
T > 0, there exists a positive constant C(p, L, T, xo, A) such that

E| sup |X/|” | <C(p,L,T,xo,A).
0<t<T

Proof Using the property YW3 and applying Itd’s formula for e~ %! qbgg()? 1), we get
e HX ) <e Mot e Ms (X))

t e - A 1 R -

< &+ ¢se(x0) + /O e ls [—L¢ag<xs>+¢gs(xs)b<xg+ Ed)";;(Xs)Uﬁ(X;)] ds

t
+ f L5l (R)os (X,)dW,

0
t

+ / [R e [gse (R + ca(R)2) — bse (Xy) — B (%) ea (X2) 2] vid2)ds

0

/ /]\g ¢56 XA7+CA (Ai) ) (P(SS ]N(ds dZ)
0

Now, applying Taylor’s expansion for ¢35, and using T2, YW2, YWS5 and Eq. (16), there
exists an (F;)-adapted process & = (&) such that

B (XOb(Xy) = (05, (Xs) + 856 (X5 — X)) b (Xy)

= ¢;, (Xi) ( s) + b5: () (b ()?1) (s —s)
+oa (Xy) (Ws — Wy) +ca (X,) (Zs — Zy)) b (Xy)

= ¢5. (Xs) (b (Xs) — b(0)) + 5, (Xs) b(O) + ¢5. &) (b7 (Xs) (5 — 5)
+b (Xs) oa (Xy) (Ws = Wy) + b (Xy) ea (Xy) (Zs — Z)

(X~ ~ ~ _

= e lP%, 0 (80 - 00) 400, (R0 + 6160 (7 (R -

+b (Ai) oA ()?A,) Wy —Wy) +b ()A(s,) ca ()?57) (Zs = Zy))
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CsA 28 - -
< L|X,| + bO)] + — Tlogs slogé‘b( s)on (Xy) (W, — wy)|
28 -
clogs ‘b (Xi) €A (Xs,) (Zs — Zs;)‘ .

Again, applying Taylor’s expansion for ¢5. and using YWS5, T4, there exists an (Fy)-adapted
process 6 = (65) such that

¢se (Xs +ca (Xy) 2) = doe (Xy) = b5 (Xs) ea (X) 2

= Lo o0 (X5)2* < ¢ L s
270¢ =TT glogs A

Hence, we have shown that

Lty Lo Ls < & CsA
e Xl < e+ gse(xo) + | e | —Lepse(Xy) + L| Xy +|b(0)|+87
0

logé
268 ~ ~
elogs |b( :) GA( 5) (Ws — W£)|
268 ~ ~
|b (Xi) €A (Xﬁ) (Zs - Zg)| + m ds

elogéd
t L25 t
+ / e L) (R)oa(X)dW, + / e~Lsds / 2u(d2)
0 Ro

Aelogé
f/ ¢88 Xs—+CA( )
Ro

Next, using YW3 and (16), we have

2) — dse (X5=)] N(ds, da).

- ¢58(3(\S) + |3(\1| = _|3(\S| +te+ }5(\5|
< e+ X (s — )|+ loa(X)(Wy — Wl + lea(X)(Zg — Zy)I.
Thus,

e X, < (14 Li)e + dse (x0)

t
+/0 Le™™ (Ib(Xs)(s — ) + loa (X)) (Wy = Wy)| + lea(X5)(Zs — Zy)) ds

! CSA 28 ~ ~
+/O [|b(0>| +—— + —— |b(Xy) oa (Xy) (Ws — Wy)|

elogé elogé
S Csé
b (X X,) (Zs — Z)| + ——— |d
slogS‘ ( 3*)( : 3*)‘—i_A.slog(S] y
! L C 2 t L
"‘/ S5 (X)oa (X )dWs + e lg(s/() e Mds
[ s (R ea (89 - (%] Wi, a0 (18)
Ro

Using (12), for any p € [1; 2po], there exists a constant C(p) > 0 such that
ke [|b (Xy) oa (Xy) (Ws — W£)|p]

= E[|b (%) oa (X)|"E[1W, - Wy1?
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< CRIE[[p (Rs) oa (%) s "]
< CPE[[b(X) oa (X[ [1(Xo) |2 ar72].

Next, using the Burkholder-Davis—Gundy’s inequality with jumps and C6, for any p €
[1; 2po], there exists a constant C(p) > 0 such that

E [|b ()?g) €A ()?g) (Zs - Z£)|p]

—E[|p (%) ea ()" E[ 12, - 2|

1Ap/2
<C(PE| |b(X,) |"</ /R 2V”V(dz)dS)
0

l/\p/2
=C(p)( zzv”V(dz)> |b (Xs) ca (Xo)|” (s = 2)1/\17/2]

<C(p)E I:} (XX)CA( )|p|h(Xs)|l/\p/2A]/\p/2]
Thanks to (11) and Conditions T3, T4, we have

max {E |6 (%) oa (%) Wy = Wo|"]:E[ | (R) ea (%) 2, - 2)|"]
<C(p.L. D).

Therefore, by choosing ¢ = 1, § = 2 in (18), it follows from T1-T4, Holder’s inequality and
Burkholder—Davis—Gundy’s inequality that for any 7 > 0, there exists a positive constant
C(p,L, T, xog, A) < oo such that

E| sup [X/|”| <C(p,L,T,xo, A).
0<t<T

This finishes the proof. O
The following estimates show how moments of X ; depend on 7.

Theorem 3.3 Assume that Conditions T1-T4 and C6 hold, and for some py € [2, +00),
there exist constants y € R, n € [0, 400) such that for all x € R,

-1 2
o3 (x) + CZAL(’;) 2] (1 + LolzhP ™" = 1) v(dz) < yx> + 1. (19)

D
b
xb(x) + 5

Ro
Then, for any positive integer k < po/2, there exists a positive constant C =
C(x0,k,n, vy, L, Ly, po) which does not depend neither on t nor on A such that

R R Ce*vt ify >0,
E[IR ] VE[IX] = ca+of iy =0, 20)
C ify <0.

Remark 3.4 Since (14 Lo|z|)* is an increasing function for x > 1, we deduce from condition
(19) that for any p € [2, po] and x € R,

% (x)

1+ LolzD?~' = 1) v(dz) < yx* + 1.
2L 2] ((1 + Lolz]) Jv(dz) < yx” 47

-1
xb(x) + pTai(x) +

Ro

@ Springer f DMAC



301 Page 16 of 31 T.-T.Kieu et al.

Proof of Theorem 3.3 Using Holder’s inequality, it is sufficient to show (20) for a positive
integer k and k < po/2. We will use the induction method.
Firstly, for k = 1, applying It6’s formula to e 2¥' X tz, we get that

efzyt)/(\tz = x(% +2/

¢ . ~ ~ o~ 1 —~ 1 —~
e —y X2+ Xb(Xy) + ~0X (Xy) + *CZA(X.Y)/ Z2v (dz) ) ds
0 =2 =2 = Jr,

1
+2 / e X oa(Xs)dW
0

+ /Ot /R e [2Xs—ca (Xy=) 2+ ¢4 (Xy—) 22] N(ds, da). Q1)
It follows from (16) Othat
)?52 = S(E + 25(\5 (b (5(\5) (s =3) +oa (5(\5) (We = Wy) +ea ()?1) (s - 7))
+(b (5(\2) (s —5) +0oa (5(\2) (Ws = W) +ea (?5) (2s - Zﬁ))z'
Using T3, T4, C6, (12), and (11),
max {| 2,5 — 9l PR — 9% E[od X)W, — Wo?|A];
Eld (%) (2 - 2)° 7]} = ca. 22)
Therefore,
E[-yX2] <E[-yXI]+ClylA. 23)
A similar argument yields to
E[X,b(X,)] < E[X;b(Xp)] + CA. (24)

Thanks to Lemma 3.2, the expectation of the stochastic integrals in (21) is equal to zero. It
then follows from (19), (21), (23), (24) that

t
E[e™'X?] < x3 + 2/ e (E [ — X2 + X,b(Xy)
A 5
1 5e 1, o
+-ox(Xs) + *CZA(XQ)./‘ v (dz)} + CA>ds
2 2 Ry
t
<xj+C+ 1)/ e 25 ds. (25)
0

together with (22), we get the following estimate for any p > 1

S R T A (T S e
+E[ea®p(Z - 2| ])
< 407! (E[|)?,|”] +CM+CM/2+CA“”/2>. (26)

It follows from (25) and (26) that (20) holds for k = 1.
Second, assume that (20) holds for any k < ko < [po/2] — 1, we will show that (20) still
holds for k = ko + 1. Here, we use the notation [ po/2] for the integer part of pg/2.
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By applying Itd’s formula for e*I’V’)A(f with p = 2(ko + 1) being an even integer, we
have

=p-2 o~
X! 0x(Xy)

t
~ ) ~ ~p . o~ —1
e PVt |Xt|1’ :xé)—l—/ e~ PYs |:—pstp+pr lb(X£)+ P(Pz )
0

- / (R +ca®2)” = XY = pREeaR)2) V(dz)] ds
Ro

t
+p / e PV X X oA (X)) dW,

0
t
+/ / e ((Ry- +ea®y)2)” = R2) Nas, da). @7
0 JRo B
It follows from (16) and the binomial theorem that for any positive integer ¢,
4 _ q! T (1% j
X5 = > il (Xs) (b(Xs)(s —9))
0<i,j,r,v<q.i+j+r+v=q
(oA X)Wy — Wy) (ca(X)(Zy — Zy))" . (28)

Using (12), the independence between W and Z, Burkholder—-Davis—Gundy’s inequality, (12)
and C6, we have

E[—y X! |7]
< ST Sp-2
< —yX!{ — pyX;b(X,)(s — )XY

DI - ol A e ATl e S
0<i<p-2,i+j+2r=p
ColvIp! (o i o ~
+ 2. i!I;'!r!v! [ X[ [pXo) s 9

0<i<p—2,v>2,i+j+2r+v=p
x oA (Xp)(s =9 [eR (X5 —9)] .
Again, using T3, T4 and (11), we get
p—2

E[-yX!| 7] < =y X+ Colvl Y IX,l'. (29)
i=0

Choosing g = p — 1 and ¢ = p — 2 in (28) and using the same argument, we get

p—2
E [}?{’”b(}?i)m] < XX +Cp YIRS (30)
i=0
and
p—2
E [f(f-%g (5(\5)|]-'1] <X XD+ Cp Y IR 31)
i=0

Now, using the binomial theorem, we have

P PN o~ .
(Ro+ea (R)2) =R = pR s Rz = 3o (7)WL R, 2)
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301 Page 18 of 31 T.-T.Kieu et al.

Then, applying (28) tog = p — j with j € {2, ..., p}, we obtain that, for 4 <i < p,

B[RV (R 7] = Rl () + (0 = )R (X)) ¢ (R) 6 =907
+E [QP 2 (Xg) |7:;] Ci (Xi)
< XUl (X)) +Cp0p2 (X)) (33)

Using (32), (33), and T3, C1, proceeding as in (6) and (7), we obtain that

s]

E [()A(S +ea (Xy)2)’ = XU = pXPea (X)) 2
<Z< )Xp ‘ cly )?S)Z +C0p2 ’Xs

<ci (X)) |X£|P—22—Lo|z| ((1+ Lolzh?~ " = 1)

p . -2 .
= P\ i1 —2 ~ i—2\ ~ 5 . .
+62A(X£)§:<i)l‘62 5 | Xs|? 4+§ ( ; >|X£|P 27 | 2|
j=2

’

i=3
(34)

Consequently, from (29),(30), (31), (34), C6, (19) and Remark 3.4, and 02A x) < Zx) <
2L2(1 + x?) for any x € R, we obtain that

p(p—1D<

5 XPZZ(X)

E [—pw?f +pXP'b(Xy) +

[ ((Rorea®d) = K2 = pREeaR2)
Ro

) -
p—1 , = cx (Xy)
X
ox (X)) + 2Lg

< pl)?gl””( —y X2+ X,b (Xy) +

x fR 2] (1 + Lolzh?~" = 1) v(dz)> +0p2 (PA%D
0
< pnlX P72+ Qpa (1K) -
Therefore,

p(pz—l)X‘p ) o2 (Ry)

E [—pyfff +pXP'b(Xy) +

+ f (()?X +eaXyz)” = X7 - pﬁ?f"lcw?gz) v(dz)}
Ro

p—2 )
= C(p.n Lo Y E[|Z,[]. (35)

i=0

Thanks to Lemma 3.2, the expectation of the stochastic integrals in (27) is equal to zero.
Then, from the estimates (26), (27), (35) and the inductive assumption, we obtain that (20)
holds for k = ko + 1, which implies the desired result. O
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Remark 3.5 1f y < 0, then the approximated solution is stable in the sense that for any
0 < p < 2[pp/2] there exists a positive constant C, which does not depend on A, such that

supE[1X,”] VE[IX, 7] < C.
>0

Remark 3.6 Suppose that all conditions of Theorem 3.3 hold, then the bound on the expec-
tation of the number of time steps N7 required by a path approximation on [0, T'] for any
T > 0is given by

C
E[Nr —1] = x (36)

where C is a positive constant that does not depend on A.
By following the argument used in the proof of Lemma 2 in Fang and Giles (2020), we
can obtain the estimate (36) as a consequence of Lemma 3.2 and Theorem 3.3.

The following uniform bound in time for the difference between X, and X, ; will be required.

Lemma 3.7 Suppose that coefficients b, ¢, o, oa, ca and the Lévy measure v satisfy all con-
ditions of Theorem 3.3 and p € (0; pol, then there exists a positive constant C, = C(p, L)
such that

supE[1X; — X,|P] < C, AP/,

t>0
Proof From (16), for any p > 1,
X, — X,|”

= [b(X)(t — 1)+ oa(X) (Wi — W) + ca(X)(Z — Zp)|”

=377 bR = 0" + |oa RO W = W|” + |ea®(Zi — 29"

<3 [|b()?t)|p [hXD)|” AP + [oaXD|” W = Wi|” + [eaXD|" |2, — Zt,|p] :
By applying T3 and (11), we have

|b(Xph(Xp)| < C; 02(X)h(X,) < C and |k (X)h(X)!'"P?| < C,

for some positive constant C. Consequently, using Burkholder-Davis—Gundy’s inequality,
C6 and (12), we obtain the desired result. For0 < p < 1, itsuffices to use Holder’s inequality.
O

3.3 Convergence of the tamed-adaptive Euler-Maruyama scheme

We consider the following assumptions on the coefficients of Eq. (1).

C7. Coefficient b is one-sided Lipschitz: there exists a constant L; such that

(x —V)(Bx) — b(y) < Lilx — y|%,

forany x,y € R.
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C8. Coefficient b is locally Lipschitz continuous: there exist positive constants / and L,
such that

@) = b = Lo (1+1xl' + 1y1') | = yl,

forany x,y € R.
C9. Coefficient o is (a + %)—locally Holder continuous: there exist positive constants

m, L3z and o € [0, %] such that
o) = oI < L (1+ 1x[™ + [yl") | — y[/2,
forany x,y € R.
C10. Coefficient c¢ is Lipschitz: there exists a positive constant L4 such that
le(x) — eI = Lalx — yl,
forany x,y € R.

Note that if ¢ satisfies Condition C10 then it also satisfies Condition C1 with Ly =
max{L4, |c(0)|}. Moreover, conditions C8, C9, C10 imply conditions C3, C4, C5. Therefore,
under Conditions C2, C8—C10 and f]Ro |z|v(dz) < c>o,fR0 z2v(dz) < o0, Eq. (1) has a unique
strong solution.

Remark 3.8 It can be checked that under Conditions C7-C9 and fRO Z2v(dz) < oo, the
following functions

c(x) W= W
T+ A2+ ) 7 T T+ A2lo ()]

satisfy all conditions of Proposition 3.1.

(37

calx) =

We are in the position to state the main result of this paper.

Theorem 3.9 Assume that Conditions C2, C6—-C10 hold and po > max{4l; 2 + 4o + 4m}.
Assume that the functions c, b, o, ca, oa and the Lévy measure v satisfy all conditions of
Theorem 3.3, and

le(x) — ca@)| < LsAY22 () (14 b(x)]), |o(x) —oa()| < LsA 02 (x),  (38)

for all x € R and some constant L5 > 0.

