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Tamed-adaptive Euler-Maruyama approximation for SDEs
with locally Lipschitz continuous drift and locally H!older
continuous diffusion coefficients

Trung-Thuy Kieu, Duc-Trong Luong, and Hoang-Long Ngo

Hanoi National University of Education, Cau Giay, Hanoi, Vietnam

ABSTRACT
We propose a tamed-adaptive Euler-Maruyama approximation
scheme for stochastic differential equations with locally Lipschitz
continuous, polynomial growth drift, and locally H!older continuous,
polynomial growth diffusion coefficients. We consider the strong
convergence and the stability of the new scheme. In particular, we
show that under some sufficient conditions for the stability of the
exact solution, the tamed-adaptive scheme converges strongly in
both finite and infinite time intervals.
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1. Introduction

Throughout this paper, we consider the process !Xt"t#0 given by the following stochastic
differential equation (SDE),

Xt ¼ x0 þ
!t

0
b!Xs"dsþ

!t

0
r!Xs"dWs, x0 2 R, t # 0, (1)

where !Wt"t#0 is a standard Brownian motion defined on a complete probability space
!X,F , !F t"t#0,P" with the filtration !F t"t#0 satisfying the usual conditions; b and r are
real-valued measurable functions. Such SDEs arise in many areas of science and engin-
eering, from population genetics to financial mathematics (see, e.g., Chapter 7 in [1],
and [2]). Therefore, it is important to find effective methods to solve SDEs numerically.
If coefficients b and r are Lipschitz continuous, the numerical approximation for X has
been well studied (see [1, 3]). However, numerical analysis for SDEs with non-Lipschitz
coefficients is still a very active research area. In [4], Hutzenthaler et al. showed the
divergence of the classical Euler-Maruyama approximation in Lp-norm when applying
for some classes of SDEs with super-linear growth coefficients. After that, they intro-
duced in [5] a tamed Euler-Maruyama approximation scheme and showed its strong
convergence when applying for SDEs with locally Lipschitz continuous, super-linear
growth drift coefficient and globally Lipschitz continuous diffusion coefficient. Since
then, the tamed Euler-Maruyama has been developed by many authors for larger classes
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of SDEs with super-linear growth and low regularity coefficients (see, e.g., [6–10] and
the references therein).
The strong convergence in infinite time of approximated solutions has attracted

much attention recently. In [11], Fang and Giles introduced an adaptive Euler-
Maruyama approximation. They showed that if b and r satisfy the contractive Lipschitz
condition (Assumption 9 in [11]), b is polynomial growth Lipschitz continuous, and r
is globally Lipschitz continuous, then the adaptive Euler-Maruyama approximation con-
verges in Lp-norm in infinite time intervals. In [12], Li et al. studied the strong conver-
gence in infinite time of a truncated Euler-Maruyama approximation scheme for SDEs
with locally Lipschitz and polynomial growth coefficients. Their method is to use
Khasminski’s techniques on some well-designed Lyapunov functions.
The aim of this paper is to propose a numerical scheme that strongly converges in

both finite and infinite time intervals for some class of one-dimensional SDEs with
locally Lipschitz continuous drift and locally H!older continuous diffusion coefficients.
By combining the tamed Euler-Maruyama approximation in [5, 9, 10] with the adaptive
one in [11], we propose a tamed-adaptive Euler-Maruyama approximation scheme. We
study the strong convergence of the scheme in both finite and infinite time intervals.
The convergence rate to be established is optimal because it is similar to the standard
results of the classical and tamed Euler-Maruyama schemes for SDEs with H!older con-
tinuous diffusion coefficient (see [7, 8, 13, 14]). We also consider the stability of the
tamed-adaptive scheme in Lp-norm where we obtain a similar result to Theorem 5 in
[11] for a more general class of diffusion coefficients. The key idea of our argument is
to use the Yamada-Watanabe approximation to obtain upper bounds for some p-th
moments of the approximated solution. In comparison to [12], our method works for
SDEs with locally H!older continuous diffusion coefficient. However, a disadvantage
point of using the Yamada-Watanabe approximation is that it can be applied only for
one-dimensional SDEs while the method of Lyapunov functions in [11, 12] works for
multi-dimensional SDEs.
The rest of this paper is organized as follows. The definition of tamed-adaptive Euler-

Maruyama scheme and its convergence are established in Section 2. All the proofs are
deferred to Section 3.

2. Main results

2.1. Assumptions

We consider the following assumptions on b and r.

A1. There exist c 2 R, g 2 ½0, þ1", and p0 2 ½2, þ1" such that

xb!x" þ p0 ' 1
2

jr!x"j2 ( cjxj2 þ g,

for any x 2 R:
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A2. b is one-sided Lipschitz: there exists a constant L1 such that

!x ' y"!b!x" ' b!y"" ( L1jx ' yj2,

for any x, y 2 R:

A3. b is locally Lipschitz continuous: there exist positive constants l and L2 such that

jb!x" ' b!y"j ( L2 1þ jxjl þ jyjl
" #

jx ' yj,

for any x, y 2 R:

A4. r is aþ 1
2

$ %
-locally H!older continuous: there exist positive constants m, L3 and

a 2 ½0, 12) such that

jr!x" ' r!y"j ( L3 1þ jxjm þ jyjm
$ %

jx ' yj1=2þa,

for any x, y 2 R:
It follows from Theorem 2.1 in [8] that if Assumptions A1, A3, A4 hold for p0 #

4l þ 4, then Equation (1) has a unique strong solution. It is straighforward to verify
that the result of that Theorem 2.1 also holds for a¼ 0.

2.2. Tamed-adaptive Euler-Maruyama scheme

For each D 2 !0, 1", the tamed-adaptive Euler-Maruyama discretization of Equation (1)
is defined as follows

t0 ¼ 0, X̂0 ¼ x0, tkþ1 ¼ tk þ hD!X̂ tk",
X̂ tkþ1 ¼ X̂ tk þ bD!X̂ tk"hD!X̂ tk" þ rD!X̂ tk"!Wtkþ1 'Wtk",

(

(2)

where

hD!x" ¼
D

!1þ jb!x"jþ jr!x"jþ jxjl"2
, (3)

for some constant l # 1, and bD, rD are some approximations of b and r which will be
specified later.
The next result provides a sufficient condition for tk ! 1 as k ! 1, which implies

that the tamed adaptive approximation scheme (2) is well-defined.

Proposition 2.1. Suppose that there exist positive constants L and b such that coefficients
b, r, bD and rD satisfy the following conditions

T1. jb!x"j!jr!x"j ( L!1þ jxjb";
T2. x!bD!x" ' bD!0"" ( Ljxj2;
T3. jrD!x"j ( Ljr!x"j and jbD!x"j ( Ljb!x"j;
T4. jrD!x"j ( Lffiffiffi

D
p ;
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for any x 2 R. Then
lim

k!þ1
tk ¼ þ1 a:s: (4)

The proof is deferred to Section 3.3.
Under the assumptions of Proposition 2.1, we can define t :¼ max tn : tn ( tf g for

the nearest time point before t, and Nt :¼ max n : tn ( tf g for the number of time steps
approximation up to time t. Note that t is a stopping time. We define the piecewise
constant interpolant process "Xt ¼ X̂ t and also define the standard continuous interpo-
lant as

X̂ t ¼ X̂ t þ bD X̂ t

" #
!t ' t" þ rD X̂ t

" #
Wt 'Wt
$ %

¼ "Xt þ bD!"Xt"!t ' t" þ rD!"Xt"!Wt 'Wt ": (5)

Hence, X̂ t is the solution of the SDE

dX̂t ¼ bD!"Xt"dt þ rD "Xt! "dWt, X̂0 ¼ x0:

Remark 2.2. It is straightforward to verify that under Assumptions A1–A4, the follow-
ing functions

bD!x" ¼ b!x", rD!x" ¼
r!x"

1þ D1=2jr!x"j
: (6)

satisfy all conditions of Proposition 2.1.

2.3. Moments

We first consider the moments of the exact solution. The following result should be
known but we are not able to find it in any classical texts. The proof is given in
Section 3.1.

Proposition 2.3. Assume that coefficients b and r satisfy the condition A1, and r is
bounded on every compact subset of R. Then, for any p 2 ½0, p0),

E jXtjp
' (

( jx20e2ct þ
g
c !e

2ct ' 1"jp=2 if c 6¼ 0,

jx20 þ 2gtjp=2 if c ¼ 0:

(
(7)

We have the following bound on moments of the tamed-adaptive Euler-Maruyama
approximation.

Theorem 2.4. If coefficients b, r, bD, rD satisfy Conditions T1–T4, and there exist c 2
R, g 2 ½0, þ1) and p0 2 ½2, þ1" such that for all x 2 R and t # 0, it holds

xbD!x" þ
p0 ' 1

2
r2D!x" ( cjxj2 þ g: (8)

Then, for any positive integer k ( p0=2, there exists a positive constant
K ¼ K!x0, k, g, c, L", which does not depend on t or D, such that

4 T.-T. KIEU ET AL.



E jX̂ tj2k
h i

!E j"Xtj2k
h i

(
Ke2kct if c > 0
K!1þ t"k if c ¼ 0
K if c < 0

:

8
><

>:
(9)

The proof of Theorem 2.4 is deferred to Section 3.4.

Remark 2.5. Under Assumptions A1–A4, functions bD and rD defined in (6) satisfy
conditions T2–T4 and (8). If c < 0, then the approximated solution is stable in the
sense that for any 0 ( p ( 2½p0=2) there exits a constant K, which does not depend on
D, such that

sup
t#0

E jX̂ tjp
' (

!E j"Xtjp
' (

< K:

Here we use the notation ½p0=2) for the integer part of p0=2: Therefore, our result
slightly improves Theorem 5 in [11] since we are able to relax the boundedness condi-
tion on r. This improvement is due to the Yamada-Watanabe approximation.

Remark 2.6. Let NT be the number of timesteps required by a path approximation on
½0,T) for any T> 0. Suppose that all conditions of Theorem 2.4 hold, then we have the
following bound on the expectation of NT,

E NT ' 1! "p
' (

( C!p"D'p, (10)

for any p 2 0, ½p0=2)b!l

h i
, where C(p) is a positive constant which does not depend on D.

By following the argument in the proof of Lemma 2 in [11], we can obtain the esti-
mate (10) as a consequence of Theorem 2.4.

2.4. Convergence

Theorem 2.7. Let Assumptions A1–A4 hold and p0 # 2l!!2þ 4aþ 4m". Suppose that
functions bD, rD satisfy all conditions of Theorem 2.4, and

jb!x" ' bD!x"j ( L4Djb!x"j, jr!x" ' rD!x"j ( L4D
1=2jr!x"j2, (11)

for some constant L4 > 0:
Then, for any T> 0, there exists a positive constant CT ¼ C!x0, L, L1, L2, L3, L4, c, g,T"

such that

sup
0(t(T

E jX̂ t ' Xtj
' (

(
CTD

a if 0 < a ( 1
2
,

CT

log
1
D

if a ¼ 0:

8
>>>><

>>>>:

(12)

Moreover, if L1 < 0 and c < 0, then there exists a positive constant
C ¼ C!x0, L, L1, L2, L3, L4, c, g", which does not depend on T, such that

STOCHASTIC ANALYSIS AND APPLICATIONS 5



sup
t#0

E jX̂ t ' Xtj
' (

(
CDa if 0 < a ( 1

2
,

C

log
1
D

if a ¼ 0:

8
>>>><

>>>>:

(13)

The proof of Theorem 2.7 is deferred to Section 3.5.

Remark 2.8. It is straightforward to verify that under Assumptions A1–A4, the func-
tions bD and rD defined in (6) also satisfy condition (11).

3. Proofs

3.1. Proof of Proposition 2.3

Applying Itô’s formula for e'pctjXtjp and the Condition A1, for any p 2 ½2, p0), we have

e'pctjXtjp ¼ jx0jp þ
!t

0
pe'pcsjXsjp'2 'cjXsj2 þ Xsb!Xs" þ

p' 1
2

r2!Xs"
) *

ds

þ
!t

0
pe'pcsjXsjp'1r!Xs"dWs

( jx0jp þ
!t

0
pge'pcsjXsjp'2dsþ

!t

0
pe'pcsjXsjp'1r!Xs"dWs:

(14)

For each N> 0, we consider sN ¼ infft # 0 : jXtj # Ng: It follows from (14) that

E e'pc!t " sN"jXt " sN j
p

h i
( jx0jp þ

!t

0
pgE e'pc!s" sN"jXs" sN j

p'2
h i

ds:

Since !p' 2"jxjp þ 2 # pjxjp'2, we get

E e'pc!t " sN"jXt " sN j
p

h i
( jx0jp þ 2gtepjcjt þ !p' 2"g

!t

0
E e'pc!s" sN"jXs" sN j

p
h i

ds:

It then follows from Gronwall’s inequality that

E e'pc!t " sN"jXt " sN j
p

h i
( jx0jp þ 2gtepjcjt

$ %
e!p'2"gt:

This implies

P sN < t½ ) ( jx0jp þ 2gtepjcjt
$ %

e!p'2"gtepjcjtN'p:

Thus, sN " 1 as N ! 1: It follows from (14) that

E e'pc!t " sN"jXt " sN j
p

h i
( jx0jp þ E

!t " sN

0
pge'pcsjXsjp'2ds

" #

: (15)

Let N ! 1 in (15), and using Fatou’s lemma for the left hand side, and the mono-
tone convergence theorem for the right hand side, we get

6 T.-T. KIEU ET AL.



E e'pctjXtjp
' (

( jx0jp þ
!t

0
pge'pcsE jXsjp'2

' (
ds: (16)

Let p¼ 2, we get

E e'2ctjXtj2
' (

( jx0j2 þ
!t

0
2ge'2csds,

which implies (7) for p¼ 2. Furthermore, thanks to H!older’s inequality, (7) holds for
any p 2 ½0, 2):
Suppose that (7) holds for some p ¼ p1 2 ½0, p0 ' 2), i.e.,

E jXtjp1
' (

( jx20e2ct þ
g
c !e

2ct ' 1"jp1=2 if c 6¼ 0,

jx20 þ 2gtjp1=2 if c ¼ 0:

(

(17)

We shall show that (7) holds for p ¼ p1 þ 2: Thanks to the estimate (16), we have

E e'!p1þ2"ctjXtjp1þ2
' (

( jx0jp1þ2 þ
!t

0
!p1 þ 2"ge'!p1þ2"csE jXsjp1

' (
ds:

If c ¼ 0: using the estimate (17) to obtain

E jXtjp1þ2
' (

( jx0jp1þ2 þ
!t

0
!p1 þ 2"gjx20 þ 2gsjp1=2ds:

¼ jx0jp1þ2 þ jx20 þ 2gtj!p1þ2"=2 ' jx20j
!p1þ2"=2

" #

¼ jx20 þ 2gtj!p1þ2"=2:

If c 6¼ 0: using the estimate (17) to obtain

E e'!p1þ2"ctjXtjp1þ2
' (

( jx0jp1þ2 þ
!t

0
!p1 þ 2"ge'!p1þ2"cs

++++x
2
0e

2cs þ g
c
!e2cs ' 1"

++++
p1=2

ds:

¼ jx0jp1þ2 þ
!t

0
!p1 þ 2"ge'2cs

++++x
2
0 þ

g
c
' g

c
e'2cs

++++
p1=2

ds:

¼ jx0jp1þ2 þ
!t

0

1
2
!p1 þ 2"

++++x
2
0 þ

g
c
' g

c
e'2cs

++++
p1=2

d x20 þ
g
c
' g

c
e'2cs

, -
:

¼ jx0jp1þ2 þ
++++x

2
0 þ

g
c
' g

c
e'2ct

++++
!p1þ2"=2

' jx20j
!p1þ2"=2

¼
++++x

2
0 þ

g
c
' g

c
e'2ct

++++
!p1þ2"=2

:

This implies

E jXtjp1þ2
' (

(
++++x

2
0e

2ct þ g
c
e2ct ' g

c

++++
!p1þ2"=2

¼
++++x

2
0e

2ct þ g
c
!e2ct ' 1"

++++
!p1þ2"=2

:

By the induction principle, we obtain (7) for any p 2 ½0, p0):

STOCHASTIC ANALYSIS AND APPLICATIONS 7



3.2. Yamada and Watanabe approximation

We recall the approximation technique of Yamada and Watanabe (see [13, 15]). For
each d > 1 and e > 0 there exists a continuous function wde : R ! Rþ with
suppwde * ½e=d; e) such that

!e

e=d
wde!z"dz ¼ 1; 0 ( wde!z" (

2
z log d

, z > 0:

Define

/de!x" :¼
!jxj

0

!y

0
wde!z"dzdy, x 2 R:

It is easy to verify that /d! has the following useful properties: for any x 2 R,

YW1. /0
de!x" ¼ x

jxj/
0
de!jxj",

YW2. 0 ( j/0
de!x"j ( 1,

YW3. jxj ( eþ /de!x",
YW4. /0

de!jxj"
jxj ( d

e ,

YW5. /00
de!jxj" ¼ wde!jxj" ( 2

jxj log d 1 e
d;e½ )!jxj" (

2d
e log d :

3.3. Proof of Proposition 2.1

Throughout the proof, we use the following result, which is a consequence of the strong
Markov property of W,

E Ws 'Ws! "rjF s

' (
¼

0 if r is an odd integer
ar!s' s

"
"r=2 if r is an even integer,

(
(18)

for some positive constant ar.

Proof of Proposition 2.1. We also use the projection method like in [11]. However, to
deal with the superlinear growth of r, we use the Yamada-Watanabe function /d!
instead of Lp-norm.
For each H > jx0j, we define a projected approximation scheme as follows:

tH0 ¼ 0, tHkþ1 ¼ tHk þ hD!X̂
H
tHk
",

X̂
H
tHkþ1

¼ PH X̂
H
tHk
þ bD X̂

H
tHk

" #
hD!X̂

H
tHk
" þ rD X̂

H
tHk

" #
!WtHkþ1

'WtHk
"

" #
,

8
<

:

where PH!Y"¢min!1,H=jYj"Y and therefore jX̂H
tHk
j ( H for all k. Thus hD!X̂

H
tHk
" #

C!H, L, l,m"D, which implies that tHk " 1 as k ! 1: We also note that for each k, tHk
is a stopping time and tHkþ1 is F tHk

-measurable. Set t H ¼ maxftHk : tHk ( tg: Then t H is

also a stopping time.
The piecewise constant approximation for intermediate times is again "XH

t ¼ X̂
H
t H ,

and the continuous approximation is

8 T.-T. KIEU ET AL.



X̂
H
t ¼ PH X̂t H

H þ bD X̂ t H
H

" #
!t ' t H" þ rD X̂ t H

H
" #

Wt 'Wt H
$ %" #

¼ PH "XH
t þ bD "XH

t

" #
!t ' t H" þ rD "XH

t

" #
Wt 'Wt H
$ %" #

:

Firstly, we note that PH!Y"¢min!1,H=jYj"Y implies /de!PH!Y"" ( /de!Y": Hence,

/de X̂
H
t

" #
¼ /de PH "XH

t þ bD "XH
t

" #
!t ' t H" þ rD "XH

t

" #
Wt 'Wt H
$ %" #" #

( /de
"XH
t þ bD "XH

t

" #
!t ' t H" þ rD "XH

t

" #
Wt 'Wt H
$ %" #

:

Using Taylor’s expansion, there exists an !F t"-adapted process !nt" such that

/de X̂
H
t

" #
( /de

"XH
t

" #
þ /0

de
"XH
t

" #
bD "XH

t

" #
!t ' t H" þ rD "XH

t

" #
Wt 'Wt H
$ %" #

þ 1
2
/00
de!nt" bD "XH

t

" #
!t ' t H" þ rD "XH

t

" #
Wt 'Wt H
$ %" #2

:

Note that j/00
de!x"j ( 2d

e log d , thus

/de X̂
H
t

" #
( /de

"XH
t

" #
þ /0

de
"XH
t

" #
bD "XH

t

" #
' bD!0"

h i
!t ' t

"

H" þ /0
de

"XH
t

" #
bD!0"!t ' t

"

H"

þ /0
de

"XH
t

" #
rD "XH

t

" #
Wt 'Wt H
$ %

þ 2d
e log d

b2D "XH
t

" #
!t ' t H"2 þ r2D "XH

t

" #
Wt 'Wt H
$ %2

" #
:

Thanks to T3, we get

b2D!"X
H
t "!t ' t H" ( L2b2 "XH

t

" # D

b2 "XH
t

" # ¼ L2D:

It follows from YW3 and T2 that

/0
de

"XH
t

" #
bD "XH

t

" #
' bD!0"

h i
!t ' t

"

H" ¼
/0
de j"XH

t j
" #

j"XH
t j

"XH
t bD "XH

t

" #
' bD!0"

h i
!t ' t

"

H"

( Lj"XH
t j/

0
de j"XH

t j
" #

!t ' t
"

H":

Because jxj/0
de!jxj" ( /de!x" þ e,

/0
de

"XH
t

" #
bD "XH

t

" #
' bD!0"

h i
!t ' t

"

H" ( L /de
"XH
t

" #
þ e

" #
!t ' t

"

H":

Moreover, thanks to T4 and the fact that dW2
t ¼ 2WtdWt þ dt, we have

r2D t
"

H; "XH
t

" #
Wt 'Wt H
$ %2 ( L2

D
2
!t

t
"
H

Ws 'Ws H
$ %

dWs þ !t ' t
"

H"
 !

:
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Hence,

/de X̂
H
t

" #
( 1þ L t ' t H

$ %' (
/de

"XH
t

" #

þ Leþ jbD!0"jþ
2L2dD
e log d

þ 2L2d
eD log d

 !

!t ' t
"

H" þ
!t

t
"
H
/0
de

"XH
s

" #
rD "XH

s

" #
dWs

þ
!t

t
"

H

4L2d
eD log d

Ws 'Ws H
$ %

dWs:

(19)

Note that e'Lt!1þ L!t ' t H"" ( e'Lt H : By multiplying e'Lt to both sides of (19), we
have

e'Lt/de X̂
H
t

" #
( Mt þ e'Lt H /de

"XH
t

" #
þ Leþ jbD!0"jþ

2L2dD
e log d

þ 2L2d
eD log d

 !

e'Lt!t ' t
"

H"

þ e'Lt ' e'L t Hþh "XH
t! "! "

' (
/0
de

"XH
t

" #
rD "XH

t

" #
Wt 'Wt H
$ %þ 4L2d

e log dD
Wt 'Wt H
$ %2 ' t ' t H

$ %h i !

,

(20)

where

Mt ¼
!t

t H
e'L sHþh "XH

s! "! " /0
de

"XH
s

" #
rD "XH

s

" #
þ 4L2d
eD log d

Ws 'Ws H
$ %

 !

dWs:

Let x!t,D" be the modulus of continuity of W, i.e.,

x!t,D" ¼ sup
s1, s22 0, t½ );js2's1j(D

jW!s1" 'W!s2"j:

For any p> 0, it follows from Theorem 1 in [16] that

E jx!t,D"jp
' (

( Cp!D log
2t
D
"p=2: (21)

Therefore,

e'Lt/de X̂
H
t

" #
( Mt þ e

'Lt
"

H

/de
"XH
t

" #
þ Leþ jbD!0"jþ

2L2dD
e log d

þ 2L2d
eD log d

 ! !t

t
"
H
e'Lsds

þ Le'L!t'D"!t ' t
"

H" Lffiffiffiffi
D

p x!t,D" þ 4L2d
eD log d

x!t,D"2
 !

:

(22)

It also follows from (20) that

e'LtHkþ1/de X̂ tHk

" #
( MtHk

þ e'LtHk /de X̂
H
tHk

" #

þ Leþ jbD!0"jþ
2L2dD
e log d

þ 2L2d
eD log d

 ! !tHkþ1

tHk

e'Lsds, (23)

10 T.-T. KIEU ET AL.



where

MtHk
¼

!tHkþ1

tHk

e'L sHþh "XH
s! "! " /0

de
"XH
s

" #
rD "XH

s

" #
þ 4L2d
e log dD

Ws 'Ws H
$ %

 !

dWs:

Summing (23) over multiple timesteps and then adding (22) gives

e'LtjX̂H
t j ( eþ e'Lt/de X̂

H
t

" #

( eþ "Mt þ /de x0! " þ Leþ jbD!0"jþ
2L2dD
e log d

þ 2L2d
eD log d

 ! !t

0
e'Lsds

þ Le'L!t'D"!t ' t
"

H" Lffiffiffiffi
D

p x!t,D" þ 4L2d
eD log d

x!t,D"2
 !

,

where

"Mt ¼
!t

0
e'L sHþh "XH

s! "! " /0
de

"XH
s

" #
rD "XH

s

" #
þ 4L2d
e log dD

Ws 'Ws H
$ %

 !

dWs:

Hence, for any the stopping time s ( t, it follows from (21) that there exists a constant
C ¼ C!x0, e, d,D, L, bD!0"", which does not depend on H such that

E e'LsjX̂H
s j

h i
( C!x0, e, d,D, L, bD!0"" 1þ j log tj

$ %
:

Applying Proposition IV.4.7 in [17], for any p 2 !0, 1", we have

E sup
0(s(t

e'LpsjX̂H
s j

p
) *

( 2' p
1' p

C!x0, e, d,D, L, bD!0""p 1þ j log tj
$ %p

:

Hence,

E sup
0(s(t

jX̂H
s j

p
) *

( 2' p
1' p

C!x0, e, d,D, L, bD!0""p 1þ j log tj
$ %peLpt: (24)

On the other hand, for any T> 0,

P tk < T½ ) ¼ P tk < T, sup
0(s(T

jX̂H
s j >

H
2

" #
þ P tk < T, sup

0(s(T
jX̂H

s j (
H
2

" #
:

It follows from Markov’s inequality and (24) that

P tk < T, sup
0(s(T

jX̂H
s j >

H
2

" #
( P sup

0(s(T
jX̂H

s j >
H
2

" #
( 2

H

, -p

E sup
0(s(t

jX̂H
s j

p
) *

( 2
H

, -p 2' p
1' p

C!x0, e, d,D, L, bD!0""p 1þ j logTj
$ %peLpT :

On the other hand, on the set sup0(s(T jX̂
H
s j ( H

2

n o
, X̂

H
s ¼ X̂ s for all s ( T, which,

in turn, implies that tHk ¼ tk if tk < T: Hence,
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lim sup
k!1

P tk < T, sup
0(s(T

jX̂H
s j (

H
2

" #
( lim sup

k!1
P tHk < T
' (

¼ 0,

which implies that

lim sup
k!1

P tk < T½ ) ( 2
H

, -p 2' p
1' p

C!x0, e, d,D, L, bD!0""p 1þ j logTj
$ %peLpT ,

for any H> 0. Let H ! 1, we get lim supk!1 P tk < T½ ) ¼ 0 for any T> 0. This
implies that limk!1 tk ¼ þ1 almost surely, which is the desired result.

3.4. Proof of Theorem 2.4

We start will the following key estimate on moments of X̂ :

Lemma 3.1. Assume that Conditions T1–T4 hold. Then for any p> 0 and T> 0, there
exists a positive constant C!p, L,T, x0,D" < 1 such that

E sup
0(t(T

jX̂ tjp
) *

( C!p, L,T, x0,D":

Proof. Applying Itô’s formula for e'Lt/de!X̂ t" gives

e'LtjX̂ tj ( e'Lteþ e'Lt/de!X̂ t"

( eþ /de!x0" þ
!t

0
e'Ls 'L/de!X̂ s" þ /0

de!X̂ s"bD!"Xs" þ
1
2
/00
de!X̂s"jrD!"Xs"j2

) *
ds

þ
!t

0
e'Ls/0

de!X̂ s"rD!"Xs"dWs:

Applying Taylor’s expansion for /0
de, there exists an !F s"-adapted process n ¼ !ns"

such that

/0
de!X̂ s"bD!"Xs" ¼ /0

de
"Xs! " þ /00

de!ns" X̂ s ' "Xs

$ %" #
bD "Xs! "

¼ /0
de

"Xs! "bD "Xs! " þ /00
de!ns" bD "Xs! "!s' s" þ rD "Xs! "!Ws 'Ws "

" #
bD "Xs! "

¼ /0
de

"Xs! " bD "Xs! " ' bD!0"
$ %

þ /0
de

"Xs! "bD!0"

þ /00
de
!ns" b2D "Xs! "!s' s" þ bD "Xs! "rD "Xs! "!Ws 'Ws "

" #

¼
/0

de
j"Xsj
$ %

j"Xsj
"Xs bD "Xs! " ' bD!0"
$ %

þ /0
de

"Xs! "bD!0"

þ /00
de!ns" b2D "Xs! "!s' s" þ bD "Xs! "rD "Xs! "!Ws 'Ws "

" #

( Lj"Xsjþ jbD!0"jþ
2d

e log d
CDþ 2d

e log d
jbD "Xs! "rD "Xs! "!Ws 'Ws

"
"j:
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Hence,

e'LtjX̂ tj ( eþ /de!x0" þ
!t

0
e'Ls

)
' L/de!X̂ s" þ Lj"Xsjþ jbD!0"jþ

2d
e log d

CD

þ 2d
e log d

jbD "Xs! "rD "Xs! "!Ws 'Ws
"
"jþ d

e log d
C
D

*
dsþ

!t

0
e'Ls/0

de!X̂ s"rD!"Xs"dWs:

Note that

'/de!X̂ s" þ j"Xsj ( 'jX̂sjþ eþ j"Xsj
( eþ jbD!"Xs"!s' s

"
"jþ jrD!"Xs"!Ws 'Ws

"
"j:

Thus,

e'LtjX̂ tj ( !1þ Lt"eþ /de!x0" þ
!t

0
Le'Ls jbD!"Xs"!s' s"jþ jrD!"Xs"!Ws 'Ws "j

" #
ds

þ
!t

0
e'Ls/0

de!X̂ s"rD!"Xs"dWs

þ
!t

0
e'Ls jbD!0"jþ

2d
e log d

CDþ 2d
e log d

jbD "Xs! "rD "Xs! "!Ws 'Ws "jþ
d

e log d
C
D

) *
ds:

(25)

Note that, for any p> 0, there exists a constant C(p) > 0 such that

E jbD "Xs! "rD "Xs! "!Ws 'Ws "jp
h i

¼ E jbD "Xs! "rD "Xs! "jpE jWs 'Ws jpjF s

h ih i

( C!p"E jbD "Xs! "rD "Xs! "jp!s' s"p=2
h i

:

Thanks to (3) and Condition T4, we have

E jbD "Xs! "rD "Xs! "!Ws 'Ws "jp
h i

( C!p, L":

Therefore, by choosing e ¼ 1, d ¼ 2 in (25), it follows from T1–T4, H!older’s inequal-
ity and Burkholder-Davis-Gundy’s inequality that for any T> 0, there exists a positive
constant C!p, L,T, x0,D" < 1 such that

E sup
0(t(T

jX̂ tjp
) *

( C!p, L,T, x0,D":

w

Proof of Theorem 2.4. Thanks to H!older’s inequality, it is sufficient to show (8) for k is
a positive interger and k ( p0=2: We will use the induction method. Firstly, for k¼ 1,
applying Itô’s formula for e'2ctX̂

2
t , we have

e'2ctX̂
2
t ¼ x20 þ

!t

0
e'2cs '2cX̂

2
s þ 2X̂ sbD!"Xs" þ r2D!"Xs"

" #
dsþ

!t

0
2e'2csX̂ srD!"Xs"dWs:

(26)
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On the other hand, it follows from (5) that

X̂
2
s ¼ "X2

s þ 2"XsbD!"Xs"!s' s
"
" þ b2D!"Xs"!s' s

"
"2 þ r2D!"Xs"!Ws 'Ws

"
"2

þ 2!"Xs þ bD!"Xs"!s' s
"
""rD!"Xs"!Ws 'Ws

"
":

Thanks to T3, (18), and (3),

max j"XsbD!"Xs"!s' s"j, b2D!"Xs"!s' s"2,E r2D!"Xs"!Ws 'Ws "2jF s

h in o
( CD: (27)

Therefore,

E '2cX̂
2
s

h i
( E '2c"X2

s

h i
þ CjcjD: (28)

A similar argument yields

E 2X̂sbD!"Xs"
' (

( E 2"XsbD!"Xs"
' (

þ CjcjD: (29)

It then follows from (8), (26), (28), (29), that

E e'2ctX̂
2
t

h i
( jx0j2 þ C!gþ jcjD"

!t

0
e'2csds: (30)

Note that "Xt ¼ X̂ t ' bD!"Xt"!t ' t" ' rD!"Xt"!Wt 'Wt ", which together with (27)
implies the following estimate for any p> 0,

E j"Xtjp
' (

( 3p'1 E jX̂ tjp
' (

þ E jbD!"Xt"!t ' t "jp
' (

þ E jrD!"Xt"!Wt 'Wt "jp
h i" #

( 3p'1 E jX̂ tjp
' (

þ CDp þ CDp=2
" #

:
(31)

It follows from (30) and (31) that (9) holds for k¼ 1.
Secondly, we assume that (9) holds for any k ( k0 ( ½p0=2) ' 1, we will show that

(9) still holds for k ¼ k0 þ 1:
By applying Itô’s formula for e'pcsX̂

p
t with p ¼ 2!k0 þ 1" being an even integer, we have

e'pctjX̂ tjp ¼ jx0jp þ
!t

0
pe'pcs 'cjX̂ sjp þ X̂

p'1
s bD!"Xs" þ

p' 1
2

jX̂ sjp'2r2D!"Xs"
, -

ds

þ
!t

0
pe'pcsjX̂ sjp'2X̂ srD!"Xs"dWs:

(32)

It follows from (5) and the Newton expansion formula that for any positive integer q,

jX̂ sjq ¼
X

0(i, j, r(q, iþjþr¼q

q!
i!j!r!

