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Preface

The subject of jump-type stochastic processes has seen exponential growth in
applications during the past 50 years. Before that, it was mostly restricted to certain
areas of operations research and insurance mathematics. Nowadays it is commonly
applied to particle systems, neurology, geology and finance, among many other
disciplines. Therefore, it appears naturally in many applications problems.

On the other hand, it is a subject that may be easier to start studying, in com-
parison with Brownian motion, as the dynamics involved are much simpler at the
beginning.

For this reason, during the past few years, we have introduced this subject to
advanced undergraduate students and graduate students. The starting point of this
book was a seminar series directed by the first author at the Department of
Mathematical Science, Ritsumeikan University, given to advanced undergraduate
students. This book consists of two parts: the first part focuses on the stochastic
calculus for Lévy processes, while the second part studies the densities of stochastic
differential equations with jumps. The joining theme is the study first of densities of
Lévy processes and then of the densities of solutions of equations driven by Lévy
processes.

Our goal in the first part of the book is to give a simple and at the same time, a
somewhat broad overview of different types of jump processes starting from basic
principles. First, we start introducing simple Poisson processes with some basic
properties related to their jump times. Then, one quickly proceeds to the con-
struction of compound Poisson processes, and there we study their dynamics and
introduce the Itô formula in a simple way. That allows a quick introduction to
stochastic calculus which deals with the time evolution of these processes. We also
discuss stochastic equations driven by compound Poisson processes which can be
simply understood as random difference equations. Also important is the intro-
duction of Poisson random measures and the definition of Lévy processes so that a
more general structure to be introduced later is laid down gradually.
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Through these two chapters, a first goal is achieved. That is, to grasp gradually a
first idea of the interest of studying Itô’s formula and stochastic equations and the
tools that will allow the study of more general Lévy-type processes. In these two
chapters, a number of important exercises are proposed with some hints of solu-
tions, which appear at the end of the book. This is done on purpose so that readers
try to enhance their knowledge through self-questioning and simple exercises. In
this sense, our primary goal was not to design a book to be used as a textbook
(which can be done too) but a self-study book.

Therefore, an important warning for readers: Do not skip the exercises! With this
in mind, we propose hints in a separate chapter to promote interaction of the reader
with the text. We have also tried to give some explanations on the meaning of
various important results. This is done because we have in mind a reader, who does
not have a lecturer guiding the reading. If at some point you do not understand
completely such an explanation, do not despair! It is probably our fault.

As in other textbooks, we also propose complementary exercises which may be
used to deepen your understanding of the subject. These are named “Problem”
throughout the text.

After two introductory chapters, we start describing the arguments through a
limit procedure in order to construct processes with the infinite frequency of jumps.
This is done in two steps: First, for processes of finite variation and then processes
of infinite variation. Again, our focus is not on generality but on simple principles
that will allow the young readers to understand the subject. Again, the topics of
Poisson random measures, Itô’s formula and stochastic equations appear. In par-
ticular, we clearly explain the need for compensation in order to define jump
processes with infinite variation. It is important to note here that the experience
of the results and exercises in Chaps. 5 and 6 are strongly used towards the end of
Chap. 6 and many results concerning the Itô formula and stochastic equations have
to be developed by the reader as exercises.

Up to this point, the processes introduced so far are one dimensional. At the end
of Chap. 6, we also describe other types of jump processes such as
non-homogeneous Poisson processes, multi-dimensional Lévy processes and sub-
ordinated Brownian motions.

As a preparation for the second part of the book we have introduced in Chap. 7,
the study of flows associated with stochastic equations. The style here is also
modern, and aligns with current techniques striving for a simple proof which uses
approximations.

This could be also used as the entrance door to more advanced courses or
advanced textbooks (e.g., [2, 8, 41, 51, 52]). A reader interested in learning the
deeper and exciting theory of jump processes and its associated calculus should
proceed this way.
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This chapter also serves as an introduction to the second part of the book, where
we will be interested in the infinite-dimensional integration by parts formula for
stochastic equations driven by jump processes. This topic is not available in the
previous given references.

In Chap. 8, we briefly give a general overview of the second part of the book.
The second part of the book is slightly more advanced, although the first three

chapters use only very basic principles. It tries to take the reader into learning an
infinite-dimensional integration by parts formula which can be used at research
level. Chapter 9 introduces the analytical techniques through Fourier analysis that
one may use in order to study densities. This also serves to understand why the
integration by parts formula is important in order to understand the behavior of
densities of random variables associated with solutions of stochastic equations.
Chapter 12 is written in a simple style trying to introduce the basic ideas of the
integration by parts formula in infinite-dimensional analysis. It definitely differs
from other books on the subject, because we strive to explain various approaches
using simple ideas and examples and avoid the use of advanced mathematics or
giving a general theory to deal with the most general situations.

We proceed in Chap. 11 to apply these ideas to some simple examples that
appear in the calculation of the Greeks in finance. This may be also interpreted and
used in other jump models and gives the ideas that will be fully developed in
subsequent chapters.

Chapter 12 is the entrance door to a different level of complexity. Here, we start
describing the Norris method (cf. [45]) for the integration by parts formula.
Towards the end of this chapter we compare this technique with the Bismut method,
which is based on Girsanov’s change of measure theorem in order to achieve an
integration by parts formula.

Then we proceed to apply this technique to solutions of stochastic equations. In a
final challenging chapter for the reader (as it was for the authors) we use as a
research sample a problem for which the application of all the introduced concepts
is not easy. We took the model studied by Bally-Fournier [7] related to the
Boltzmann equation in physics.

Through this streamlined path, we hope that the book will help young students to
get a glimpse of what jump processes are, how they are studied and to achieve a
level which may be close to a research-level problem. Clearly, the present book
does not discuss many other interesting topics related to jump processes. Again, our
goal was not to give a broad view of the subject with details but just draw a path
that may allow the inexperienced reader to have a glimpse of one research topic.

For other detailed properties of Lévy processes, we refer the reader to other books
(e.g., [8, 41, 51]). For books dealing with other related techniques in the area of
infinite-dimensional calculus for jump-type processes, we refer to e.g., [9, 15, 31].
Notably, we do not touch on the topic of continuous-type Lévy processes such as
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Brownian motion. The reason for this is that we believe that the path characteristics
of Brownian motion may cloud the explanation about jump processes. Also, we
believe that there are many other textbooks that the young reader may use in order to
obtain some basic information on Brownian motion, its basic properties and asso-
ciated stochastic calculus and stochastic equations. See [30, 34, 43, 44, 46, 49, 53].

The style of the text is adapted to self-study and therefore an instructor using this
book may have to streamline the choice of topics. In this sense, we have modeled
the book so that readers who may be studying the topic on their own can realize the
importance of arguments that otherwise one may only see once in an advanced
book.

For instructors using this book:

1. The text has repetitive ideas so that the students will find how they are used in
each setting and understand their importance.

2. The first part of the book is basic, while the second is more advanced and
specialized, although it uses basic principles.

3. We assume knowledge of basic probability theory. No knowledge of stochastic
processes is assumed, although it is reccomended.

4. Some of the deeper results about measurability or stochastic analysis are given
but not proven. Such is the case of the Burkholder–Davis–Gundy inequality for
jump processes or Lebesgue–Stieltjes integration.

5. There are certain issues that are avoided in the text in order not to distract the
reader from the main text. These are, for example, the BDG inequalities,
modifications of stochastic processes, etc. They are briefly mentioned in the text
referring to other textbooks.

6. As a way to guide the reader through the book in the best order some possi-
bilities are proposed in the following flowchart. The dotted lines mean that they
are not essential to design a course but they could be used as topics to conclude
the instruction. The topics at Level 1 are easily accessible for a student with
basic knowledge of probability theory. In Chap. 5, one may exclude Sects. 5.4,
5.5 and 5.6 in a first reading.
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7. In Sect. 5.3 and Chap. 7, we hint at how the proofs can be carried out using the
experience built in previous chapters. Still, one may use [2] in order to com-
plement the proofs which are not given in detail.
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Notations

Throughout the text, we use the following notation. Other notation which is not
basic to this text and which is defined through the developed theory can be found at
the end of the index.

A� The transpose of the matrix A
Id � I The identity matrix on R

d � R
d is the identity matrix

ek ek ¼ ð0; . . .; 0; 1; 0; . . .; 0Þ�. The k-th unit vector in R
d for

k ¼ 1; . . .; d
R

m
0 :¼ R

mnf0g
Rþ :¼ ½0;1Þ
N

� :¼ N[f0g
r.v. Random variable or random vector
i.i.d.r.v.’s Independently and identically distributed random variables

(vectors)
a:s: Almost surely
MðRÞ Space of R-measurable (real-valued) functions
MbðRÞ Space of bounded R-measurable functions
(LHS) When dealing with long equalities. Left-hand side. Similarly

(RHS)
càdlàg Functions whose domain is included in R, which are

right-continuous with left-hand limits
]ðAÞ The cardinality operator, which is the number of elements in the

set A. Sometimes may also be denoted by jAj if no confusion
arises

hx; yi � x � y Inner product between two vectors x and y 2 R
d

x� The transpose of the vector x. All vectors are column vectors
unless stated otherwise

jxj The norm of the vector x 2 R
d

Ak k The norm of the matrix
A :¼ supfjAxj; jxj ¼ 1g ¼ maxfk; 9x 6¼ 0;Ax ¼ kxg
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BðSÞ The Borel r-algebra (r-field) on S. In the case that S ¼ R we
use B :¼ BðRÞ

B1 �B2 The product r-field completed with the subsets of sets of
measure zero

rðAÞ The r-field generated by the collection of random variables A
or collection of sets A. This r-field is always assumed to be
completed with the null sets of the probability space

LebðAÞ The Lebesgue measure of the Lebesgue measurable set A
E½X�;EðXÞ Expectation of the random variable X
E½XjF� Conditional expectation of X conditioned to F

X¼L Y The random variables or processes X and Y have the same law

ExpðkÞ Exponential distribution with parameter k
Gamma ðh; rÞ Gamma distribution with scale parameter h and shape parameter

r
X�D X is a random variable with distribution D
daðAÞ The Dirac point mass measure evaluated at the set A
1AðxÞ Indicator function. In the case that A � X we may simplify the

notation to 1A. Sometimes we may also use, e.g., 1 ðx[ 0Þ
sgnðxÞ sgnðxÞ :¼ 1ðx[ 0Þ 	 1ðx\0Þ: The sign (or signum) function
Xt	 ¼ lims"tXs Limit on the left of X at t
X þ :¼ X _ 0 The positive part of X
X	 :¼ ð	XÞ _ 0 The negative part of X
xb c The floor function (also called greatest integer function)
l � ν The convolution of measures l and ν
ln� ln� ¼ l � � � � � l. The n-th convolution power of the measure l.

Similarly, we use f n� as the n-th convolution power of the
function f

l� ν The product of the measures l and ν
l�n Similarly, defines the n-th product of the measure l with itself
fk k1 fk k1:¼ supxjf ðxÞj. The uniform normR
R

d f ðxÞdx Multi-dimensional integral for f : Rd ! R

@a f Given the multi-index a ¼ ða1; . . .; a‘Þ with length jaj ¼ ‘, this
symbol denotes the multiple partial derivative of f with respect
to the variables indicated in a. Sometimes, we may use the
notation @z f to indicate the gradient derivative with respect to
the variable z. In the one-dimensional case, we use f 0 for ‘ ¼ 1

ð@zÞa f This is a short notation for @zf ðaÞ used when f depends on many
variables

rf The gradient of f. In the one-dimensional case may be used to
indicate derivative with respect to space variables

div f The divergence of a function f with respect to all its variables.
We may use divz f if f depends on other variables and we want
to take the divergence with respect to the vector variable z
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CkðA;BÞ The space of ½k� times continuous differentiable functions with
½k�-th order derivative which is a k 	 ½k�-Hölder continuous
function

Ck
0ðA;BÞ The subspace of functions in CkðA;BÞ which tend to zero at

infinity
Ck
cðA;BÞ The subspace of functions in CkðA;BÞ with compact support

Ck
bðA;BÞ The subspace of functions in CkðA;BÞ with bounded deriva-

tives. Note that the functions themselves do not need to be
bounded

Ck
pðA;BÞ The subspace of functions in CkðA;BÞ with derivatives which

may grow at most with a polynomial order p 2 N

BrðxÞ The ball in R
d of center x 2 R

d with radius r
 0. Sometimes,
we simplify the notation with Br ¼ Brð0Þ

LpðRdÞ LpðRdÞ � LpðRd;RkÞ. The space of Rk-valued measurable
functions defined on R

d with respect to the Lebesgue measure
such that its p moment is finite

LpðX;RkÞ The space of random vector of dimension k under a measure P
which is understood from the context. Sometimes we may use
the simplified notation LpðXÞ

/ðxÞ /ðxÞ :¼ 1
ð2pÞd=2 expð	

jxj2
2 Þ. The density for the standard Gaussian

distribution with mean zero and identity covariance matrix
UðxÞ The distribution function associated with the standard Gaussian

distribution with mean zero and identity covariance matrix

We use i to denote the imaginary unit. Sometimes the same symbol is used as an
index i 2 N. The meaning should be clear from the context. In the space of complex
numbers, ReðzÞ and ImðzÞ denote the real and imaginary parts of the complex
number z 2 C.

When describing collections of items such as functions, stopping times or ran-
dom variables which are understood as processes, we may use one of the following
various notations:

X � fXt; t 2 Ag � fXtgt2A
Domains of integration are sometimes explicitly written. Otherwise, we may

omit it in cases where it is clear what the domain of integration (usually the whole
space) should be from the context. A similar statement is valid for the notation of
function spaces and their range of values.

Notations xix



Chapter 1
Review of Some Basic Concepts
of Probability Theory

In this chapter many mathematical details or proofs are not given so we refer the
reader to the appropriate references in basic probability theory. See for example [10,
60].

Wewill alwayswork on a complete probability space (Ω,F ,P)whichwe assume
contains all the r.v.s that are required for the arguments. In particular, one may have
to consider products of probability spaces in order to construct a probability space
containing certain sequences of i.i.d.r.vs.

Also we remark for the inexperienced reader that the monotone class theorem has
different versions and therefore you should pick up on the one that is used in each
proof. For a list of some versions of this theorem, see Chapter 0 in [49].

Definition 1.0.1 Let (Ω,F ,P) be a probability space. A mapping X : Ω → R
d

is an R
d -valued random vector if it is M (F )-measurable. The measure PX (B) :=

P(X ∈ B) is called the law or distribution of X . It may be further denoted by FX

when using it as a distribution function FX (x) := P(Xi ≤ xi , i = 1, ..., d).

Lemma 1.0.2 If σ(Xn; n ∈ N) and σ(Yn; n ∈ N) are independent σ -fields1 and
limn→∞(Xn,Yn) = (X,Y ) a.s., then X and Y are independent.2

Exercise 1.0.3 Prove Lemma1.0.2.

1.1 Characteristic Function

The concept of the characteristic function replaces the moment generating function
when one wants to study the fine details of the distribution function of the random
variable.3 If fact, it is not true that there is a one-to-one correspondence between

1We assume as usual that these σ -fields are complete.
2The notation lim denotes limits for functions or in the case of random variables this denotes limits
in the (a.s.) sense. This may also be denoted using the symbol →.
3This is somewhat equivalent to replacing Laplace transforms by Fourier transforms.

© Springer Nature Singapore Pte Ltd. 2019
A. Kohatsu-Higa and A. Takeuchi, Jump SDEs and the Study of Their Densities,
Universitext, https://doi.org/10.1007/978-981-32-9741-8_1
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moment functions and distribution functions. This fact, becomes true only when
one studies characteristic functions as they are always well defined. The concept of
characteristic functions is usually not fully covered in standard undergraduate level
courses and for this reason we slightly enlarge the contents with some exercises.

The intention of this section is to give some information so that the reader may
grasp a first idea of the concepts. A more detailed discussion is presented in Chap.9.

Definition 1.1.1 (Characteristic function) The characteristic function ϕ(= ϕX ) of
a random variable X is defined as the map ϕ : R → C such that for all θ ∈ R,

ϕ(θ) := E[eiθX ] = E[cos(θX)] + iE[sin(θX)].

Note that the above expectations are always well defined. This is the main reason for
using characteristic functions in comparison with the moment generating function
which most students learn in basic probability courses. See also the next exercise.4

We may also say sometimes that ϕ is the characteristic function of the measure PX .
In particular, PX is the image law P ◦ X−1. That is, PX (A) = P(X ∈ A) for A ∈ B.

Exercise 1.1.2 Let X = eZ where Z ∼ N (0, 1) is the standard Gaussian (normal)
distribution. In general, N (a, b) denotes the normal distribution with mean a and
variance b > 0. Prove that E[θ X ] = ∞ for all θ > 0.

Still the moment function is not that bad. That is, if it exists in a neighborhood
of 0 then the corresponding distribution is uniquely characterized by the moment
generating function.5 Note that another version of the moment generating function
is the Laplace transform of X which is defined as E[eθX ] and is very useful in many
situations when it is finite. The Laplace transform can be defined for θ < 0 and X
a positive random variable. It is also a very useful tool to solve ordinary and partial
differential equations. Still, it is a good idea that one starts to get acquainted with the
characteristic function which is always a well-defined function.

Corollary 1.1.3 Let ϕ = ϕX be the characteristic function of a random variable X.
Then the following properties are satisfied:

1. ϕ(0) = 1,
2. |ϕ(θ)| ≤ 1,∀θ ∈ R,
3. θ 	→ ϕ(θ) is uniformly continuous on R,
4. ϕ(−X)(θ) = ϕX (θ), ∀θ ∈ R,

5. ϕaX+b(θ) = eibθϕX (aθ).

Theorem 1.1.4 If X,Y are independent random variables, then

ϕX+Y (θ) = ϕX (θ)ϕY (θ), ∀θ ∈ R.

4If you have more experience in analysis, maybe you have learned this concept as the so called
Fourier transform. Although there is a slight variation here as in most books, one starts with periodic
functions.
5See e.g. Section 30 in [10].
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Exercise 1.1.5 Prove that if ϕ(θ) is the characteristic function of a random variable
X then |ϕ(θ)|2 and Re(ϕ(θ)) are also characteristic functions. Find random variables
associated with these characteristic functions.

Theorem 1.1.6 (Lévy’s continuity theorem) Let X, Xn, n ∈ N be a sequence of
random variables with characteristic functions ϕX , ϕXn , n ∈ N. Then ϕXn (θ) →
ϕX (θ) for all θ ∈ R if and only if Xn converges in law to X.

Theorem 1.1.7 (Bochner theorem) Let ϕ : R → C be a positive definite function,6

continuous at 0 with ϕ(0) = 1. Then there exists some probability measure so that
its characteristic function is given by ϕ.

Definition 1.1.8 For a given n-dimensional random vector X , we say that f : Rn →
R+ is its density function if for any bounded measurable function with compact
support g, we have the following equality:

E[g(X)] =
∫

g(x) f (x)dx .

The above integral is understood as a Lebesgue integral.

Exercise 1.1.9 Suppose that the distribution of X given by F(x) := P(Xi ≤ xi ; i =
1, ..., n) in the above definition is differentiable. Then prove that its derivative
∂(1,...,n)F(x) is the density function of X .

Note that the uniqueness of the density function is only true in the a.s. sense.

Theorem 1.1.10 (Lévy’s inversion theorem) Suppose that ϕ is the characteristic
function of some random variable. Furthermore, assume that it is integrable in the
sense that ∫

R

|ϕ(θ)|dθ < ∞.

Then there exists a positive function f such that

ϕ(θ) =
∫
R

eiθx f (x)dx .

A sharper statement which is always true is that if F denotes the distribution function
of the random variable for which ϕ is its characteristic function, then

F(b) − F(a) = 1

2π
lim
T→∞

∫ T

−T

e−iθa − e−iθb

iθ
ϕ(θ)dθ. (1.1)

6That is,
∑n

i, j=0 ϕ(θi − θ j )zi z̄ j ≥ 0 for any sequence of real numbers θi ∈ R and zi ∈ C, i =
1, ..., n.
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At any rate, this result implies that for every characteristic function only one distri-
bution function can be associated with it. In other words, two different distribution
function can not have the same characteristic function.

Another interesting way of looking at this result is that the linear space generated
by complex exponential functions contain indicator functions. In fact, on the (RHS)
of the above equation we see an integral combination of exponential functions in
the form of

∫ T
−T

e−iθa−e−iθb

iθ eiθxdθ and on the (LHS) we have the 1(a,b](x). Therefore
again, complex exponential functions generate all the space of measurable functions
and therefore this is the reason as to why the one-to-one correspondence between
characteristic functions and probability measures. We will see more about this in
Chap.9.

Exercise 1.1.11 Deduce from (1.1) that if
∫
R

|ϕ(θ)|(1 + |θ |)pdθ < ∞ for any p >

0 then the density function associated with ϕ exists and is infinitely differentiable
with bounded derivatives. A similar result is also valid in the multi-dimensional case.

Theorem 1.1.12 (Characteristic functions and independence) The sequence of ran-
dom variables X1, · · · , XN are independent if and only if for any ξ = (ξ1, ..., ξN ) ∈
R

N ,

E

[
exp

(
i

N∑
j=1

ξ j X j

)]
=

N∏
j=1

E[exp(iξ j X j )].

Proof We just prove the “only if" part. Let X = (X1, · · · , XN ). Then

(LHS) = E

[
exp

(
iξ ∗X

)]
=

∫
RN

eiξ
∗x PX (dx),

(RHS) =
N∏
j=1

∫
R

eiξ j x j PX j (dx j ) =
∫
R

· · ·
∫
R

N∏
j=1

eiξ j x j PX1(dx1) · · · PXN (dxN )

=
∫
RN

eiξ
∗x PX1 ⊗ · · · ⊗ PXN (dx).

From Theorem1.1.10 (Lévy’s inversion theorem), we have

PX = PX1 ⊗ · · · ⊗ PXN .

Hence,

P(X1 ∈ E1, · · · , XN ∈ EN ) = P(X ∈ E1 × · · · × EN ) = PX (E1 × · · · × EN )

= PX1 ⊗ · · · ⊗ PXN (E1 × · · · × EN ) = PX1 (E1) · · · PXN (EN )

=
N∏
j=1

P(X j ∈ E j ).

Therefore X1, · · · , XN are independent.
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Exercise 1.1.13 The following exercise may clarify for the inexperienced the role
of characteristic functions.

1. Given a, b ∈ R, prove that the only real solutions p, q for the equation

peiθa + reiθb = 0, ∀θ ∈ R

can be classified as {
p = 0, r = 0; if a 
= b,

p = −r; if a = b.

Note that the above statement is linked to the linear independence of functions.
2. Let X , Y be two random variables which take two different values a and b. Prove

that if ϕX (θ) = ϕY (θ) for all θ ∈ R then P(X = a) = P(Y = a) and therefore
the laws of X and Y are equal.

3. Suppose that X takes two values a and b and Y take two values a and c. Prove
that if ϕX (θ) = ϕY (θ) for all θ ∈ R then c = b and P(X = a) = P(Y = a) and
therefore the laws of X and Y are equal.

Notice that for all the above statements to be valid one does not need to require the
validity for all θ ∈ R. Propose a statementwithweaker requirements. Think about the
generalization to discrete random variables X taking n different values respectively
and Y taking m different values.

In particular, note the relationwithTheorem1.1.10. In fact, given the characteristic
function ϕX (θ) of a random variable X taking the values a and b, then multiplying
it by the function e−iθa will give that the constant term of e−iθaϕX (θ) corresponds
to P(X = a). This is therefore linked with the residue theorem of complex analysis.
On this last point, one has to be careful in the calculation as the point 0 which is a
singular point lies on the path of the integral in (1.1).

1.2 Conditional Expectation

X is a random variable on the probability triple (Ω,F ,P) with E[|X |] < ∞. Let
G be a sub σ -algebra of F . Then there exists a random variable Y such that: (i)
Y ∈ M (G ), (ii) E[|Y |] < ∞, (iii) for every G ∈ G with

∫
G YdP = ∫

G XdP.

Definition 1.2.1 (Conditional expectation) In the discussion above, the randomvari-
able Y satisfying properties (i)–(iii) is called a version of the conditional expectation
E[X |G ].
From the definition, one obtains the a.s. uniqueness of the conditional expectation.
That is, for two random variables X1, X2 such that X1 = X2, a.s. then their corre-
sponding conditional expectations are also equal a.s. In this sense the word version
is used in the above definition.
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Theorem 1.2.2 (Some properties of conditional expectation) Let G and H be
sub σ -algebras of F . Then all the following statements are true supposing that all
random variables appearing in the corresponding statement satisfy the conditions
for the existence of conditional expectations:

1. If Y is any version of E[X |G ], then E[Y ] = E[X ].
2. If X is G -measurable, then E[X |G ] = X, a.s.
3. E[a1X1 + a2X2|G ] = a1E[X1|G ] + a2E[X2|G ].
4. If X ≥ 0, a.s., then E[X |G ] ≥ 0 a.s.
5. If 0 ≤ Xn ↑ X, then E[Xn|G ] ↑ E[X |G ], a.s.
6. If Xn ≥ 0, then E[lim inf Xn|G ] ≤ lim inf E[Xn|G ].
7. IfH is a sub σ -algebra of G , then E[E[X |G ]|H ] = E[X |H ], a.s.
8. If Z is a bounded G -measurable r.v., then E[Z X |G ] = ZE[X |G ], a.s.
9. IfH is independent of σ(σ(X),G ), then E[X |σ(G ,H )] = E[X |G ], a.s.

Lemma 1.2.3 Let X,Y be two randomvariables on theprobability space (Ω,F ,P).
Furthermore, let G be a sub σ -algebra of F independent of σ(X) and Y be a G -
measurable. If f : R2 → R is a bounded measurable function, then

E[ f (X,Y )|G ] = g f (Y ), a.s.,

where g f (y) := E[ f (X, y)].
Proof Define a class of functions H by

H := { f ∈ Mb(R
2); E[ f (X,Y )|G ] = g f (Y ), a.s.}.

HereMb(A) stands for the set of bounded measurable functions defined inR2. Then
we will show that H = Mb(R

2) by the monotone class theorem (see e.g. [60],
Sect. 3.14).
(i) For f, f1, f2 ∈ H , α ∈ R, since

E[( f1 + f2)(X,Y )|G ] = E[ f1(X,Y )|G ] + E[ f2(X,Y )|G ]
= g f1(Y ) + g f2(Y ) = g f1+ f2(Y ),

E[(α f )(X,Y )|G ] = αg f (Y ) = gα f (Y ),

we have f1 + f2, α f ∈ H , soH is a vector space on R.
(ii) Since E[1R2(X,Y )|G ] = 1 = g1

R2
(Y ), 1R2 ∈ H .

(iii) If ( fn) is a sequence of non-negative functions in H such that fn ↑ f , where
f is a bounded function, then using Theorem1.2.2 (5) we have

E[ f (X,Y )|G ] = lim
n→∞E[ fn(X,Y )|G ] = lim

n→∞E[ fn(X, y)|G ]|y=Y

= E[ f (X, y)|G ]|y=Y = g f (Y ),
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hence f ∈ H .
(iv) For (a, b) × (c, d) ∈ I := {(a, b) × (c, d); a, b, c, d ∈ R},

E[1(a,b)×(c,d)(X,Y )|G ] = 1(c,d)(Y )E[1(a,b)(X)|G ] = 1(c,d)(y)E[1(a,b)(X)]|y=Y

= E[1(a,b)×(c,d)(X, y)]|y=Y = g1(a,b)×(c,d)
(Y ),

hence 1(a,b)×(c,d) ∈ H . Therefore H = Mb(R
2).

Definition 1.2.4 The convolution μ of two distributions (or finite measures) on Rd

is a distribution (finite measure) denoted by μ = μ1 ∗ μ2 and defined by

μ(B) =
∫
Rd

∫
Rd

1B(x + y)μ1(dx)μ2(dy), B ∈ B(Rd).

Definition 1.2.5 The convolution of two functions f and g is denoted by f ∗ g and
defined as

f ∗ g(z) =
∫

f (z − x)g(x)dx .

Here we suppose that the above integral is finite for all z.

Exercise 1.2.6 Prove that if the measures μ1 and μ2 are absolutely continuous with
respect to the Lebesgue measure with densities f and g respectively then the convo-
lution measure is absolutely continuous and its density is given by the convolution
of the two densities.7

7Note that we are already assuming that equality as functions means equality a.e. Hint: If you want
more information you can check also Proposition6.1.1.
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Chapter 2
Simple Poisson Process and Its
Corresponding SDEs

2.1 Introduction and Poisson Process

Poisson processes are generalizations of the Poisson distribution which are often
used to describe the random behavior of some counting random quantities such as
the number of arrivals to a queue, the number of hits to a webpage etc.

2.1.1 Preliminaries: The Poisson and the Exponential
Distribution

As a preliminary, before introducing the Poisson process, we give basic properties
of some related distributions.

Definition 2.1.1 (Exponential distribution) A positive random variable T is said to
follow an exponential distributionwith parameter λ > 0 if it has a probability density
function of the form

λe−λt1[0,∞)(t).

We denote this fact with T ∼ Exp(λ).

Theorem 2.1.2 Let T ∼ Exp(λ). Then the distribution function of T is given by

∀y ∈ [0,∞), FT (y) = P(T ≤ y) = 1 − exp(−λy).

FT is invertible and its inverse is given by

∀t ∈ [0, 1), FT
−1(t) = −1

λ
log(1 − t).

© Springer Nature Singapore Pte Ltd. 2019
A. Kohatsu-Higa and A. Takeuchi, Jump SDEs and the Study of Their Densities,
Universitext, https://doi.org/10.1007/978-981-32-9741-8_2
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The mean and variance of T is given by

E[T ] = 1

λ
, Var[T ] = 1

λ2
.

Corollary 2.1.3 If S is an exponential random variable with parameter 1 then S/λ

is an exponential random variable with parameter λ.

Proof We just check that the distribution function of S/λ forms an exponential

distribution. In fact, P

(
S

λ
≤ t

)
= P(S ≤ λt) = 1 − e−λt .

Lemma 2.1.4 (Absence of memory) If T is an exponential random variable then

∀t, s > 0,P(T > t + s|T > t) = P(T > s).

Proof We calculate as below:

P(T > t + s|T > t) = P(T > t + s,T > t)

P(T > t)
= exp(−λs) = P(T > s).

The following proposition tells us that the only continuous1 distribution which
possesses the abscence of memory2 property is the exponential distribution.

Proposition 2.1.5 Let T be a positive random variable such that P(T > t) > 0 for
all t > 0 and

∀t, s > 0, P(T > t + s|T > t) = P(T > s).

Then T has an exponential distribution.

Proof Let g(t) := P(T > t) > 0. Since 1 − g is a distribution function, g is a
decreasing and right-continuous function. Since g(t + s) = g(s)g(t) for all s, t > 0,
we can get different representations for all n,m ∈ N,

g
( n

m

)
= g

(
1

m
+ · · · 1

m

)
= g

(
1

m

)n

g
( n

m

)
= g

( n

m
− 1 + 1

)
= g

( n

m
− 1

)
g(1) = g

(
1

m

)n−m

g(1) (n ≥ m).

Hence we have

g

(
1

m

)
= g(1)

1
m , g

( n

m

)
= g(1)

n
m , ∀n,m ∈ N.

1The geometric distribution has the property of abscence of memory if we request it to be satisfied
only for 0, 1, ...
2Other books call this the memoryless property.
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Let tn be a rational sequence such that tn ↓ t ∈ R
+. Since g is decreasing and right-

continuous,

g(tn) ↑ g(t), g(1)tn ↑ g(1)t .

Therefore g(t) = g(1)t . Let λ := log

(
1

g(1)

)
which is positive by hypothesis. Then

we get P(T > t) = exp(−λt), so T has an exponential distribution.

Lemma 2.1.6 Let T ∼ Exp(λ) and S ∼ Exp(μ) be independent. Thenmin(T , S) ∼
Exp(λ + μ).

Proof

P(min(T , S) > t) = P(T > t, S > t) = P(T > t)P(S > t) = e−(λ+μ)t .

Lemma 2.1.7 Let {τj; 1 ≤ j ≤ n} be independent random variables such that τj ∼
Exp(λj). Then

P
(
τi = min(τ1, . . . , τn)

) = λi

λ1 + · · · + λn
, 1 ≤ i ≤ n.

Proof Let T ∼ Exp(λ) and S ∼ Exp(μ) be independent. Denote the joint density
function of (S,T ) by fS,T . Then

P(S ≤ T ) = E[1{S≤T }]
=

∫ ∞

0

∫ ∞

0
1{s≤t}(s, t)fS,T (s, t)dsdt

=
∫ ∞

0
μe−μs

∫ ∞

s
λe−λtdtds

= μ

λ + μ
.

We know from Lemma2.1.6 that min{τj; j 
= i} ∼ Exp(
∑
j 
=i

λj). Hence

P(τi = min(τ1, . . . , τn)) = λi

λ1 + · · · + λn
.

Let {τi; i ∈ N} be independent exponential random variables with parameter λ.

Define Tn :=
n∑

i=1
τi.

Exercise 2.1.8 Prove that σ(T1, . . . ,Tn) = σ(τ1, . . . , τn).
Hint: Prove that there is a bijective application f : Rn → R

n such that f (τ1, . . . ,
τn) = (T1, . . . ,Tn).
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Lemma 2.1.9 (T1, . . . ,Tn) has a probability density on Rn given by

fT1,...,Tn(t1, . . . , tn) = λne−λtn1{(t1,...,tn) ; 0≤t1<···<tn}(t1, . . . , tn).

Proof We define a posteriori the function fn+1 as

fn+1(t1, . . . , tn+1) : = fT1,...,Tn(t1, . . . , tn)fτn+1(η) (tn+1 = tn + η, η ≥ 0)

= λne−λtn1{(t1,...,tn) ; 0≤t1<···<tn}(t1, . . . , tn)λe
−λη1[0,∞)(η)

= λn+1e−λtn+11{(t1,...,tn+1) ; 0≤t1<···<tn+1}(t1, . . . , tn+1) a.e.,

where fT1,··· ,Tn is a density of (T1, · · · ,Tn). Then for a1, . . . , an+1 ∈ R,

P(T1 ≤ a1, . . . ,Tn+1 ≤ an+1)

= P(T1 ≤ a1, . . . ,Tn + τn+1 ≤ an+1)

=
∫

1{t1≤a1,...,tn≤an,tn+η≤an+1}1{η≥0}fT1,...,Tn(t1, . . . , tn)fτn+1(η)dt1 · · · dtndη

=
∫

1{t1≤a1,...,tn≤an,tn+1≤an+1}fn+1(t1, . . . , tn+1)dt1 · · · dtn+1.

Therefore the proof follows by induction on n.

Definition 2.1.10 (Gamma distribution) A positive random variable X is said to
follow a gamma distribution with rate parameter θ and shape parameter r > 0 if it
has a probability density function of the form

fX (x) = θ rxr−1e−θx

Γ (r)
.

We denote this fact by X ∼ Gamma(θ, r). Recall that Γ (r) := ∫ ∞
0 xr−1e−xdx. This

function satisfies that Γ (r + 1) = rΓ (r) for r > 0 and Γ (n) = (n − 1)! for n ∈ N.

Corollary 2.1.11 Tn ∼ Gamma(λ, n).

Proof By direct integration of Lemma2.1.9 we have P(Tn ≤ t) =
∫ t

0

λntn−1
n e−λtn

(n − 1)! dtn.

Therefore one obtains the probability density function of Tn by differentiation of
P(Tn ≤ t) with respect to t. This gives

fTn(t) = d

dt
P(Tn ≤ t) = λntn−1e−λt

(n − 1)! .

Definition 2.1.12 (Poisson distribution) A positive integer-valued random variable
N is said to follow a Poisson distribution with parameter λ > 0 if
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∀n ∈ Z
+,P(N = n) = e−λ λn

n! ,

and we write N ∼ Poisson(λ).

The following properties are an immediate consequence of the above definition:

Corollary 2.1.13 The mean and variance of N ∼ Poisson(λ) are λ. That is,

E[N ] = λ, Var[N ] = λ.

Furthermore, the characteristic function of the Poisson distribution is given by
exp[λ(eiθ − 1)].
Remark 2.1.14 In order to make the relationship with the general theory that will
follow in subsequent chapters, we remark here that the above characteristic function
can be written by using the Dirac point mass measure at one, denoted by δ1(dx) (i.e.
the measure that characterizes the distribution of the random variable which takes
the value 1, a.s.), 3 as

E[eiθN ] = exp

[∫
R

(eiθx − 1)λδ1(dx)

]
. (2.1)

Therefore the interpretation of the measure λδ1(dx) is that at every time that the
process jumps, the size of the jump is one and that the average frequency of these
jumps is λ. We will see about this interpretation shortly. The measure λδ1(dx) is
usually called the Lévy measure associated with the random variable N .

Exercise 2.1.15 Suppose that there exists another finite measure μ such that for all
θ ∈ R, ∫

R

(eiθx − 1)λδ1(dx) =
∫
R

(eiθx − 1)μ(dx).

Prove that4 μ = λδ1.