Then, for any T > 0, there exists a positive constant Ct = C(xo, L, Lo, L1, L2, L3, La,
Ls,y,n, T) such that

1
- CrAY if0<ac< 5
sup E [|Xz - Xt|] <1 Cr . (39)
0=t=T r ifa=0.
log

Moreover, let u := fRo |z|v(dz) and assume that L1 +2Lap < 0, y < 0, then there exists a
positive constant C = C(xo, L, Lo, L1, Lo, L3, L4, Ls, vy, n) which does not depend on T
such that

1
N CAY ifO0<ac< >
supE [|X; — X/|] < Cc ) (40)
>0 I lf o =
log
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Remark 3.10 1t is straightforward to verify that under Conditions C2, C6—C10, the functions
ca and o defined in (37) satisfy condition (38).

Proof of Theorem 3.9 Put Y, = X, — X;. For any A € R, applying the property YW3 and
1td’s formula for e = ¢, (Y;), we get

eMY | < e Me 4 e My (V)

t
=eMe 4 / e |: — Apse (Ys) + ¢’¢/SE(YS) (b(Xs) - b(s(\g))
0
1 -~
585 (1) |0 (X) — oA(Xg}z] ds
t
+ /0 eimgbég(ys) (U(Xs) - UA(XQ)) dw;

+/0tfROe“[¢sg( + (e(Xs) — ca (X5)) 2) — dse (¥)
—5e (Yy) (¢ (Xs) — ca (Xs)) 2] v(dz)ds
+ /O t fR 0 e [hse (Yo— + (e (Xs) — ca (Xs)) 2) — dse (Ys2)] N (ds, dz).
(41)
Set
J1(s) = @5 (¥y) (b(Xs) — b(Xy)),
1) = 565,00,
J3(s) = s (¥ (c<X ) —ca (X, )) 2) = e (Yy) — b, (V) (¢ (Xy) — ca (X)) 2.
First, using properties YW1, YW2, Conditions C7, C8 and Cauchy’s inequality, we have

$5: (1Ys )
Y51

= Ligg (Y DIYl + Lo (14 1X) +1R,0') 1, - Xy

Ji(s) < Yy (b(Xy) — b(Xy)) + |05, (Yo) (0(Xs) — b(Xy))|

3 - - 1 -~
< Lil¥s| + 5 LoV (14 1%+ 1Xg) + SLATPR =R @)
Second, using the property YWS, the Condition C9 and (38), we have
1 ~ ~ ~ ~ ~
12(5) = 595X [0 (Xo) =0 (Xo) + 0 (Xs) 0 (Xy) +0(Xy) — oa (X’

3 = = = - -
= Tyoas (06D (Jo 60 = o R +]oRo) = o Rl + [0 (X — s Ko

v 2 ~
m la €J(|Y|)|: (l+‘Xs‘m+|Xs|m) IXS_XslH_za

s m2is o S 4
FLE (14 X" +1X0™)7 1X — X, 1142 4 L2A |0 (X)) ]
3 -
LI S [3L2 (1 X2 4% 2m) y. | 1+2e
= |YX|10g5 [5,5](| sl) 3 +| xl +| xl | s| +
S S s o S 4
+3L3 (14 1R 4+ RS2 ) 1R = Ryl ¥ 4 138 [0 (R[]
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9L2¢% - 9L25 PO - - -~
= 2 (X P+ R P) + =2 (14 CIR, = R+ CIR ) 1R, — Ry
log § elogé = = =
3LIAl0 (X,
elogé
9L2s% -~ 5 -~ = 9CL2S ~ =~
<253 <1 X2 |Xs|2m> + |Xx _X£|1+20( + 301X, — X£|l+2a+2m
logé ¢ log elogéd
9CL2S ~ , ~ COA (|X,|FHoetdm 4
+ 3 |Xs|2m|Xs _ X5|1+2a ( ) (43)
elogé = = elogé

Third, using the mean value theorem, the property YW2, the Conditions C1, C10 and (38),
there exists an (Fg)-adapted process & = (&) such that

T3(5) = se (Y5 + (c (Xy) — ca (X)) 2) — 5 (V) — 5, (¥) (¢ (X) — ca (Xy)) 2
= @5, (&) (c (Xs) — ca (X)) 2+ ¢5. (Y) (¢ (X) —ea (Xs)) 2
<2|e(Xy) —ca (Xy)] Iz
<2[[e (X0 = e (Xo)| + |e (Xe) = e (X[ + |e (Xy) = ea (X)[] 12!
<2[Lal¥,| + La | Xy — Xy| + LsAV2AX ) + 6(XD] 2]
<2 [L4 1Yol + Ly | Xy — X, | + CAY2(1 + |X£|l+3)] 12]. (44)
By choosing & = L1 + 2L4u where recall that u = fRo |z|v(dz) and using YW3, we get
(L1 4 2Lap) [1Ys] — pse (Ys)] < & (IL1] + 2Lap) . (45)
A combination of (41), (42), (43), (44) and (45) implies

E |:e_<L1+2L4“)t|Y,|]

t
Se—(Ll+2L4M)t8+f e~ (L1+2Lap)s
0

[s (Ll +220) + 512812 (14 E[1%, 2]+ B[1%,2))

9L§82"‘

n %LZA‘I/ZIE [p?s - )?5\2] + (1 +E [lXSIZ'"] +E [p?slz’"})

logé
2 2
9L38 E I:lj'(‘A Aé|1+2a:| it 9CL [lX ?S|1+2a+2n1:|
elogd = elogé -
9CL 5 CsA (E 5{‘ 2+4da+4m +1
n [lX ‘2m| X, |1+2a] ( [| s ] ) ds
elogé elogé

t
+/ / 2em 2k (LB [|R, - X[]+ a2 (1+E[1%4])) 12lv(dads
0 JRy

' 3 ~ -
ge’(’“‘*u‘”‘)’a—i—/ e~ (LiH2Lap)s [s(|L1|+2L4)+5L2A1/2(1+E[|XS|21]+IE[\X£\21]>
0

9@?2" (1+ o] + 5[ ))

1 P
+ ELzA—l/Z]E [|XS - XE\Z] +

9125 9CL - -
+ [IX ~X, |1+2a] + 3 E[IXs _XS|1+2a+2m]
elogé elogé =
9CL2S [ oy o - CSA (B[|X, |2 Hetm] 4
3 E[IX.YIZ’"IXX—XXIHZ"}-F ( [| sl ] )
elogé = = elogé
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+2u (LaE[|X = R[]+ €A (14 E[ 1R+ ]))] ds. (46)

Now, using Eq. (16), Burkholder—Davis—Gundy’s inequality, T3, C6, (12), and (11), we
obtain

E[1% — Xl 217 | = 3% (B[ bR — 914215 ] + E[loa R Ws — Wl #2717
B [lea(R(Z = 20121 ) = (R = 9112 + oa R (s — )2+
+ lea(Rp)]H2(s — )!/2)

< C<|b(5(\1)|1+2a

|h(3(\1)|1+2a A2 |UA(§£)|1+2(X |h(5(\£)\1/2+°‘ Al/2ta
+ [ea®p[ 2 n(Rp)| 2T Al < cal,
This, together with Theorem 3.3 and m < pg/2, yields that
E[|5(‘£|2m|5(\s _ X\£|1+2a] — E[E [|X\£|2m|)’(‘s _ 5(‘£|1+2a|}-£]]
=E[IX"E[1Xs — X' 7]
< CA1/2+aE[|y£|2m] < CAl/2He, (47)

Consequently, plugging (47) into (46), and using condition pg > max{4/; 2 + 4« + 4m},
Theorem 3.3, Proposition 2.3, and Lemma 3.7, for any T > 0, there exists a positive constant
Cr such that for any ¢ € [0, T],

E I:e_(LI+2L4M)l|Yt|] < e~ (L1+2Lap)t +Cr

82(:( N 8Al/2+a N SA
logé elogé elogé

t
[g + A2 4 / e~ (L1+2Lams g (48)

0
Ifa € (0; %], choosing ¢ = A'/2, § =2, we obtain

sup E[|Y;]] < CrA“.
0<t<T

If « = 0, choosing ¢ = A4 5 = A=1/4 we obtain
Cr

sup E[[Y:]] < T
0<t<T log &

Therefore, we have shown (39). Note thatif L} + 2L4u < 0 and y < 0, we can choose the
constant Cr in (48) such that it does not depend on T'. Therefore, we also obtain (40). This
finishes the proof. O

4 Numerical experiments

We consider numerical experiments for four different SDEs with coefficients given in Table 1.
For all equations, Xo = 0, (Z;);>0 is acompound Poisson process of the form Z;, = Zl]\il &,
where (N;);>0 is a Poisson process with intensity A = 5, and (&;);>1 is a sequence of
independent and identically distributed random variables. We suppose that each &; has a
normal distribution with mean zero and standard deviation 0.2. A simple computation shows
that these equations satisfy Conditions C2, C6—C10 with constants po, L1, y, [, m, o given
in Table 1. In all these cases, po > max{4/; 2 4+ 4o 4+ 4m}, hence it follows from Theorem
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Table 1 Four jump SDEs with their parameters

Case b o c po L1 vy n ! m o«

1 —l+x—x3 1T+ +x0)x%3 Xx+sinx) 10 1 -1 31873 2 % 1

I e e x4sn@ 10 1 1 957 2 2 b

3 dex xR 2B Gneg 10 -1 1 188 41 L

4 —l—x—xTB g [ xfsiny) 10 -1 -1 1583 4 1 1
Casel: L, >0; y<0 Case2: L;>0; y>0 Case3: L, <0; >0 Cased: L, <0; y<0

o1 | ¥=-02961x-4,4375  *" y=-0,1819x - 3,4635 ¢ s ¥=-03689x-3,2321 . s ¥=-0,3913x-3284

R?=0,9047 s R?=0,8911 R?=0,9929 R?=0,994 .

s

Fig. 1 Values of log, (me(l)) forl =2,3,4,5,6

3.9 that the tamed-adaptive Euler—-Maruyama approximation scheme defined by (10), (11)
and (37) converges in L!'-norm at the rate of order « in any finite time interval. Moreover,
in Case 4, since L1 < 0 and y < 0, the tamed-adaptive Euler-Maruyama approximation
scheme (10) converges in L!'-norm at the rate of order « in infinite time intervals.

To study the empirical rates of convergence of the tamed-adaptive Euler—-Maruyama
scheme, we consider

M

1 Sk SU+1k

me(l) = - 31X = X5,
k=1

where for each [ > 2, ()? Lkyy, <k<Mm 1s a sequence of independent copies of X® defined by
Egs. (10), (11), and (37) with A = 27 We adapt the Algorithm 1 in Fang and Giles (2020)
to generate X gl’k) and X. g”l’k)
k and [.

X0 converges at the rate of order 8 € (0, +00) in L !_norm, then there exists a constant
B > 0 such that 2P'E[|Xs — X[ = 0(1), implying that 26/E[|X{T) — XP)1 = 0(1)

on the same Brownian motion W and Lévy process Z for each

and vice-versa. In this case, we can write log, me(l) = —pI 4+ C + o(1), for some constant
C € R. Thus, B can be estimated by the regression method.
Figure 1 shows the simulation result of log, me(l) forl = 2, ..., 6. We draw the regression

lines to estimate the empirical rates of convergence f in each case. In Case 2, the empirical
rate of convergence, which is 0.1819, is almost the same as the theoretical rate, which is 1/6.
In the other cases, the empirical rates are slightly better than the theoretical rate.

Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges in
infinite time intervals while in other cases, it converges in any finite time intervals.
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5 Appendix

In this appendix, we will prove the theorem Theorem 2.1. Without loss of generality, we
assume that y is a positive constant.

5.1 Existence of solution

For each N > 0, set

b(x), if |x]| =N,
Nx .
by(x) = b<ﬁ>(N+1—|x|), if N <|x] <N+1,
X
0, if [x] > N +1,
and
o(x), if [x] < N,
Nx .
on(x) = a<ﬁ>(N+l—|x|), if N <|x|<N+1,
X
0, if [x] >N+1,
and
c(x), if [x| = N,
Nx .
cy(x) = c<ﬁ>(N+1—|x|), if N <|x| <N+1,
X
0, if |[x| > N+ 1.

Itis clearly that by, cy and oy satisfy Assumptions of Theorem 2.2 in Li and Mytnik (2011).
Thus, the equation

x;vzxo+/0’bN (Xﬁv)ds—l—/otaN (x;V)dWw/OtfR ex (XI) eNds, o) (49)
0

has a unique strong solution X tN . We will show that when N — oo, X ,N converges in
probability to a process X, which satisfies Eq. (1).
Foreach N > 0, set

szerhﬂ[teuxT]WXﬁ

z<N].

Due to the pathwise uniqueness of solution to Eq. (49), X¥ = XM almost surely for any

t <ty and N < M. Then, we will show that ty = T almost surely for all N large enough.
It is straightforward to show that the coefficients by (x) , cy (x) and oy (x) satisty Condi-

tion C2”:

po(po — 1)02 c(x)

(x) +

poxb(x) +
2 4L} Jr,

((1+2Lolz)™ — 1 —2poLolzl) v(dz)
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<2y|x* +2n,

for any x € R.
Secondly, for any p € (1; 2), using (55) to get

p

E| sup ‘X,N‘ < C forany N > 0.
0<t<T

Thus,

C>E| sup ‘XZN
0<t<T

p p
j| ZE|: sup ‘XIN H[TN<T[| ENPP[TN<T].
0<t<T

It leads to Z?:l P(ty < T) < oo. Thanks to Borel-Cantelli’s lemma, we obtain

P |:1im sup {ty < T}i| =0.
N

Since (ty)y is increasing, Ty = T for all N large enough. It means limy_, o X,N = X
exists almost surely and X; = X f” almost surely for any t < ty and M > N. On the other
hand, forany x > 0,k > 1,2 < g < po,

JE[ 2} 52E[<'X;V+")2+ ‘X,’Vr) H{IN<T}}

P T
<q, <KIE [ "] + e[ |x¥] + M) .
First, let N — oo and then let « — 0, we get

N+k N
Xt/\rNJrk - Xt/\rN

«2/(q—=2)

2
]E“XfﬁﬁM —xN. ] 0 asN — oo. (50)

It means that (X tAirN) ~n>1 is a Cauchy sequence in L? space. This implies

LZ
xN —> X; as N — oo.

INTN

Furthermore, for any p € (0; pol, since coefficients by, cy and oy satisfy Condition C2’,
there exists a constant C;, > 0 such that

sup E[|X§V|f’] <C,.
0<t<T

Thanks to Fatou’s lemma, there exists a constant Cj, > 0 such that

sup E[1X,1”] < Cp.

0<t<T

From the definition of by (x), we have

E [ /OWN [bN (ng) _ b(Xs)] ds 2} —0.

Moreover, using the fact that |b(x)| < C (1 + |x|K) forall x € Rand pg > 41,
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2 t
R
0

T 2 CP T
SKC/ E[1+|XS|2‘] a5 4 SV = 71
0

t
/ b(Xy)ds
INTN

K

SKC—I—CIP[tN <T].
K

Let N — oo and k — 0, we have

tATy 5 t
/0 by (ng) ds L>/O b(X,)ds as N — oo. (51)

In the same manner, we can see that
INTN 2 t
N L
f on (X2) aw, = / o(Xs)dW, as N — oo, (52)
0 0
and, by fR 22v(dz) < oo,
INTN
/ / cN zN(ds dz)—>/ / c (X; )zN(ds dz) asN — oo. (53)
Ro
By combining (49), (50), (51), (52) and (53), we get
t ' '
X = xo —I—/ b(X,)ds +/ o(X)dW; +/ / c(Xs_)zN(ds, dz)
0 0 0 JRry

almost surely for all 7 € [0, T]. This shows that (X;),¢[o, 7] is a solution of Eq. (1). The proof
is complete.