"Xs! "i bD!"Xs"!s' s"
$ %j

rD!"Xs"!Ws 'Ws "
" #r

: (33)

Thanks to (18), we have

E 'cjX̂ sjpjF s

h i
¼ 'cj"Xsjp ' pc"XsbD!"Xs"!s' s

"
"j"Xsjp'2

'
X

0(i(p'2, iþjþ2r¼p

cq!
i!j!k!

"Xs! "i bD!"Xs"!s' s"
$ %j

r2D!"Xs"!s' s"
$ %r

a2r:
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Thanks to (27), we get

E 'cjX̂ sjp
' (

( E 'cj"Xsjp
' (

þ Cjcj
Xp'2

i¼0

E j"Xsji
' (

: (34)

Choose q ¼ p' 1 and q ¼ p' 2 in (33), by the same argument, we also have

E X̂
p'1
s bD!"Xs"

h i
( "Xp'1

s bD!"Xs" þ C
Xp'2

i¼0

E j"Xsji
' (

(35)

and

E p' 1
2

jX̂ sjp'2r2D!"Xs"
) *

( p' 1
2

j"Xsjp'2r2D!"Xs" þ C
Xp'2

i¼0

E j"Xsji
' (

: (36)

Combining (34)–(36) to get

E 'cjX̂ sjp þ X̂
p'1
s bD!"Xs" þ

p' 1
2

jX̂sjp'2r2D!"Xs"
) *

( E 'cj"Xsjp þ "Xp'1
s bD!"Xs" þ

p' 1
2

j"Xsjp'2r2D!"Xs"
) *

þ C
Xp'2

i¼0

E j"Xsji
' (

( C
Xp'2

i¼0

E j"Xsji
' (

:

(37)

From (32), (37), (31) and the inductive assumption, we obtain that (9) holds for k ¼
k0 þ 1, which implies the desired result.

3.5. Proof of Theorem 2.7

We need the following uniformly in time bound for the difference between X̂ and "X :

Lemma 3.2. Suppose that coefficients bD, rD satisfy all conditions of Theorem 2.4, then
there exists a positive constant Cp ¼ C!p, L" such that

sup
t#0

E jX̂ t ' "Xtjp
' (

( CpD
p=2, (38)

for any p # 0:

Proof. From (5),

jX̂ t ' "Xtjp ¼ jbD!"Xt"!t ' t
"
" þ rD!"Xt"!Wt 'Wt

"
"jp

( 2p'1 jbD!"Xt"!t ' t "jp þ jrD!"Xt"!Wt 'Wt "jp
" #

( 2p'1 jbD!"Xt"jpjhD!"Xt"jp þ jrD!"Xt"jpjWt 'Wt jp
" #

:
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By applying T3 and (3), we have

jbD!"Xt"hD!"Xt"j (
LD
4

and jrD!"Xt"jhD!"Xt"j1=2j ( LD1=2:

Using (18), we obtain the desired result. w

Proof of Theorem 2.7. Put Yt ¼ Xt ' X̂ t: Applying the property YW3 and Itô’s formula
for e'L1t/de!Yt" gives
e'L1tjYtj ( e'L1teþ e'L1t/de!Yt"

¼ e'L1teþ
!t

0
e'L1s 'L1/de!Ys" þ /0

de!Ys" b!Xs" ' bD!"Xs"
$ %

þ 1
2
/00
de!Ys"jr!Xs" ' rD!"Xs"j2

) *
ds

þ
!t

0
e'L1s/0

de!Ys" r!Xs" ' rD!"Xs"
$ %

dWs:

(39)

Set J1!s" ¼ /0
de!Ys"!b!Xs" ' bD!"Xs"" and J2!s" ¼ 1

2/
00
de!Ys"jr!Xs" ' rD!"Xs"j2: Firstly, we

write

J1!s" ¼ /0
de!Ys" b!Xs" ' b!X̂ s"

$ %
þ /0

de!Ys" b!X̂s" ' b!"Xs"
$ %

þ /0
de!Ys" b!"Xs" ' bD!"Xs"

$ %
:

Thanks to properties YW1, YW2, assumptions A2, A3 and (11), we have

J1!s" (
/0
de!jYsj"
jYsj

Ys b!Xs" ' b!X̂ s"
$ %

þ j/0
de!Ys" b!X̂ s" ' b!"Xs"

$ %
jþ j/0

de!Ys" b!"Xs" ' bD!"Xs"
$ %

j

( L1/0
de!jYsj"jYsjþ L2 1þ jX̂ sjl þ j"Xsjl

" #
jX̂ s ' "Xsjþ CD 1þ j"Xsjlþ1

" #

( L1/0
de!jYsj"jYsjþ

3
2
L2D1=2 1þ jX̂ sj2l þ j"Xsj2l

" #
þ 1
2
L2D'1=2jX̂ s ' "Xsj2 þ CD 1þ j"Xsjlþ1

" #
:

(40)

Secondly, we write

J2!s" ¼
1
2
/00
de!Ys"jr!Xs" ' r!X̂ s" þ r!X̂ s" ' r!"Xs" þ r!"Xs" ' rD!"Xs"j2:
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By using the property YW5, the assumption A4 and (11), we have

J2!s" (
3

jYsj log d
I e

d;e½ )!jYsj" jr!Xs" ' r!X̂s"j2 þ jr!X̂ s" ' r!"Xs"j2 þ jr!"Xs" ' rD!"Xs"j2
$ %

( 3
jYsj log d

I e
d;e½ )!jYsj"!L23 1þ jXsjm þ jX̂ sjm

$ %2jXs ' X̂ sj1þ2aþ

þ L23 1þ jX̂sjm þ j"Xsjm
$ %2jX̂ s ' "Xsj1þ2a þ L4Djr!"Xs"j4"

( 3
jYsj log d

I e
d;e½ )!jYsj"!3L23 1þ jXsj2m þ jX̂ sj2m

$ %
jXs ' X̂sj1þ2aþ

þ 3L23 1þ jX̂ sj2m þ j"Xsj2m
$ %

jX̂ s ' "Xsj1þ2a þ L4Djr!"Xs"j4"

( 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
$ %

þ 9L23d
e log d

1þ jX̂sj2m þ j"Xsj2m
$ %

jX̂ s ' "Xsj2aþ1

þ 3L4dDjr!"Xs"j4

e log d

( 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
$ %

þ 9L23d
2e log d

1þ jX̂ sj2m þ j"Xsj2m
$ %2

D1=2þa

þ 9L23d
2e log d

D'1=2'ajX̂ s ' "Xsj4aþ2 þ CdD j"Xsj2þ4aþ4m þ 1
$ %

e log d

( 9L23e
2a

log d
1þ jXsj2m þ jX̂ sj2m
$ %

þ 27L23d
2e log d

1þ jX̂ sj4m þ j"Xsj4m
$ %

D1=2þa

þ 9L23d
2e log d

D'1=2'ajX̂ s ' "Xsj2þ4a þ CdD j"Xsj2þ4aþ4m þ 1
$ %

e log d
:

(41)

A combination of (39), (40), (41) and the property 'L1/de!x" þ L1/0
de!jxj"jxj (

maxfL1e; 0g implies

E e'L1tjYtj
' (

( e'L1teþ
!t

0
e'L1s½maxfL1e; 0gþ

3
2
L2D1=2 1þ E jX̂ sj2l

h i
þ E j"Xsj2l

h i" #

þ 1
2
L2D'1=2E jX̂ s ' "Xsj2

' (
þ CD 1þ E j"Xsjlþ1

h i" #
þ 9L23e

2a

log d
1þ E jXsj2m

' (
þ E jX̂ sj2m

' ($ %

þ 27L23d
2e log d

1þ E jX̂ sj4m
' (

þ E j"Xsj4m
' ($ %

D1=2þa þ 9L23d
2e log d

D'1=2'aE
)
jX̂ s ' "Xsj2þ4a

*

þ CdD E j"Xsj2þ4aþ4m
' (

þ 1
$ %

e log d

*
ds:

(42)

Thanks to the condition p0 # 2l !!2þ 4aþ 4m", Theorem 2.4, Proposition 2.3, and
Lemma 3.2, for any T> 0, there exists a positive constant CT such that for any t 2
½0,T), it holds that
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E e'L1tjYtj
' (

( e'L1teþ CT eþ D1=2 þ Dþ e2a

log d
þ dD1=2þa

e log d
þ dD
e log d

" # !t

0
e'L1sds: (43)

If a 2 !0; 12 ), choosing e ¼ D1=2, d¼ 2, we obtain

sup
0(t(T

E jYtj½ ) ( CTD
a:

If a¼ 0, choosing e ¼ D1=4, d ¼ D'1=4, we obtain

sup
0(t(T

E jYtj½ ) ( CT

log 1
D

:

We obtain (12). Note that if L1 < 0 and c < 0, we can choose the constant CT in
(43) such that it does not depend on T. Therefore, we also obtain (13). w

4. Examples

We consider four different SDEs with coefficients given in Table 1. These SDEs are
chosen such that: L1 > 0, c < 0 in Case 1; L1 > 0, c < 0 in Case 2; L1 < 0, c > 0 in Case
3; and L1 < 0, c < 0 in Case 4. We choose X0 ¼ 0 in all the cases. It is straightforward
to verify that these equations satisfy Assumptions A1–A4 with constants
p0, L1, c, g, l,m, a given in Table 1 as well. In all these cases, p0 # 2l !!2þ 4aþ 4m",
hence it follows from Theorem 2.7 that the tamed-adaptive Euler-Maruyama approxi-
mation scheme (2) converges in L1-norm at the rate of order a in any finite time inter-
val. Moreover, in Case 4, since L1 < 0 and c < 0, the tamed-adaptive Euler-Maruyama
approximation scheme (2) converges in L1-norm at the rate of order a in infinite
time intervals.
In order to study the empirical rates of convergence of the tamed-adaptive Euler-

Maruyama scheme, we consider

me!l" ¼ 1
M

XM

k¼1

jX̂ !l, k"
1 ' X̂

!lþ1, k"
1 j,

where for each l # 2, !X̂ !l, k""1(k(M is a sequence of independent copies of X̂
!l"

defined
by Equations (2) and (3) with D ¼ 2'l: Note that for each k and l, X̂

!l, k"
1 and X̂

!lþ1, k"
1

must be generated on the same Brownian motion. This can be done by using the
Algorithm 1 in [11].

Table 1. Four SDEs with their parameters.
Case b r p0 L1 c g l m a

1 '1þ x ' x3 1þ !1þ x"x2=3 15 1 –1 18073 2 4
3

1
6

2 '1þ x ' x3 1þ
ffiffiffiffiffiffiffiffiffiffiffi
x4þx4=3

14

q
15 1 13

3
5
6 2 2 1

6

3 '1' x ' x7=3 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x2þx10=3þx4=3

14

q
15 –1 13

3
5
6

4
3 1 1

6

4 '1' x ' x7=3 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x10=3þx4=3

14

q
15 –1 ' 1

6
11
6

4
3 1 1

6
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If X̂
!l"

converges at the rate of order b 2 !0, þ1" in L1-norm, then there exists a
constant b > 0 such that 2blE½jX1 ' X!l"

1 j) ¼ O!1", implying that 2blE½jX̂ !lþ1"
1 ' X̂

!l"
1 j) ¼

O!1" and vice-versa. In this case, we can write log 2me!l" ¼ 'bl þ C þ o!1", for some
constant C 2 R: Thus b can be estimated by the regression method.
Figure 1 shows the simulation result of log 2me!l" for l ¼ 2, :::, 6: We draw the

regression lines to estimate the empirical rates of convergence b in each case. In Case 1,

Figure 1. Values of log 2!me!l"" for l ¼ 2, 3, 4, 5, 6:
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the empirical rate of convergence, which is 0.1668, is almost the same as the theoretical
rate, which is 1/6. In the other cases, the empirical rates are slightly better than the the-
oretical rate.
Note that in Case 4, the tamed-adaptive Euler-Maruyama approximation converges in

infinitive time intervals while in other cases, it converges in any finite time intervals.
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Abstract
A tamed-adaptive Euler–Maruyama approximation scheme is proposed for Lévy-driven
stochastic differential equations with locally Lipschitz continuous, polynomial growth drift,
and locally Hölder continuous, polynomial growth diffusion coefficients. The new scheme
converges in both finite and infinite time intervals under some suitable conditions on the
regularity and the growth of the coefficients.

Keywords Euler–Maruyama approximation · Hölder continuous diffusion · Strong
approximation · Polynomial growth coefficient

Mathematics Subject Classification 60H35 · 60H10 · 65C30

1 Introduction

Throughout this paper, we consider the process X = (Xt )t!0 as a solution to the following
stochastic differential equation (SDE) with jumps
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Xt = x0 +
⎪ t

0
b(Xs)ds +

⎪ t

0
σ (Xs)dWs +

⎪ t

0
c (Xs−) dZs, (1)

for t ! 0, where x0 ∈ R, W = (Wt )t!0 is a one-dimensional standard Brownian motion and
Z = (Zt )t!0 is a one-dimensional centered pure jump Lévy process (independent ofW ) with
Lévy measure ν satisfying

⎨
R(1∧ z2)ν(dz) < +∞. Two processesW and Z are defined on a

complete probability space (#,F,P) equipped with the natural filtration (Ft )t!0 generated
by W and Z and augmented by all the null sets in F so that it satisfies the usual conditions.
The Lévy-Itô decomposition of Z takes the form

Zt =
⎪ t

0

⎪

R0

z(N (ds, dz) − ν(dz)ds),

for any t ! 0, where R0 := R\{0}. Here, N is a Poisson random measure on (R+ ×
R0,B(R+ × R0)) associated with the jumps of the Lévy process Z with intensity measure
ν(dz)dt . That is,

N (dt, dz) :=
⎩

0≤s≤t

1{$Zs (=0}δ(s,$Zs )(ds, dz).

Here, the jump amplitude of Z at time s is defined as $Zs := Zs − Zs− := Zs − limu↑s Zu
for any s > 0,$Z0 := 0, δ(s,z) denotes the Dirac measure at the point (s, z) ∈ R+ ×R0, and
B(R+×R0) denotes the Borel σ -algebra onR+×R0. Let Ñ (dt, dz) := N (dt, dz)−ν(dz)dt
denote the corresponding compensated Poisson random measure. The coefficients b, σ and
c are real-valued measurable functions that will be specified later on. The integral equation
of (1) can be written as

Xt = x0 +
⎪ t

0
b(Xs)ds +

⎪ t

0
σ (Xs)dWs +

⎪ t

0

⎪

R0

c (Xs−) z Ñ (ds, dz).

Such Lévy-driven SDEs arise in many applications (see Cont and Tankov 2003; Oksendal
and Sulem 2007 and the references therein). Therefore, it is important to find effective meth-
ods to solve suchSDEsnumerically. Thenumerical approximation forLévy-drivenSDEswith
Lipschitz continuous coefficients has been well studied (see Platen and Bruti-Liberati 2010;
Jacod 2004). However, numerical analysis for Lévy-driven SDEs with non-Lipschitz coeffi-
cients is still a very active research area. It is well known that the classical Euler–Maruyama
approximationmay not convergewhen applying for SDEswith super-linearly growing coeffi-
cients (see Hutzenthaler et al. 2011). Several modified Euler–Maruyama schemes have been
proposed for Lévy-driven SDEs with locally Lipschitz and super-linearly growing coeffi-
cients (see Higham andKloeden 2005, 2006, 2007; Dareiotis et al. 2016; Kumar and Sabanis
2017a, b; Chen and Gan 2020; Chen et al. 2019; Deng et al. 2019; Li et al. 2021 and the ref-
erences therein). The first explicit approximation for SDEs driven by Brownian motion with
super-linearly growing drift coefficients is the tamed Euler–Maruyama schemes, which was
introduced in Hutzenthaler et al. (2012) (see also Sabanis 2013; Hutzenthaler and Jentzen
2015, 2020). The strong convergence of Euler–Maruyama schemes for Lévy-driven SDEs
with Hölder continuous diffusion coefficient has been studied in Li and Taguchi (2019a, b)
and Yang and Wang (2017).

Note that, all the works mentioned above only considered the convergence of the approx-
imation scheme in a finite time interval, say [0, T ] with T < ∞. For SDEs driven only by
Brownian motions, the approximation in infinite time interval has just been studied recently
by Fang and Giles (2020). They introduced an adaptive Euler–Maruyama approximation
scheme and showed its strong convergence in the interval [0,∞) when applying for SDEs
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whose coefficients b and σ satisfy the contractive Lipschitz condition [Assumption 9 in Fang
and Giles (2020)], b is locally Lipschitz and of polynomial growth, and σ is globally Lip-
schitz continuous. In Kieu et al. (2022), we introduced a tamed-adapted Euler–Maruyama
approximation scheme and considered its strong convergence in L1-norm on the time interval
[0,∞) when applying for SDEs with locally Hölder continuous diffusion coefficients and
superlinear growth coefficients.

This paper aims to propose a tamed-adaptive Euler–Maruyama approximation scheme
for the Lévy-driven SDEs (1) where σ is locally Hölder continuous; σ and b are superlinear
growth and c is Lipschitz continuous. We study the strong convergence of the scheme in both
finite and infinite time intervals. Our finding extends the result in Fang and Giles (2020) and
Kieu et al. (2022), which considered SDEs driven by Brownian motions, for a class of Lévy-
driven SDEs. To the best of our knowledge, this is the first paper to construct a numerical
scheme for Lévy-driven SDEs which converges in the infinite time interval [0,∞).

The rest of this paper is organized as follows. Section 2 provides a condition for the
existence and uniqueness of the solution of Lévy-driven SDEs with irregular coefficients
and an estimate for its moments. Section 3 introduces the tamed-adaptive Euler–Maruyama
scheme and studies its convergence in both finite and infinite time intervals. Section 4 presents
a numerical study for the tamed-adaptive scheme. The proof of the existence and uniqueness
of the solution is given in “Appendix”.

In all that follows, positive constants will be denoted by C whose value may change from
one line to the next, and Qn denotes polynomials of degree n.

2 Lévy-driven SDEs with irregular coefficients

The existence and uniqueness of the solution to Lévy-driven SDEs with non-Lipschitz coef-
ficients have been studied by many authors (see Li and Mytnik 2011; Xi and Zhu 2019;
Gou et al. 2020 and the references therein). In the following, we present another version of
their result for SDEs with locally Hölder continuous diffusion coefficients and super-linearly
growing drift and diffusion coefficients.

Theorem 2.1 Assume that the coefficients b, c and σ satisfy the following conditions:

C1. There exists a positive constant L0 such that

|c(x)| ≤ L0(1+ |x |),

for any x ∈ R.
C2. For some p0 ∈ [2;+∞), there exist constants γ ∈ R, η ∈ [0;+∞) such that

xb(x)+ p0 − 1
2

σ 2(x)+ c2(x)
2L0

⎪

R0

|z|
(
(1+ L0|z|)p0−1 − 1

)
ν(dz) ≤ γ x2 + η,

for any x ∈ R.
C3. Coefficient b is locally Lipschitz: for any R > 0, there exists a positive constant L R

such that

|b(x) − b(y)| ≤ LR |x − y|,

for all |x | ∨ |y| ≤ R.

123



  301 Page 4 of 31 T.-T. Kieu et al.

C4. Coefficient σ is locally
(
( + 1

2

)
-Hölder continuous: for any R > 0, there exist positive

constants L R and ( ∈
(
0, 1

2

]
such that

|σ (x) − σ (y)| ≤ LR |x − y|1/2+(,

for all |x | ∨ |y| ≤ R.
C5. Coefficient c is locally Lipschitz: for any R > 0, there exists a positive constant L R

such that

|c(x) − c(y)| ≤ LR |x − y|,
for all |x | ∨ |y| ≤ R.

Assume further that the Lévy measure satisfies
⎨
R0

|z|ν(dz) < ∞ and
⎨
R0

z2ν(dz) < ∞.
Then, the path-wise uniqueness holds for Eq. (1).

Moreover, suppose that there exist positive constants C and ) ∈ (0; p0
4
] such that

|b(x)| ∨ |σ (x)| ∨ |c(x)| ≤ C
(
1+ |x |)

)
,

for all x ∈ R, where p0 is defined in Condition C2. Then the Eq. (1) has a strong solution.

The proof of Theorem 2.1 will be given in the “Appendix 5”.

Remark 2.2 Since (1+ L0|z|)x is an increasing function for x ! 1, it follows from Condition
C2 that for any p ∈ [2, p0] and x ∈ R,

xb(x)+ p − 1
2

σ 2(x)+ c2(x)
2L0

⎪

R0

|z|
(
(1+ L0|z|)p−1 − 1

)
ν(dz) ≤ γ x2 + η.

We need some moment estimates of the exact solution.

Proposition 2.3 Assume that coefficients b, c, σ and the Lévy measure ν satisfy conditions
C1, C2, σ is bounded on every compact subset of R, and
C6.

⎨
|z|>1 |z|pν(dz) < ∞ for all p ∈ [1; 2p0] and

⎨
0<|z|≤1 |z|ν(dz) < ∞.

Assume further that X = (Xt )t!0 is a solution to Eq. (1). Then, for any p ∈ (0, p0], there
exists a positive constant Cp such that for any t ! 0,

E
[
|Xt |p

]
≤
{
Cp(1+ eγ pt ) if γ (= 0,
Cp(1+ t)p/2 if γ = 0.

(2)

Note that when γ < 0, we have supt!0 E
[
|Xt |p

]
≤ 2Cp .

We recall Kunita’s inequality and Burkholder–Davis–Gundy’s inequality with jumps.

Lemma 2.4 [Applebaum (2009, Theorem 4.4.23) and Zhu et al. (2019, Proposition 2.2)] Let
P be the progressive σ -algebra onR+ ×# and B(R0) be the Borel σ -algebra ofR0. Assume
that h is a P + B(R0)-measurable function such that

⎨ T
0

⎨
R0

|h(s, z)|2ν(dz)ds < ∞ P-a.s.
for all T ! 0. Then, for any p ! 2, there exists a constant C = C(p) > 0 such that

E
[

sup
0≤t≤T

∣∣∣∣

⎪ t

0

⎪

R0

h(s, z)Ñ (ds, dz)
∣∣∣∣
p
]

≤ C



E




(⎪ T

0

⎪

R0

|h(s, z)|2ν(dz)ds
) p

2



+ E
[⎪ T

0

⎪

R0

|h(s, z)|pν(dz)ds
]

 .
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Moreover, for any 1 ≤ p < 2, there exists a constant C = C(p) > 0 such that

E
[

sup
0≤t≤T

∣∣∣∣

⎪ t

0

⎪

R0

h(s, z)Ñ (ds, dz)
∣∣∣∣
p
]

≤ CE




(⎪ T

0

⎪

R0

|h(s, z)|2ν(dz)ds
) p

2



 .

Proof of Proposition 2.3 Let p ∈ [2, p0] be an even natural number. Applying Itô’s formula
to e−pγ t X p

t , we have for any t ! 0,

e−pγ t X p
t = x p

0 + p
⎪ t

0
e−pγ s

(
−γ X p

s + X p−1
s b (Xs)+

p − 1
2

X p−2
s σ 2 (Xs)

)
ds

+
⎪ t

0

⎪

R0

e−pγ s
[
(Xs + c (Xs) z)p − X p

s − pX p−1
s c (Xs) z

]
ν(dz)ds

+ p
⎪ t

0
e−pγ s X p−1

s σ (Xs) dWs +
⎪ t

0

⎪

R0

e−pγ s [(Xs− + c (Xs−) z)p − X p
s−
]

Ñ (ds, dz). (3)

Then, applying (3) to p = 2, using C2 and Remark 2.2, we get

e−2γ t X2
t

= x20 + 2
⎪ t

0
e−2γ s

[
−γ X2

s + Xsb (Xs)+
1
2
σ 2 (Xs)+

1
2
c2 (Xs)

⎪

R0

z2ν (dz)
]
ds

+ 2
⎪ t

0
e−2γ s Xsσ (Xs) dWs +

⎪ t

0

⎪

R0

e−2γ s [2Xs−c (Xs−) z + c2 (Xs−) z2
]
Ñ (ds, dz)

≤ x20 + 2η
⎪ t

0
e−2γ sds + 2

⎪ t

0
e−2γ s Xsσ (Xs) dWs

+
⎪ t

0

⎪

R0

e−2γ s [2Xs−c (Xs−) z + c2 (Xs−) z2
]
Ñ (ds, dz). (4)

Now, for each N > 0, we denote τN := inf{t ! 0 : |Xt | ! N }. Then, using (4), the fact that
σ is bounded on every compact subset of R and Condition C1, we obtain

E
[
e−2γ (t∧τN )X2

t∧τN

]
≤ x20 + 2η

⎪ t

0
e−2γ sds. (5)

This implies that

P(τN < t) ≤
(
x20 + 2η

⎪ t

0
e−2γ sds

)
N−2,

which deduces that τN ↑ ∞ a.s. as N ↑ ∞. Now, let N ↑ ∞ and using Fatou’s lemma for
the left-hand side of (5), we obtain

E
[
e−2γ t X2

t
]

≤ x20 + 2η
⎪ t

0
e−2γ sds.

If γ = 0 :

E
[
X2
t
]

≤ x20 + 2ηt .

If γ (= 0 :

E
[
X2
t
]

≤
(
x20 +

η

γ

)
e2γ t − η

γ
.
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Thus, (2) holds for p = 2. Thanks to Hölder’s inequality, (2) is also valid for p ∈ (0; 2].
Now, we suppose that (2) holds for all even integer q ∈ [0, p − 2] with even integer p,

i.e.,

E
[
Xq
t
]

≤
{
Cq(1+ eγ qt ) if γ (= 0,
Cq(1+ t)q/2 if γ = 0.

We shall show that (2) holds for p. For this, using the binomial theorem, we have

(Xs + c (Xs) z)p − X p
s − pX p−1

s c (Xs) z =
(
p
2

)
X p−2
s c2 (Xs) z2

+
p⎩

i=3

(
p
i

)
X p−i
s ci (Xs) zi . (6)

For all 3 ≤ i ≤ p, using Condition C1, the binomial theorem and the fact that |x |p−3 ≤
1
2 (|x |p−2 + |x |p−4) valid for any x ∈ R, we get that

X p−i
s ci (Xs)

= X p−i
s c2 (Xs) ci−2 (Xs)

≤ |Xs |p−i c2 (Xs) L
i−2
0 (1+ |Xs |)i−2

= |Xs |p−i c2 (Xs) Li−2
0



|Xs |i−2 + (i − 2)|Xs |i−3 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |i−2− j





= c2 (Xs) L
i−2
0



|Xs |p−2 + (i − 2)|Xs |p−3 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j





≤ c2 (Xs) L
i−2
0



|Xs |p−2 + (i − 2)
1
2

(
|Xs |p−2 + |Xs |p−4)+

i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j





= c2 (Xs) L
i−2
0



 i
2
|Xs |p−2 + i − 2

2
|Xs |p−4 +

i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j



 .

This, combined with the fact that
∑p

i=2

(p
i

)
iai = pa

(
(1+ a)p−1 − 1

)
valid for any a ∈ R,

we obtain that

(Xs + c (Xs) z)p − X p
s − pX p−1

s c (Xs) z

≤
(
p
2

)
|Xs |p−2c2 (Xs) z2 + c2 (Xs) |Xs |p−2

p⎩

i=3

(
p
i

)
Li−2
0

i
2
|z|i

+ c2 (Xs)

p⎩

i=3

(
p
i

)
Li−2
0



 i − 2
2

|Xs |p−4 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j



 |z|i

= c2 (Xs) |Xs |p−2 1

2L2
0

p⎩

i=2

(
p
i

)
i(L0|z|)i
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+ c2 (Xs)

p⎩

i=3

(
p
i

)
Li−2
0



 i − 2
2

|Xs |p−4 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j



 |z|i

= c2 (Xs) |Xs |p−2 p
2L0

|z|
(
(1+ L0|z|)p−1 − 1

)

+ c2 (Xs)

p⎩

i=3

(
p
i

)
Li−2
0



 i − 2
2

|Xs |p−4 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j



 |z|i . (7)

Therefore, inserting (7) into (3), using Condition C2, Remark 2.2 and c2(x) ≤ 2L2
0(1+ x2)

for any x ∈ R, we get

e−pγ t X p
t

≤ x p
0 + p

⎪ t

0
e−pγ s X p−2

s

[
− γ X2

s + Xsb (Xs)+
p − 1
2

σ 2 (Xs)+
c2 (Xs)

2L0

⎪

R0

|z|
(
(1+ L0|z|)p−1 − 1

)
ν(dz)

]
ds

+
⎪ t

0
e−pγ sc2 (Xs)

p⎩

i=3

(
p
i

)
Li−2
0



 i − 2
2

|Xs |p−4 +
i−2⎩

j=2

(
i − 2
j

)
|Xs |p−2− j




⎪

R0

|z|iν(dz)ds

+ p
⎪ t

0
e−pγ s X p−1

s σ (Xs) dWs +
⎪ t

0

⎪

R0

e−pγ s [(Xs− + c (Xs−) z)p − X p
s−
]
Ñ (ds, dz)

≤ x p
0 + pη

⎪ t

0
e−pγ s X p−2

s ds

+ 2
⎪ t

0
e−pγ s

p⎩

i=3

(
p
i

)
Li
0



 i − 2
2

(
|Xs |p−4 + |Xs |p−2)+

i−2⎩

j=2

(
i − 2
j

)(
|Xs |p−2− j + |Xs |p− j

)




×
⎪

R0

|z|iν(dz)ds + p
⎪ t

0
e−pγ s X p−1

s σ (Xs) dWs

+
⎪ t

0

⎪

R0

e−pγ s [(Xs− + c (Xs−) z)p − X p
s−
]
Ñ (ds, dz). (8)

Now, it suffices to use the same argument as in the case p = 2 by replacing t by t ∧ τN in
(8) and taking expectations on both sides to get that

E
[
e−pγ (t∧τN )X p

t∧τN

]
≤ x p

0 + pη
⎪ t

0
e−pγ sE

[
X p−2
s

]
ds

+ 2
⎪ t

0
e−pγ s

p⎩

i=3

(
p
i

)
Li
0

(
i − 2
2

(
E
[
|Xs |p−4]+ E

[
|Xs |p−2])

+
i−2⎩

j=2

(
i − 2
j

)(
E
[
|Xs |p−2− j

]
+ E

[
|Xs |p− j

]))⎪

R0

|z|iν(dz)ds.