Proposition 2.1.16 Let {τi; i ∈ N} be a sequence of independent exponential ran-
dom variables with parameter λ. Then, for any t > 0 the random variable

Nt =
∑
n≥1

1{Tn≤t}

3Another way of saying the same thing is to say that δ1 is a probability measure so that δ1(A) = 1
if 1 ∈ A and zero otherwise.
4This measure is essentially unique, although we have not yet discussed its uniqueness. This will
follow because the exponential function is a generating family. Recall the discussion after (1.1)
and before Exercise1.1.11. That is, exponential functions generate indicators and therefore the
corresponding measures have to be equal.



16 2 Simple Poisson Process and Its Corresponding SDEs

follows a Poisson distribution with parameter λt. That is,

∀n ∈ N, P(Nt = n) = e−λt (λt)
n

n! .

Therefore we see that the previous interpretation is reinforced in this probabilistic
representation. The randomvariableN1 is the count of howmany times the increasing
sequence of random times Ti satisfy that Ti ≤ 1. This count is done in units of one
(every time the indicator function is equal to one) and the associated frequency is
related to τi whose mean is λ−1, which means that on average we will have λ jumps
on the interval [0, 1].
Proof By Lemma2.1.9, the density of (T1, . . . ,Tn) is given by

λne−λtn1{(t1,...,tn) ; 0<t1<···<tn}.

Hence, as in the proof of Corollary2.1.11 and Lemma2.1.9, we have

P(Nt = n) = P(Tn ≤ t < Tn+1)

=
∫

λn+1e−λtn+11{(t1,...,tn) ; 0<t1<···<tn<t<tn+1}dt1...dtn+1 = e−λt (λt)
n

n! .

One may wonder if there exists a sample space supporting the infinite sequence
of random variables {τi; i ∈ N}. This is a classical mathematical result that requires
the infinite product of sample spaces. This may be done using the Carathéodory
extension theorem for measures.

2.1.2 Definition of the Poisson Process

Definition 2.1.17 (point process) Let T = {Tn; n ∈ N} be a discrete time stochastic
process on (Ω,F ,P). Then T is called a point process on R

+ if

0 < T1 < · · · < Tn < · · · and Tn ↑ ∞.

Sometimes we use the notation5 T0 = 0.

Definition 2.1.18 (counting process) {Nt; t ≥ 0} is called a counting process of the
point process T = {Tn; n ∈ N} if

Nt =
∑
n≥1

1{Tn≤t}.

5In some advanced texts this definition is considered in greater generality, without the condition
that there are a finite number of counted events in any finite interval.
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The following lemma is a immediate consequence of the above definitions.

Lemma 2.1.19 The counting process {Nt; t ≥ 0} satisfies the following conditions:
1. {Nt ≥ n} = {Tn ≤ t} ,

2. {Nt = n} = {Tn ≤ t < Tn+1} ,

3. {Ns < n ≤ Nt} = {s < Tn ≤ t} ,

4. There exists the left limit Nt− := lim
s↑t Ns, and Nt is a right-continuous process (i.e.

lim
s↓t Ns = Nt).

Property (4) is usually called the càdlàg property.

Definition 2.1.20 (Poisson process) Let {τi; i ≥ 1} be a sequence of independent

exponential random variables with parameter λ and Tn =
n∑

i=1
τi. The process {Nt, t ≥

0} defined by

Nt =
∑
n≥1

1{Tn≤t}

is called a Poisson process with parameter λ.

In some texts λ is called the intensity of the Poisson parameter as it measures the
rate of jumps. Many properties of Poisson processes have already been given in the
previous section in the form of properties of Poisson random variables.

Proposition 2.1.21 Let {Nt} be a Poisson process with parameter λ. Given Nt = n,
n ≥ 1, then the jump times of the Poisson process are given by the following density:

P
(
(T1, T2, . . . ,Tn) ∈ A|Nt = n

) =
∫
A∩{0≤t1<t2<···<tn<t}

dt1dt2 · · · dtn n!
tn

, A ∈ B(Rn).

That is, given Nt = n the jump times (T1, · · · ,Tn) are distributed like the order
statistics of n uniform random variables in the interval6 [0, t].
Proof From Lemma2.1.9, we have that

P((T1,T2, . . . ,Tn) ∈ A|Nt = n)

=P((T1,T2, . . . ,Tn) ∈ A,Nt = n)

P(Nt = n)

=P((T1,T2, . . . ,Tn) ∈ A,Tn ≤ t < Tn+1)
n!

(λt)n
eλt

=
∫

(A∩Rn−1×[0,t])×(t,∞)

λn+1e−λtn+11{0≤t1<···<tn+1}(t1, . . . , tn+1)dt1 · · · dtn+1
n!

(λt)n
eλt

6Given n independent random variables U1, · · · ,Un each with the uniform distribution in [0, t],
the order statistic distribution is the n-dimensional distribution of the n random variables once they
have been ordered.
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=
∫
A∩Rn−1×[0,t]

∫ ∞

t
λe−λtn+11{0≤t1<···<tn}(t1, . . . , tn)dt1 · · · dtn+1

n!
tn
eλt

=
∫
A∩{0≤t1<t2<···<tn<t}

∫ ∞

t
λe−λtn+1dtn+1dt1 · · · dtn n!

tn
eλt

=
∫
A∩{0≤t1<t2<···<tn<t}

e−λtdt1 · · · dtn n!
tn
eλt

=
∫
A∩{0≤t1<t2<···<tn<t}

dt1dt2 · · · dtn n!
tn

.

Lemma 2.1.22 If {Nt; t ≥ 0} is a Poisson process with parameter λ, then, for t ≥ 0:

(i) TNt+1 − t is independent of σ(τNt+k : k ≥ 2).
(ii) TNt+1 − t is an exponentially distributed r.v. with parameter λ.
(iii) TNt+1 − t is independent of σ(Nt).

Proof First, we show (ii) and (iii). For s1 ∈ R and k ∈ N, we have

P(TNt+1 − t ≤ s1,Nt = k) = P(Tk+1 − t ≤ s1,Nt = k)

= E(1{Tk+1≤s1+t,Tk≤t<Tk+1}).

From Lemma1.2.3, we obtain

E[1{Tk+1≤s1+t,Tk≤t<Tk+1}] =E[1{Tk≤t}E[1{t<Tk+τk+1≤s1+t}|Tk ]]
=E[1{Tk≤t}(e−λ(t−Tk ) − e−λ(s1+t−Tk ))] = (1 − e−λs1 )P(Nt = k).

Next, we compute the following distribution function in order to prove (i). It is easy
to check that, for {si}i≥2 ⊂ R,

P

⎛
⎝⋂

k≥2

{τNt+k ≤ sk}
⎞
⎠ = P

⎛
⎝⋂

k≥2

{τk ≤ sk}
⎞
⎠ .

Therefore, we have

P

⎛
⎝{TNt+1 − t ≤ s1} ∩

⋂
k≥2

{τNt+k ≤ sk}
⎞
⎠

=
∞∑
l=0

P

⎛
⎝{TNt+1 − t ≤ s1} ∩

⋂
k≥2

{τNt+k ≤ sk} ∩ {Nt = l}
⎞
⎠

=
∞∑
l=0

P

(
{TNt+1 − t ≤ s1} ∩ {Nt = l}

)
P

⎛
⎝⋂

k≥2

{τl+k ≤ sk}
⎞
⎠

= P(TNt+1 − t ≤ s1)P

⎛
⎝⋂

k≥2

{τNt+k ≤ sk}
⎞
⎠ .
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The proof is complete.

Proposition 2.1.23 Let {Nt; t ≥ 0} be a Poisson process. Then for any s < t,Nt −
Ns and Ns, are independent.

Proof Let a, b ∈ N,

P(Nt − Ns ≤ a,Ns ≤ b) =
b∑

k=0

P(Nt ≤ a + k,Ns = k) =
b∑

k=0

a+k∑
l=k

P(Nt = l,Ns = k)

=
b∑

k=0

a+k∑
l=k

P(Tl ≤ t < Tl+1, Tk ≤ s < Tk+1)

=
b∑

k=0

a∑
j=0

P(Tk+j ≤ t < Tk+j+1, Tk ≤ s < Tk+1). (2.2)

First for j = 0, we have

P(Tk ≤ s < t < Tk+1) =
∫ s

0
P(t < u + τk+1)e

−λu λkuk−1

(k − 1)!du = (λs)k

k! e−λt .

For general j ≥ 1,we have, applying conditioning twice (firstTk = u and then τk+1 =
s1),

P(Tk+j ≤ t < Tk+j+1, Tk ≤ s < Tk+1)

=
∫ s

0

∫ t−u

s−u
P(u + s1 + Sj ≤ t < u + s1 + Sj+1)λe

−λs1e−λu λkuk−1

(k − 1)!ds1du.

Here in order to simplify the notation we have set Sj = ∑j
l=2 τk+l . Now using the

previous step, we have that

P(Tk+j ≤ t < Tk+j+1,Tk ≤ s < Tk+1)

=
∫ s

0

∫ t−u

s−u

λj−1(t − u − s1)j−1

(j − 1)! λe−λt λkuk−1

(k − 1)!ds1du

= (λ(t − s))j

j!
(λs)k

k! e−λt .

Thus, we have that

(2.2) =
b∑

k=0

{ (λs)
k

k! e−λt +
a∑

j=1

(λs)k

k!
(λ(t − s))j

j! e−λt}

=
b∑

k=0

a∑
j=0

(λs)k

k!
(λ(t − s))j

j! e−λt
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=
b∑

k=0

{ (λs)
k

k! e−λs
a∑

j=0

(λ(t − s))j

j! e−λ(t−s)}

= P(Nt − Ns ≤ a)P(Ns ≤ b).

In fact, we have the following generalization.

Proposition 2.1.24 The Poisson process {Nt; t ≥ 0} has independent increments.
That is, for anypartition0 < t1 < · · · < tn, the randomvariables Nt1 ,Nt2 − Nt1 , . . . ,

Ntn − Ntn−1 are independent.

Lemma 2.1.25 Let {Nt; t ≥ 0} be a counting process of the point process {Tn; n ∈
N} with stationary independent increments. That is:

(a) for all n ≥ 2, 0 ≤ t0 < t1 < · · · < tn, the increments
{
Ntj − Ntj−1; 1 ≤ j ≤ n

}
are mutually independent,

(b) for all 0 ≤ s < t, the law of Nt − Ns depends upon the pair (s, t) only through
the difference t − s.

We define that τ1 := T1, τi := Ti − Ti−1 (i ≥ 2). If, for any t ≥ 0, Nt follows a
Poisson distribution with parameter λt, then {τi; i ∈ N} is a sequence of independent
exponential random variables with parameter λ.

Proof First note that for i < j and s < u

P(Ti < s,Tj > u) = P(Ns ≥ i,Nu ≤ j − 1) = e−λu
j−1∑
k=i

j−1−k∑
l=0

sk(u − s)lλk+l

k!l! .

From here one obtains all the required properties. In fact, one proves first by taking
j = i + 1, differentiation with respect to s and integration for s ∈ [0, u] that Ti ∼
Gamma(λ, i) and similarly that τi+1 = Ti+1 − Ti is independent of Ti and that it is
distributed exponentially with parameter λ.

Lemma 2.1.26 Let X and Y be Z+-valued random variables with E[Xm],E[Ym] <

∞ for any m ∈ N. Then X and Y are identical in law if and only if for any u in a
neighborhood of 0,

E[uX ] = E[uY ].

The function G(u) := E[uX ] = ∑
i≥0

uiP(X = i) is usually called the probability gen-

erating function of X . In other texts, is called the moment generating function. In the
particular case that u = e−λ and λ ≥ 0 then it is called the Laplace transform, which
is, loosely speaking, a transformation of the characteristic function.

Proof Consider G(u), u ∈ [0, 1]. Since E[Xm],E[Ym] < ∞, G(u) is termwise dif-
ferentiable. Then we have
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G ′(u) =
∑
i≥0

iui−1
P(X = i) =

∑
i≥1

iui−1
P(X = i).

Hence G ′(0) = lim
u↓0 G

′(u) = 1 · P(X = 1). In the same fashion, we have

G(n)(0) = n!P(X = n).

Suppose that for some ε > 0 and for all u in [0, ε ∧ 1],E[uX ] = E[uY ]. Then we
have

P(X = n) = G(n)(0)

n! = P(Y = n).

Lemma 2.1.27 Let X be a Poisson random variable with parameter λ. Then, for
any n ∈ N, E[X n] < ∞.

Proof For all n ∈ N, we have that

E[X n] =
∑
k≥0

kn
λk

k! e
−λ.

Also,
kn λk

k! e
−λ

(k − 1)n λk−1

(k−1)!e−λ
= λ

k

(
k

k − 1

)n

.

Since limk→∞ λ
k

(
k

k−1

)n = 0, from the ratio test, we get E[X n] < ∞.

InLemma2.1.25,we assumed that themarginal distributionofN follows aPoisson
distribution. In the next result we generalize this result.

Proposition 2.1.28 Let {Nt; t ≥ 0} be a counting process of the point process T =
{Tn; n ∈ N} with stationary independent increments. That is:

(a) for all n ≥ 2, 0 ≤ t0 < t1 < · · · < tn, the increments
{
Ntj − Ntj−1; 1 ≤ j ≤ n

}
are mutually independent,

(b) for all 0 ≤ s < t, the law of Nt − Ns depends upon the pair (s, t) only through
the difference t − s.

In such a case {Nt; t ≥ 0} is a Poisson process.

Proof For any t ≥ 0, define the moment generating function ft : [0, 1] → [0, 1] as
follows:

ft(u) := E[uNt ] =
∑
k≥0

ukP(Nt = k) (t > 0),

f0(u) := 1.
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We remark that the above functions are well defined and that ft(0) = P(Nt = 0).
From Lemmas2.1.26 and 2.1.27, we will prove in Step 1 that there exists λ ≥ 0 such
that ft(u) = e−λt(1−u) and in Step 2 that the process T = {Tn; n ∈ N} satisfies that
each Tn follows a Gamma distribution with scale λ and shape n .

Step 1.

From assumptions (a) and (b), we have

ft+s(u) = E[uNt+s ]
= E[uNsuNt+s−Ns ]
= E[uNs ]E[uNt+s−Ns ]
= fs(u)ft(u).

Therefore for any n,m ∈ N,

f n
m
(u) = f 1

m+···+ 1
m
(u) =

{
f 1
m
(u)

}n
,

f n
m
(u) = f n−m

m +1(u) = f n−m
m

(u)f1(u) =
{
f 1
m
(u)

}n−m
f1(u), n ≥ m.

Hence we have

f 1
m
(u) = {f1(u)} 1

m , f n
m
(u) = {f1(u)} n

m ∀n,m ∈ N.

Let {tn; n ∈ N} be a sequence of rational numbers such that tn ↓ t ∈ R
+. Then as

f1(u) ≥ 0, we have

{f1(u)}tn ↑ {f1(u)}t .

Since Nt is a right-continuous function,

Ntn ↓ Nt, a.s., uNtn ↑ uNt , a.s.

From the monotone convergence theorem, we have

ftn(u) = E[uNtn ] ↑ E[uNt ] = ft(u).

Therefore ft(u) = {f1(u)}t .
Let {sn; n ∈ N} be a real sequence such that sn ↓ 0. Then

{f1(u)}sn = fsn(u)

=
∑
k≥0

ukP(Nsn = k)

≥ P(Nsn = 0)
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= P(T1 > sn).

Since P(T1 > sn) ↑ 1, as n ↑ ∞ then for some N ∈ N, we have

{f1(u)}sN ≥ P(T1 > sN ) >
1

2
.

Therefore f1(u) 
= 0. Let λ(u) := log
1

f1(u)
. Then we have

E[uNt ] = ft(u) = {f1(u)}t = e−λ(u)t .

In particular, λ(0) = log f1(0)−1 = logP(N1 = 0)−1 ≥ 0. Hence it just remains to
show that for any u ∈ [0, 1],

λ(u) = λ(0)(1 − u).

Clearly,

λ(u) = lim
t↓0

1 − e−λ(u)t

t
= lim

t↓0
1 − E[uNt ]

t

= lim
t↓0

1

t

⎧⎨
⎩1 −

∑
k≥0

ukP(Nt = k)

⎫⎬
⎭

= lim
t↓0

∑
k≥1

1

t
(1 − uk)P(Nt = k). (2.3)

Since 0 ≤ u ≤ 1,

0 ≤
∑
k≥2

1

t
(1 − uk)P(Nt = k) ≤ P(Nt ≥ 2)

t
.

Now, we will prove that

P(Nt ≥ 2)

t
→ 0, as t ↓ 0.

We divide this into two cases: First, if λ(0) = 0 then ft(0) = 1 for any t. Since
1 = E[0Nt ] = P(Nt = 0), P(Nt ≥ 2) = 0. Next, if λ(0) > 0 then e−λ(0)t < 1, and
we have
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⋃
n≥0

{Nnt = 0,Nnt+t ≥ 2} =
⋃
n≥0

{nt < T1,T2 ≤ nt + t}

=
⋃
n≥0

{nt < T1,T2 ≤ nt + t < T1 + t}

⊆ {T2 < T1 + t} .

We deduce from the above and assumptions (a) and (b) that

P(
⋃
n≥0

{Nnt = 0,Nnt+t ≥ 2}) ≤ P(T2 < T1 + t)

→ P(T2 ≤ T1) = 0 as t ↓ 0.

Hence we have

0 ≤ P(Nt ≥ 2)

λ(0)t
≤ P(Nt ≥ 2)

1 − e−λ(0)t
≤ P(T2 < T1 + t) → 0.

So from (2.3), we conclude that for all u ∈ [0, 1],

λ(u) = lim
t↓0

P(Nt = 1)

t
(1 − u) = C(1 − u).

Taking u = 0, we obtain that λ(u) = λ(0)(1 − u).

Step 2.

Let τ1 := T1, τi := Ti − Ti−1 (i ≥ 2). We prove that {τi; i ∈ N} is a sequence of
independent exponential randomvariableswith parameterλ(0). FromLemma2.1.25,
it is clear.

Exercise 2.1.29 Let N be a Poisson process. Prove the following:

• lims↑t Ns = Nt except for t = Ti, i ∈ N.

• For any fixed t > 0, we have P(Nt − lims↑t Ns = 1) = 0.
• Let T be a random time which is independent of N , then P(NT − lims↑T Ns =
1) = 0.

Corollary 2.1.30 Themoment generating function of a Poisson process with param-
eter λ is

E[uNt ] = e−λ(1−u)t .

Theorem 2.1.31 (Sums of independent Poisson processes; super-position property)
If {N (1)

t ; t ≥ 0}, {N (2)
t ; t ≥ 0} are two independent7 Poisson process with intensities

λ1, λ2, then {Nt = N (1)
t + N (2)

t ; t ≥ 0} is a Poisson process with intensity λ1 + λ2.

7Recall that independence of random process means that the σ -fields generated by these process
are independent.
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Proof We prove that Nt is a counting process, Nt has stationary independent incre-
ments and Nt follows a Poisson distribution with parameter λ1 + λ2. Therefore the
result will follow from Proposition2.1.28.

Step 1. Nt is a counting process. Since N
(i)
t is Poisson process, there exists a point

process {T (i)
n }n∈N such that

N (i)
t =

∑
n≥1

1{T (i)
n ≤t}.

Hence we have Nt = ∑
n≥1(1{T (1)

n ≤t} + 1{T (2)
n ≤t}). We define a point process

{Tn; n ∈ N} which is relabeled {T (1)
n ; n ∈ N}, {T (2)

n ; n ∈ N} in an increas-
ing order in that

T1 := inf{t > 0;ΔNt 
= 0},
Ti := inf{t > Ti−1;ΔNt 
= 0},

where ΔNt := Nt − Nt−. Then we have Nt = ∑
n≥1 1{Tn≤t}. Hence Nt is

counting process.
Step 2. Nt has the stationary increment property

Nt+h − Nt = (N (1)
t+h + N (2)

t+h) − (N (1)
t + N (2)

t )

= (N (1)
t+h − N (1)

t ) + (N (2)
t+h − N (2)

t )

d= N (1)
h + N (2)

h = Nh.

Step 3. Nt has the independent increments property. We only check the following
equation:

E[exp(i
n∑

j=1

αj(Ntj − Ntj−1))] =
n∏

j=1

E[exp(iαj(Ntj − Ntj−1))].

We decomposeNtj − Ntj−1 toN
(1)
tj − N (1)

tj−1
+ N (2)

tj − N (2)
tj−1

as in Step 2. Since
N (1) and N (2) are independent, we get

(LHS) = E[exp(i
n∑

j=1

αj(N
(1)
tj − N (1)

tj−1
)]E[i

n∑
j=1

αj(N
(2)
tj − N (2)

tj−1
))],

(RHS) =
n∏

j=1

E[exp(iαj(N
(1)
tj − N (1)

tj−1
))]E[exp(iαj(N

(2)
tj − N (2)

tj−1
))].

Therefore (LHS) = (RHS).
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Step 4. Nt follows the Poisson distribution with parameter λ1 + λ2. It is clear by
checking that E[eiθNt ] = exp((λ1 + λ2)t(eiθ − 1)).

Remark 2.1.32 Step 4 in the above proof should reinforce your understanding of the
representation (2.1). We note that as in Remark2.1.14 we can rewrite the above char-
acteristic function as exp(

∫
(eiux − 1)ν(dx)), where ν(dx) = λ1δ1(dx) + λ2δ1(dx).

Therefore we understand that this may lead to a general form of some characteristic
functions where the distribution is now characterized by a measure ν.

Exercise 2.1.33 Use characteristic functions (see e.g. Theorem1.1.6) in order to
prove the following two results for a sequence of independent Poisson random vari-
ables Ni, i ∈ N with parameter λ:

• ∑n
i=1 N

i is a Poisson r.v. with parameter λn. In particular, prove that
∑n

i=1 N
i →

∞, a.s. The following renormalization result gives the asymptotic behavior of
this sum of random variables:

• Prove that limn→∞ 1
n

∑n
i=1 N

i = λ, a.s.
• 1√

n

∑n
i=1(N

i − λ) ⇒ Z , where Z ∼ N (0, 1).

Notice that this last result is interesting. A discrete distribution like the Poisson
random variable after a limit renormalization becomes a continuous distribution!

Exercise 2.1.34 In this exercise, we would like to briefly discuss some basic proper-
ties on the modulus of continuity of the Poisson process {Nt; t ≥ 0} with parameter
λ. First, we recall that the paths of Poisson processes are càdlàg. Still, prove the
following properties:

• limt↓0 E[Nt ]
t = λ.

• limt↓0 Nt
t = 0, a.s.

• limt↓0 P(Nt
t > 0) = 0.

These results can also be stated for t ↑ ∞.Write and prove those results and compare
with Exercise2.1.33. For the moment, it looks that not much of interest is going on
as these paths always increase by one unit. Starting in the next chapter, we will see
much more interesting behavior.

Problem 2.1.35 This exercise is designed for people that may have some experience
with Markov chains. Prove that a Poisson process is a time homogeneous Markov
chain with state space N ∪ {0}. In particular prove that for tn < ... < t1 and ai ∈ N,
i = 1, ..., n, an ≤ an−1 ≤ ... ≤ a1 one has

P(Nt1 = a1/Ntj = aj, j = 2, ..., n) = P(Nt1 = a1/Nt2 = a2).

Compute its transition probabilities and prove its transience.

Exercise 2.1.36 One of the properties which separates the Poisson process from the
Wiener process is its lack of scaling property. In fact, prove that although
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E[t−1Nt] = λ,

in general,E[(t−1Nt)
p] depends on t. This can also be seen from themoment generat-

ing function; that is, the fact that the generating function of t−1Nt is not independent
of t.

Exercise 2.1.37 The following properties are related with the long-time behavior of
the Poisson process:

1. Compute lim
t↑∞ t−2

∫ t

0
E[Ns]ds.

2. Prove that
∫ t

0
Nsds =

TNt∑
i=0

i(Ti+1 − Ti) + Nt(t − TNt ).

3. Prove that lim
t↑∞Nt = ∞, a.s. and therefore lim

t↑∞ TNt = ∞, a.s.

4. Prove that lim
n↑∞

n∑
i=0

i(Ti+1 − Ti) = ∞.

5. Try to guess the value of the limit lim
t↑∞ t−2

∫ t

0
Nsds.8

Exercise 2.1.38 This exercise will help you get acquainted with σ -algebras which
will be needed later. DefineFt := σ(Ns; s ≤ t). Recall that we always consider that
this means thatFt is the smallest σ -algebra for which Ns is measurable for all s ≤ t
and which is completed with all the subsets of sets of probability zero.

1. Prove thatFt = σ({Ti ≤ s}; s ≤ t, i ∈ N) = σ(Ti ∧ t; i ∈ N). In particular, Ti is
a stopping time for any i ∈ N.

2. Let g : Ω × R × [0,T ] → R be a function that is measurable with respect to the
σ -field FT ⊗ B ⊗ B[0,T ]. Prove that there exists a sequence of functions of
the type

gn(ω, z, t) =
n∑

i=1

Xi(ω)ai(z)bi(t)

such that gn → g, a.s.HereXi : Ω → R is aFT randomvariable andai : R → R

together with bi : [0,T ] → R are measurable functions.
3. Now suppose that for each t ∈ [0,T ], g(ω, z, s)1(s ≤ t) is measurable with

respect to Ft ⊗ B ⊗ B[0, t]. Prove that g(·, ·, t) is measurable with respect to
Ft ⊗ B.

Exercise 2.1.39 This exercise is about the extension of the stationary increment
property of N to a weaker property and is strongly related to Exercise2.1.38.

1. Let s, t > 0; prove that Nt+s − Ns is independent ofFs. Hint: Prove this by using
a simple set inFs then extend this result by taking limits.

8Recall results related with the law of large numbers.
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2. We say that τ is a stopping time if for any t > 0, {τ ≤ t} ∈ Ft . Prove that given
any stopping time τ thenNτ+t − Nτ is independent ofFτ = {A ∈ F∞;A ∩ {τ ≤
t} ∈ Ft, t > 0}. Furthermore prove that the laws of Nτ+t − Nτ and Nt are the
same. That is, P(Nτ+t − Nτ = k) = P(Nt = k) for any k ∈ N. This property is
called the strong Markov property. When τ is non-random it is called the Markov
property.
Hint: Prove this property by approximations. That is, assume that τ takes a finite
number of values. Then proceed by taking limits.

Exercise 2.1.40 This exercise is about the simplest form of Girsanov’s theorem
(change of measure) for Poisson processes. It will appear later in a much more
complex form.

1. Let N be a Poisson process with parameter λ > 0; prove the following equality
for any f bounded and measurable function:

E[f (Nt)] = E[f (N ′
t ) exp((λ

′ − λ)t − N ′
t log(

λ′

λ
))].

Here N ′ is a Poisson process of parameter λ′ > 0 and we assume without loss of
generality that the probability space supports these two processes.

2. Prove that one may define a new probability measure by considering

Qt(A) = E[1A exp((λ′ − λ)t − N ′
t log(

λ′

λ
))].

3. Prove that if A ∈ Fs for s < t then Qt(A) = Qs(A).

Problem 2.1.41 This exercise is about the large deviation principle for the Poisson
process.

1. Prove that P(Nt > x) ≤ f (x)−1
E[f (Nt)] for any increasing function f .

2. Using f (x) = eax prove that P(Nt > x) ≤ exp(−ax) exp((ea − 1)λt) .
3. Prove that

lim sup
x→+∞

logP(Nt > x)

x
= −∞.

4. State and prove an improvement of the above result9.

Problem 2.1.42 (An alternative method of defining the Poisson law. The infinitesi-
mal definition10) Suppose that a stochastic process11 Nt , t ≥ 0, satisfies the following
relations as h ↓ 0 for k = 0, . . . :

9This is an exercise to test your understanding.
10Recall that o(1) stands for any function that converges to zero as the related parameter (which
should be clear from the statement) approaches a certain limit. In this case, the parameter is h.
11A stochastic process is a family of random variables {Nt}t∈[0,∞) such that N : Ω × [0,∞) → R

is jointly measurable. I suppose that you interpreted this in a similar way in Definition2.1.17.
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1. P(Nt+h = k + 1|Nt = k) = λh + o(h).
2. P(Nt+h > k + 1|Nt = k) = o(h). 12.
3. P(Nt+h = k|Nt = k) = 1 − λh + o(h)
4. t → Nt(ω) (a.s.) is increasing and N has independent increments.

Prove the following statements:

1. P(Nt = 0) − P(Nt−h = 0) = −λhP(Nt−h = 0) + o(h).
2. ∂tP(Nt = 0) = −λP(Nt = 0) and therefore P(Nt = 0) = e−λt .
3. For k ≥ 1, P(Nt = k) − P(Nt−h = k) = λh(P(Nt−h = k − 1) − P(Nt−h = k))

+ o(h).
4. Prove that the probabilities forNt should satisfy the differential equation ∂tP(Nt =

k) = λ(P(Nt = k − 1) − P(Nt = k)).
5. Provide boundary conditions for the above system of ordinary differential equa-

tions and prove that the unique solution is given by P(Nt = k) = e−λt (λt)k

k! .

Note that this exercise does not tell you how to construct the processN , which is what
we have done in this section. Still this is not impossible to do. In a general setting, one
uses the independence increment property together with the laws of the increments to
obtain the joint law of any vector (Nt1 , . . . ,Ntn) for any sequence 0 < t1 < · · · < tn
and then applies the so-called Kolmogorov extension theorem.

Problem 2.1.43 The following exercise is about the behavior of the simple Poisson
process when λ → ∞. Prove that

lim
λ→∞

NT

λ
= 1, (a.s).

This is also known as the renewal theorem when one considers large time. That is,

lim
T→∞

NT

T
= λ, (a.s).

Hint: Use characteristic functions.

Exercise 2.1.44 This exercise will help us to understand the definitions of stochastic
integrals to appear in the chapters that follow.

1. Prove that forω ∈ Ω , the function t → Nt(ω) is of bounded variation on compact
intervals.

2. Given the previous result prove that for any function g ∈ C[0,T ], one can define
the integral

∫ T
0 g(s)dNs.

3. In fact, give an alternative expression for the above integral using the jump times
{Ti}i∈N.

12Recall that o(h) is any term such that limh→0
o(h)
h = 0.



Chapter 3
Compound Poisson Process and Its
Associated Stochastic Calculus

In this chapter, we enlarge on the previous chapter by considering processes whose
jumps may be random but independent between them. We also give some further
definitions on general theory of stochastic processes and stochastic analysis which
may be easier to understand given that they are used in this particular application.

3.1 Compound Poisson Process

Definition 3.1.1 (compound Poisson process) AcompoundPoissonprocess {Zt; t ≥
0} with intensity λ > 0 and jump size distribution F is a stochastic process defined
as

Zt : =

⎧
⎪⎨

⎪⎩

Nt∑

j=1

Yj if Nt > 0,

0 if Nt = 0,

(3.1)

where jump sizes {Yj; j ≥ 1} are i.i.d.r.v.s with distribution F and {Nt; t ≥ 0} is a
Poisson process with intensity λ, independent from {Yj; j ≥ 1}.

One can prove the following theorem by easy computation.

Theorem 3.1.2 The compound Poisson process has a characteristic function given
by

E[eiθZt ] = exp{λt(E[eiθYj − 1])}.

In the particular case that the random variables Yi have a density f we have that

E[eiθZt ] = exp{λt
∫

(eiθx − 1)f (x)dx}.
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Proof

E[eiθZt ] = E[eiθ
∑Nt

j=1 Yj ] =
∑

n≥0

E[eiθ
∑n

j=1 Yj1{Nt=n}]

=
∑

n≥0

E[eiθYj ]n (λt)n

n! e−λt =
∑

n≥0

(λtE[eiθYj ])n

n! e−λt

= e−λt exp(λtE[eiθYj ]) = exp{λt(E[eiθYj − 1])}.

Corollary 3.1.3 Let {N (1)
t ; t ≥ 0} and {N (2)

t ; t ≥ 0} be two independent Poisson pro-
cesses with parameters λ1 and λ2, then N (1) + N (2) is a Poisson process with param-
eter λ = λ1 + λ2. In fact, any linear combination of N (1) and N (2) is a compound
Poisson process.

Proof By Lemma2.1.25, it is enough to use Theorem1.1.12 to check that
E[eiu(N (1)

t +N (2)
t )] is equal to the characteristic function of the stated Poisson process.

In the general case the proof is similar but one has to be careful about the law of the
jump size. We leave this as an exercise for the reader.

Exercise 3.1.4 In this exercise, we study the properties of the process N (1)
t − N (2)

t

in Corollary3.1.3. In fact, we will prove later on that N (1) − N (2) is itself has the
structure of a compound Poisson process using a method which is slightly different
from using characteristic functions. Here we give some exercises to point in this
direction.

1. Prove that the following representation is valid:

N (1)
t − N (2)

t =
N (1)

t +N (2)
t∑

i=0

Yi

In particular, give the explicit definition for Yi.
2. Prove that Zt := N (1)

t − N (2)
t has the property of independent increments.

3. Define τ as the first jump time of Z . Prove that N (i)
τ+t − N (i)

τ is a Poisson process.
4. Prove that Yi is a sequence of i.i.d.r.v.s with P(Y1 = 1) = λ1

λ
and P(Y1 = −1) =

1 − P(Y1 = 1).

For a hint, see Chap.14.

Remark 3.1.5 (i) Note that this last result matches with the structure in
Remarks2.1.14 and 2.1.32. In the case of Corollary3.1.3, we have that ν(dx) =
λ1
λ
δ1(dx) + λ2

λ
δ−1(dx). In this case of Theorem3.1.2, we have that ν(dx) =

λf (x)dx. Recall that ν is the so-called Lévy measure associated with the process
Z and which is unique.1

1State and prove the equivalent statement of Exercise2.1.15.
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(ii) The property revealed in Corollary3.1.3 will be important in what follows as it
will be used many times in more general settings.

(iii) Note that the time variable appears separately in the exponent. One may always
claim it to be part of the definition of ν (note that we are not requiring ν to be a
probability measure) if one considers only one random variable with fixed time.
That is, one may think that the compound Poisson process is always observed at
time 1 and that instead its intensity is given by λt. As this will no longer be the
case in the study of processes, we prefer to consider it as a separate component.
Still, such a interpretation is sometimes useful.

Theorem 3.1.6 (Wald’s Lemma) Let {Yj; j ≥ 1} be i.i.d. r.v.’s with E[|Yj|2] < ∞,
N be a Z

+-valued r.v. independent from (Yj)j≥1. Let

S :=
{
0 if (N = 0),
∑N

i=1 Yi if (N ≥ 1).

Then:

(i) If E[N ] < ∞, then E[S] = E[N ]E[Y1].
(ii) If E[N 2] < ∞, then Var[S] = E[N ]Var[Y1] + Var[N ]E[Y1]2.

(iii) If N ∼ Poisson(λ), then Var[S] = λE[Y 2
1 ].

Result (ii) above states that the variance of a random sum has two components,
one coming from the variance of the random variables being summed and the other
due to the number of terms in the sum.

Proof (i) S = ∑N
i=0 Yi = ∑

n≥0

∑n
j=1 Yj1{N=n}, so that

E[S] = E

⎡

⎣
∑

n≥0

n∑

j=1

Yj1{N=n}

⎤

⎦ =
∑

n≥0

n∑

j=1

E
[
Yj1{N=n}

]

=
∑

n≥0

n∑

j=1

E[Yj]E
[
1{N=n}

] =
∑

n≥0

n · E[Y1]P(N = n) = E[N ]E[Y1].

Note that the above interchange of sums and expectations is possible due to
the Lebesgue convergence theorem. The needed hypotheses follow from the
assumptions.

(ii)

E[S2] = E

⎡

⎣
∑

n≥0

⎛

⎝
n∑

j=1

Yj

⎞

⎠

2

1{N=n}

⎤

⎦

=
∑

n≥0

E

⎡

⎣

⎛

⎝
n∑

j=1

Yj

⎞

⎠

2⎤

⎦P(N = n)
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=
∑

n≥0

⎧
⎨

⎩

n∑

j=1

E[Y 2
j ] +

∑

l �=m

E[Yl]E[Ym]
⎫
⎬

⎭
P(N = n)

=
∑

n≥0

{n · E[Y 2
1 ] + (n2 − n)E[Y1]2}P(N = n)

= E[Y 2
1 ]E[N ] + E[Y1]2{E[N 2] − E[N ]}.

So we get Var[S] = E[N ]Var[Y1] + Var[N ]E[Y1]2.
(iii) Since N ∼ Poisson(λ), E[N ] = λ,Var[N ] = λ. Therefore

Var[S] = λ(Var[Y1] + E[Y1]2) = λE[Y 2
1 ].

We remark that in the above proof the following useful identity (which was also
discussed in Lemma2.1.19) is hidden in the calculations. This identity may be useful
in order to prove various properties:

Nt∑

i=1

Yi =
∞∑

i=1

Yi1{Ti≤t}.

Property (ii) above states that the variance of a sum of i.i.d. random variables
whose number of terms is random has two components, one due to the variability of
X and the other due to the variability of N .

Theorem 3.1.7 Let Z be a compound Poisson process. Then the law of Zt − Zs is
equal to the law of Zt−s. In other words,

P ◦ Z−1
t−s = P ◦ (Zt − Zs)

−1, (t > s).