5.2 Pathwise uniqueness

Suppose that Eq. (1) has a solution (X;)o<;<7, and (X)o<;<r is another solution of Eq. (1). It

follows from the proof of Proposition 2.3 that the sample paths of (X;)o<;<r and (X})o</<7

do not explode. We are going to show that E [| X, — X;|] = Oforallz € [0, T], which implies

the uniqueness of solution. Foreach N > 0,let iy = T Ainf {r > 0: |X,| v |X}| = N}.
Firstly, applying It&’s formula for X? and Condition C2 with py = 2, we have

! !
xf:x§+/0 (2Xb (Xg) +0? (XS))ds—l—/O 2X50 (Xy) dW,
t
+ / f ((Xs + ¢ (X5) 2 = X7 = 2X,c (X;) 2) v(d2)ds
0 JRy
t
+/ f ((Xs— + ¢ (X,2)2)* — X2_) N(ds, dz)
0 JRy
t t
:x§+/0 (2Xb (Xy) + 02 (Xy)) ds+/0 2X 0 (X,) dW,
t t
+ / / ¢ (X3) v (d2) ds + f / (2X,_c (Xeu) 2+ (Xe) 2) N (ds. d2)
0 JRo 0 JRy
!
= x5 + /0 <2Xsb<xs>+oz(xs)+c2(xs> /R z2u<dz>>ds
0
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t t
+/ 2X,0 (X,) dW, +/ / (2X;—c (Xs-) 2+ ¢ (X5-) 2%) N(ds, d2)
0 0 JRg

t

t
5x§+2/0 (yIXS|2+77)ds+/O 2X,0 (Xs)dW,

t
+ / f (2Xo—c (Xs0) 2+ 2 (X,-) 22) N(ds, dz),
0 JRy
which implies
INTN INTN
Xiney < %o +2 f (v 1X:2 + ) ds + / 2X0 (X,) AW,
0 0

INTN -
- / / (2Xs—c (Xs-) 2+ ¢* (X,-) 2%) N(ds, d2).
0 Ro
For any stopping time T < T, we get

2 2 TATN 2 TATN
XrArN =Xy + 2‘/(; (V [ X" + 7/) ds +f0 2X 0 (X;)dW,

+/ tN/ (2Xs—c (X;-) 2+ ¢* (X,-) 2%) N(ds, dz). (54)
0 Ro

Taking expectation on both sides (54) and using Proposition 2.3 to obtain
TATN
E[XZ..,]<xj+2E U (v 1X51* + 1) ds}
0

T
§x§+2/0 (VE[1X,12] + ) ds
< C(xo,v.,n,T).

For any p € (0; 2), thanks to Proposition IV.4.7 in Revuz and Yor (1999), we have

E |: Sup |XI/\‘L’N |P:| E C(X(), ya n, pa T)
T

0<t<

Let N — oo and apply Fatou’s lemma, we get

E[ sup IXtI”} = C(xg,y,n,p,T). (55)
0<t<T

Similarly, since (X))o<;<r is another solution of Eq. (1), as in (55), for any p € (0; 2), we
have

IE|: sup |X§|p} < C(xo,y,m p.T). (56)
0<t<T

Since X, and X are solutions of (1), we write
t t
X — X, :/0 [b(Xs) —b(X})]ds +/0 [0 (X5) — o (X5)]dW;

t
+// (c (Xs—) — ¢ (X]_)) zN (ds,dz) .
0 JRg
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Applying It0’s formula for ¢s. (X; — X;) and using the mean value theorem, YW2 and YWS,
we get

!
|XMIN - Xt/\‘rN|

< &+ ¢se (Xt/\‘rN - X;AIN)

INT,
:H/ " 4o (X — X0) (b(X0) — b (X)) ds
0
L , )2
+/0 385 (X5 = X{) (0 (X0) — o (X}))" ds
tATN
+/O $5: (X, = X)) (0 (Xy) — o (X[)) AW,

[ ] o (= X0+ 0 = e (40)9)
0
—¢se (X5 — X{) = 5 (Xs = X{) (e (Xy) — e (X{) 2) ] v(d)ds
INTN ~
+/0 /R [fse (Xs— — X 4+ (c (X5-) — ¢ (X)_)) 2) — s (Xs— — X,_)] N (ds,dz)
INTN
§e+/ |b(X)—b(X;)|ds
0
IATN 1 , B 2
+/0 mﬂ[%g] (1Xs = X51) (0 (Xy) — o (X})) ds
INTN INTN
[ =) e oo —a v [ [ 2l —e ()b @ as
0 0 Ro
INTN ~
+/0 /R [hse (Xs— — X + (¢ X52) — ¢ (X}_)) 2) — s (Xs— — X;_)] N (ds, dz).
0

Then, using Conditions C3, C4, C5, we get

|Xt/\TN - X;Afzv!
IATN IATN 820‘L2
§8+/ LN‘XX—X;|ds+/ N ds
0 0 logS

INTN INTN
+/0 ®5e (X5 — X5) (0 (Xy) — 0 (X7)) AW +/0 /}R 2Ly | X5 — X} Izlv(dz)ds
0

+ / ' / [05: (Xo- = X+ (c(Xsu) — ¢ (X)) 2) = e (Xo — X! )] N ds. d)
0 Ro

tATN sza L%V

INTN
§s+/ LN(1+2/L)}X57X;|ds+[
0 0 10g5

tATN
[ =X (o 06 =0 (X)) aw,
IATN ~
+/ /}R [hse (Xo— — X_ + (c (Xs2) — (X)) 2) — hse (Xs— — X;_)] N (ds, d2).
0 0
(57)
By taking expectation on both sides (57) and using Proposition 2.3, we obtain
2072
e LyT

log §
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By choosing § = 2 and letting ¢ — 0, we get

t
E [’XMfN - X;/\TN H = LN(I + 2M)/0 EHXMTN - X;/\TN H ds.

Thanks to Gronwall’s inequality, E [|szN - X;MN H = 0.Itmeans X;xry = X7, almost

surely. This leads to E [|X; — X;|] = E[|X; — X}| Ijzy < ]. By applying Cauchy’s inequal-
ity, (55) and (56) for any p € (1;2), we obtain

1 2 N
E[1X - X/|] < 5B [ 1% - X/ ]+ 3Py = 71
i _ Y/ 2 - P v
SzN]EUX’ Xi| ]+2NP—1 E 0§?£T|X’| TE éﬁ‘%”“‘
1 P C
< ﬁ]EUXt—X” ]+72Np_1.

Let N — oo we obtain E[|X; — X;|] = 0. It means X, = X, almost surely for any
t € [0; T]. Since X and X’ are cadlag, they are indistinguishable on [0, T]. The proof is
complete.
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1. Introduction

On a complete probability space (2, F,P), we consider the d-dimensional process X = (X;);>¢ solution
to the following McKean-Vlasov stochastic differential equation (SDE) with jumps

dXt = b(Xt, EXt)dt + O'(Xt, EXt)th +c (Xt—;EX,«,,) dZt, (1)

for t > 0, where Xy = 2o € R? is a fixed initial value, Ly, denotes the marginal law of the process X at
time ¢, W = (Wy)i>0 is a d-dimensional standard Brownian motion, and Z = (Z;);>0 is a d-dimensional
centered pure jump Lévy process whose Lévy measure v satisfies [ (1 A |z]?)v(dz) < 400. Two processes
W and Z are supposed to be independent. The natural filtration (F;);>o is generated by W and Z. Let
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Rd := R%\ {0}, and B(R, x R¥) be the Borel o-algebra on Ry x R&. The Lévy-Itd decomposition of Z is
given by

t
Zy = //z(N(ds, dz) — v(dz)ds), for anyt >0,
0 RZ

where N(dt,dz) is a Poisson random measure on the measurable space (R, x Rd, B(R; x Rd)) associated
with the intensity measure v(dz)dt. That is,

N([0,t] x A) := Z 1{az,cay}, for any t > 0, and A € B(RY).
0<s<t

Here, the jump size of Z at instant s is defined as AZ; 1= Zs — Z,_ = Zs — limyys Z,, for any s > 0,
AZy :=0. The compensated Poisson random measure associated with N(dt, dz) is denoted by N (dt,dz) :=
N(dt,dz) — v(dz)dt.

We denote by P(RY) the space of all probability measures defined on a measurable space (RY, B(R?)),
and by

Pa(R?) = § e PRY s [ [ofulde) < oo

Rd

the subset of probability measures with the finite second moment. As metric on the space Po(R%), we use
the Lo-Wasserstein distance. That is, for p,v € Py(R?), the Lo-Wasserstein distance between p and v is
defined as

1/2

Walpr)i= it | [ Je-yP sy |
weC(p,v) g
X

where C(p,v) denotes all the couplings of x4 and v. That is, m € C(u,v) if and only if 7(-,R?) = u(-) and
7R ) = ().

The coefficients b = (b;)1<i<a : R x Po(R?) — R, 0 = (045)1<ij<d : R? x Po(R?Y) — R @ R? and
c = (cij)i<ij<d : R? x Po(RY) — R? ® R are measurable functions. The integral equation (1) now writes
as

¢ ¢ ¢
Xt:xo—l—/b(Xs,ﬁxs)dS+/O’(XS,,CXS)dWS+//C(XS,7,CX57)ZN(dS,dZ), t>0.
0 0 0 R¢

The McKean-Vlasov process was first studied by McKean in [26] as a model for the Vlasov equation
describing the time evolution of the distribution function of a plasma consisting of charged particles with
long-range interaction. The process can be obtained as a limit of a mean-field system of interacting particles
as the number of particles tends to infinity. The very first studies on the numerical approximation for
McKean-Vlasov SDEs are the works of Ogawa [28], Kohatsu-Higa and Ogawa [18] and Bossy and Talay [3],
where the authors considered the weak approximation of McKean-Vlasov SDEs with regular coefficients.
However, the numerical approximation for McKean-Vlasov SDEs has only become active in the last decade.

Let Xé") be an approximation of X7 which depends on the values of W and Z at fixed equidistance
times tp = %, k =10,1,...,n. Then under some regularity conditions on the coefficients b, o, and ¢, one
may prove that
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1
/p < c(T)
- nCO

1X57 = Xrllpo = (ENXE - Xq7) : (2)
for some positive constants p and (y. In case the estimate (2) holds, we say that the X(Tn) converges at the
rate of order (y in LP-norm.

It is now well-known that for SDEs with super-linear growth coefficients, the Euler-Maruyama scheme
may not converge in the LP-norm (see [13]). Therefore, the numerical approximation for SDEs with super-
linear growth coefficients has attracted lots of attention recently. New approximation schemes have been
introduced to solve the problem, such as the tamed Euler-Maruyama scheme ([14,31,32,21]), the truncated
Euler-Maruyama scheme ([24]), the implicit Euler-Maruyama scheme ([25]), the adaptive Euler-Maruyama
scheme ([10]). In [7,19,20,22,23] the tamed Euler-Maruyama scheme has been developed to approximate
McKean-Vlasov SDEs with super-linear growth coefficients. In [29], the authors introduced several adaptive
Euler-Maruyama and Milstein schemes and studied their strong rates of convergence for McKean-Vlasov
SDEs with super-linear drift. The paper [29] also discusses the numerical approximation for SDEs with
super-linear diffusion coefficients, but it does not address the propagation of chaos for these SDEs. In [15],
the authors introduced a multilevel Picard approximation, which has a low computational cost, for McKean-
Vlasov SDEs with additive noise. In [6,7], the authors introduced the implicit Euler-Maruyama scheme and
studied its convergence in LP-norm for McKean-Vlasov SDEs with super-linearly growth drifts.

The McKean-Vlasov SDEs with jumps were studied by many authors with applications in many do-
mains (see [12,8,9,1,11] and the reference therein). In [27], the authors considered McKean-Vlasov SDEs
driven by infinite activity Lévy processes with super-linearly growth coefficients. They proved the existence
and uniqueness of the solution and proposed a tamed Euler-Maruyama approximation for the associated
interacting particle system and proved that the rate of its convergence in LP-norm is arbitrarily close to 0.5.

In some applications, it is necessary to approximate Xp for T large, e.g., to approximate the invariant
distribution of process X (see Section 3 in [10]). However, since the proof of convergence of many schemes
often involves Gronwall’s inequality, the quantity C'(T) may grow exponentially fast to T. Recently, there
have been some attempts to introduce numerical schemes where C(T') does not depend on T. The paper
[10] proposed an adaptive Euler-Maruyama scheme for SDEs where each stepsize is adjusted to the size
of the current values of X, and showed its strong convergence in the interval [0,00) when applying for
SDEs whose coefficients b and o satisfy the contractive Lipschitz condition (Assumption 9 in [10]), b is
polynomial growing Lipschitz continuous, and ¢ is bounded and globally Lipschitz continuous. The paper
[16] introduced a tamed-adaptive Euler-Maruyama scheme and considered its rate of convergence in L'-
norm when applying for one-dimensional SDEs whose diffusion coefficient o is super-linearly growing. In
[17], the result of [16] was generalized for one-dimensional SDEs with jumps.

This paper aims to generalize the result of the papers [10,16,17] for multi-dimensional McKean-Vlasov
SDEs with jumps. In particular, we propose a tamed-adaptive Euler-Maruyama approximation scheme for
the Lévy-driven SDEs (1) where o and b are non-globally Lipschitz continuous and super-linearly growing,
and c is Lipschitz continuous. We will study the strong convergence of the scheme in both finite and infinite
time intervals. In [29,27], the authors only considered the strong convergence of their adaptive scheme in a
fixed time interval. To the best of our knowledge, our tamed-adaptive Euler-Maruyama scheme is the first
approximation method for Lévy-driven McKean-Vlasov SDEs that could be shown to converge in an infinite
time horizon.

The most challenging part of this work is to show the integrability of the exact and approximate solutions
up to a certain order. One usually uses a stopping time technique to show the integrability. However, it was
pointed out in [7] that one has to be very careful with this technique. Our framework is very close to the one
in the preprint [27]. Unfortunately, the proof for the finiteness of the p-moment of the solution (Theorem
2.1 in [27]) is incomplete. In this paper, we address this issue by employing an alternative approach. In
particular, we will use the method of induction for the order of moments. Thanks to the binomial theorem,
the bound of higher-order moments will be obtained from the bounds of lower-order moments. Another
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challenging part is to show that the adaptive scheme is well-defined. We have to modify the approach in the
work of Fang and Giles [10]. This new approach allows us to write the approximate solution in the form of
an It6 process, thus the It6 formula can be applied to the calculation.

We denote the vector Euclidean norm of v by [v| := (Jv1]2 + |va|2 + ... + |vg|?)2, the inner product of
vectors v and w by (v,w) 1= viwy + vaws + ... + vqw, for any v,w € R<, the Frobenius matrix norm by

|A| = \/szzl A7 for all A € R¥4 the integer part of a by [a], and the transpose of a vector or matrix

A by AT. Moreover, the binomial coefficients are denoted by (Z) = Wik)‘ In all that follows, we denote
by C positive constants whose value may change from one line to the next.

The rest of this paper is structured as follows. In Section 2, we introduce assumptions on the coefficients
of equation (1) and show some moment estimates under these assumptions. In Section 3, we prove the
propagation of chaos. In Section 4, we introduce the tamed-adaptive Euler-Maruyama scheme and prove
that it is well-defined and converges in L2-norm. Section 5 presents a numerical study for the tamed-adaptive
Euler-Maruyama scheme.

2. Model assumptions and moment estimates
Throughout this paper, we always assume that the following assumptions hold.

A1l. There exists a positive constant L such that for any z € R? and p € P2(R%),

2z, blay ) + o)l + el ) [ 12Po(d) < L (14 [of? + W(u,60)).
R{

A2. There exist constants k1 > 1, k9 > 1, L1 € R and Ly > 0 such that for any 2,7 € R? and u, i € PQ(Rd),

2 (x — T,b(z, p) — BT, ) + k1 |o(z, 1) — o (T, B)|° + kale(z, p) — c(@,7) | / 2?1 (dz)
R{

< Lijz — 2 + LaWi (u, ).
A3. There exist constants L > 0 and £ > 0 such that for any z,7 € R? and p, 1 € P2(R%),
bz, ) = 0@, m)| < L (1+ || + [7) (|2 — 2| + Wa(p, 7)) -

A4. There exists an even integer py € [2, +00) such that flz|>1 |2|?Pov(d2) < oo and f0<|z|<1 |z|v(dz) < oo.