(9)

Then, using the fact that τN ↑ ∞ a.s. as N ↑ ∞, letting N ↑ ∞ on the left hand side of (9)
and using Fatou’s lemma and C6, we get

E
[
e−pγ t X p

t
]

≤ x p
0 + pη

⎪ t

0
e−pγ sE

[
X p−2
s

]
ds + C

⎪ t

0
e−pγ s

p⎩

i=2

E
[
|Xs |p−i

]
ds.
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Now, it suffices to use the inductive assumption.
If γ = 0 :

E
[
X p
t
]

≤ x p
0 + Cp

⎪ t

0
(1+ s)p/2−1ds + Cp

p⎩

i=2

⎪ t

0
(1+ s)(p−i)/2ds

≤ Cp (1+ t)p/2 .

If γ (= 0 :

E
[
e−pγ t X p

t
]

≤ x p
0 + Cp

⎪ t

0
e−pγ s

(
1+ eγ (p−2)s

)
ds + Cp

p⎩

i=2

⎪ t

0
e−pγ s

(
1+ eγ (p−i)s

)
ds

≤ Cp + Cpe−pγ t .

This implies that

E
[
X p
t
]

≤ Cp + Cpeγ pt .

Therefore, (2) is valid for p. By the induction principle, (2) holds for any even natural number
p ∈ [2, p0]. Finally, using Hölder’s inequality, we finish the proof for any p ∈ (0, p0]. ,-

3 Tamed-adaptive Euler–Maruyama scheme

3.1 Definition of the tamed-adaptive Euler–Maruyama scheme

For each$ ∈ (0, 1), the tamed-adaptive Euler–Maruyama discretisation of Eq. (1) is defined
as follows
{

t0 = 0, X̂0 = x0, tk+1 = tk + h(X̂tk )$,

X̂tk+1 = X̂tk + b(X̂tk ) (tk+1 − tk)+ σ$(X̂tk )(Wtk+1 − Wtk )+ c$

(
X̂tk
) (

Ztk+1 − Ztk
)
,

(10)

where

h(x) = 1
(1+ |b(x)| + |σ (x)| + |x |l)2 + |c(x)|p0 , (11)

Here, l, p0 are some positive constants and l ! 1, p0 ! 2. Moreover, c$, σ$ are some
approximations of c, σ , and their conditions will be specified later on.

The next result provides a sufficient condition for tk → ∞ as k → ∞, which implies that
the tamed adaptive approximation scheme (10) is well defined.

Proposition 3.1 Suppose that there exist positive constants L and β such that the coefficients
b, c, σ, c$, σ$ satisfy the following conditions

T1. |b(x)| ∨ |σ (x)| ≤ L
(
1+ |x |β

)
;

T2. x(b(x) − b(0)) ≤ L|x |2;
T3. |σ$(x)| ≤ L|σ (x)| and |c$(x)| ≤ |c(x)|;
T4. |σ$(x)| ≤ L√

$
; |c$(x)| ≤ L√

$
and |b(x)c$(x)| ≤ L√

$
;
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for any x ∈ R. Assume further that the Lévy measure satisfies
⎨
R0

z2ν(dz) < ∞. Then

lim
k→+∞

tk = +∞ a.s.

We recall the approximation technique of Yamada andWatanabe (see Yamada andWatan-
abe 1971; Gyöngy and Rásonyi 2011). For each δ > 1 and , > 0, there exists a continuous
function ψδ, : R → R+ with suppψδ, ⊂ [,/δ; ,] such that

⎪ ,

,/δ
ψδ,(z)dz = 1; 0 ≤ ψδ,(z) ≤ 2

z log δ
, z > 0.

Then, we define

.δ,(x) :=
⎪ |x |

0

⎪ y

0
ψδ,(z)dzdy, x ∈ R.

It can be checked that .δ/ has the following useful properties: for any x ∈ R,

YW1. .′
δ,(x) =

x
|x |.

′
δ, (|x |),

YW2. 0 ≤
∣∣.′

δ,(x)
∣∣ ≤ 1,

YW3. |x | ≤ , + .δ,(x),

YW4.
.′

δ,(|x |)
|x | ≤ δ

,
,

YW5. .′′
δ, (|x |) = ψδ,(|x |) ≤ 2

|x | log δ
1[ ,

δ ;,
](|x |) ≤ 2δ

, log δ
.

Proof of Proposition 3.1 We will adapt the projection method in Kieu et al. (2022) (see also
Fang and Giles 2020). For each H > |x0|, a projected approximation scheme is defined as
follows






t H0 = 0, t Hk+1 = t Hk + h(X̂ H
t Hk
)$,

X̂ H
t Hk+1

= PH

(
X̂ H
t Hk

+ b
(
X̂ H
t Hk

)
h
(
X̂ H
t Hk

)
$

+σ$

(
X̂ H
t Hk

)
(WtHk+1

− WtHk
)+ c$

(
X̂ H
t Hk

)
(ZtHk+1

− ZtHk
)

)
,

where PH (Y ) := min
(
1,

H
|Y |

)
Y . Observe that

∣∣∣∣X̂
H
t Hk

∣∣∣∣ ≤ H for all k. Thus h(X̂ H
t Hk
)$ !

C(H , L, l,m)$, which implies that t Hk ↑ ∞ as k → ∞. We note that for each k, t Hk is a
stopping time and t Hk+1 is Ft Hk

-measurable. Set t H = max{t Hk : t Hk ≤ t}. Then t H is also a
stopping time. Throughout the proof, we use the following result which is a consequence of
the strong Markov property of W

E
[(

Wt − WtH

)r ∣∣Ft H

]
=
{
0 if r is an odd integer
(r (t − t H )r/2 if r is an even integer,

(12)

for some positive constant (r .
The continuous approximation is given by

X̂ H
t

= PH

(
X̂ H
t H + b

(
X̂ H
t H

) (
t − t H

)
+ σ$

(
XH
tH

) (
Wt − WtH

)
+ c$

(
X̂ H
t H

) (
Zt − ZtH

))
.

First, the fact that PH (Y ) = min(1, H/|Y |)Y implies .δ, (PH (Y )) ≤ .δ,(Y ). Therefore,
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.δ,

(
X̂ H
t

)
= .δ,

[
PH

(
X̂ H
t H + b

(
X̂ H
t H

)
(t − t H )+ σ$

(
X̂ H
t H

) (
Wt − WtH

)
+ c$

(
X̂ H
t H

) (
Zt − ZtH

))]

≤ .δ,

(
X̂ H
t H + b

(
X̂ H
t H

)
(t − t H )+ σ$

(
X̂ H
t H

) (
Wt − WtH

)
+ c$

(
X̂ H
t H

) (
Zt − ZtH

))
.

Next, using Taylor’s expansion, there exists an (Ft )-adapted process (ξt ) such that

.δ,

(
X̂ H
t

)

≤ .δ,

(
X̂ H
t H

)
+ .′

δ,

(
X̂ H
t H

) [
b
(
X̂ H
t H

)
(t − t H )

+σ$

(
X̂ H
t H

) (
Wt − WtH

)
+ c$

(
X̂ H
t H

) (
Zt − ZtH

)]
+ 1

2
.′′

δ,(ξt )
[
b
(
X̂ H
t H

)
(t − t H )

+σ$

(
X̂ H
t H

) (
Wt − WtH

)
+ c$

(
X̂ H
t H

) (
Zt − ZtH

)]2
.

Recall that |.′′
δ,(x)| ≤ 2δ

, log δ . Thus,

.δ,

(
X̂ H
t

)

≤ .δ,

(
X̂ H
t H

)
+ .′

δ,

(
X̂ H
t H

) [
b
(
X̂ H
t H

)
− b(0)

]
(t − t H )+ .′

δ,

(
X̂ H
t H

)
b (0) (t − t H )

+ .′
δ,

(
X̂ H
t H

)
σ$

(
X̂ H
t H

) (
Wt − WtH

)
+ .′

δ,

(
X̂ H
t H

)
c$

(
X̂ H
t H

) (
Zt − ZtH

)

+ 3δ
, log δ

(
b2
(
X̂ H
t H

)
(t − t H )2 + σ 2

$

(
X̂ H
t H

) (
Wt − WtH

)2

+c2$
(
X̂ H
t H

) (
Zt − ZtH

)2)
.

Using (11), we get

b2(X̂ H
t H )(t − t H ) ≤ b2

(
X̂ H
t H

)
h
(
X̂ H
t H

)
$ ≤ $.

Using YW3, T2 and the fact that |x |.′
δ, (|x |) ≤ .δ, (x)+ ,, we get

.′
δ,

(
X̂ H
t H

) [
b
(
X̂ H
t H

)
− b(0)

]
(t − t H )

=
.′

δ,

(
|X̂ H

t H |
)

|X̂ H
t H |

X̂ H
t H

[
b
(
X̂ H
t H

)
− b(0)

]
(t − t H )

≤ L
∣∣∣X̂ H

t H

∣∣∣.′
δ,

(
|X̂ H

t H |
)
(t − t H )

≤ L
(
.δ,

(
X̂ H
t H

)
+ ,
)
(t − t H ).

Now, using T4 and the fact that dW 2
t = 2WtdWt + dt , we have

σ 2
$

(
X̂ H
t H

) (
Wt − WtH

)2
≤ L2

$

(

2
⎪ t

t H

(
Ws − WsH

)
dWs + (t − t H )

)

.

Moreover, the Itô’s formula yields
(
Zt − ZtH

)2
= (t − t H )

⎪

R0

z2ν(dz)+
⎪ t

t H

⎪

R0

[
z2 + 2z

(
Zs− − ZtH

)]
Ñ (ds, dz).
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This, together with T4, gives

c2$
(
X̂ H
t H

) (
Zt − ZtH

)2

≤ L2 (t − t H
)

$

⎪

R0

z2ν(dz)+ L2

$

⎪ t

t H

⎪

R0

[
z2 + 2z

(
Zs− − ZsH

)]
Ñ (ds, dz).

Consequently, we have shown that

.δ,

(
X̂ H
t

)

≤
[
1+ L

(
t − t H

)]
.δ,

(
X̂ H
t H

)

+
(
L, + |b(0)| + 3δ$

, log δ
+ 3δL2

$, log δ
+ 3δL2

$, log δ

⎪

R0

z2ν(dz)
)(

t − t H
)

+
⎪ t

t H

[
.′

δe

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+
⎪ t

t H

⎪

R0

[
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z + 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ (ds, dz).

(13)

Note that e−Lt (1 + L(t − t H )) ≤ e−Lt H . Then, multiplying by e−Lt in both sides of (13),
we have

e−Lt.δ,

(
X̂ H
t

)

≤ e−Lt H .δ,

(
X̂ H
t H

)
+ C(b(0), L,$, ,, δ)

⎪ t

t H
e−Lsds

+ e−Lt
⎪ t

t H

[
.′

δe

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+ e−Lt
⎪ t

t H

⎪

R0

[
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z

+ 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ (ds, dz). (14)

Now, from (14), we get

e−Lt Hk+1.δ,

(
X̂ H
t Hk+1

)

≤ e−Lt Hk .δ,

(
X̂ H
t Hk

)
+ C(b(0), L,$, ,, δ)

⎪ t Hk+1

t Hk

e−Lsds

+ e−Lt Hk+1

⎪ t Hk+1

t Hk

[
.′

δe

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+ e−Lt Hk+1

⎪ t Hk+1

t Hk

⎪

R0

[
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z

+ 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ (ds, dz). (15)
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Summing (15) over multiple timesteps and adding (14), we obtain

e−Lt.δ,

(
X̂ H
t

)
≤ .δ, (x0)+ C(b(0), L,$, ,, δ)

⎪ t

0
e−Lsds

+
⎪ t

0
e
−L
(
sH+h

(
X̂ H
sH

)) [
.′

δe

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+
⎪ t

0

⎪

R0

e
−L
(
sH+h

(
X̂ H
sH

)) [
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z

+ 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZsH

))]
Ñ (ds, dz)+



e−Lt − e
−L
(
t H+h

(
X̂ H
tH

))



×
⎪ t

t H

[
.′

δ,

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+



e−Lt − e
−L
(
t H+h

(
X̂ H
tH

))


⎪ t

t H

⎪

R0

[
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z

+ 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZH

s

))]
Ñ (ds, dz)

≤ .δ, (x0)+ C(b(0), L,$, ,, δ)

⎪ t

0
e−Lsds

+
⎪ t

0
e
−L
(
sH+h

(
X̂ H
sH

)) [
.′

δe

(
X̂ H
sH

)
σ$

(
X̂ H
sH

)
+ 6δL2

$, log δ

(
Ws − WsH

)]
dWs

+
⎪ t

0

⎪

R0

e
−L
(
sH+h

(
X̂ H
sH

)) [
.′

δ,

(
X̂ H
sH

)
c$

(
X̂ H
sH

)
z

+ 3δL2

$, log δ

(
z2 + 2z

(
Zs− − ZsH

))]

Ñ (ds, dz)

+ L$

(
2L√
$

sup
0≤s≤t

|Ws | +
12δL2

$, log δ
sup

0≤s≤t
|Ws |2

)

+ L$

(
2L√
$

sup
0≤s≤t

|Zs | +
12δL2

$, log δ
sup

0≤s≤t
|Zs |2

)

.

Now, using Lemma 2.4, we have

E
[

sup
0≤s≤t

|Zs |
]

≤ C
√
t
(⎪

R0

z2ν(dz)
) 1

2

; E
[

sup
0≤s≤t

Z2
s

]

≤ Ct
⎪

R0

z2ν(dz).

Hence, for any the stopping time τ ≤ t , it follows from the modulus of continuity of W and
the Condition C6 that there exists a positive constant C = C(x0, ,, δ,$, L, b(0), t), which
does not depend on H such that

E
[
e−Lτ

∣∣∣X̂ H
τ

∣∣∣
]

≤ C(x0, ,, δ,$, L, b(0), t).
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From this point forward, by repeating the argument in the proof of Proposition 2.1 in Kieu
et al. (2022) we obtain the desired result. ,-

Under the assumptions of Proposition 3.1, the nearest time point before t is defined by
t := max {tn : tn ≤ t}, and the number of time steps approximation up to time t is defined
by Nt := max {n : tn ≤ t}. Observe that t is a stopping time. Then, the standard continuous
interpolant is defined by

X̂t = X̂t + b
(
X̂t
)
(t − t)+ σ$

(
X̂t
) (
Wt − Wt

)
+ c$

(
X̂t−

) (
Zt − Zt

)
. (16)

Hence, X̂ = (X̂t )t!0 is the solution of the following SDE

d X̂t = b(X̂t )dt + σ$

(
X̂t
)
dWt + c$

(
X̂t−

)
dZt , X̂0 = x0. (17)

3.2 Moments of the tamed-adaptive Euler–Maruyama scheme

We first provide the following preliminary estimate on the moments of X̂ .

Lemma 3.2 Assume that Conditions T1–T4 and C6 hold. Then for any p ∈ [1; 2p0] and
T > 0, there exists a positive constant C(p, L, T , x0,$) such that

E
[

sup
0≤t≤T

|X̂t |p
]

≤ C(p, L, T , x0,$).

Proof Using the property YW3 and applying Itô’s formula for e−Lt.δ,(X̂t ), we get

e−Lt |X̂t | ≤ e−Lt, + e−Lt.δ,(X̂t )

≤ , + .δ,(x0)+
⎪ t

0
e−Ls

[
−L.δ,(X̂s)+ .′

δ,(X̂s)b(X̂s)+
1
2
.′′

δ,(X̂s)σ
2
$(X̂s)

]
ds

+
⎪ t

0
e−Ls.′

δ,(X̂s)σ$(X̂s)dWs

+
⎪ t

0

⎪

R0

e−Ls [.δ,

(
X̂s + c$(X̂s)z

)
− .δ,

(
X̂s
)
− .′

δ,

(
X̂s
)
c$

(
X̂s
)
z
]
ν(dz)ds

+
⎪ t

0

⎪

R0

e−Ls [.δ,

(
X̂s− + c$

(
X̂s
)
z
)
− .δ,

(
X̂s−

)]
Ñ (ds, dz).

Now, applying Taylor’s expansion for .′
δ, and using T2, YW2, YW5 and Eq. (16), there

exists an (Fs)-adapted process ξ = (ξs) such that

.′
δ,(X̂s)b(X̂s) =

(
.′

δ,

(
X̂s
)
+ .′′

δ,(ξs)
(
X̂s − X̂s

))
b
(
X̂s
)

= .′
δ,

(
X̂s
)
b
(
X̂s
)
+ .′′

δ,(ξs)
(
b
(
X̂s
)
(s − s)

+σ$

(
X̂s
)
(Ws − Ws)+ c$

(
X̂s
)
(Zs − Zs)

)
b
(
X̂s
)

= .′
δ,

(
X̂s
) (
b
(
X̂s
)
− b(0)

)
+ .′

δ,

(
X̂s
)
b(0)+ .′′

δ,(ξs)
(
b2
(
X̂s
)
(s − s)

+b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)+ b

(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

)

= .′
δ,

(∣∣X̂s
∣∣)

∣∣X̂s
∣∣ X̂s

(
b
(
X̂s
)
− b(0)

)
+ .′

δ,

(
X̂s
)
b(0)+ .′′

δ,(ξs)
(
b2
(
X̂s
)
(s − s)

+b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)+ b

(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

)
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≤ L
∣∣X̂s
∣∣+ |b(0)| + Cδ$

, log δ
+ 2δ

, log δ

∣∣b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)

∣∣

+ 2δ
, log δ

∣∣b
(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

∣∣ .

Again, applying Taylor’s expansion for .δ, and usingYW5,T4, there exists an (Fs)-adapted
process θ = (θs) such that

.δ,

(
X̂s + c$

(
X̂s
)
z
)
− .δ,

(
X̂s
)
− .′

δ,

(
X̂s
)
c$

(
X̂s
)
z

= 1
2
.′′

δ, (θs) c
2
$

(
X̂s
)
z2 ≤ δ

, log δ

L2

$
z2.

Hence, we have shown that

e−Lt |X̂t | ≤ , + .δ,(x0)+
⎪ t

0
e−Ls

[
−L.δ,(X̂s)+ L

∣∣X̂s
∣∣+ |b(0)| + Cδ$

, log δ

+ 2δ
, log δ

∣∣b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)

∣∣

+ 2δ
, log δ

∣∣b
(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

∣∣+ Lδ

$, log δ

]
ds

+
⎪ t

0
e−Ls.′

δ,(X̂s)σ$(X̂s)dWs +
L2δ

$, log δ

⎪ t

0
e−Lsds

⎪

R0

z2ν(dz)

+
⎪ t

0

⎪

R0

e−Ls [.δ,

(
X̂s− + c$

(
X̂s
)
z
)
− .δ,

(
X̂s−

)]
Ñ (ds, dz).

Next, using YW3 and (16), we have

− .δ,(X̂s)+
∣∣X̂s
∣∣ ≤ −|X̂s | + , +

∣∣X̂s
∣∣

≤ , + |b(X̂s)(s − s)| + |σ$(X̂s)(Ws − Ws)| + |c$(X̂s)(Zs − Zs)|.
Thus,

e−Lt |X̂t | ≤ (1+ Lt), + .δ,(x0)

+
⎪ t

0
Le−Ls (|b(X̂s)(s − s)| + |σ$(X̂s)(Ws − Ws)| + |c$(X̂s)(Zs − Zs)|

)
ds

+
⎪ t

0
e−Ls

[
|b(0)| + Cδ$

, log δ
+ 2δ

, log δ

∣∣b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)

∣∣

+ 2δ
, log δ

∣∣b
(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

∣∣+ Cδ

$, log δ

]
ds

+
⎪ t

0
e−Ls.′

δ,(X̂s)σ$(X̂s)dWs +
CL2δ

$, log δ

⎪ t

0
e−Lsds

+
⎪ t

0

⎪

R0

e−Ls [.δ,

(
X̂s− + c$

(
X̂s
)
z
)
− .δ,

(
X̂s−

)]
Ñ (ds, dz). (18)

Using (12), for any p ∈ [1; 2p0], there exists a constant C(p) > 0 such that

E
[∣∣b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)

∣∣p
]

= E
[∣∣b
(
X̂s
)
σ$

(
X̂s
)∣∣p E

[
|Ws − Ws |p

∣∣∣Fs

]]
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≤ C(p)E
[∣∣b
(
X̂s
)
σ$

(
X̂s
)∣∣p (s − s)p/2

]

≤ C(p)E
[∣∣b
(
X̂s
)
σ$

(
X̂s
)∣∣p ∣∣h(X̂s)

∣∣p/2 $p/2
]
.

Next, using the Burkholder–Davis–Gundy’s inequality with jumps and C6, for any p ∈
[1; 2p0], there exists a constant C(p) > 0 such that

E
[∣∣b
(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

∣∣p
]

= E
[∣∣b
(
X̂s
)
c$

(
X̂s
)∣∣p E

[
|Zs − Zs |p

∣∣∣Fs

]]

≤ C(p)E



∣∣b
(
X̂s
)
c$

(
X̂s
)∣∣p
(⎪ s

s

⎪

R0

|z|2∨pν(dz)ds

)1∧p/2




= C(p)
(⎪

R0

|z|2∨pν(dz)
)1∧p/2

E
[∣∣b
(
X̂s
)
c$

(
X̂s
)∣∣p (s − s)1∧p/2

]

≤ C(p)E
[∣∣b
(
X̂s
)
c$

(
X̂s
)∣∣p ∣∣h(X̂s)

∣∣1∧p/2
$1∧p/2

]
.

Thanks to (11) and Conditions T3, T4, we have

max
{
E
[∣∣b
(
X̂s
)
σ$

(
X̂s
)
(Ws − Ws)

∣∣p
]
;E
[∣∣b
(
X̂s
)
c$

(
X̂s
)
(Zs − Zs)

∣∣p
]}

≤ C(p, L,$).

Therefore, by choosing , = 1, δ = 2 in (18), it follows from T1–T4, Hölder’s inequality and
Burkholder–Davis–Gundy’s inequality that for any T > 0, there exists a positive constant
C(p, L, T , x0,$) < ∞ such that

E
[

sup
0≤t≤T

|X̂t |p
]

≤ C(p, L, T , x0,$).

This finishes the proof. ,-

The following estimates show how moments of X̂t depend on t .

Theorem 3.3 Assume that Conditions T1–T4 and C6 hold, and for some p0 ∈ [2,+∞),
there exist constants γ ∈ R, η ∈ [0,+∞) such that for all x ∈ R,

xb(x)+ p0 − 1
2

σ 2
$(x)+

c2$(x)
2L0

⎪

R0

|z|
(
(1+ L0|z|)p0−1 − 1

)
ν(dz) ≤ γ x2 + η. (19)

Then, for any positive integer k ≤ p0/2, there exists a positive constant C =
C(x0, k, η, γ , L, L0, p0) which does not depend neither on t nor on $ such that

E
[
|X̂t |2k

]
∨ E

[
|X̂t |2k

]
≤






Ce2kγ t if γ > 0,
C(1+ t)k if γ = 0,
C if γ < 0.

(20)

Remark 3.4 Since (1+L0|z|)x is an increasing function for x ! 1, we deduce from condition
(19) that for any p ∈ [2, p0] and x ∈ R,

xb(x)+ p − 1
2

σ 2
$(x)+

c2$(x)
2L0

⎪

R0

|z|
(
(1+ L0|z|)p−1 − 1

)
ν(dz) ≤ γ x2 + η.
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Proof of Theorem 3.3 Using Hölder’s inequality, it is sufficient to show (20) for a positive
integer k and k ≤ p0/2. We will use the induction method.

Firstly, for k = 1, applying Itô’s formula to e−2γ t X̂2
t , we get that

e−2γ t X̂2
t = x20 + 2

⎪ t

0
e−2γ s

(
−γ X̂2

s + X̂sb(X̂s)+
1
2
σ 2

$(X̂s)+
1
2
c2$(X̂s)

⎪

R0

z2ν (dz)
)
ds

+ 2
⎪ t

0
e−2γ s X̂sσ$(X̂s)dWs

+
⎪ t

0

⎪

R0

e−2γ s [2X̂s−c$

(
X̂s−

)
z + c2$

(
X̂s−

)
z2
]
Ñ (ds, dz). (21)

It follows from (16) that

X̂2
s = X̂2

s + 2X̂s
(
b
(
X̂s
)
(s − s)+ σ$

(
X̂s
) (
Ws − Ws

)
+ c$

(
X̂s
) (

Zs − Zs
))

+
(
b
(
X̂s
)
(s − s)+ σ$

(
X̂s
) (
Ws − Ws

)
+ c$

(
X̂s
) (

Zs − Zs
))2

.

Using T3, T4, C6, (12), and (11),

max
{
|X̂sb(X̂s)(s − s)|; b2(X̂s)(s − s)2; E

[
σ 2

$(X̂s)(Ws − Ws)
2∣∣Fs

]
;

E
[
c2$
(
X̂s
) (

Zs − Zs
)2 ∣∣Fs

]}
≤ C$. (22)

Therefore,

E
[
−γ X̂2

s
]

≤ E
[
−γ X̂2

s

]
+ C |γ |$. (23)

A similar argument yields to

E
[
X̂sb(X̂s)

]
≤ E

[
X̂sb(X̂s)

]
+ C$. (24)

Thanks to Lemma 3.2, the expectation of the stochastic integrals in (21) is equal to zero. It
then follows from (19), (21), (23), (24) that

E
[
e−2γ t X̂2

t
]

≤ x20 + 2
⎪ t

0
e−2γ s

(
E
[

− γ X̂2
s + X̂sb(X̂s)

+1
2
σ 2

$(X̂s)+
1
2
c2$(X̂s)

⎪

R0

z2ν (dz)
]
+ C$

)
ds

≤ x20 + C(η + 1)
⎪ t

0
e−2γ sds. (25)

Using the fact that X̂t = X̂t − b
(
X̂t
)
(t − t) − σ$

(
X̂t
) (
Wt − Wt

)
− c$

(
X̂t−

) (
Zt − Zt

)

together with (22), we get the following estimate for any p > 1

E
[∣∣X̂t

∣∣p
]

≤ 4p−1
(
E
[∣∣X̂t

∣∣p
]
+ E

[∣∣b(X̂t )(t − t)
∣∣p
]
+ E

[∣∣σ$(X̂t )(Wt − Wt )
∣∣p
]

+E
[∣∣c$(X̂t )(Zt − Zt )

∣∣p
])

≤ 4p−1
(
E
[∣∣X̂t

∣∣p
]
+ C$p + C$p/2 + C$1∧p/2

)
. (26)

It follows from (25) and (26) that (20) holds for k = 1.
Second, assume that (20) holds for any k ≤ k0 ≤ [p0/2]− 1, we will show that (20) still

holds for k = k0 + 1. Here, we use the notation [p0/2] for the integer part of p0/2.
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By applying Itô’s formula for e−pγ t X̂ p
t with p = 2(k0 + 1) being an even integer, we

have

e−pγ t ∣∣X̂t
∣∣p = x p

0 +
⎪ t

0
e−pγ s

[
−pγ X̂ p

s + pX̂ p−1
s b(X̂s)+

p(p − 1)
2

X̂ p−2
s σ 2

$(X̂s)

+
⎪

R0

((
X̂s + c$(X̂s)z

)p − X̂ p
s − pX̂ p−1

s c$(X̂s)z
)

ν (dz)
]
ds

+ p
⎪ t

0
e−pγ s X̂ p−2

s X̂sσ$(X̂s)dWs

+
⎪ t

0

⎪

R0

e−pγ s
((

X̂s− + c$(X̂s−)z
)p − X̂ p

s−
)
Ñ (ds, dz). (27)

It follows from (16) and the binomial theorem that for any positive integer q ,

X̂q
s =

⎩

0≤i, j,r ,v≤q,i+ j+r+v=q

q!
i ! j !r !v!

(
X̂s
)i (b(X̂s)(s − s)

) j

(
σ$(X̂s)(Ws − Ws)

)r (c$(X̂s)(Zs − Zs)
)v

. (28)

Using (12), the independence betweenW and Z , Burkholder–Davis–Gundy’s inequality, (12)
and C6, we have

E
[
−γ X̂ p

s
∣∣Fs
]

≤ −γ X̂ p
s − pγ X̂sb(X̂s)(s − s)X̂ p−2

s

+
⎩

0≤i≤p−2,i+ j+2r=p

Cp|γ |p!
i ! j !r !

∣∣X̂s
∣∣i ∣∣b(X̂s)(s − s)

∣∣ j ∣∣σ 2
$(X̂s)(s − s)

∣∣r

+
⎩

0≤i≤p−2,v!2,i+ j+2r+v=p

Cp|γ |p!
i ! j !r !v!

∣∣X̂s
∣∣i ∣∣b(X̂s)(s − s)

∣∣ j

×
∣∣σ 2

$(X̂s)(s − s)
∣∣r ∣∣cv$(X̂s)(s − s)

∣∣ .