Proof We prove that for any θ,E[eiθ(Zt−Zs)] = E[eiθZt−s ]. From Definition3.1.1 and
Proposition2.1.23, we have

E[eiθ(Zt−Zs)] = E[eiθ
∑Nt

j=Ns+1 Yj1{Nt>Ns}] + E[eiθ ·01{Nt=Ns}]
=
∑

k≥0

∑

l≥k+1

E[eiθ
∑l

j=k+1 Yj1{Nt=l,Ns=k}] + P(Nt = Ns)

=
∑

k≥0

∑

l≥k+1

E[eiθY1 ]l−k
P(Nt = l, Ns = k) + P(Nt = Ns)

=
∑

k≥0

∑

j≥1

E[eiθY1 ]j
P(Nt = k + j, Ns = k) +

∑

k≥0

P(Nt = Ns = k)

=
∑

k≥0

∑

j≥0

E[eiθY1 ]j
P(Nt = k + j, Ns = k)
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=
∑

k≥0

∑

j≥0

E[eiθY1 ]j
P(Nt − Ns = j, Ns = k)

=
∑

k≥0

∑

j≥0

E[eiθY1 ]j
P(Nt − Ns = j)P(Ns = k)

=
∑

k≥0

P(Ns = k)
∑

j≥0

E[eiθY1 ]j
P(Nt − Ns = j)

= E[eiθZt−s ].

Proposition 3.1.8 (Sum of independent compound Poisson processes) If {Z (1)
t ; t ≥

0}, {Z (2)
t ; t ≥ 0} are independent compound Poisson processes such that jumps sizes

{Y (1)
j ; j ≥ 1} and {Y (2)

j ; j ≥ 1} are i.i.d.r.v.s with distribution F, then for any t ≥ 0,

E[eiθ(Z (1)
t +Z (2)

t )] = exp{λtE[eiθY − 1]}.

Here λ = λ1 + λ2 and Y has the distribution F .

Exercise 3.1.9 Extend and prove the above result to the case that the distribution of
Y (1)

j is F and the distribution of Y (2)
j is 2 G.

For a hint, see Chap.14.

Exercise 3.1.10 Extend the results in Exercises2.1.33 and 2.1.34 to the setting of
compound Poisson processes. Notice that from a qualitative viewpoint there is no
change in the properties. This will change in the next section!

Exercise 3.1.11 This exercise states a “converse” of Proposition3.1.8. Let Zt =∑Nt
i=1 Yi be a compound Poisson process. For two measurable subsets A1, A2 such

that A1 + A2 = R, define the following processes for k = 1, 2:

N k
t =

∞∑

i=1

1Yi∈Ak1{Ti≤t},

Zk
t =

Nt∑

i=1

Yi 1Yi∈Ak .

Prove the following assertions:

1. Nt = N 1
t + N 2

t and similarly Zt = Z1
t + Z2

t .
2. Zk

t = ∑Nt
i=1 Y k

i with Y 1
i = Yi 1Yi∈A1 and Y 2

i = Yi 1Yi∈Ac
1
.

3. Prove thatN k , k = 1, 2 are independent Poisson processes. Find their correspond-
ing parameters.

4. Prove that Zk is a compound Poisson process and its corresponding jump counting
process is N k .

2The new distribution of Y should be the mixture of the distributions of Y (1) and Y (2) with weights
λ1
λ
and 1 − λ1

λ
.
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5. Deduce from the above that Z1 is independent of the jump times of Z2. Also the
jump times of Z1 are independent of the jump times of Z2.

For a hint, see Chap.14.

3.2 Lévy Process

Lévy processes are natural generalizations of compound Poisson processes. This
generalization is done through its basic properties studied in Proposition2.1.28. This
leads to the following definition.

Definition 3.2.1 (Lévy process) A stochastic process {Zt; t ≥ 0} is a Lévy process
if the following conditions are satisfied:

(i) For any n ∈ N and 0 = t0 < t1 < · · · < tn, the random variables Zt1 − Zt0 , · · · ,

Ztn − Ztn−1 are independent.
(ii) Z0 = 0, a.s.
(iii) The distribution of Zt+h − Zt does not depend on t.
(iv) For any a > 0 and t ≥ 0, limh→0 P(|Zt+h − Zt| > a) = 0.
(v) There exists Ω0 ∈ F with P(Ω0) = 1 such that, for every ω ∈ Ω0, Zt(ω) is

right-continuous in t ≥ 0 and has left limits in t > 0, i.e. Zt(ω) is a càdlàg
function on [0,∞).

Problem 3.2.2 (Brownian motion) One of the most famous examples of Lévy pro-
cess is Brownianmotion. The above definition is trivially satisfied by the definition of
Brownian motion whose increments are distributed according to a Gaussian lawwith
mean zero and variance given by the corresponding time difference. This important
example will only be marginally treated in this text.

We note that both the Poisson process and the compound Poisson process defined
previously are examples of Lévy processes.

Corollary 3.2.3 A Poisson process is a Lévy process.

Corollary 3.2.4 A compound Poisson process is a Lévy process.

Exercise 3.2.5 Prove the above two corollaries recalling Proposition2.1.28.

Remark 3.2.6 One theoretically interesting question which has to be dealt with is
if the properties stated in Definition3.2.1 uniquely characterize all probability laws
of functionals of the Lévy process. We do not discuss these issues, just stating that
these issues require first the proof of the specific construction of the corresponding
probability space which shows that the process we are discussing exists. Secondly,
we establish that the process has the path properties stated in (v) so that allmeasurable
functionals are uniquely defined.3

3Actually this is the contents of the Kolmogorov extension theorem. The measurability has to be
defined in the space of càdlàg functions with an appropriate topology. To make it simple, we may
use for the moment the topology given by the supremum norm on compact intervals of time.
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As we have already, sums of independent Poisson processes are Poisson pro-
cesses (cf. Theorem2.1.31). Similar properties repeat in Corollary3.1.3 and Propo-
sition3.1.8. We can check easily that sums of independent Lévy processes are Lévy
processes.

Theorem 3.2.7 Sums of independent Lévy processes are Lévy processes.

Exercise 3.2.8 Prove Theorem3.2.7.

For the next theorem, which deals with the independent increment property for
stopping times, we need to defineFt = σ(Zs; s ≤ t) andFτ = {A ∈ F∞; A ∩ {τ ≤
t} ∈ Ft, t > 0}.
Theorem 3.2.9 Any Lévy process satisfies the following strong Markov property for
any bounded function f and any set Aτ ∈ Fτ :

E[f (Zτ+s − Zτ ); Aτ ] = E[f (Zτ+s − Zτ )]P(Aτ ) = E[f (Zs)]P(Aτ ).

We leave the proof of this statement as an exercise, noting that the proof is similar
to Exercise2.1.39 which is obtained by considering an appropriate simpler approxi-
mation of the quantity under consideration and then taking limits.

Exercise 3.2.10 Let Z be a compound Poisson process defined as

Zt :=
Nt∑

i=1

Yi,

such thatN is a Poisson process of parameterλ and {Yi}i is a sequence of i.i.d . random
variables such that P(Yi = 0) = 1/2, P(Yi = 1) = 1/8 and P(Yi = −2) = 3/8.

Prove that Z is “equivalent” to the stochastic process

Z ′
t =:=

N ′
t∑

i=1

Y ′
i ,

where N ′ is a Poisson process of parameter λ/2 and {Y ′
i }i is a sequence of i.i.d .

random variables such that P(Y ′
i = 1) = 1/4 and P(Y ′

i = −2) = 3/4.

Exercise 3.2.11 This is a continuation of Exercise2.1.44. Let Z be a compound
Poisson process.

1. Prove that forω ∈ Ω , the function t → Zt(ω) is of bounded variation on compact
intervals.

2. Given the previous result prove that for any function g ∈ C[0, T ], one can define
the integral

∫ T
0 g(s)dZs.

3. In fact, give an alternative expression for the above integral using the jump times
and jump sizes {(Ti, Yi)}i∈N.
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3.3 Poisson Random Measure

We will now try to discuss in detail the structure of Lévy processes from the point
of view of extensions of compound Poisson processes. This will also tie the nota-
tion introduced in Remarks2.1.14, 2.1.32 and 3.1.5 which gives the structure of the
process from the point of view of its characteristic function. This could not be seen
directly in Theorem3.2.7.

Throughout the following sections we will assume without loss of generality the
following hypothesis for any jump process: That the probability that a jump of size
0 is 0. That is, e.g. in the case of a compound Poisson process, we assume that for
any Yi, P(Yi = 0) = 0 (recall Exercise3.2.10).

This hypothesis is a general hypothesis that is always assumed in the study of Lévy
processes. We will instead make a much stronger hypothesis in order to simplify our
calculations. We will assume that Yi has a density function given by f (y), y ∈ R.

Definition 3.3.1 (Dirac point mass measure) For any a ∈ R, the Dirac point mass
measure δa at a is defined as

δa(A) =
{
1 if a ∈ A,

0 if a /∈ A.

Definition 3.3.2 (Poisson random measure) Let {Zt = ∑∞
i=1 Yi1{Ti≤t}; t ≥ 0} be a

compound Poisson process. ThenN is called a Poisson randommeasure associated
with {Zt; t ≥ 0}, if

N (F) :=
∞∑

i=1

δYi ⊗ δTi (F), F ∈ B(R) ⊗ B[0,∞).

Exercise 3.3.3 Check that the Poisson random measure is a measure.

It should be clear from the above definition that the goal of the Poisson random
measure is to count how many times events associated with Z have happened in the
product space R × [0,∞).

Lemma 3.3.4 Let (S, 
) be a measurable space and let (μn)n and μ be measures
on (S, 
) with μ = ∑

n≥1 μn. Then for any f ∈ L1(S, 
,μ),

∫

S
f (s)μ(ds) =

∞∑

n=1

∫

S
f (s)μn(ds).
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Proposition 3.3.5 LetN be a Poisson random measure associated with {Zt; t ≥ 0}.
Then

(i)
∫

R×[0,∞)

1R×[0,t](z, s)N (dz, ds) is a Poisson process.

(ii) For any A ∈ B(R), B ∈ B[0,∞) and for any g ∈ L1(R × [0,∞),B(R) ⊗
B[0,∞),N ),

∫

R×[0,∞)

g(z, s)1A×B(z, s)N (dz, ds) =
∞∑

i=1

g(Yi, Ti)1{Yi∈A}1{Ti∈B}. (3.2)

In particular, if g : R → R, then

∫

R×[0,∞)

g(z)1R×[0,t](z, s)N (dz, ds)

is a compound Poisson process with each jump size following the same distribution
as that of g(Y ).

Proof (i) Trivial.
(ii) From Lemma3.3.4, we have

∫

R×[0,∞)

g(z, s)1A×B(z, s)N (dz, ds) =
∞∑

i=1

g(Yi, Ti)1{Yi∈A}1{Ti∈B}.

Remark 3.3.6 We remark that in general this last integral, (3.2), is no longer a com-
pound Poisson process as the jump size may now depend on the time at which the
jump happens. Therefore one of the goals of this new notation is to allow for greater
generality. On the other hand, also note that this integral is a càdlàg function in t for
B = [0, t]. For more on this, see Sect. 5.4.

Proposition 3.3.7 The characteristic function of the r.v.

∫

R×[0,∞)

g(z, s)1A×B(z, s)N (dz, ds)

is given by

exp

(

λ

∫

R×[0,∞)

(eiθg(z,s) − 1)1A×B(z, s)f (z)dzds

)

.

Here we suppose that the above integral is finite.

Proof It is enough to consider the case of
∫

R×[0,t] g(z)1A(z)N (dz, ds). We leave the
details of generalizing these arguments to simple functions in the time variable and
their corresponding limits. The characteristic function in this case is given by
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E[
Nt∏

j=1

exp(iθg(Yj) 1{Yj∈A})] = exp
(
λt(E[exp(iθg(Y ) 1{Y∈A})] − 1)

)

= exp
(
λt(E[ 1{Y∈A}(exp(iθg(Y )) − 1)])) .

From here the result follows.

Definition 3.3.8 In concordance with previous definitions, notice that if g(z, s) = z
then

Zt =
∫

R×[0,t]
zN (dz, ds).

Its characteristic function is given by the above expression which is an extension
of Theorem3.1.2. From now on, we define ν(dx) = λf (x)dx as the associated Lévy
measure. See also Remark3.1.5.

Corollary 3.3.9 For any A, B ∈ B(R) and 0 ≤ a < b ≤ c < d,N (A × (a, b]) and
N (B × (c, d ]) are independent random variables.

Proof Either computeN (A × (a, b]) andN (B × (c, d ]) directly to check that the
statement holds or use Proposition3.3.7.

From this result, one can already see the formation of the parallel results to
Theorem3.2.7 and Corollary3.1.3 using the results in Corollary3.3.9 and Propo-
sition3.3.7. That is, whenever one wants to construct a Lévy process, one may as
well build it first in particular subsets of the jump space and then adding independent
copies of each to obtain that the final result will give the desired process.

This issuewill be important for the constructions to follow in the next two chapters.
For the moment, we will now move to the study of the filtration generated by a
compound Poisson process, its martingale properties etc.

Exercise 3.3.10 This exercise is about the approximation of the Gaussian distribu-
tion using compound Poisson process. Let f be the density of the jump size distribu-
tion. Assume that f follows the Laplace density function with mean zero and scale
parameter b > 0. Prove that if λ = cb−2 → ∞ for fixed c > 0 then the characteristic
function of the corresponding compound Poisson process at time t converges to the
characteristic function of a Gaussian random variable with variance 2ct. This means
that the corresponding random variables converge in law according to Theorem1.1.6.
Furthermore notice that one may interpret this as a Central Limit type Theorem with
random number of summands. Hint: Recall that the characteristic function of the
Laplace density function is

∫
eitxf (x)dx = 1

1+t2b2 .

Exercise 3.3.11 This is an extension of the previous exercise.4 Assume that the
density of the jump size of a compound Poisson process with parameter λ is a gen-

4This is an extension in the sense that we can measure the error of the characteristic function
associated with approximating the compound Poisson process using Gaussian laws.
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eral density function, denoted by f , which is an even function and which satisfies
that

∑∞
k=0

Ck

k!
∫ |x|k f (x)dx < ∞ for any C > 0.

Denote by ϕZt (θ) the characteristic function of the compound Poisson process
at time t. Similarly, denote by ϕXt (θ) the characteristic function of a Gaussian dis-
tribution with mean zero and variance σ 2t := λt

∫
x2f (x)dx. Prove the following

approximation estimate for the error between characteristic functions:

ϕZt (θ) = exp

⎛

⎝
∞∑

j=3

λt
(iθ)k

k! μk

⎞

⎠ϕXt (θ).

Here μk = ∫
xk f (x)dx.5

3.4 Stochastic Calculus for Compound Poisson Processes

Definition 3.4.1 Let {Zt; t ≥ 0} be a compound Poisson process. Then we define
the increment of Z at s (also called the jump of Z at s) as follows:

ΔZs := Zs − Zs−.

Note that ΔZ satisfies the following properties:

1. For any time interval [0, t], ΔZs �= 0 for a finite number of values of s.
2. From the above, we may abuse the sum notation to have that

∑

s≤t

ΔZs :=
∑

ΔZs �=0, s≤t

ΔZs ≡
∑

s≤t

ΔZs.

3. From the above one has that

Zt =
∑

s≤t

ΔZs =
Nt∑

i=1

Yi

=
∞∑

i=1

(ZTi − ZTi−)1{Ti≤t}.

The above abuse of the summation notation where a non-denumerable number of
terms are summed which only a countable number are different from zero will be
used in the future.

5If you have some experience with Fourier transforms you may even realize that this implies an
expansion of the distribution of Zt using the Gaussian distribution. But one has to be careful as Zt
in general does not have a density in the case that Nt = 0.
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We now define the filtration6 F = {Ft; t ≥ 0} associated with the compound
Poisson process Z as

Ft := σ(Zs; s ≤ t) = σ(ΔZs; s ≤ t)

= σ(

∞∑

i=1

Yi1{Ti≤s}; s ≤ t)

∗= σ(Yi1{Ti≤s}; s ≤ t, i ∈ N). (3.3)

Note that the inclusion σ(
∑∞

i=1 Yi1{Ti≤s}; s ≤ t) ⊆ σ(Yi1{Ti≤s}; s ≤ t, i ∈ N) is
obvious. Before giving the ideas for proving the reverse inclusion let us give a
preparatory lemma.

The filtration above is the smallest filtration generated by the processes Yi 1{Ti≤s}
and 1{Ti≤s} and completed with the null sets. That is,

Lemma 3.4.2 σ(Yi1{Ti≤s}; s ≤ t, i ∈ N) = σ(Yi1{Ti≤s}, 1{Ti≤s}; s ≤ t, i ∈ N).

Proof Let Gt := σ(Yi1{Ti≤s}, 1{Ti≤s}; s ≤ t, i ∈ N) and Ht := σ(Yi1{Ti≤s}; s ≤ t,
i ∈ N).

One clearly has thatHt ⊂ Gt . Since for any s ≤ t,Hs ⊂ Ht , it is enough to prove
that

{Ti > t} ∈ Ht, ∀t ≥ 0.

It is obvious that

{Ti > t} =
(⋂

s≤t

{ω ∈ Ω; Yi(ω)1{Ti≤s}(ω) = 0} ∩ {Yi �= 0}
)

∪
(
{Ti > t} ∩ {Yi = 0}

)
.

Since P(Yi = 0) = 0 and all σ -fields are completed with respect to the probability
space (Ω,F ,P) we have {Ti > t} ∩ {Yi = 0} ∈ Ht . For notational convenience, let
us denote two sets,

L :=
⋂

s≤t

{ω ∈ Ω; Yi(ω)1{Ti≤s}(ω) = 0},

R :=
⋂

s≤t,
s∈Q∪{t}

{ω ∈ Ω; Yi(ω)1{Ti≤s}(ω) = 0}.

We will now prove that L = R.
L ⊂ R is obvious. By contradiction, suppose thatω ∈ R, ω /∈ L . Then there exists

s0 /∈ Q ∪ {t} such that

6For a much more formal and general definition see Definition3.4.13. But note that a filtration and
a filtered space are not the same thing. A filtration, in general, is just an increasing sequence of σ

algebras.
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Yi(ω)1{Ti≤s0}(ω) �= 0.

Define g(s) := Yi(ω)1{Ti≤s}(ω). Since g is a right-continuous function, for any ratio-
nal sequence {yn; n ∈ N} such that yn ↓ s0,

0 �= g(s0) = lim
n→∞ g(yn) = lim

n→∞ Yi(ω)1{Ti≤yn}(ω) = 0.

This is a contradiction. Hence L = R. Since for any s ≤ t, Yi1{Ti≤s} is an Ht-
measurable function, {Ti > t} ∈ Ht .

Note that in the above proof we have used the fact that P(Yi = 0) = 0.
Lemma3.4.2 is a prelude to issues of right-continuity of filtrations, completeness
etc. which will not be treated in this text in full generality as they are quite technical.
An advanced student can look at [34] for a glance at what we mean here.

But to start with, recall that we have always assumed that all filtrations are com-
pleted. Then one can verify that these filtrations are right-continuous.7

If you wish to be reassured, one can make any filtration right-continuous, by
defining Ft+ = ∩s>tFs. The main reason for doing this is that any martingale 8 in
continuous time defined over such a filtration will have a version.9 which is càdlàg10

Exercise 3.4.3 Prove the equality
∗= in (3.3). We suggest that the reader think of

making the following statements rigorous:

• For 1{T1>s} with s ≤ t, note that this indicator function is one if and only if for any
positive rational number s1 ≤ s,

∑∞
i=1 Yi1{Ti≤s1} = 0 with the exception of sets of

measure zero.
• Let s ≤ t and A ∈ B(R) then Y11{T1≤s} ∈ A if and only if there exists s1 ≤ s with

s1 ∈ Q such that for all s2 ≤ s1,
∑∞

i=1 Yi1{Ti≤s2} = 0 and
∑∞

i=1 Yi1{Ti≤s1} ∈ A with
the exception of a set of probability zero.

• Finally, one has to generalise the above statements by induction for general 1{Ti>s}
and Yi1{Ti≤s}.

Corollary 3.4.4 Let g ∈ L1(R,B(R),N (·, [0, t])) for all t > 0 and let A ∈ B(R).
Define

Z̃t :=
∫

R×[0,∞)

g(z)1A×[0,t](z, s)N (dz, ds).

Then Z̃t is a Ft -measurable function and for any c ≥ 0, Z̃t − Z̃c is independent of
Fc.

7This property follows for Lévy processes.
8See Definition3.4.17.
9We say that a stochastic process X is a version of the stochastic process Y if P(Xt = Yt) = 1 for
all t ≥ 0.
10As we will see this will become useful when considering stochastic integrals.
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Proof Let ĝ = g1A. From Proposition3.3.5-(ii),

Z̃t =
∞∑

i=1

ĝ(Yi)1{Ti≤t} =
∞∑

i=1

ĝ(Yi 1{Ti≤t})1{Ti≤t} ∈ M (Ft).

The other conclusions follow due to Corollary3.2.4.11

Proposition 3.4.5 Let g ∈ Mb(R). Then E

[∣
∣
∣
∫

(a,b]×(c,d ] g(z)N (dz, ds)
∣
∣
∣

]
< ∞ and

E

[ ∫

(a,b]×(c,d ]
g(z)N (dz, ds)|Fc

]
=
∫ d

c

∫ b

a
λg(z)f (z)dzds

where f is a probability density function of Y .

Proof Since Yi, Ti are independent and {Yi; i ∈ N} are i.i.d.r.v.s,

(LHS) =
∞∑

i=1

E[g(Yi)1{Yi∈(a,b]}1{Ti∈(c,d ]}]

= E[g(Y )1{Y∈(a,b]}]
∞∑

i=1

{P(Nd ≥ i) − P(Nc ≥ i)}

= E[g(Y )1{Y∈(a,b]}]{E[Nd ] − E[Nc]}

=
∫ b

a
g(z)f (z)dz λ(d − c) = (RHS).

Remark 3.4.6 (Important remark about integrability) Note that in the above proof
integrability of the (RHS), the exchange of limits, sums and expectations has not
been discussed in detail. This is due to the fact that g is bounded and we hope that
you are already at ease with this argument. This issue will not be discussed in detail
in the proofs that follow. In fact, the other method to prove integrability is to first
assume without loss of generality that g only takes positive values and then deal
separately with the positive and negative part. This will also be used in what follows.

Exercise 3.4.7 Suppose that A is a bounded subset of R. Prove that the random
variable

∫

A×[0,t] N (dz, ds) is a Poisson random variable. Compute its parameter.

3.4.1 Compensated Poisson Random Measure

As we will start taking limits on the paths of various càdlàg processes, we will need
some path properties that are valid for any càdlàg function.

11Note that Z̃ can be rewritten using Z .
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Lemma 3.4.8 Let f be a càdlàg function. Then, for any ε > 0, there exists a partition
t0 = 0 < t1 < ... < tn = T and δ > 0 such that ti+1 − ti < δ and

max
i

sup
s,t∈(ti,ti+1]

|f (t) − f (s)| < ε.

Exercise 3.4.9 Prove the above lemma.12 Also prove that a càdlàg function can only
have at most a countable number of discontinuities. The solution is an extension of
a classical result for continuous functions which states that continuous functions on
compacts are uniformly continuous.

For a hint, see Chap.14.

Definition 3.4.10 (Compensator, compensated Poisson random measure) LetN be
a Poisson random measure. Then we define the compensator of N as the σ -finite
measure

N̂ (F) := λ

∫

F
f (z)dzds, F ∈ B(R) ⊗ B[0,∞)

and the compensated Poisson random measureas

Ñ := N − N̂ .

Theorem 3.4.11 Let g be a bounded B(R) ⊗ B[0,∞)-measurable function where
g(z, ·) is a càdlàg function for any z ∈ R. Then for any partition : 0 ≤ t0 < t1 < · · · <

tn = t,

E

[ n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N (dz, ds)|Ft0

]
=

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N̂ (dz, ds).

Furthermore if13 max{|ti+1 − ti|; i = 0, ..., n − 1} → 0 as n → ∞ then by taking
limits we also have

(LHS) → E

[ ∫

R×(t0,t]
g(z, s−)N (dz, ds)|Ft0

]
(n → ∞),

(RHS) →
∫

R×(t0,t]
g(z, s−)N̂ (dz, ds) (n → ∞).

Moreover if
∫

R×(t0,t] g(z, s−)N (dz, ds) ∈ L1(Ω,F ,P), then we get

E

[∫

R×(t0,t]
g(z, s−)N (dz, ds)|Ft0

]

=
∫

R×(t0,t]
g(z, s−)N̂ (dz, ds).

12Hint: Recall the argument to prove that a continuous function on a bounded interval is uniformly
continuous.
13This is usually called the norm of the partition.
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Proof Step 1. (LHS) = (RHS). It is obvious from Proposition3.4.5.

Step 2. Convergence of (RHS). From properties of Lebesgue integrals, we have

n−1∑

i=0

∫ ti+1

ti

g(z, ti)ds =
n−1∑

i=0

g(z, ti)(ti+1 − ti)

n↑∞→
∫ t

t0

g(z, s−)ds

(

=
∫ t

t0

g(z, s)ds

)

.

Using this result, we obtain that

(RHS) =
n−1∑

i=1

∫ ti+1

ti

∫

R

λg(z, ti)f (z)dzds

=
∫

R

λ

n−1∑

i=1

∫ ti+1

ti

g(z, ti)ds f (z)dz

→ λ

∫

R

∫ t

t0

g(z, s−)dsf (z)dz.

Hence the (RHS) converges to
∫

R×(t0,t]
g(z, s−)N̂ (dz, ds) due to the bounded con-

vergence theorem, as g(z, ti) is uniformly bounded.

Step 3. Convergence of (LHS). We will carry the proof of convergence in two
steps: First, we will prove the convergence of the corresponding random variables
a.s. for all ω ∈ Ω and then we will consider the limit in expectation.14

We define
F(ω) := {k ∈ N; Tk ∈ (t0, t]}.

Since Tk ↑ ∞, a.s., |F | < ∞, a.s. Also, from Proposition3.3.5, we get that

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N (dz, ds) =

∞∑

k=1

n−1∑

i=0

g(Yk , ti) 1{Tk∈(ti,ti+1]},

∫

R×(t0,t]
g(z, s−)N (dz, ds) =

∞∑

k=1

g(Yk , Tk−) 1{Tk∈(t0,t]}.

14This is done with the purpose of exercising the use of the Poisson random point measure.
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Hence,

∣
∣
∣
∣
∣

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N (dz, ds) −

∫

R×(t0,t]
g(z, s−)N (dz, ds)

∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣

∞∑

k=1

(
n−1∑

i=0

g(Yk , ti) 1{Tk∈(ti,ti+1]} − g(Yk , Tk−) 1{Tk∈(t0,t]}

)∣
∣
∣
∣
∣

≤
∑

k∈F

∣
∣
∣
∣
∣

n−1∑

i=0

g(Yk , ti) 1{Tk∈(ti,ti+1]} − g(Yk , Tk−)

∣
∣
∣
∣
∣
.

Using Lemma3.4.8, we have

∣
∣
∣
∣
∣
∣

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N (dz, ds) −

∫

R×(t0,t]
g(z, s−)N (dz, ds)

∣
∣
∣
∣
∣
∣
→ 0 as n → ∞, a.s.

Since g is a bounded function, we obtain the convergence of (LHS) in L1(Ω) by the
dominated convergence theorem. Therefore the convergence of conditional expecta-
tions follows.

Exercise 3.4.12 Carry out the above proof without using the finiteness of the num-
ber of jumps. Instead use the dominated convergence theorem. The reason why we
preferred the above proof is so that the reader practices the pathwise calculation used
in the proof.

Definition 3.4.13 (Filtered probability space) Let (Ω,F ,P) be a probability space.
If the family of sub σ -algebras Ft of F satisfy the following conditions,
(Ω,F , {Ft}t≥0,P) is called a filtered probability space:

1. Monotonicity: If 0 ≤ s < t, then Fs ⊂ Ft .

2. Right-continuity: For all t ≥ 0,Ft = Ft+

(

:=
⋂

s>t

Fs

)

.

3. Completeness: Let N be a set of all P-negligible sets,15 then N ⊂ F0.

Definition 3.4.14 (Adapted) If the stochastic process X := {Xt; t ≥ 0} satisfies

Xt ∈ M (Ft),∀t ≥ 0,

then we say that X is a {Ft}t≥0-adapted process.

Definition 3.4.15 (Progressively measurable)16 Given the stochastic process X :=
{Xt; t ≥ 0}, we say that it is progressively measurable if for any t > 0, X : [0, t] ×
Ω → R is measurable with respect to the σ -field B[0, t] × Ft .

15Recall that a negligible set is any subset of a measurable set with probability zero.
16Note the link between this definition and Exercise2.1.38.
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Exercise 3.4.16 1. Prove that a progressively measurable process is an adapted
process.

2. Prove that if X n is a sequence of progressively measurable processes such that
limn→∞ X n

t (ω) = Xt for all t > 0 andω ∈ Ω thenX is progressively measurable.
3. Given a stochastic process X such that it has right-limits at each point t > 0 for

allω ∈ Ω , prove that X is progressively measurable. Hint: Use an approximation
argument. That is, find a sequence of progressivelymeasurable processesX n such
that X n → X .

Definition 3.4.17 (Martingale) Let X := {Xt; t ≥ 0} be a stochastic process and
(Ω,F , {Ft}t≥0,P) be a filtered probability space. If X satisfies:

1. X is {Ft}t≥0-adapted,
2. E[|Xt|] < ∞, ∀t ≥ 0,
3. E[Xt|Fs] = Xs, a.s.,∀0 ≤ s < t,

then we say that X is a {Ft}t≥0-martingale.

Note that under the current situationN and Ñ are finitemeasures on finite intervals,
therefore integrals with respect to these random measures can be defined naturally.
Therefore for ameasurable bounded function g,

∫

R×[0,t] g(z, s−)Ñ (dz, ds) is always
well defined.

Remark 3.4.18 Note that in the present situationN is a point measure and therefore
onemay have that themeasure ofN (R × {0}) is not zero for a general point measure
N . Still, in the present case of a compound Poisson process and in all cases to
follow,N (R × {0}) = 0, a.s. Still, we remind the reader of this possibility and that
in general, we have to be careful when we integrate open or closed intervals when
ω ∈ Ω is fixed. In other books you may see that the author may prefer the notation∫

R×(0,t] g(z, s−)Ñ (dz, ds), which is used to remind the reader of this possibility.

Theorem 3.4.19 Let g be aB(R) ⊗ B[0,∞)-measurable càdlàg function and inte-
grable17 with respect to N and N̂ . Then the process

{∫

R×[0,t]
g(z, s−)Ñ (dz, ds), t ≥ 0

}

is a martingale relative to the filtration {Ft}t≥0. Furthermore the above integral is a
càdlàg function in t.

Proof First, without loss of generality we assume that g(z, s−) ≥ 0 for all (z, s) ∈
R × [0,∞). Taking limits18 in Theorem3.4.11 we obtain that for any 0 < u < t,

17In the sense that E[∫
R×[0,t] |g(z, s−)|N (dz, ds)] < ∞ and E[∫

R×[0,t] |g(z, s−)|N̂ (dz, ds)] <

∞.
18This is an exercise. This also proves the integrability needed in order to obtain the martingale
property.
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E

[ ∫

R×(0,u]
g(z, s−)N (dz, ds)|Fu

]
+ E

[ ∫

R×(u,t]
g(z, s−)N (dz, ds)|Fu

]

=
∫

R×(0,u]
g(z, s−)N (dz, ds) +

∫

R×(u,t]
g(z, s−)N̂ (dz, ds).

From the definition of a compensated Poisson random measure,

E

[ ∫

R×[0,t]
g(z, s−)Ñ (dz, ds)|Fu

]
=
∫

R×(0,u]
g(z, s−)Ñ (dz, ds).

Hence
∫

R×[0,t]
g(z, s−)Ñ (dz, ds) is a martingale relative to the filtration {Ft}t≥0.

The general case follows, considering g = g+ − g−. The càdlàg property follows
trivially because of the explicit expression of the integral as a sum.

As remarked before, the reduction of the arguments to the case that g ≥ 0 will be
done in other proofs without necessarily mentioning it.

Corollary 3.4.20 Assume the same conditions as in Theorem3.4.19. Then, for any
t ≥ 0, the following equality holds:

E

[∫

R×[0,t]
g(z, s−)N (dz, ds)

]

=
∫

R×[0,t]
g(z, s−)N̂ (dz, ds).

Corollary 3.4.21 Let {Z (1)
t ; t ≥ 0}, {Z (2)

t ; t ≥ 0} be two independent compound
Poisson processes; for i=1,2, Ni is the Poisson random measure associated with
{Z (i)

t ; t ≥ 0} and N̂i is the compensator of Ni . We define a random measure N and
a measure N̂ as follows:

N := N1 + N2, N̂ := N̂1 + N̂2.

Furthermore, we assume that g is a B(R) ⊗ B[0,∞)-measurable càdlàg function
and integrable with respect to N and N̂ . Then,

E

[∫

R×[0,t]
g(z, s−)N (dz, ds)

]

=
∫

R×[0,t]
g(z, s−)N̂ (dz, ds).

Corollary 3.4.22 Let g be a bounded measurable càdlàg function and Ñ be a
compensated Poisson random measure. Then the process

{∫

R×(t0,t]
g(z, s−)Ñ (dz, ds); t > t0

}

is a martingale relative to the filtration {Ft}t∈[t0,∞) with càdlàg paths.
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Exercise 3.4.23 Let g : R × [0, T ] → Rbemeasurable and bounded.Give an upper
bound for

E

[∣
∣
∣
∣

∫

R×[0,t]
g(z, s−)N (dz, ds)

∣
∣
∣
∣

2
]

,

so that the upper bound depends explicitly on a deterministic norm of g. Such a
bound is useful when taking limits.

3.4.2 The Itô Formula

The Itô formula19 is a famous result in stochastic analysis which explains the value
of a smooth function evaluated at a process through is time-dynamical change of
value. The proof in the compound Poisson process case is easy.

Theorem 3.4.24 ( Itô formula for jump process) Let Z = {Zt; t ≥ 0} be a compound
Poisson process. Then for any B(R)-measurable function h, and t ≥ 0,

h(Zt) = h(Z0) +
∑

s≤t

{h(Zs) − h(Zs−)}

= h(Z0) +
∫

R×[0,t]
{h(Zs− + z) − h(Zs−)}N (dz, ds).

This formulawhich at first glancemay appear as a triviality20 describes the dynam-
ical evolution of Z . This formula will be generalized to many situations and it is the
cornerstone for many other calculations.

Proof Since h(ZTi ) = h(ZTi+1−),

∑

s≤t

{h(Zs) − h(Zs−)} =
Nt∑

i=1

{h(ZTi ) − h(ZTi−)} = h(Zt) − h(Z0).

Hence h(Zt) = h(Z0) + ∑
s≤t{h(Zs) − h(Zs−)}. From Proposition3.3.5 and

ZTj− + Yj = ZTj ,

19For any continuous semi-martingale X in Rd and function f ∈ C2(R), we have

h(X ) = h(X0) +
d∑

i=1

h′
i(X ) · X i + 1

2

d∑

i,j=1

h′′
ij(X ) · 〈X i, X j〉, a.s.,

where X · Y means the stochastic integral of X with respect to Y , and 〈X , Y 〉 means the cross
variation between X and Y .
20Usually it is called the telescopic sum formula.
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∫

R×[0,t]
{h(Zs− + z) − h(Zs−)}N (dz, ds) =

∑

s≤t

{h(Zs) − h(Zs−)}.

Hence h(Zt) = h(Z0) +
∫

R×[0,t]
{h(Zs− + z) − h(Zs−)}N (dz, ds).

Corollary 3.4.25 Let {Z (1)
t ; t ≥ 0}, {Z (2)

t ; t ≥ 0} be two compound Poisson pro-
cesses and Ni denotes the Poisson random measure associated with {Z (i)

t ; t ≥ 0}.
We define a stochastic process {Zt; t ≥ 0} and a random measure N as follows:

Zt = Z (1)
t + Z (2)

t , N = N1 + N2.

Then for any B(R)-measurable function h,

h(Zt) = h(Z0) +
∑

s≤t

{h(Zs) − h(Zs−)}

= h(Z0) +
∫

R×[0,t]
{h(Zs− + z) − h(Zs−)}N (dz, ds).

Theorem 3.4.26 Let a : R → R be a bounded measurable function, and b : R ×
[0,∞) → R be a measurable càdlàg function and integrable with respect to N and
x ∈ R. We define

Xt := x +
∫ t

0
a(s)ds +

∫

R×[0,t]
g(z, s−)N (dz, ds).

Then, for any h ∈ C1
b (R),

h(Xt) = h(x) +
∫ t

0
h′(Xs)a(s)ds +

∫

R×[0,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds).

Proof Note that the integral
∫ t
0 h′(Xs)a(s)ds exists because h′ and a are bounded and

that Xt is a càdlàg function. Let 0 ≤ t < T1. Since

∫

R×[0,t]
g(z, s−)N (dz, ds) = 0,

we have that

Xt = x +
∫ t

0
a(s)ds.