A5. There exists a positive constant Lg such that for any x € R and u € Py(R9),

le(@, )| < L (1+ [x] + Wa(p, 6)) -

A6. There exist constants v; € R, 42 > 0 and i > 0 such that for any z € R and p € Po(RY),

(b ) + 25 o + g leta P [ 1a] (4 Ll ™ = 1) w(d2)
RY

< mlz|? + 12 W3 (1, 6o) + 1,

where the constants py and L3 are defined in A4 and A5, respectively.
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Remark 2.1. (i) It follows from Condition A3 that, for any z € R? and p € Py(RY),
[, )| < 16(0,60)] + L (1 + ) (|| + Wa(, 60)) -

(ii) Assume that Condition A2 holds for k1 = ke = 1+ ¢, Ly € R, Ly > 0 with a constant ¢ > 0. This,
combined with Condition A3 and Cauchy’s inequality, implies that

(1+2) o, p) — o@D + (1 +e) [cla, ) — (@, 1) / |2[*v(dz)
R{

< LL (1 +|z|* +[]°) (| — Z|* + Wi (. 70))

with L = max{3, L1, Ly} for any z,7 € R? and u, i € Po(RY). This yields that, for any ,7 € R? and
p“aﬁ € 7)2(Rd)7

LL
1+¢

(2, 1) = o (@, 1) + |e(z, 1) — (@, ) / |2*v(dz) < (14 J2l* + [2°) (o — 2 + Wi (. 1)
R{

(iii) From (ii), we have that for any z € R? and pu € P2(R9),

|U(5L', :U')‘Q <2 |J($,/J) - 0(0’ 60)|2 +2 |U(0760)|2
LL ¢ 2 2 2
< 21—_'_6 (1+ |2]°) (J=|* + W3 (1, 60)) + 2]0(0,80)]"

and similarly,

el [ JoPulds) < 2525 (1 fal') (i + WG, 80) + 210,80 [ Jov(dz),

RY RY
Remark 2.2. It follows from Condition A6 that, for any p € [2,po], € R? and p € Pa(R?),

-1
2

ot + gplete, ) [ 1o (14 Lala?™ = 1) w(dz) < el + 7203 80) +

R

p 1
(2, bl 1) + TG

Proposition 2.3. There exists a unique cadldg process X = (Xi)i>0 satisfying the McKean-Viasov SDE with
jumps (1). Moreover, for any p € [2,po], there exists a positive constant Cy, such that for any t > 0,

Cp(1+ e if v #0,
E[[X:P] <SCp(1+t)P/2  if y=0,p=2 or v=0,7 > 0,p € (2,po), (3)
Cp(1+t)p 'Lf 7:0772 :Ovpe (2ap0]7

where v = v1 + 2.
Note that if v < 0, we have that sup;>, E [|X;[P] < 2C),.

Proof. Step 1: It follows from [27, Theorem 2.1] that there exists a unique cadlag process X = (X;)i>0
satisfying the McKean-Vlasov SDE with jumps (1), and sup;cjo 71 E [[X:[*] < K, where T > 0 is a fixed
constant and K := K (|xo|?,d, L, L1,T) is a positive constant.
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Step 2: We show that for any even integer p € [2, pg] and T > 0,

sup E [|X;|"] < C(T,p). (4)
t€[0,T]

Note that (4) holds for p = 2 due to Step 1. Next, we assume that (4) is valid for any even integer ¢ € [2, p—2].
That is,

sup E[|X;]7] < C(T,q). (5)
t€[0,T]

Now, for A € R and even integer p € [2,po], applying It6’s formula to e~*|X;|P, we obtain that

t
e_)\t|Xt|p = |x0|p + /e_AS [ - A |X5|p +p ‘X8|p72 (X, b(Xs, CXS» + ]_2) |X8|p72 |U (X, EXS) ?
0

t

-2 _ _
+¢%|Xs|p 4‘XJ0(XS,LXS)|1ds—|—p/e>‘S | X772 (Xy, 0 (X, Lx,) dWS)

0
t

—As
+//e (| Xo +c(Xom, Lx, ) 2" — |Xs—|") N(ds, dz)

0 R¢

t
+/ e |X +¢(Xs, Lx.) 2|7 — | XoP — p| X P2 <XS,C(XS,,CXS)Z>) v(dz)ds. (6)
0

Using the binomial theorem, we expand the last integral in (6) as follows

p/2
X+ ¢ (X £x,) 217 = (1X + ¢ (X, £x,) 2I7)
= [ X,[P +p|XS|p_2 (Xsoe(Xs, Lx,) 2) + ]2_7|X8|p_2 ¢ (Xs, Lx,) Z|2

p/2

+Z (p/2>|X P72 (e (Xa, £x,) 2 +2(Xs, 0 (X, £x,) 2)) Q

Next, using the binomial theorem and the inequality (z,y) < |z||y|, we have

X P2 (Je (Xo, Lx,) 22 +2(Xs, ¢ (Xs, £x.) 2)'

< le(XesLx,) 2 Z(])WIX P24 (X, £x.)

7=0

Note that |e (X, Lx.) (1+ | Xs| + Wa(Lx.,80)) < Ls (1 XS]+ \/IE[|XS|2]> due to A5 and the
equality W2 (Lx., ) = E[|X,|?]. Using the binomial theorem, we get

X772 (Je (Xs, £x,) 22 + 2 (Xo, e (X, £x,) )

()2 sy <|Xs|“ +@i=j=2) (1+ VEIGE) 1)

<le (X5 Lx,)[?

=0
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2i—j—2 .. .
20—j—2 k
+ ( Y ) (1+ VEIX.P) |Xs|p-2-’“>.
k=2
Applying the Young’s inequality to |z|®~2)/2 and y|z|?~/2, we have y|z[P~* < 3 (|&[P~2+y?|z[P~*) valid for
any x € R% y > 0. This, combined with the equalities >0 (j) = (1+a)® and Z]:o ( jal =ia(l+a)t™
valid for any a € R, and A5, deduces

X P2 (Je(Xo, Lx,) 22 +2(Xs, ¢ (Xs, £x.) )

()2” Rt 74 2( 2>+|c Xe, Lx,) 2%( )2J| [2imi 202
<< 7”) (”V'T) Sl Z ( ) (lww)kmwk)

o 1 i |z\ i—1
e (e L) P (1 (1P + 28alel) = i (2316 + 22ala)) ™)
3

T le(Xa £x,) 2 Z(j)ww i

7=0

xin—j—2((z~_g_1) (1+ VEIXP]) 1, +Z( 777 (1+¢W)’“|Xs|p-z-k>

< le(Xs, Lx,)

otz i—1
< e (X L) PRI (14 Lafo) (3182 + 2L )

+ 3122 IQy (p 2,20 - Xl 1+ VEX),

=0

where 2i — j > 2 and Q,(m,n,z,y) is a certain polynomial of the form Q,(m,n,z,y) =
Dty <ty <ntstla=g co 0,21 y"2. This, together with the fact that fo (%2) Tl = 2((1+a)p/?t - 1)
valid for any a € R, yields to

p/2 ‘
> (p/2)|X P72 (e (Xa, £x.) 22 + 2 (Xo, e (Xo, £x,) )

7
=2

< DX e (X L) P (4 Lolel)? ™ = Lalz| — 1)

/2 i
+ ;ZO (p/2> 2%79Q, <p — 2,2 — 5, X[, 14 /]E[|Xs|2]) . (8)

As a consequence of (7) and (8), we have shown that for any s > 0,

| Xs + (X, Lx,) Z|p — | XsP *p|XS|p72 (Xs,c(Xs, Lx,) 2)

< Sr X (X, £x,) PIal (14 Lol 1)

+§i(p/2) 2P1Qy (p— 2,20 — 51X, 1 + VEIX) - 9)

=2 j=0
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Therefore, substituting (9) into (6), we get that for any t > 0,

t
_ Y _ A -1
e MX P < |xo|”+p/€ Ao X [P 2[—;le2+<Xs,b<Xs,,cxs>>+p o (Xs, Lx,) |2

2
0
1 _
b ol L) B [ 1 (1 Lala? ™! = 1) via)|as
R
t P/2 % /2
+//€_ASZZ (pi >z|2i—jQp (b~ 2.2 — . 1X.|. 1+ VE[X.F]) v(dz)ds
i—2 j=0

0 RY
t

t
+p/e_>‘s X, P2 (X, 0 (Xs, L) V) +//e—*s (IXee + ¢ (Xums L) 2|7 — |Xa_|P) N(ds, d2).
0 0 Ry

Now, we define 7y := inf{¢t > 0 : |X¢| > N} for each N > 0. Choosing A = 7;p and using Condition A6,
Remark 2.2 together with W2 (Lx_,do) = E[|Xs|?], we obtain that

t
B [P Xy 0] <faol 4 p [ PR [XP (120 (Lx.00) + 1) ds
0

¢ p/2 i
+//eﬂw822 (p/2)|22”1E (@ (=22 — .1 1+ VEIX.) | v(de)ds

0 R 1=2 j=0

i
< \xo\p+p/e‘”lpsﬂi [1Xs[P72] (%E [|Xs ] + 1) ds
0
/ L& (/2
+//6*W5 ( ,)W”‘E Qp (p—2,2i — 7,1 Xs|, 1 + VE[|X4|2]) | v(d2)ds. (10)
[ ] e (G 1 ( VEIX.P)]
0

Next, using e~ 1PEA™N) > e=nlPT for any ¢t € [0;T], and the induction assumption (5), there exists a
positive constant C(T, p) which does not depend on N such that

sup E[|Xiary|?] < C(T,p). (11)
te[0,T]
This yields to SUP4e(0,7] P(ry <t) < %. This fact, together with the monotonicity of 7, with respect

to IV, implies that 7 tends to infinity a.s. as N tends to infinity. Now, it suffices to let N 1 oo and use
Fatou’s lemma for the left-hand side of (11) to get that sup,¢(o ) E[|X¢[?] < C(T, p). Thus, by the induction
principle, we have shown (4).
Step 3: We show (3) for any even integer p € [2, po].

First, applying (6) to A = 2y and p = 2, and using A6, we get

t t
e 2t |Xt|2 < |x0|2 + 2/6—2% <_72 |X3|2 +72W22 (Lx.,d0) +77) ds + z/e—zws<Xs,a(XS,£Xs)dWs)
0 0
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t
+//e_275 <|Xs, +c¢(Xo—, Lx, ) z|2 - \XS,|2> N(ds,dz). (12)
0 RY

Thanks to the fact that W3 (Lx,,d0) = E[|X,|?], and the estimate (1), we get E [e=27"[X,[?] < |zof* +
2n fot e~27%ds, which yields to

n L/
e < | (P s D)@ =2 it 0z
t =~
|zo|? + 2nt if v=0.

Thus, (3) holds for p = 2.
Now, we suppose that (3) is valid for all even integer g € [2,p — 2]. That is,

Co(L+e7) if y#0,
E[[ X7 < Ce(14+8)92  ify=0,g=2 or y=0,72>0,q € (2,p—2], (13)
Cq(1+1)0 if y=0,%=0,q€ (2,p—2].

We are going to show that (3) holds for even integer p. For this, it suffices to use (10), the inductive
assumption (13) and Condition A4.
Case v # 0: We have

t t
E [einp(t/\TN)|Xt/\TN|p < |xol|? + C/e*“ps (1+ €™ ds = |zo|” + C’/ (e77Ps 4 712P%) ds.
0 0

Thanks to fact that 7y 1 0o a.s. as NV T oo, applying Fatou’s lemma, we get
¢
E [e7"P X, [P] < |zol” + C/ (e™MP® 4 €72P%) ds.
0

This implies that E [|X;[P] < C (1 + 7).
Case v = 0: When v, > 0, we have

t t
E [ Xy ] < faol? + € / =13 (14 )7/2 ds < [aol? + C (1 + )"/ / P,
0 0

Then, letting N 1 oo and using Fatou’s Lemma and the fact that —y; = 72, we obtain

t
E [e”’“’t|Xt|p] <|xofP +C (1 +t)p/2/evzpsds < |zol? + —C (1+ t)p/2 er2rt,
V2P
0

Hence, E [|X,|P] < C (1 +t)"/2

When v = v = 0, we have E [|X¢ary [P] < |20]P + Cfot (14 )P " ds < C (14 t)”. Then, letting N 1 oo,
we obtain E [| X;|P] < C(1+t)".

Consequently, (3) holds for even integer p. Due to the induction principle, (3) is valid for any even
integer p € [2, po]. Finally, (3) is also valid for any p € [2, pg] thanks to Holder’s inequality. This finishes the
proof. O
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3. Propagation of chaos

For N € N, suppose that (W, Z%) are independent copies of the couple (W, Z) for i € {1,..., N}. Let
Ni(dt,dz) be the Poisson random measure associated with the jumps of the Lévy process Z¢ with intensity
measure v(dz)dt, and N?(dt,dz) := N(dt,dz) — v(dz)dt be the compensated Poisson random measure
associated with N*(dt, dz). Thus, the Lévy-1t6 decomposition of Z is given by Z; = fot ng zNi(ds, dz) for
t > 0. We now consider the system of non-interacting particles which is associated with the Lévy-driven
McKean-Vlasov SDE (1), where the state X’ = (X]):>¢ of the particle i is defined by

t

t t
:xo+/b(X§,EX;-)ds+/U(Xz,EX;)dWSi+//C<X§7,£X;‘7> 2N(ds, dz),
0

0 0 RZ

forany t >0 and i€ {1,...,N}.
N N 2
N = (1'1,1'2,...71'N),yN = (ylayQa"'ayN) € RdN? we have W22(,u’w 350) = %Zi:l |m2| : Herev

the empirical measure is defined by u®" (dz) == + Zfil 0z, (dzx), where §, denotes the Dirac measure at

For x

. . .. N N .
x. Moreover, a standard bound for the Wasserstein distance between two empirical measures pu® ,u¥  is
given by

2 yN 1 Ly n N |2
Wi (1® NZ —N|$C -y ?

(see (1.24) of [4]).
Now, the measure Lx, at each time ¢ is approximated by the empirical measure ﬂt){N(dx) =

1
Z].V Oxin (dz), where XV = (XN),;50 = (XN, ... XN’N);';O, which is called the system of interacting

N
particles, is the solution to the RN -dimensional Lévy-driven SDE with components XV = (X; b N)t>0

t t t
XY =+ o X s+ [ oY X awie [ (XY pX") Riasdn,
0 0 0 R¢

for any t >0 and i € {1,...,N}.
Observe that the interacting particle system X = (Xi’N)iTe{l’___7
Lévy-driven SDE with random coefficients taking values in R?Y. Therefore, under Conditions A1, A2

N} can be viewed as an ordinary

and A3, by applying Theorem 2.1 in [27], there exists a unique cadlag solution to (14) such that
mMax;e(1,... N} SuPsefo, 7] E [|X:’N|2} < K, for any N € N, where K > 0 does not depend on N.

Proposition 3.1. For any p € [2,po], there exists a positive constant C,, such that for any t > 0,

Cp(L+e) if v#0,
E?MN}E “XZ’N\”} <G +8P2 if y=0,p=2 or y=0,72>0,p € (2,po),
Co(L+t)P  if v=0,72=0,p € (2,po],

where v = v1 + V2.

.....