Again, using T3, T4 and (11), we get

E
[
−γ X̂ p

s
∣∣Fs
]

≤ −γ X̂ p
s + Cp|γ |

p−2⎩

i=0

|X̂s |i . (29)

Choosing q = p − 1 and q = p − 2 in (28) and using the same argument, we get

E
[
X̂ p−1
s b(X̂s)

∣∣Fs

]
≤ X̂ p−1

s b(X̂s)+ Cp

p−2⎩

i=0

|X̂s |i (30)

and

E
[
X̂ p−2
s σ 2

$(X̂s)
∣∣Fs

]
≤ X̂ p−2

s σ 2
$(X̂s)+ Cp

p−2⎩

i=0

|X̂s |i . (31)

Now, using the binomial theorem, we have

(
X̂s + c$

(
X̂s
)
z
)p − X̂ p

s − pX̂ p−1
s c$

(
X̂s
)
z =

p⎩

i=2

(
p
i

)
X̂ p−i
s ci$

(
X̂s
)
zi . (32)
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Then, applying (28) to q = p − j with j ∈ {2, . . . , p}, we obtain that, for 4 ≤ i ≤ p,

E
[
X̂ p−i
s ci$

(
X̂s
) ∣∣Fs

]
≤ X̂ p−i

s ci$
(
X̂s
)
+ (p − i)X̂sb

(
X̂s
)
ci$
(
X̂s
)
(s − s)X̂ p−i−2

s

+ E
[
Qp−2

(
X̂s
)
|Fs
]
ci$
(
X̂s
)

≤ X̂ p−i
s ci$

(
X̂s
)
+ CpQp−2

(
X̂s
)
. (33)

Using (32), (33), and T3, C1, proceeding as in (6) and (7), we obtain that

E
[(
X̂s + c$

(
X̂s
)
z
)p − X̂ p

s − pX̂ p−1
s c$

(
X̂s
)
z
∣∣∣Fs

]

≤
p⎩

i=2

(
p
i

)
X̂ p−i
s ci$

(
X̂s
)
zi + CQp−2

(∣∣X̂s
∣∣ , z
)

≤ c2$
(
X̂s
)
|X̂s |p−2 p

2L0
|z|
(
(1+ L0|z|)p−1 − 1

)

+ c2$
(
X̂s
) p⎩

i=3

(
p
i

)
Li−2
0



 i − 2
2

|X̂s |p−4 +
i−2⎩

j=2

(
i − 2
j

)
|X̂s |p−2− j



 |z|i

+ CQp−2
(∣∣X̂s

∣∣ , z
)
. (34)

Consequently, from (29),(30), (31), (34), C6, (19) and Remark 3.4, and c2$(x) ≤ c2(x) ≤
2L2

0(1+ x2) for any x ∈ R, we obtain that

E
[
−pγ X̂ p

s + pX̂ p−1
s b(X̂s)+

p(p − 1)
2

X̂ p−2
s σ 2

$(X̂s)

+
⎪

R0

((
X̂s + c$(X̂s)z

)p − X̂ p
s − pX̂ p−1

s c$(X̂s)z
)

ν (dz)
∣∣∣Fs

]

≤ p|X̂s |p−2
(

− γ X̂2
s + X̂sb

(
X̂s
)
+ p − 1

2
σ 2

$

(
X̂s
)
+ c2$(X̂s)

2L0

×
⎪

R0

|z|
(
(1+ L0|z|)p−1 − 1

)
ν(dz)

)
+ Qp−2

(∣∣X̂s
∣∣)

≤ pη|X̂s |p−2 + Qp−2
(∣∣X̂s

∣∣) .

Therefore,

E
[
−pγ X̂ p

s + pX̂ p−1
s b(X̂s)+

p(p − 1)
2

X̂ p−2
s σ 2

$(X̂s)

+
⎪

R0

((
X̂s + c$(X̂s)z

)p − X̂ p
s − pX̂ p−1

s c$(X̂s)z
)

ν (dz)
]

≤ C(p, η, L0)

p−2⎩

i=0

E
[∣∣X̂s

∣∣i
]
. (35)

Thanks to Lemma 3.2, the expectation of the stochastic integrals in (27) is equal to zero.
Then, from the estimates (26), (27), (35) and the inductive assumption, we obtain that (20)
holds for k = k0 + 1, which implies the desired result. ,-
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Remark 3.5 If γ < 0, then the approximated solution is stable in the sense that for any
0 ≤ p ≤ 2[p0/2] there exists a positive constant C , which does not depend on $, such that

sup
t!0

E
[
|X̂t |p

]
∨ E

[
|X̂t |p

]
< C .

Remark 3.6 Suppose that all conditions of Theorem 3.3 hold, then the bound on the expec-
tation of the number of time steps NT required by a path approximation on [0, T ] for any
T > 0 is given by

E [NT − 1] ≤ C
$
, (36)

where C is a positive constant that does not depend on $.
By following the argument used in the proof of Lemma 2 in Fang and Giles (2020), we

can obtain the estimate (36) as a consequence of Lemma 3.2 and Theorem 3.3.

The followinguniformbound in time for the difference between X̂t and X̂t will be required.

Lemma 3.7 Suppose that coefficients b, c, σ, σ$, c$ and the Lévy measure ν satisfy all con-
ditions of Theorem 3.3 and p ∈ (0; p0], then there exists a positive constant Cp = C(p, L)
such that

sup
t!0

E
[
|X̂t − X̂t |p

]
≤ Cp$

1∧p/2,

Proof From (16), for any p ! 1,

|X̂t − X̂t |p

=
∣∣b(X̂t )(t − t)+ σ$(X̂t )(Wt − Wt )+ c$(X̂t )(Zt − Zt )

∣∣p

≤ 3p−1
[∣∣b(X̂t )(t − t)

∣∣p +
∣∣σ$(X̂t )(Wt − Wt )

∣∣p +
∣∣c$(X̂t )(Zt − Zt )

∣∣p
]

≤ 3p−1
[∣∣b(X̂t )

∣∣p ∣∣h(X̂t )
∣∣p $p +

∣∣σ$(X̂t )
∣∣p ∣∣Wt − Wt

∣∣p +
∣∣c$(X̂t )

∣∣p ∣∣Zt − Zt
∣∣p
]
.

By applying T3 and (11), we have
∣∣b(X̂t )h(X̂t )

∣∣ ≤ C; σ 2
$(X̂t )h(X̂t ) ≤ C and

∣∣cp$(X̂t )h(X̂t )
1∧p/2∣∣ ≤ C,

for some positive constant C. Consequently, using Burkholder–Davis–Gundy’s inequality,
C6 and (12), we obtain the desired result. For 0 < p < 1, it suffices to useHölder’s inequality.

,-

3.3 Convergence of the tamed-adaptive Euler–Maruyama scheme

We consider the following assumptions on the coefficients of Eq. (1).

C7. Coefficient b is one-sided Lipschitz: there exists a constant L1 such that

(x − y)(b(x) − b(y)) ≤ L1|x − y|2,

for any x, y ∈ R.
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C8. Coefficient b is locally Lipschitz continuous: there exist positive constants l and L2
such that

|b(x) − b(y)| ≤ L2

(
1+ |x |l + |y|l

)
|x − y|,

for any x, y ∈ R.
C9. Coefficient σ is (( + 1

2 )-locally Hölder continuous: there exist positive constants
m, L3 and ( ∈ [0, 1

2 ] such that

|σ (x) − σ (y)| ≤ L3
(
1+ |x |m + |y|m

)
|x − y|1/2+(,

for any x, y ∈ R.
C10. Coefficient c is Lipschitz: there exists a positive constant L4 such that

|c(x) − c(y)| ≤ L4|x − y|,
for any x, y ∈ R.

Note that if c satisfies Condition C10 then it also satisfies Condition C1 with L0 =
max{L4, |c(0)|}.Moreover, conditionsC8,C9,C10 imply conditionsC3,C4,C5. Therefore,
underConditionsC2,C8–C10 and

⎨
R0

|z|ν(dz) < ∞,
⎨
R0

z2ν(dz) < ∞, Eq. (1) has a unique
strong solution.

Remark 3.8 It can be checked that under Conditions C7–C9 and
⎨
R0

z2ν(dz) < ∞, the
following functions

c$(x) =
c(x)

1+ $1/2|c(x)|(1+ |b(x)|) , σ$(x) =
σ (x)

1+ $1/2|σ (x)| (37)

satisfy all conditions of Proposition 3.1.

We are in the position to state the main result of this paper.

Theorem 3.9 Assume that Conditions C2, C6–C10 hold and p0 ! max{4l; 2 + 4( + 4m}.
Assume that the functions c, b, σ, c$, σ$ and the Lévy measure ν satisfy all conditions of
Theorem 3.3, and

|c(x) − c$(x)| ≤ L5$
1/2c2(x)(1+ |b(x)|), |σ (x) − σ$(x)| ≤ L5$

1/2σ 2(x), (38)

for all x ∈ R and some constant L5 > 0.
Then, for any T > 0, there exists a positive constant CT = C(x0, L, L0, L1, L2, L3, L4,

L5, γ , η, T ) such that

sup
0≤t≤T

E
[
|X̂t − Xt |

]
≤






CT$( if 0 < ( ≤ 1
2
,

CT

log 1
$

if ( = 0.
(39)

Moreover, let µ :=
⎨
R0

|z|ν(dz) and assume that L1 + 2L4µ < 0, γ < 0, then there exists a
positive constant C = C(x0, L, L0, L1, L2, L3, L4, L5, γ , η) which does not depend on T
such that

sup
t!0

E
[
|X̂t − Xt |

]
≤






C$( if 0 < ( ≤ 1
2
,

C

log 1
$

if ( = 0.
(40)
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Remark 3.10 It is straightforward to verify that under ConditionsC2, C6–C10, the functions
c$ and σ$ defined in (37) satisfy condition (38).

Proof of Theorem 3.9 Put Yt = Xt − X̂t . For any λ ∈ R, applying the property YW3 and
Itô’s formula for e−λt.δ,(Yt ), we get

e−λt |Yt | ≤ e−λt, + e−λt.δ,(Yt )

= e−λt, +
⎪ t

0
e−λs

[
− λ.δ,(Ys)+ .′

δ,(Ys)
(
b(Xs) − b(X̂s)

)

+1
2
.′′

δ,(Ys)
∣∣σ (Xs) − σ$(X̂s)

∣∣2
]
ds

+
⎪ t

0
e−λs.′

δ,(Ys)
(
σ (Xs) − σ$(X̂s)

)
dWs

+
⎪ t

0

⎪

R0

e−λs [.δ,

(
Ys +

(
c(Xs) − c$

(
X̂s
))
z
)
− .δ, (Ys)

−.′
δ, (Ys)

(
c (Xs) − c$

(
X̂s
))
z
]
ν(dz)ds

+
⎪ t

0

⎪

R0

e−λs [.δ,

(
Ys− +

(
c (Xs) − c$

(
X̂s
))
z
)
− .δ, (Ys−)

]
Ñ (ds, dz) .

(41)

Set

J1(s) = .′
δ,(Ys)

(
b(Xs) − b(X̂s)

)
,

J2(s) =
1
2
.′′

δ,(Ys)
∣∣σ (Xs) − σ$(X̂s)

∣∣2 ,

J3(s) = .δ,

(
Ys +

(
c(Xs) − c$

(
X̂s
))
z
)
− .δ, (Ys) − .′

δ, (Ys)
(
c (Xs) − c$

(
X̂s
))
z.

First, using properties YW1, YW2, Conditions C7, C8 and Cauchy’s inequality, we have

J1(s) ≤ .′
δ,(|Ys |)
|Ys |

Ys
(
b(Xs) − b(X̂s)

)
+
∣∣.′

δ,(Ys)
(
b(X̂s) − b(X̂s)

)∣∣

≤ L1.
′
δ,(|Ys |)|Ys | + L2

(
1+ |X̂s |l + |X̂s |l

)
|X̂s − X̂s |

≤ L1|Ys | +
3
2
L2$

1/2
(
1+ |X̂s |2l + |X̂s |2l

)
+ 1

2
L2$

−1/2|X̂s − X̂s |2. (42)

Second, using the property YW5, the Condition C9 and (38), we have

J2(s) =
1
2
.′′

δ,(Ys)
∣∣σ (Xs) − σ (X̂s)+ σ (X̂s) − σ (X̂s)+ σ (X̂s) − σ$(X̂s)

∣∣2

≤ 3
|Ys | log δ

I[ ,
δ ;,](|Ys |)

(∣∣σ (Xs) − σ (X̂s)
∣∣2 +

∣∣σ (X̂s) − σ (X̂s)
∣∣2 +

∣∣σ (X̂s) − σ$(X̂s)
∣∣2
)

≤ 3
|Ys | log δ

I[ ,
δ ;,](|Ys |)

[
L2
3
(
1+ |Xs |m + |X̂s |m

)2 |Xs − X̂s |1+2(

+L2
3
(
1+ |X̂s |m + |X̂s |m

)2 |X̂s − X̂s |1+2( + L2
5$
∣∣σ (X̂s)

∣∣4
]

≤ 3
|Ys | log δ

I[ ,
δ ;,](|Ys |)

[
3L2

3

(
1+ |Xs |2m + |X̂s |2m

)
|Ys |1+2(+

+3L2
3

(
1+ |X̂s |2m + |X̂s |2m

)
|X̂s − X̂s |1+2( + L2

5$
∣∣σ (X̂s)

∣∣4
]
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≤ 9L2
3,

2(

log δ

(
1+ |Xs |2m + |X̂s |2m

)
+ 9L2

3δ

, log δ

(
1+ C |X̂s − X̂s |2m + C |X̂s |2m

)
|X̂s − X̂s |1+2(

+ 3L2
5δ$|σ (X̂s)|4

, log δ

≤ 9L2
3,

2(

log δ

(
1+ |Xs |2m + |X̂s |2m

)
+ 9L2

3δ

, log δ
|X̂s − X̂s |1+2( + 9CL2

3δ

, log δ
|X̂s − X̂s |1+2(+2m

+ 9CL2
3δ

, log δ
|X̂s |2m |X̂s − X̂s |1+2( + Cδ$

(
|X̂s |2+4(+4m + 1

)

, log δ
. (43)

Third, using the mean value theorem, the property YW2, the Conditions C1, C10 and (38),
there exists an (Fs)-adapted process ξ = (ξs) such that

J3(s) = .δ,

(
Ys +

(
c (Xs) − c$

(
X̂s
))
z
)
− .δ, (Ys) − .′

δ, (Ys)
(
c (Xs) − c$

(
X̂s
))
z

= .′
δ, (ξs)

(
c (Xs) − c$

(
X̂s
))
z + .′

δ, (Ys)
(
c (Xs) − c$

(
X̂s
))
z

≤ 2
∣∣c (Xs) − c$

(
X̂s
)∣∣ |z|

≤ 2
[∣∣c (Xs) − c

(
X̂s
)∣∣+

∣∣c
(
X̂s
)
− c

(
X̂s
)∣∣+

∣∣c
(
X̂s
)
− c$

(
X̂s
)∣∣] |z|

≤ 2
[
L4 |Ys | + L4

∣∣X̂s − X̂s
∣∣+ L5$

1/2c2(X̂s)(1+ |b(X̂s)|)
]
|z|

≤ 2
[
L4 |Ys | + L4

∣∣X̂s − X̂s
∣∣+ C$1/2(1+ |X̂s |l+3)

]
|z|. (44)

By choosing λ = L1 + 2L4µ where recall that µ =
⎨
R0

|z|ν(dz) and using YW3, we get

(L1 + 2L4µ) [|Ys | − .δ, (Ys)] ≤ , (|L1| + 2L4µ) . (45)

A combination of (41), (42), (43), (44) and (45) implies

E
[
e−(L1+2L4µ)t |Yt |

]

≤ e−(L1+2L4µ)t, +
⎪ t

0
e−(L1+2L4µ)s

[
, (|L1| + 2L4)+

3
2
L2$

1/2
(
1+ E

[
|X̂s |2l

]
+ E

[
|X̂s |2l

])

+ 1
2
L2$

−1/2E
[
|X̂s − X̂s |2

]
+ 9L2

3,
2(

log δ

(
1+ E

[
|Xs |2m

]
+ E

[
|X̂s |2m

])

+ 9L2
3δ

, log δ
E
[
|X̂s − X̂s |1+2(

]
+ 9CL2

3δ

, log δ
E
[
|X̂s − X̂s |1+2(+2m

]

+9CL2
3δ

, log δ
E
[
|X̂s |2m |X̂s − X̂s |1+2(

]
+ Cδ$

(
E
[
|X̂s |2+4(+4m]+ 1

)

, log δ

]

ds

+
⎪ t

0

⎪

R0

2e−(L1+2L4µ)s
(
L4E

[∣∣X̂s − X̂s
∣∣]+ C$1/2

(
1+ E

[
|X̂s |l+3

]))
|z|ν(dz)ds

≤ e−(L1+2L4µ)t, +
⎪ t

0
e−(L1+2L4µ)s

[
, (|L1| + 2L4)+

3
2
L2$

1/2
(
1+ E

[
|X̂s |2l

]
+ E

[
|X̂s |2l

])

+ 1
2
L2$

−1/2E
[
|X̂s − X̂s |2

]
+ 9L2

3,
2(

log δ

(
1+ E

[
|Xs |2m

]
+ E

[
|X̂s |2m

])

+ 9L2
3δ

, log δ
E
[
|X̂s − X̂s |1+2(

]
+ 9CL2

3δ

, log δ
E
[
|X̂s − X̂s |1+2(+2m

]

+ 9CL2
3δ

, log δ
E
[
|X̂s |2m |X̂s − X̂s |1+2(

]
+ Cδ$

(
E
[
|X̂s |2+4(+4m]+ 1

)

, log δ
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+2µ
(
L4E

[∣∣X̂s − X̂s
∣∣]+ C$1/2

(
1+ E

[
|X̂s |l+3

]))]
ds. (46)

Now, using Eq. (16), Burkholder–Davis–Gundy’s inequality, T3, C6, (12), and (11), we
obtain

E
[
|X̂s − X̂s |1+2( |Fs

]
≤ 32(

(
E
[
|b(X̂s)(s − s)|1+2( |Fs

]
+ E

[
|σ$(X̂s)(Ws − Ws)|1+2( |Fs

]

+ E
[
|c$(X̂s)(Zs − Zs)|1+2( |Fs

] )
≤ C

(
|b(X̂s)(s − s)|1+2( + |σ$(X̂s)|1+2((s − s)1/2+(

+ |c$(X̂s)|1+2((s − s)1/2+(
)

≤ C
( ∣∣b(X̂s)

∣∣1+2( ∣∣h(X̂s)
∣∣1+2(

$1+2( + |σ$(X̂s)|1+2( ∣∣h(X̂s)
∣∣1/2+(

$1/2+(

+
∣∣c$(X̂s)

∣∣1+2( ∣∣h(X̂s)
∣∣1/2+(

$1/2+(
)

≤ C$1/2+( .

This, together with Theorem 3.3 and m ≤ p0/2, yields that

E
[
|X̂s |2m |X̂s − X̂s |1+2(] = E

[
E
[
|X̂s |2m |X̂s − X̂s |1+2(|Fs

]]

= E
[
|X̂s |2mE

[
|X̂s − X̂s |1+2(|Fs

]]

≤ C$1/2+(E
[
|X̂s |2m

]
≤ C$1/2+( . (47)

Consequently, plugging (47) into (46), and using condition p0 ! max{4l; 2 + 4( + 4m},
Theorem 3.3, Proposition 2.3, and Lemma 3.7, for any T > 0, there exists a positive constant
CT such that for any t ∈ [0, T ],

E
[
e−(L1+2L4µ)t |Yt |

]
≤ e−(L1+2L4µ)t, + CT

[
, + $1/2 + ,2(

log δ
+ δ$1/2+(

, log δ
+ δ$

, log δ

] ⎪ t

0
e−(L1+2L4µ)sds. (48)

If ( ∈
(
0; 1

2

]
, choosing , = $1/2, δ = 2, we obtain

sup
0≤t≤T

E [|Yt |] ≤ CT$( .

If ( = 0, choosing , = $1/4, δ = $−1/4, we obtain

sup
0≤t≤T

E [|Yt |] ≤ CT

log 1
$

.

Therefore, we have shown (39). Note that if L1 + 2L4µ < 0 and γ < 0, we can choose the
constant CT in (48) such that it does not depend on T . Therefore, we also obtain (40). This
finishes the proof. ,-

4 Numerical experiments

Weconsider numerical experiments for four different SDEswith coefficients given in Table 1.
For all equations, X0 = 0, (Zt )t!0 is a compound Poisson process of the form Zt =

∑Nt
i=1 ξi ,

where (Nt )t!0 is a Poisson process with intensity λ = 5, and (ξi )i!1 is a sequence of
independent and identically distributed random variables. We suppose that each ξi has a
normal distribution with mean zero and standard deviation 0.2. A simple computation shows
that these equations satisfy Conditions C2, C6–C10 with constants p0, L1, γ , l,m,( given
in Table 1. In all these cases, p0 ! max{4l; 2 + 4( + 4m}, hence it follows from Theorem
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Table 1 Four jump SDEs with their parameters

Case b σ c p0 L1 γ η l m (

1 −1+ x − x3 1+ (1+ x)x2/3 x + sin(x) 10 1 −1 31,873 2 4
3

1
6

2 −1+ x − x3 1+
√

x4+x4/3
14 x + sin(x) 10 1 1 957 2 2 1

6

3 −1 − x − x7/3 1+
√

2x2+x10/3+x4/3
14 x + sin(x) 10 −1 1 1868 4

3 1 1
6

4 −1 − x − x7/3 1+
√

x10/3+x4/3
14 x + sin(x) 10 −1 −1 1583 4

3 1 1
6

Fig. 1 Values of log2(me(l)) for l = 2, 3, 4, 5, 6

3.9 that the tamed-adaptive Euler–Maruyama approximation scheme defined by (10), (11)
and (37) converges in L1-norm at the rate of order ( in any finite time interval. Moreover,
in Case 4, since L1 < 0 and γ < 0, the tamed-adaptive Euler–Maruyama approximation
scheme (10) converges in L1-norm at the rate of order ( in infinite time intervals.

To study the empirical rates of convergence of the tamed-adaptive Euler–Maruyama
scheme, we consider

me(l) = 1
M

M⎩

k=1

|X̂ (l,k)
5 − X̂ (l+1,k)

5 |,

where for each l ! 2, (X̂ (l,k))1≤k≤M is a sequence of independent copies of X̂ (l) defined by
Eqs. (10), (11), and (37) with $ = 2−l . We adapt the Algorithm 1 in Fang and Giles (2020)
to generate X̂ (l,k)

5 and X̂ (l+1,k)
5 on the same Brownian motionW and Lévy process Z for each

k and l.
If X̂ (l) converges at the rate of order β ∈ (0,+∞) in L1-norm, then there exists a constant

β > 0 such that 2βlE[|X5 − X (l)
5 |] = O(1), implying that 2βlE[|X̂ (l+1)

5 − X̂ (l)
5 |] = O(1)

and vice-versa. In this case, we can write log2 me(l) = −βl + C + o(1), for some constant
C ∈ R. Thus, β can be estimated by the regression method.

Figure 1 shows the simulation result of log2 me(l) for l = 2, . . . , 6.Wedraw the regression
lines to estimate the empirical rates of convergence β in each case. In Case 2, the empirical
rate of convergence, which is 0.1819, is almost the same as the theoretical rate, which is 1/6.
In the other cases, the empirical rates are slightly better than the theoretical rate.

Note that in Case 4, the tamed-adaptive Euler–Maruyama approximation converges in
infinite time intervals while in other cases, it converges in any finite time intervals.
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5 Appendix

In this appendix, we will prove the theorem Theorem 2.1. Without loss of generality, we
assume that γ is a positive constant.

5.1 Existence of solution

For each N > 0, set

bN (x) =






b(x), if |x | ≤ N ,

b
(
Nx
|x |

)
(N + 1 − |x |), if N < |x | < N + 1,

0, if |x | ! N + 1,

and

σN (x) =






σ (x), if |x | ≤ N ,

σ

(
Nx
|x |

)
(N + 1 − |x |), if N < |x | < N + 1,

0, if |x | ! N + 1,

and

cN (x) =






c(x), if |x | ≤ N ,

c
(
Nx
|x |

)
(N + 1 − |x |), if N < |x | < N + 1,

0, if |x | ! N + 1.

It is clearly that bN , cN and σN satisfy Assumptions of Theorem 2.2 in Li andMytnik (2011).
Thus, the equation

XN
t = x0 +

⎪ t

0
bN
(
XN
s

)
ds +

⎪ t

0
σN

(
XN
s

)
dWs +

⎪ t

0

⎪

R0

cN
(
XN
s−
)
z Ñ (ds, dz) (49)

has a unique strong solution XN
t . We will show that when N → ∞, XN

t converges in
probability to a process Xt which satisfies Eq. (1).

For each N > 0, set

τN = T ∧ inf
{
t ∈ [0; T ] :

∣∣∣XN
t

∣∣∣ ! N
}
.

Due to the pathwise uniqueness of solution to Eq. (49), XN
t = XM

t almost surely for any
t < τN and N < M . Then, we will show that τN = T almost surely for all N large enough.

It is straightforward to show that the coefficients bN (x) , cN (x) and σN (x) satisfy Condi-
tion C2’:

p0xb(x)+
p0(p0 − 1)

2
σ 2(x)+ c2(x)

4L2
0

⎪

R0

(
(1+ 2L0|z|)p0 − 1 − 2p0L0|z|

)
ν(dz)
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≤ 2γ |x |2 + 2η,

for any x ∈ R.
Secondly, for any p ∈ (1; 2), using (55) to get

E
[

sup
0≤t≤T

∣∣∣XN
t

∣∣∣
p
]

≤ C for any N > 0.

Thus,

C ! E
[

sup
0≤t≤T

∣∣∣XN
t

∣∣∣
p
]

! E
[

sup
0≤t≤T

∣∣∣XN
t

∣∣∣
p
I[τN<T ]

]

! N pP [τN < T ] .

It leads to
∑∞

N=1 P (τN < T ) < ∞. Thanks to Borel–Cantelli’s lemma, we obtain

P
[
lim sup

N
{τN < T }

]
= 0.

Since (τN )N is increasing, τN = T for all N large enough. It means limN→∞ XN
t = Xt

exists almost surely and Xt = XM
t almost surely for any t < τN and M ! N . On the other

hand, for any κ > 0, k > 1, 2 < q ≤ p0,

E
[∣∣∣XN+k

t∧τN+k
− XN

t∧τN

∣∣∣
2
]

≤ 2E
[(∣∣∣XN+k

t

∣∣∣
2
+
∣∣∣XN

t

∣∣∣
2
)
I{τN<T }

]

≤ Cq

(
κE
[∣∣∣XN+k

t

∣∣∣
q]

+ κE
[∣∣∣XN

t

∣∣∣
q]

+ P [τN < T ]
κ2/(q−2)

)
.

First, let N → ∞ and then let κ → 0, we get

E
[∣∣∣XN+M

t∧τN+M
− XN

t∧τN

∣∣∣
2
]

→ 0 as N → ∞. (50)

It means that (XN
t∧τN

)N!1 is a Cauchy sequence in L2 space. This implies

XN
t∧τN

L2

−→ Xt as N → ∞.

Furthermore, for any p ∈ (0; p0], since coefficients bN , cN and σN satisfy Condition C2’,
there exists a constant Cp > 0 such that

sup
0≤t≤T

E
[
|XN

t |p
]

≤ Cp.

Thanks to Fatou’s lemma, there exists a constant Cp > 0 such that

sup
0≤t≤T

E
[
|Xt |p

]
≤ Cp.

From the definition of bN (x), we have

E
[∣∣∣∣

⎪ t∧τN

0

[
bN
(
XN
s

)
− b(Xs)

]
ds
∣∣∣∣
2
]

= 0.

Moreover, using the fact that |b(x)| ≤ C
(
1+ |x |)

)
for all x ∈ R and p0 ! 4l,
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E
[∣∣∣∣

⎪ t

t∧τN

b(Xs)ds
∣∣∣∣
2
]

≤ C
⎪ t

0
E
[(

1+ |Xs |2)
)
I{τN≤s}

]
ds

≤ κC
⎪ T

0
E
[
1+ |Xs |2)

]2
ds + CP [τN < T ]

κ

≤ κC + CP [τN < T ]
κ

.

Let N → ∞ and κ → 0, we have
⎪ t∧τN

0
bN
(
XN
s

)
ds

L2

−→
⎪ t

0
b(Xs)ds as N → ∞. (51)

In the same manner, we can see that
⎪ t∧τN

0
σN

(
XN
s

)
dWs

L2

−→
⎪ t

0
σ (Xs)dWs as N → ∞, (52)

and, by
⎨
R0

z2ν(dz) < ∞,
⎪ t∧τN

0

⎪

R0

cN
(
XN
s−
)
z Ñ (ds, dz)

L2

−→
⎪ t

0

⎪

R0

c (Xs−) z Ñ (ds, dz) as N → ∞. (53)

By combining (49), (50), (51), (52) and (53), we get

Xt = x0 +
⎪ t

0
b(Xs)ds +

⎪ t

0
σ (Xs)dWs +

⎪ t

0

⎪

R0

c (Xs−) z Ñ (ds, dz)

almost surely for all t ∈ [0, T ]. This shows that (Xt )t∈[0,T ] is a solution of Eq. (1). The proof
is complete.

5.2 Pathwise uniqueness

Suppose that Eq. (1) has a solution (Xt )0≤t≤T , and (X ′
t )0≤t≤T is another solution of Eq. (1). It

follows from the proof of Proposition 2.3 that the sample paths of (Xt )0≤t≤T and (X ′
t )0≤t≤T

do not explode.We are going to show thatE
[
|Xt − X ′

t |
]
= 0 for all t ∈ [0, T ], which implies

the uniqueness of solution. For each N > 0, let τN = T ∧ inf
{
t ! 0 : |Xt | ∨

∣∣X ′
t

∣∣ ! N
}
.

Firstly, applying Itô’s formula for X2
t and Condition C2 with p0 = 2, we have

X2
t = x20 +

⎪ t

0

(
2Xsb (Xs)+ σ 2 (Xs)

)
ds +

⎪ t

0
2Xsσ (Xs) dWs

+
⎪ t

0

⎪

R0

(
(Xs + c (Xs) z)2 − X2

s − 2Xsc (Xs) z
)
ν(dz)ds

+
⎪ t

0

⎪

R0

(
(Xs− + c (Xs−) z)2 − X2

s−
)
Ñ (ds, dz)

= x20 +
⎪ t

0

(
2Xsb (Xs)+ σ 2 (Xs)

)
ds +

⎪ t

0
2Xsσ (Xs) dWs

+
⎪ t

0

⎪

R0

c2 (Xs) z2ν (dz) ds +
⎪ t

0

⎪

R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz)

= x20 +
⎪ t

0

(
2Xsb (Xs)+ σ 2 (Xs)+ c2 (Xs)

⎪

R0

z2ν(dz)
)
ds
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+
⎪ t

0
2Xsσ (Xs) dWs +

⎪ t

0

⎪

R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz)

≤ x20 + 2
⎪ t

0

(
γ |Xs |2 + η

)
ds +

⎪ t

0
2Xsσ (Xs) dWs

+
⎪ t

0

⎪

R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz),

which implies

X2
t∧τN

≤ x20 + 2
⎪ t∧τN

0

(
γ |Xs |2 + η

)
ds +

⎪ t∧τN

0
2Xsσ (Xs) dWs

+
⎪ t∧τN

0

⎪

R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz).