Also a is bounded, so that Xt is differentiable and

d

dt
Xt = a(t).
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Therefore we get that

h(Xt) = h(X0) +
∫ t

0

d

ds
h(Xs)ds

= h(x) +
∫ t

0
h′(Xs)a(s)ds +

∫

R×[0,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds),

because
∫

R×[0,t]
{
h(Xs− + g(z, s−)) − h(Xs−)

}
N (dz, ds) = 0. We assume that for

t < Ti,

h(Xt) = h(x) +
∫ t

0
h′(Xs)a(s)ds +

∫

R×[0,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds).

Let Ti ≤ t < Ti+1. Then we have that

h(x) +
∫ t

0
h′(Xs)a(s)ds +

∫

R×[0,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds)

= h(XTi−) +
∫ t

Ti

h′(Xs)a(s)ds +
∫

R×[Ti,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds)

= h(XTi−) +
∫ t

Ti

d

ds
h(Xs)ds + h(XTi− + g(Yi, Ti−)) − h(XTi−)

= h(Xt) − h(XTi ) + h(XTi )

= h(Xt).

Thus, for any t ≥ 0,

h(Xt) = h(x) +
∫ t

0
h′(Xs)a(s)ds +

∫

R×[0,t]
{h(Xs− + g(z, s−)) − h(Xs−)}N (dz, ds).

Exercise 3.4.27 1. For all h ∈ C1(R), prove Theorem3.4.26.
2. Prove that the result in Theorem3.4.26 is also valid for coefficients a and g which

are random adapted processes.

Exercise 3.4.28 Another way of specifyingMarkov processes is through their asso-
ciated Itô formula. This is somewhat out of the scope of this book. But we can state
the following exercise, which shows the elements that are used for such a description.

1. Define for h ∈ C1
b (R) the operator Pth(x) = E[h(Xt)] where X is given in The-

orem3.4.26 with a(s) = a and g(z, s−) = g(z) (that is, the coefficients do not
depend on time). Then prove that P0h(x) = h(x) and that the semigroup property
is satisfied. That is, for any 0 < s < t we have

Ps+th(x) = Ps(Pth)(x).

2. Find the generator of the semigroup using Itô’s formula. That is,



3.4 Stochastic Calculus for Compound Poisson Processes 53

Ah(x) = lim
t↓0

Pth(x) − P0h(x)

t
.

3. Prove that Pth(x) satisfies the differential equation

dPth(x)

dt
= APth(x).

Try to examinate the relationship between the above exercises with Exercise2.1.42.
For a hint, see Chap.14.

For a proof of the following well-known result, see [26], Chap.4.

Theorem 3.4.29 (Doob’s maximal inequality) Let {Xt; t ≥ 0} be a positive sub-
martingale such that every path of X is a càdlàg function. Let [s1, s2] be a subinterval
of [0,∞), and p > 1. If E[X p

t ] < ∞ for any t ≥ 0, then

E

[(

sup
s1≤t≤s2

Xt

)p]

≤
(

p

p − 1

)p

E[X p
s2 ].

Lemma 3.4.30 Let g be a bounded B(R) ⊗ B([0,∞))-measurable function such
that g(x, ·) is càdlàg function for any x ∈ R. Also, let {Xt; t ≥ 0} be a L2(Ω) martin-
gale, integrable with respect to N and such that its sample paths are càdlàg. Then
for any partition: 0 ≤ t0 < t1 < · · · < tn = t,

E

⎡

⎣
n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)XtiN (dz, ds)

∣
∣
∣
∣
∣
∣
Ft0

⎤

⎦ =
n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)Xt0N̂ (dz, ds).

Therefore if max{|ti+1 − ti|; i = 0, . . . , n − 1} → 0, as n → ∞ then by taking limits
we also have

(LHS)
n↑∞→ E

[∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds)

∣
∣
∣
∣Ft0

]

, a.s.,

(RHS)
n↑∞→

∫

R×(t0,t]
g(z, s−)Xt0N̂ (dz, ds), a.s.

Proof For any i ≥ 1, we have

E

[∫

R×(ti,ti+1]
g(z, ti)XtiN (dz, ds)

∣
∣
∣
∣Ft0

]

= E

[

E

[

Xti

∫

R×(ti,ti+1]
g(z, ti)N (dz, ds)

∣
∣
∣
∣Fti

]∣
∣
∣
∣Ft0

]

= E

[

Xti E

[∫

R×(ti,ti+1]
g(z, ti)N (dz, ds)

∣
∣
∣
∣Fti

]∣
∣
∣
∣Ft0

]

.
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From Proposition3.4.5, we get that

E

[∫

R×(ti,ti+1]
g(z, ti)N (dz, ds)

∣
∣
∣
∣Fti

]

=
∫

R×(ti,ti+1]
g(z, ti)N̂ (dz, ds).

Also, since X is a martingale, we get that

E

[∫

R×(ti,ti+1]
g(z, ti)XtiN (dz, ds)

∣
∣
∣
∣Ft0

]

= E

[

XtiE

[∫

R×(ti,ti+1]
g(z, ti)N (dz, ds)

]∣
∣
∣
∣Ft0

]

= E[Xti |Ft0 ]
∫

R×(ti,ti+1]
g(z, ti)N̂ (dz, ds)

=
∫

R×(ti,ti+1]
g(z, ti)Xt0N̂ (dz, ds).

Also, Xt0 is aFt0 -measurable random variable. Hence,

E

[∫

R×(t0,t1]
g(z, t0)Xt0N (dz, ds)

∣
∣
∣
∣Ft0

]

= Xt0 E

[∫

R×(t0,t1]
g(z, t0)N (dz, ds)

∣
∣
∣
∣Ft0

]

=
∫

R×(t0,t1]
g(z, t0)Xt0N̂ (dz, ds).

Therefore we have that

E

⎡

⎣
n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)XtiN (dz, ds)

∣
∣
∣
∣
∣
∣
Ft0

⎤

⎦ =
n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)Xt0N̂ (dz, ds).

From Theorem3.4.11, we get

(RHS) = Xt0

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)N̂ (dz, ds)

→ Xt0

∫

R×(t0,t]
g(z, s−)N̂ (dz, ds)

=
∫

R×(t0,t]
g(z, s−)Xt0N̂ (dz, ds).

Hence the (RHS) converges to
∫

R×(t0,t] g(z, s−)Xt0N̂ (dz, ds).
Also, using an argument similar to the proof of Proposition3.4.11, we can prove

that

n−1∑

i=0

∫

R×(ti,tt+1]
g(z, ti)XtiN (dz, ds) →

∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds) n → ∞.
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Note that a similar argument also gives that
∫

R×(ti,ti+1] g(z, ti)XtiN (dz, ds) ∈ L1(Ω).
In fact, since g is a bounded function, we get

∣
∣
∣
∣
∣

n−1∑

i=0

∫

R×(ti,tt+1]
g(z, ti)XtiN (dz, ds)

∣
∣
∣
∣
∣
≤

n−1∑

i=0

∫

R×(ti,tt+1]
|g(z, ti)||Xti |N (dz, ds)

≤ K sup
0≤s≤T

|Xs|
∫

R×(t0,t]
N (dz, ds)

= K sup
0≤s≤T

|Xs|(Nt − Nt0).

Using Schwartz’s inequality and Doob’s inequality, we have

E[ sup
0≤s≤T

|Xs|(Nt − Nt0)] ≤ (E[( sup
0≤s≤T

|Xs|)2]) 1
2 (E[(Nt − Nt0)

2]) 1
2

≤ 2(E[|XT |2]) 1
2 (E[(Nt−t0)

2]) 1
2

< ∞.

Hence, from the dominated convergence theorem,

(LHS) → E

[∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds)

∣
∣
∣
∣Ft0

]

.

Therefore,

E

[∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds)

∣
∣
∣
∣Ft0

]

=
∫

R×(t0,t]
g(z, s−)Xt0N̂ (dz, ds).

Next, we prove the convergence of the (LHS) by the monotone class theorem.
Define H as the class of functions in Mb(R × [0,∞)) such that they are càdlàg
functions of time and that they satisfy that

n−1∑

i=0

∫

R×(ti,ti+1]
h(z, ti)XtiN (dz, ds)

n→∞→
∫

R×(t0,t]
h(z, s−)Xs−N (dz, ds), a.s.

Firstly, for any α, β ∈ R and h1, h2 ∈ H ,

n−1∑

i=0

∫

R×(ti,ti+1]
(αh1(z, ti) + βh2(z, ti))XtiN (dz, ds)

n→∞→
∫

R×(t0,t]
(αh1(z, s−) + βh2(z, s−))Xs−N (dz, ds), a.s.

Therefore H is a vector space on R.
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Secondly, let T > 0. We remark that

n−1∑

i=0

∫

R×(ti,ti+1]
XtiN (dz, ds) =

n−1∑

i=0

∑

k∈N
Xti 1{Tk∈(ti,ti+1]}.

In addition,

∫

R×(t0,t]
Xs−N (dz, ds) =

∑

k∈N
XTk− 1{Tk∈(t0,t]}

=
∑

k∈N

n−1∑

i=0

XTk− 1{Tk∈(ti,ti+1]}.

Since the sample paths of X are càdlàg, we have from Lemma3.4.8 that for k ∈ N

∣
∣
∣
∣
∣

n−1∑

i=0

(Xti − XTk−) 1{Tk∈(ti,ti+1]}

∣
∣
∣
∣
∣

n→∞→ 0, a.s.

Hence,
n−1∑

i=0

∫

R×(ti,ti+1]
XtiN (dz, ds)

n→∞→
∫

R×(t0,t]
Xs−N (dz, ds), a.s.

That is, 1R×[0,∞) ∈ H .
Thirdly, let {hm; m ∈ N} be a sequence of non-negative functions inH such that

hm ↑ h, where h is a boundedB(R) ⊗ B[0,∞)-measurable functionwhich is càdlàg
with respect to the time variable. By splitting Xs as Xs = X +

s − X −
s , we see that it is

enough to deal with the case when Xs ≥ 0. Then, if we take limits in the a.s. sense
we have

lim
n→∞

n−1∑

i=0

∫

R×(ti,ti+1]
h(z, ti)XtiN (dz, ds) = lim

n→∞ lim
m→∞

n−1∑

i=0

∫

R×(ti,ti+1]
hm(z, ti)XtiN (dz, ds)

= lim
m→∞ lim

n→∞

n−1∑

i=0

∫

R×(ti,ti+1]
hm(z, ti)XtiN (dz, ds)

= lim
m→∞

∫

R×(t0,t]
hm(z, s−)Xs−N (dz, ds)

=
∫

R×(t0,t]
h(z, s−)Xs−N (dz, ds).

Hence h ∈ H .
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Lastly, let

A := {(a, b) × (c, d); a, b ∈ R, c, d ∈ [0,∞)} ∪ {(a, b) × {0}; a, b ∈ R}.

Then A is a π -system on B(R) ⊗ B[0,∞) and σ(A ) = B(R) ⊗ B[0,∞). For
any A = (a, b) × (c, d) ∈ A ,

lim
n→∞

n−1∑

i=0

∫

R×(ti,ti+1]
1A(z, ti)XtiN (dz, ds)

=
∑

j≥1

1(a,b)(Yj) lim
n→∞

n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]},

∫

R×(t0,t]
1A(z, s−)Xs−N (dz, ds)

=
∑

j≥1

1(a,b)(Yj) 1(c,d)(Tj−)XTj− 1{Tj∈(t0,t]}.

Hence, in order to prove that 1A ∈ H for any A ∈ A we only need to prove

n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]}
n→∞→ 1(c,d)(Tj−)XTj− 1{Tj∈(t0,t]}, a.s.

We consider a sequence of strictly increasing real numbers {ym; m ∈ N} such that
ym ↑ Tj.

(i) If Tj ≤ c , for any natural number m, ym /∈ (c, d). So

1(c,d)(Tj−) = lim
m→∞ 1(c,d)(ym) = 0.

For a partition with sufficiently small norm, there exists tk such that tk < Tj ≤ tk+1 ≤
c. So

n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]} = 0.

(ii) If Tj > d , there exists a natural numberN such that for anym ≥ N , d < ym <

Tj. So

1(c,d)(Tj−) = lim
m→∞ 1(c,d)(ym) = 0.

For a small partition, there exists tk such that tk < d ≤ tk+1 < Tj. So
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n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]} = 0.

(iii) If Tj = d , there exists a natural number N such that for any m ≥ N , c <

ym < d = Tj. So

1(c,d)(Tj−) = lim
m→∞ 1(c,d)(ym) = 1.

For a partition with sufficiently small norm, there exists tk such that c < tk < d =
Tj ≤ tk+1. So

n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]} = Xtk

→ XTj−.

(iv) If c < Tj < d , there exists a natural number N such that for any m ≥ N , c <

ym < Tj < d . So

1(c,d)(Tj−) = lim
m→∞ 1(c,d)(ym) = 1.

For a partition with sufficiently small norm, there exists tk such that c < tk < Tj ≤
tk+1 < d . So

n−1∑

i=0

1(c,d)(ti)Xti 1{Tj∈(ti,ti+1]} =Xtk → XTj−.

Hence we have

lim
n→∞

n−1∑

i=0

1(c,d)(ti)Xti1{Tj∈(ti,ti+1]} = 1(c,d)(Tj−)XTj−1{Tj∈(t0,t]}.

That is, 1A ∈ H . From the monotone class theorem, we get that

lim
n→∞

n−1∑

i=0

∫

R×(ti,ti+1]
g(z, ti)XtiN (dz, ds) =

∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds).

Since g is a bounded function, by the dominated convergence theorem, we have that

(LHS) → E

[∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds)

∣
∣
∣
∣Ft0

]

.
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Therefore,

E

[∫

R×(t0,t]
g(z, s−)Xs−N (dz, ds)

∣
∣
∣
∣Ft0

]

=
∫

R×(t0,t]
g(z, s−)Xt0N̂ (dz, ds).

Theorem 3.4.31 Let g be a bounded measurable function. Then

E

[(∫

R×[0,t]
g(z, s−)Ñ (dz, ds)

)2
]

=
∫

R×[0,t]
g2(z, s−)N̂ (dz, ds).

Proof Let

Xt :=
∫

R×[0,t]
g(z, s−)Ñ (dz, ds)

= −
∫

R×[0,t]
g(z, s−)N̂ (dz, ds) +

∫

R×[0,t]
g(z, s−)N (dz, ds)

= −
∫ t

0
λ

∫

R

g(z, s−)f (z)dzds +
∫

R×[0,t]
g(z, s−)N (dz, ds)

= −
∫ t

0
λE[g(Y , s−)]ds +

∫

R×[0,t]
g(z, s−)N (dz, ds).

Clearly the above is integrable. From Theorem3.4.26, we get that

X 2
t = X 2

0 +
∫ t

0
2Xs(−λE[g(Y , s−)])ds +

∫

R×[0,t]
{(Xs− + g(z, s−))2 − X 2

s−}N (dz, ds)

= −2λ
∫ t

0
XsE[g(Y , s−)]ds +

∫

R×[0,t]
(g2(z, s−) + 2g(z, s−)Xs−)N (dz, ds).

From Lemma3.4.30 one obtains that the above is integrable and therefore Xt is a
L2(Ω)-martingale, so that E[Xt] = 0. Therefore we have from Corollary3.4.22 that

E[X 2
t ] = − 2λE

[∫ t

0
XsE[g(Y , s−)]ds

]

+ E

[∫

R×[0,t]
g2(z, s−)N (dz, ds)

]

+ 2E

[∫

R×[0,t]
g(z, s−)Xs−N (dz, ds)

]

= − 2λ
∫ t

0
E[Xs]E[g(Y , s−)]ds

+
∫

R×[0,t]
g2(z, s−)N̂ (dz, ds) + 2E

[∫

R×[0,t]
g(z, s−)Xs−N (dz, ds)

]

=
∫

R×[0,t]
g2(z, s−)N̂ (dz, ds) + 2E

[∫

R×[0,t]
g(z, s−)Xs−N (dz, ds)

]

.

From Lemma3.4.30, we get that
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E

[∫

R×[0,t]
g(z, s−)Xs−N (dz, ds)

]

=
∫

R×[0,t]
g(z, s−)E[X0]N̂ (dz, ds)

= 0.

Hence,

E

[(∫

R×[0,t]
g(z, s−)Ñ (dz, ds)

)2
]

=
∫

R×[0,t]
g2(z, s−)N̂ (dz, ds).

Exercise 3.4.32 Generalize the above result using approximations to the case that
g may not be bounded but instead

∫

R×[0,t]
g2(z, s−)N̂ (dz, ds) < ∞.

Use Theorem3.4.29 in order to prove that the approximations converge uniformly
in time and finally obtain that the stochastic integral has càdlàg paths.

Exercise 3.4.33 For g : R × [0, T ] → R, define Xt := ∫

R×[0,t] g(z, s−)N (dz,
ds). Apply Itô’s formula with h(x) = |x|p with p ∈ N. Finally, obtain an explicit
bound for E[|Xt|p] which depends explicitly on a deterministic norm of g.

3.5 Stochastic Integrals

All the previous sections were a preparation to ask the following question. Is it
possible to define an integral with respect to integrands which are random?

As our goal is to go as fast as possible to stochastic differential equations, we will
only briefly explain how the general construction is done. We refer the reader to [2]
or [48] for the details.

To start, let us just suppose that g : Ω × R × [0, T ] → R is a jointly measurable
function. Then as N is a finite measure in the present case, one can define

∫

R×[0,t]
g(z, s)N (dz, ds) =

∞∑

i=1

g(Yi, Ti) 1{Ti≤t}.

This definition is valid for any random function g, but the properties inCorollary3.4.4
and Theorem3.4.11 will not be satisfied, the main reason being that now g may
depend on all the variables {Yi, Ti; i ∈ N}.

Giving up on the property in Corollary3.4.4, we would like to retain a property
similar to the result in Theorem3.4.11 because this leads to the martingale property.
An instructive example, related to this definition, is to consider the following two
particular situations: g1(z, s) = Zsz and g2(z, s) = Zs−z. In fact, one has
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∫

R×[0,t]
g1(z, s)N (dz, ds) =

∞∑

i=1

ZTi Yi 1{Ti≤t} =
∞∑

i=1

i∑

j=1

YjYi 1{Ti≤t},

∫

R×[0,t]
g2(z, s)N (dz, ds) =

∞∑

i=1

ZTi−Yi 1{Ti≤t} =
∞∑

i=2

i−1∑

j=1

YjYi 1{Ti≤t}.

Now if we compute the expectations in each case, we see that the calculation in the
case of g1 above involves the variance of Y , while in the case of g2 it only involves
the expectation of Y . In fact,

E

[∫

R×[0,t]
g2(z, s)N (dz, ds)

]

=
∞∑

i=2

i−1∑

j=1

E[Y ]2P(Nt ≥ i)

= λ

∫

R×[0,t]
E[g2(z, s)]f (z)dzds. (3.4)

On the other hand, note that E[Zs−] = E[Zs]. Therefore this means that

E

[∫

R×[0,t]
g1(z, s)N (dz, ds)

]

�= λ

∫

R×[0,t]
E[g1(z, s)]f (z)dzds.

Therefore there is a significant property that allows us to obtain (3.4), which is not
satisfied by g1. This property is called predictability.21.

Definition 3.5.1 Let P be the σ -algebra generated on [0, T ] × Ω by processes of
the type

g0(ω) 1{t=0}(t) +
n−1∑

i=0

gi(ω) 1(ti,ti+1](t).

Here {0 = t0 < ... < tn = T } is a partition of the interval [0, T ] and gi is a bounded
Fti -measurable function.

P is called theF predictable σ -algebra and any process measurable with respect
to it is called predictable.

Exercise 3.5.2 Write the above definition using mathematical symbols and formu-
lae.

21The reason for this name should be clear. The random process g2 is left-continuous, that means
that its value at any time can be “predicted” by the values at times before it. In fact, the example
g1 is called anticipating because it uses information that cannot be predicted as in g2. The terms
associated with the terms E[Y 2] are called trace terms for obvious reasons.
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That is,P is defined the smallest filtration generated by all adapted processes which
are left continuous.22 Then, we define the stochastic integral for predictable pro-
cesses, which in the present case is trivial and one has the following result23:

Theorem 3.5.3 Let g : Ω × R × [0, T ] → R be a predictable process such that

E[
∫

R×[0,T ]
|g(z, s)|N̂ (dz, ds)] < ∞.

Then for any t ∈ [0, T ],

E[
∫

R×[0,t]
g(z, s)N (dz, ds)] = E[

∫

R×[0,t]
g(z, s)N̂ (dz, ds)].

Furthermore {∫
R×[0,t] g(z, s)Ñ (dz, ds) : t ∈ [0, T ]} is a martingale which has càdlàg

paths.

The proof of this fact follows through techniques used in the proofs of Theorem3.4.11
or Lemma3.4.30 which essentially ask you to first prove the statement for a basic
generating class of processes and then extend the result through the monotone class
theorem.

Exercise 3.5.4 Prove the above theorem for the following basic class of processes,
the set of processes of the type

g0(ω, z) 1{t=0} +
n−1∑

i=0

gi(ω, z) 1(ti,ti+1](t).

Here {0 = t0 < ... < tn = T } is a partition of the interval [0, T ] and gi is a bounded
Fti ⊗ B-measurable function. In order to prove this result recall the result in Theo-
rem3.4.11.

Exercise 3.5.5 Prove the following extension to Theorem3.4.31. Let g be a bounded
predictable process such that

∫

R×[0,t] E[g2(z, s−)]N̂ (dz, ds) < ∞. Then

E

[(∫

R×[0,t]
g(z, s−)Ñ (dz, ds)

)2
]

=
∫

R×[0,t]
E[g2(z, s−)]N̂ (dz, ds).

22This also explains why in the previous section one always takes g(z, s−) as the integrand function,
that is, just to try to make you aware that when integrating a process like Zs one really needs to use
Zs− rather than Zs. Another way of looking at this notation is that it reminds you of the need of
predictability in the integrand.
23Note that this problem does not appear at all with Brownian motion. For this just consider the
uniform partition ti = Ti

n and the Riemann sum
∑n−1

i=0 Bti (Bti+1 − Bti ) and
∑n−1

i=0 Bti−εn (Bti+1 − Bti )

with εn → 0 as n → ∞. Prove that the limit of the difference converges to zero.
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One can also prove the corresponding Itô formulas parallel to the ones in Theo-
rems3.4.24 and 3.4.26.

Theorem 3.5.6 Assume the same conditions as in Theorem3.5.3 and that h ∈
Mb(R), then for Yt = ∫

R×[0,t] g(z, s)N (dz, ds),

h(Yt) = h(0) +
∫

R×[0,t]
(h(Ys− + g(z, s)) − h(Ys−))N (dz, ds). (3.5)

Furthermore

E[h(Yt)] = h(0) +
∫

R×[0,t]
E[h(Ys− + g(z, s)) − h(Ys−)]N̂ (dz, ds).

Exercise 3.5.7 Prove the above theorem. Generalize the Itô formula in the case that
the condition E[∫

R×[0,T ] |g(z, s)|N̂ (dz, ds)] < ∞ is not satisfied.
In fact, the predictability is not even needed if we only want the formula (3.5) to

be satisfied.
For a hint, see Chap.14.

Exercise 3.5.8 Find conditions that assure that the moments of stochastic integrals
are finite. That is, let g : Ω × R × [0, T ] → R be predictable and fix p ∈ N. Find
conditions under which24

E

[∣
∣
∣
∣

∫

R×[0,t]
g(z, s)N (dz, ds)

∣
∣
∣
∣

p]

< ∞.

Notice that for p = 1, the required condition is

E

[∫

R×[0,T ]
|g(z, s)|N̂ (dz, ds)

]

< ∞.

In particular, prove that the following equality is true whenever the right-hand side
is finite:

E

[∣
∣
∣
∣

∫

R×[0,t]
g(z, s)Ñ (dz, ds)

∣
∣
∣
∣

2
]

= E

[∫

R×[0,t]
|g(z, s)|2N̂ (dz, ds)

]

.

With these exercises we wanted to make the reader understand that many statements
that are valid for functions g can then be properly extended to predictable processes
if they are bounded in the appropriate norm.

In the following exercises we try to reinforce the correct understanding of Propo-
sition3.1.8, Exercises3.1.11 and 3.1.4, Theorem3.2.7 and Corollaries3.1.3, 3.3.9,
3.4.21.

24As before, this has to be some norm on g.
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Exercise 3.5.9 Let Zi
t = ∑N i

t
j=1 Y i

j , i = 1, 2 be two independent compound Poisson
processes with respective Poisson random measures N i.

1. Let f : R2 → R be a bounded measurable function. Is the following process a
compound Poisson process?

N 1
t∑

i=1

N 2
t∑

j=1

f (Y 1
i , Y 2

j ).

2. Consider N to be a Poisson process with intensity given by t−2
E[N 1

t ]E[N 2
t ]. Let

(X 1
i , X 2

i ) be a sequence of i.i.d.r.v.s such that its joint law is the same as the law
of (Y 1, Y 2). Is the following process a compound Poisson process?

Nt∑

i=1

f (X 1
i , X 2

j ).

We will denote its corresponding random measure asN .

3. Note that the above question can also be reformulated using random point mea-
sures. In particular, determine if the laws of the processes∫

R×[0,t]
∫

R×[0,t] f (z1, z2)N 1(dz1, ds1)N 2(dz2, ds2) and
∫

R2×[0,t] f (z)N
(dz, ds) are the same.

4. If you have noticed, the intention of this exercise is to find an interpretation of∫

R2×[0,t] f (z)N (dz, ds) as a doubly iterated integral. Can you provide such a
construction?

For a hint, see Chap.14.

3.6 Stochastic Differential Equations

In this section, we consider the trivial but yet essential case of stochastic differen-
tial equations driven by compound Poisson processes. This understanding will be
important in future chapters.

Definition 3.6.1 Y is a modification of X if, for every t ≥ 0, we have P(Xt = Yt)

= 1.

Definition 3.6.2 X andY are called indistinguishable if almost all their sample paths
agree:

P(Xt = Yt, t ≥ 0) = 1.

Proposition 3.6.3 Let X and Y be two right-continuous processes (or left-continuous
processes) and Y be a modification of X . Then X and Y are indistinguishable.
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Proof Since Y is a modification of X ,

P(Xt = Yt, t ∈ Q+) = 1.

For any t ≥ 0, let qn be a rational sequence such that qn ↓ t. For every ω ∈ {Xt =
Yt, t ∈ Q+}, Xqn(ω) = Yqn(ω). Since X and Y are right-continuous processes, we
get

lim
n→∞ Xqn(ω) = Xt(ω), lim

n→∞ Yqn(ω) = Yt(ω).

Therefore we have Xt(ω) = Yt(ω). Then,

{Xt = Yt, t ∈ Q+} ⊂ {Xt = Yt, t ≥ 0}.

This proposition completes the proof.

Definition 3.6.4 Let b ∈ Mb(R
2). A solution of the stochastic equation

Xt = X0 +
∫

R×[0,t]
b(z, Xs−)N (dz, ds)

on the given probability space (Ω,F ,P) with initial condition ξ is a process X =
{Xt ; t ≥ 0} with càdlàg sample paths with the following properties:
(i) P(X0 = ξ) = 1.
(ii) P(

∫

R×[0,t] |b(z, Xs−)|N (dz, ds) < ∞) = 1, t ≥ 0.
(iii) Xt = X0 + ∫

R×[0,t] b(z, Xs−)N (dz, ds) t ≥ 0, a.s.
Moreover, a solution of the stochastic equation is unique if, for any two solutions X
and X̃ satisfying the above conditions, P(Xt = X̃t, t ≥ 0) = 1.

Equations of the above type are generally called stochastic differential equations or
in abbreviated form sdes. In many cases that will follow, we will stop writing the
above definitions assuming that the reader can build the definition for solution and
uniqueness (usually called pathwise uniqueness).

Theorem 3.6.5 Let Z be a compound Poisson process andN be the Poisson random
measure associated with Z. Furthermore, let b ∈ Mb(R

2) and x ∈ R. Then there
exists a unique solution to the stochastic equation

Xt = x +
∫

R×[0,t]
b(Xs−, z)N (dz, ds). (3.6)

Proof We define
Xt :=

∑

i∈N
ξi 1{Ti−1≤t<Ti}, T0 := 0,
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where

ξ1 : = x

ξi : = ξi−1 + b(ξi−1, Yi−1), i = 2, 3, · · · .

From the definition of Xt , for almost every ω, Xt(ω) is a càdlàg function and ξi =
XTi−. Using Proposition3.3.5 we get

∫

R×[0,t]
|b(Xs−, z)|N (dz, ds) =

∑

i∈N
|b(XTi−, Yi)| 1{Ti≤t}

< ∞, a.s.

Thus,

x +
∫

R×[0,t]
b(Xs−, z)N (dz, ds) = x +

∑

i∈N
b(XTi−, Yi) 1{Ti≤t}

= x +
i0−1∑

k=1

b(XTk−, Yk) (∃i0 s.t. Ti0−1 ≤ t < Ti0)

= XT1− + b(XT1−, Y1) +
i0−1∑

k=2

b(XTk−, Yk)

= XT2− +
i0−1∑

k=2

b(XTk−, Yk)

= · · ·
= XTi0−

=
∑

i∈N
XTi− 1{Ti−1≤t<Ti}

= Xt .

We assume that a process X̃t exists such that

X̃t = x +
∫

R×[0,t]
b(X̃s−, z)N (dz, ds).

Then, we have
X̃t = x +

∑

i∈N
b(X̃Ti−, Yi) 1{Ti≤t}.

Hence, from Proposition3.6.3, we only have to show XTi− = X̃Ti− for any i ∈ N.
Clearly, XT1− = X̃T1−. If XTi− = X̃Ti−, then
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X̃Ti+1− = x +
∑

k∈N
b(X̃Tk−, Yk) 1{Tk≤Ti+1−}

= x +
i∑

k=1

b(XTk−, Yk)

= x +
∑

k∈N
b(XTk−, Yk) 1{Tk≤Ti+1−}

= XTi+1−.

Therefore, X is a unique solution to the stochastic equation (3.6).

Corollary 3.6.6 Let b ∈ Mb(R) and x ∈ R. Then there exists a unique solution to
the stochastic equation

Xt = x +
∫ t

0
b(Xs−)dZs ≡ x +

∫

R×[0,t]
b(Xs−)zN (dz, ds).

Theorem 3.6.7 Let {Z (1)
t ; t ≥ 0}, {Z (2)

t ; t ≥ 0} be independent compound Poisson
processes and Ni be the Poisson random measure associated with {Z (i)

t ; t ≥ 0}. We
define a random measure N as follows:

N = N1 + N2.

Let b ∈ Mb(R
2) and x ∈ R. Then there exists a unique solution to the stochastic

equation

Xt = x +
∫

R×[0,t]
b(Xs−, z)N (dz, ds).

Proposition 3.6.8 The solution of the linear equation

Xt = x +
∫

R×[0,t]
Xs−b(z)N (dz, ds)

is given by
Xt = x

∏

s≤t

(1 + 1{Zs−Zs−�=0}b(Zs − Zs−)).

Proof From Theorem3.6.5, the solution of the stochastic equation

Xt = x +
∫

R×[0,t]
Xs−b(z)N (dz, ds)

is given by
Xt = x +

∑

i∈N
XTi−b(Yi) 1{Ti≤t}.
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Let t < T1, then Xt = x. For any s ≤ t, 1{Zs−Zs−�=0} = 0, so that

Xt = x
∏

s≤t

(1 + 1{Zs−Zs−�=0}b(Zs − Zs−)).

We assume that

Xt = x
∏

s≤t

(1 + 1{Zs−Zs−�=0}b(Zs − Zs−)), t < Ti.

Then, for all Ti ≤ t < Ti+1,

Xt = x +
i∑

k=1

XTk−b(Yk)

= x +
i−1∑

k=1

XTk−b(Yk) + XTi−b(Yi)

= XTi− + XTi−b(Yi)

= XTi−(1 + b(ZTi − ZTi−))

= (1 + b(ZTi − ZTi−))x
∏

s≤Ti−
(1 + 1{Zs−Zs−�=0}b(Zs − Zs−))

= x
∏

s≤t

(1 + 1{Zs−Zs−�=0}b(Zs − Zs−)).

Therefore, for any t ≥ 0,

Xt = x
∏

s≤t

(1 + 1{Zs−Zs−�=0}b(Zs − Zs−)).

Exercise 3.6.9 Suppose that the function b(x, z) satisfies the inequality

|b(x, z)| ≤ C(1 + |x|)|z|.

Furthermore suppose that E[|Y |] < ∞. Find conditions that assure that the solution
X to the Eq. (3.6) has a finite first absolute moment.Write the upper bound explicitly.

Exercise 3.6.10 Use Itô’s formula to prove finiteness of E[|Xt|p] for p ∈ N under
appropriate conditions on b.

Exercise 3.6.11 This important exercise serves to study the solution X of the
stochastic equation (3.6) as a function of x. That is, in this exercise, we denote
this solution by Xt(x), noting that this random variable is defined for each t > 0 and
x ∈ R.
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1. Prove that Xt+s(x) = Xs,t+s(Xs(x)), where Xs,s+·(x) is the unique solution to the
equation

Xs,s+t(x) = x +
∫

R×[s,s+t]
b(Xs,u−(x), z)N (dz, du).

2. Prove that the law of Xs,s+t(x) is the same as the law of Xt(x) for fixed values of
s, t > 0 and x ∈ R.

3. Prove that if b ∈ C1 then Xt(x) is differentiable with respect to x ∈ R with t > 0
fixed. Furthermore prove that the derivative denotedbyX ′

t (x) satisfies the equation

X ′
t (x) = 1 +

∫

R×[0,t]
b′(Xu−(x), z)X ′

u−(x)N (dz, du).

Extend the above result for second derivatives under appropriate conditions on
b.

4. Noting that the equation satisfied by X ′
t (x) is a linear equation write its solution

in an explicit form as in Proposition3.6.8.

Problem 3.6.12 (An example from mathematical insurance) Consider the risk pro-
cess defined as

St = u + ct −
Nt∑

i=1

Yi.

HereN is a Poisson processwith parameterλ andY is a sequence of i.i.d. randomvari-
ables with density function f : [0,∞) → [0,∞). Consider Ψ (u) := P(infs>0 Ss <

0) which is called the probability of ruin and assume that Ψ is differentiable. Con-
dition on the first jump of the process S in order to obtain an integro-differential
equation associated with Ψ . Use this idea in order to prove that Ψ satisfies the
following linear equation:

cΨ ′(u) + λ

(∫ u

0
(Ψ (u − y) − Ψ (u))f (y)dy + (1 − Ψ (u))F̄(u)

)

= 0.

Compute E[Ψ (St)]−Ψ (u)

t as t → 0 . Recall from Exercise3.4.28 that this quantity is
the generator of S applied to Ψ. Compare with the previous result.

Note that proving that the derivative of Ψ exists is related to the regularity of the
law of the process infs>0 Ss.

Problem 3.6.13 Suppose that f is differentiable such that f ′ ∈ L1(R). Prove that in
the case that c = 0 then Ψ (u) := P(infs>0 Ss < 0) is a differentiable function.



Chapter 4
Construction of Lévy Processes and
Their Corresponding SDEs: The Finite
Variation Case

In this chapter, we will generalize the previous construction of compound Poisson
processes and allow the possibility of a infinite number of jumps on a fixed interval.
The stochastic process constructed in this section will satisfy that the number of
jumps whose absolute size is larger than any fixed positive value is finite in any fixed
interval. Therefore the fact that there are infinite number of jumps is due to the fact
that most of these jumps are small in size. The conditions imposed will also imply
that the generated stochastic process has paths of bounded variation and therefore
Stiltjes integration can be used to give a meaning to stochastic integrals. We also
introduce the associated stochastic calculus.

4.1 Construction of Lévy Processes: The Finite Variation
Case

In this section, we will construct a Lévy process Z such that

E[eiθ Zt ] = exp[ct
∫ ∞

−∞
(eiθx − 1) f (x)dx]. (4.1)

where c > 0 is some constant.
Here the function f : R → R+ satisfies the following conditions:

f (0) = 0,∫ ∞

−∞
(|x | ∧ 1) f (x)dx < ∞. (4.2)

As one can see, we do not require f to be a density function. Furthermore in
comparison with Remarks2.1.14, 2.1.32 and 3.1.5 we do not see the appearance of
λ. In fact, from now on, what appeared as λ f in Remark3.1.5 is now just c f in
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the above expression. The reason for this is that f is not necessarily an integrable
function anymore (and therefore one cannot build a density out of it) and for this
reason λ is eventually used for the purpose of proving the existence of such a process.
This should be somewhat clear in the proofs that follow. We may use without loss of
generality that c = 1.

A beginner may wonder what is the use of such a procedure as one may think
that this will not correspond to any physical process such as the previous compound
Poisson process. This is far from the truth! In fact, there are physical processes,
usually known as Lévy flights, which are characterized by the above characteristic
function. We will later discuss further in detail the properties of such a process.

One classical example of this is f (x) = Cx−(1+α) for x > 0 and α ∈ (0, 1). This
function cannot give a density function as it is not integrable. Still, we will see that
it can be used for (4.1).