Proof. The proof follows the same lines as the one of Proposition 2.3, thus we omit it. O
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The propagation of chaos for SDEs with super-linear growth drift and global Lipschitz diffusion coeffi-
cients has been studied recently (see [7,19,20] for SDEs without jumps, and [8,9,27] for SDEs with jumps).
In the following, we present a propagation of chaos result under more relaxed conditions than those existing
in the literature. Specifically, we achieve the same type of propagation of chaos as in [7,19,20] for a class of
SDEs with jumps, whose drift and diffusion can exhibit super-linear growth. An additional novel aspect of
our approach is that it enables us to establish a bound that is independent of time (see (16)). To simplify
the exposition, we define

e(N)=N"21500y + N2 InN1ggy + N2/ 4oy

Proposition 3.2. There exists a positive constant Cr, which does not depend on N, such that

max sup E ‘XZ XZN”<C’ 15
ief{l,.. N}te[opT [ rp(N). (15)

Assume further that L1 + Lo < 0 and v = 1 + v2 < 0. Then, there exists a positive constant C, which
depends neither on N nor on T, such that

_ 2
max _supE UXZ —XZ’N‘ } < Cp(N). (16)
i€{L,....N} £>0

Proof. Applying It6’s formula and Condition A2, we obtain that for any t > 0 and X € R,
t

N = XN e (X - XV 42X XV B L) — X))

s

0

(X L) = o (XY X P el Ly ) = o0 2P [ JaPutde))ds + M,
RS
t
< [ (=X XEVP Ll - XV LW (LX) ds + M,
0

where

t
My = / e (XE = XN, (oK1, L) — o (XN p X))

¢
[ e (1 = X0 o (el L) — oK )3 = (X XV W s, )
0 R¢
Therefore, taking the expectation and using the estimate WQQ(LX;-,EX;,N) < E[|X! — X5V 2], we obtain

that for any € > 0,

t
e ME “Xg - XZ’N‘Q] < /e—*s ((—A + L)E [|XI — X2V ?] + LoE [Wg(ﬁxg,qu)D ds
0

t
< /e‘As<(—)\+L1)E [ X7 — XIN)?]
0



12 N. Khue Tran et al. / J. Math. Anal. Appl. 543 (2025) 128982

n L2<(1 + I%)E {Wé(ﬁx;,ﬁxgw)] + (1 + %)E [WQQ(/:X;;N,M;XN)} ))ds

t
< /e*AS ((—A +Li+Lo+e)E[|XI— X0VPP] + La(1+ %)IE [Wg(,cX;,N,ug‘”)D ds.  (17)
0

P[P
Moreover, from Proposition 3.1, we have that for any p € (4, po], max;cq1,.. N} Supeo,7] E szN‘ } < Cr,
for some constant Cr > 0. This, together with [5, Theorem 5.8], deduces that

max E [W%(EX?N’U;XN)} < Co(N), (18)

for any s € [0, T], where the positive constant C' does not depend on the time.
Consequently, it suffices to choose A = L1 + Ly + ¢ in (17) and use the estimate (18) to conclude (15).
Finally, when v < 0, it follows from Proposition 3.1 that for any p € (4, po],

i,N ¢
max supE || X} <C,
ie{1,...,N} ¢>0

where the positive constant C' does not depend on T'. Furthermore, when L; + Ly < 0, one can always
choose ¢ sufficiently small such that A < 0. This allows us to conclude (16). The desired proof follows. O

4. Tamed-adaptive Euler-Maruyama scheme
4.1. Definition

For each A € (0,1), we define tamed versions of ¢ and ¢ by

o(x,p) c(z, p)
) = 5 5 == . 19
72l = R PG+ e A T T AP w0+ e+ )
The time-step will be controlled by the function
ho

h(x, p) =

(14 |b(z, )| + |o(z, )| + |2]6)% + |e(z, pw)|Po’ (20)

with 2 € R%, 1 € Po(RY) and some positive constant hg. Here, the constants ¢ and py are respectively
defined in Conditions A3 and A4. The parameter hg is useful in practice since we can adjust it to control
the step-size. In all that follows, to simplify the exposition, we take hg = 1 in the proofs.

Now, the tamed-adaptive Euler-Maruyama approximation of the solution to (14) is defined as follows:
forallie {1,...,N}, and k € N,

Si, N =N SN SN,N <V 1 v
to=0, KoV =0, X, = (XN XEV) uX () = 5 S o (da),

—~N N . ~ ,N N /\N,N N — <N
h(th,Mﬁ ):mm{h(thk ,,ut‘f )y, h(X ,ui )}, tk+1:tk+h(th7u;§ A,

Tk

. . . —~N . =N X
XN = X0V 4 (XN 0 )t — te) + oa (XN uX (W

tht1 trt1

N

—Wi)+ea(X)N u¥ ) (Zi

tht1

- 7).
(21)

Remark 4.1. It follows from assumptions A1-A5 that there exist positive constants L, 3; and (2 such that
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1
T — <L (1 +z|f + w;(u,ao)) and [b(z, )| (1 + [b(z, u)|) bz, 1) < L:

h(z, p)
T2. (x,b(x,,u) - b(0350)> S]-L (|:L'|2 + W22(/La50)); 1 1
T3. |oa(z, )| (1 +[z]) < VAN lealz, w)| (1 +[2l) < == |o(@, wllea(z, m] < Vi
T4. ‘O’A(x,,u” < |0’(]J,/,L)| and ICA(J?,/.L)‘ < |C($7M)| < L3 (1 + |$‘ + Wa(p, 60))

T5. \0(1’,#) - O'A(I“U,” S \/Z|0'(I, H)P(l + |I|)) |C(I7.u“) - CA(I’,'U,” S \/Z|C(I7M)|2 (1 + |.’,U| + |b(SC, ,U,)D,
for any x € R% and p € Pa(R9).
Next, we show that the tamed-adaptive Euler-Maruyama approximation scheme (21) is well-defined.

Proposition 4.2. Let (t) be the sequence of stopping times defined in (21). Then, lim t; = 400 almost

k——+oco
surely.

Proof. For all s € {1,...,N} and H > 0, we define the tamed-adaptive Euler-Maruyama discretization of
equation (14) as follows

~ —~N,H <N.,H
tgl = Oa Xg)’N,H = Zo, tEJrl = t;cLI + hH(th "u’t)gl )A7

$i,N,H $i,N,H Si,NH  xNH o H si,NH XNH ;
XU H = X5 by (X t -t +oa(X 5" W
tf—%—l tf H( tkH 7/1’tkH )( k+1 k) A( tkH 7MtkH )( tl?+1

W) (22)

Ai,N,H B\(N,H . .
Feal&y Ty W g, = Zi).

where

~N,H

N

=N.H S1,N,H SN.NH ; 1

X, = (RN RN e () = Y b vn (da),
=1

ty

—~N —N.H ~ —N.H ~ —N.H
H X : H 1,N,H X H N,N,H X
w7 (X, i35 ):mln{h OO AT T NN G AT )},

h(z,p) 3 [x]™ + W52 (. d0) < H,

h (z, ) = .

11 H if |z|? 4+ W52 (u,60) > H,
b ) b(w, 1) it [2]% + W5 (1, 00) < H,
H\ZL, ) = T . B

T+ 2P +b(0,80) if [@]® + W52 (p, 80) > H,

for z € R? and p € P2(R?). Then, it can be checked that for all z € R? and p € Po(R?),

(1) (b () [ (2 1) < Co and [y () 2R (2, ) < Co,
(2) {2 b, ) — b(0,80)) < Co (2> + WE (1, 80)) due to T2,

in{l, L711A
for some other positive constant Cy. Moreover, from T1, we have h (z, u)A > %, which implies
. —1
that tf, | — 5 > Im‘{lljr—LH}A. Therefore, kgrfoo t = +oo a.s.

Now, we define by t¥ := max {tkH : tkH < t} the nearest time point before ¢. The continuous interpolant
process is defined by
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N,H

— o~ ~N,H . .
RPNV = RN g (R ) = ) o (X ) (Wi - Wi )

t
vea (R 8" (7 - 72)
t

t

~N,H o~ ~N,H .

x0+/bH (Ko )ds+/0A (REXu ) aw? (23)
0 0

. <N,H ~ .
+//CA X;}],V’H,,ufH )le(ds,dz).

Using [t6’s formula, we get

t
Si,N,H (2 2 $i.N,H  Ti,NH Si,NH XN
KNP < ol +/<2<X;w - RGN (RGN 6ET))
0

o~ o~ <SN,H
2<X;I§V’HabH ( ;PJJIV’Hvﬂ'g{I'{ ) - b(0760)>

~: ~ <NH 2 . SNHN |2
2<X;}§V’H,b(075o)>+‘0A<X;}£V’H7/~LS )‘ +]cA(X;;§V’H,u§, )] /z|21/(dz)>ds+/\/(t

R{
t
—~. o~ . —=N,H o~ —~N,H ~
< Jao? + / <2|X;’N*H = XN o (RG] 4200 1RGN+ WRGE 60)) + RN
0

L2
+ (0, 69)|? + Xt X / |z (dz) >ds + M., (24)
Rd

where

t t

o~ . o~ - o~ <N,H . o~ o~ —~N,H .

M, :2/<X;7N,H _ X;;f’aH’aA (X;éVvHM;% )dW§> + 2/ <X;,§V7H70A (X;év’H,ufH )dW§>
0

0
: 2
. SN,H . . < NH ~ .
—|—// <‘0A (X;}_JIV’H,MfH )z‘ +2<X;fV’H—X;}§V’H cA (X:PJIVH,MS )z>> N*(ds,dz)
0 RY
AL si,NH XV 24

+2 X X s Mgh z) N'(ds,dz).

0 ]Rd

Now, we define 7p := inf{t > 0 : max;cq1,... ny |)/(\'ZNH\ > R} for each R > 0 and 7 := s A 7g. On
the one hand, using equation (23), T3, the isometry property of stochastic integrals and the fact that

|bH(.’IJ,M)|hH<.’E,,U,) < 007 we get
~ ~ 2 . 2
E UX?N’H - X ] < 3<1E [ by (X275 (7 - TH)2]

2 ~N.H\ |2
Si,NH XV
+‘CA (XlH iy Dt )‘

o (e[ -
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L? L?
<3|CiA*+ —E[r—r"]+ N / |zPv(d2)E [ — "] | <3| CEA% + L? + L? / |z|?v(dz) | .(25)

A
RE
On the other hand, T3 yields to

~ ~<N,H L o~ /\NH
o (105 )| < o fes () < 5

s s VA s
iy T L (26)
o () = e, [ () 2

Therefore, all the stochastic integrals to the Brownian motion and the compensated Poisson random measure
above are square martingales. Thus, their moments are equal to zero.

In all that follows, the following classical moment estimates for the increment of Brownian motion W
and Lévy process Z will be useful

E [|Wy — Wi |" | Fou] < Co(t —t")72 E[|Z — Zyu|" | Fu] < Cp(t — 1), (27)

for any t > 0, 7 > 1 and some positive constant C,..
Using T3, equation (23), moment properties of the Brownian motion, the isometry property of stochastic
integrals, and the fact that |by (z, p)|>h (z, 1) < Co, we get

B[ 520 o (555 ]

~N,H ~N,H

~ , 2 ~ , ~ S N,H . .
SE“bH(X;ﬁV’H,Mﬁr )| (sng)ﬂbH(X;;iV’H,ug% M [oa (a7 ™) | Wi = Wi

/\NH /\NH

o (T [ (52071 >sz—zz4<f§ﬁ]

o~ <N,H /\NH
S\bH(X;’é“H,ui% )| - >+—!bH( Xty )| Voo
1/2

/|z|2u(dz) ‘bH ()?;’év’H,u:NHH Vs —sH
g 1/2

< CoA + L/ Cy+ L\/Cy /|z|2y(dz) . (28)
d
0

This, combined with E [W%(ugN'H,do)lsgm] = [|Xl N, H\legm} fori e {1,..., N}, yields that for any
€ (0,77,

t

2 vi,N,H 2
<lwol2 + [ C(L,A,b(0,80), ) (1+E ’Xé’H’ ‘ Locr, | ) ds,

0

oW N,H
E |:’Xt/\TR

where pp 1= ng |z]2v(dz).

Next, using equation (23) and (25), we get

. 2 . 2 N N 2
E UX;I?[H’ 1S<TR] <9E |:‘X;,N,H’ 1S<TR] 1 9R |:’X;,N,H B X;éVH’ }
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SATR

< 9E UXzNH

] +6(CiA%+ L? 4+ L?pz) .

This implies that for any ¢ € (0, T,

E |: ’ XZ/\JXRH

}ds ,

t
] < C (20, L, A, b(0,80), 2, T) 1+/]E |:‘XZ/{\7['15
0

which, together with Gronwall’s inequality, yields that for any t € (0,71,

1NH2
tATR

max  sup E U } < C(xo,L,A,b(0,80), o, T) .

i€{1,....N} tefo,1]

Then, using Markov’s inequality, we obtain that

Mz

P(rp <T) <> P(Xpnm| > R) = NP( X500 | > R)
=1
. E[[ Xz 17 _ O (w0, L, A, (0, 80), 12, T)
— RQ — R2 ?

which tends to zero as R 1 co. Therefore, 7z 1 00 as R 1 co. Then due to Fatou’s lemma, we get

g 2
max  sup E “XZNH‘ } < C (zo, L, A, b(0,60), 2, T) (29)
i€{1,....N} ¢te[0, 1]

Now, from (24), (28), (29) and the fact that E [W%(ugN’H,do)} {|X7 N2 } we get that

max [E
ie{l,...,N}

~ 2 —
sup ‘XZ’NJ{' ] < C($O7L7A,b(0,60),H2,T) = Cv0~ (30)
te[0,T]

Observe that

ZE{L 7N} tE[O T]

~: B1 SN,H
U max __ sup (’XZ’N’H‘ + W52 (,utx ,50)) >
'Le{l’ ’N} tE[O T]

B1 H xNoH H
c{th <TlU max _ sup ‘ >— U max  sup W5? (,u ,5)>— .

{ g } {26{17 )N} tE[O T] 4 } {16{17 >N} tE[O T] 2 K 0 4
: 20, xH Si,N,H 2 . , .
Then, using E |sup;c 71 W5 (i ,00)] < E SUPe(o,7] | X; |#| for i € {1,...,N} and Markov’s in-

equality, we get that for any H > 0,
4 2/B2 N
— E
) %

~ B = N.H H
{t, <T} C {tk <T, max sup (‘XZ’N’H’ ' + Wj? (utX ,50)) < 3}
q
2

4 2/p1 N N )
s ()7 £ e
=1 €10,

" 40\ 2/B AN2/B2\
< < — = )
<Py <T)+ (H) +<H) NC,

g 2
sup ‘XZNH’
te[0,T



N. Khue Tran et al. / J. Math. Anal. Appl. 543 (2025) 128982 17

Then, let k£ 1 co and recall that . lirf tl = 400 a.s., we have that for any H > 0,
—+00

ANZB o gNE\
1 < < — — .
hlrgrisip]P’(tk_T)_ (H) +<H> NCy

Then, letting H 1 oo, we get limg_,oo P(tx < T) = 0. Therefore, t;, — oo in probability as k 1 oco. Since
(tk)k>0 is an increasing sequence, we have kliffoo ty = 400, a.s. Thus, the result follows. O

Remark 4.3. The fact that ¢; goes to infinity is a very important and difficult step in building an adaptive
scheme. Our proof of this is quite different from the proof in [10]. Indeed, in [10], the auxiliary process X
is constructed by projection, which makes its analysis very difficult in the case of McKean-Vlasov SDE. In
our proof, X is formulated as an It6 process, allowing us to apply the It6 formula to \)/(\' |2. This fact greatly
simplifies our proof.