For any stopping time τ ≤ T , we get

X2
τ∧τN

≤ x20 + 2
⎪ τ∧τN

0

(
γ |Xs |2 + η

)
ds +

⎪ τ∧τN

0
2Xsσ (Xs) dWs

+
⎪ τ∧τN

0

⎪

R0

(
2Xs−c (Xs−) z + c2 (Xs−) z2

)
Ñ (ds, dz). (54)

Taking expectation on both sides (54) and using Proposition 2.3 to obtain

E
[
X2

τ∧τN

]
≤ x20 + 2E

[⎪ τ∧τN

0

(
γ |Xs |2 + η

)
ds
]

≤ x20 + 2
⎪ T

0

(
γE
[|Xs |2

]
+ η
)
ds

≤ C(x0, γ , η, T ).

For any p ∈ (0; 2), thanks to Proposition IV.4.7 in Revuz and Yor (1999), we have

E
[

sup
0≤t≤T

∣∣Xt∧τN

∣∣p
]

≤ C(x0, γ , η, p, T ).

Let N → ∞ and apply Fatou’s lemma, we get

E
[

sup
0≤t≤T

|Xt |p
]

≤ C(x0, γ , η, p, T ). (55)

Similarly, since (X ′
t )0≤t≤T is another solution of Eq. (1), as in (55), for any p ∈ (0; 2), we

have

E
[

sup
0≤t≤T

∣∣X ′
t

∣∣p
]

≤ C (x0, γ , η, p, T ) . (56)

Since Xt and X ′
t are solutions of (1), we write

Xt − X ′
t =

⎪ t

0

[
b (Xs) − b

(
X ′
s
)]
ds +

⎪ t

0

[
σ (Xs) − σ

(
X ′
s
)]
dWs

+
⎪ t

0

⎪

R0

(
c (Xs−) − c

(
X ′
s−
))
z Ñ (ds, dz) .
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Applying Itô’s formula for.δ,

(
Xt − X ′

t
)
and using themean value theorem,YW2 andYW5,

we get

∣∣Xt∧τN − X ′
t∧τN

∣∣

≤ , + .δ,

(
Xt∧τN − X ′

t∧τN

)

= , +
⎪ t∧τN

0
.′

δ,

(
Xs − X ′

s
) (
b (Xs) − b

(
X ′
s
))
ds

+
⎪ t∧τN

0

1
2
.′′

δ,

(
Xs − X ′

s
) (

σ (Xs) − σ
(
X ′
s
))2 ds

+
⎪ t∧τN

0
.′

δ,

(
Xs − X ′

s
) (

σ (Xs) − σ
(
X ′
s
))
dWs

+
⎪ t∧τN

0

⎪

R0

[
.δ,

(
Xs − X ′

s +
(
c (Xs) − c

(
X ′
s
))
z
)

−.δ,

(
Xs − X ′

s
)
− .′

δ,

(
Xs − X ′

s
) (
c (Xs) − c

(
X ′
s
)
z
)]

ν(dz)ds

+
⎪ t∧τN

0

⎪

R0

[
.δ,

(
Xs− − X ′

s− +
(
c (Xs−) − c

(
X ′
s−
))
z
)
− .δ,

(
Xs− − X ′

s−
)]

Ñ (ds, dz)

≤ , +
⎪ t∧τN

0

∣∣b (Xs) − b
(
X ′
s
)∣∣ ds

+
⎪ t∧τN

0

1∣∣Xs − X ′
s

∣∣ log δ
I[ ,

δ ,,
] (|Xs − X ′

s |
) (

σ (Xs) − σ
(
X ′
s
))2 ds

+
⎪ t∧τN

0
.′

δ,

(
Xs − X ′

s
) (

σ (Xs) − σ
(
X ′
s
))
dWs +

⎪ t∧τN

0

⎪

R0

2
∣∣c (Xs) − c

(
X ′
s
)∣∣ |z|ν (dz) ds

+
⎪ t∧τN

0

⎪

R0

[
.δ,

(
Xs− − X ′

s− +
(
c (Xs−) − c

(
X ′
s−
))
z
)
− .δ,

(
Xs− − X ′

s−
)]

Ñ (ds, dz) .

Then, using Conditions C3, C4, C5, we get

∣∣Xt∧τN − X ′
t∧τN

∣∣

≤ , +
⎪ t∧τN

0
LN
∣∣Xs − X ′

s

∣∣ ds +
⎪ t∧τN

0

,2(L2
N

log δ
ds

+
⎪ t∧τN

0
.′

δ,

(
Xs − X ′

s
) (

σ (Xs) − σ
(
X ′
s
))
dWs +

⎪ t∧τN

0

⎪

R0

2LN
∣∣Xs − X ′

s

∣∣ |z|ν(dz)ds

+
⎪ t∧τN

0

⎪

R0

[
.δ,

(
Xs− − X ′

s− +
(
c (Xs−) − c

(
X ′
s−
))
z
)
− .δ,

(
Xs− − X ′

s−
)]

Ñ (ds, dz)

≤ , +
⎪ t∧τN

0
LN (1+ 2µ)

∣∣Xs − X ′
s

∣∣ ds +
⎪ t∧τN

0

,2(L2
N

log δ
ds

+
⎪ t∧τN

0
.′

δ,

(
Xs − X ′

s
) (

σ (Xs) − σ
(
X ′
s
))
dWs

+
⎪ t∧τN

0

⎪

R0

[
.δ,

(
Xs− − X ′

s− +
(
c (Xs−) − c

(
X ′
s−
))
z
)
− .δ,

(
Xs− − X ′

s−
)]

Ñ (ds, dz) .

(57)

By taking expectation on both sides (57) and using Proposition 2.3, we obtain

E
[
|Xt∧τN − X ′

t∧τN

]
≤ , + LN (1+ 2µ)

⎪ t

0
E
[∣∣Xs∧τN − X ′

s∧τN

∣∣] ds + ,2(L2
N T

log δ
.
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By choosing δ = 2 and letting , → 0, we get

E
[∣∣Xt∧τN − X ′

t∧τN

∣∣] ≤ LN (1+ 2µ)
⎪ t

0
E
[∣∣Xs∧τN − X ′

s∧τN

∣∣] ds.

Thanks toGronwall’s inequality,E
[∣∣Xt∧τN − X ′

t∧τN

∣∣] = 0. It means Xt∧τN = X ′
t∧τN

almost
surely. This leads to E

[∣∣Xt − X ′
t

∣∣] = E
[∣∣Xt − X ′

t

∣∣ I[τN≤t]
]
. By applying Cauchy’s inequal-

ity, (55) and (56) for any p ∈ (1; 2), we obtain

E
[∣∣Xt − X ′

t

∣∣] ≤ 1
2N

E
[∣∣Xt − X ′

t

∣∣2
]
+ N

2
P [τN ≤ T ]

≤ 1
2N

E
[∣∣Xt − X ′

t

∣∣2
]
+ 1

2N p−1

(

E
[

sup
0≤t≤T

|Xt |p
]

+ E
[

sup
0≤t≤T

∣∣X ′
t

∣∣p
])

≤ 1
2N

E
[∣∣Xt − X ′

t

∣∣2
]
+ C

2N p−1 .

Let N → ∞ we obtain E
[∣∣Xt − X ′

t

∣∣] = 0. It means Xt = X ′
t almost surely for any

t ∈ [0; T ]. Since X and X ′ are càdlàg, they are indistinguishable on [0, T ]. The proof is
complete.
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1. Introduction

On a complete probability space (Ω, F , P ), we consider the d-dimensional process X = (Xt)t≥0 solution 
to the following McKean-Vlasov stochastic differential equation (SDE) with jumps

dXt = b(Xt,LXt)dt + σ(Xt,LXt)dWt + c
(
Xt−,LXt−

)
dZt, (1)

for t ≥ 0, where X0 = x0 ∈ Rd is a fixed initial value, LXt denotes the marginal law of the process X at 
time t, W = (Wt)t≥0 is a d-dimensional standard Brownian motion, and Z = (Zt)t≥0 is a d-dimensional 
centered pure jump Lévy process whose Lévy measure ν satisfies 

∫
Rd(1 ∧ |z|2)ν(dz) < +∞. Two processes 

W and Z are supposed to be independent. The natural filtration (Ft)t≥0 is generated by W and Z. Let 
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Rd
0 := Rd \ {0}, and B(R+ × Rd

0) be the Borel σ-algebra on R+ × Rd
0. The Lévy-Itô decomposition of Z is 

given by

Zt =
t∫

0

∫

Rd
0

z(N(ds, dz) − ν(dz)ds), for any t ≥ 0,

where N(dt, dz) is a Poisson random measure on the measurable space (R+ ×Rd
0, B(R+ ×Rd

0)) associated 
with the intensity measure ν(dz)dt. That is,

N([0, t] ×A) :=
∑

0≤s≤t

1{∆Zs∈A}, for any t > 0, and A ∈ B(Rd
0).

Here, the jump size of Z at instant s is defined as ∆Zs := Zs − Zs− := Zs − limu↑s Zu for any s > 0, 
∆Z0 := 0. The compensated Poisson random measure associated with N(dt, dz) is denoted by Ñ(dt, dz) :=
N(dt, dz) − ν(dz)dt.

We denote by P(Rd) the space of all probability measures defined on a measurable space (Rd, B(Rd)), 
and by

P2(Rd) :=




µ ∈ P(Rd) :
∫

Rd

|x|2µ(dx) < ∞






the subset of probability measures with the finite second moment. As metric on the space P2(Rd), we use 
the L2-Wasserstein distance. That is, for µ, ν ∈ P2(Rd), the L2-Wasserstein distance between µ and ν is 
defined as

W2(µ, ν) := inf
π∈C(µ,ν)




∫

Rd×Rd

|x− y|2 π(dx, dy)



⎡⎢

1/2

,

where C(µ, ν) denotes all the couplings of µ and ν. That is, π ∈ C(µ, ν) if and only if π(·, Rd) = µ(·) and 
π(Rd, ·) = ν(·).

The coefficients b = (bi)1≤i≤d : Rd × P2(Rd) → Rd, σ = (σij)1≤i,j≤d : Rd × P2(Rd) → Rd ⊗ Rd and 
c = (cij)1≤i,j≤d : Rd × P2(Rd) → Rd ⊗ Rd are measurable functions. The integral equation (1) now writes 
as

Xt = x0 +
t∫

0

b(Xs,LXs)ds +
t∫

0

σ(Xs,LXs)dWs +
t∫

0

∫

Rd
0

c
(
Xs−,LXs−

)
zÑ(ds, dz), t ≥ 0.

The McKean-Vlasov process was first studied by McKean in [26] as a model for the Vlasov equation 
describing the time evolution of the distribution function of a plasma consisting of charged particles with 
long-range interaction. The process can be obtained as a limit of a mean-field system of interacting particles 
as the number of particles tends to infinity. The very first studies on the numerical approximation for 
McKean-Vlasov SDEs are the works of Ogawa [28], Kohatsu-Higa and Ogawa [18] and Bossy and Talay [3], 
where the authors considered the weak approximation of McKean-Vlasov SDEs with regular coefficients. 
However, the numerical approximation for McKean-Vlasov SDEs has only become active in the last decade.

Let X(n)
T be an approximation of XT which depends on the values of W and Z at fixed equidistance 

times tk = kT
n , k = 0, 1, . . . , n. Then under some regularity conditions on the coefficients b, σ, and c, one 

may prove that
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‖X(n)
T −XT ‖Lp :=

⎣
E[|X(n)

T −XT |p]
⎤1/p

≤ C(T )
nζ0

, (2)

for some positive constants p and ζ0. In case the estimate (2) holds, we say that the X(n)
T converges at the 

rate of order ζ0 in Lp-norm.
It is now well-known that for SDEs with super-linear growth coefficients, the Euler-Maruyama scheme 

may not converge in the Lp-norm (see [13]). Therefore, the numerical approximation for SDEs with super-
linear growth coefficients has attracted lots of attention recently. New approximation schemes have been 
introduced to solve the problem, such as the tamed Euler-Maruyama scheme ([14,31,32,21]), the truncated 
Euler-Maruyama scheme ([24]), the implicit Euler-Maruyama scheme ([25]), the adaptive Euler-Maruyama 
scheme ([10]). In [7,19,20,22,23] the tamed Euler-Maruyama scheme has been developed to approximate 
McKean-Vlasov SDEs with super-linear growth coefficients. In [29], the authors introduced several adaptive 
Euler-Maruyama and Milstein schemes and studied their strong rates of convergence for McKean-Vlasov 
SDEs with super-linear drift. The paper [29] also discusses the numerical approximation for SDEs with 
super-linear diffusion coefficients, but it does not address the propagation of chaos for these SDEs. In [15], 
the authors introduced a multilevel Picard approximation, which has a low computational cost, for McKean-
Vlasov SDEs with additive noise. In [6,7], the authors introduced the implicit Euler-Maruyama scheme and 
studied its convergence in Lp-norm for McKean-Vlasov SDEs with super-linearly growth drifts.

The McKean-Vlasov SDEs with jumps were studied by many authors with applications in many do-
mains (see [12,8,9,1,11] and the reference therein). In [27], the authors considered McKean-Vlasov SDEs 
driven by infinite activity Lévy processes with super-linearly growth coefficients. They proved the existence 
and uniqueness of the solution and proposed a tamed Euler-Maruyama approximation for the associated 
interacting particle system and proved that the rate of its convergence in Lp-norm is arbitrarily close to 0.5.

In some applications, it is necessary to approximate XT for T large, e.g., to approximate the invariant 
distribution of process X (see Section 3 in [10]). However, since the proof of convergence of many schemes 
often involves Gronwall’s inequality, the quantity C(T ) may grow exponentially fast to T . Recently, there 
have been some attempts to introduce numerical schemes where C(T ) does not depend on T . The paper 
[10] proposed an adaptive Euler-Maruyama scheme for SDEs where each stepsize is adjusted to the size 
of the current values of X, and showed its strong convergence in the interval [0, ∞) when applying for 
SDEs whose coefficients b and σ satisfy the contractive Lipschitz condition (Assumption 9 in [10]), b is 
polynomial growing Lipschitz continuous, and σ is bounded and globally Lipschitz continuous. The paper 
[16] introduced a tamed-adaptive Euler-Maruyama scheme and considered its rate of convergence in L1-
norm when applying for one-dimensional SDEs whose diffusion coefficient σ is super-linearly growing. In 
[17], the result of [16] was generalized for one-dimensional SDEs with jumps.

This paper aims to generalize the result of the papers [10,16,17] for multi-dimensional McKean-Vlasov 
SDEs with jumps. In particular, we propose a tamed-adaptive Euler-Maruyama approximation scheme for 
the Lévy-driven SDEs (1) where σ and b are non-globally Lipschitz continuous and super-linearly growing, 
and c is Lipschitz continuous. We will study the strong convergence of the scheme in both finite and infinite 
time intervals. In [29,27], the authors only considered the strong convergence of their adaptive scheme in a 
fixed time interval. To the best of our knowledge, our tamed-adaptive Euler-Maruyama scheme is the first 
approximation method for Lévy-driven McKean-Vlasov SDEs that could be shown to converge in an infinite 
time horizon.

The most challenging part of this work is to show the integrability of the exact and approximate solutions 
up to a certain order. One usually uses a stopping time technique to show the integrability. However, it was 
pointed out in [7] that one has to be very careful with this technique. Our framework is very close to the one 
in the preprint [27]. Unfortunately, the proof for the finiteness of the p-moment of the solution (Theorem 
2.1 in [27]) is incomplete. In this paper, we address this issue by employing an alternative approach. In 
particular, we will use the method of induction for the order of moments. Thanks to the binomial theorem, 
the bound of higher-order moments will be obtained from the bounds of lower-order moments. Another 
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challenging part is to show that the adaptive scheme is well-defined. We have to modify the approach in the 
work of Fang and Giles [10]. This new approach allows us to write the approximate solution in the form of 
an Itô process, thus the Itô formula can be applied to the calculation.

We denote the vector Euclidean norm of v by |v| := (|v1|2 + |v2|2 + . . . + |vd|2)
1
2 , the inner product of 

vectors v and w by 〈v, w〉 := v1w1 + v2w2 + . . . + vdwd for any v, w ∈ Rd, the Frobenius matrix norm by 

|A| :=
⎥⎦d

i,j=1 A
2
ij for all A ∈ Rd×d, the integer part of a by [a], and the transpose of a vector or matrix 

A by AT. Moreover, the binomial coefficients are denoted by 
(n
k

)
:= n!

k!(n−k)! . In all that follows, we denote 
by C positive constants whose value may change from one line to the next.

The rest of this paper is structured as follows. In Section 2, we introduce assumptions on the coefficients 
of equation (1) and show some moment estimates under these assumptions. In Section 3, we prove the 
propagation of chaos. In Section 4, we introduce the tamed-adaptive Euler-Maruyama scheme and prove 
that it is well-defined and converges in L2-norm. Section 5 presents a numerical study for the tamed-adaptive 
Euler-Maruyama scheme.

2. Model assumptions and moment estimates

Throughout this paper, we always assume that the following assumptions hold.

A1. There exists a positive constant L such that for any x ∈ Rd and µ ∈ P2(Rd),

2 〈x, b(x, µ)〉 + |σ(x, µ)|2 + |c(x, µ)|2
∫

Rd
0

|z|2ν(dz) ≤ L
(
1 + |x|2 + W2

2 (µ, δ0)
)
.

A2. There exist constants κ1 ≥ 1, κ2 ≥ 1, L1 ∈ R and L2 ≥ 0 such that for any x, x ∈ Rd and µ, µ ∈ P2(Rd),

2 〈x− x, b(x, µ) − b(x, µ)〉 + κ1 |σ(x, µ) − σ(x, µ)|2 + κ2|c(x, µ) − c(x, µ)|2
∫

Rd
0

|z|2ν(dz)

≤ L1|x− x|2 + L2W2
2 (µ, µ).

A3. There exist constants L > 0 and ' ≥ 0 such that for any x, x ∈ Rd and µ, µ ∈ P2(Rd),

|b(x, µ) − b(x, µ)| ≤ L
(
1 + |x|$ + |x|$

)
(|x− x| + W2(µ, µ)) .

A4. There exists an even integer p0 ∈ [2, +∞) such that 
∫
|z|>1 |z|

2p0ν(dz) < ∞ and 
∫
0<|z|≤1 |z|ν(dz) < ∞.

A5. There exists a positive constant L3 such that for any x ∈ Rd and µ ∈ P2(Rd),

|c(x, µ)| ≤ L3 (1 + |x| + W2(µ, δ0)) .

A6. There exist constants γ1 ∈ R, γ2 ≥ 0 and η ≥ 0 such that for any x ∈ Rd and µ ∈ P2(Rd),

〈x, b(x, µ)〉 + p0 − 1
2 |σ(x, µ)|2 + 1

2L3
|c(x, µ)|2

∫

Rd
0

|z|
⎣
(1 + L3|z|)p0−1 − 1

⎤
ν(dz)

≤ γ1|x|2 + γ2W2
2 (µ, δ0) + η,

where the constants p0 and L3 are defined in A4 and A5, respectively.
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Remark 2.1. (i) It follows from Condition A3 that, for any x ∈ Rd and µ ∈ P2(Rd),

|b(x, µ)| ≤ |b(0, δ0)| + L
(
1 + |x|$

)
(|x| + W2(µ, δ0)) .

(ii) Assume that Condition A2 holds for κ1 = κ2 = 1 + ε, L1 ∈ R, L2 ≥ 0 with a constant ε > 0. This, 
combined with Condition A3 and Cauchy’s inequality, implies that

(1 + ε) |σ(x, µ) − σ(x, µ)|2 + (1 + ε) |c(x, µ) − c(x, µ)|2
∫

Rd
0

|z|2ν(dz)

≤ LL̃
(
1 + |x|$ + |x|$

) (
|x− x|2 + W2

2 (µ, µ)
)
,

with L̃ = max{3, L1, L2} for any x, x ∈ Rd and µ, µ ∈ P2(Rd). This yields that, for any x, x ∈ Rd and 
µ, µ ∈ P2(Rd),

|σ(x, µ) − σ(x, µ)|2 + |c(x, µ) − c(x, µ)|2
∫

Rd
0

|z|2ν(dz) ≤ LL̃

1 + ε

(
1 + |x|$ + |x|$

) (
|x− x|2 + W2

2 (µ, µ)
)
.

(iii) From (ii), we have that for any x ∈ Rd and µ ∈ P2(Rd),

|σ(x, µ)|2 ≤ 2 |σ(x, µ) − σ(0, δ0)|2 + 2 |σ(0, δ0)|2

≤ 2 LL̃

1 + ε

(
1 + |x|$

) (
|x|2 + W2

2 (µ, δ0)
)

+ 2 |σ(0, δ0)|2 ,

and similarly,

|c(x, µ)|2
∫

Rd
0

|z|2ν(dz) ≤ 2 LL̃

1 + ε

(
1 + |x|$

) (
|x|2 + W2

2 (µ, δ0)
)

+ 2 |c(0, δ0)|2
∫

Rd
0

|z|2ν(dz).

Remark 2.2. It follows from Condition A6 that, for any p ∈ [2, p0], x ∈ Rd and µ ∈ P2(Rd),

〈x, b(x, µ)〉 + p− 1
2 |σ(x, µ)|2 + 1

2L3
|c(x, µ)|2

∫

Rd
0

|z|
⎣
(1 + L3|z|)p−1 − 1

⎤
ν(dz) ≤ γ1|x|2 + γ2W2

2 (µ, δ0) + η.

Proposition 2.3. There exists a unique càdlàg process X = (Xt)t≥0 satisfying the McKean-Vlasov SDE with 
jumps (1). Moreover, for any p ∈ [2, p0], there exists a positive constant Cp such that for any t ≥ 0,

E [|Xt|p] ≤






Cp(1 + eγpt) if γ -= 0,
Cp(1 + t)p/2 if γ = 0, p = 2 or γ = 0, γ2 > 0, p ∈ (2, p0],
Cp(1 + t)p if γ = 0, γ2 = 0, p ∈ (2, p0],

(3)

where γ = γ1 + γ2.

Note that if γ < 0, we have that supt≥0 E [|Xt|p] ≤ 2Cp.

Proof. Step 1: It follows from [27, Theorem 2.1] that there exists a unique càdlàg process X = (Xt)t≥0
satisfying the McKean-Vlasov SDE with jumps (1), and supt∈[0,T ] E 

[
|Xt|2

]
≤ K, where T > 0 is a fixed 

constant and K := K(|x0|2, d, L, L1, T ) is a positive constant.
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Step 2: We show that for any even integer p ∈ [2, p0] and T > 0,

sup
t∈[0,T ]

E [|Xt|p] ≤ C(T, p). (4)

Note that (4) holds for p = 2 due to Step 1. Next, we assume that (4) is valid for any even integer q ∈ [2, p −2]. 
That is,

sup
t∈[0,T ]

E [|Xt|q] ≤ C(T, q). (5)

Now, for λ ∈ R and even integer p ∈ [2, p0], applying Itô’s formula to e−λt|Xt|p, we obtain that

e−λt|Xt|p = |x0|p +
t∫

0

e−λs

[
− λ |Xs|p + p |Xs|p−2 〈Xs, b (Xs,LXs)〉 + p

2 |Xs|p−2 |σ (Xs,LXs)|
2

+ p(p− 2)
2 |Xs|p−4 ∣∣XT

s σ (Xs,LXs)
∣∣2
]
ds + p

t∫

0

e−λs |Xs|p−2 〈Xs,σ (Xs,LXs) dWs〉

+
t∫

0

∫

Rd
0

e−λs
(∣∣Xs− + c

(
Xs−,LXs−

)
z
∣∣p − |Xs−|p

)
Ñ(ds, dz)

+
t∫

0

∫

Rd
0

e−λs
⎣
|Xs + c (Xs,LXs) z|

p − |Xs|p − p |Xs|p−2 〈Xs, c (Xs,LXs) z〉
⎤
ν(dz)ds. (6)

Using the binomial theorem, we expand the last integral in (6) as follows

|Xs + c (Xs,LXs) z|
p =

⎣
|Xs + c (Xs,LXs) z|

2
⎤p/2

= |Xs|p + p|Xs|p−2 〈Xs, c (Xs,LXs) z〉 + p

2 |Xs|p−2 |c (Xs,LXs) z|
2

+
p/2∑

i=2

(
p/2
i

)
|Xs|p−2i (|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i
. (7)

Next, using the binomial theorem and the inequality 〈x, y〉 ≤ |x||y|, we have

|Xs|p−2i (|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉
)i

≤ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |Xs|p−2i+j |c (Xs,LXs) |2i−j−2|z|2i−j .

Note that |c (Xs,LXs) | ≤ L3 (1 + |Xs| + W2(LXs , δ0)) ≤ L3
⎣
1 + |Xs| +

√
E[|Xs|2]

⎤
due to A5 and the 

equality W2
2 (LXs , δ0) = E[|Xs|2]. Using the binomial theorem, we get

|Xs|p−2i (|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉
)i

≤ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

(
|Xs|p−2 + (2i− j − 2)

⎣
1 +

√
E[|Xs|2]

⎤
|Xs|p−3
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+
2i−j−2∑

k=2

(2i− j − 2
k

)⎣
1 +

√
E[|Xs|2]

⎤k
|Xs|p−2−k

)
.

Applying the Young’s inequality to |x|(p−2)/2 and y|x|(p−4)/2, we have y|x|p−3 ≤ 1
2 (|x|p−2+y2|x|p−4) valid for 

any x ∈ Rd, y > 0. This, combined with the equalities 
⎦i

j=0
(i
j

)
aj = (1 +a)i and 

⎦i
j=0

(i
j

)
jaj = ia(1 +a)i−1

valid for any a ∈ R, and A5, deduces

|Xs|p−2i (|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉
)i

≤ |c (Xs,LXs) |2|Xs|p−2
i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

(
i− j

2

)
+ |c (Xs,LXs) |2

i∑

j=0

(
i

j

)
2j |z|2i−jL2i−j−2

3

×
((

i− j

2 − 1
)⎣

1 +
√

E[|Xs|2]
⎤2

|Xs|p−4 +
2i−j−2∑

k=2

(2i− j − 2
k

)⎣
1 +

√
E[|Xs|2]

⎤k
|Xs|p−2−k

)

= |c (Xs,LXs) |2|Xs|p−2
(

i

L2
3

(
L2

3|z|2 + 2L3|z|
)i − |z|

L3
i
(
L2

3|z|2 + 2L3|z|
)i−1

)

+ |c (Xs,LXs) |2
i∑

j=0

(
i

j

)
2j |z|2i−j

× L2i−j−2
3

((
i− j

2 − 1
)⎣

1 +
√

E[|Xs|2]
⎤2

|Xs|p−4 +
2i−j−2∑

k=2

(2i− j − 2
k

)⎣
1 +

√
E[|Xs|2]

⎤k
|Xs|p−2−k

)

≤ |c (Xs,LXs) |2|Xs|p−2 i|z|
L3

(1 + L3|z|)
(
L2

3|z|2 + 2L3|z|
)i−1

+
i∑

j=0
|z|2i−jQp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤
,

where 2i − j ≥ 2 and Qq(m, n, x, y) is a certain polynomial of the form Qq(m, n, x, y) =⎦
$1≤m,$2≤n,$1+$2=q c$1$2x

$1y$2 . This, together with the fact that 
⎦p/2

i=2
(p/2

i

)
iai−1 = p

2 ((1 + a)p/2−1 − 1)
valid for any a ∈ R, yields to

p/2∑

i=2

(
p/2
i

)
|Xs|p−2i (|c (Xs,LXs) z|2 + 2 〈Xs, c (Xs,LXs) z〉

)i

≤ p

2 |Xs|p−2|c (Xs,LXs) |2
|z|
L3

⎣
(1 + L3|z|)p−1 − L3|z|− 1

⎤

+
p/2∑

i=2

i∑

j=0

(
p/2
i

)
|z|2i−jQp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤
. (8)

As a consequence of (7) and (8), we have shown that for any s ≥ 0,

|Xs + c (Xs,LXs) z|
p − |Xs|p − p|Xs|p−2 〈Xs, c (Xs,LXs) z〉

≤ p

2L3
|Xs|p−2|c (Xs,LXs) |2|z|

⎣
(1 + L3|z|)p−1 − 1

⎤

+
p/2∑

i=2

i∑

j=0

(
p/2
i

)
|z|2i−jQp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤
. (9)
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Therefore, substituting (9) into (6), we get that for any t ≥ 0,

e−λt|Xt|p ≤ |x0|p + p

t∫

0

e−λs|Xs|p−2
[
− λ

p
|Xs|2 + 〈Xs, b (Xs,LXs)〉 + p− 1

2 |σ (Xs,LXs) |2

+ 1
2L3

|c (Xs,LXs) |2
∫

Rd
0

|z|
⎣
(1 + L3|z|)p−1 − 1

⎤
ν(dz)

]
ds

+
t∫

0

∫

Rd
0

e−λs
p/2∑

i=2

i∑

j=0

(
p/2
i

)
|z|2i−jQp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤
ν(dz)ds

+ p

t∫

0

e−λs |Xs|p−2 〈Xs,σ (Xs,LXs) dWs〉 +
t∫

0

∫

Rd
0

e−λs
(∣∣Xs− + c

(
Xs−,LXs−

)
z
∣∣p − |Xs−|p

)
Ñ(ds, dz).

Now, we define ,N := inf{t ≥ 0 : |Xt| ≥ N} for each N > 0. Choosing λ = γ1p and using Condition A6, 
Remark 2.2 together with W2

2 (LXs , δ0) = E[|Xs|2], we obtain that

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + p

t∫

0

e−γ1psE
[
|Xs|p−2] (γ2W2

2 (LXs , δ0) + η
)
ds

+
t∫

0

∫

Rd
0

e−γ1ps
p/2∑

i=2

i∑

j=0

(
p/2
i

)
|z|2i−jE

[
Qp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤]
ν(dz)ds

≤ |x0|p + p

t∫

0

e−γ1psE
[
|Xs|p−2] (γ2E

[
|Xs|2

]
+ η

)
ds

+
t∫

0

∫

Rd
0

e−γ1ps
p/2∑

i=2

i∑

j=0

(
p/2
i

)
|z|2i−jE

[
Qp

⎣
p− 2, 2i− j, |Xs|, 1 +

√
E[|Xs|2]

⎤]
ν(dz)ds. (10)

Next, using e−γ1p(t∧τN ) ≥ e−|γ1|pT for any t ∈ [0; T ], and the induction assumption (5), there exists a 
positive constant C(T, p) which does not depend on N such that

sup
t∈[0,T ]

E [|Xt∧τN |p] ≤ C(T, p). (11)

This yields to supt∈[0,T ] P (,N < t) ≤ C(T,p)
Np . This fact, together with the monotonicity of ,N with respect 

to N , implies that ,N tends to infinity a.s. as N tends to infinity. Now, it suffices to let N ↑ ∞ and use 
Fatou’s lemma for the left-hand side of (11) to get that supt∈[0,T ] E[|Xt|p] ≤ C(T, p). Thus, by the induction 
principle, we have shown (4).
Step 3: We show (3) for any even integer p ∈ [2, p0].