Lemma 4.1.1 If f : R → R+ satisfies
∫∞
−∞(|x | ∧ 1) f (x)dx < ∞, then f also sat-

isfies:

1.
∫∞
ε

f (x)dx < ∞ for any ε > 0.
2. | ∫∞

−∞(eiθx − 1) f (x)dx | < ∞, θ ∈ R.

The above lemma shows that although f is not a density when integrated on the
whole space, it is integrable when restricted to a set that does not include a neigh-
borhood around zero. Therefore using the approach described after Corollary3.3.9,
we will construct this process in pieces and then put all of them together with a limit
procedure.

For this, we define

fε(x) := f (x)1{x>ε}
λε

,

where λε := ∫∞
ε

f (x)dx < ∞. Notice that in our example f (x) = Cx−(1+α) wewill
have that λε = Cα−1ε−α .

Step 1. Using this we construct the process with jumps larger than one. That is,
we define the following compound Poisson process:

Z (1,+)
t :=

∞∑
i=1

Y (1,+)
i 1{T (1,+)

i ≤t} =
∫
R×[0,t]

xN (1,+)(dx, ds),

where Y (1,+)
i is a [1,∞)-valued random variable with P(Y (1,+)

i ∈ A) = ∫
A f1(x)dx .

Next, T (1,+)
i = s(1,+)

1 + · · · + s(1,+)
i , and {s(1,+)

i } are i.i.d.r.v.s eachwith the Exp(cλ1)

distribution.
Step 2. For 0 < ε′ < ε, we define

fε′,ε(x) := f (x)1{ε′<x≤ε}
λε′,ε

,
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where λε′,ε = ∫ ε

ε′ f (x)dx . Then we construct

Z (ε′, ε,+)
t :=

∞∑
i=1

Y (ε′,ε)
i 1{T (ε′ ,ε)

i ≤t} =
∫ t

0

∫
R

xN (ε′,ε,+)(dx, ds),

whereY (ε′,ε)
i is a (ε′, ε]-valued randomvariablewithP(Y (ε′,ε)

i ∈ A) = ∫
A f(ε′,ε)(x)dx ,

T (ε′,ε)
i = s(ε′,ε)

1 + · · · + s(ε′,ε)
i , and {s(ε′,ε)

i } are i.i.d.r.v.s eachwith the Exp(cλε′,ε) dis-
tribution. All the r.v.s here are independent.

To construct Z , we take εn = 1

2n−1
. We define

0 ≤ Z (εn ,+)
t := Z (1,+)

t +
n−1∑
i=1

Z (εi+1,εi ,+)
t ≤ Z (εn+1,+)

t ,

Z+
t := lim

n→∞ Z (εn ,+)
t = Z (1,+)

t +
∞∑
i=1

Z (εi+1,εi ,+)
t .

Note that Z (ε1,+)
t ≡ Z (1,+)

t and that Z+
t is well defined as a limit of an increasing

positive sequence, although it may be infinite. Sometimes when the meaning is clear,
we will simplify the notation, using instead Z (εi+1,εi )

t ≡ Z (εi+1,εi ,+)
t or Z (εn)

t ≡ Z (εn ,+)
t .

Similarly, for the Poisson randommeasurewemay useN (ε′,ε) ≡ N (ε′,ε,+). For fixed
n, we have Z (1,+)

t , Z (ε2,ε1,+)
t , · · · , Z (εn ,εn−1,+)

t are independent compound Poisson
processes. FromCorollary3.2.4 andTheorem3.2.7we have Z (εn ,+)

t is a Lévy process.
Moreover, we have that its characteristic function is given by

E[eiθ Z (εn ,+)
t ]

= E[eiθ(Z (1,+)
t +∑n−1

i=1 Z
(εi+1 ,εi ,+)

t )] = E[eiθ Z (1,+)
t

n−1∏
j=1

eiθ Z
(εi+1 ,εi ,+)

t ]

= E[eiθ Z (1,+)
t ]

n−1∏
j=1

E[eiθ Z (εi+1 ,εi ,+)

t ]

= exp[cλε1 t
∫
R

(eiθx − 1) fε1(x)dx]
n−1∏
j=1

exp[cλε j+1,ε j t
∫
R

(eiθx − 1) fε j+1,ε j (x)dx]

= exp[ct
∫
R

(eiθx − 1)
{
λε1 fε1(x) +

n−1∑
j=1

cλε j+1,ε j fε j+1,ε j (x)
}
dx]

= exp[ct
∫
R

(eiθx − 1) f (x)1{x>εn}dx]. (4.3)
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Lastly, we define a random measure N (εn ,+) as follows:

N (εn ,+) :=
n∑

i=1

N (εi ,εi−1,+), (4.4)

where ε0 = ∞ and N (ε1,ε0,+) ≡ N (ε1,∞,+) ≡ N (ε1,+).

Proposition 4.1.2 Z (εn ,+)
t and Z+

t satisfies the following properties:

(i) Z+
t < ∞, a.s.,

(ii) (finite variation property) ΔZ (εn)
t = ΔZ+

t 1{ΔZ+
t >εn}, a.s.,

(iii) Z+
t =

∑
s≤t

ΔZ+
s ,

(iv) lim
n→∞ sup

s≤t
|Z (εn ,+)

s − Z+
s | = 0.

Note that property (i) above implies that Z is of bounded variation because its
paths are non-decreasing. Therefore, again stochastic integrals for g measurable
and bounded with respect toN and Ñ can be naturally defined.

Proof (i) Note that Z (1,+) is a compound Poisson process and therefore it is well
defined and finite. Note that Z+

t − Z (1,+)
t is a positive process and furthermore

E[Z+
t − Z (1,+)

t ] = lim
n→∞E[Z (εn ,+)

t − Z (1,+)
t ] = t

∫ 1

0
x f (x)dx < ∞.

Therefore Z+
t < ∞, a.s..

(ii) Since Z+
t is monotone non-decreasing in t then Z+

t has left limits a.s. and

lim
s↑t Z

+
s ≤ Z+

t < ∞, a.s.

Define the following measurable subset of Ω ,

Ω0 := {T (εi+1,εi ,+)

j 
= T
(εi ′+1,εi ′ ,+)

j ′ , i = 0, · · · , n − 1, i ′ ≥ n, j, j ′ ∈ N},

where T (ε1,ε0,+)
j := T (ε1,+)

j .
The complement of this set characterizes the possibility that different jumps may

happen at the same time. We now prove that this is not possible. Since for any
i = 0, · · · , n − 1, i ′ ≥ n and j, j ′ ∈ N, T (εi+1,εi ,+)

j and T
(εi ′+1,εi ′ ,+)

j ′ are independent,

we have P(T (εi+1,εi ,+)

j 
= T
(εi ′+1,εi ′ ,+)

j ′ ) = 1. Hence, P(Ω0) = 1.
Now, we get

ΔZ+
t = ΔZ (ε1,+)

t +
∞∑
i=1

ΔZ (εi+1,εi ,+)
t
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= ΔZ (ε1,+)
t +

n−1∑
i=1

ΔZ (εi+1,εi ,+)
t +

∞∑
i=n

ΔZ (εi+1,εi ,+)
t

= ΔZ (εn ,+)
t +

∞∑
i=n

ΔZ (εi+1,εi ,+)
t .

For every i ≥ n,ΔZ (εi+1,εi ,+)
t ≤ εn . Therefore,wehaveΔZ+

t = ΔZ (εn ,+)
t on {ΔZ+

t >

εn} ∩ Ω0. For all ω ∈ {ΔZ+
t ≤ εn} ∩ Ω0, we have ΔZ (εn ,+)

t (ω) = 0. Hence we have
ΔZ (εn ,+)

t = ΔZ+
t 1{ΔZ+

t >εn}, a.s.

(iii) From the monotone convergence theorem, we have

Z+
t = lim

n→∞ Z (εn ,+)
t = lim

n→∞
∑
s≤t

ΔZ (εn ,+)
s =

∑
s≤t

lim
n→∞(Z (εn ,+)

s − Z (εn ,+)
s− )

=
∑
s≤t

(Z+
s − Z+

s−) =
∑
s≤t

ΔZ+
s .

(iv) From (ii),

sup
s≤t

|Z (εn ,+)
s − Z+

s |

= sup
s≤t

|
∑
u≤s

ΔZ (εn ,+)
u −

∑
u≤s

ΔZ+
u | = sup

s≤t
|
∑
u≤s

(ΔZ+
u 1{ΔZ+

u >εn} − ΔZ+
u )|

≤ sup
s≤t

∑
u≤s

|ΔZ+
u 1{ΔZ+

u >εn} − ΔZ+
u | = sup

s≤t

∑
u≤s

ΔZ+
u 1{ΔZ+

u ≤εn}

=
∑
u≤t

ΔZ+
u 1{ΔZ+

u ≤εn} =
∑
u≤t

(ΔZ+
u − ΔZ+

u 1{ΔZ+
u >εn})

=
∑
u≤t

(ΔZ+
u − ΔZ (εn ,+)

u ) = Zt − Z (εn ,+)
t → 0 as (n → ∞).

Exercise 4.1.3 This exercise is related to Proposition4.1.2 (i).

1. Give an explicit function f satisfying that
∫ |x | ∧ 1 f (x)dx < ∞ but so that

E[Z (1,+)
t ] = ∞.

2. In general, note that under the condition
∫ |x | ∧ 1 f (x)dx < ∞ , E[Z (1,+)

t ] may
not be finite, but we always have that E[|Z+

t − Z (1,+)
t |2] is finite.1

Lemma 4.1.4 Let T > 0 and fn be a càdlàg function on [0, T ]. If lim
n→∞ sup

x∈[0,T ]
| fn(x)

− f (x)| = 0, then f is a càdlàg function on [0, T ].

1Hint: Note that the process Z+
t − Z (1,+)

t does not include any jump of size bigger than one. Also,
see Exercise4.1.26 .
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Proof Weprove for any c ∈ [0, T ], f (c) is a càdlàg function. Since lim
n→∞ sup

x∈[0,T ]
| fn(x)

− f (x)| = 0, we have for any ε > 0, there exists N ∈ N such that for any x ∈ [0, T ],

| fN (x) − f (x)| < ε/3.

(i) Right-continuity. Since fN is càdlàg at c, there exists δ > 0 such that

0 < x − c < δ, x ∈ [0, T ] ⇒ | fN (x) − fN (c)| < ε/3.

Hence we have

| f (x) − f (c)| ≤ | f (x) − fN (x)| + | fN (x) − fN (c)| + | fN (c) − f (c)| < ε,

that is, f is a right-continuous function.
(ii) Existence of left limit. We take a sequence {cn}n∈N with cn ↑ c. Since fN has
a left limit at c, there exists limn→∞ fN (cn). Because a convergent sequence is a
Cauchy sequence, there exists M ∈ N such that

n, k ≥ M ⇒ | fN (cn) − fN (ck)| < ε/3.

Hence we have

| f (cn) − f (ck)| ≤ | f (cn) − fN (cn)| + | fN (cn) − fN (ck)| + | fN (ck) − f (ck)| < ε,

so { f (cn)} is also a Cauchy sequence. Therefore there exists a left limit lim
n→∞ f (cn) =

lim
s↑c f (s) = f (c−).

Theorem 4.1.5 {Z+
t ; t ≥ 0} is a Lévy process.

Proof (i) We prove for any θ, η ∈ R,

E[eiθ(Z+
t −Z+

s )+iηZ+
s ] = E[eiθ(Z+

t −Z+
s )]E[eiηZ+

s ].

From the dominated convergence theorem, we have

E[eiθ(Z+
t −Z+

s )+iηZ+
s ] = lim

n→∞E[eiθ(Z (εn ,+)
t −Z (εn ,+)

s )+iηZ (εn ,+)
s ]

= lim
n→∞E[eiθ(Z (εn ,+)

t −Z (εn ,+)
s )]E[eiηZ (εn ,+)

s ]
= E[eiθ(Z+

t −Z+
s )]E[eiηZ+

s ].

(ii) Z+
0 = limn→∞ Z (εn ,+)

0 = 0.
(iii) For any θ ,
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E[eiθ(Z+
t −Z+

s )] = lim
n→∞E[eiθ(Z (εn ,+)

t −Z (εn ,+)
s )] = lim

n→∞E[eiθ Z (εn ,+)
t−s ] = E[eiθ Z+

t−s ].

(iv) We take any ε > 0, then

P
[|Z+

t − Z+
s | > ε

] = P
[
Z+
t−s > ε

]
= P

[
Z+
t−s > ε, Z (1,+)

t−s >
ε

2

]
+ P

[
Z+
t−s > ε, Z (1,+)

t−s ≤ ε

2

]
.

Now, we prove that each term on the right-hand side of the above equality converges
to zero as t − s ↓ 0:

(1st term of RHS) ≤ P

[
Z (1,+)
t−s >

ε

2

]
→ 0,

(2nd term of RHS) ≤ P

[
Z+
t−s − Z (1,+)

t−s >
ε

2

]
≤ 2

ε
E
[
Z+
t−s − Z (1,+)

t−s

]

= 2(t − s)

ε

∫ 1

0
x f (x) dx → 0.

Hence lim
s→t

P(|Z+
t − Z+

s | > ε) = 0.

(v) From Proposition4.1.2 (iv) and Lemma4.1.4, t �→ Z+
t is a càdlàg function.

Now we define the random measureN + which corresponds to Z+. From (4.4),

N (εn ,+) =
n∑

i=1

N (εi ,εi−1,+) ≤ N (εn+1,+),

hence we define the random measure N + as the following σ -finite measure:

N + = lim
n→∞N (εn ,+) =

∞∑
i=1

N (εi ,εi−1,+).

We will now give some properties on the number of jumps of Z in closed time
intervals. First, we consider the number of jumps away from zero.

Corollary 4.1.6 N + is a finite measure on ((a, b] × [0, t], B(a, b] ⊗ B[0, t]) for
any b > a > 0.

That is, the number of jumps of size (a, b] in the time interval [0, t] is finite a.s.
Proof Since for any a > 0, there exists n ∈ N such that εn < a ≤ εn−1, we have

N +((a, b] × [0, t]) =N (εn ,+)((a, b] × [0, t])
≤N (εn ,+)([0,∞) × [0, t]) = N (εn ,+)

t < ∞, a.s.
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Theorem 4.1.7 Z+
t =

∫
(0,∞)×[0,t]

xN +(dx, ds).

Proof From Lemma3.3.4, we have

Z+
t = lim

n→∞ Z (εn ,+)
t = lim

n→∞

∫
(0,∞)×[0,t]

xN (εn ,+)(dx, ds)

= lim
n→∞

n∑
i=1

∫
(0,∞)×[0,t]

xN (εi ,εi−1,+)(dx, ds)

=
∞∑
i=1

∫
(0,∞)×[0,t]

xN (εi ,εi−1,+)(dx, ds) =
∫

(0,∞)×[0,t]
xN +(dx, ds).

To finish the construction, one needs to repeat all the previous steps for

f−ε(x) =λ−1
−ε f (x)1{x<−ε}

λ−ε =
∫ −ε

−∞
f (x)dx .

This construction will also lead to a Poisson random measure N −.

Theorem 4.1.8 Z−
t =

∫
(−∞,0)×[0,t]

xN −(dx, ds).

The following representation is sometimes called the Lévy-Itô representation of the
corresponding Lévy process Z .

Theorem 4.1.9 Let N := N + + N −. Then we have

Zt =
∫
R×[0,t]

xN (dx, ds).

Exercise 4.1.10 Prove the above theorems.

Then we can define Z− which is statistically independent Z+. Adding the pro-
cesses for positive and negative jumps we get the following result:

Theorem 4.1.11 Let Zt := Z+
t + Z−

t . Then {Zt ; t ≥ 0} is a Lévy process which
satisfies that |Zt | ≤ ∑

s≤t |ΔZs | < +∞ a.s. That is, Z is a process whose paths are
a.s. of finite variation on any closed interval.

From this theorem stems the title of this chapter.

Exercise 4.1.12 Prove that
∑

s≤t |ΔZs |p < +∞ a.s. for any p ≥ 1.
For a hint, see Chap. 14.
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Corollary 4.1.13 The characteristic function of Zt is given by

E[eiθ Zt ] = exp[ct
∫
R

(eiθx − 1) f (x)dx].

Due to the above result, one says that the Lévymeasure associatedwith Z is c f (x)dx .

Proof Let Z (ε)
t := Z (ε,+)

t + Z (ε,−)
t . From (4.3),

E[eiθ Zt ] = lim
n→∞E[eiθ Z (εn )

t ] = lim
n→∞ exp[ct

∫
R

(eiθx − 1) f (x)
(
1{x>εn} + 1{x<−εn}

)
dx]

= exp[ct
∫
R

(eiθx − 1) f (x)dx].

The fact that Z is a process of bounded variation also assures that the measure
N (dx, ds) can be defined away from zero. Therefore all integrals can be defined as
the usual integrals with respect to σ -finite measures.

Definition 4.1.14 (Definition of stochastic integral) Let g be a F ⊗ B(R) ⊗
B[0,∞)-measurable càdlàg function such that

∫
R×[0,t]

|g(x, s−)|N (dx, ds) := lim
ε↓0

∫
R×[0,t]

|g(x, s−)|N (ε)(dx, ds) < ∞.

HereN (ε)(dx, ds) := 1|x |>εN (dx, ds). In such a case the integral

∫
R×[0,t]

g(x, s−)N (dx, ds)

is called the stochastic integral with respect toN .

Similarly to the notation Z (a,b)
t , we will also use the following notation:

N (a,b)(dx, ds) := 1|x |∈(a,b]N (dx, ds).

Exercise 4.1.15 Prove that the above integral has càdlàg paths. That is, for almost
all ω ∈ Ω , t → ∫

R×[0,t] g(x, s−)N (dx, ds) is a càdlàg function.

Exercise 4.1.16 Due to Theorem4.1.11, the Lévy process Z has paths of finite
variation. Suppose that in Definition4.1.14, we consider the particular case that
g(x, s) = g1(s)x for a step function g1 : R+ → R. Prove that

∫ t

0
g1(s)dZs =

∫
R×[0,t]

g(x, s−)N (dx, ds).
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Here, the integral on the left side of the above equation is understood as an integral
with respect to functions of bounded variation. Finally, taking limits (i.e. using the
monotone class theorem) prove that the above result is valid for continuous func-
tions g1.

Note that Corollary3.4.21 gives the following theorem:

Theorem 4.1.17 Define the σ -finite measure N̂ (dx, ds) := c f (x)dxds. Assume
that g is aB(R) ⊗ B[0,∞)-measurable càdlàg function and that the random vari-
able

∫
R×[0,t] |g(x, s−)|N (dx, ds) ∈ L1(Ω,F ,P) and

∫
R×[0,t] |g(x, s−)|N̂ (dx,

ds) < ∞. Then

E

[∫
R×[0,t]

g(x, s−)N (dx, ds)

]
=
∫
R×[0,t]

g(x, s−)N̂ (dx, ds).

Proof From Corollary3.4.21,2

E

[∫
R×[0,t]

g(x, s−)N (dx, ds)

]
= lim

n→∞E

[∫
R×[0,t]

g(x, s−)N (εn)(dx, ds)

]

= lim
n→∞ c

∫
R×[0,t]

g(x, s−) f (x) (1(x > εn) + 1(x < −εn)) dxds

= c
∫
R×[0,t]

g(x, s−) f (x)dxds

=
∫
R×[0,t]

g(x, s−)N̂ (dx, ds).

Definition 4.1.18 The measure N̂ (dx, ds) := ν(dx)ds = c f (x)dxds is called the
compensator of N . Note that under the current conditions f is not necessarily a
density function.

Exercise 4.1.19 For a measurable set A ⊂ R − {0}, such that ∫A f (x)dx < ∞, find
the law of the random variableCt := ∫

A×[0,t] N (dx, ds). Prove thatC is an increas-
ing càdlàg process. Note that this process counts how many jumps fall in the set A.

Hint: Recall Exercise3.4.9.

Exercise 4.1.20 Let f (x) := e−λ|x |

|x |1+α
1{x 
=0}, where λ > 0 and α ∈ [0, 1). Prove that

f satisfies conditions (4.2).

Exercise 4.1.21 Consider the case that f (x) := e−λ|x |

|x |1+α
1{x>0}. In this particular case

the generated process Z is called the gamma process. Prove:

2Recall that N (εn ) = N (εn ,+) + N (εn ,−).
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1. Z has increasing paths.
2. The distribution of Zt follows a gamma law. Find its mean and variance.

For a hint, see Chap.14.

Exercise 4.1.22 This exercise is related with the jump transformation procedure
introduced in Proposition3.3.7.

For this, consider a Lévy process with f (x) := 1
x1+α 1{x>0}, α ∈ [0, 1)]. As

explained in Theorem4.1.7, the associated Lévy process Z satisfies that Zt =∫
(0,∞)×[0,t] xN

+(dx, ds). Prove that Wt := ∫
(0,∞)×[0,t] x

rN +(dx, ds) for r > α is
also a Lévy process and find its Lévy measure.

For a hint, see Chap.14.

Exercise 4.1.23 In this exercise, we perform some basic calculations for stable laws
that will be used later.

1. If we denote by Zλ the process corresponding to Exercise4.1.20, prove that Zλ
t

converges weakly (in law) as λ ↓ 0 for t > 0 fixed. Obtain the characteristic
function of the limit random variable, which we denote Zt .3

2. Let f (x) := C

|x |1+α
, α ∈ (0, 1). Prove that

ct
∫
R

(eiθx − 1) f (x)dx = −21−αCct |θ |α
∫
R+

sin2(u)u−(1+α)du.

In particular, prove the finiteness of the above integral. This law is known as
the stable law and its characteristic function is given by exp(−c|θ |α) for some
positive constant c > 0. In particular, this law is symmetric.4

3. Prove that the random variable Zt satisfies that the law of t−1/αZt is independent
of t .5

4. Prove that the density of Zt exists and is smooth.6

For a hint, see Chap.14.

Remark 4.1.24 We remark that the above construction also reveals the nature of the
process just defined. This becomes more clear if we consider the example f (x) =
C |x |−(1+α) 1{x 
=0} for α ∈ (0, 1). Then it is clear that λε,ε′ is blowing to infinity.
Therefore the average frequency of small jumps is getting larger and blowing to
infinity. Still, the approximating process converges to Z . This is the essential nature
of the above construction. One may in fact, even prove that for almost every ω ∈ Ω

there are a infinite number of jumps.

3Recall Theorem1.1.6.
4One has to be careful with other texts as there are generalized versions of stable laws which include
a parameter which measures symmetry.
5Recall Exercise2.1.36.
6Recall Exercise1.1.11.
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Exercise 4.1.25 In this exercise, we show that, in general, the number of jumps of
any size in any time interval may be infinite. For this, let us consider the explicit
example of f (x) = C

x1+α 1{x∈(0,1)} for α ∈ [0, 1), C > 0. Prove the following state-
ments:

1. ComputeE[N (εi ,εi−1)((0, 1] × [0, t])], i ∈ N. Note that in this case,N (εi ,εi−1) =
N (εi ,εi−1,+).

2. Prove that the following law of large numbers is satisfied:

1

n

n∑
i=1

2−iαN (εi ,εi−1)((0, 1] × [0, t]) → Ct

α
2−α(1 − 2−α), a.s.

3. Prove that N +((0, 1] × [0, t]) = ∞, a.s.
4. Prove that for any s < t , one also has N +((0, 1] × (s, t]) = ∞, a.s.

For a hint, see Chap.14.

Exercise 4.1.26 This exercise is related to martingale properties of the process Z .
Suppose that f (x) = f (x) 1{|x |≤1} with

∫
[−1,1] |x | f (x)dx < ∞.

1. Compute E[Zt ] and E[Z2
t ]

2. Find deterministic functions μt and σt such that Zt − μt and (Zt − μt )
2 − σ 2

t
are martingales. These functions μ and σ 2 are usually called the compensators
of Zt and (Zt − μt )

2, respectively.

For a hint, see Chap.14.

Exercise 4.1.27 Consider f (x) = α
x1+α 1{x>1},α ∈ (0, 1). Let Z be the Lévy process

with Lévy measure f (x)dx .

1. Prove that in this case Z is an increasing compound Poisson process and state
explicitly the law of the jumps and the associated frequency of jumps.7

2. Prove that the expectation of Zk
t does not exist (i.e. is not finite) for any k ∈ N.

3. Prove that the expectation of Zα
t does not exist.

4. Prove that E[Zβ
t ] < ∞ for all 0 < β < α.8

5. Prove that E[Zβ
t ] = ∞ in the case that β < 0. In fact, prove that P(Zt = 0) > 0

for any t > 0.

For a hint, see Chap.14.

Many other interesting properties of Lévy processes are well known and determined
by its Lévy measure. For more on this, see [51].

Exercise 4.1.28 Propose and prove the equivalent of Exercise2.1.36 in the present
setting. For example, compute the moments of t−1Zt or prove that the law of t−1Zt

depends on t .

7This is trivial.
8Hint: Decompose the expectation according to the number of jumps of Zt . Then use repeatedly
the inequality (x + y)β ≤ xβ yβ for x, y > 0.
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Exercise 4.1.29 Define F (εn)
t := σ(Z (εn)

s ; s ≤ t). Prove that

F (εn)
t := σ(Z (εk ,εk−1)

s ; s ≤ t, k = 1, · · · n).

Exercise 4.1.30 Let bn, b : R × [0, T ] → R+ be measurable uniformly bounded
functions such that they satisfy that |bn(z, s)| ≤ C |b(z, s)| for some deterministic
positive constant C . Suppose that bn → b a.e. inR × [0, T ] with E[∫

R×[0,t] |b(x, s)|
N̂ (dx, ds)] < ∞. Prove that

lim
n→∞E

[∫
R×[0,t]

bn(z, s)N
(εn)(dz, ds)

]
= E

[∫
R×[0,t]

b(z, s)N (dz, ds)

]
.

Exercise 4.1.31 (The strong rate of convergence of the Z (ε)) Prove that for ε < 1:

1. E

[∣∣∣ZT − Z (ε)
T

∣∣∣
]

≤ cT
∫
|z|≤ε

|z| f (z)dz.
2. limε↓0

∫
|z|≤ε

|z| f (z)dz = 0.
3. Prove that the rate of convergence

∫
|z|≤ε

|z| f (z)dz is optimal in the sense that
there exists a Lévy process Z such that

lim
ε↓0 (

∫
|z|≤ε

|z| f (z)dz)−1
E

[∣∣∣ZT − Z (ε)
T

∣∣∣
]

> 0.

4. Find an upper bound for the rate of convergence of E
[∣∣∣ZT − Z (ε)

T

∣∣∣
]
to zero in

the case that f (x) = 1
x1+α , x > 0, α ∈ (0, 1).

Exercise 4.1.32 (The weak rate of convergence of Z (ε)) Prove that for ε < 1:

1. E[ZT − Z (ε)
T ] = T

∫
|z|≤ε

z f (z)dz.
2. Give an example of a function f satisfying the conditions (4.2) such that the strong

rate of convergence
∫
|z|≤ε

|z| f (z)dz is bigger than the weak rate of convergence∫
|z|≤ε

z f (z)dz.
3. Suppose that g : R → R is a bounded differentiable function with bounded

derivative. Assume furthermore that f (x) = 1
|x |1+α 1{|x |<1}, α ∈ [0, 1]. Use a Tay-

lor expansion of first order on g to obtain that

lim
ε↓0 (

∫
|z|≤ε

|z|2 f (z)dz)−1|E[g(ZT ) − g(Z (ε)
T )]| = 0.

Therefore the weak rate of convergence is faster than the strong rate of conver-
gence.

For a hint, see Chap. 14.

Exercise 4.1.33 This exercise is about real functions. Recall that in Exercise3.4.9
we have proved that if f : [0, 1] → R is a function such that the following right limit
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limx↓a f (x) exists at every point a ∈ [0, 1) then f may have at most a countable
number of discontinuity points.

Prove that if f is an increasing function then the number of discontinuity points
is at most countable. Conclude that a function of bounded variation also has at most
a countable number of discontinuity points.

4.1.1 Itô Formula

Theorem 4.1.34 (Itô formula for finite variation jumpprocess)Let g ∈ C2
b (R). Then

we have the following Itô formula:

g(Zt) = g(Z0) +
∑
s≤t

{g(Zs) − g(Zs−)}

= g(Z0) +
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (dz, ds).

Proof From Corollary3.4.25 we have

g(Z (εn)
t ) = g(Z (εn)

0 ) +
∫
R×[0,t]

{
g(Z (εn)

s− + z) − g(Z (εn)
s− )

}
N (εn)(dz, ds).

Since g is a continuous function, we have g(Z (εn)
t ) → g(Zt) and g(Z (εn)

0 ) → g(Z0)

as n → ∞. So we show that
∫
R×[0,t]

{
g(Z (εn)

s− + z) − g(Z (εn)
s− )

}
N (εn)(dz, ds)

−→
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (dz, ds).

The integral
∫
R×[0,t] {g(Zs− + z) − g(Zs−)}N (dz, ds) exists because

∣∣∣∣
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|g(Zs− + z) − g(Zs−)|N (dz, ds)

≤ C
∫
R×[0,t]

|z|N (dz, ds) = C(Z+
t − Z−

t ) < ∞.

Let Z (εn)
t := Z (εn ,+)

t + Z (εn ,−)
t . FromN − N (εn) ≥ 0, we get
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∣∣∣∣
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)} (N − N (εn))(dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|g(Zs− + z) − g(Zs−)| (N − N (εn))(dz, ds)

≤ C
∫
R×[0,t]

|z| (N − N (εn))(dz, ds)

= C
{
(Z+

t − Z−
t ) − (Z (εn ,+)

t − Z (εn ,−)
t )

}
→ 0, a.s.

Hence we have
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (εn)(dz, ds)

→
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (dz, ds), a.s.

Since if g ∈ C1(R) then g(z + x) − g(z) = x
∫ 1
0 g′(z + αx)dα, we obtain that

∣∣∣∣
∫
R×[0,t]

{
g(Z (εn)

s− + z) − g(Z (εn)
s− )

}
− {g(Zs− + z) − g(Zs−)}N (εn)(dz, ds)

∣∣∣∣
=
∣∣∣∣
∫
R×[0,t]

z
∫ 1

0

{
g′(Z (εn)

s− + αz) − g′(Zs− + αz)
}
dαN (εn)(dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|z|
∫ 1

0

∣∣∣g′(Z (εn)
s− + αz) − g′(Zs− + αz)

∣∣∣ dαN (εn)(dz, ds)

≤ K
∫
R×[0,t]

|z|
∣∣∣Z (εn)

s− − Zs−
∣∣∣N (εn)(dz, ds)

≤ K sup
0≤s≤t

∣∣∣Z (εn)
s− − Zs−

∣∣∣
∫
R×[0,t]

|z|N (εn)(dz, ds)

≤ K sup
0≤s≤t

∣∣∣Z (εn)
s− − Zs−

∣∣∣
(
Z (εn ,+)
t − Z (εn ,−)

t

)
→ 0 · (Z+

t − Z−
t ) = 0, a.s.

Therefore we have
∫
R×[0,t]

{
g(Z (εn)

s− + z) − g(Z (εn)
s− )

}
N (εn)(dz, ds)

→
∫
R×[0,t]

{g(Zs− + z) − g(Zs−)}N (dz, ds).

Remark 4.1.35 We have to note that the random function |g(Zs− + z) − g(Zs−)| ≤
‖g′‖∞|z| is integrable with respect toN .

As in Sect. 3.5, we denote by (Ft )t∈[0,T ] the right-continuous filtration completed
with all sets of probability zero. We also define the class of predictable stochastic
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processes as the ones that are generated by the class of left-continuous processes.
Then we have as before:

Theorem 4.1.36 Define Xt = x + ∫ t
0 a(s)ds + Zt , where a ∈ Mb(R) and x ∈ R.

Then, for any g ∈ C2
b (R),

g(Xt ) = g(x + Z0) +
∫ t

0
g′(Xs)a(s)ds +

∫
R×[0,t]

{g(Xs− + z) − g(Xs−)}N (dz, ds).

Proof We define

X (n)
t := x +

∫ t

0
a(s)ds + Z (εn)

t .

It is clear that X (n)
t → Xt as n → ∞. From Theorem3.4.26, we get

g(X (n)
t ) = g(x + Z (εn)

0 ) +
∫ t

0
g′(X (n)

s )a(s)ds

+
∫
R×[0,t]

{g(X (n)
s− + z) − g(X (n)

s− )}N (εn)(dz, ds).

Since g is a continuous function, we get g(X (n)
t ) → g(Xt) and g(x + Z (εn)

0 ) →
g(x + Z0) as n → ∞. So we show that

∫ t

0
g′(X (n)

s )a(s)ds +
∫
R×[0,t]

{g(X (n)
s− + z) − g(X (n)

s− )}N (εn)(dz, ds)

→
∫ t

0
g′(Xs)a(s)ds +

∫
R×[0,t]

{g(Xs− + z) − g(Xs−)}N (dz, ds).

Since g′ is a continuous function, g′(X (n)
s )a(s) → g′(Xs)a(s) as n → ∞. Also, g′

and a are bounded functions, so that, from theb dominated convergence theorem, we
have ∫ t

0
g′(X (n)

s )a(s)ds →
∫ t

0
g′(Xs)a(s)ds n → ∞.

Using a similar argument to the proof of Theorem4.1.34, we can get

∫
R×[0,t]

{g(X (n)
s− + z) − g(X (n)

s− )}N (εn )(dz, ds) →
∫
R×[0,t]

{g(Xs− + z) − g(Xs−)}N (dz, ds).
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Therefore we have

∫ t

0
g′(X (n)

s )a(s)ds +
∫
R×[0,t]

{g(X (n)
s− + z) − g(X (n)

s− )}N (εn)(dz, ds)

→
∫ t

0
g′(Xs)a(s)ds +

∫
R×[0,t]

{g(Xs− + z) − g(Xs−)}N (dz, ds).

Exercise 4.1.37 1. Prove an extension of the above result in the case that g ∈
C2(R).

2. Prove an extension of the above result in the case that a is an adapted process.

Theorem 4.1.38 Let b : Ω × R × [0, T ] → R be a predictable process such that
E[∫

R×[0,T ] |b(z, s)|N̂ (dz, ds)] < ∞. Then the stochastic integral∫
R×[0,T ] |b(z, s)|N (dz, ds) is well defined and

E[
∫
R×[0,T ]

b(z, s)N (dz, ds)] = E[
∫
R×[0,T ]

b(z, s)N̂ (dz, ds)].

Exercise 4.1.39 Consider first any monotone approximation for b+ and prove the
above statement. Finalize it by considering b = b+ − b−.

Theorem 4.1.40 Let g : Ω × R × [0, T ] → R be a stochastic process such that g
is predictable9and such that

∫
R×[0,t]

|g(z, s)|N̂ (dz, ds) < ∞, a.s.

Then the stochastic integral
∫
R×[0,t] g(z, s)N (dz, ds) < ∞ is well defined and∫

R×[0,t] g(z, s)Ñ (dz, ds) is a local martingale.10

As in Sect. 3.5, you may try to write and prove the statement of Itô’s formula for
the martingale process Yt = ∫

R×[0,t] g(z, s)Ñ (dz, ds).

4.2 Differential Equations

Following our results in Sect. 3.6, we now consider the corresponding stochastic
differential equations for finite variation jump processes with an infinite number of
jumps. Before this, we need to consider the following inequality.

9Recall the notation issues discussed in footnote 22.
10Wehave taken the advantage of assuming that the reader knows about localmartingales.Otherwise
you may try to prove the same statement assuming that E[∫

R×[0,t] |g(z, s)|N̂ (dz, ds)] < ∞.
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Lemma 4.2.1 (Gronwall’s inequality) Let u be a non-negative function that satisfies
the integral inequality

u(t) ≤ c +
∫ t

t0

a(s)u(s)ds, c ≥ 0,

where a(t)u(t) is a continuous non-negative function for t ≥ t0. Then,

u(t) ≤ c exp

{∫ t

t0

a(s)ds

}
.

Proof Let

v(s) := exp

{
−
∫ s

t0

a(r)dr

}∫ s

t0

a(r)u(r)dr, s ≥ t0.

Then,

v′(s) = − a(s) exp

{
−
∫ s

t0

a(r)dr

}∫ s

t0

a(r)u(r)dr + exp

{
−
∫ s

t0

a(r)dr

}
a(s)u(s)

=
(
u(s) −

∫ s

t0

a(r)u(r)dr

)
a(s) exp

{
−
∫ s

t0

a(r)dr

}
.

By assumption,

u(s) −
∫ s

t0

a(r)u(r)dr ≤ c.

Thus, we get

v′(s) ≤ ca(s) exp

{
−
∫ s

t0

a(r)dr

}
.

Since v(t0) = 0, integrating this inequality from t0 to t gives

v(t) ≤ c
∫ t

t0

a(s) exp

{
−
∫ s

t0

a(r)dr

}
ds.