Now we define by t := max {t,, : t, <t} the nearest time point before ¢, and by N; := max{n :t, <t}
the number of timesteps approximation up to time t. Observe that ¢ is a stopping time. Thus, we define the
standard continuous interpolation as

XN = XN b (RPN ) (= 0+ oa (RPN ) (WE =W ea (KPV.05) (20 - 24). 3)
Hence, XN = (XZ’N)tZO is the solution to the following SDE with jumps
d)/fti’N =b ()?;N7M§N) dt+oa ()?Li’N,ug(\N) dW{ + ca ()?;’N7M§N) dz}, Xé’N = Zo. (32)
4.2. Moments of the tamed-adaptive Euler-Maruyama scheme
We now state the first estimate on the moments of X"~ = ()?Z’N)tzo.
Lemma 4.4. For anyp € [1,2po] and T > 0, there exists a positive constant C (p, w0, L, A, 0(0,00), p2, tip)2, T)

with fi,/9 == ng |z[P/2v(dz) such that

sup |)?Z’N|p

<C (p7 Zo, L7 Aa b(oa 50)7 /-1’27/’['17/2’T) .
te[0,T]

max [E
ie{l,...,N}

Proof. Recall that the process XN-H = ()A(ti’N’H)tZO is defined in (22) and (23). Using Markov’s inequality,
<N,H A~

the estimate E {SUPte[o,T} W3 (¥ ,50)] <E {SuptG[O,T] |XZ,N,H|2} and (30), we obtain that for any T' > 0,

ie{l,...,N} and H >0,

~. . . B ~N,H
P ( sup [ XN] £ sup |XZ’N’H|> <P ( swp (|0 (5 a0) >H>

te[0,T] t€[0,T te[0,T
~ B H =N,H H
<P[ sup ’XZ’N’H‘ ST )+ sup W5* (utX ,(50) > —
+€[0,T) 2 t€[0,T] 2

2 2/ﬁl . 2
< (—) E | sup ’XZ’N’H‘

9\ /B2
+| = E
H t€[0,T] (H)

B1 2/B2

Si,N,H | 2\ 2 am
sup ’X’ ' ’ < — + (= Co,
e H H 0
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which tends to zero as H 1 co. This implies that sup,cp 1 |XENH| SUPye(o,7] | X Y| in probability as
H 1 co. Thus, for any T' > 0 and ¢ € {1,..., N}, there exists a sequence {H,},>1 that tends to infinity
such that sup;cp 1 |Xi’N’H"| — SUPyeqo, 7] |)?ZN| a.s. as n 1 0o.

Now, from (24), we have that for any ¢ > 0,47 € {1,..., N} and H > 0,

T
A~ ~ . o~ o~ <N,H <N,H
KPP < ol + / (2]X;>N’H—X;§*H\ b (RGN 0% )|+ 200W3 (% do)

s
0
t

o~ ~N,H .
+ [b(0, <So)|2+—+—/\z|2 dz>d8+ / XoNH _ xneH oA(XZﬁV’H,uéz )dW;>

s
0

t

49 / (XN on (X% ) awid)

0
p 2
o~ —N,H o~ - o~ o~ —~N,H ~ .
+ / / (\CA (RN ") o] 2 (REMH - RENH e (RENH ) )z>)N®<ds,dz>

N

t
o~ —~ —~N,H ~. .
+2//<X;;5“H,CA (X;’,ﬁv’H,ug% )z> Nl(ds,dz)Jr(2CO+1)/\X;;§V’H|2ds. (33)
0 R¢
First, using the similar argument as in (28), we get
~. —~ p/2 P =N,H\ (P/2
2 [ (3 ]
<o) | crPare oyt (L /|,z|p/2 (d2) | . (34)
\F

Second, using the similar argument as in (25), we have

~. ~ p/2 L \pr/2
E UX;’N’H - X;,J{V’H‘ } <c, |cr?ar2 4 ez o <ﬁ) / 12[P/20(dz) | . (35)
d

Therefore, from (33), (34), (35), (26), the estimate E [w2 (% 50)} E [|X’NH| ] < Cp and the
Burkholder-Davis-Gundy inequality ([2, Theorem 4.4.23] and [33, Proposition 2.2]), we get that for any
te (0,71,

p/2

E | sup | X,V
u€([0,t]

< c (pa Zo, La A7 b(07 50)7 M2 fp/2, T) + (200 + l)p/QE / ‘)?;}'{’V,Hﬁds

¢
< Cy + (2Cy 4 1)P/?p/2-1 /IE l sup |)?;NH|Z’] ds
u€(0,s]
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where Cp := C (p, 20, L, A, b(0, 60), pi2, pp 2, T) With iy, /9 := ng |2[P/2v(dz).
This, combined with Gronwall’s inequality, deduces that

max [E

S $iNH p
i€{1,..,N} up X

t€[0,T)

< Ch, (36)

where the constant C~'1 does not depend on H.
Therefore, choosing H = H,, in (36) and letting n 1 co, combined with Fatou’s lemma and the fact that
SUP¢e(o,7] |)A(Z’N’H"| — SUPseo,1] \)A(ZN| a.s. as n T 0o, we obtain that max;cq;,. ny E [Supte[O,T] |)A(Z’N|p] <

51, which finishes the desired proof. O
In the following, we state an estimate for L2-norm of the approximate solution.

Lemma 4.5. There exists a positive constant C = C(zg, 1,72, 1, L, L3) which depends neither on A nor on
t such that for any t > 0,

Ce?t if v>0,
oty (B[P V) < g cavn =0

where v = vy1 + 2.

Proof. Proceeding as in (12) by applying It6’s formula to e=27|X}"" |2, we get that for any i € {1,..., N},

t
<N

e PPN < Jaol + 2/6’2”5 ( — XN (XN (XN i)

N XN 2
1,

s 2’JAX— M )’
0

t
L) o S
+§‘CA(X;N,;LS ’/Izl dz))ds+2/ *275<X1N A(XIN, §N)dwg>
0
O

// _2”( (REN ca (REN X7 ) 2) + Jea (X;N,uf)zr)ﬁ(ds,dz). (37)
0 RY

First, using (31), we have
Ti,N |2 SiN|? i, N ei,N XY
ARV < = [REV] 2[RV b (R, )| (s - 9)
— 29 (KN, on (REV, 030 ) (Wi W)+ ea (REV, X ) (22~ 21))

b(XiN VP2 N XY R TER
+ 3] [p(XEN, 1 )] (s —9)" + joa(X2N, u )| (Wi - W

N\

~. SN 20 )
#lea®ey [ 122 - Zip).

Then, using T4, A4, (27), and (20), we get
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SiN| | wiN XY gin XV 2 sin X\ |2
ax ’X;’ Hb(X;’ T )‘(3—§)§ b(XoT, pg )‘ (s —5)% ]EUUA (X;’ T )’ (W =W |Fs s
Si N }N 2 . .2
EUCA (Xe¥, )| |22 - 2] |]-'s] < CA,
which yields that
E [ XiVP] = E [E [ XENP ||| <E[-ARVE] + Chia. (38)

Moreover, using again (31), we have

—~N

~. ~. wN ~. ~. ~.
(RN B(REN 12 )+ (XN = KEV bR, X))

(X BN )
-~ ~. N —~. —~N 2
< (RN BREN i E ) ) + [N 1 E )] (5 - )
~. N . . ~. wN . . ~.
+ o (N2 ) (2 =00 e (R0 (20 20) XY,

2N)|2(s —38) < A due to (20), deduces that

S

which, combined with the fact that [b(X2N, i

E [<X§’N,b(X;N,uSX )>} <E K)?;N,b(X;N,,uSX )>} LA (39)

Thanks to Lemma 4.4, the stochastic integrals in (37) have zero expectations. Thus, using (37), (38), (39),
T4 and A6, and recall that v = v, + 72, we obtain that

t
<N <N

~ ~. ~. ~. 2
B[R] < ol 2 [ (B -l RV 4 (R E ) + 5o (RN E)

1 .
b2 eat&ev uX" |/|z|2 @) | + ) s
<Iwol2+2 ‘2“( 72E X’N\ﬂﬂﬂ [W2< x" 60)}+n+c>ds

=|zo2+2(n+0C) /e 215 (s,
0

SN .
for some positive constant C, where we have used the equality E [WQQ (X ,60)} =E [|X;N |2} . This yields
to

C C
(|x0|2+—n_; )eQ'Yt——n—; if v#0,

lzo|? +2(n+ C)t if v=0.

E[IZVP] < (40)

Next, from (31), we have

RPN = X b (RPN ) (6= 1) —oa (RPN X)) (W= W) —ea (RPN 05) (- Z1).
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This, combined with T4, A4, (27) and (20), we get that for any p > 1,

~N

~ P ~ p ~ P ~ SN . .
B [|2[] <ot (& |20+ ok e - of | + B [foa i yowi - w)

1)

<ot (B [|Z0N]] + car+ carz + oar), (41)

]

+E ||ea R0 )2 - 2)

Consequently, from (40) and (41) with p = 2, the result follows. O
To estimate LP-norm of the approximate solution for p > 2, we need a series of preliminary lemmas.

Lemma 4.6. Let p be a positive even integer. For any a,b,c € R, it holds that

S =la+ el — b +cl? [al” + b
/2 J 2/2\ (7 .. A , . 7 .
<SS (M) (D)2t [t v e Y (7 ot - o
4

Jj=1k=0 1
"= (P2 e
- ( ) p[P=9 7+ 4o — bf].

4
=1

p/2 p/2
Proof. We first note that S = <|a|2 + 2{a,c) + \c|2> — lal? — (|b|2 +2(b,c) + \c|2> + |b|P. Using the
binomial theorem, we have

/2

s=3"%" (p§2> (é) 29 EJef2" (Jal?=2 (a, )7 — bl (b, )7 ).

=1k=0

<.

Next, we write
JafP2 (a, )/~ — b} ~21 (b, ) = (a2 (b, ¢) + (o — b))~ = (b,c) )
+ (01 + (al = )= = 16727 (b, )"

Using the binomial theorem, the estimates |a|P~2/ < 2P=21=1(|q — b|P~2 4 |b|P=2), [(a — b, c)| < |a — b||c],
and [(b, ¢)| < |b||¢|, we obtain the desired result. O

Lemma 4.7. For any even integer p € (0,po], there exists a positive constant C, such that for any s > 0,
i€{l,...,N} and A € R,

r ~. ~. p=2 ,
a) E [-ARIVPIF,] < -AREVP 4 GIAE IRV
L =0

Py . o = . - . < p=2
b) E [|XENp2 (0N b(REY, uX ) |F2] < |REN P2 (REV BN 1E ) +Cp T IREVP
L - - - - - - j=0 -

. ~. ~. <N ~. ~. <N p=3 ~. .
0) B [[RNP (XN Toa (REN i )PIF] < IRV 2loa (X0, w2 )P + Gy X X2
| pe
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Proof. First, by using T4, (20), Burkholder-Davis-Gundy’s inequality ([2, Theorem 4.4.23] and [33, Propo-
sition 2.2]), (27) and A4, we get that for all 2 < j < p,

~. ~ . <N ~. o~ . <N . .
maX{X;’N|’b(X;’N,usX Mls = sl B IR0V fou (R2V,03 )| (W2 = Wil | 7]

B (185 Jea (X395 |2 - 21]|7] } < OVA,
s { [» (22,5 ) b ot'5 B [los (%50 i - wi 2]
E UCA (&) 12 - z2f |]-‘§] } <caA. (42)
These estimates of Lemma 4.7 follow from the binomial theorem, (31) and (42). 0O

Lemma 4.8. For any even integer p € (0,po], s > 0, and z € R?, it holds that

N

= p ~. ~. <N p ~. ~ .
B [ (|8 + ca @ E ] = [ R  ea @V E ) - (1R - 1R |7

p/2 j

Jel) + D030 ol WX bo)

7=1k=0

p—j—k—2 ¥
DM (P
=2

S Qp72 ( s’

~.
i, N
S

~ g |TTR—2 ~.
x (’AgJV’ + | X

7k€‘

. —2j )
p—j—k—¢ L=y AZ.NP—J—k—@
> |%e ,
=2

where (Cj ) are some positive constants, @p_g(‘)?;’NL |z|) is a polynomial in \)A(;N| of degree p — 2.

Proof. By using Lemma 4.6, we have

<N SN

~. ~. p ~. o~
Qﬁ”+%@?ﬂ§ﬂ’ﬁ&W+%@fﬂfﬂ

p ~. ~ .
) - (1R~ - 1Z2P)
! P/2\ (F\ojk Si,N X itk —2j 1jk NP TR G N|Pm2FE
D ([ PC Tt B s S )
; =1
pij’XiN )A(iN’Z>

4 2P~ 1:5: < )‘){1

Then, using T4, (31) and the estimate (42) we obtain the desired result. O

0 N ¢ p—2j p—2j
X’i,N _X’L,N‘ X i\, N

2
Lemma 4.9. Let v be a positive constant satisfying N > (%) . Then, for any even integer p € (0, po],
5 >0, and z € R?, it holds

~. ~. <N p ~ . ~. ~. ~. <N
[V 4 ea(REV uE )| = [REN = plREN 2 (XY, ea(REV, X )2

—~. SN (2 . z _ L
< Jea(®EN, 13| |X;N|p—2p<'2' + 152 (1 2l(Es + )" = |2l(Ls +v) — 1) (|z(73 +v)+v)>

p/2 k

I Z Z <p/2) |2k—er (p 2%k — 1, |)?;N|7 1+ ﬁ;N) :

k=2 £=0
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where UZ N , and

7N
§

\/_ Z] L;j#i

Qp(p =226 £|XEN|, 14 TPV = 213 <(1 + Vlﬁ)ﬂ)?;’vNF +(1+ ﬁ;’vN)2> (Z) ol [ 2h—(=2

2k—~0—2
2k — 0 —2 1 2k—£—2—m i N m Si.N|p—2—
+ 14 —— (1—|—U;’> XiNp=2-m |
5 ( >( \/N) N £

m=

Proof. Proceeding in the same way as in (7), we get

~. ~ . N p ~. ~. ~. ~ . w N
RV 4 ea (XY uE )| = [REN = plREN P2 (XY, ea(REV, X )2

s

p/2 k
PlginP2| . g NP p/2\ (k i N NPT ok
< PRI fea RN 1) +Zz(k 2RIV e (RN X0 e
k=2 (=0

N A~ .
It follows from T4 and the estimate Wh(uZX ,d) < ﬁ Zjvzl | X3V that

~N ‘Qk—é—Q

N X < [2k—-2 N xV 5 Zh—t=2
CA( s 7M§ ) — 3 1—i_| s |+W2(M§ ) O)

N 2%k—0—2
1 Ny 1 ~ .
SLEFT A+ =) XEN 1+ — Y ‘Xg’N‘
VN VN i
1 ~. ) ~. 1 .
_ Lgkfzfz <(1 n ﬁ)Qk—é—QlX;,NFk—E—Q L (2k—0—2) (1 + U;,N) (1+ ﬁ)2k—é—3|X;N|2k—€—3
2h—0—2
2k — ¢ — ~ m 1 ey
+ Z ( ) (1 + Uéz,N) (1 + _)2k—€—2—m|X;,N|2I~c—l—2—m>. (43)
m=2 \/N

~. ~. ~. 2~ =
Using the estimate (1 + U;’N> | XN | 2R3 < %( (1 + Ué’N) | XAV |2h—tm |X£’N\2k4_2>, we get

k
BN o) o e cinN %
Z <€> 2@|X;,N|I) 2k+¢ ‘CA(XQ,N; M;{

£=0

k—¢

N |2
)) |Z|2k—é

~. 1 2k—0—3 1 )
st s (e o ) (on-

i 14 1 \2k—¢—3 ~ N2 5
N |5 2ot [2h—0=2 N Nip—4
+ea(XeN,uX)| Z()z 2R3 ((k—§—1) 1+ ) (14+05Y) XN

=

2k—L—2
2k —4—2 1 \2k—t—2-m AT
1 (1 Uz,N) Xz,N p—2—m )
+ ( m )( +—=) +Us | X

m=2

2
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1
Set a = |z|L 1+—>.Note that
'3( VN

k k 1 2k—0—3 1 -3 5
> <£>2f|z|2’f—’~’L§’““ (1 + ﬁ) =132 <1 + —N> (a* +2a)",

=0
k 2k—0—3 -3
1 k 1 1 k—1
- = of | 5|2kt 2k—t=2 (1 + —> 0=—-L72(1+ —) ka (a® + 2a .

These facts imply that
k 2k—¢—-3
1 1 12
2@ |2k €L2k —0—2 <1+ > ( +k__>
> (o) 7w GEh

= ;2 (1 + \/—%>_3 (a® +2a)"" (@2 20 4 a® + a)).