First, applying (6) to λ = 2γ and p = 2, and using A6, we get

e−2γt |Xt|2 ≤ |x0|2 + 2
t∫

0

e−2γs
⎣
−γ2 |Xs|2 + γ2W2

2 (LXs , δ0) + η
⎤
ds + 2

t∫

0

e−2γs〈Xs,σ (Xs,LXs) dWs〉
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+
t∫

0

∫

Rd
0

e−2γs
⎣∣∣Xs− + c

(
Xs−,LXs−

)
z
∣∣2 − |Xs−|2

⎤
Ñ(ds, dz). (12)

Thanks to the fact that W2
2 (LXs , δ0) = E[|Xs|2], and the estimate (4), we get E 

[
e−2γt|Xt|2

]
≤ |x0|2 +

2η
∫ t
0 e−2γsds, which yields to

E
[
|Xt|2

]
≤






(
|x0|2 + η

γ

)
e2γt − η

γ
if γ -= 0,

|x0|2 + 2ηt if γ = 0.

Thus, (3) holds for p = 2.
Now, we suppose that (3) is valid for all even integer q ∈ [2, p − 2]. That is,

E [|Xt|q] ≤






Cq(1 + eγqt) if γ -= 0,
Cq(1 + t)q/2 if γ = 0, q = 2 or γ = 0, γ2 > 0, q ∈ (2, p− 2],
Cq(1 + t)q if γ = 0, γ2 = 0, q ∈ (2, p− 2].

(13)

We are going to show that (3) holds for even integer p. For this, it suffices to use (10), the inductive 
assumption (13) and Condition A4.
Case γ -= 0: We have

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + C

t∫

0

e−γ1ps
(
1 + eγpt

)
ds = |x0|p + C

t∫

0

(
e−γ1ps + eγ2ps

)
ds.

Thanks to fact that ,N ↑ ∞ a.s. as N ↑ ∞, applying Fatou’s lemma, we get

E
[
e−γ1pt|Xt|p

]
≤ |x0|p + C

t∫

0

(
e−γ1ps + eγ2ps

)
ds.

This implies that E [|Xt|p] ≤ C (1 + eγpt).
Case γ = 0: When γ2 > 0, we have

E
[
e−γ1p(t∧τN )|Xt∧τN |p

]
≤ |x0|p + C

t∫

0

e−γ1ps (1 + s)p/2 ds ≤ |x0|p + C (1 + t)p/2
t∫

0

e−γ1psds.

Then, letting N ↑ ∞ and using Fatou’s Lemma and the fact that −γ1 = γ2, we obtain

E
[
eγ2pt|Xt|p

]
≤ |x0|p + C (1 + t)p/2

t∫

0

eγ2psds ≤ |x0|p + C

γ2p
(1 + t)p/2 eγ2pt.

Hence, E [|Xt|p] ≤ C (1 + t)p/2.
When γ2 = γ1 = 0, we have E [|Xt∧τN |p] ≤ |x0|p + C

∫ t
0 (1 + s)p−1 ds ≤ C (1 + t)p. Then, letting N ↑ ∞, 

we obtain E [|Xt|p] ≤ C (1 + t)p.
Consequently, (3) holds for even integer p. Due to the induction principle, (3) is valid for any even 

integer p ∈ [2, p0]. Finally, (3) is also valid for any p ∈ [2, p0] thanks to Hölder’s inequality. This finishes the 
proof. !
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3. Propagation of chaos

For N ∈ N, suppose that (W i, Zi) are independent copies of the couple (W, Z) for i ∈ {1, . . . , N}. Let 
N i(dt, dz) be the Poisson random measure associated with the jumps of the Lévy process Zi with intensity 
measure ν(dz)dt, and Ñ i(dt, dz) := N i(dt, dz) − ν(dz)dt be the compensated Poisson random measure 
associated with N i(dt, dz). Thus, the Lévy-Itô decomposition of Zi is given by Zi

t =
∫ t
0
∫
Rd

0
zÑ i(ds, dz) for 

t ≥ 0. We now consider the system of non-interacting particles which is associated with the Lévy-driven 
McKean-Vlasov SDE (1), where the state Xi = (Xi

t)t≥0 of the particle i is defined by

Xi
t = x0 +

t∫

0

b(Xi
s,LXi

s
)ds +

t∫

0

σ(Xi
s,LXi

s
)dW i

s +
t∫

0

∫

Rd
0

c
⎣
Xi

s−,LXi
s−

⎤
zÑ i(ds, dz),

for any t ≥ 0 and i ∈ {1, . . . , N}.
For xN := (x1, x2, . . . , xN ), yN := (y1, y2, . . . , yN ) ∈ RdN , we have W2

2 (µxN

, δ0) = 1
N

⎦N
i=1 |xi|2. Here, 

the empirical measure is defined by µxN (dx) := 1
N

⎦N
i=1 δxi(dx), where δx denotes the Dirac measure at 

x. Moreover, a standard bound for the Wasserstein distance between two empirical measures µxN

, µyN is 
given by

W2
2 (µxN

, µyN ) ≤ 1
N

N∑

i=1
|xi − yi|2 = 1

N

∣∣xN − yN
∣∣2 ,

(see (1.24) of [4]).
Now, the measure LXt at each time t is approximated by the empirical measure µXN

t (dx) :=
1
N

⎦N
i=1 δXi,N

t
(dx), where XN = (XN

t )t≥0 = (X1,N
t , . . . , XN,N

t )Tt≥0, which is called the system of interacting 

particles, is the solution to the RdN -dimensional Lévy-driven SDE with components Xi,N = (Xi,N
t )t≥0

Xi,N
t = x0 +

t∫

0

b(Xi,N
s , µXN

s )ds +
t∫

0

σ(Xi,N
s , µXN

s )dW i
s +

t∫

0

∫

Rd
0

c
⎣
Xi,N

s− , µXN

s−

⎤
zÑ i(ds, dz), (14)

for any t ≥ 0 and i ∈ {1, . . . , N}.
Observe that the interacting particle system XN = (Xi,N )Ti∈{1,...,N} can be viewed as an ordinary 

Lévy-driven SDE with random coefficients taking values in RdN . Therefore, under Conditions A1, A2
and A3, by applying Theorem 2.1 in [27], there exists a unique càdlàg solution to (14) such that 
maxi∈{1,...,N} supt∈[0,T ] E 

[
|Xi,N

t |2
]
≤ K, for any N ∈ N, where K > 0 does not depend on N .

Proposition 3.1. For any p ∈ [2, p0], there exists a positive constant Cp such that for any t ≥ 0,

max
i∈{1,...,N}

E
[
|Xi,N

t |p
]
≤






Cp(1 + eγpt) if γ -= 0,
Cp(1 + t)p/2 if γ = 0, p = 2 or γ = 0, γ2 > 0, p ∈ (2, p0],
Cp(1 + t)p if γ = 0, γ2 = 0, p ∈ (2, p0],

where γ = γ1 + γ2.

Note that when γ < 0, we have that maxi∈{1,...,N} supt≥0 E 
[
|Xi,N

t |p
]
≤ 2Cp.

Proof. The proof follows the same lines as the one of Proposition 2.3, thus we omit it. !



N. Khue Tran et al. / J. Math. Anal. Appl. 543 (2025) 128982 11

The propagation of chaos for SDEs with super-linear growth drift and global Lipschitz diffusion coeffi-
cients has been studied recently (see [7,19,20] for SDEs without jumps, and [8,9,27] for SDEs with jumps). 
In the following, we present a propagation of chaos result under more relaxed conditions than those existing 
in the literature. Specifically, we achieve the same type of propagation of chaos as in [7,19,20] for a class of 
SDEs with jumps, whose drift and diffusion can exhibit super-linear growth. An additional novel aspect of 
our approach is that it enables us to establish a bound that is independent of time (see (16)). To simplify 
the exposition, we define

ϕ(N) = N−1/21{d<4} + N−1/2 lnN1{d=4} + N−2/d1{d>4}.

Proposition 3.2. There exists a positive constant CT , which does not depend on N , such that

max
i∈{1,...,N}

sup
t∈[0,T ]

E

[∣∣∣Xi
t −Xi,N

t

∣∣∣
2]

≤ CTϕ(N). (15)

Assume further that L1 + L2 < 0 and γ = γ1 + γ2 < 0. Then, there exists a positive constant C, which 
depends neither on N nor on T , such that

max
i∈{1,...,N}

sup
t≥0

E

[∣∣∣Xi
t −Xi,N

t

∣∣∣
2]

≤ Cϕ(N). (16)

Proof. Applying Itô’s formula and Condition A2, we obtain that for any t ≥ 0 and λ ∈ R,

e−λt|Xi
t −Xi,N

t |2 ≤
t∫

0

e−λs
⎣
− λ|Xi

s −Xi,N
s |2 + 2〈Xi

s −Xi,N
s , b(Xi

s,LXi
s
) − b(Xi,N

s ,µXN

s )〉

+ |σ(Xi
s,LXi

s
) − σ(Xi,N

s , µXN

s )|2 + |c(Xi
s−,LXi

s−
) − c(Xi,N

s− , µXN

s− |2
∫

Rd
0

|z|2ν(dz)
⎤
ds + Mt

≤
t∫

0

e−λs
⎣
− λ|Xi

s −Xi,N
s |2 + L1|Xi

s −Xi,N
s |2 + L2W2

2 (LXi
s
, µXN

s )
⎤
ds + Mt,

where

Mt = 2
t∫

0

e−λs〈Xi
s −Xi,N

s , (σ(Xi
s,LXi

s
) − σ(Xi,N

s , µXN

s ))dW i
s〉

+
t∫

0

∫

Rd
0

e−λs
⎣∣∣Xi

s− −Xi,N
s− +

(
c(Xi

s−,LXi
s−

) − c(Xi,N
s− , µXN

s− )
)
z
∣∣2 − |Xi

s− −Xi,N
s− |2

⎤
Ñ i(ds, dz).

Therefore, taking the expectation and using the estimate W2
2 (LXi

s
, LXi,N

s
) ≤ E[|Xi

s − Xi,N
s |2], we obtain 

that for any ε > 0,

e−λtE

[∣∣∣Xi
t −Xi,N

t

∣∣∣
2]

≤
t∫

0

e−λs
⎣
(−λ + L1)E

[
|Xi

s −Xi,N
s |2

]
+ L2E

[
W2

2 (LXi
s
, µXN

s )
]⎤

ds

≤
t∫

0

e−λs

(
(−λ + L1)E

[
|Xi

s −Xi,N
s |2

]
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+ L2

((
1 + ε

L2

)
E
[
W2

2 (LXi
s
,LXi,N

s
)
]

+
(
1 + L2

ε

)
E
[
W2

2 (LXi,N
s

, µXN

s )
]))

ds

≤
t∫

0

e−λs

(
(−λ + L1 + L2 + ε)E

[
|Xi

s −Xi,N
s |2

]
+ L2

(
1 + L2

ε

)
E
[
W2

2 (LXi,N
s

, µXN

s )
])

ds. (17)

Moreover, from Proposition 3.1, we have that for any p ∈ (4, p0], maxi∈{1,...,N} supt∈[0,T ] E 
[∣∣∣Xi,N

t

∣∣∣
p]

≤ CT , 
for some constant CT > 0. This, together with [5, Theorem 5.8], deduces that

max
i∈{1,...,N}

E
[
W2

2 (LXi,N
s

, µXN

s )
]
≤ Cϕ(N), (18)

for any s ∈ [0, T ], where the positive constant C does not depend on the time.
Consequently, it suffices to choose λ = L1 + L2 + ε in (17) and use the estimate (18) to conclude (15).
Finally, when γ < 0, it follows from Proposition 3.1 that for any p ∈ (4, p0],

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣Xi,N

t

∣∣∣
q]

≤ C,

where the positive constant C does not depend on T . Furthermore, when L1 + L2 < 0, one can always 
choose ε sufficiently small such that λ < 0. This allows us to conclude (16). The desired proof follows. !

4. Tamed-adaptive Euler-Maruyama scheme

4.1. Definition

For each ∆ ∈ (0, 1), we define tamed versions of σ and c by

σ∆(x, µ) = σ(x, µ)
1 + ∆1/2|σ(x, µ)|(1 + |x|) , c∆(x, µ) = c(x, µ)

1 + ∆1/2|c(x, µ)|(1 + |x| + |b(x, µ)|) . (19)

The time-step will be controlled by the function

h(x, µ) = h0
(1 + |b(x, µ)| + |σ(x, µ)| + |x|$)2 + |c(x, µ)|p0

, (20)

with x ∈ Rd, µ ∈ P2(Rd) and some positive constant h0. Here, the constants ' and p0 are respectively 
defined in Conditions A3 and A4. The parameter h0 is useful in practice since we can adjust it to control 
the step-size. In all that follows, to simplify the exposition, we take h0 = 1 in the proofs.

Now, the tamed-adaptive Euler-Maruyama approximation of the solution to (14) is defined as follows: 
for all i ∈ {1, . . . , N}, and k ∈ N,





t0 = 0, X̂i,N
0 = x0, X̂

N

tk =
⎣
X̂1,N

tk , . . . , X̂N,N
tk

⎤
, µX̂

N

tk (dx) := 1
N

⎦N
i=1 δX̂i,N

tk

(dx),

h(X̂
N

tk , µ
X̂

N

tk ) = min
{
h(X̂1,N

tk , µX̂
N

tk ), . . . , h(X̂N,N
tk , µX̂

N

tk )
}
, tk+1 = tk + h(X̂

N

tk , µ
X̂

N

tk )∆,

X̂i,N
tk+1 = X̂i,N

tk + b(X̂i,N
tk , µX̂

N

tk )(tk+1 − tk) + σ∆(X̂i,N
tk , µX̂

N

tk )(W i
tk+1 −W i

tk) + c∆(X̂i,N
tk , µX̂

N

tk )(Zi
tk+1 − Zi

tk).
(21)

Remark 4.1. It follows from assumptions A1–A5 that there exist positive constants L, .1 and .2 such that
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T1. 1
h(x, µ) ≤ L 

⎣
1 + |x|β1 + Wβ2

2 (µ, δ0)
⎤

and |b(x, µ)| (1 + |b(x, µ)|)h(x, µ) ≤ L;

T2. 〈x, b(x, µ) − b(0, δ0)〉 ≤ L 
(
|x|2 + W2

2 (µ, δ0)
)
;

T3. |σ∆(x, µ)| (1 + |x|) ≤ 1√
∆

; |c∆(x, µ)| (1 + |x|) ≤ 1√
∆

; |b(x, µ)||c∆(x, µ)| ≤ 1√
∆

;
T4. |σ∆(x, µ)| ≤ |σ(x, µ)| and |c∆(x, µ)| ≤ |c(x, µ)| ≤ L3 (1 + |x| + W2(µ, δ0));
T5. |σ(x, µ) − σ∆(x, µ)| ≤

√
∆|σ(x, µ)|2(1 + |x|); |c(x, µ) − c∆(x, µ)| ≤

√
∆|c(x, µ)|2 (1 + |x| + |b(x, µ)|),

for any x ∈ Rd and µ ∈ P2(Rd).

Next, we show that the tamed-adaptive Euler-Maruyama approximation scheme (21) is well-defined.

Proposition 4.2. Let (tk) be the sequence of stopping times defined in (21). Then, lim
k→+∞

tk = +∞ almost 
surely.

Proof. For all i ∈ {1, . . . , N} and H > 0, we define the tamed-adaptive Euler-Maruyama discretization of 
equation (14) as follows






tH0 = 0, X̂i,N,H
0 = x0, tHk+1 = tHk + hH(X̂

N,H

tHk
, µX̂

N,H

tHk
)∆,

X̂i,N,H
tHk+1

= X̂i,N,H
tHk

+ bH(X̂i,N,H
tHk

, µX̂
N,H

tHk
)(tHk+1 − tHk ) + σ∆(X̂i,N,H

tHk
, µX̂

N,H

tHk
)(W i

tHk+1
−W i

tHk
)

+c∆(X̂i,N,H
tHk

, µX̂
N,H

tHk
)(Zi

tHk+1
− Zi

tHk
),

(22)

where

X̂
N,H

tk =
⎣
X̂1,N,H

tk , . . . , X̂N,N,H
tk

⎤
, µX̂

N,H

tk (dx) := 1
N

N∑

i=1
δX̂i,N,H

tk

(dx),

hH(X̂
N

tHk
, µX̂

N,H

tHk
) = min

{
hH(X̂1,N,H

tHk
, µX̂

N,H

tHk
), . . . , hH(X̂N,N,H

tHk
, µX̂

N,H

tHk
)
}
,

hH(x, µ) =





h(x, µ) if |x|β1 + Wβ2

2 (µ, δ0) ≤ H,
1

1 + H
if |x|β1 + Wβ2

2 (µ, δ0) > H,

bH(x, µ) =





b(x, µ) if |x|β1 + Wβ2

2 (µ, δ0) ≤ H,
x

1 + |x|2 + b(0, δ0) if |x|β1 + Wβ2
2 (µ, δ0) > H,

for x ∈ Rd and µ ∈ P2(Rd). Then, it can be checked that for all x ∈ Rd and µ ∈ P2(Rd),

(1) |bH(x, µ)|hH(x, µ) ≤ C0 and |bH(x, µ)|2hH(x, µ) ≤ C0,
(2) 〈x, bH(x, µ) − b(0, δ0)〉 ≤ C0

(
|x|2 + W2

2 (µ, δ0)
)

due to T2,

for some other positive constant C0. Moreover, from T1, we have hH(x, µ)∆ ≥ min{1, L−1}∆
1 + H

, which implies 

that tHk+1 − tHk ≥ min{1,L−1}∆
1+H . Therefore, lim

k→+∞
tHk = +∞ a.s.

Now, we define by tH := max
{
tHk : tHk ≤ t

}
the nearest time point before t. The continuous interpolant 

process is defined by
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X̂i,N,H
t : = X̂i,N,H

tH + bH
⎣
X̂i,N,H

tH , µX̂
N,H

tH

⎤
(t− tH) + σ∆

⎣
X̂i,N,H

tH , µX̂
N,H

tH

⎤⎣
W i

t −W i
tH

⎤

+ c∆
⎣
X̂i,N,H

tH , µX̂
N,H

tH

⎤⎣
Zi
t − Zi

tH

⎤

= x0 +
t∫

0

bH
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
ds +

t∫

0

σ∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
dW i

s

+
t∫

0

∫

Rd
0

c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
zÑ i(ds, dz).

(23)

Using Itô’s formula, we get

|X̂i,N,H
t |2 ≤ |x0|2 +

t∫

0

(
2
〈
X̂i,N,H

s − X̂i,N,H
sH , bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤〉

+ 2
〈
X̂i,N,H

sH , bH
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
− b(0, δ0)

〉

+ 2
〈
X̂i,N,H

sH , b(0, δ0)
〉

+
∣∣∣σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
2

+
∣∣∣c∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
2 ∫

Rd
0

|z|2ν(dz)
)
ds + Mt

≤ |x0|2 +
t∫

0

(
2
∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ + 2C0
⎣
|X̂i,N,H

sH |2 + W2
2 (µX̂

N,H

sH , δ0)
⎤

+ |X̂i,N,H
sH |2

+ |b(0, δ0)|2 + L2

∆ + L2

∆

∫

Rd
0

|z|2ν(dz)
)
ds + Mt, (24)

where

Mt =2
t∫

0

〈
X̂i,N,H

s − X̂i,N,H
sH ,σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
dW i

s

〉
+ 2

t∫

0

〈
X̂i,N,H

sH ,σ∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
dW i

s

〉

+
t∫

0

∫

Rd
0

(∣∣∣c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
∣∣∣
2

+ 2
〈
X̂i,N,H

s− − X̂i,N,H
sH , c∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
〉)

Ñ i(ds, dz)

+ 2
t∫

0

∫

Rd
0

〈
X̂i,N,H

sH , c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
〉
Ñ i(ds, dz).

Now, we define ,R := inf{t > 0 : maxi∈{1,...,N} |X̂i,N,H
t | > R} for each R > 0 and , := s ∧ ,R. On 

the one hand, using equation (23), T3, the isometry property of stochastic integrals and the fact that 
|bH(x, µ)|hH(x, µ) ≤ C0, we get

E

[∣∣∣X̂i,N,H
τ − X̂i,N,H

τH

∣∣∣
2]

≤ 3
(
E

[ ∣∣∣bH
⎣
X̂i,N,H

τH , µX̂
N,H

τH

⎤∣∣∣
2
(, − ,H)2

]

+
∣∣∣σ∆

⎣
X̂i,N,H

τH , µX̂
N,H

τH

⎤∣∣∣
2 ∣∣∣W i

τ −W i
τH

∣∣∣
2

+
∣∣∣c∆

⎣
X̂i,N,H

τH , µX̂
N,H

τH

⎤∣∣∣
2 ∣∣∣Zi

τ − Zi
τH

∣∣∣
2 )
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≤ 3



C2
0∆2 + L2

∆ E
[
, − ,H

]
+ L2

∆

∫

Rd
0

|z|2ν(dz)E
[
, − ,H

]


⎡⎢ ≤ 3



C2
0∆2 + L2 + L2

∫

Rd
0

|z|2ν(dz)



⎡⎢ .(25)

On the other hand, T3 yields to
∣∣∣σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ ≤
L√
∆
,

∣∣∣c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ ≤
L√
∆
,

∣∣∣X̂i,N,H
sH

∣∣∣
∣∣∣σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ ≤
L√
∆
,

∣∣∣X̂i,N,H
sH

∣∣∣
∣∣∣c∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ ≤
L√
∆
.

(26)

Therefore, all the stochastic integrals to the Brownian motion and the compensated Poisson random measure 
above are square martingales. Thus, their moments are equal to zero.

In all that follows, the following classical moment estimates for the increment of Brownian motion W
and Lévy process Z will be useful

E
[∣∣Wt −WtH

∣∣r ∣∣FtH
]
≤ Cr(t− tH)r/2, E

[∣∣Zt − ZtH
∣∣r ∣∣FtH

]
≤ Cr(t− tH), (27)

for any t > 0, r ≥ 1 and some positive constant Cr.
Using T3, equation (23), moment properties of the Brownian motion, the isometry property of stochastic 

integrals, and the fact that |bH(x, µ)|2hH(x, µ) ≤ C0, we get

E
[∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
∣∣FsH

]

≤ E

[ ∣∣∣bH
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
2
(s− sH) +

∣∣∣bH
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
∣∣∣σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
∣∣∣W i

s −W i
sH

∣∣∣

+
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
∣∣∣c∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
∣∣∣Zi

s − Zi
sH

∣∣∣
∣∣FsH

]

≤
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
2
(s− sH) + L√

∆

∣∣∣bH
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
√
s− sH

+ L√
∆




∫

Rd
0

|z|2ν(dz)



⎡⎢

1/2
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
√
s− sH

≤ C0∆ + L
√
C0 + L

√
C0




∫

Rd
0

|z|2ν(dz)



⎡⎢

1/2

. (28)

This, combined with E 
[
W2

2 (µX̂
N,H

sH , δ0)1s≤τR

]
= E 

[
|X̂i,N,H

sH |21s≤τR

]
for i ∈ {1, . . . , N}, yields that for any 

t ∈ (0, T ],

E

[∣∣∣X̂i,N,H
t∧τR

∣∣∣
2]

≤ |x0|2 +
t∫

0

C (L,∆, b(0, δ0), µ2)
(

1 + E

[∣∣∣X̂i,N,H
sH

∣∣∣
2
1s≤τR

])
ds,

where µ2 :=
∫
Rd

0
|z|2ν(dz).

Next, using equation (23) and (25), we get

E

[∣∣∣X̂i,N,H
sH

∣∣∣
2
1s≤τR

]
≤ 2E

[∣∣∣X̂i,N,H
s

∣∣∣
2
1s≤τR

]
+ 2E

[∣∣∣X̂i,N,H
s − X̂i,N,H

sH

∣∣∣
2]
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≤ 2E
[∣∣∣X̂i,N,H

s∧τR

∣∣∣
2]

+ 6
(
C2

0∆2 + L2 + L2µ2
)
.

This implies that for any t ∈ (0, T ],

E

[∣∣∣X̂i,N,H
t∧τR

∣∣∣
2]

≤ C (x0, L,∆, b(0, δ0), µ2, T )



1 +
t∫

0

E

[∣∣∣X̂i,N,H
s∧τR

∣∣∣
2]

ds



⎢ ,

which, together with Gronwall’s inequality, yields that for any t ∈ (0, T ],

max
i∈{1,...,N}

sup
t∈[0,T ]

E

[∣∣∣X̂i,N,H
t∧τR

∣∣∣
2]

≤ C (x0, L,∆, b(0, δ0), µ2, T ) .

Then, using Markov’s inequality, we obtain that

P (,R < T ) ≤
N∑

i=1
P (|X̂i,N,H

T∧τR
| > R) = NP (|X̂1,N,H

T∧τR
| > R)

≤ N
E[|X̂1,N,H

T∧τR
|2]

R2 ≤ N
C (x0, L,∆, b(0, δ0), µ2, T )

R2 ,

which tends to zero as R ↑ ∞. Therefore, ,R ↑ ∞ as R ↑ ∞. Then due to Fatou’s lemma, we get

max
i∈{1,...,N}

sup
t∈[0,T ]

E

[∣∣∣X̂i,N,H
t

∣∣∣
2]

≤ C (x0, L,∆, b(0, δ0), µ2, T ) . (29)

Now, from (24), (28), (29) and the fact that E 
[
W2

2 (µX̂
N,H

sH , δ0)
]

= E 
[
|X̂i,N,H

sH |2
]
, we get that

max
i∈{1,...,N}

E

[
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
2
]
≤ C (x0, L,∆, b(0, δ0), µ2, T ) =: C0. (30)

Observe that

{tk ≤ T} ⊂
{
tk ≤ T, max

i∈{1,...,N}
sup

t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣
β1

+ Wβ2
2

⎣
µX̂

N,H

t , δ0
⎤)

≤ H

2

}

∪
{

max
i∈{1,...,N}

sup
t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣
β1

+ Wβ2
2

⎣
µX̂

N,H

t , δ0
⎤)

>
H

2

}

⊂
{
tHk ≤ T

}
∪
{

max
i∈{1,...,N}

sup
t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
β1

>
H

4

}
∪
{

max
i∈{1,...,N}

sup
t∈[0,T ]

Wβ2
2

⎣
µX̂

N,H

t , δ0
⎤
>

H

4

}
.

Then, using E 
[
supt∈[0,T ] W2

2 (µX̂
N,H

t , δ0)
]
≤ E 

[
supt∈[0,T ] |X̂

i,N,H
t |2

]
for i ∈ {1, . . . , N} and Markov’s in-

equality, we get that for any H > 0,

P (tk ≤ T ) ≤ P
(
tHk ≤ T

)
+

( 4
H

)2/β1 N∑

i=1
E

[
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
2
]

+
( 4
H

)2/β2 N∑

i=1
E

[
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
2
]

≤ P
(
tHk ≤ T

)
+

(( 4
H

)2/β1

+
( 4
H

)2/β2
)
NC0.
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Then, let k ↑ ∞ and recall that lim
k→+∞

tHk = +∞ a.s., we have that for any H > 0,

lim sup
k→∞

P (tk ≤ T ) ≤
(( 4

H

)2/β1

+
( 4
H

)2/β2
)
NC0.

Then, letting H ↑ ∞, we get limk→∞ P (tk ≤ T ) = 0. Therefore, tk → ∞ in probability as k ↑ ∞. Since 
(tk)k≥0 is an increasing sequence, we have lim

k→+∞
tk = +∞, a.s. Thus, the result follows. !

Remark 4.3. The fact that tk goes to infinity is a very important and difficult step in building an adaptive 
scheme. Our proof of this is quite different from the proof in [10]. Indeed, in [10], the auxiliary process X̂
is constructed by projection, which makes its analysis very difficult in the case of McKean-Vlasov SDE. In 
our proof, X̂ is formulated as an Itô process, allowing us to apply the Itô formula to |X̂|2. This fact greatly 
simplifies our proof.

Now we define by t := max {tn : tn ≤ t} the nearest time point before t, and by Nt := max {n : tn ≤ t}
the number of timesteps approximation up to time t. Observe that t is a stopping time. Thus, we define the 
standard continuous interpolation as

X̂i,N
t = X̂i,N

t + b
⎣
X̂i,N

t , µX̂
N

t

⎤
(t− t) + σ∆

⎣
X̂i,N

t , µX̂
N

t

⎤ (
W i

t −W i
t

)
+ c∆

⎣
X̂i,N

t , µX̂
N

t

⎤ (
Zi
t − Zi

t

)
. (31)

Hence, X̂i,N = (X̂i,N
t )t≥0 is the solution to the following SDE with jumps

dX̂i,N
t = b

⎣
X̂i,N

t , µX̂
N

t

⎤
dt + σ∆

⎣
X̂i,N

t , µX̂
N

t

⎤
dW i

t + c∆
⎣
X̂i,N

t , µX̂
N

t

⎤
dZi

t , X̂i,N
0 = x0. (32)

4.2. Moments of the tamed-adaptive Euler-Maruyama scheme

We now state the first estimate on the moments of X̂i,N = (X̂i,N
t )t≥0.

Lemma 4.4. For any p ∈ [1, 2p0] and T > 0, there exists a positive constant C
(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)

with µp/2 :=
∫
Rd

0
|z|p/2ν(dz) such that

max
i∈{1,...,N}

E

[
sup

t∈[0,T ]
|X̂i,N

t |p
]
≤ C

(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
.

Proof. Recall that the process X̂i,N,H = (X̂i,N,H
t )t≥0 is defined in (22) and (23). Using Markov’s inequality, 

the estimate E 
[
supt∈[0,T ] W2

2 (µX̂
N,H

t , δ0)
]
≤ E 

[
supt∈[0,T ] |X̂

i,N,H
t |2

]
and (30), we obtain that for any T > 0, 

i ∈ {1, . . . , N} and H > 0,

P

(
sup

t∈[0,T ]
|X̂i,N

t | -= sup
t∈[0,T ]

|X̂i,N,H
t |

)
≤ P

(
sup

t∈[0,T ]

(∣∣∣X̂i,N,H
t

∣∣∣
β1

+ Wβ2
2

⎣
µX̂

N,H

t , δ0
⎤)

> H

)

≤ P

(
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
β1

>
H

2

)
+ P

(
sup

t∈[0,T ]
Wβ2

2

⎣
µX̂

N,H

t , δ0
⎤
>

H

2

)

≤
( 2
H

)2/β1

E

[
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
2
]

+
( 2
H

)2/β2

E

[
sup

t∈[0,T ]

∣∣∣X̂i,N,H
t

∣∣∣
2
]
≤

(( 2
H

)2/β1

+
( 2
H

)2/β2
)
C0,
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which tends to zero as H ↑ ∞. This implies that supt∈[0,T ] |X̂
i,N,H
t | → supt∈[0,T ] |X̂

i,N
t | in probability as 

H ↑ ∞. Thus, for any T > 0 and i ∈ {1, . . . , N}, there exists a sequence {Hn}n≥1 that tends to infinity 
such that supt∈[0,T ] |X̂

i,N,Hn
t | → supt∈[0,T ] |X̂

i,N
t | a.s. as n ↑ ∞.