From the definition of v, we have

∫ t

t0

a(s)u(s)ds = exp

{∫ t

t0

a(s)ds

}
v(t)

≤ c exp

{∫ t

t0

a(s)ds

}∫ t

t0

a(s ′) exp

{
−
∫ s ′

t0

a(r)dr

}
ds ′

= c exp

{∫ t

t0

a(s)ds

}∫ t

t0

d

ds ′

(
− exp

{
−
∫ s ′

t0

a(r)dr

})
ds ′
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= c exp

{∫ t

t0

a(s)ds

}(
− exp

{
−
∫ t

t0

a(s)ds

}
+ 1

)

= c exp

{∫ t

t0

a(s)ds

}
− c.

Therefore,

u(t) ≤ c exp

{∫ t

t0

a(s)ds

}
.

Theorem 4.2.2 Let a : R → R be a Lipschitz function (i.e. |a(x) − a(y)| ≤ C |x −
y| for all x, y ∈ R and for some C > 0) and b is a Borel function such that I (b) :=∫
R

|b(z)| f (z)dz < ∞. Then, the following stochastic equation has a unique solution:

Xt = x +
∫ t

0
a(Xs)ds +

∫
R×[0,t]

Xs−b(z)N (dz, ds), t ≥ 0. (4.5)

Exercise 4.2.3 Give the definition of the solution and uniqueness for the above
equation after reading the proof of the theorem. Hint: Remember Definition3.6.4.

Exercise 4.2.4 Prove that the solution of the Eq. (4.5) is also the solution of the
stochastic equation

Xt = x +
∫ t

0
a(Xs−)ds +

∫
R×[0,t]

Xs−b(z)N (dz, ds).

Write its solution11 as explicitly as possible in the case that a(x) = a0x for some
constant a0 ∈ R. Recall and discuss the relation between this problem and footnote
22.

Proof of Theorem4.2.2.Without any further mention, we note first that all stochastic
integrals will be well defined due to Theorem4.1.38. For any T > 0, t ∈ [0, T ], we
define

X (0)
t := x

X (k)
t := x +

∫ t

0
a(X (k−1)

s )ds +
∫
R×[0,t]

X (k−1)
s− b(z)N (dz, ds), k ∈ N.

By induction, we get12

∫
R×[0,t]

|X (k−1)
s− b(z)|N (dz, ds) < ∞ a.s., k ∈ N. (4.6)

11This is just a consequence of the following property: Any càdlàg function has at most a countable
number of discontinuities. Recall Exercise3.4.9.
12We leave this as an exercise for the reader. One can do this using an argument similar to the one
in the rest of the proof.
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Also, for all k ∈ Z≥0, it is clear that X
(k)
t is a càdlàg function on [0, T ] a.s. For every

k ≥ 2,

sup
0≤t≤T

|X (k)
t − X (k−1)

t |

≤ sup
0≤t≤T

∫ t

0
|a(X (k−1)

s ) − a(X (k−2)
s )|ds + sup

0≤t≤T

∫
R×[0,t]

|X (k−1)
s− − X (k−2)

s− ||b(z)|N (dz, ds)

=
∫ T

0
|a(X (k−1)

s ) − a(X (k−2)
t )|ds +

∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|N (dz, ds)

≤ C
∫ T

0
|X (k−1)

s − X (k−2)
s |ds +

∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|Ñ (dz, ds)

+
∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|N̂ (dz, ds)

= C
∫ T

0
|X (k−1)

s − X (k−2)
s |ds +

∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|Ñ (dz, ds)

+
∫ T

0

∫
R

|X (k−1)
s− − X (k−2)

s− ||b(z)| f (z)dzds

= C
∫ T

0
|X (k−1)

s − X (k−2)
s |ds

+
∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|Ñ (dz, ds) + I (b)
∫ T

0
|X (k−1)

s− − X (k−2)
s− |ds

= (C + I (b))
∫ T

0
|X (k−1)

s − X (k−2)
s |ds +

∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|Ñ (dz, ds).

Let L := C + I (b), I (b) := ∫
R

|b(z)| f (z)dz < ∞. From Theorem4.1.38, we have

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |]

≤ LE

[∫ T

0
|X (k−1)

s − X (k−2)
s |ds

]
+ E

[∫
R×[0,T ]

|X (k−1)
s− − X (k−2)

s− ||b(z)|Ñ (dz, ds)

]

= L
∫ T

0
E[|X (k−1)

s − X (k−2)
s |]ds.

Applying this inequality successively, we find that

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |]

≤ Lk−1
∫ T

0

∫ s1

0
· · ·
∫ sk−2

0
E[ sup

0≤sk≤sk−1

|X (1)
sk − X (0)

sk |]dsk−1 · · · ds1.
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Since

|X (1)
sk − X (0)

sk | ≤
∫ sk

0
|a(x)|ds +

∫
R×[0,sk ]

|x ||b(z)|N (dz, ds),

we get

E[ sup
0≤sk≤sk−1

|X (1)
sk − X (0)

sk |] ≤ (|a(x)| + |x |I (b)) sk−1

=: Ksk−1.

Therefore,

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |] ≤ Lk−1
∫ T

0

∫ s1

0
· · ·
∫ sk−2

0
Ksk−1dsk−1 · · · ds1

= K Lk−1 · T k−1

(k − 1)!
= K (LT )k−1

(k − 1)! .

By Markov’s inequality,

P

(
sup

0≤t≤T
|X (k)

t − X (k−1)
t | >

1

2k−1

)
≤ 2k−1

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |] ≤ K (2LT )k−1

(k − 1)! .

Thus,

∑
k∈N

P

(
sup

0≤t≤T
|X (k)

t − X (k−1)
t | >

1

2k−1

)
≤
∑
k∈N

K (2LT )k−1

(k − 1)! < ∞.

From the Borel–Cantelli lemma, we get

P

(
lim sup

k

{
sup

0≤t≤T
|X (k)

t − X (k−1)
t | >

1

2k−1

})
= 0.

That is,

P

(
lim inf

k

{
sup

0≤t≤T
|X (k)

t − X (k−1)
t | ≤ 1

2k−1

})
= 1.

Therefore,

P

(
lim

k,l→∞ sup
0≤t≤T

|X (l)
t − X (k)

t | = 0

)
= 1.
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Since X (k)
t is a Cauchy sequence almost surely, there exists Xt such that X (k)

t uni-
formly converges to Xt on [0, T ] as k → ∞. From Lemma4.1.4, Xt (ω) is a càdlàg
function. Also, since a is Lipschitz continuous, a(X (k)

t ) uniformly converges to a(Xt )

on [0, T ] as k → ∞. Thus,

Xt = lim
k→∞ X (k)

t

= x + lim
k→∞

∫ t

0
a(X (k−1)

s )ds + lim
k→∞

∫
R×[0,t]

X (k−1)
s− b(z)N (dz, ds)

= x +
∫ t

0
a(Xs)ds +

∫
R×[0,t]

Xs−b(z)N (dz, ds).

T is arbitrary, so that the following stochastic equation has a solution

Xt = x +
∫ t

0
a(Xs)ds +

∫
R×[0,t]

Xs−b(z)N (dz, ds).

Next, we shall prove the uniqueness of solutions. We assume that X̃t satisfies the
stochastic equation:

X̃t = x +
∫ t

0
a(X̃s)ds +

∫
R×[0,t]

X̃s−b(z)N (dz, ds)

Then,

E[|Xt − X̃t |] ≤ E

[∫ t

0
|a(Xs) − a(X̃s)|ds

]
+ E

[∫
R×[0,t]

|Xs− − X̃s−||b(z)|N (dz, ds)

]

≤ E

[
C
∫ t

0
|Xs − X̃s |ds

]
+ E

[∫
R×[0,t]

|Xs− − X̃s−||b(z)|Ñ (dz, ds)

]

+ E

[∫
R×[0,t]

|Xs− − X̃s−||b(z)|N̂ (dz, ds)

]

= C
∫ t

0
E[|Xs − X̃s |]ds + E

[
I (b)

∫ t

0
|Xs− − X̃s−|ds

]

= C
∫ t

0
E[|Xs − X̃s |]ds + I (b)E

[∫ t

0
|Xs− − X̃s−|ds

]

= C
∫ t

0
E[|Xs − X̃s |]ds + I (b)

∫ t

0
E[|Xs − X̃s |]ds

= (C + I (b))
∫ t

0
E[|Xs − X̃s |]ds. (4.7)

Applying Gronwall’s inequality in Lemma4.2.1, we have

E[|Xt − X̃t |] = 0.
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Thus,
P(Xt = X̃t ) = 1, t ≥ 0.

Since Xt and X̃t have càdlàg paths,13 from Proposition3.6.3, we get

P(Xt = X̃t ; t ≥ 0) = 1.

Remark 4.2.5 (i) In the proof of results like the one in Theorem4.2.2, inequalities
like (4.7) are one of the goals when trying to find solutions for equations through
the fixed point theorem.14

(ii) Another way of proceeding in our proof would be to consider

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |] ≤ K (LT )k−1

(k − 1)! ,

so that

E[|X (m)
t − X (n)

t |] ≤
m∑

k=n+1

E[|X (k)
t − X (k−1)

t |]

≤
m∑

k=n+1

E[ sup
0≤t≤T

|X (k)
t − X (k−1)

t |]

≤
m∑

k=n+1

K (LT )k−1

(k − 1)!
→ 0 (n,m → ∞).

Therefore we get

sup
0≤t≤T

E[|X (m)
t − X (n)

t |] → 0 (n,m → ∞).

Thus, X (k)
t is a uniformly Cauchy sequence in L1(Ω), so that there exists X̂t such

that X (k)
t uniformly converges to X̂t in L1(Ω) as k → ∞ (i.e. sup0≤t≤T E[|X (k)

t −
Xt |] → 0 as k → ∞). But, we cannot assure that X̂t (ω) is a càdlàg function.
Thus {X̂t ; t ∈ [0, T ]} is not a solution of the stochastic equation if we want the
solution to have càdlàg paths.15 This notion would belong to a weaker notion
of a solution which may be used when necessary. In general, it should hold that

13That is, Xt (ω) and X̃t (ω) are càdlàg functions.
14For example, let f : R → R such that f is Lipschitz with a Lipschitz constant smaller than 1.
Then the equation f (x) = x has a unique solution. In our setting one has to choose a time small
enough so that this idea can be applied.
15Of course, in the case that you may not need the càdlàg property then you can get by with this
kind of solution.



94 4 Construction of Lévy Processes and Their Corresponding SDEs …

weaker notions of solutions should require weaker conditions on the coefficients
in order to obtain existence and uniqueness, otherwise their interest will be
limited.

Exercise 4.2.6 Use the proof of Theorem4.2.2 to prove that the following rate of
convergence is also satisfied for any p > 0 and t > 0:

lim
k→∞ k p(X (k)

t − Xt ) = 0, a.s.

Think about the possibility of using functions that explode faster than k p.
For a hint, see Chap.14.

Exercise 4.2.7 Prove the statement of (4.6). This statement may not be the optimal
one to prove. So you also need to make an effort to clarify in your own way what
needs to be proved in order to make the proof efficient.

For a hint, see Chap.14.

Exercise 4.2.8 Consider the same problem as in Exercise3.6.11. In particular, prove
first that under enough conditions on the coefficients a and b of (4.5), we have:

1. limk↑∞ supx |X (k)
t (x) − Xt (x)| = 0.

2. Use induction to prove that X (k)
t (x) is differentiable with respect to x ∈ R for all

k ∈ N.

3. Prove then that Xt (x) is differentiable and find the equation satisfied by X ′
t (x).

Now we move towards the case when the equations are driven by the generalized
process defined in Sect. 4.1.

Theorem 4.2.9 Suppose that
∫ |z| f (z)dz < ∞ and let a : R → R be a Lipschitz

bounded function. Then there exists a unique solution to the stochastic equation

Xt = x +
∫
R×[0,t]

a(Xs−)zN (dz, ds), (4.8)

in the space of càdlàg predictable stochastic processes.

Recall that in the above statement the notion of a solution is also being defined.
Before giving the proof we need to give the following exercise.

Exercise 4.2.10 Prove that the space D[0, T ] = {x : [0, T ] → R; x is càdlàg} is a
Banach space with the norm of uniform convergence.

Proof From Corollary3.6.6, for any n ∈ N, there exists a unique solution to the
stochastic equation

X (n)
t = x +

∫
R×[0,t]

a(X (n)
s− )zN (εn)(dz, ds).
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Consider for m ≥ n

X (m)
t − X (n)

t =
∫
R×[0,t]

(a(X (m)
s− ) − a(X (n)

s− ))zN (εn)(dz, ds)

+
∫
R×[0,t]

a(X (m)
s− )zN (εm ,εn)(dz, ds).

Therefore if K denotes the Lipschitz constant of a, we have

sup
t∈[0,T ]

|X (m)
t − X (n)

t | ≤K sup
t∈[0,T ]

|X (m)
t − X (n)

t |
∫
R×[0,T ]

|z|N (εn)(dz, ds)

+
∣∣∣∣
∫
R×[0,t]

a(X (m)
s− )zN (εm ,εn)(dz, ds)

∣∣∣∣ .

Note that
∣∣∣∣
∫
R×[0,t]

a(X (m)
s− )zN (εm ,εn)(dz, ds)

∣∣∣∣ ≤ ‖a‖∞
∫
R×[0,t]

|z|N (εm ,εn)(dz, ds) → 0, a.s.,

as n,m → ∞. Consider T ≡ T (ω) small enough so that
∫
R×[0,T ] |z|N (dz, ds) <

1/K . Then one has that

sup
t∈[0,T ]

|X (m)
t − X (n)

t | ≤
(
1 − K

∫
R×[0,T ]

|z|N (dz, ds)

)−1 ∣∣∣∣
∫
R×[0,t]

a(X (m)
s− )zN (εm ,εn )(dz, ds)

∣∣∣∣ .

Therefore one obtains that limm,n→∞ supt∈[0,T ] |X (m)
t − X (n)

t | = 0. Therefore by the
completeness of the space of càdlàg functions with the uniform norm (cf. Exer-
cise4.2.10), one obtains that the limit X exists and is càdlàg. Also,

∣∣∣∣
∫
R×[0,t]

a(X (n)
s− )zN (εn )(dz, ds) −

∫
R×[0,t]

a(Xs−)zN (dz, ds)

∣∣∣∣
≤
∣∣∣∣
∫
R×[0,t]

a(X (n)
s− )zN (εn )(dz, ds) −

∫
R×[0,t]

a(Xs−)zN (εn )(dz, ds)

∣∣∣∣
+
∣∣∣∣
∫
R×[0,t]

a(Xs−)zN (εn)(dz, ds) −
∫
R×[0,t]

a(Xs−)zN (dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|a(X (n)
s− ) − a(Xs−)||z|N (εn )(dz, ds)

+
∫
R×[0,t]

|a(Xs−)||z|(N − N (εn ))(dz, ds)

≤ K
∫
R×[0,t]

|X (n)
s− − Xs−||z|N (εn )(dz, ds) + K

∫
R×[0,t]

|z|(N − N (εn ))(dz, ds)

≤ K sup
0≤s≤t

|X (n)
s − Xs |

∫
R×[0,t]

|z|N (εn )(dz, ds) + K ((Z+
t − Z−

t ) − (Z (εn ,+)
t − Z (εn ,−)

t ))

→ 0, a.s.
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Thus, we get

∫
R×[0,t]

a(X (n)
s− )zN (εn)(dz, ds) →

∫
R×[0,t]

a(Xs−)zN (dz, ds), a.s.

Then, Xt has been constructed on the interval t ∈ [0, T ] with T satisfying∫
R×[0,T ] |z|N (dz, ds) < 1/K . Now, we may continue constructing the solution
using that XT is known and starting again the above argument in an interval starting at
T . As

∫
R×[T,2T ] |z|N (dz, ds) = ∫

R×[0,T ] |z|N (dz, ds) < 1/K , we obtain that the
solution can be constructed for any time t . Therefore, the stochastic equation (4.8)
has a solution. Also,

E

[∫
R×[0,t]

|a(Xs−)||z|N̂ (dz, ds)

]
= E

[∫
R

∫ t

0
|a(Xs−)||z| f (z)dzds

]

=
∫ t

0
E[|a(Xs)|]ds

∫
R

|z| f (z)dz

≤ Kt
∫
R

|z| f (z)dz
< ∞.

Therefore Xt satisfies (4.8) and is integrable. To prove uniqueness we use a fixed
point argument. Let X and Y be two solutions of (4.8). Then using the Lipschitz
property and Theorem4.1.17 we obtain that

E[|Xt − Yt |] = E

[∣∣∣∣
∫
R×[0,t]

(a(Xs−) − a(Ys−))zN (dz, ds)

∣∣∣∣
]

≤ E

[∫
R×[0,t]

|a(Xs−) − a(Ys−)||z|N (dz, ds)

]

≤ KE

[∫
R×[0,t]

|Xs− − Ys−||z|N (dz, ds)

]

= KE

[∫
R×[0,t]

|Xs− − Ys−||z|N̂ (dz, ds)

]

= KE

[∫ t

0
|Xs− − Ys−|

∫
R

|z| f (z)dzds
]

= K
∫
R

|z| f (z)dz
∫ t

0
E[|Xs − Ys |]ds.

Applying Gronwall’s inequality in Lemma4.2.1, we have E[|Xt − Yt |] = 0. That is
P(Xt = Yt ) = 1, for any t ≥ 0. Therefore we get P(Xt = Yt , t ≥ 0) from Proposi-
tion3.6.3.

Exercise 4.2.11 Suppose that supp( f ) ⊆ R+. Note that (4.8) will have a unique
solution if we consider the driving process Z − Z (1,+). Use the fact that Z (1,+) is a
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compound Poisson process to prove that there exists a unique solution to (4.8) for
the driving process Z even if the condition

∫∞
0 x f (x)dx < ∞ is not satisfied.

Theorem 4.2.12 Suppose that
∫ |z| f (z)dz < ∞. Let X be a solution to Xt = x +∫

R×[0,t] a(Xs−)zN (dz, ds), where a is a bounded Lipschitz function and x ∈ R.

Then, for any g ∈ C2
b (R),

g(Xt ) = g(x) +
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}N (dz, ds).

Proof From Theorem3.5.6, we get

g(X (n)
t ) = g(x) +

∫
R×[0,t]

{g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− )}N (εn)(dz, ds).

Since g is a continuous function and X (n)
t → Xt as n → ∞, we have g(X (n)

t ) →
g(Xt) as n → ∞. So we need to show that

∫
R×[0,t]

{g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− )}N (εn)(dz, ds)

→
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}N (dz, ds).

We prove this in two parts:

∣∣∣∣
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}(N − N (εn ))(dz, ds)

∣∣∣∣ → 0,

∣∣∣∣
∫
R×[0,t]

{(g(Xs− + a(Xs−)z) − g(Xs−)) − (g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− ))}N (εn )(dz, ds)

∣∣∣∣ → 0.

Using the Lipschitz property of g and the boundedness of a, we get that

∣∣∣∣
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}(N − N (εn))(dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|g(Xs− + a(Xs−)z) − g(Xs−)|(N − N (εn))(dz, ds)

≤ K
∫
R×[0,t]

|a(Xs−)||z|(N − N (εn))(dz, ds)

≤ K 2
∫
R×[0,t]

|z|(N − N (εn))(dz, ds)

= K 2(Z+
t − Z−

t − (Z (εn ,+)
t − Z (εn ,−)

t ))

→ 0 (n → ∞).
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Hence, we have that

∣∣∣∣
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}(N − N (εn))(dz, ds)

∣∣∣∣ → 0.

Since if g ∈ C1 then g(x + z) − g(x) = z
∫ 1
0 g′(x + αz)dα, we obtain that

{(g(Xs− + a(Xs−)z) − g(Xs−)) − (g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− ))}

= z
∫ 1

0
{a(Xs−)g′(Xs− + αa(Xs−)z) − a(X (n)

s− )g′(X (n)
s− + αa(X (n)

s− )z)}dα

= a(Xs−)z
∫ 1

0
{g′(Xs− + αa(Xs−)z) − g′(X (n)

s− + αa(X (n)
s− )z)}dα

+ (a(Xs−) − a(Xn
s−))z

∫ 1

0
g′(X (n)

s− + αa(X (n)
s− )z)dα.

Also, g′ and a are bounded Lipschitz functions, so that we get that

∣∣∣∣
∫
R×[0,t]

{(g(Xs− + a(Xs−)z) − g(Xs−)) − (g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− ))}N (εn )(dz, ds)

∣∣∣∣
≤
∫
R×[0,t]

|a(Xs−)||z|
∫ 1

0
|g′(Xs− + αa(Xs−)z) − g′(X (n)

s− + αa(X (n)
s− )z)|dαN (εn )(dz, ds)

+
∫
R×[0,t]

|a(Xs−) − a(X (n)
s− )||z|

∫ 1

0
|g′(X (n)

s− + αa(X (n)
s− )z)|dαN (εn )(dz, ds)

≤ K
∫
R×[0,t]

|z|
∫ 1

0
|Xs− + αa(Xs−)z − X (n)

s− − αa(X (n)
s− )z|dαN (εn )(dz, ds)

+ K
∫
R×[0,t]

|Xs− − X (n)
s− ||z|

∫ 1

0
dαN (εn )(dz, ds)

≤ K
∫
R×[0,t]

|z|
∫ 1

0
(|Xs− − X (n)

s− | + α|z||a(Xs−) − a(X (n)
s− )|)dαN (εn )(dz, ds)

+ K sup
0≤s≤t

|Xs − X (n)
s |

∫
R×[0,t]

|z|N (εn )(dz, ds)

= 2K sup
0≤s≤t

|Xs − X (n)
s |

∫
R×[0,t]

|z|N (εn )(dz, ds)

+ 1

2
K 2 sup

0≤s≤t
|Xs − X (n)

s |
∫
R×[0,t]

|z|2N (εn )(dz, ds).

Since X (n)
t uniformly converges to Xt , we have using Theorem4.1.11 and Exer-

cise4.1.12 that sup0≤s≤t |Xs − X (n)
s | → 0 as n → ∞. Therefore we have

∣∣∣∣
∫
R×[0,t]

{(g(Xs− + a(Xs−)z) − g(Xs−)) − (g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− ))}N (εn )(dz, ds)

∣∣∣∣ → 0.
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Hence we get

∫
R×[0,t]

{g(X (n)
s− + a(X (n)

s− )z) − g(X (n)
s− )}N (εn)(dz, ds)

→
∫
R×[0,t]

{g(Xs− + a(Xs−)z) − g(Xs−)}N (dz, ds).

Exercise 4.2.13 Take further limits on the function g in Theorem4.2.12 to prove
that the Itô formula is also valid for g ∈ C1

b(R). Try to further extend it to g ∈ C1(R).

Exercise 4.2.14 1. Prove that under the conditions of Theorem4.2.9 the unique
solution of (4.8) satisfies that E[|Xt |] < ∞.

2. Find conditions that assure that E[|Xt |2] < ∞.
3. Find conditions that assure that E[sups∈[0,t] |Xs |] < ∞.

Exercise 4.2.15 Use Itô’s formula and Theorem4.1.38 to prove that for any b : Ω ×
R × [0, T ] → R predictable process such that E[∫

R×[0,T ] |b(z, s)|iN̂ (dz, ds)] <

∞, i = 1, 2. Then the stochastic integral
∫
R×[0,T ] |b(z, s)|N (dz, ds) is well defined

and

E

[(∫
R×[0,T ]

b(z, s)N (dz, ds)

)2
]

≤ CE

[∫
R×[0,T ]

|b(z, s)|2N̂ (dz, ds) +
(∫

R×[0,T ]
b(z, s)N̂ (dz, ds)

)2
]

.

Note that this result is the natural extension of E[N 2
T ] = λT + (λT )2 in the Pois-

son case.
For a hint, see Chap.14.

Problem 4.2.16 (Taylor expansions for solutions of stochastic equations) Consider
X to be the solution of Eq. (4.8). Suppose that a is a smooth function with bounded
derivatives. Find the first terms of a Taylor expansion for X in terms of multiple
integrals of N (dz, ds) where the coefficients are derivatives of a.

Hint: Use Itô’s formula to find some of the coefficients associated with such an
expansion.

Note that another version of this problem is to consider coefficients of the type
a(x) = a0(r x) for a parameter r ∈ R and then the problem is to find an expansion
in terms of the powers of r .

Problem 4.2.17 (Taylor expansions for expectations of solutions of stochastic equa-
tions) Assume that

∫
ez f (z)dz < ∞. Find the first three terms in the Taylor expan-

sion for E[Xt ] in terms of powers of t j for j = 0, 1, 2.
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Notice that the Taylor expansion is a very general name referring to the expansion of
a certain quantity around a fixed value. This fixed value may vary depending on the
objective. It is in this sense that the above expression “Taylor expansion” is being
used. The reader should invest some effort in understanding what is playing the role
of fixed value in each case.



Chapter 5
Construction of Lévy Processes
and Their Corresponding SDEs:
The Infinite Variation Case

In this chapter, we consider a class of Lévy processes which are not of bounded
variation as in the preceding chapter but instead they are processes with paths of
infinite variation. From the pedagogical point of view, this chapter provides the
construction of the Lévy process, leaving for the reader most of the developments
related to the construction of the stochastic integral, the Itô formula and the associated
stochastic differential equations. This is done in the exercises in order to let you test
your understanding of the subject. This is done on two levels. You will find the ideas
written in words in the proofs. If you do not understand them you may try a further
description that may be given in Chap.14. It is a good exercise to try to link the
words and the equations so that you understand the underlying meaning. This is
also a chapter that may be used for promoting discussion between students and the
guiding lecturer.

5.1 Construction of Lévy Processes: The Infinite Variation
Case

So far, the Lévy processes we have defined have been originated in natural extensions
using Poisson random measures and their corresponding integrals in the measure
theoretic sense. That is, we have given the definition of the simple Poisson process
which is a non-decreasing process with jumps of size one. Next, we extended this
definition to the compound Poisson process which allows jump sizes to be random.
Still the number of jumps in any interval is finite. In a first non-trivial extension we
defined using limits an increasing process for which the average number of jumps
in any interval is infinite.1 In order to do this we first assumed that all jumps are

1In fact, one can prove that in any interval the number of jumps is infinite. This will left as an
exercise for the reader.
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positive so that we could use the non-decreasing property in order to take limits on
a sequence of compound Poisson processes. Similarly, one can define the limit of
non-increasing compound Poisson processes and the final combination leads to the
generalization that we have introduced in the previous section. This construction was
possible because the constructed process paths had the finite variation property in
any finite interval. That is,

∑
s≤t |ΔZs | < ∞.

In this section, we will introduce the last generalization step of this procedure.
That is, we will consider cases where the process Z to be defined does not have the
finite variation property. The idea to treat this case is to define the approximations as
in the previous chapter, but nowwewill take away the terms that will tend to explode.
This procedure is usually called “compensation”. In fact, suppose that we want to
consider the case f (x) = C |x |−(1+α) 1|x |�=0 for α ∈ [1, 2), C > 0. In this case, if we
follow the procedure in Proposition4.1.2 the process Z (εn ,+) will blow up,2 which
implies that the searched process if it exists will have infinite variation in any finite
interval.

First, we will apply the following simplification to the problem. According to
the procedure used before, we may first construct the Lévy process associated with
f1(x) = C |x |−(1+α) 1|x |>1. This will lead to a compound Poisson process because
the function f1 is integrable.3

Now,we continue to the heart of the problem,which is how to construct aLévypro-
cess associated with the Lévy measure ( f − f1)(x) = C |x |−(1+α) 10<|x |≤1. Clearly,
the monotone limit idea used in the previous chapter cannot be used. Instead, we
will use the following trick: consider an appropriate sequence μ(εn) of real numbers
which will blow up as εn ↓ 0. Then find the correct sequence so that Z (εn ,+)

t − μ(εn)

will converge.4 This may deceive some, as it means that clearly we are not taking
limits of the process Z (εn ,+) but of a “compensated” version, meaning that we hope
that the way this quantity blows up can be estimated in a deterministic fashion.

This is exactly what happens and this mean compensation will appear in all the
formulas to follow. In fact, the choice of μ(εn) is not unique and this is always a point
of distraction for students as the definition of the compensation is different according
to the book you may be looking at. In this case we will consider the compensation
μ(εn) = λεn

∫ 1
εn

x f (x)dx .
To resume all the above ideas, our first goal in this chapter is then to extend the

results of the previous chapter in order to construct a Lévy process Z such that

E[eiθ Zt ] = exp[ct
∫ ∞

−∞
(eiθx − 1 − iθx 1|x |≤1) f (x)dx]. (5.1)

where c > 0 is some constant.5

2In fact, as an exercise prove that in this case, the integral
∫ ∞
0 (eθx − 1) f (x)dx is not finite.

3Although some moments will not be finite. Recall Exercise4.1.27.
4Note that this construction is done using f − f1 in Sect. 4.1.
5In many situations we will assume that c = 1 without further mentioning it.
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In order for (5.1) to make sense we need to have that f : R → R+ is given such
that

∣
∣
∣
∣

∫ ∞

−∞
(eiθx − 1 − iθx 1|x |≤1) f (x)dx

∣
∣
∣
∣ < ∞, for all θ. (5.2)

In fact, we will shortly see (Exercise5.1.1 below) that instead of (5.2) we just need
to assume

∫

R

(|x |2 ∧ 1) f (x)dx < ∞ (5.3)

in order to assure that (5.2) is satisfied for all θ ∈ R.
We note here that the condition above has been weakened in comparison with the

previous section (from |x | ∧ 1 to |x |2 ∧ 1). This in fact implies that now the Example
4.1.20 can be extended from α ∈ [0, 1) to α ∈ [0, 2). The main difference between
this section and the previous one is that in the previous section our main tool to
construct such a process was to construct first an approximation using compound
Poisson processes and then taking monotone limits. In the general case which we
will consider here, this technique cannot be applied. In fact, one can prove that the
limits taken in the previous section will diverge in the present case. But fortunately
enough, this divergence in the sumcanbe correctly estimated. That is, by subtracting a
diverging expression (related with a local mean), one finds that using the martingale
convergence theorem is possible and therefore proving that a modification of the
sum in Proposition4.1.2 (ii) will converge. This modification is related with the term
iθx1(|x | ≤ 1) in the characteristic function (5.2).6

Exercise 5.1.1 Prove that condition (5.3) implies that

∫ ∞

−∞
|(eiθx − 1 − iθx 1|x |≤1)| f (x)dx < ∞, for all θ.

This is done by dividing the integral into two regions: [−1, 1] and its complement.
Then apply Taylor’s theorem with residue in each region to obtain (5.2). That is,
this calculation divided in two regions will be carried out in different forms through
this chapter which explains that the characteristic of the infinite variation processes
is usually different for jumps in a neighbourhood of zero and for jumps away from
zero.

Finally note that we are proving a stronger claim than (5.2).

Exercise 5.1.2 Let f (x) := e−λ|x |

|x |1+α
1{x �=0} where λ ≥ 0 and α ∈ [0, 2). Then f sat-

isfies conditions (5.2).

6In fact, recall that if ϕ(θ) is the characteristic function of some random variable X then
ϕ(θ)e−icI tθ is the characteristic function of X − ct I with I = ∫

|x |≤1 x f (x)dx . Formore on this, see
Exercise5.1.3.



104 5 Construction of Lévy Processes and Their Corresponding …

Exercise 5.1.3 In order to realize that the process that we define in this chapter does
not differ too much from the one in the previous chapter, consider the particular case
that

∫
R
(|x | ∧ 1) f (x)dx < ∞. Then to avoid confusion, we denote by Z ′ the Lévy

process defined in Chap.4.

1. Prove using characteristic functions that the random variable Zt is related with
Z ′

t . That is, there is a constant A such that

Z ′
t + At

L= Zt .

Find the value of A.
2. Let us focus now on the value of A. Therefore in this part, we stop assuming

that
∫
R
(|x | ∧ 1) f (x)dx < ∞. Consider then the case that fn(x) := e−λ|x |

|x |1+α
1x>n−1

with α ∈ [1, 2). Prove that limn→∞ An = −∞.

Therefore we will be “taking away” an infinite amount from the process Z ′ in order
to make it converge so that Z can be defined.

Now, let us continue with the construction of Z . As in the previous section, we
define

fε(x) := f (x)1{x>ε}
λε

, (5.4)

where λε := ∫ ∞
ε

f (x)dx < ∞ and again for the example f (x) = Cx−(1+α) we have
that λε = Cα−1ε−α . We also let

fε′,ε(x) := f (x)1{ε′<x≤ε}
λε′,ε

where λε′,ε = ∫ ε

ε′ f (x)dx .
Step 1. First, we start constructing the compound Poisson process associated with

the jumps bigger than one. That is,7 for ε1 = 1

Z (ε1,+)
t :=

∞∑

i=1

Y (ε1)
i 1{T (ε1)

i ≤t} =
∫

R×[0,t]
xN (ε1,+)(dx, ds).

Then the second step used the processes where the jump sizes are confined in an
interval (εi+1, εi ]. In general, the process Z (εn ,+) will blowup. ThemeasuresN (εn ,±),
N (εn) can still be defined as an increasing sequence and therefore we will not pursue
the line of discussion about the construction of the measure. For the small jumps, we
define the following modification:

7Recall the arguments in Sect. 4.1.
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Z̄ (ε,+)
t :=

∞∑

i=1

Y (ε,1)
i 1{T (ε)

i ≤t} − cμ(ε)t,

where μ(ε) = λε,1
∫ 1
ε

x fε,1(x)dx . The process Z̄ (ε,+) is a martingale in time.8

Exercise 5.1.4 Prove that {Z̄ (ε,+)
t ; t ∈ [0, T ]} is amartingale forfixed ε > 0. Specify

the filtration.

Step 2. Now, we construct

Z̄ (ε′, ε,+)
t :=

∞∑

i=1

Y (ε′,ε)
i 1{|Y (ε′ ,ε)

i |≤1}1{T (ε′ ,ε)
i ≤t} − μ(ε′,ε)t,

where μ(ε′,ε) = λε′,ε
∫ ε

ε′ x fε′,ε(x)dx .

To construct Z+, we take εn = 1

2n−1
. We define the martingale sequence

Z̄ (εn ,+)
t :=

n−1∑

i=1

Z̄ (εi+1,εi ,+)
t .

The goal now is to prove the following result:

Theorem 5.1.5 The following limit exists:

Z̄+
t := lim

n→∞ Z̄ (εn ,+)
t =

∫

[0,1]×[0,t]
xÑ (+)(dx, ds).

Proof By Doob’s inequality we have that for any sequence of increasing times tk ,
k = 0, ..., l with tl = T that

P( max
k=1,...,l

|Z̄ (εn ,+)
tk − Z̄ (εm ,+)

tk | > r) ≤ r−2
E

[
|Z̄ (εn ,+)

T − Z̄ (εm ,+)
T |2

]

= r−2
∫

[0,T ]×[εm ,εn ]
|x |2 f (x)dxds.

Here, the last equality follows from an extension of Theorem 3.4.31.9 Note that the
bound we have obtained does not depend on l. Therefore we have that

lim
n,m→∞ P( max

t∈[0,T ] |Z̄
(εn ,+)
t − Z̄ (εm ,+)

t | > r) = 0.

8It is also a martingale sequence based on ε. Prove this as an exercise.
9One may also use Exercises4.1.26 and 4.1.27.
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Therefore the sequence of processes, Z εn is a Cauchy sequence in probability10 and
therefore it converges.

As before, the associated Poisson random measure N is defined as the limit
of the finite random measures N (εn ,+)(dx, ds) thus becoming a σ -finite measure.
Therefore, integrals that are defined momentarily will be integrals with respect
to σ -finite measures. We can define the compensated11 Poisson random measure

˜N +(dx, ds) = N (+)(dx, ds) − 1{0<x≤1} f (x)dxds. We remark here that the fact
that the limit exists is due to the compensation procedure which extracts the divergent
component of Z (εn ,+). For the same reason the process Z̄+

t is no longer positive or
increasing.

Proposition 5.1.6 The characteristic function of Z̄+
t is given by

E[eiθ Z̄+
t ] = exp[ct

∫

[0,1]
(eiθx − 1 − iθx) f (x)dx]

Exercise 5.1.7 Prove the above proposition.12

To complete the construction of the process with positive jumps we only need
to take an independent version of Z (ε1,+)

t and let Z+
t := Z (ε1,+)

t + Z̄+
t , which

13 will
have as characteristic function

E[eiθ Z+
t ] = exp[ct

∫

R+
(eiθx − 1 − iθx 1{|x |≤1}) f (x)dx].

The construction of Z− can be done similarly and is left as an exercise for the reader.

Exercise 5.1.8 This exercise tries to discuss an alternative approximation process
to obtain the same goal. Define

Z̃ (ε,+)
t :=

N (ε,+)
t∑

i=1

(Y (ε,1)
i − cμ̃(ε)).

Here μ̃(ε) := ∫ 1
ε

x fε,1(x)dx and N (ε,+)
t := ∫

[ε,1]×[0,t] N
(ε,+)(dx, ds). Prove that the

limit of this process exists and related this with the previous construction of Z̄+.14

10Exercise: Describe a stronger norm where this sequence is a Cauchy sequence.
11Compensated means that the mean is being taken from the process so that the resulting process
has mean zero. This will imply that the process becomes a martingale.
12Recall that the characteristic function of Z̄+

t can be computed as the limit of the characteristic
functions of the sequence Z̄ (εn ,+)

t .
13Somemay object to the usage of Z+ as in the finite variation case this process is not compensated,
while in the infinite variation case it becomes the compensated process.
14In fact, it may be easier to study the difference between the approximating processes.
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Exercise 5.1.9 Continuing with Exercise5.1.8 suppose that one uses a general den-
sity function fε instead of the explicit one given in (5.4). Give a proper distance
function between fε and f so that the process similar to Z̄+ converges.