Moreover, similar to the estimate (43), we get

~. SN |2 1 \2 ~. ~. 2
’cA(X;Nng )‘ §2L§ ((1+\/—ﬁ) |X;N|2_|_(1+U;N) )

Therefore, we have

k k 0 SN okttt sin  xV 2k—4 ok
) (g)Q | XN Pt ’CA(X;’ 13 )‘ |22k~
£=0
< ’c ()?z‘,N lﬁw)’? |)?i,N|pf2L*2 (1 + L)S (a2 + 2a)k—1 (a2 + 2a v a))
= |CA\As s s s 3 \/N \/N
k
+ Z |Z|2k_£Qp <p _ 27 2% — K, |5€;N|7 1+ (’j;N) .
Next, using 3575 (P2)k2*"1 = B((L+ 2)P/2~ — 1) and 05 (P/%) 241 = 271 ((1 + 2)P/2 — 1 — L2) with

z > 0, we get that
/2 k

2 k . . ~N |2k—¢
Z Z (plé ) <€>22|X;,N|p2k+l ’CA(X;’N,Mg )’ ‘Z|2k7€
k=2 =0

~. SN |12 1 -3
<‘c XN X ) XiNp-2p-2 (1+—>
> A( s Mg ) | s ‘ 3 \/N

X (ﬁ <(1 +a) —1- g((f +2a)> + (a® +a)g((1 +a)P™2 — 1))

p/2 k
2 .y .y
+303 j(p/ >|Z2k_ZQp (p 2,2k - 1KV, 14 T2Y).
k=2 (=0

Applying the inequality (14+a)P—1-5(a*+2a) < (a+ 1)? (14 a)P~? = 1), with p > 2 and a > 0, we get
that for v > \/_ max{3Ls, 1},
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~ . ~. N p ~ . o~ . o~ . ~ N
XN ea(REN, 120 )2 = [RENP = pl &IV P2 (R0Y ea(REV, 1 )z)

VN

x (% <(1 +ay —1-%(a +2a)> G ((FR 1)>>

-3
< N <V |2 giNp-2( P2 -2 (1 1
— CA( s /j/g ) | S | 2 |Z| + 3 +

p/2 k /2 N N
+3 % (p )W“QP (p — 2,2k — 6| XN 1+ U;N)
k=2 (=0
~. SN 2 o | | a+1 a
< X'L,N X ‘ Xz,N p—2 LT 1 p—1_ 1)( -
< Jea @[ RN 4 L (00 e m 1) (2 D)
p/2 k /2 N N
+Zz<p ) 12[=Q, (p—2,2k—£, \X;N|,1+U;N)
k=2 (=0
N XN SN p—2 |Z| p—1 Ls
< JealXeV O 1R P2 B+ 152 (1 12l(Ls + ) fal(Es + ) — 1) (12122 +0) + v
p/2 k /2 N N
+ZZ<p ) [221Qy (p— 2,2k — £, | REN|, 1+ T2V
k=2 (=0
where we have used the fact that a < |z|(Ls + v), atl +2< |z|(% —i—v) +v. O
VN 2

Lemma 4.10. For any even integer p € (0,po], there exists a positive constant C, such that for any s > 0
and z € R?,

B[R0V P2(REY ea(REY, X )2) = |[REVP2(REY, ea(REY, X )2)| 7]

< Cyl2| Z|X1N|J+W2 x" 6OZ|X’N|J

7=0

Proof. By using the binomial theorem and (31), we have

~N

~. ~. ~. wN ~.
XN XN ea(X0N, 1 )z) — IXPN P2 XN ea(XEN, 1 )2)

= (RN, e (RN, uX)2) (IREVP2 = [RENP2) 4 (RN — XN e (RN, X)) RV P2

S

. . =N 9
= R sl 3 (P )R (16 - 18)
Jj=1

~

. . . <N ~.
(XN = XN ep (REY, X)) RN

p—2 .

~ ~ ~. <N — 2\ ~. . ~. ~. J

PR = RN ea R ) 3 (77 ) IRV (1% 1%6)
j=1

By applying (42) and T4, we obtain the desired result. O
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Proposition 4.11. There exist constants 31 € R, 55 > 0, 7 > 0, and v > 0, such that for all x € R and
p € Po (Rd)’

o — 1

(@, b(x, 1)) + P |oa (x, )|

+ |CA(:¢,M)|2/ (@ + 2 (00 + 121+ )™ =1 2l +v) <|z|(% o) +U>> u(dz)  (44)

L3
R§
< Filz[? + 323 (1, 8o) + 1.
Moreover, if v1 + v2 < 0, we can choose ¥1,72,1 and v such that 1 + 72 < 0.

Proof. Based on A6 and T4, it follows that (44) holds for v = 0 and ¥, = 1, Y2 = 2, 77 = 1. Note that
n (44), the integral with respect to v(dz) is finite for any v > 0. This fact, combined with T4, implies that
for any v > 0, there exist constants 73 € R, 72 > 0, 77 > 0 such that (44) holds. Next, we note that the
left-hand side of (44) is continuous and increasing with respect to v on the interval [0, +00). Therefore, if
A6 holds with v; + 72 < 0, we can select v to be sufficiently small such that (44) holds for some constants
7 >0,7 € R, and 72 > 0, satisfying 71 +72 < 0. O

Remark 4.12.

i) If (44) holds for some pg > 2 then it also holds for any p € [2;po].
ii) It follows from A6 and T4 that if pg = 2 then (44) holds with 73 =71, Y2 =2, T =1.

Next, we are going to show how the moments of X’;N are bounded in terms of ¢.
2
Proposition 4.13. Let 41, 72, 17, and v be defined as in Proposition 4.11. Assume that N > (%f?’l} .

Then, for any positive k < pg/2, there exists a positive constant C = C(xg, k,¥1,72,1, L, L, po) which
depends neither on A nor on t such that for any t > 0,

' . Ce2kTt if 7>0,
max (B [[KVP] VE[IZPVP]) < cavnt i 5=0, (45)
i€{1,...,N} - o~
{ C if v<0

where ¥ = 41 + Ya.

Proof. Using Holder’s inequality, it suffices to show (45) for a positive integer k < po/2. We are going to
use the induction method. First, note that (45) is valid for k¥ = 1 due to Remark 4.12 and Lemma 4.5.

Next, assume that (45) holds for any k& < ko < [pg/2] — 1. We wish to show that (45) still holds for
k = ko + 1. For this, using Itd’s formula for e_p”|)A(ti’N|p with even integer p := 2(ko + 1) < po, we have

t
NP
XZ’N’ = |zo|? + /e*p’\Sdes + My, (46)
0

efp/\t

where

~ . ~ . ~ . ~ . <N
Ry = —pA KNP 4 pl XEN =2 (REV b0, X))

-~ ~. <N |2 —2) ~. ~. ~. SN |2
+§|X;’N|p_2‘0A(X;’N,M§ )‘ +%|X;’N|p_4‘(X;’N)TJA(X;’N7M§ )
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R{

~ . o~ . <N p ~. ~. ~. o~ <N
b (R eal@E e[ = 1RV = R P (RN ea (R F ) ) v a),
t

~. ~. o~ . <N .
My =p / e KNP (XN, o (RN X )W)

S

0 RZ

/ [ (| ea RN pE e - R ) W),
It follows from Lemma 4.7 that

N

~. ~. ~. ~. =N ~. ~. SN |2
E[—pA|X;7N|p+p|X;’N|P—2 (RN BREN W E0)) + BIREV P2 oa (REV, 0|

—2) sinmal oi =
Al (B NC N T e
Si,Nip—2 [ | 94N |2 Gi,N 1/ Ti,N | X" p—1 Si,N X2 = i, N
< plXg™| AXT T+ (X 6(X T iy )+ =5 loa(Xy P )+ Qpa (| XEN]) ,(47)

where @p_2(|)?;’N\) is a polynomial in |)?;N| of degree p — 2.

We write

~ . ~ . <N p o~ . A~ . ~ . <N
[0 ea(REN 12 )z| = [RENP = plREV P2 (RN en(R0Y 1)z )

§

~ . ~ . <N p o~ . <N
= | e (RN E o] = XN = p|REN 2 (RN e (RN, 15 )2)

p ~. ~.
) - (1%~ - 1%07)

~. ~. <N p ~. ~. <N
(R ea RN ] = R ea RN e

o~ . ~ . o~ . <N o~ . ~ . o~ <N
—p (IREV PR (RN en (RN 1)z — [REVP2 (RN en (XN, 150)z)). (48)
Therefore, taking the conditional expectation on both sides of (48) and using Lemmas 4.8, 4.9, and 4.10
we obtain that for v > \/_ max{3Ls, 1},

~. ~ . N p ~ . ~. ~. -~ N
EUX;WM (RN 127 ) 2 = 1R = pl RN (R0N,en (R2Y, X ) 2) yfs}

~. =N |2 __. B - B I
<plea(®yud ) 1R 2<|2| L5 (14 2l (Ls +0) 7 = [2|(Ls + ) ~ 1) (IZI(73+U)+U)>

p/2 k
2 i U 0 X'
+ZZ(p/ >|Z|2k—éQp (p—2,2k—€, |X§N‘71+U§Z,N>+Qp72 (‘X;N ,\Z|)
k=2 £=0
p/2 j /
j—k—2 ~ [P R—2
D9 ST I e
j=1k=0
ik ; j
o i—k— ~ o |Pmi—k—E
3 (T )
=2
p—2j

p—j—k—¢ p=2
e >+0|z SRV (X 6OZ|X”V|J . (49)
l= 7=0
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Hence, combining (47) and (49), we get

i i i i N p_]' i
[Re|Fo] < pXgN|P 2( NXSN P+ (X0 0(X0N, 1 )>+T|0A(X;N,MSX )I?
i, N K
+ea (R | L3 (0 2l (a4 )" = [l (L + )~ 1)
R
Ls = S0 N
X |z|(7+v) +ov ) |v(dz) | +Qp_s (‘X§ D
p/2 k /2 N N R N
+/< Z( L >|z|2’HQp (p =226 = £, KEN|, 14 TEN) + Qpoa (| X2V
Re \k=2(=0
p/2 j j—k—2 p—j—k—2
+ZZC k|Z|J+kWJ+k( xV ,50) (‘XzN‘ ’X;,N
j=1k=0

S ) S )
=2 _
p—2
+C|z|(Z|X1NJ+w2 X" 5OZ|X”V|’)> 0z).

7=0

In the following, we choose A =71 + %"‘ It follows from Proposition 4.11 and the equality W5(
N Lt [ XN that
<N p— 1 ~. <N

(%Jr )\X’le (XY (XN, 1)) + 5= loa (X0, u )P

+ fea (XY, X \/(Ew (4121 +0)P ™ = J2l (Ls + v) = 1)

x (|z| (% +o)+ U))V(dz))

<N ~. ~
G2 DNKENP + RIXINP + WX 60+ = Y XN 4

m=1,m#1

<N A
Therefore, using the estimate Wh(uX ,d) < \/LN Zﬁzl | XN, we obtain that

~ N
72, i, N |p—2 T m,N |2
E[Rs]nglﬁlX; D DR e
m=1,m%#1
p/2 k /2 o~ A~ .
JER (L)oo
k=2 ¢=0
p—2

+CYE[IREMY],

=0

J21)

SN
M;{ ) 50) =

(50)
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for some positive constant C.

Thanks to Lemma 4.4, E[M,] = 0. Now, we are going to take the expectation for (46) with A = 7, + 1

= J2
= =
plug (50) into (46), and use the inductive assumption, Condition A4 and the following fact thanks to the
independence between \XZ N|P=2 and Zm Lt |Xg“N|2

N N
E IRz 3 XeNEl = Y B[RV E 1RV
m=1,m#1 m=1,m%#i

~ o~ L ~. ~. L
E [|X;’NP_€ (1+0:) ] —E [|RVP ] E {(1 + 0 ] :

for any ¢ € {2,...,p — 2}, where recall that U>N = \/—Z

m=1:mti |X;”’N\. As a consequence, we get that

t

2N < |mo|p+C/ PR (ZE 1%Vt B [(1+(7§’N)€]

E {efp(wr%?)t

0
p—2
+ B[R] ) ds
j=0

Here, recall that ¥ = 73 + 72.
Case 7 > 0O:

t

_ N p—2 p—2
E {efp(%nf%)t )?Z’N’p} < |wol? + C/efp(%Jr%z)s Ze(pfl)(%+%)sef(%+%)s + Zej(%+%)s ds
A =2 =0

< |zol” + # (e_p%(%_l)t - 1) ;
Py 1)

which implies that

E [|Z0V[] < faoprer 0y (@bl a0 < et = cert
p2(1- %)

Case 7 = 0: In this case, we have 71 + %2 < 74 = 0. Using the integration by parts formula repeatedly, it can
be checked that for any 8 < 0 and ¢ € N*,

t

t
[erarspas<cEa (e arnre [ <cEoea
0 0

for some constant C(/3,¢) > 0. This deduces that

E [e—P(’71+

p—2 p—2
X?,N‘ } <|x0|p+C/ —-p(+% Z (1+s) (p— Z)/2(1_|_ )é/2+z(1+s>]/2 ds

=2 3=0

< |wol? + Ce—P+33)t (1+ t)p/2 )

o~ p
Therefore, we obtain that E HXZN’ } <C(1+t)P2
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~ ~ Bt ~ p
Case 7 < 0: In this case, we have 71 + & < 5 < 0. Thus, we get E [e_p(71+W2)t ‘XZ’N‘ } < |wol? +
~ 5 o~ p
Cf(f e*p("“*wﬁ?)sds, which implies that E HXZN‘ } < C. Consequently, combining with (41), we conclude
that (45) holds for & = ko + 1. Thus, the result follows. O

Remark 4.14. Thanks to Proposition 4.13, we get the following estimate on the expectation of the number
of timesteps Np

C
BNy —1< <, (51)
for any 7' > 0, where the positive constant C' does not depend on A.
Indeed, the same argument in the proof of Lemma 2 in [10] yields that Ny = Zf{VZTl 1< fOT mdt
+ HE

+ 1. Then, using (20), Assumption A5, and Remark 2.1 (i) and (iii), we get that for any ¢ € {1,..., N} and
Po > 2(£ + 1)7
Po)

—~N <N ~ N ~ <N
This, combined with h(X, ,;@X ) = min{h(Xil’N,,uLX )y .- .,h(XiN’N,MEX )}, Lemma 4.4 and Proposi-
tion 4.13, shows the estimate (51).

N
1 ~ <N iy 1 .
= SO (IR WP (S 6)) <0 (1R o Y &Y
WX ) -

t oMt m=1

Next, the difference between )A(Z N and )?£ N has the following uniform bound in time.

Lemma 4.15. Let all conditions of Proposition /.13 be satisfied. Then for any p € [2,po], there exists a
positive constant C, = C(p, L) such that

o~ . P
max B [|XY - X0V | 7] < 0,
ie{1,....N} t £

for any t >0, and

— ~i NP
max supE HXZ’N fXZ’N‘ ] < CpA.
i€{1,...,N} >0 -

Proof. From (31), we have that for any p > 2,

XN - XN < et

Ub()?z’N,u?ﬁip(t—z)P ot oa i, wE| (Wi = Wi+ |eaREY 1 E 0| 120 - Zz'!’”] .
This, combined with (42), concludes the desired result. O

4.8. Convergence

Theorem 4.16. Let 41, 72, 17, and v be defined as in Proposition 4.11. Assume that pg > 4 4+ 6, N >

2
(%) , and there exists a constant € > 0 such that A2 holds for k1 = ko = 1+ ¢, L1 € R,

Lo > 0. Then for any T > 0, there exist positive constants Cp = C(xo, L, L1, Lo, L3, ¥1,72,7,¢,T) and
C% = C,(l‘o,L,Ll,LQ,Lg,il,ﬁg,’ﬁ,é‘,T) such that
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N oin]?
max  sup E UXZ - Xy ‘ } < CrA, (52)
i€{1,....,N} te[o,T]

and for any p € (0,2),

max [E

sup ‘Xz N Xz N‘
i€{1,..,N}

t€[0,T]

< (522) crarr. (53)

-D
Moreover, if ¥ = H1 + 792 < 0, and L1 + Ly < 0, then, there exists a positive constant C" =

C"(xo, L, L1, Lo, L3, 31,72, 17, €), which does not depend on T, such that

i, N vi,N 2 "
max _sup E ‘Xt’ - Xy ‘ < C"A. (54)
i€{1,....,N} t>0

Proof. Thanks to (14), (32), and It&’s formula, we obtain that for any A € R,

t

e MXPN - XN P = / ( S AXEN = RV 42 (XY - RN (XN, X < b (RPN, X))
N XN siv X\ P
+ ‘O’(X;’ S ) —oa (X; S )’ )ds—FMt

t
. o~ . <N
b [ [l )~ ea RN X ))s otz (55)
0 R¢
where

t
=N

M, =2 / e (XEN RN (o (XN, uX) — oa(REN uX))aw)

/ Jer (1 = R (e ) = ea (RN )af < XN - RV N, do).