Now, from (24), we have that for any t > 0, i ∈ {1, . . . , N} and H > 0,

|X̂i,N,H
t |2 ≤ |x0|2 +

T∫

0

(
2
∣∣∣X̂i,N,H

s − X̂i,N,H
sH

∣∣∣
∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣ + 2C0W2
2 (µX̂

N,H

sH , δ0)

+ |b(0, δ0)|2 + L2

∆ + L2

∆

∫

Rd
0

|z|2ν(dz)
)
ds + 2

t∫

0

〈
X̂i,N,H

s − X̂i,N,H
sH ,σ∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
dW i

s

〉

+ 2
t∫

0

〈
X̂i,N,H

sH ,σ∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
dW i

s

〉

+
t∫

0

∫

Rd
0

(∣∣∣c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
∣∣∣
2

+ 2
〈
X̂i,N,H

s− − X̂i,N,H
sH , c∆

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
〉)

Ñ i(ds, dz)

+ 2
t∫

0

∫

Rd
0

〈
X̂i,N,H

sH , c∆
⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤
z
〉
Ñ i(ds, dz) + (2C0 + 1)

t∫

0

|X̂i,N,H
sH |2ds. (33)

First, using the similar argument as in (28), we get

E

[∣∣∣X̂i,N,H
s − X̂i,N,H

sH

∣∣∣
p/2 ∣∣∣bH

⎣
X̂i,N,H

sH , µX̂
N,H

sH

⎤∣∣∣
p/2 ∣∣FsH

]

≤ C(p)



Cp/2
0 ∆p/2 + Lp/2Cp/4

0 +
⎣ L√

∆

⎤p/2 ∫

Rd
0

|z|p/2ν(dz)



⎡⎢ . (34)

Second, using the similar argument as in (25), we have

E

[∣∣∣X̂i,N,H
τ − X̂i,N,H

τH

∣∣∣
p/2]

≤ Cp



Cp/2
0 ∆p/2 + Lp/2 +

⎣ L√
∆

⎤p/2 ∫

Rd
0

|z|p/2ν(dz)



⎡⎢ . (35)

Therefore, from (33), (34), (35), (26), the estimate E 
[
W2

2 (µX̂
N,H

sH , δ0)
]

= E 
[
|X̂i,N,H

sH |2
]
≤ C0 and the 

Burkholder-Davis-Gundy inequality ([2, Theorem 4.4.23] and [33, Proposition 2.2]), we get that for any 
t ∈ (0, T ],

E

[
sup

u∈[0,t]
|X̂i,N,H

u |p
]
≤ C

(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
+ (2C0 + 1)p/2E








t∫

0

|X̂i,N,H
sH |2ds



⎢
p/2



≤ C̃0 + (2C0 + 1)p/2tp/2−1
t∫

0

E

[
sup

u∈[0,s]
|X̂i,N,H

u |p
]
ds,
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where C̃0 := C
(
p, x0, L,∆, b(0, δ0), µ2, µp/2, T

)
with µp/2 :=

∫
Rd

0
|z|p/2ν(dz).

This, combined with Gronwall’s inequality, deduces that

max
i∈{1,...,N}

E

[
sup

t∈[0,T ]
|X̂i,N,H

t |p
]
≤ C̃1, (36)

where the constant C̃1 does not depend on H.
Therefore, choosing H = Hn in (36) and letting n ↑ ∞, combined with Fatou’s lemma and the fact that 

supt∈[0,T ] |X̂
i,N,Hn
t | → supt∈[0,T ] |X̂

i,N
t | a.s. as n ↑ ∞, we obtain that maxi∈{1,...,N} E 

[
supt∈[0,T ] |X̂

i,N
t |p

]
≤

C̃1, which finishes the desired proof. !

In the following, we state an estimate for L2-norm of the approximate solution.

Lemma 4.5. There exists a positive constant C = C(x0, γ1, γ2, η, L, L3) which depends neither on ∆ nor on 
t such that for any t ≥ 0,

max
i∈{1,...,N}

⎣
E
[
|X̂i,N

t |2
]
∨ E

[
|X̂i,N

t |2
]⎤

≤






Ce2γt if γ > 0,
C(1 + t) if γ = 0,
C if γ < 0,

where γ = γ1 + γ2.

Proof. Proceeding as in (12) by applying Itô’s formula to e−2γt|X̂i,N
t |2, we get that for any i ∈ {1, . . . , N},

e−2γt|X̂i,N
t |2 ≤ |x0|2 + 2

t∫

0

e−2γs

(
− γ|X̂i,N

s |2 + 〈X̂i,N
s , b(X̂i,N

s , µX̂
N

s )〉 + 1
2
∣∣∣σ∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2

+ 1
2
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2 ∫

Rd
0

|z|2ν (dz)
)
ds + 2

t∫

0

e−2γs
〈
X̂i,N

s ,σ∆(X̂i,N
s , µX̂

N

s )dW i
s

〉

+
t∫

0

∫

Rd
0

e−2γs
(

2
〈
X̂i,N

s− , c∆
⎣
X̂i,N

s− , µX̂
N

s−

⎤
z
〉

+
∣∣∣c∆

⎣
X̂i,N

s− , µX̂
N

s−

⎤
z
∣∣∣
2)

Ñ i(ds, dz). (37)

First, using (31), we have

−γ|X̂i,N
s |2 ≤ −γ

∣∣∣X̂i,N
s

∣∣∣
2

+ 2|γ|
∣∣∣X̂i,N

s

∣∣∣
∣∣∣b
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣ (s− s)

− 2γ
〈
X̂i,N

s ,σ∆
⎣
X̂i,N

s , µX̂
N

s

⎤ (
W i

s −W i
s

)
+ c∆

⎣
X̂i,N

s , µX̂
N

s

⎤ (
Zi
s − Zi

s

)〉

+ 3|γ|
(∣∣∣b(X̂i,N

s , µX̂
N

s )
∣∣∣
2
(s− s)2 +

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2 ∣∣W i

s −W i
s

∣∣2

+
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|Zi

s − Zi
s|2

)
.

Then, using T4, A4, (27), and (20), we get
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max
{∣∣∣X̂i,N

s

∣∣∣
∣∣∣b(X̂i,N

s , µX̂
N

s )
∣∣∣ (s− s);

∣∣∣b(X̂i,N
s , µX̂

N

s )
∣∣∣
2
(s− s)2; E

[∣∣∣σ∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∣∣W i

s −W i
s

∣∣2 ∣∣Fs

]
;

E

[∣∣∣c∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∣∣Zi

s − Zi
s

∣∣2 ∣∣Fs

]}
≤ C∆,

which yields that

E
[
−γ|X̂i,N

s |2
]

= E
[
E
[
−γ|X̂i,N

s |2
∣∣Fs

]]
≤ E

[
−γ|X̂i,N

s |2
]

+ C|γ|∆. (38)

Moreover, using again (31), we have
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

=
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+
〈
X̂i,N

s − X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉

≤
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+
∣∣∣b(X̂i,N

s , µX̂
N

s )
∣∣∣
2
(s− s)

+
〈
σ∆

⎣
X̂i,N

s , µX̂
N

s

⎤ (
W i

s −W i
s

)
+ c∆

⎣
X̂i,N

s , µX̂
N

s

⎤ (
Zi
s − Zi

s

)
, b(X̂i,N

s , µX̂
N

s )
〉
,

which, combined with the fact that |b(X̂i,N
s , µX̂

N

s )|2(s − s) ≤ ∆ due to (20), deduces that

E
[〈

X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉]

≤ E
[〈

X̂i,N
s , b(X̂i,N

s , µX̂
N

s )
〉]

+ ∆. (39)

Thanks to Lemma 4.4, the stochastic integrals in (37) have zero expectations. Thus, using (37), (38), (39),
T4 and A6, and recall that γ = γ1 + γ2, we obtain that

E
[
e−2γt|X̂i,N

t |2
]
≤ |x0|2 + 2

t∫

0

e−2γs
(
E

[
− γ|X̂i,N

s |2 +
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+ 1
2
∣∣∣σ∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2

+ 1
2
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2 ∫

Rd
0

|z|2ν (dz)
]

+ C

)
ds

≤ |x0|2 + 2
t∫

0

e−2γs
(
− γ2E

[
|X̂i,N

s |2
]

+ γ2E
[
W2

2 (µX̂
N

s , δ0)
]

+ η + C

)
ds

= |x0|2 + 2 (η + C)
t∫

0

e−2γsds,

for some positive constant C, where we have used the equality E 
[
W2

2 (µX̂
N

s , δ0)
]

= E 
[
|X̂i,N

s |2
]
. This yields 

to

E
[
|X̂i,N

t |2
]
≤






(
|x0|2 + η + C

γ

)
e2γt − η + C

γ
if γ -= 0,

|x0|2 + 2 (η + C) t if γ = 0.
(40)

Next, from (31), we have

X̂i,N
t = X̂i,N

t − b
⎣
X̂i,N

t , µX̂
N

t

⎤
(t− t) − σ∆

⎣
X̂i,N

t , µX̂
N

t

⎤ (
W i

t −W i
t

)
− c∆

⎣
X̂i,N

t , µX̂
N

t

⎤ (
Zi
t − Zi

t

)
.
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This, combined with T4, A4, (27) and (20), we get that for any p > 1,

E
[∣∣∣X̂i,N

t

∣∣∣
p]

≤ 4p−1
(
E
[∣∣∣X̂i,N

t

∣∣∣
p]

+ E

[∣∣∣b(X̂i,N
t , µX̂

N

t )(t− t)
∣∣∣
p
]

+ E

[∣∣∣σ∆(X̂i,N
t , µX̂

N

t )(W i
t −W i

t )
∣∣∣
p
]

+ E

[∣∣∣c∆(X̂i,N
t , µX̂

N

t )(Zi
t − Zi

t)
∣∣∣
p
])

≤ 4p−1
⎣
E
[∣∣∣X̂i,N

t

∣∣∣
p]

+ C∆p + C∆p/2 + C∆1∧p/2
⎤
. (41)

Consequently, from (40) and (41) with p = 2, the result follows. !

To estimate Lp-norm of the approximate solution for p > 2, we need a series of preliminary lemmas.

Lemma 4.6. Let p be a positive even integer. For any a, b, c ∈ Rd, it holds that

S =|a + c|p − |b + c|p − |a|p + |b|p

≤
p/2∑

j=1

j∑

k=0

(
p/2
j

)(
j

k

)
2j−k|c|j+k

[
2p−2j−1(|a− b|p−2j + |b|p−2j)

j−k∑

$=1

(
j − k

'

)
|b|j−k−$|a− b|$

+
p−2j∑

$=1

(
p− 2j

'

)
|b|p−j−k−$|a− b|$

]
.

Proof. We first note that S =
⎣
|a|2 + 2〈a, c〉 + |c|2

⎤p/2
− |a|p −

⎣
|b|2 + 2〈b, c〉 + |c|2

⎤p/2
+ |b|p. Using the 

binomial theorem, we have

S =
p/2∑

j=1

j∑

k=0

(
p/2
j

)(
j

k

)
2j−k|c|2k

⎣
|a|p−2j〈a, c〉j−k − |b|p−2j〈b, c〉j−k

⎤
.

Next, we write

|a|p−2j〈a, c〉j−k − |b|p−2j〈b, c〉j−k = |a|p−2j
⎣
(〈b, c〉 + 〈a− b, c〉)j−k − 〈b, c〉j−k

⎤

+
⎣
(|b| + (|a|− |b|))p−2j − |b|p−2j

⎤
〈b, c〉j−k.

Using the binomial theorem, the estimates |a|p−2j ≤ 2p−2j−1(|a − b|p−2j + |b|p−2j), |〈a − b, c〉| ≤ |a − b||c|, 
and |〈b, c〉| ≤ |b||c|, we obtain the desired result. !

Lemma 4.7. For any even integer p ∈ (0, p0], there exists a positive constant Cp such that for any s > 0, 
i ∈ {1, . . . , N} and λ ∈ R,

a) E 
[
−λ|X̂i,N

s |p
∣∣Fs

]
≤ −λ|X̂i,N

s |p + Cp|λ| 
p−2⎦
j=0

|X̂i,N
s |j.

b) E 
[
|X̂i,N

s |p−2
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉 ∣∣Fs

]
≤ |X̂i,N

s |p−2
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+ Cp

p−2⎦
j=0

|X̂i,N
s |j.

c) E 
[
|X̂i,N

s |p−4|(X̂i,N
s )Tσ∆(X̂i,N

s , µX̂
N

s )|2
∣∣Fs

]
≤ |X̂i,N

s |p−2|σ∆(X̂i,N
s , µX̂

N

s )|2 + Cp

p−3⎦
j=0

|X̂i,N
s |j.
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Proof. First, by using T4, (20), Burkholder-Davis-Gundy’s inequality ([2, Theorem 4.4.23] and [33, Propo-
sition 2.2]), (27) and A4, we get that for all 2 ≤ j ≤ p,

max
{
|X̂i,N

s |
∣∣∣b
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣ |s− s| ; E
[
|X̂i,N

s |
∣∣∣σ∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
∣∣W i

s −W i
s

∣∣ ∣∣Fs

]
;

E
[
|X̂i,N

s |
∣∣∣c∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
∣∣Zi

s − Zi
s

∣∣ ∣∣Fs

]}
≤ C

√
∆,

max
{ ∣∣∣b

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
j

|s− s|j ; E

[∣∣∣σ∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
j ∣∣W i

s −W i
s

∣∣j ∣∣Fs

]
;

E

[∣∣∣c∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
j ∣∣Zi

s − Zi
s

∣∣j ∣∣Fs

]}
≤ C∆. (42)

These estimates of Lemma 4.7 follow from the binomial theorem, (31) and (42). !

Lemma 4.8. For any even integer p ∈ (0, p0], s > 0, and z ∈ Rd, it holds that

E

[(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
p

−
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p
)
−
⎣
|X̂i,N

s |p − |X̂i,N
s |p

⎤ ∣∣Fs

]

≤ Q̂p−2
⎣∣∣∣X̂i,N

s

∣∣∣ , |z|
⎤

+
p/2∑

j=1

j∑

k=0
Cj,k|z|j+kWj+k

2 (µX̂
N

s , δ0)

×
( ∣∣∣X̂i,N

s

∣∣∣
j−k−2

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−2

+
j−k∑

$=2

(∣∣∣X̂i,N
s

∣∣∣
j−k−$

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−$

)
+

p−2j∑

$=2

∣∣∣X̂i,N
s

∣∣∣
p−j−k−$

)
,

where (Cj,k) are some positive constants, Q̂p−2(|X̂i,N
s |, |z|) is a polynomial in |X̂i,N

s | of degree p − 2.

Proof. By using Lemma 4.6, we have
(∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p

−
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p
)
−

⎣
|X̂i,N

s |p − |X̂i,N
s |p

⎤

≤
p/2∑

j=1

j∑

k=0

(
p/2
j

)(
j

k

)
2j−k

∣∣∣c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
j+k

(
2p−2j−1

j−k∑

$=1

(
j − k

'

) ∣∣∣X̂i,N
s

∣∣∣
j−k−$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
p−2j+$

+ 2p−2j−1
j−k∑

$=1

(
j − k

'

) ∣∣∣X̂i,N
s

∣∣∣
p−j−k−$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$
+

p−2j∑

$=1

(
p− 2j

'

) ∣∣∣X̂i,N
s

∣∣∣
p−j−k−$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$
)
.

Then, using T4, (31) and the estimate (42) we obtain the desired result. !

Lemma 4.9. Let / be a positive constant satisfying N ≥
⎣

max{3L3,1}
2υ

⎤2
. Then, for any even integer p ∈ (0, p0], 

s > 0, and z ∈ Rd, it holds
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2p

(
|z|2

2 + L−2
3

⎣
(1 + |z|(L3 + /))p−1 − |z|(L3 + /) − 1

⎤(
|z|

⎣L3
2 + /

⎤
+ /

))

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
,
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where Û i,N
s := 1√

N

⎦N
j=1;j *=i

∣∣∣X̂j,N
s

∣∣∣, and

Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
:= 2L2

3

(⎣
1 + 1√

N

⎤2
|X̂i,N

s |2 +
⎣
1 + Û i,N

s

⎤2)(
k

'

)
2$L2k−$−2

3

×
(⎣

k − '

2 − 1
⎤(

1 + 1√
N

)2k−$−3 ⎣1 + Û i,N
s

⎤2
|X̂i,N

s |p−4

+
2k−$−2∑

m=2

(2k − '− 2
m

)(
1 + 1√

N

)2k−$−2−m
⎣
1 + Û i,N

s

⎤m
|X̂i,N

s |p−2−m

)
.

Proof. Proceeding in the same way as in (7), we get

∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉

≤ p

2
∣∣∣X̂i,N

s

∣∣∣
p−2 ∣∣∣c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
2

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)(
k

'

)
2$|X̂i,N

s |p−2k+$
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2k−$

|z|2k−$.

It follows from T4 and the estimate W2(µX̂
N

s , δ0) ≤ 1√
N

⎦N
j=1 |X̂j,N

s | that

∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2k−$−2

≤ L2k−$−2
3

⎣
1 + |X̂i,N

s | + W2(µX̂
N

s , δ0)
⎤2k−$−2

≤ L2k−$−2
3



(1 + 1√
N

)|X̂i,N
s | + 1 + 1√

N

N∑

j=1;j *=i

∣∣∣X̂j,N
s

∣∣∣



⎢
2k−$−2

= L2k−$−2
3

(
(1 + 1√

N
)2k−$−2|X̂i,N

s |2k−$−2 + (2k − '− 2)
⎣
1 + Û i,N

s

⎤
(1 + 1√

N
)2k−$−3|X̂i,N

s |2k−$−3

+
2k−$−2∑

m=2

(2k − '− 2
m

)⎣
1 + Û i,N

s

⎤m
(1 + 1√

N
)2k−$−2−m|X̂i,N

s |2k−$−2−m

)
. (43)

Using the estimate 
⎣
1 + Û i,N

s

⎤
|X̂i,N

s |2k−$−3 ≤ 1
2

⎣⎣
1 + Û i,N

s

⎤2
|X̂i,N

s |2k−$−4 + |X̂i,N
s |2k−$−2

⎤
, we get

k∑

$=0

(
k

'

)
2$|X̂i,N

s |p−2k+$
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2k−$

|z|2k−$

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2
k∑

$=0

(
k

'

)
2$|z|2k−$L2k−$−2

3

(
1 + 1√

N

)2k−$−3 ( 1√
N

+ k − '

2

)

+
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2 k∑

$=0

(
k

'

)
2$|z|2k−$L2k−$−2

3

((
k − '

2 − 1
)(

1 + 1√
N

)2k−$−3 ⎣1 + Û i,N
s

⎤2
|X̂i,N

s |p−4

+
2k−$−2∑

m=2

(2k − '− 2
m

)(
1 + 1√

N

)2k−$−2−m
⎣
1 + Û i,N

s

⎤m
|X̂i,N

s |p−2−m

)
.
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Set a = |z|L3

(
1 + 1√

N

)
. Note that

k∑

$=0

(
k

'

)
2$|z|2k−$L2k−$−2

3

(
1 + 1√

N

)2k−$−3
= L−2

3

(
1 + 1√

N

)−3 (
a2 + 2a

)k
,

− 1
2

k∑

$=0

(
k

'

)
2$|z|2k−$L2k−$−2

3

(
1 + 1√

N

)2k−$−3
' = −L−2

3

(
1 + 1√

N

)−3
ka

(
a2 + 2a

)k−1
.

These facts imply that

k∑

$=0

(
k

'

)
2$|z|2k−$L2k−$−2

3

(
1 + 1√

N

)2k−$−3
( 1√

N
+ k − '

2)

= L−2
3

(
1 + 1√

N

)−3 (
a2 + 2a

)k−1 ⎣a2 + 2a√
N

+ k(a2 + a)
⎤
.

Moreover, similar to the estimate (43), we get

∣∣∣c∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2
≤ 2L2

3

(⎣
1 + 1√

N

⎤2
|X̂i,N

s |2 +
⎣
1 + Û i,N

s

⎤2)
.

Therefore, we have

k∑

$=0

(
k

'

)
2$|X̂i,N

s |p−2k+$
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2k−$

|z|2k−$

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2L−2
3

(
1 + 1√

N

)−3 (
a2 + 2a

)k−1
(
a2 + 2a√

N
+ k(a2 + a)

)

+
k∑

$=0
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
.

Next, using 
⎦p/2

k=2
(p/2

k

)
kzk−1 = p

2 ((1 + z)p/2−1 − 1) and 
⎦p/2

k=2
(p/2

k

)
zk−1 = z−1((1 + z)p/2 − 1 − p

2z) with 
z > 0, we get that

p/2∑

k=2

k∑

$=0

(
p/2
k

)(
k

'

)
2$|X̂i,N

s |p−2k+$
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2k−$

|z|2k−$

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2L−2
3

(
1 + 1√

N

)−3

×
(

1√
N

(
(1 + a)p − 1 − p

2(a2 + 2a)
)

+ (a2 + a)p2
⎣
(1 + a)p−2 − 1

⎤)

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
.

Applying the inequality (1 + a)p − 1 − p
2 (a2 + 2a) ≤ (a + 1)2

(
(1 + a)p−2 − 1

)
, with p ≥ 2 and a > 0, we get 

that for / ≥ 1
2
√
N

max{3L3, 1},
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∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2

(
p

2 |z|
2 + L−2

3

(
1 + 1√

N

)−3

×
(

1√
N

(
(1 + a)p − 1 − p

2(a2 + 2a)
)

+ (a2 + a)p2
⎣
(1 + a)p−2 − 1

⎤))

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2p

(
|z|2

2 + L−2
3

⎣
(1 + a)p−1 − a− 1

⎤⎣a + 1
p
√
N

+ a

2
⎤)

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤

≤
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2p

(
|z|2

2 + L−2
3

⎣
(1 + |z|(L3 + /))p−1 − |z|(L3 + /) − 1

⎤(
|z|

⎣L3
2 + /

⎤
+ /

))

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
,

where we have used the fact that a ≤ |z|(L3 + /), a + 1
p
√
N

+ a

2 ≤ |z|
⎣

L3
2 + /

⎤
+ /. !

Lemma 4.10. For any even integer p ∈ (0, p0], there exists a positive constant Cp such that for any s > 0
and z ∈ Rd,

E
[
|X̂i,N

s |p−2〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉 − |X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉
∣∣Fs

]

≤ Cp|z|




p−2∑

j=0
|X̂i,N

s |j + W2(µX̂
N

s , δ0)
p−3∑

j=0
|X̂i,N

s |j


⎢ .

Proof. By using the binomial theorem and (31), we have

|X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉 − |X̂i,N
s |p−2〈X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉

= 〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉
⎣
|X̂i,N

s |p−2 − |X̂i,N
s |p−2

⎤
+ 〈X̂i,N

s − X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉|X̂i,N
s |p−2

= 〈X̂i,N
s , c∆(X̂i,N

s , µX̂
N

s )z〉
p−2∑

j=1

(
p− 2
j

)
|X̂i,N

s |p−2−j
⎣
|X̂i,N

s |− |X̂i,N
s |

⎤j

+ 〈X̂i,N
s − X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉|X̂i,N
s |p−2

+ 〈X̂i,N
s − X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z〉
p−2∑

j=1

(
p− 2
j

)
|X̂i,N

s |p−2−j
⎣
|X̂i,N

s |− |X̂i,N
s |

⎤j
.

By applying (42) and T4, we obtain the desired result. !
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Proposition 4.11. There exist constants γ̃1 ∈ R, γ̃2 > 0, η̃ ≥ 0, and / > 0, such that for all x ∈ Rd and 
µ ∈ P2(Rd),

〈x, b(x, µ)〉 + p0 − 1
2 |σ∆(x, µ)|2

+ |c∆(x, µ)|2
∫

Rd
0

(
|z|2

2 + 1
L2

3

⎣
(1 + |z|(L3 + /))p0−1 − 1 − |z|(L3 + /)

⎤(
|z|

⎣L3
2 + /

⎤
+ /

))
ν(dz)

≤ γ̃1|x|2 + γ̃2W2
2 (µ, δ0) + η̃.

(44)

Moreover, if γ1 + γ2 < 0, we can choose γ̃1, ̃γ2, ̃η and / such that γ̃1 + γ̃2 < 0.

Proof. Based on A6 and T4, it follows that (44) holds for / = 0 and γ̃1 = γ1, γ̃2 = γ2, η̃ = η. Note that 
in (44), the integral with respect to ν(dz) is finite for any / > 0. This fact, combined with T4, implies that 
for any / > 0, there exist constants γ̃1 ∈ R, γ̃2 > 0, η̃ ≥ 0 such that (44) holds. Next, we note that the 
left-hand side of (44) is continuous and increasing with respect to / on the interval [0, +∞). Therefore, if
A6 holds with γ1 + γ2 < 0, we can select / to be sufficiently small such that (44) holds for some constants 
η̃ ≥ 0, γ̃1 ∈ R, and γ̃2 > 0, satisfying γ̃1 + γ̃2 < 0. !

Remark 4.12.

i) If (44) holds for some p0 ≥ 2 then it also holds for any p ∈ [2; p0].
ii) It follows from A6 and T4 that if p0 = 2 then (44) holds with γ̃1 = γ1, γ̃2 = γ2, η̃ = η.

Next, we are going to show how the moments of X̂i,N
t are bounded in terms of t.

Proposition 4.13. Let γ̃1, γ̃2, η̃, and / be defined as in Proposition 4.11. Assume that N ≥
⎣

max{3L3,1}
2υ

⎤2
. 

Then, for any positive k ≤ p0/2, there exists a positive constant C = C(x0, k, ̃γ1, ̃γ2, ̃η, L, L3, p0) which 
depends neither on ∆ nor on t such that for any t ≥ 0,

max
i∈{1,...,N}

⎣
E
[
|X̂i,N

t |2k
]
∨ E

[
|X̂i,N

t |2k
]⎤

≤






Ce2kγ̃t if γ̃ > 0,
C(1 + t)k if γ̃ = 0,
C if γ̃ < 0,

(45)

where γ̃ = γ̃1 + γ̃2.

Proof. Using Hölder’s inequality, it suffices to show (45) for a positive integer k ≤ p0/2. We are going to 
use the induction method. First, note that (45) is valid for k = 1 due to Remark 4.12 and Lemma 4.5.

Next, assume that (45) holds for any k ≤ k0 ≤ [p0/2] − 1. We wish to show that (45) still holds for 
k = k0 + 1. For this, using Itô’s formula for e−pλt|X̂i,N

t |p with even integer p := 2(k0 + 1) ≤ p0, we have

e−pλt
∣∣∣X̂i,N

t

∣∣∣
p

= |x0|p +
t∫

0

e−pλsRsds + Mt, (46)

where

Rs = −pλ|X̂i,N
s |p + p|X̂i,N

s |p−2
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+ p

2 |X̂
i,N
s |p−2

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2

+ p(p− 2)
2 |X̂i,N

s |p−4
∣∣∣(X̂i,N

s )Tσ∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2



N. Khue Tran et al. / J. Math. Anal. Appl. 543 (2025) 128982 27

+
∫

Rd
0

(∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉)

ν (dz) ,

Mt = p

t∫

0

e−pλs|X̂i,N
s |p−2

〈
X̂i,N

s ,σ∆(X̂i,N
s , µX̂

N

s )dW i
s

〉

+
t∫

0

∫

Rd
0

e−pλs

(∣∣∣X̂i,N
s− + c∆(X̂i,N

s− , µX̂
N

s− )z
∣∣∣
p

− |X̂i,N
s− |p

)
Ñ i(ds, dz).

It follows from Lemma 4.7 that

E

[
− pλ|X̂i,N

s |p + p|X̂i,N
s |p−2

〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+ p

2 |X̂
i,N
s |p−2

∣∣∣σ∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2

+ p(p− 2)
2 |X̂i,N

s |p−4
∣∣∣(X̂i,N

s )Tσ∆(X̂i,N
s , µX̂

N

s )
∣∣∣
2 ∣∣∣Fs

]

≤ p|X̂i,N
s |p−2

(
−λ|X̂i,N

s |2 +
〈
X̂i,N

s , b(X̂i,N
s , µX̂

N

s )
〉

+ p− 1
2 |σ∆(X̂i,N

s , µX̂
N

s )|2
)

+ Qp−2

⎣∣∣∣X̂i,N
s

∣∣∣
⎤
,(47)

where Qp−2(|X̂i,N
s |) is a polynomial in |X̂i,N

s | of degree p − 2.
We write

∣∣∣X̂i,N
s + c∆(X̂i,N

s , µX̂
N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉

=
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉

+
(∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p

−
∣∣∣X̂i,N

s + c∆(X̂i,N
s , µX̂

N

s )z
∣∣∣
p
)
−
⎣
|X̂i,N

s |p − |X̂i,N
s |p

⎤

− p
⎣
|X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉
− |X̂i,N

s |p−2
〈
X̂i,N

s , c∆(X̂i,N
s , µX̂

N

s )z
〉⎤

. (48)

Therefore, taking the conditional expectation on both sides of (48) and using Lemmas 4.8, 4.9, and 4.10, 
we obtain that for / ≥ 1

2
√
N

max{3L3, 1},

E

[∣∣∣X̂i,N
s + c∆

⎣
X̂i,N

s , µX̂
N

s

⎤
z
∣∣∣
p

− |X̂i,N
s |p − p|X̂i,N

s |p−2
〈
X̂i,N

s , c∆
⎣
X̂i,N

s , µX̂
N

s

⎤
z
〉 ∣∣Fs

]

≤ p
∣∣∣c∆(X̂i,N

s , µX̂
N

s )
∣∣∣
2
|X̂i,N

s |p−2

(
|z|2

2 + L−2
3

⎣
(1 + |z|(L3 + /))p−1 − |z|(L3 + /) − 1

⎤(
|z|

⎣L3
2 + /

⎤
+ /

))

+
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
+ Q̂p−2

⎣∣∣∣X̂i,N
s

∣∣∣ , |z|
⎤

+
p/2∑

j=1

j∑

k=0
Cj,k|z|j+kWj+k

2 (µX̂
N

s , δ0)
( ∣∣∣X̂i,N

s

∣∣∣
j−k−2

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−2

+
j−k∑

$=2

(∣∣∣X̂i,N
s

∣∣∣
j−k−$

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−$

)

+
p−2j∑

$=2

∣∣∣X̂i,N
s

∣∣∣
p−j−k−$

)
+ Cp|z|




p−2∑

j=0
|X̂i,N

s |j + W2(µX̂
N

s , δ0)
p−3∑

j=0
|X̂i,N

s |j


⎢ . (49)
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Hence, combining (47) and (49), we get

E[Rs|Fs] ≤ p|X̂i,N
s |p−2

(
− λ|X̂i,N

s |2 + 〈X̂i,N
s , b(X̂i,N

s , µX̂
N

s )〉 + p− 1
2 |σ∆(X̂i,N

s , µX̂
N

s )|2

+
∣∣∣c∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∫

Rd
0

(
|z|2

2 + L−2
3

⎣
(1 + |z|(L3 + /))p−1 − |z|(L3 + /) − 1

⎤

×
(
|z|

⎣L3
2 + /

⎤
+ /

))
ν(dz)

)
+ Qp−2

⎣∣∣∣X̂i,N
s

∣∣∣
⎤

+
∫

Rd
0

(
p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
+ Q̂p−2

⎣∣∣∣X̂i,N
s

∣∣∣ , |z|
⎤

+
p/2∑

j=1

j∑

k=0
Cj,k|z|j+kWj+k

2 (µX̂
N

s , δ0)
( ∣∣∣X̂i,N

s

∣∣∣
j−k−2

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−2

+
j−k∑

$=2

(∣∣∣X̂i,N
s

∣∣∣
j−k−$

+
∣∣∣X̂i,N

s

∣∣∣
p−j−k−$

)
+

p−2j∑

$=2

∣∣∣X̂i,N
s

∣∣∣
p−j−k−$

)

+ Cp|z|
( p−2∑

j=0
|X̂i,N

s |j + W2(µX̂
N

s , δ0)
p−3∑

j=0
|X̂i,N

s |j
))

ν(dz).