For a hint, see Chap.14.

Exercise 5.1.10 Let f (x) = C
|x |1+α 1{|x |≤1}, for α ∈ (1, 2) and C > 0. Prove that for

any t > 0,15

lim
n↑∞

∑

0≤s≤t

|ΔZ̄ (εn ,+)
s | = ∞, a.s.

This exercise, is linked with the title of the chapter which is not totally exact as the
present theory also includes Lévy processes of finite variation.

Exercise 5.1.11 Let f (x) = C
|x |1+α 1{x �=0}, for α ∈ (0, 2) and C > 0. Recall the con-

struction of Z (ε1,+)
t in step 2 of 4.1 and prove that E[|Z (ε1,+)

t |] is infinite if α ∈ (0, 1]
and finite for α ∈ (1, 2).16

Remark 5.1.12 Important consequences should be derived from the above exercise,
if we recall that the construction given in Theorem5.1.5 uses Doob’s inequality
and therefore L2(Ω) estimates. These estimates, in general, cannot be valid for the
process Z due to the above exercise. Therefore any construction may use L2(Ω)-
estimates for jumps close to zero and a.s. constructions for jumps away from zero.
This will be the case in most of the proofs that follow.

Exercise 5.1.13 Prove that for f (x) = C |x |−(1+α) 1{x �=0} for α ∈ [1, 2). Character-
ize for which values of p > 0, E[(Z+

t )p] < ∞. Recall the result in Exercise4.1.27
and compare. In particular note that the behavior at zero of f (x) is completely irrel-
evant in order to decide if the moments are finite or not.

As usual, one extends the construction to the negative jumps. The notation is also
extended in a natural fashion. That is, one defines Z− and Z = Z+ + Z−.

Theorem 5.1.14 {Z+
t ; t ≥ 0}, {Z−

t ; t ≥ 0} and {Zt ; t ≥ 0} are Lévy processes. The
characteristic function of Zt is given by

E[eiθ Zt ] = exp[ct
∫

R

(eiθx − 1 − iθx 1{|x |≤1}) f (x)dx].

As usual we say that the Lévy measure associated with Z is ν(dx) = c f (x)dx but
realize that the form of the characteristic function has an extra term in comparison
with Corollary 4.1.13 which is due to compensation with the local mean (that is,
considering only the jumps around zero) in order to gain integrability.

15Hint: Recall the solution of Exercise4.1.25. But also there is a very short way of proving this by
computing limn↑∞ μ(εn ,1).
16Therefore in general, variances of the process Zt cannot be studied unless one adds extra conditions
on f .
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Proof The proof is similar to the one of Theorem4.1.5 except for the càdlàg property,
which is straightforward. We leave the details to the reader just noting that when
proving the continuity in probability one has to realize that now the process Z+ is
neither positive nor increasing.

Theorem 5.1.15 Z satisfies that for all t ≥ 0

∑

0≤s≤t

(ΔZs)
2 < ∞, a.s.

Proof In fact, it is enough to prove this property for the jumps smaller than one as the
process with jumps bigger than one is a compound Poisson process. For the jumps
smaller than one, the property follows by taking limits and expectations. In fact, for
Z̄

E[
∑

0≤s≤t

(ΔZ̄+
s )2] = ct

∫

[0,1]
z2 f (z)dz < ∞.

The first exercise is about the distribution of measures of sets under the Poisson
random measure.

Exercise 5.1.16 Let A ⊂ R − (−ε, ε) for some ε > 0 such that
∫

A f (x)dx > 0.
Prove that the random variable

∫
A×[0,t] N (dx, ds) is a well-defined finite a.s. Pois-

son distributed random variable with parameter
∫

A×[0,t] f (x)dxds. Hint: Recall
Exercises3.4.9 and 4.1.19.

We can now obtain also some results about stable laws.

Exercise 5.1.17 Recall Exercise4.1.23 and check that the same results are satisfied
for α ∈ [1, 2). That is, define the process Zλ as the Lévy process associated with

the Lévy density f (x) := e−λ|x |

|x |1+α
1{x �=0}, where λ > 0 and α ∈ [1, 2). Find the weak

limit of Zλ
t as λ → 0. Prove that the density of the limit random variable is smooth.

For a hint, see Chap.14.

Remark 5.1.18 (i) We should remark that in the above exercise we are proving that
the density of the limit process Zt is infinitely smooth, which may be counterin-
tuitive at first due to the introduction of the stable process as limit of a sequence
of compound Poisson process.17 But, in fact, this limit procedure makes the
possibility of zero jumps disappear.

(ii) Also an important point in all the calculations is the symmetry of the Lévy
measure which makes calculations possible.

Exercise 5.1.19 The following exercise will test your understanding of the given
construction, as it is not strictly related with the previous results.

17Recall that in general, a compound Poisson process does not have a density.
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1. Consider a discrete Lévy measure of the type

ν(dx) =
∞∑

i=0

(ai − ai+1)
δai (dx) + δ−ai (dx)

a1+α
i

.

Here ai is a positive sequence decreasing monotonically to zero. Give conditions
on the sequence {ai }i in order to construct the associated Lévy process by using
compoundPoisson processeswith jumps having a discrete distribution.As before,
you may have to consider first the case α ∈ (0, 1) and then α ∈ [1, 2).18

2. Find the characteristic function for the process defined above. Prove that the
associated process has infinite differentiable densities. Here, you will need some
knowledge of how to derive regularity properties of the densities from the char-
acteristic function of the associated Lévy process.19

For a hint, see Chap.14.

Exercise 5.1.20 In this exercise, we will try to understand the behavior of small
jumps through the central limit theorem. Consider the process an Z̄ (εn ,+)

t for some
random sequence an and f (x) = C |x |−(1+α) 1{x �=0} for α ∈ [1, 2). Determine this
random sequence so that the following result is valid:

lim
n→∞P(an Z̄ (εn ,+)

t ∈ A) = P(Y ∈ A).

Here Y is a normal random variable. Determine themean and variance of this random
variable.20

For a hint, see Chap.14.

Exercise 5.1.21 This exercise is about the jump structure of Lévy processes as stated
by its Lévy measure and the sign of the associated Lévy process.

1. Prove that if the Lévy measure is given by f (x) = f (x) 1{x>0} with
∫
(x ∧

1) f (x)dx < ∞ then the associated Lévy process Z is positive and increasing
a.s.

2. Give an example in the general case with f (x) = f (x) 1{x>0} and
∫
(x2 ∧

1) f (x)dx < ∞, where P(Zt < 0) > 0 for all t > 0.

For a hint, see Chap.14.

Exercise 5.1.22 Prove that if {Ti ; i ∈ N} are the jump times associated with the
process Z (ε1,+) then the probability that the process Z̄+ jumps at any of these times
is zero.

For a hint, see Chap.14.

18Clearly, one may modify the Lévy measure so that asymptotically it is equivalent to this example.
We prefer this way of writing as it makes it clear the relation with the concept of a Lévy measure.
19Hint: See the results in Chap.9, in particular, Corollary 9.1.3.
20In fact, the limit is only determined by the behavior of f around zero. Therefore any change on
the function f away from zero will not change the limit behavior.
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Exercise 5.1.23 This exercise is the parallel of Exercise4.1.21 together with 4.1.23.

1. Prove that the exponent of the characteristic function obtained in 2. of Exer-
cise4.1.23 does not converge as α → 1.

2. Consider the process constructed in Theorem5.1.14 for f (x) := 1

|x |2 1{x �=0}.

Prove that the marginal laws are given by Cauchy laws.
3. Prove that the random variable Zt satisfies that the law of t−1Zt is independent

of t .
4. Prove that the density of Zt exists and is smooth.

For a hint, see Chap.14.

5.2 Itô Formula for the Lévy Process Z

We give a first Itô formula for the Lèvy process Z , which will be useful later in order
to understand how to define stochastic integrals. This is also a short section that will
serve as a test of the knowledge that you have accumulated so far. In particular, we do
not give all details and ask you to fill them out using previous results or an extension
of those results on which you may have to work on your own.

Recall that N̂ (dx, ds) = c f (x)dxds is the σ -finite measure corresponding to
the compensator of the Poisson random measure N (dx, ds). That is, the compen-
sated Poisson random measure is given by Ñ := N − N̂ . Therefore, one has, for
example Z+

t = ∫
[0,1]×[0,t] zÑ (dz, ds) + ∫

(1,∞)×[0,t] zN (dz, ds).

Exercise 5.2.1 Prove the above formula.

Theorem 5.2.2 (Itô formula for jump process) For h ∈ C2
b , we have for t ≥ 0

h(Zt ) =h(Z0) +
∫

R×[0,t]

{
h(Zs− + z) − h(Zs−) − h′(Zs−)z1{|z|≤1}

}
N (dz, ds)

+
∫

[−1,1]×[0,t]
h′(Zs)zÑ (dz, ds).

Here, we interpret the first integral as

∫

[−1,1]×[0,t]

{
h(Zs− + z) − h(Zs−) − h′(Zs−)z

}
N (dz, ds)

:= lim
n→∞

∫

[−1+εn ,1−εn ]×[0,t]

{
h(Zs− + z) − h(Zs−) − h′(Zs−)z

}
N (dz, ds).

The second integral is interpreted as

∫

[−1,1]×[0,t]
h′(Zs)zÑ (dz, ds) := lim

n→∞

∫

[−1+εn ,1−εn ]×[0,t]
h′(Zs)zÑ (dz, ds).
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Proof We will give the proof for Z+ and c = 1. First, taking n ≥ 2,

Z̄ (εn)
t =

∫

[0,1]×[0,t]
zN (εn)(dz, ds) −

∫

[εn ,1]×[0,t]
z f (z)dzds.

Then, derive an extension of Theorem3.4.24which gives that for Y n
t := Z̄ (εn)

t + Z (ε1)
t

h(Y n
t ) = h(Y n

0 ) +
∫

[0,1]×[0,t]
{
h(Y n

s− + z) − h(Y n
s−)

}
N (εn )(dz, ds)

+
∫

[1,∞)×[0,t]
{
h(Y n

s− + z) − h(Y n
s−)

}
N (ε1)(dz, ds) −

∫

[εn ,1]×[0,t]
h′(Y n

s )z f (z)dzds

= h(Y n
0 ) +

∫

[0,∞)×[0,t]
{
h(Y n

s− + z) − h(Y n
s−) − h′(Y n

s−)z 1|z|≤1
}
N (εn )(dz, ds)

+
∫

[0,1]×[0,t]
h′(Y n

s )zÑ (εn )(dz, ds).

The two terms above converge because
∫
[1,∞)×[0,t] |z|N (dz, ds) < ∞, a.s. and21

∫

[0,1]×[0,t]
|z|2N̂ (dz, ds) < ∞.

In fact, for the first term note that

∣
∣
∣
∣

∫

[0,1]×[0,t]

{
h(Y n

s− + z) − h(Y n
s−) − h′(Y n

s−)z
}
N (εn)(dz, ds)

∣
∣
∣
∣

≤ ‖h′′‖∞
∫

[0,1]×[0,t]
|z|2N (εn)(dz, ds).

For the second term, we have

E

[∣
∣
∣
∣

∫

[0,1]×[0,t]
h′(Y n

s )zÑ (εn)(dz, ds)

∣
∣
∣
∣

]

≤ C‖h′‖∞
∫

[0,1]×[0,t]
|z|2N̂ (εn)(dz, ds).

Therefore the result follows after completing the details.

Remark 5.2.3 (i) Actually the last part in the previous proof is quite important in
what follows because through it, one understands that the estimation of stochas-
tic integrals in the case of infinite variationLévyprocesses has to bedone through
estimates in L2(Ω) for jumps close to zero while for jumps away from zero,
the Itô formula is proven a.s. as L2(Ω) estimates cannot be obtained in general.
Also recall that the above estimates are obtained using the supremum norm for
t in compact intervals.

21Prove this. Note that the first term converges in absolute variation, while the second only converges
in the L2(Ω) sense with the supremum norm in time. For this reason, for the first term one uses
two derivatives, while for the second one only uses the first derivative.
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(ii) Depending on the proof that you propose you may need to prove that any càdlàg
function on a compact interval has a bounded image.

(iii) If you understood the proof correctly you will see that the jumps of size smaller
than one are considered twice in the Itô formula above. This is done in order to
achieve the finite integrability of each term. In the first term, the convergence is
in the sense of finite variation a.s. In the second term the integrability is in the
L2(Ω) sense.

Exercise 5.2.4 For a possible line of proof of the above result, check in Chap.14.
For a hint, see Chap.14.

5.3 Stochastic Integrals with Respect to Infinite Variation
Lévy Processes and Their Corresponding SDEs

Note that up to now, the stochastic integrals with respect to compound Poisson
processes were defined simply as finite sums. The case of finite variation was con-
sidered as integrals with respect to bounded variated functions. The integral with
respect to a compound Poisson process can be considered as a particular case of an
integral with respect to a bounded variated function. In the discussion just before
Proposition5.1.6, we have introduced the σ -finite measure N for which integrals
can be defined which generalized all previously defined integrals.

We will now generalize these integrals into cases where the integral understood as
an integral with respect to σ -finite measures cannot be defined. This will be related
with our previous definitions of stochastic integrals. This will be done using the key
idea in the last part of the proof of Theorem5.2.2 and which is further highlighted in
Remark5.2.3. Before this, as before we will separate the jumps that are greater than
one which can then be considered as a measure integral and therefore the integral can
be defined without compensation. As before, we define (Ft )t∈[0,T ] as the smallest
filtration such that the process Z is adapted to it, the filtration is complete and right-
continuous. We also define the class of predictable processes which are generated
by the left-continuous processes adapted to (Ft )t∈[0,T ]. In particular, note thatF0 is
the trivial sigma field completed with all null sets.

Definition 5.3.1 Define the predictable σ -field as

P = σ(F0 × {0}, F × (s, t]; 0 ≤ s < t ≤ T, F ∈ Fs, F0 ∈ F0).

We say that a process g : Ω × [0, T ] → R is predictable if it is measurable with
respect toP .

Exercise 5.3.2 Prove that Definition3.5.1 and the one above coincide.

Remark 5.3.3 At this point, note that we had to complete the filtration, making
it right-continuous so that the filtration satisfies what is called “usual conditions”.
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This is done in order to avoid some situations where the proofs become awkwardly
difficult. In general, when checking results in other sources, one always has to be
careful to see if the stated results are valid with filtrations of this kind or otherwise.
But happily for us in the case of Lévy processes, completed filtrations are right-
continuous. See, for example, [48], Theorems 25 and 31 in the Preliminaries.22

Theorem 5.3.4 Let g : [0, 1] × [0, T ] → R be a jointly measurable function so that∫
[0,1]×[0,T ] |g(z, s)|2N̂ (dz, ds) < ∞. Then the stochastic integral

∫
[0,1]×[0,T ] g(z, s)

Ñ (dz, ds) is defined as the limit of the stochastic integrals
∫
[0,1]×[0,T ] gn(z, s)Ñ

(dz, ds) for any sequence of step functions gn such that gn(z, s) = gn(z, s) 1|z|>εn

and

lim
n→∞

∫

[0,1]×[0,T ]
|(gn − g)(z, s)|2N̂ (dz, ds) = 0.

Furthermore {∫[0,1]×[0,t] g(z, s)Ñ (dz, ds); t ∈ [0, T ]} is a (Ft )t∈[0,T ]-martingale
and

E

[∣
∣
∣
∣

∫

[0,1]×[0,t]
g(z, s)Ñ (dz, ds)

∣
∣
∣
∣

2
]

=
∫

[0,1]×[0,T ]
|g(z, s)|2N̂ (dz, ds).

Proof There are different ways of doing this. One of them is as follows: First, we
note that we need to define the concept of the stochastic integral. Assume that g
is positive and bounded. Then, there exists a sequence of simple functions gn so
that they are monotone in n and converge to g. Then one needs to slightly modify
the sequence gn so that jumps around zero do not appear in the definition of the
stochastic integral. Then consider the L2(Ω) norms and prove that the sequence
of well-defined stochastic integrals of gn converges by proving that the stochastic
integrals are a Cauchy sequence in L2(Ω). Next prove that for any other sequence
of simple functions satisfying that it vanishes around zero and converges to g in the
norm stated, their stochastic integrals converge, therefore obtaining that the stochastic
integral is well defined.

For the martingale property, this is a repetition (and it was done on purpose so that
now you should be well trained for this), of the proof of Theorem3.4.11 if g were
bounded. Note that all instances of a.s. convergence used in Theorem3.4.11 have to
be replaced now by convergence in L2(Ω) which can be achieved due to the results
in Theorem3.4.31.

After this step, one starts by completing all other cases. That is, complete the
arguments for the case that g = g+ − g− for two positive bounded functions g+ and
g−.

Once all integrals have been defined, one can take any sequence gn in an even
more general sense than the one in the statement to prove the convergence in L2(Ω).

This proves that the stochastic integral defined through the particular sequence is
independent of the approximation sequence of functions gn , n ∈ N taken.

22In fact, even the independent increment property will suffice.
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You can also recall the proof you have provided for Theorem5.2.2. Therefore the
details of the proof are left as an exercise.

Exercise 5.3.5 If you have finished the proof, state exactly in what sense is the limit
taken in the statement of Theorem5.3.4.

For a hint, see Chap.14.

Exercise 5.3.6 Prove that
∫
[0,1]×[0,T ] zN (dz, ds) = ∞, a.s. but

∫
[0,1]×[0,T ] zÑ

(dz, ds) < ∞, a.s. This explains that the extension of the integral is meaningful
and that we need to understand the integral as a stochastic integral. Clearly, when
both integrals (the one defined as an integral with respect to σ -measure and the
stochastic integral) exist they coincide.

Exercise 5.3.7 Use the techniques introduced in the proof of Theorem5.1.5 in order
to prove that the stochastic integral just defined has càdlàg paths (a.s.).

Exercise 5.3.8 Use the independent increment property of the Lévy process Z to
prove that the random variable

∫
[0,1]×(u,T ] g(z, s)Ñ (dz, ds) is independent of Fu .

In fact, prove that
∫
[0,1]×(u,T ] g(z, s)Ñ (dz, ds) ∈ σ(Zs − Zu; s ∈ (u, T ]).

Theorem 5.3.9 Let g : Ω × [0, 1] × [0, T ] → R be a predictable process with

E[
∫

[0,1]×[0,T ]
|g(z, s)|2N̂ (dz, ds)] < ∞.

Assume that gn is a sequence of step processes of the type

gn(ω, z, s) = 1G0×{0}(ω, s)h0(z) +
n−1∑

i=0

1Fi ×(ti ,ti+1](ω, s)gi (z).

Here, {0 = t0 < ... < tn = T } is a partition of the interval [0, T ] such that |πn| :=
maxi=0,...,n−1(ti+1 − ti ) → 0 as n → ∞, G0 ∈ F0, Fi ∈ Fti and h0, gi : [0, 1] →
R are measurable functions such that

lim
n→∞E[

∫

[0,1]×[0,T ]
|(gn − g)(z, s)|2N̂ (dz, ds)] = 0.

Then the sequence of stochastic integrals
∫
[0,1]×[0,T ] gn(z, s)Ñ (dz, ds) converges in

L2(Ω). Its limit is called the stochastic integral of g with respect to Z and is denoted
by

∫
[0,1]×[0,T ] g(z, s)Ñ (dz, ds) and when considered as a process the stochastic

integral is a (Ft )t∈[0,T ]-martingale with càdlàg paths. In the particular case that g
does not depend on Z, we may also use the notation

∫ T
0 g(s)d Zs.

Proof The proof is just again a repetition of the proof in the previous theorem with
appropriate changes. Therefore now the exercise is to think how to extend the previous
proof to the current case using conditional expectations properly.
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Exercise 5.3.10 Prove that for any F ∈ Fu and the stochastic integrals defined
above satisfy the following formula:

1F

∫

[0,1]×(u,T ]
g(z, s)Ñ (dz, ds) =

∫

[0,1]×(u,T ]
1F g(z, s)Ñ (dz, ds).

Exercise 5.3.11 Prove that the sequence gn(ω, z, s) satisfying the hypotheses of
Theorem5.3.9 can always be constructed under the hypothesis that

E[
∫

[0,1]×[0,T ]
|g(z, s)|2N̂ (dz, ds)] < ∞.

Exercise 5.3.12 Give the corresponding construction for the stochastic integral con-
sidered in [1,∞) × [0, T ].
Exercise 5.3.13 In each of the two cases: stochastic integrals over [0, 1] × [0, T ]
and stochastic integrals over [1,∞) × [0, T ], give bounds for the L2(Ω) norms of
the corresponding stochastic integrals. That is, prove that

E

[∣
∣
∣
∣

∫

[0,1]×[0,T ]
g(z, s)Ñ (dz, ds)

∣
∣
∣
∣

2
]

≤ CE

[∫

[0,1]×[0,T ]
|g(z, s)|2N̂ (dz, ds)

]

,

E

[∣
∣
∣
∣

∫

[1,∞)×[0,T ]
g(z, s)N (dz, ds)

∣
∣
∣
∣

2
]

≤ CE

[∫

[1,∞)×[0,T ]
|g(z, s)|2N̂ (dz, ds) +

∣
∣
∣
∣

∫

[1,∞)×[0,T ]
g(z, s)N̂ (dz, ds)

∣
∣
∣
∣

2
]

.

Furthermore prove the following bound in L1(Ω):

E

[∣
∣
∣
∣

∫

[1,∞)×[0,T ]
g(z, s)N (dz, ds)

∣
∣
∣
∣

]

≤ CE

[∫

[1,∞)×[0,T ]
|g(z, s)|N̂ (dz, ds)

]

.

Now we give the corresponding Itô formula for this case. The proof is left as an
exercise.

Theorem 5.3.14 Consider the process Yt := ∫
[0,1]×[0,t] g(z, s)Ñ (dz, ds), where

g : Ω × [0, 1] × [0, T ] → R satisfies the same conditions as in Theorem5.3.9 and
h ∈ C2

b (R), then for any t ≤ T

h(Yt ) = h(Y0) +
∫

[0,1]×[0,t]
h(Ys− + g(z, s)) − h(Ys−) − h′(Ys−)g(z, s)N (dz, ds)

+
∫

[0,1]×[0,t]
h′(Ys−)g(z, s)Ñ (dz, ds).
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Exercise 5.3.15 Supposing that h ∈ C2
b (R), prove the following Itô formula for

Zt = ∫
[0,1]×[0,t] zÑ (dz, ds) + ∫

(1,∞)×[0,t] zN (dz, ds):

h(Zt ) = h(Z0) +
∫

R×[0,t]
{h(Zs− + z) − h(Zs−) − h′(Zs−)z 1{|z|≤1}}N (dz, ds)

+
∫

[0,1]×[0,t]
h′(Zs−)zÑ (dz, ds).

This exercise may confuse you if you compare with the result in Theorem5.2.2. In
fact, the problem here is to prove that the procedure used in the definition of Z+ in
Sect. 5.1 and the definition as stochastic integral given above coincide.

Remark 5.3.16 Generalizations similar to Theorem4.1.36 can be obtained. We will
somewhat assume in what follows that the proof of these generalizations is well
understood.23 We will in fact, use the following result, which you can try to prove as
an exercise.

In order to understand the next theorem it is good to recall the discussion about
predictability in Sect. 3.5. We also define the following σ field

Ft := σ (N ( 1A×B); B ⊂ [0, t], A ⊂ R − (−ε, ε), for some ε > 0) .

We say that a process a : Ω × R × [0, T ] → R is progressively measurable if its
restriction a 1[0,t] isFt ⊗ B([0, t] × R)-measurable for any t ≥ 0.

Theorem 5.3.17 Assume that X satisfies the stochastic equation

Xt =X0 +
∫ t

0
bsds +

∫

(1,∞)×[0,t]
a1(z, s)N (dz, ds) +

∫

[0,1]×[0,t]
a2(z, s)Ñ (dz, ds).

Here a1, a2 : Ω × R × [0, T ] → R and b : Ω × [0, T ] → R are predictable pro-
cesses such that they satisfy |a2(z, s)|2 ≤ C |z|2, |bs | + |a1(z, s)| ≤ C for some posi-
tive constant C and all z ∈ R, s ∈ [0, T ]. Then the above integrals are finite almost
surely and the following Itô formula is satisfied:

h(Xt ) = h(X0) +
∫ t

0
h′(Xs)bsds +

∫

(1,∞)×[0,t]
{h(Xs− + a1(z, s)) − h(Xs−)}N (dz, ds)

+
∫

[0,1]×[0,t]
{h(Xs− + a2(z, s)) − h(Xs−) − h′(Xs−)a2(z, s)}N (dz, ds)

+
∫

[0,1]×[0,t]
h′(Xs−)a2(z, s)Ñ (dz, ds).

23Otherwise as an exercise you can try to think each time how to prove the needed version of the
Itô formula.
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Exercise 5.3.18 Write the Itô formula for the following case:

Xt =X0 +
∫ t

0
bsds +

∫

(0,∞)×[0,t]
a1(z, s)N (dz, ds) +

∫

[0,1]×[0,t]
a2(z, s)Ñ (dz, ds).

Herewe assume the conditions a1, a2 : Ω × R × [0, T ] → R and b : Ω × [0, T ] →
R are predictable processes such that they satisfy |a1(z, s)| ≤ C |z|2 |a2(z, s)|2 ≤
C |z|2, |bs | ≤ C for some positive constant C and all z ∈ R, s ∈ [0, T ].
We will now turn to the study of stochastic equations driven by Lévy processes
of the type that we have introduced. Recall that we have already discussed certain
stochastic differential equations with jumps in Theorems/Propositions3.6.8, 4.2.9,
4.2.2 and 3.6.5. The techniques in each case were slightly different. Either through
explicit calculation or through the definition of the correct norm in order to apply
some type of approximation procedure or fixed-point-type theorem.

Theorem 5.3.19 Suppose that a : R → R be a Lipschitz bounded function and that
the Lévy measure satisfies that

∫ |z|2 f (z)dz < ∞. Then there exists a unique solution
to the stochastic equation

Xt = x +
∫

[−1,1]×[0,t]
a(Xs−)zÑ (dz, ds) +

∫

[−1,1]c×[0,t]
a(Xs−)zN (dz, ds),

which satisfies that E[|Xt |2] ≤ C for all t ∈ [0, T ].
Proof We will only give the ideas for uniqueness and leave the rest of the details
to the reader. In case you need more help you may look at Theorem6.2.3 in [2].
Remember that you need to define what is meant by solution of the above stochastic
equation.

In order to be prepared to carry out this proof you have to remember all the
previous methods used for proving existence and uniqueness for stochastic equations
described in previous chapters.

Consider two solutions X and Y satisfying that E[|Xt |2 + |Yt |2] ≤ C for all t ∈
[0, T ]. Then using a “good” approximation for the function g(x) = |x |2, one applies
the Itô formula for |Xt − Yt |2; this gives

|Xt − Yt |2 =
∫

[−1,1]c×[0,t]
2(Xs− − Ys−)(a(Xs−) − a(Ys−))zN (dz, ds)

+
∫

R×[0,t]
(a(Xs−) − a(Ys−))2z2N (dz, ds)

+
∫

[−1,1]×[0,t]
2(Xs− − Ys−)(a(Xs−) − a(Ys−))zÑ (dz, ds).

Taking expectations and Gronwall’s lemmawill give the result if
∫ |z|2 f (z)dz < ∞.
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In general, if one only has that
∫
1 ∧ |z|2 f (z)dz < ∞. then one needs an extra

argument.
Suppose that we restrict our study to the time interval up to the first jump of size

bigger than one. Then the norm that we will use in order to prove existence and
uniqueness will be E[|Xt − Yt |21(t < T1)].24 Therefore we obtain the uniqueness of
solutions up to the first jump bigger than one. By iteration one obtains the general
result.

Similarly, a localization argument will solve the case when a is not bounded but
just Lipschitz. For that the following exercise is useful.

Exercise 5.3.20 Given a Lipschitz function a, prove that there exists a sequence of
Lipschitz bounded functions an such that:

• an(x) = a(x) for all x ∈ [−n, n].
• The Lipschitz constant of an is uniformly bounded independent of n. That is, there
exists a constant C such that |an(x) − an(y)| ≤ C |x − y| for all x, y ∈ R.

• For each n there exists a constant Cn such that |an(x)| ≤ Cn.

For a hint, see Chap.14.

Exercise 5.3.21 Compute E[X2
t ] for the solution of the linear equation

Xt = x +
∫

[−1,1]×[0,t]
Xs−zÑ (dz, ds).

For a hint, see Chap.14.

Exercise 5.3.22 Consider the solution process X for the equation studied in
Theorem5.3.19 with f (x) = c

|x |1+α 1|x |>1, α ∈ (1, 2). Prove that there exists a unique

solution. Prove that E[|Xt |β] < ∞ for 0 < β < α.
For a hint, see Chap.14.

5.4 Some Extensions of Jump Processes

In this section, we briefly discuss some extensions of jump processes which are used
in applications.

In the following exercises, we will briefly discuss some extensions of jump pro-
cesses.

Exercise 5.4.1 Consider over the set [0,∞) × R a σ -finite measure λ. That is,
there exists a family of disjoint sets An , n ∈ N such that ∪n∈N An = [0,∞) × Rwith
λ(An) < ∞. For n ∈ N, define N n to be a sequence of i.i.d. Poisson random variables
with parameter λ(An). Next, we define for each n, independent of all {N n; n ∈ N} a

24Notice the difference with the norms used in the proofs of Theorems4.2.2 and 4.2.9.
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sequence of i.i.d. random variables Zi
n , i ∈ N with the law P(Zi

n ∈ dz) = λ(dz)
λ(An)

, z ∈
An . Therefore the family of random variables {N n, Zi

n; i, n ∈ N} is also independent.
Define the following family of random variables for any A measurable subset of
[0,∞) × R,

N n(A) :=
N n
∑

i=1

1(Zi
n ∈ A).

1. Find the law of N n(A).
2. Prove that N n(A) and N n(B) are independent if A and B are disjoint.
3. Find the law of A = ∑∞

n=1 N
n(A).

4. Prove that N (A) and N (B) are independent if A and B are disjoint.

This defines a generalized form of Poisson random measure. In fact, we do not need
that the measure λ has to be absolutely continuous with respect to the Lebesgue
measure as in previous chapters.

For a hint, see Chap.14.

Exercise 5.4.2 Suppose that λ(A) = ∫
A λ(t) f (x)dtdx , where λ(t) f (x) ≥ 0 and

λ([0,∞) × R) < ∞. Find the law of the first jump defined as T1 :=
inf{s > 0,N ([0, s] × R) > 0}. This generalization allows the definition of the so-
called non-homogeneous Poisson process.25 Hint: Recall Lemma 2.1.6.

Extrapolate the result for the case that λ([0,∞) × R) = ∞.

For a hint, see Chap.14.

Exercise 5.4.3 Let N i , M i , i ∈ N be a sequence of independent Poisson random
measures associated with simple Poisson processes with parameters λi , μi , i ∈ N.
Define X as the process solution of the following stochastic equation:

Xt = 1 +
∞∑

i=1

∫

{1}×[0,t]
1{Xs−=i}N i (dz, ds) −

∞∑

i=1

∫

{1}×[0,t]
1{Xs−=i}M i (dz, ds).

Describe the movement of this process. This corresponds to the so-called birth and
death process with birth rates given by (λi )i and death rates given by (μi )i .

1. Prove the existence and uniqueness of the process X solution of the above equa-
tion.

2. Prove that once Xs = 0 for some s > 0 then the process will always remain at
zero.

3. Compute the conditional probabilities P(Xt = i + 1, Xu = i, u ∈ [s, t)/Xs = i)
and P(Xt = i − 1, Xu = i, u ∈ [s, t)/Xs = i) for s < t.

4. Prove that X is a Markov process. That is, E[ f (Xt )/F X
s ] = E[ f (Xt )/Xs]. Here

F X
s denotes the σ -algebra generated by the process {Xu; u ∈ [0, s]}.

25We hope that the abuse of notation using λ for the measure and the function that defines λ does
not cause confusion.



120 5 Construction of Lévy Processes and Their Corresponding …

Finally, compare the results above with similar results for the solution of the equation

Xt = 1 +
∞∑

i=1

∫

{1}×[0,t]
1{Xs−≥i}N i (dz, ds) −

∞∑

i=1

∫

{1}×[0,t]
1{Xs−≥i}M i (dz, ds).

In particular discuss the interpretation of {λi , μi }i in each case.

5.5 Non-homogeneous Poisson Process

A counting process is any increasing process. The following three definitions are
equivalent.

Definition 5.5.1 (The infinitesimal definition) A counting process N = (Nt )t≥0 is a
non-homogeneous Poisson process with rate function λ : [0,∞) → R+ if:

(i) N has independent increments.
(ii) P(Nt+h − Nt = 1) = λ(t)h + o(h) and P(Nt+h − Nt > 1) = o(h) as h → 0.

Definition 5.5.2 (The axiomatic definition) A counting process N = (Nt )t≥0 is
a non-homogeneous Poisson process with integrable positive rate function λ =
(λ(t))t≥0 if:

(i) N has independent increments.
(ii) for any t ≥ 0 and h > 0, P(Nt+h − Nt = k) = em(t+h)−m(t) (m(t+h)−m(t))k

k! , where
m(t) := ∫ t

0 λ(s)ds.

Definition 5.5.3 (The constructive definition) A counting process N = (Nt )t≥0 is a
non-homogeneous Poisson process with rate function λ = (λ(t))t≥0 if there exists a
Poisson process Y = (Y (t))t≥0 with rate λ = 1 such that26

Nt = Y

(∫ t

0
λ(s)ds

)

= Y (m(t)).

Remark 5.5.4 (i) By the independent increment property ofY , the process N satisfies
theMarkov property (recall Theorem3.2.9). On the other hand,P(Nt+h − Nt = k) =
P(Nh = k) is not satisfied in general, so N is a non-homogeneous Markov process.
(ii)Note that the non-homogeneousPoisson process is used inmodels such as renewal
population dynamics, reliability theory, biology and finance. This process satisfies:

P(Nh = 0) = exp

(

−
∫ h

0
λ(s)ds

)

= exp(−m(h)).

26Note thatwe have slightly changed the notation so that it is easier to read. That is,Y
(∫ t

0 λ(s)ds
)

≡
Y (u)|u=∫ t

0 λ(s)ds .
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(iii) Let Mt := Nt − ∫ t
0 λ(s)ds, then Mt also satisfies the martingale property.

(iv) Let (τ Y
n )n∈N and (τ N

n )n∈N be jump times of Y and N , then it holds that

τ Y
n = ∫ τ N

n
0 λ(s)ds.

Exercise 5.5.5 Prove the above properties using the constructive definition. Find
the conditional distribution of jump times in the interval [0, t] under the condition
that Nt = k for fixed k > 0.

Proposition 5.5.6 Let N = (Nt )t≥0 be a non-homogeneous Poisson process with
positive integrable rate function λ = (λ(t))t≥0. Then

E[Nt ] = E

[

Y

(∫ t

0
λ(s)ds

)]

=
∫ t

0
λ(s)ds,

E[N2
t ] − E[Nt ]2 = E

[

Y 2
(∫ t

0
λ(s)ds

)]

− E

[

Y

(∫ t

0
λ(s)ds

)]2
=

(∫ t

0
λ(s)ds

)2

,

E[e−iθ Nt ] = E

[

exp

(

−iθY

(∫ t

0
λ(s)ds

))]

= exp

(

(eiθ − 1)

(∫ t

0
λ(s)ds

))

.

5.5.1 Stochastic Equation Driven by a Poisson Process

In this subsection, we will study the following stochastic equation:

Nt = N0 + Y

(∫ t

0
λ(Ns)ds

)

, N0 ∈ [0,∞), (5.5)

where λ is a positive measurable function which satisfies
∫ t
0 λ(Ns)ds < ∞. The

solution process to the above equation N is also a counting process. This model may
be interpreted as a self-exciting model. The fact that N increases makes the rate of
the Poisson process increase (assuming that λ ≥ 0) and therefore more jumps are
likely. The reverse effect may be achieved if we accept that λ may take negative
values but then we will have to modify the argument in Y to max{∫ t

0 λ(Ns)ds, 0}.
Proposition 5.5.7 Let Y = (Y (t))t≥0 be a Poisson process with rate 1 and (τn)n∈N
be the jump times of Y . Then there exists a unique solution to the Eq. (5.5) which is
given by

Nt = N0 +
∑

n≥1

1(Tn ≤ t), t ∈ [0, T∞)

where τ0 = T0 = 0 and for any n ∈ N,

Tn := Tn−1 + τn − τn−1

λ(N0 + n − 1)
=

n∑

k=1

τk − τk−1

λ(N0 + k − 1)
,
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and T∞ := limn→∞ Tn.

Remark 5.5.8 Note that if λ is bounded, then Tn ≥ τn/||λ||∞, so T∞ = ∞. If λ(t) :=
t p for p > 1, then

E[Tn] =
n∑

k=1

1

(N0 + k − 1)p
.