0 Rd

In the following, we will give upper bounds for each term on the right-hand side of (55). First, we
decompose

. A~ . . ~ . N . o~ . . o~ . <N
2(XEN = RN (N XY = b (RN X)) =2 (XEY = RN (Y XY < b (XY, X)) 4+ 8,
(56)

where S = 2 <X§’N — )/(\';’N, b ()??N, u§N> - ()?;N, y§N> > By using Cauchy’s inequality and Condition
A3, we obtain that for any 7 > 0,

) ~ =N ~. SN |2
S<e|xiy - giv|’ +— b(REN X ) — b (R,

) ~. ~. ~ 2 <N oSN
<oy |xiN - R[4 6L2( ‘XZN‘ +’X’N’ )(‘XQN—XQN‘ W (1 X ))

. ~. XN XN —~. ~. 2042
Sgl X;,N_X;,N <’)(’LN X’LN’ +W2 ( 10 7M§ >+22571 ’X;’N—X;N‘ >
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6 ~. ~. 20 <N oSN —~. 20 . ~. 2
+ I (225 RV = RV (X X )+ @2 )[RV | XY - X0 )
) , 2 , ,

6 —~. 20 =N =N
L CRRRY ’X;’N’ W2 (ui‘ X ) (57)

Second, by using Cauchy’s inequality we have that for any €5 > 0,
) ~. <N\ [2
‘J(X;:Ny;@f’v) ~oa (X;’N,ui‘ )\
i N  xN SN XY\ P
< (14 22) [o(XEV 02 = o (R, X )|
1 SiN XY sin XN\ siN XY sin X\
+2 <1+ ) (‘0 (Xi’ 5 ) *0<X§’ YO )’ + ‘U (Xé’ 5 ) —oa (Xé’ YO )‘ )-(58)
€9 £ £ £
It follows from Remark 2.1 that

. =N . —~N 2
(52908 o (28

Lz oS 4 ~. L ~. —~. 2 ~N ~N
<z (e =) (|8 - e eoms (o 02))
Lz ~. ~. ]2 SN =N ~ o~ A2 ~. ~. A |E SN N
§1+6<’X;’N—X;’N’ FWE (i) 2 | REY - RV ot | RV - RV (X )
~. 0y . ~. 2 . Y <N =N
+(2f+1)’X;N’ ’ijN—X;N’ + (27 4 )| XN W2 (uf X )) (59)

Then, it follows from T5 and Remark 2.1(iii) that

—~N

~. =N ~. 2 —~. SNy (4 . 2
7 (£2¥2") = oa (R )| < Al (R3Y2 )] (14 [R27)
LL 2 Si,N 20\ (| 56,N)4 el 4 $i,N |2
<4A 16(1—+E) <1+|X§’ | )(\Xé I+ WE (i ,50))+4|a(0,60)| (1+\X§’ |). (60)
Third, using Cauchy’s inequality, we obtain that for any €3 > 0,
. ~ SN (2 . ~ SN (2
(X, 2™y = ea (XN 0X )| 2 (1 2) [0, w2 = o (R0V, 0|
1 . =N . SN (2 ~. SN ~. SN (2
+2 (1 + E_> (‘C (X;’N,/“Lf ) —cC (X;7N,/L§ )‘ + ‘C(X;)Na/u’::( ) — CA (X?Nvusx )’ > (61)
5 s s s s s s

Thanks to Remark 2.1(ii), we have

si,N XN sin o X\ 2 2
o (R2M, X0 ) = e (R2V, X ) [ [ 1ePutaz)
Rg

LL ~ ~ 1 ~. 2 N N

1+e ’ £ ¢ g : s

LE ~. ~. |2 SN N ~. ~ | EF2 ~. ~. € SN N
SHE(’X?N—X;’N’ W (i X ) 2[RIV = RV 2 | RN - XN g (X X

~. 0y . ~. 2 ~. ¢ SN SN
(24 1) ’X;’N’ ’X;’N - X;N’ + (20 1) XV ‘W2 (uf X ) ) (62)
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Thanks to T5 and Remark 2.1(iii) and (i), we have
SiN XY siv X\
e (T ) —ea (X))
~. Ny 4 ~. ~. <N 2
<ale (L) (e [E e (R0 ) )

= (f | (;A (d ))2 (16(1111—55)2(1 + DA(;N‘%) <|)?;N|4 + Wé(qu,do)) +4 |C(0’50)‘4 (/ |221/(dz))2>
Re 1217V

x (14 1KV 2 2 (100, 60) 2 + AZ2 (1 + X0V ) 1RV + M3 (X 7, 60)) ). (63)

Rj

Therefore, inserting all estimations (56) — (63) into (55), and choosing €2 = €3 = €, we obtain that for
any A € R and ¢; > 0,

e MXPN — XPNE < M+

t
. ~. . o~ |2 . ~ ) ~. <N
b [ ( S AXEN = KNP e [ XN XV 2 (XN = XN b0, i) b (X002 )
0

. . ~N 2 )
(1 2) [ (XN XY = o (XY ) () e )
Si,N XY 2 2
e X2, us |z|*v(dz) + Rs | ds,
R{

where

<V x®N e 12042 ~. ~. |2
R, ——LQUX”V X”V’ W (X ) 2| RN - XN 02 | XN — X

—~N ~N

~. 20 . ~. 2 ~. 2L SN N
W (B ) @ )[RV REY - RV @2 )| RV g (5 )]

LL
1+¢

2(1+1)

~. ~. 2 <N N ~. ~. | E2 ~. ~. |
(‘X;’N = XN g (uE ) 2 RN - RPN 4 2f | REV - RV

<N =N ~ 18] A ~ |2 ~ <N N
xWE (1 X )+ @ DRV RV = RN 2 4 1) RENWE (X ))
LL 2 i, N |2¢ i,N |4 xN 4 i,V |2

a8 (16( ) (14 KPP (IREV 4 W (i 60) ) + 41o(0.00)[" ) (14 1K)

+2<1+ )

<N N ~ ol A~ ~. |2 ~o il <N N
xWE (1 X )+ @ DRV RV = IV 2 1) | REVWE (X )>

=N N o~ o |2 ~. ~.
= (‘X”V XZN‘ W (X ) 2| RN - RV ot | RV - R
. f ; ;

s

" Teg @ (16(1?5)2(1 HIREVE) (IR 4 W o)) + 0,0l ([ |z2u<dz>)2>

R
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x (14 [XEVP 42 (1b(0,0) P + 4Z2 (14 XV ) (10N + W3 (6, 00)) ) ] -

Using Condition A2 for k1 = kg =1+¢, L1 € R, Ly > 0, we obtain that for any A € R and &1 > 0,
e MXPN — XPNP < Myt
t 2
+ /e—“{ —AXIN - XV 4y ’X;FN — XN Ly | XN - XN
0

=N
+ LW (X )+R5}ds. (64)
Now, using Lemma 4.15 and Proposition 4.13, we have the following estimates

N
r SN SN 1 ~. ~ |2 ~. ~. |2
E W3 (uX ,uX )} <<= E [‘ngN_XLN‘ ] —E DXQN_X;,N ] < CA,

E w2 xV 1 o sin[F] _ 1 - siN || i N |2
R 60 =B | 5 X |X —NZE“Xé ”—EUX ”“‘ (65)

E_W4(u§N 5)] E ii‘AijQ <i§:]E ‘)?j,Nr —E ’)?i,Nr <C
L 2 s Y0 Nj s - N S s >~ 5

=1 j=1

for any ¢ € {1,..., N} and some constant C > 0.
SN SN 1 ~. ~.
Using the estimate W5 (,uf( N ) < ¥ Zjvzl ‘Xg,N - XN
we have that for p € {¢,2(},

P
, valid for any p > 2 and Lemma 4.15,

N
S S 14 <N <N 1 Si Si Pl ~. ~ . 2
[ R ()] < o s 5]
j=1
1 ~. ~. p+2 1 ~. ~. P ~. ~ . |2
- _E ‘X“N—X“N‘ ~V°E HX“N —X“N‘ }IE ‘X%N—X%N‘ < CA.
N{s s +N; V- X XV <o (66)

Next, using Lemma 4.15, Proposition 4.13 and the fact that pg > 4¢ + 6, we get that

o P g B o o200\ V2
E (|- 2] < o, E{‘X;’N—X;’N‘]g(ﬁi “X;N—X;W‘ D <CcVA<C

(67)
sl <c
for g € {2;04 2;20; 20+ 2}, v € {£;20;20 4+ 4; 20 + 6;4¢ + 6}, and
E U)?N\ K- Xi“ﬂ —E []E U)?N\ g x| |J-;”
—E U)?}N‘K]E U)?;’N - )?;N‘Q ny” < caR ||| < e, (68)

for k € {¢;2¢} and some constant C' > 0.
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Furthermore, using Lemma 4.15 and Proposition 4.13, we obtain that for g € {¢, 2¢},

N
S o <N <N 1 S O ~. ~ . 2
EHX§’N‘ w2 (Hf ,ﬂf )} SN;E[’X’N’ ‘Xg,N,Xi,N }
1 sin|?oin  gin|? 1 i, N (¢ SiN _ oinN|?
= B ||ReV| RN - R0+ >R [[RYE (| R - 2V < o (69)
JFi

Using Proposition 4.13, we obtain that for ¢ € {2¢ 4 2; 44 + 2},

j=1
1 i\, N O+4 1 i, N Aj N
= = 7 : <
NIEUX | ] NZIE[X ”IEUX |=<c (70)
i
Proceeding similarly to the above, we get that
“X’N‘ W2(uX" o) Wi (X" 50)} - “X”V‘ WS (u X" 50)] <c. (71)

Consequently, plugging (65)-(71) into (64), taking the expectation on both sides and choosing A = &1+ L; +
Lo, we get that for any ¢ € [0, 7],

t
Xv,N Xv,N’ :| < CA/ €1+L1+L2 SdS
0

|: —(e1+Li1+Lo)t

This implies that

max  sup E [\XZ o )?ZNF} < CrA, (72)
i€{1,...N} ¢ejo,T]
for some positive constant Cr = C(xo, L, L1, L2, L3, 31, 32,7, €, T), which shows (52).
Next, for any stopping time 7 < T, using again (64) with ¢t = 7, A = &1 + L1, taking the expectation of
the above inequality on both sides and using again the estimates (65)—(71) and (72), we obtain that

T
E 67(61+L1)T|X72'—,N_§72'—,N|2:| §/67(61+L1)S]E
0

R, |ds < CrA,

N N
LW (213 ) +

for some constant Cy > 0. Therefore, due to Proposition IV.4.7 in [30], we get that for any p € (0,2),

p(e t - ~ 2 — 2 ~
max B | sup e “SE XN - RPN < < . ) (Crap,
i€{1,..N}  |tefo,1] 1—p/2

which, combined with the fact that e > e*MEﬁle‘T, concludes (53).

Moreover, when Li + Lo < 0, we can always choose €; > 0 such that L; + Lo + &7 < 0. Consequently,
when L1+ Ly < 0 and 7 < 0, the constant Cr in (72) now does not depend on T'. Therefore, we have shown
(54), which finishes the desired proof. O
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We now state our main result on strong convergence in both finite and infinite time intervals of the tamed-
adaptive Euler-Maruyama scheme for multidimensional McKean-Vlasov SDEs driven by Lévy processes.

Theorem 4.17. Let 71, 72, 17, and v be defined as in Proposition /.11. Assume that pg > 40+ 6, N >

2
(%) , and there exists a constant € > 0 such that A2 holds for k1 = ke =1+¢, 1 € R, Ly > 0.

Then for any T > 0, there exists a positive constant Cr = C(xo, L, L1, L2, L3, 31,72,7,¢,T) such that

2

max sup E DXZ - XE’N‘ } < Cr(A+p(N)), (73)
i€{1,....N} te[0,T]

for any N € N, where the constant C'r > 0 does not depend on N.

Moreover, if y =71 4+72 <0, y=71 +792 <0 and L1 + Ly <0, then there exists a positive constant
C" = C"(xo, L, L1, Lo, L3, 31,32, 1, €) which does not depend on T such that

2

max sup E UXZ - XZ’N’ ] < C"(A+¢(N)). (74)
i€{l,...,N} t>0

Proof. As a consequence of Proposition 3.2 and Theorem 4.16, the proof is straightforward. Thus, we omit

it. O

5. Numerical experiment

In this section, we consider the rate of convergence of the tamed-adaptive Euler-Maruyama scheme (19),
(20) and (21) in Theorem 4.16 for a fixed large value of N. We will consider two models. The first model is
the Ginzburg-Landau equation with jumps and mean-field, in which both L; + L, and 4 are positive. The
second model is a particular SDE with jumps and mean-field, in which both L; + Ly and 4 are negative.
Let Z = (Z;)¢>0 be a bilateral Gamma process whose scale parameter is vz and whose shape parameter is
)\2.

Model 1:

dX, =0.1(X; — X} + E [Xy]) dt + 0.1X,dW; + sin(X,_ )dZ,. (75)
Model 2:

dX; = (-1 -3 (X: +E[Xy]) — X3 X|*?) dt + 0.2 (1 + | Xo|"' + E [Xy]) dW, + 0.2 (Xy— + E [X,_]) dZ,.
(76)
Verifying that these coefficients satisfy Conditions A1-A6 is straightforward. We implement the tamed-
adaptive Euler approximation scheme (19)—(21) with N =500, Xo =1, =2,py =12,z = Az =1;T =1,
T =5,T =10 for Model 1; and N = 500, Xg =1,/ =0.3,pg =8,7z =1L, Az =5;and T =1, T =5,
T = 10 for Model 2.
Since the exact solutions of equations (75) and (76) are unknown, we will derive the rate of convergence of the
tamed-adaptive Euler approximation scheme (19)—(21) in an indirect way as in [16,17]. We consider the mean
squared difference of X on two consecutive levels as follows: MSE(L, T') = i 212/1:1 \X'r}l’k) —)?:(Flﬂ’k) |2, where

for each 1 > 1, ()A((l’k))lqggM is a sequence of independent copies of X® defined by equations (19)—(21)

with A = 271 Here )?53’“) and )A(:(FIH’]C) must be simulated to the same Brownian motion and bilateral

Gamma process (See Algorithm 1 in [10]). It is clear that X converges at some rate of order 3 € (0, +0c)
in L%-norm iff QﬁIH)?gﬂ) - )A(:(FD |2 = O(1), which implies that log, MSE(L,T) = —281+ C + o(1), for some
constant C' € R. Thus we can use the regression method to estimate the rate 5.

Fig. 1 presents the values of log, MSE(1,T') plotted against 1 € {1,2,...,6} for Model 1 (left panel) and
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Fig. 1. Error log, MSE(l, 10) plotted against 1 = 1, ...,6 for Model 1 (left) and Model 2 (right). (For interpretation of the colors in
the figure(s), the reader is referred to the web version of this article.)

Model 2 (right panel). Each panel comprises three graphs corresponding to T'=1 (T1), T = 5 (T5), and
T =10 (T10), along with a dashed reference line with a slope of —1.

For Model 1, we observe that the TAEM scheme converges at a rate of order 8 ~ 1/2 for T = 1. However,
as T increases, the convergence rate of the TAEM scheme decreases and the mean square error (MSE)
increases. In contrast, for Model 2, the TAEM scheme converges at a rate of order 8 ~ 1/2 for any value of
T, and the mean square error (MSE) remains independent of T.
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