In the following, we choose λ = γ̃1 + γ̃2
N . It follows from Proposition 4.11 and the equality W2

2 (µX̂
N

s , δ0) =
1
N

⎦N
m=1 |X̂m,N

s |2 that

− (γ̃1 + γ̃2
N

)|X̂i,N
s |2 + 〈X̂i,N

s , b(X̂i,N
s , µX̂

N

s )〉 + p− 1
2 |σ∆(X̂i,N

s , µX̂
N

s )|2

+
∣∣∣c∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∫

Rd
0

(
|z|2

2 + L−2
3

⎣
(1 + |z|(L3 + /))p−1 − |z|(L3 + /) − 1

⎤

×
(
|z|

⎣L3
2 + /

⎤
+ /

))
ν(dz)

)

≤− (γ̃1 + γ̃2
N

)|X̂i,N
s |2 + γ̃1|X̂i,N

s |2 + γ̃2W2
2 (µX̂

N

s , δ0) + η̃ = γ̃2
N

N∑

m=1,m*=i

|X̂m,N
s |2 + η̃.

Therefore, using the estimate W2(µX̂
N

s , δ0) ≤ 1√
N

⎦N
m=1 |X̂m,N

s |, we obtain that

E[Rs] ≤ pE

[
γ̃2
N

|X̂i,N
s |p−2

N∑

m=1,m*=i

|X̂m,N
s |2

+
∫

Rd
0

p/2∑

k=2

k∑

$=0

(
p/2
k

)
|z|2k−$Qp

⎣
p− 2, 2k − ', |X̂i,N

s |, 1 + Û i,N
s

⎤
ν(dz)

]

+ C
p−2∑

j=0
E
[
|X̂i,N

s |j
]
, (50)
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for some positive constant C.
Thanks to Lemma 4.4, E[Mt] = 0. Now, we are going to take the expectation for (46) with λ = γ̃1 + γ̃2

N , 
plug (50) into (46), and use the inductive assumption, Condition A4 and the following fact thanks to the 
independence between |X̂i,N

s |p−2 and 
⎦N

m=1,m*=i |X̂m,N
s |2

E



|X̂i,N
s |p−2

N∑

m=1,m*=i

|X̂m,N
s |2



 =
N∑

m=1,m*=i

E
[
|X̂i,N

s |p−2
]
E
[
|X̂m,N

s |2
]
,

E

[
|X̂i,N

s |p−$
⎣
1 + Û i,N

s

⎤$
]

= E
[
|X̂i,N

s |p−$
]
E

[⎣
1 + Û i,N

s

⎤$
]
,

for any ' ∈ {2, . . . , p − 2}, where recall that Û i,N
s = 1√

N

⎦N
m=1;m*=i |X̂m,N

s |. As a consequence, we get that

E
[
e−p

(
γ̃1+ γ̃2

N

)
t
∣∣∣X̂i,N

t

∣∣∣
p]

≤ |x0|p + C

t∫

0

e−p
(
γ̃1+ γ̃2

N

)
s

(
p−2∑

$=2
E
[
|X̂i,N

s |p−$
]
E

[⎣
1 + Û i,N

s

⎤$
]

+
p−2∑

j=0
E
[
|X̂i,N

s |j
]


⎢ ds.

Here, recall that γ̃ = γ̃1 + γ̃2.
Case γ̃ > 0:

E
[
e−p

(
γ̃1+ γ̃2

N

)
t
∣∣∣X̂i,N

t

∣∣∣
p]

≤ |x0|p + C

t∫

0

e−p
(
γ̃1+ γ̃2

N

)
s




p−2∑

$=2
e(p−$)

(
γ̃1+γ̃2

)
se$

(
γ̃1+γ̃2

)
s +

p−2∑

j=0
ej

(
γ̃1+γ̃2

)
s



⎢ ds

≤ |x0|p + C

−pγ̃2
( 1
N − 1

)
⎣
e−pγ̃2

( 1
N −1

)
t − 1

⎤
,

which implies that

E
[∣∣∣X̂i,N

t

∣∣∣
p]

≤ |x0|pep
(
γ̃1+ γ̃2

N

)
t + C

pγ̃2
(
1 − 1

N

)
⎣
ep

(
γ̃1+γ̃2

)
t − ep

(
γ̃1+ γ̃2

N

)
t
⎤
≤ Cep

(
γ̃1+γ̃2

)
t = Cepγ̃t.

Case γ̃ = 0: In this case, we have γ̃1 + γ̃2
N < γ̃ = 0. Using the integration by parts formula repeatedly, it can 

be checked that for any . < 0 and q ∈ N∗,

t∫

0

e−βs(1 + s)qds ≤ C(., q)



e−βt(1 + t)q +
t∫

0

e−βsds



⎢ ≤ C(., q)e−βt(1 + t)q,

for some constant C(., q) > 0. This deduces that

E
[
e−p

(
γ̃1+ γ̃2

N

)
t
∣∣∣X̂i,N

t

∣∣∣
p]

≤ |x0|p + C

t∫

0

e−p
(
γ̃1+ γ̃2

N

)
s




p−2∑

$=2
(1 + s)(p−$)/2 (1 + s)$/2 +

p−2∑

j=0
(1 + s)j/2



⎢ ds

≤ |x0|p + Ce−p
(
γ̃1+ γ̃2

N

)
t (1 + t)p/2 .

Therefore, we obtain that E 
[∣∣∣X̂i,N

t

∣∣∣
p]

≤ C (1 + t)p/2.
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Case γ̃ < 0: In this case, we have γ̃1 + γ̃2
N < γ̃ < 0. Thus, we get E 

[
e−p

(
γ̃1+ γ̃2

N

)
t
∣∣∣X̂i,N

t

∣∣∣
p]

≤ |x0|p +

C
∫ t
0 e−p

(
γ̃1+ γ̃2

N

)
sds, which implies that E 

[∣∣∣X̂i,N
t

∣∣∣
p]

≤ C. Consequently, combining with (41), we conclude 
that (45) holds for k = k0 + 1. Thus, the result follows. !

Remark 4.14. Thanks to Proposition 4.13, we get the following estimate on the expectation of the number 
of timesteps NT

E [NT − 1] ≤ C

∆ , (51)

for any T > 0, where the positive constant C does not depend on ∆.
Indeed, the same argument in the proof of Lemma 2 in [10] yields that NT =

⎦NT

k=1 1 ≤
∫ T
0

1
∆h(X̂N

t ,µX̂N

t )
dt

+ 1. Then, using (20), Assumption A5, and Remark 2.1 (i) and (iii), we get that for any i ∈ {1, . . . , N} and 
p0 ≥ 2(' + 1),

1
h(X̂i,N

t , µX̂
N

t )
≤ C

⎣
1 + |X̂i,N

t |p0 + Wp0
2 (µX̂

N

t , δ0)
⎤
≤ C

(
1 + |X̂i,N

t |p0 + 1
N

N∑

m=1

∣∣∣X̂m,N
t

∣∣∣
p0
)
.

This, combined with h(X̂
N

t , µX̂
N

t ) = min{h(X̂1,N
t , µX̂

N

t ), . . . , h(X̂N,N
t , µX̂

N

t )}, Lemma 4.4 and Proposi-
tion 4.13, shows the estimate (51).

Next, the difference between X̂i,N
t and X̂i,N

t has the following uniform bound in time.

Lemma 4.15. Let all conditions of Proposition 4.13 be satisfied. Then for any p ∈ [2, p0], there exists a 
positive constant Cp = C(p, L) such that

max
i∈{1,...,N}

E
[∣∣∣X̂i,N

t − X̂i,N
t

∣∣∣
p ∣∣Ft

]
≤ Cp∆,

for any t ≥ 0, and

max
i∈{1,...,N}

sup
t≥0

E
[∣∣∣X̂i,N

t − X̂i,N
t

∣∣∣
p]

≤ Cp∆.

Proof. From (31), we have that for any p ≥ 2,

|X̂i,N
t − X̂i,N

t |p ≤ 3p−1

[∣∣∣b(X̂i,N
t , µX̂

N

t )
∣∣∣
p

(t− t)p +
∣∣∣σ∆(X̂i,N

t , µX̂
N

t )
∣∣∣
p ∣∣W i

t −W i
t

∣∣p +
∣∣∣c∆(X̂i,N

t , µX̂
N

t )
∣∣∣
p ∣∣Zi

t − Zi
t

∣∣p
]
.

This, combined with (42), concludes the desired result. !

4.3. Convergence

Theorem 4.16. Let γ̃1, γ̃2, η̃, and / be defined as in Proposition 4.11. Assume that p0 ≥ 4' + 6, N ≥⎣
max{3L3,1}

2υ

⎤2
, and there exists a constant ε > 0 such that A2 holds for κ1 = κ2 = 1 + ε, L1 ∈ R, 

L2 ≥ 0. Then for any T > 0, there exist positive constants CT = C(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε, T ) and 
C ′

T = C ′(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε, T ) such that
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max
i∈{1,...,N}

sup
t∈[0,T ]

E

[∣∣∣Xi,N
t − X̂i,N

t

∣∣∣
2]

≤ CT∆, (52)

and for any p ∈ (0, 2),

max
i∈{1,...,N}

E

[
sup

t∈[0,T ]

∣∣∣Xi,N
t − X̂i,N

t

∣∣∣
p
]
≤

(4 − p

2 − p

)
(C ′

T∆)p/2. (53)

Moreover, if γ̃ = γ̃1 + γ̃2 < 0, and L1 + L2 < 0, then, there exists a positive constant C ′′ =
C ′′(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε), which does not depend on T , such that

max
i∈{1,...,N}

sup
t≥0

E

[∣∣∣Xi,N
t − X̂i,N

t

∣∣∣
2]

≤ C ′′∆. (54)

Proof. Thanks to (14), (32), and Itô’s formula, we obtain that for any λ ∈ R,

e−λt|Xi,N
t − X̂i,N

t |2 =
t∫

0

e−λs

(
− λ|Xi,N

s − X̂i,N
s |2 + 2

〈
Xi,N

s − X̂i,N
s , b(Xi,N

s , µXN

s ) − b
⎣
X̂i,N

s , µX̂
N

s

⎤〉

+
∣∣∣σ(Xi,N

s , µXN

s ) − σ∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 )

ds + Mt

+
t∫

0

∫

Rd
0

e−λs
∣∣(c(Xi,N

s , µXN

s ) − c∆(X̂i,N
s , µX̂

N

s )
)
z
∣∣2ν(dz)ds, (55)

where

Mt = 2
t∫

0

e−λs
〈
Xi,N

s − X̂i,N
s ,

(
σ(Xi,N

s , µXN

s ) − σ∆(X̂i,N
s , µX̂

N

s )
)
dW i

s

〉

+
t∫

0

∫

Rd
0

e−λs
⎣
|Xi,N

s− − X̂i,N
s− +

(
c(Xi,N

s− , µXN

s− ) − c∆(X̂i,N
s− , µX̂

N

s− )
)
z|2 − |Xi,N

s− − X̂i,N
s− |2

⎤
Ñ i(ds, dz).

In the following, we will give upper bounds for each term on the right-hand side of (55). First, we 
decompose

2
〈
Xi,N

s − X̂i,N
s , b(Xi,N

s , µXN

s ) − b
⎣
X̂i,N

s , µX̂
N

s

⎤〉
= 2

〈
Xi,N

s − X̂i,N
s , b(Xi,N

s , µXN

s ) − b
⎣
X̂i,N

s , µX̂
N

s

⎤〉
+ S,

(56)

where S = 2 
〈
Xi,N

s − X̂i,N
s , b

⎣
X̂i,N

s , µX̂
N

s

⎤
− b

⎣
X̂i,N

s , µX̂
N

s

⎤〉
. By using Cauchy’s inequality and Condition

A3, we obtain that for any ε1 > 0,

S ≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣
2

+ 1
ε1

∣∣∣b
⎣
X̂i,N

s , µX̂
N

s

⎤
− b

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣
2

+ 6
ε1

L2
(

1 +
∣∣∣X̂i,N

s

∣∣∣
2$

+
∣∣∣X̂i,N

s

∣∣∣
2$)(∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)

≤ ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣
2

+ 6
ε1

L2

(∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 22$−1

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2$+2

)
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+ 6
ε1

L2

(
22$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2$
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ (22$−1 + 1)

∣∣∣X̂i,N
s

∣∣∣
2$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2
)

+ 6
ε1

L2(22$ + 1)
∣∣∣X̂i,N

s

∣∣∣
2$
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤
. (57)

Second, by using Cauchy’s inequality we have that for any ε2 > 0,
∣∣∣σ(Xi,N

s , µXN

s ) − σ∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

≤ (1 + ε2)
∣∣∣σ(Xi,N

s , µXN

s ) − σ
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

+ 2
(

1 + 1
ε2

)(∣∣∣σ
⎣
X̂i,N

s , µX̂
N

s

⎤
− σ

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

+
∣∣∣σ

⎣
X̂i,N

s , µX̂
N

s

⎤
− σ∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2)

. (58)

It follows from Remark 2.1 that
∣∣∣σ

⎣
X̂i,N

s , µX̂
N

s

⎤
− σ

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

≤ LL̃

1 + ε

(
1 +

∣∣∣X̂i,N
s

∣∣∣
$
+

∣∣∣X̂i,N
s

∣∣∣
$
)(∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)

≤ LL̃

1 + ε

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 2$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
$+2

+ 2$
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤

+ (2$ + 1)
∣∣∣X̂i,N

s

∣∣∣
$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ (2$−1 + 1)
∣∣X̂i,N

s

∣∣$W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)
. (59)

Then, it follows from T5 and Remark 2.1(iii) that
∣∣∣σ

⎣
X̂i,N

s , µX̂
N

s

⎤
− σ∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2
≤ ∆

∣∣∣σ
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
4 ⎣

1 +
∣∣∣X̂i,N

s

∣∣∣
⎤2

≤4∆
(

16
⎣ LL̃

1 + ε

⎤2⎣
1 + |X̂i,N

s |2$
⎤⎣

|X̂i,N
s |4 + W4

2
(
µX̂

N

s , δ0
)⎤

+ 4 |σ(0, δ0)|4
)⎣

1 + |X̂i,N
s |2

⎤
. (60)

Third, using Cauchy’s inequality, we obtain that for any ε3 > 0,
∣∣∣c(Xi,N

s , µXN

s ) − c∆
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2
≤ (1 + ε3)

∣∣∣c(Xi,N
s , µXN

s ) − c
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

+ 2
(

1 + 1
ε3

)( ∣∣∣c
⎣
X̂i,N

s , µX̂
N

s

⎤
− c

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

+
∣∣∣c
⎣
X̂i,N

s , µX̂
N

s

⎤
− c∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 )

. (61)

Thanks to Remark 2.1(ii), we have
∣∣∣c
⎣
X̂i,N

s , µX̂
N

s

⎤
− c

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∫

Rd
0

|z|2ν(dz)

≤ LL̃

1 + ε

(
1 +

∣∣∣X̂i,N
s

∣∣∣
$
+

∣∣∣X̂i,N
s

∣∣∣
$
)(∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)

≤ LL̃

1 + ε

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 2$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
$+2

+ 2$
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤

+ (2$ + 1)
∣∣∣X̂i,N

s

∣∣∣
$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ (2$ + 1)
∣∣X̂i,N

s

∣∣$W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)
. (62)
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Thanks to T5 and Remark 2.1(iii) and (i), we have

∣∣∣c
⎣
X̂i,N

s , µX̂
N

s

⎤
− c∆

⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

≤∆
∣∣∣c
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
4 ⎣

1 +
∣∣∣X̂i,N

s

∣∣∣ +
∣∣∣b
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
⎤2

≤ 6∆
⎣ ∫

Rd
0
|z|2ν(dz)

⎤2

(
16

⎣ LL̃

1 + ε

⎤2⎣
1 + |X̂i,N

s |2$
⎤⎣

|X̂i,N
s |4 + W4

2
(
µX̂

N

s , δ0
)⎤

+ 4 |c(0, δ0)|4
⎣ ∫

Rd
0

|z|2ν(dz)
⎤2)

×
⎣
1 + |X̂i,N

s |2 + 2
⎣
|b(0, δ0)|2 + 4L2(1 + |X̂i,N

s |2$
) ⎣

|X̂i,N
s |2 + W2

2
(
µX̂

N

s , δ0
)⎤⎤⎤

. (63)

Therefore, inserting all estimations (56) – (63) into (55), and choosing ε2 = ε3 = ε, we obtain that for 
any λ ∈ R and ε1 > 0,

e−λt|Xi,N
t − X̂i,N

t |2 ≤ Mt+

+
t∫

0

e−λs

(
− λ|Xi,N

s − X̂i,N
s |2 + ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣
2

+ 2
〈
Xi,N

s − X̂i,N
s , b(Xi,N

s , µXN

s ) − b
⎣
X̂i,N

s , µX̂
N

s

⎤〉

+ (1 + ε)
∣∣∣σ(Xi,N

s , µXN

s ) − σ
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2

+ (1 + ε)
∣∣∣c(Xi,N

s , µXN

s )

−c
⎣
X̂i,N

s , µX̂
N

s

⎤∣∣∣
2 ∫

Rd
0

|z|2ν(dz) + Rs

)
ds,

where

Rs = 6
ε1

L2

[ ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 22$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2$+2

+ 22$
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2$

×W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ (22$ + 1)

∣∣∣X̂i,N
s

∣∣∣
2$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ (22$ + 1)
∣∣∣X̂i,N

s

∣∣∣
2$
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤]

+ 2
(
1 + 1

ε

)
[

LL̃

1 + ε

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 2$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
$+2

+ 2$
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$

×W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ (2$ + 1)

∣∣∣X̂i,N
s

∣∣∣
$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ (2$ + 1)
∣∣X̂i,N

s

∣∣$W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)

+ 4∆
(

16
⎣ LL̃

1 + ε

⎤2⎣
1 + |X̂i,N

s |2$
⎤⎣

|X̂i,N
s |4 + W4

2
(
µX̂

N

s , δ0
)⎤

+ 4 |σ(0, δ0)|4
)⎣

1 + |X̂i,N
s |2

⎤]

+ 2
(

1 + 1
ε

)[
LL̃

1 + ε

( ∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2

+ W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ 2$

∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
$+2

+ 2$
∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
$

×W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤
+ (2$ + 1)

∣∣∣X̂i,N
s

∣∣∣
$ ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2

+ (2$ + 1)
∣∣X̂i,N

s

∣∣$W2
2

⎣
µX̂

N

s , µX̂
N

s

⎤)

+ 6∆∫
Rd

0
|z|2ν(dz)

(
16

⎣ LL̃

1 + ε

⎤2⎣
1 + |X̂i,N

s |2$
⎤⎣

|X̂i,N
s |4 + W4

2
(
µX̂

N

s , δ0
)⎤

+ 4 |c(0, δ0)|4
⎣ ∫

Rd
0

|z|2ν(dz)
⎤2)
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×
⎣
1 + |X̂i,N

s |2 + 2
⎣
|b(0, δ0)|2 + 4L2

⎣
1 + |X̂i,N

s |2$
⎤⎣

|X̂i,N
s |2 + W2

2
(
µX̂

N

s , δ0
)⎤⎤⎤

]
.

Using Condition A2 for κ1 = κ2 = 1 + ε, L1 ∈ R, L2 ≥ 0, we obtain that for any λ ∈ R and ε1 > 0,

e−λt|Xi,N
t − X̂i,N

t |2 ≤ Mt+

+
t∫

0

e−λs

{
− λ|Xi,N

s − X̂i,N
s |2 + ε1

∣∣∣Xi,N
s − X̂i,N

s

∣∣∣
2

+ L1|Xi,N
s − X̂i,N

s |2

+ L2W2
2

⎣
µXN

s , µX̂
N

s

⎤
+ Rs

}
ds. (64)

Now, using Lemma 4.15 and Proposition 4.13, we have the following estimates

E
[
W2

2
(
µX̂

N

s , µX̂
N

s

)]
≤ 1

N

N∑

j=1
E

[∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣
2]

= E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2]

≤ C∆,

E
[
W2

2
(
µX̂

N

s , δ0
)]

= E



 1
N

N∑

j=1

∣∣∣X̂j,N
s

∣∣∣
2


 = 1
N

N∑

j=1
E

[∣∣∣X̂j,N
s

∣∣∣
2]

= E

[∣∣∣X̂i,N
s

∣∣∣
2]

≤ C,

E
[
W4

2
(
µX̂

N

s , δ0
)]

= E







 1
N

N∑

j=1

∣∣∣X̂j,N
s

∣∣∣
2


⎢
2

 ≤ 1
N

N∑

j=1
E

[∣∣∣X̂j,N
s

∣∣∣
4]

= E

[∣∣∣X̂i,N
s

∣∣∣
4]

≤ C,

(65)

for any i ∈ {1, . . . , N} and some constant C > 0.
Using the estimate Wp

2

⎣
µX̂

N

s , µX̂
N

s

⎤
≤ 1

N

⎦N
j=1

∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣
p
, valid for any p ≥ 2 and Lemma 4.15, 

we have that for ρ ∈ {', 2'},

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
ρ
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤]
≤ 1

N

N∑

j=1
E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
ρ ∣∣∣X̂j,N

s − X̂j,N
s

∣∣∣
2]

= 1
N

E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
ρ+2]

+ 1
N

∑

j *=i

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
ρ]

E

[∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣
2]

≤ C∆. (66)

Next, using Lemma 4.15, Proposition 4.13 and the fact that p0 ≥ 4' + 6, we get that

E
[∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
q]

≤ C∆, E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
$
]
≤

(
E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2$])1/2

≤ C
√

∆ ≤ C,

E
[∣∣∣X̂i,N

s

∣∣∣
ι]

≤ C,

(67)

for q ∈ {2; ' + 2; 2'; 2' + 2}, ι ∈ {'; 2'; 2' + 4; 2' + 6; 4' + 6}, and

E

[∣∣∣X̂i,N
s

∣∣∣
, ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2]

= E

[
E

[∣∣∣X̂i,N
s

∣∣∣
, ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2 ∣∣Fs

]]

= E

[∣∣∣X̂i,N
s

∣∣∣
,
E

[∣∣∣X̂i,N
s − X̂i,N

s

∣∣∣
2 ∣∣Fs

]]
≤ C∆E

[∣∣∣X̂i,N
s

∣∣∣
,]

≤ C∆, (68)

for κ ∈ {'; 2'} and some constant C > 0.
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Furthermore, using Lemma 4.15 and Proposition 4.13, we obtain that for 2 ∈ {', 2'},

E
[∣∣∣X̂i,N

s

∣∣∣
-
W2

2

⎣
µX̂

N

s , µX̂
N

s

⎤]
≤ 1

N

N∑

j=1
E

[∣∣∣X̂i,N
s

∣∣∣
- ∣∣∣X̂j,N

s − X̂j,N
s

∣∣∣
2]

= 1
N

E

[∣∣∣X̂i,N
s

∣∣∣
- ∣∣∣X̂i,N

s − X̂i,N
s

∣∣∣
2]

+ 1
N

∑

j *=i

E
[∣∣∣X̂i,N

s

∣∣∣
-]

E

[∣∣∣X̂j,N
s − X̂j,N

s

∣∣∣
2]

≤ C∆. (69)

Using Proposition 4.13, we obtain that for ϑ ∈ {2' + 2; 4' + 2},

E

[∣∣∣X̂i,N
s

∣∣∣
.
W4

2
(
µX̂

N

s , δ0
)]

≤ 1
N

N∑

j=1
E

[∣∣∣X̂i,N
s

∣∣∣
. ∣∣∣X̂j,N

s

∣∣∣
4]

= 1
N

E

[∣∣∣X̂i,N
s

∣∣∣
.+4]

+ 1
N

∑

j *=i

E

[∣∣∣X̂i,N
s

∣∣∣
.
]
E

[∣∣∣X̂j,N
s

∣∣∣
4]

≤ C. (70)

Proceeding similarly to the above, we get that

E

[∣∣∣X̂i,N
s

∣∣∣
4$
W2

2
(
µX̂

N

s , δ0
)
W4

2
(
µX̂

N

s , δ0
)]

= E

[∣∣∣X̂i,N
s

∣∣∣
4$
W6

2
(
µX̂

N

s , δ0
)]

≤ C. (71)

Consequently, plugging (65)-(71) into (64), taking the expectation on both sides and choosing λ = ε1 +L1 +
L2, we get that for any t ∈ [0, T ],

E

[
e−(/1+L1+L2)t

∣∣∣Xi,N
t − X̂i,N

t

∣∣∣
2]

≤ C∆
t∫

0

e−(/1+L1+L2)sds.

This implies that

max
i∈{1,...,N}

sup
t∈[0,T ]

E
[
|Xi,N

t − X̂i,N
t |2

]
≤ CT∆, (72)

for some positive constant CT = C(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε, T ), which shows (52).
Next, for any stopping time , ≤ T , using again (64) with t = , , λ = ε1 + L1, taking the expectation of 

the above inequality on both sides and using again the estimates (65)–(71) and (72), we obtain that

E
[
e−(/1+L1)τ |Xi,N

τ − X̂i,N
τ |2

]
≤

T∫

0

e−(/1+L1)sE

[
L2W2

2

⎣
µXN

s , µX̂
N

s

⎤
+ Rs

]
ds ≤ C̃T∆,

for some constant C̃T > 0. Therefore, due to Proposition IV.4.7 in [30], we get that for any p ∈ (0, 2),

max
i∈{1,...,N}

E

[
sup

t∈[0,T ]
e−

p(ε1+L1)t
2 |Xi,N

t − X̂i,N
t |p

]
≤

(2 − p/2
1 − p/2

)
(C̃T∆)p/2,

which, combined with the fact that e− p(ε1+L1)t
2 ≥ e−

p|ε1+L1|T
2 , concludes (53).

Moreover, when L1 + L2 < 0, we can always choose ε1 > 0 such that L1 + L2 + ε1 < 0. Consequently, 
when L1 +L2 < 0 and γ̃ < 0, the constant CT in (72) now does not depend on T . Therefore, we have shown 
(54), which finishes the desired proof. !
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We now state our main result on strong convergence in both finite and infinite time intervals of the tamed-
adaptive Euler-Maruyama scheme for multidimensional McKean-Vlasov SDEs driven by Lévy processes.

Theorem 4.17. Let γ̃1, γ̃2, η̃, and / be defined as in Proposition 4.11. Assume that p0 ≥ 4' + 6, N ≥⎣
max{3L3,1}

2υ

⎤2
, and there exists a constant ε > 0 such that A2 holds for κ1 = κ2 = 1 + ε, L1 ∈ R, L2 ≥ 0. 

Then for any T > 0, there exists a positive constant CT = C(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε, T ) such that

max
i∈{1,...,N}

sup
t∈[0,T ]

E

[∣∣∣Xi
t − X̂i,N

t

∣∣∣
2]

≤ CT (∆ + ϕ(N)) , (73)

for any N ∈ N, where the constant CT > 0 does not depend on N .
Moreover, if γ = γ1 + γ2 < 0, γ̃ = γ̃1 + γ̃2 < 0 and L1 + L2 < 0, then there exists a positive constant

C ′′ = C ′′(x0, L, L1, L2, L3, ̃γ1, ̃γ2, ̃η, ε) which does not depend on T such that

max
i∈{1,...,N}

sup
t≥0

E

[∣∣∣Xi
t − X̂i,N

t

∣∣∣
2]

≤ C ′′ (∆ + ϕ(N)) . (74)

Proof. As a consequence of Proposition 3.2 and Theorem 4.16, the proof is straightforward. Thus, we omit 
it. !

5. Numerical experiment

In this section, we consider the rate of convergence of the tamed-adaptive Euler-Maruyama scheme (19), 
(20) and (21) in Theorem 4.16 for a fixed large value of N . We will consider two models. The first model is 
the Ginzburg-Landau equation with jumps and mean-field, in which both L1 + L2 and γ̃ are positive. The 
second model is a particular SDE with jumps and mean-field, in which both L1 + L2 and γ̃ are negative. 
Let Z = (Zt)t≥0 be a bilateral Gamma process whose scale parameter is γZ and whose shape parameter is 
λZ .
Model 1:

dXt = 0.1
(
Xt −X3

t + E [Xt]
)
dt + 0.1XtdWt + sin(Xt−)dZt. (75)

Model 2:

dXt =
(
−1 − 3 (Xt + E [Xt]) −Xt|Xt|0.3

)
dt + 0.2

(
1 + |Xt|1.1 + E [Xt]

)
dWt + 0.2 (Xt− + E [Xt−]) dZt.

(76)
Verifying that these coefficients satisfy Conditions A1–A6 is straightforward. We implement the tamed-
adaptive Euler approximation scheme (19)–(21) with N = 500, X0 = 1, ' = 2, p0 = 12, γZ = λZ = 1; T = 1, 
T = 5, T = 10 for Model 1; and N = 500, X0 = 1, ' = 0.3, p0 = 8, γZ = 1, λZ = 5; and T = 1, T = 5, 
T = 10 for Model 2.
Since the exact solutions of equations (75) and (76) are unknown, we will derive the rate of convergence of the 
tamed-adaptive Euler approximation scheme (19)–(21) in an indirect way as in [16,17]. We consider the mean 
squared difference of X̂ on two consecutive levels as follows: MSE(l, T ) = 1

M

⎦M
k=1 |X̂

(l,k)
T −X̂(l+1,k)

T |2, where 
for each l ≥ 1, (X̂(l,k))1≤k≤M is a sequence of independent copies of X̂(l) defined by equations (19)–(21)
with ∆ = 2−l. Here X̂(l,k)

T and X̂(l+1,k)
T must be simulated to the same Brownian motion and bilateral 

Gamma process (See Algorithm 1 in [10]). It is clear that X̂(l) converges at some rate of order . ∈ (0, +∞)
in L2-norm iff 2βl‖X̂(l+1)

T − X̂(l)
T ‖L2 = O(1), which implies that log2 MSE(l, T ) = −2.l +C + o(1), for some 

constant C ∈ R. Thus we can use the regression method to estimate the rate ..
Fig. 1 presents the values of log2 MSE(l, T ) plotted against l ∈ {1, 2, . . . , 6} for Model 1 (left panel) and 
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Fig. 1. Error log2 MSE(l, 10) plotted against l = 1, ..., 6 for Model 1 (left) and Model 2 (right). (For interpretation of the colors in 
the figure(s), the reader is referred to the web version of this article.)

Model 2 (right panel). Each panel comprises three graphs corresponding to T = 1 (T1), T = 5 (T5), and 
T = 10 (T10), along with a dashed reference line with a slope of −1.
For Model 1, we observe that the TAEM scheme converges at a rate of order . ≈ 1/2 for T = 1. However, 
as T increases, the convergence rate of the TAEM scheme decreases and the mean square error (MSE) 
increases. In contrast, for Model 2, the TAEM scheme converges at a rate of order . ≈ 1/2 for any value of 
T , and the mean square error (MSE) remains independent of T .
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