Therefore, by the monotone convergence theorem, we have

E[T∞] =
∞∑

k=1

1

(N0 + k − 1)p
< ∞,

thus P(T∞ < ∞) = 1.

Proof (Proof of Proposition 5.5.7)We define Nt = N0 + ∑
n≥1 1(Tn ≤ t). Then we

prove Nt is a solution of (5.5).
Assume that t ∈ [0, T1). Then Nt = N0 = N0 + Y (0) = N0 + Y (

∫ t
0 λ(Ns)ds), so

Nt is a solution to the SDE (5.5) on [0, T1).
Assume that t ∈ [Tn, Tn+1) for n ≥ 1. Then Nt = N0 + n. We first prove that∫ t

0 λ(Ns)ds ∈ [τn, τn+1). From the definition of Tn , we have

∫ t

0
λ(Ns)ds =

n−1∑

k=0

(∫ Tk+1

Tk

+
∫ t

Tn

)

λ(Ns)ds =
n−1∑

k=0

∫ Tk+1

Tk

λ(N0 + k)ds +
∫ t

Tn

λ(N0 + n)ds

=
n−1∑

k=0

λ(N0 + k)(Tk+1 − Tk) + λ(N0 + n)(t − Tn)

=
n−1∑

k=0

λ(N0 + k)
τk+1 − τk

λ(N0 + k)
+ λ(N0 + n)(t − Tn)

= τn + λ(N0 + n)(t − Tn).

Since t ∈ [Tn, Tn+1), we have
∫ t
0 λ(Ns)ds ≥ τn and

∫ t

0
λ(Ns)ds = τn + λ(N0 + n)(t − Tn) < τn + λ(N0 + n)(Tn+1 − Tn) = τn + (τn+1 − τn)

= τn+1,

thus we conclude Y (
∫ t
0 λ(Ns)ds) = n. Therefore, it holds that

Nt = N0 + n = N0 + Y

(∫ t

0
λ(Ns)ds

)

,

which implies Nt is a solution to the SDE (5.5). The proof of uniqueness is left for
the reader.
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5.5.2 Generator: Time Homogeneous Case

We will now deal with Itô’s formula. In order to learn about generators and their
interpretation as an alternative form of Itô formula we give the following proposition.

Proposition 5.5.9 Let N be a homogeneous Poisson process with rate λ > 0. Then
for h : N → R

h(Nt ) − h(N0) −
∫ t

0
Ah(Ns)ds

is a Ft := σ(Ns; s ≤ t) martingale if E[sups≤t |h(Ns)|] ∨ E[|Ah(Nt)|] < ∞ for all
t > 0, where

Ah(n) := λ(h(n + 1) − h(n)).

A is usually called the generator of the process N . Note that previously (see
Theorem3.5.3) by assuming that f is bounded we proved the above proposition.
Therefore one of the goals of the above statement is to say that the martingale prop-
erty can be established under quite general conditions.

Proof Let Mt := Nt − λt . It follows from Itô’s formula that

h(Nt ) = h(N0) +
∫ t

0
(h(Ns− + 1) − h(Ns−)) d Ns

= h(N0) +
∫ t

0
(h(Ns− + 1) − h(Ns−)) (d Ms + λds)

= h(N0) +
∫ t

0
Ah(Ns)ds +

∫ t

0
(h(Ns− + 1) − h(Ns−)) d Ms .

The conditionE[|Ah(Nt )|] < ∞ implies that
∫ t
0 E[|Ah(Ns)|]ds < ∞ (this we leave

as an exercise). Therefore the above stochastic integral is a uniformly integrable
martingale. Using the martingale property of Mt , the stochastic integral term above
is a martingale.

Exercise 5.5.10 • Prove that Ah(n) = limε↓0 E[h(Nt+ε)|Nt =n]−h(n)

ε
.

• Prove that E[|Ah(Nt)|] < ∞ implies that
∫ t
0 E[|Ah(Ns)|]ds < ∞.27

• Prove that in the statement of Proposition5.5.9, the following weaker condition:
E[|h(Nt )|] ∨ E[|Ah(Nt)|] < ∞, for all t > 0, is enough to obtain the same con-
clusion.28

Although the above proposition may seem too technical for a beginner (in fact, one
may start the discussion just supposing that h is uniformly bounded), this proposition

27Hint: Prove that
∫ t
0 E[|Ah(Ns)|]ds ≤ teλt

E[|Ah(Nt )|].
28Hint: Use the fact that

∫ t
u h(Ns− + 1) − f (Ns−)d Ns = ∑∞

k=1(h(k) − h(k − 1) 1{u<Tk≤t}.
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and its exercises help the reader understand that the issue of extending the domain
of the generator as much as possible is important because this tells us to what extent
the Itô formula is valid between many other important conclusions.

5.5.3 Generator: Non-homogeneous Case

Proposition 5.5.11 Let N be a non-homogeneous Poisson process with a bounded
rate function λ : (0,∞) → (0,∞). Then for a bounded function h we have that

h(Nt ) − h(N0) −
∫ t

0
Ash(Ns)ds

is a {Ft := σ(Ns; s ≤ t); t ≥ 0}-martingale where

Ash(n) := λ(s)(h(n + 1) − h(n)).

Furthermore if λ is a continuous function then

lim
ε→0

E[h(Nt+ε) − f (Nt )]
ε

= E[λ(t)(h(Nt + 1) − h(Nt ))].

Proof Let Mt := Nt − ∫ t
0 λ(s)ds. It follows from Itô’s formula (Proposition3.4.24)

that

h(Nt ) = h(N0) +
∫ t

0
(h(Ns− + 1) − h(Ns−)) d Ns

= h(N0) +
∫ t

0
(h(Ns− + 1) − h(Ns−)) (d Ms + λ(s)ds)

= h(N0) +
∫ t

0
Ash(Ns)ds +

∫ t

0
(h(Ns− + 1) − h(Ns−)) d Ms .

Using a martingale property of Mt , the term of the stochastic integral is a martingale.

5.5.4 Generator for the Solution to the SDE (5.5)

Let N be the solution to the SDE (5.5).

Exercise 5.5.12 Compute P(Nt = 0) and P(Nt = 1).

Exercise 5.5.13 Fix s > 0. Prove that Nt − Ns , t > s solves the equation
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Zs,t (y) = Y (

∫ t

s
λ(Zs,u(y) + y)du).

Prove that the above equation has a unique solution.

Define Es,n[h(t, Nt )] := E[ f (t, Nt )|Ns = n]. Then we define the generator of N by

Ah(t, n) := lim
ε↓0

Et,n[h(t + ε, Nt+h) − h(t, Nt )]
ε

.

Then one can prove the following proposition:

Proposition 5.5.14 The generator of the solution of Eq. (5.5) is given by

Ah(n) = λ(n)(h(n + 1) − h(n))

for any compactly supported function h.

5.5.5 SDE Driven by Poisson Process

5.5.5.1 ODE and Homogeneous Poisson Process

We first consider an SDE driven by homogeneous Poisson process. The result and its
proof is a generalization of Theorem3.6.5 in the particular case that b(x, z) ≡ b(x).

Proposition 5.5.15 Assume that the ODE

xt = x0 +
∫ t

0
μ(xs)ds

has a unique solution for any x0 ∈ R. Let N be a homogeneous Poisson process with
the rate λ > 0. Then the SDE

Xt = x0 +
∫ t

0
μ(Xs)ds +

∫ t

0
β(Xs−)d Ns (5.6)

has a unique solution.

Note that the generator of the solution (5.6) is given by

Ah(x) = μ(x)h′(x) + λ(h(x + β(x)) − h(x)).

5.5.5.2 ODE and Non-homogeneous Poisson Process

Now we consider an SDE driven by a non-homogeneous Poisson process.
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Proposition 5.5.16 Assume that the ODE

xt = x0 +
∫ t

0
μ(xs)ds

has a unique solution for any x0 ∈ R. Let Y = (Yt )t≥0 be a homogeneous Poisson
process with rate 1. Then the SDE

Xt = x0 +
∫ t

0
μ(Xs)ds + Y

(∫ t

0
λ(Xs)ds

)

(5.7)

has a unique solution on [0, τ∞), where τ∞ = inf{t > 0|Xt = ∞}.
Proof Let (Tn)n be the jump times of Y . Now we fix ω ∈ Ω .

(i) We solve the ODE:

Xt = x0 +
∫ t

0
μ(Xs)ds

on t ∈ [0, τ1), where τ1 := inf{t > 0| ∫ t
0 λ(Xs)ds ≥ T1}, and let Xτ1− := limt↑T1 Xt .

(ii) Xτ1 := Xτ1− + 1.
(iii) We solve the ODE:

Xt = Xτ1 +
∫ t

τ1

μ(Xs)ds

on t ∈ [τ1, τ2), where τ2 := inf{t > 0| ∫ t
τ1

λ(Xs)ds ≥ T2 − T1}. Then

Xt = Xτ1 +
∫ t

τ1

μ(Xs)ds = Xτ1− + 1 +
∫ t

τ1

μ(Xs)ds

= x0 +
∫ t

0
μ(Xs)ds + 1

= x0 +
∫ t

0
μ(Xs)ds + Y

(∫ t

0
λ(Xs)ds

)

.

Repeating the above procedure, we can solve the SDE (5.7).

There are many interesting questions related to these types of process. In fact, the
interesting situation is when the function λ takes large values and therefore a large
number of jumps happen. For more on this, the reader may search for keywords such
as self-excited models or Hawkes process (see also Exercise5.5.18 below as well as
Refs. [23, 28, 29] or [32] between others).
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Exercise 5.5.17 (A non-linear equation)
Consider N n to be a sequence of independent Poisson random measures with

compensator given by 1(n ≤ z < n + 1)dzds. We define a σ -finite randommeasure
as

N (A) =
∞∑

n=1

N n(A).

Here A ⊂ [0,∞) × R is any set of finite Lebesgue measure. With these definitions
we study existence and uniqueness for the following equation for x > 0:

Xt = x + t −
∫

R×[0,t]
Xs− 1(z ≤ a(Xs−,E[Xs−]))N (dz, ds).

Here a : R2 → R+ is a bounded Lipschitz function. Prove that the above equation
has a unique solution.

Here we give just a brief argument which should be completed by the reader. In
order to prove existence or uniqueness one has to be able to compare two solutions.
Suppose that X and Y are two solutions of the equation. Then consider

Xt − Yt =
∫

R×[0,t]
(Xs− − Ys−) 1(z ≤ a(Xs−,E[Xs−]))N (dz, ds)

+
∫

R×[0,t]
Ys− ( 1(z ≤ a(Xs−,E[Xs−])) − 1(z ≤ a(Ys−,E[Ys−])))N (dz, ds)

:= A1 + A2.

If we consider the expectation of the absolute value of the second term above, we
have

E|A2| ≤
∫

R×[0,t]
E

[
Ys− |a(Xs−,E[Xs−]) − a(Ys−,E[Ys−])|] ds.

The argument can be completed by arguments that you can see in other stochastic
equations treated previously and the fact that Yt ∈ (0, x + t).

Exercise 5.5.18 Let T = {Tn ; n ∈ N} be a point process on R+, and denote by
N = {Nt }t≥0 a counting process of the point process T given by

Nt =
∑

n≥1

I{Tn≤t}. (5.8)

I. Suppose that there exists a non-negative bounded function λt , t > 0 such that

λt = lim
δ→0

1

δ
E

[
Nt+δ − Nt

∣
∣Ft

]
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for each t ≥ 0, the process λ = {λt }t≥0 is called the conditional intensity of the
process N , where {Ft }t≥0 is the filtration associated with the process N . Define the
process Λ = {Λt }t≥0 by

Λt =
∫ t

0
λs ds,

which is called the compensator of the process N . Prove that the process Ñ = {Ñt }t≥0

given by

Ñt = Nt −
∫ t

0
λs ds

defines a {Ft }t≥0-martingale.
II. Let λ0 > 0 be a constant, and h : [0,+∞) → [0,+∞) a bounded and Borel
measurable function. Then, the process N is called a (linear) Hawkes process with
the conditional intensity λ, if the process λ is determined by

λt = λ0 +
∑

n≥1

h(t − Tn) I{Tn≤t}. (5.9)

The constant λ0 is called the background intensity, while the function h is called the
exciting function.

1. Use an argument similar to the ones used in Sect. 5.5.1 in order to prove the
existence and uniqueness of solutions for (5.8) and (5.9) so that Tn+1 − Tn follows
an exponential distribution.

2. Consider the case h(u) = e−u . Then, prove that the processλ satisfies the equation

λt = λ0 −
∫ t

0
(λs − λ0) ds + Nt .

3. Suppose that the function h satisfies

‖h‖1 :=
∫ +∞

0
h(s) ds < 1. (5.10)

Prove that Ψ (u) = ∑
n≥1 hn∗(u) is well defined. Then, show that

λt = λ0 +
∫ t

0
Ψ (t − s) λ0 ds +

∫ t

0
Ψ (t − s) d Ñs . (5.11)

4. Under the condition (5.10) on the function h, prove that

E
[
λt

] = λ0

(

1 +
∫ t

0
Ψ (s) ds

)

,
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lim
t→∞E

[
λt

] = λ0

1 − ‖h‖1 .

For a hint, see Chap.14.

5.6 Subordinated Brownian Motion

In this section, we briefly describe a method in order to obtain certain types of
Lévy processes. This section requires the knowledge of Brownian motion which is
not covered in this text. In fact, if you do not know what Brownian motion is, we
recommend that you skip this section in its entirety.

Although this is not an extension of Lévy processes but an alternative definition
of some Lévy processes we include it here because of the need to know Brownian
motion.

Definition 5.6.1 Let Z be a Lévy increasing process with Z0 = 0 and associated
Lévy measure ν. Let B = {Bt ; t ≥ 0} be a Brownian motion. The process Vt := BZt

is called a Brownian motion subordinated to the Lévy process Z .

Once this definition is given, various properties can be obtained.

Proposition 5.6.2 The characteristic function of Vt = BZt is given by

E[eiθVt ] = E

[

exp

(

−θ2

2
Zt

)]

= exp

(

t
∫

(e− θ2s
2 − 1)ν(ds)

)

.

In particular, the law of V is symmetric and the Lévy measure associated with V is
∫ ∞
0

e− x2
2s√

2πs
ν(ds)dx.

Note that the Laplace transform of Zt , E[e−θ Zt ], θ > 0, is finite because it is an
increasing process with Z0 = 0 and therefore positive.

Proof The characteristic function is computed conditioning first with respect to Z
in order to obtain the result. On the other hand we also have

∫

R×[0,∞)

(eiθx − 1 − iθx 1|x |≤1)
e− x2

2s√
2πs

dxν(ds) =
∫ ∞

0
(e− θ2s

2 − 1)ν(ds).

Exercise 5.6.3 Compute the generator of V in the particular case of the function
h(x) = eiθx . That is, compute

Ah(x) = lim
ε→0

E[h(Vt+ε)/Vt = x] − h(x)

ε
.
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Hint: This exercise requires the knowledge of the strong Markov property of Brow-
nian motion.

Exercise 5.6.4 1. The following is an integration problem: Compute the integral of
∫ ∞
0 e−(au+ b

u )2du for ab < 0.

2. Use the above result to compute the following Laplace transform:
∫ ∞
0 e−θs

e− x2
2s√

2πs3
ds.

3. Use Fubini’s theorem and the gamma function in order to prove that V as in
Definition5.6.1 follows a stable law in the special case that Z has the Lévy
measure given as ν(ds) = cs−α for α ∈ (0, 1).

4. Finally, conclude that the characteristic function is given by E[eiθ Zt ] = e−Ct |θ |2α ,
C > 0. From here conclude that the random variable Zt has a symmetric law. That
is, P(Zt > x) = P(Zt < x) for all x ∈ R. Compute explicitly the Lévy measure
associated with Z .

For a hint, see Chap.14.

As it is amatter ofmultiplying themeasure ν by a constant, without loss of generality,
we can always assume that a stable process Z is a Lévy process with characteristic
function given by E[eiθ Zt ] = e−t |θ |α .



Chapter 6
Multi-dimensional Lévy Processes
and Their Densities

We briefly present in this chapter the definition and the regularity properties of the
law of general Lévy processes in many dimensions. We could have taken the same
approach as in previous chapters going slowly from Poisson processes to compound
Poisson processes, finite variation and then infinite variation Lévy processes in many
dimensions.

Instead, we prefer to take a more traditional approach that students will find in
classical textbooks. This is because we will need them in the chapters that follow. If
you would rather continue in a basic setting, then we recommend to continue with
Chap.9.

Therefore, this chapter is written in the spirit of an introduction for more advanced
texts. We assume that the reader has some acquaintance with Brownian motion (also
called Wiener process in some texts).1 We also start driving the discussion towards
the study of densities.

Let us start by recalling the extension of Definition3.2.1 in the multi-dimensional
case.

Definition 6.0.1 (Lévy process) A stochastic process {Zt ; t ≥ 0} on R
d is a Lévy

process if the following conditions are satisfied;

(i) For any choice of n ∈ N and 0 ≤ t1 < · · · < tn , the random vectors Zt0 , Zt1 −
Zt0 , · · · , Ztn − Ztn−1 are independent.

(ii) Z0 = 0 a.s.
(iii) The distribution of Zt+h − Zt does not depend on t .
(iv) For any a > 0 and t ≥ 0, limh→0 P(|Zt+h − Zt | > a) = 0.
(v) There exists Ω0 ∈ F with P(Ω0) = 1 such that, for every ω ∈ Ω0, Zt (ω) is

right-continuous in t ≥ 0 and has left limits in t > 0, i.e. t → Zt (ω) is càdlàg
function on [0,∞).

1The presentation in this chapter follows closely [51] where you can find the proofs not provided
here.
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6.1 Infinitely Divisible Processes in R
d

We start with a brief review of convolution of measures.

Proposition 6.1.1 Suppose that X1 and X2 are independent random variables on
R

d with distribution measures μ1 and μ2, respectively. Then:

(i) X1 + X2 has as distribution measure μ1 ∗ μ2.
(ii) If X1 or X2 has a density function then X1 + X2 also has a density function.

Proof Since for B ∈ B(Rd), 1{x+y∈B} is a bounded measurable function, we have

E[1{X1+X2∈B}|σ(X2)] = E[1{X1+y∈B}]|y=X2 =
∫
Rd

1{x+y∈B}μ1(dx)|y=X2

=
∫
Rd

1{x+X2∈B}μ1(dx).

Hence

P(X1 + X2 ∈ B) = E[1{X1+X2∈B}] = E[E[1{X1+X2∈B}|σ(X2)]]
= E

[ ∫
Rd

1{x+X2∈B}μ1(dx)
]

=
∫
Rd

∫
Rd

1B(x + y)μ1(dx)μ2(dy).

If X1 has a density function fX1 ,

P(X1 + X2 ∈ B) =
∫
Rd

∫
Rd

1B(x + y) fX1(x)dxμ2(dy)

=
∫
Rd

1B(z)
{ ∫

Rd

fX1(z − y)μ2(dy)
}

dz.

Hence
∫
Rd fX1(z − y)μ2(dy) is a density function of X1 + X2.

Exercise 6.1.2 Prove that if X1 and X2 are as in Proposition6.1.1 and μ1 is contin-
uous, then X1 + X2 has a distribution measure which is continuous.

We will denote by μn∗ the n-fold convolution of a probability measure μ with itself,
that is,

μn∗ = μ ∗ · · · ∗ μ.

Example 6.1.3 This exercise reviews some of the basic properties of the convolution.

1. Given a sequence of i.i.d. random vectors Xi , i ∈ N with law μ, prove that the
law of the sum

∑n
i=1 Xi is the convolution μn∗.

2. Prove that the convolution operation is linear and commutative.
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Definition 6.1.4 (Infinitely divisible) A probability measure μ on R
d is infinitely

divisible if for any n ∈ N, there exists a probability μn on R
d such that μ = μn∗

n .

Example 6.1.5 Note that the above definition may be taken as the reverse of the
procedure described in Exercise6.1.3.1. In fact, if one thinks of the central limit
theorem we can state the following simple exercise. Prove that the probability mea-
sure associated with a d-dimensional normal random variable with mean x0 ∈ R

d

and covariance matrix Σ ∈ R
d×d is an infinite divisible distribution. This exercise

is related to the study of the possible laws for the limit of sums of i.i.d. random
variables.

In general, we have the following result.

Theorem 6.1.6 Let {Zt }t≥0 be a Lévy process on R
d . Then for every t ≥ 0, the

distribution of Zt is infinitely distribution.

Proof Let tk := kt/n and let μ be the distribution of Zt and μn be the distribution
of Ztk − Ztk−1 . Since

Zt = (Zt1 − Zt0) + · · · + (Ztn − Ztn−1),

from Proposition6.1.1, we obtain μ = μn∗
n .

Lemma 6.1.7 If μ1 and μ2 are infinitely divisible then μ1 ∗ μ2 is infinitely divisible.

Proof For each n ∈ N, there exist measures μ1,n and μ2,n such that μ1 = μn∗
1,n and

μ2 = μn∗
2,n . Hence μ1 ∗ μ2 = (μ1,n ∗ μ2,n)

n∗.

Definition 6.1.8 The characteristic function μ̂ of a probability measure μ on R
d is

defined as

μ̂(θ) =
∫
Rd

ei〈θ,x〉μ(dx), θ ∈ R
d .

Theorem 6.1.9 (Lévy Khintchine representation)

(i) If μ is an infinitely divisible distribution on R
d , then

μ̂(θ) = exp
[

− 1

2
〈θ, Aθ〉 + i〈γ, θ〉 +

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
]
,

(6.1)

where A is a symmetric non-negative d × d- matrix, ν is a measure on R
d

satisfying

ν{0} = 0 and
∫
Rd

(|x |2 ∧ 1)ν(dx) < ∞, (6.2)

and γ ∈ R
d .
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(ii) The triplet (A, ν, γ ) in the representation of μ̂ in (i) is unique.
(iii) Conversely, if A is a symmetric non-negative d × d-matrix, ν is a measure

satisfying (6.2) and γ ∈ R
d , then there exists an infinitely divisible distribution

μ whose characteristic function is given by (6.1).

Definition 6.1.10 We call (A, ν, γ ) in Theorem6.1.9 the generating triplet of μ.
A and the ν are called, respectively, the Gaussian covariance matrix and the Lévy
measure associated with μ. When A = 0, μ is called purely non-Gaussian.

In fact, note that if ν ≡ 0 then μ corresponds to the characteristic function of a
Gaussian random vector with mean γ and covariance matrix A. On the other hand, if
A = 0 and γ = 0we can see the relationwith the characteristic function of previously
defined Lévy processes in Theorem3.1.2, Corollary4.1.13 and Theorem4.1.7.

Theorem 6.1.11 (Lévy Khintchine Formula for a Lévy Process) Let {Zt }t≥0 be a
Lévy process. Then PZ1 is an infinitely divisible distribution on R

d . Furthermore,
there exists a generating triplet (A, ν, γ ) such that

∫
Rd

ei〈θ,x〉 PZ1(dx)

= exp
[

− 1

2
〈θ, Aθ〉 + i〈γ, θ〉 +

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
]
.

The triplet (A, ν, γ ) of PZ1 is called the generating triplet of Lévy process {Zt }t≥0

or Lévy triplet.

Definition 6.1.12 (Characteristic exponent) Let X be a random variable onRd . The
function Ψ (θ, X) := − logE[ei〈θ,X〉] is called the characteristic exponent of X .

Note that from Theorem6.1.11, the characteristic exponent of Z1 is represented
by

Ψ (θ, Z1) = 1

2
〈θ, Aθ〉 − i〈γ, θ〉 −

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx).

Example 6.1.13 The following exercise serves to show that there is no uniqueness
in the above representation in the sense that one may change the indicator function
1{|x |≤1}(x) by other equivalent functions changing the value of γ. This remark is
important when you read other texts as the generating triplet may change definition
according to the localization function chosen for the representation.

Let h : Rd → R such that
∫ |x ||h(x) − 1{|x |≤1}(x)|ν(dx) < ∞. Then there exists

γ ′ ∈ R
d such that

Ψ (θ, Z1) = 1

2
〈θ, Aθ〉 − i〈γ ′, θ〉 −

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉h(x)}ν(dx).
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Similarly the compensation used in Chap. 5 in order to obtain the convergence of
the processes Z± could be changed using the localization function h instead of
1{|x |≤1}(x) with similar results. Give the definitions of the processes Z̄ (ε′, ε,+)

t that
would correspond to this change of localization function.

Theorem 6.1.14 Let {Zt }t≥0 be a Lévy process on R
d . Define Ψt (θ) = Ψ (θ, Zt ).

Then

tΨ1(u) = Ψt (u).

Proof Fix t > 0 and t j = j t
n . From Proposition6.1.1, we have

E[ei〈θ,Zt 〉] = E[ei〈θ,
∑n

j=1(Zt j −Zt j−1 )〉] =
n∏

j=1

E[ei〈θ,Zt j 〉] =
{
E[ei〈θ,Z t

n
〉]
}n

.

SoΨt (θ) = −n logE[ei〈θ,Z t
n
〉] = nΨ t

n
(θ) for any t > 0, n ∈ N. Since for any n, m ∈

N,

mΨ1(θ) = Ψm(θ) = nΨ m
n
(θ),

we have m
n Ψ1(θ) = Ψ m

n
(θ). Therefore for any q ∈ Q, qΨ1(θ) = Ψq(θ). Let qn be a

sequence of rational numbers such that qn ↓ t ∈ R. Since the paths of Zt are a.s.
right continuous, we have by the dominated convergence theorem

tΨ1(θ) = lim
n→∞ qnΨ1(θ) = lim

n→∞
{ − logE[ei〈θ,Zqn 〉]}

= − logE[ lim
n→∞ ei〈θ,Zqn 〉]} = Ψt (θ).

Corollary 6.1.15 The characteristic function of a Lévy process at time t is given by

E[ei〈θ,Zt 〉] = exp
[
t
{

− 1

2
〈θ, Aθ〉 + i〈γ, θ〉 +

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
}]

,

and it satisfies that E[ei〈θ,Z1〉]t = E[ei〈θ,Zt 〉].
Exercise 6.1.16 In this exercise, we consider various cases of multi-dimensional
Lévy processes.

1. Prove that if Zi , i = 1, ..., d are d independent one-dimensional Lévy processes
withLévymeasure νi then the vector (Z1, ..., Zd) is a d-dimensional Lévy process
with Lévy measure given by the product Lévy measure. In particular, prove that
this product measure satisfies the conditions stated in (6.2).

2. Prove that the following measure is a Lévy measure. That is, it can be used to
construct a multi-dimensional Lévy process.
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ν(dr, dφ) = 1

r1+α
drdφ1...dφd−1,

r > 0, φi ∈ [0, π), i = 1, ..., d − 2, φd−1 ∈ [0, 2π), α ∈ [0, 2).

Here the above measure is expressed in spherical coordinates. This example is
the symmetric generalization of stable process whose coordinates are not inde-
pendent. Therefore it is different from considering each Zi to be a stable process
in 1. above.2

Definition 6.1.17 Let {Zt }t≥0 be a Lévy process on R
d with generating triplet

(A, ν, γ ). It is said to be of:

(i) type A if A = 0, and ν(Rd) < ∞,
(ii) type B if A = 0, ν(Rd) = ∞, and

∫
|x |≤1 |x |ν(dx) < ∞,

(iii) type C if A �= 0 or
∫
|x |≤1 |x |ν(dx) = ∞.

Given the study that we have done in previous chapters it should be clear that
types A and B correspond to a Lévy process which has no Brownian component.
Type A is a compound Poisson process with λ = ν(Rd), type B has paths of finite
variation and type C has paths of infinite variation.

Exercise 6.1.18 Check which of the conditions stated in the above definition are
satisfied for each of the examples considered in Examples 3.3.10, 4.1.20, 5.1.10,
5.1.11 and 5.1.19.

Exercise 6.1.19 Prove that there is equivalence between:

• {Zt }t≥0 is a Lévy process of type B or C.
• A �= 0 or ν(Rd) = ∞.

6.2 Classification of Probability Measures

When studying how to characterize the regularity of random variables generated by
a stochastic process one has to first understand the different types of possibilities that
the distribution of the law of the random variable may have. In this section we give
a brief description of the various possibilities and what happens when one combines
them.

Definition 6.2.1 Let ρ be a non-trivial measure3 onB(Rd).

(i) ρ is called discrete if there is a countable set C such that ρ(Rd \ C) = 0,
(ii) ρ is called continuous if ρ({x}) = 0 for every x ∈ R

d ,

2For more on this matter in the case d = 2, see Sect. 6.4.
3That is, non-zero measures.
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(iii) ρ is called singular if there is B ∈ B(Rd) such that ρ(Rd \ B) = 0 and
Leb(B) = 0,

(iv) ρ is called absolutely continuous if ρ(B) = 0 for every B ∈ B(Rd) satisfying
Leb(B) = 0,

(v) ρ is called pure if it is either discrete, absolutely continuous, or continuous
singular.

Exercise 6.2.2 Let ρ be the law of a Gaussian vector with mean zero and covariance
matrix A �= 0 which is non-negative definite. Prove that ρ is a continuous measure.
Furthermore give an example where ρ is not absolutely continuous.

For a hint, see Chap.14.

Lemma 6.2.3 (Lebesgue decomposition) If ρ is a σ -finite measure, then there are
measures ρd , ρac, ρcs such that ρ = ρd + ρac + ρcs , ρd is discrete, ρac is absolutely
continuous and ρcs is continuous singular. The measures ρd , ρac, ρcs are uniquely
determined by ρ.

For a proof see e.g., [10].

Lemma 6.2.4 If ρ is discrete, then ρ is not continuous.

Proof Let C =
⋃
n∈N

{xn} be countable set with ρ(Rd \ C) = 0. Since

ρ(Rd) = ρ(Rd \ C) + ρ(C) = ρ(C) =
∑
n∈N

ρ({xn}) > 0,

then there exists some n ∈ N such that ρ({xn}) �= 0.

Lemma 6.2.5 Let ρ1 and ρ2 be non-zero finite measures on R
d , define ρ = ρ1 ∗ ρ2.

Then:

(i) ρ is continuous if and only if ρ1 or ρ2 is continuous,
(ii) ρ is discrete if and only if ρ1 and ρ2 are discrete,

(iii) ρ is absolutely continuous if ρ1 or ρ2 is absolutely continuous,
(iv) ρ1 or ρ2 is continuous singular if ρ is continuous singular.

Proof (i), (ii). If ρ1 is continuous, for every x ∈ R
d ,

ρ({x}) =
∫
Rd

∫
Rd

1{x}(z + y)ρ1(dz)ρ2(dy) =
∫
Rd

ρ1({x − y})ρ2(dy) = 0.

Hence, ρ is continuous. From Lemma6.2.4, if ρ is discrete, ρ1 and ρ2 are discrete.
If ρ1 and ρ2 are discrete, there are countable sets C1 and C2 such that

ρ1(R
d \ C1) = ρ2(R

d \ C2) = 0.
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Let C := C1 + C2.4 Then since

ρ(Rd \ C)

=
∫
Rd

∫
Rd

1
Rd\C (x + y)ρ1(dx)ρ2(dy)

=
∫
Rd

∫
Rd

{
1C1(x)1

Rd\C2
(y) + 1

Rd\C1
(x)1C2 (y) + 1

Rd\C1
(x)1

Rd\C2
(y)

}
ρ1(dx)ρ2(dy)

= ρ1(C1)ρ2(R
d \ C2) + ρ1(R

d \ C1)ρ2(C2) + ρ1(R
d \ C1)ρ2(R

d \ C2) = 0,

ρ is discrete. From Lemma6.2.4 and (i), if ρ is continuous, ρ1 or ρ2 is continuous.
(iii) Suppose that ρ1 is absolutely continuous. If B ∈ B(Rd) satisfies Leb(B) = 0,
then Leb(B − y) = 0, for every y ∈ R

d , and

ρ(B) =
∫
Rd

∫
Rd

1B(x + y)ρ1(dx)ρ2(dy) =
∫
Rd

ρ1(B − y)ρ2(dy) = 0.

(iv) Suppose that neither ρ1 nor ρ2 is continuous singular. Then

(ρ1)d + (ρ1)ac �= 0, (ρ2)d + (ρ2)ac �= 0.

It follows from (ii) and (iii) that (ρ1)d ∗ (ρ2)d is discrete and (ρ1)d ∗ (ρ2)ac, (ρ1)ac ∗
(ρ2)d and (ρ1)ac ∗ (ρ2)ac are absolutely continuous. Hence we have

ρ1 ∗ ρ2 =
(
(ρ1)d + (ρ1)ac

)
∗

(
(ρ2)d + (ρ2)ac

)

= (ρ1)d ∗ (ρ2)d + (ρ1)d ∗ (ρ2)ac + (ρ1)ac ∗ (ρ2)d + (ρ1)ac ∗ (ρ2)ac

has a discrete or absolutely continuous part.

6.3 Densities for Lévy Processes

We will turn to the study of the densities of Lévy process. The main tool is either
direct calculation or deriving properties through the characteristic function.

We start first with the case of the compound Poisson process for which its law
can be computed explicitly.

Proposition 6.3.1 If {Zt = ∑Nt
j=1 Y j } is a compound Poisson process with intensity

λ on R
d where PY j = ν/λ, then

PZt = e−tλ
∞∑

k=0

t k

k!ν
k∗,

4That is, C = {x + y; x ∈ C1, y ∈ C2}.
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where ν0∗ = δ0 and PZt is not continuous at 0.

Proof For any B ∈ B(Rd),

PZt (B) = P

( Nt∑
j=1

Y j ∈ B
)

=
∞∑

k=0

P

( k∑
j=1

Y j ∈ B, Nt = k
)

=
∞∑

k=0

P

( k∑
j=1

Y j ∈ B
)
P

(
Nt = k

)
=

∞∑
k=0

( ν

λ

)k∗
(B)

(λt)k

k! e−λt = e−tλ
∞∑

k=0

tk

k! ν
k∗(B).

Since PZt {0} = e−tλ
∑∞

k=0 t k/k! νk∗{0} ≥ e−tλ > 0, PZt is not continuous at 0.

Exercise 6.3.2 In the set-up of Proposition6.3.1. Suppose that ν(dx) = f (x)dx ,
where f is an integrable positive function. Prove that for any measurable set A such
that 0 /∈ A and any continuous bounded function g we have that

E[g(Zt) 1A(Zt )] =
∫

A
g(y)pt (y)dy.

Here pt can be written explicitly. Also deduce that Zt has a density at any point
except zero.5 After solving all these problems, one can also see that the law of Zt

is absolutely continuous with respect to the Lebesgue measure for sets away from
zero.6

Letμbe aprobabilitymeasure onRd and D(μ) := sup
x∈Rd

μ({x}). Ifμ is the distribution

of random variable X , we write D(X) := D(μ).

Lemma 6.3.3 If μ = μ1 ∗ μ2, then D(μ) ≤ min{D(μ1), D(μ2)}.
Proof For any x ∈ R

d ,

μ({x}) =
∫
Rd

∫
Rd

1{z+y=x}μ1(dz)μ2(dy) =
∫
Rd

μ1({x − y})μ2(dy) ≤ D(μ1).

Theorem 6.3.4 (Continuity) Let {Zt }t≥0 be a Lévy process on R
d with generating

triplet (A, ν, γ ). Then the following three statements are equivalent:

(i) PZt is continuous for every t > 0.
(ii) PZt is continuous for some t > 0.

(iii) {Zt }t≥0 is of type B or C (that is, A �= 0 or ν(Rd) = ∞).

5That is, deduce that the distribution function of Zt can be differentiated at any point except zero.
6After this exercise, one may think that the differentiability of the distribution function and absolute
continuity are equivalent. One has to be careful about these statements as they involve sets of
Lebesgue measure zero.
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Proof The statement (ii) implies (iii). If A = 0 and ν(Rd) < ∞, there exists γ0 ∈ R
d

such that Zt − tγ0 is a compound Poisson process. From Lemma6.3.1 we have

PZt ({tγ0}) = P(Zt − tγ0 = 0) = PZt −tγ0({0}) > 0,

hence PXt is not continuous at tγ0 for every t ≥ 0.
The statement (iii) implies (i). If A �= 0, then there exist independent infinite

divisible random variables Wt and Jt with characteristic functions corresponding to
the generating triplets (A, 0, 0) and (0, ν, γ ), respectively. Then

E[ei〈θ,Wt 〉]E[ei〈θ,Jt 〉]
= exp

[
− t

2
〈θ, Aθ〉

]
exp

[
t
{

i〈γ, θ〉 +
∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
}]

= exp
[
t
{

− 1

2
〈θ, Aθ〉 + i〈γ, θ〉 +

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
}]

= E[ei〈θ,Zt 〉].

Therefore PZt = PWt +Jt . Note that Wt is the characteristic function of a Gaussian
random vector with mean zero and covariance matrix A. From Exercises6.2.2 and
6.1.2, we have that as μ1 is continuous we have that PZt is continuous for every
t > 0. In the following, suppose that ν(Rd) = ∞.

Case 1. Assume that ν is discrete. Then there exists a countable set C =⋃∞
j=1{x j } ∈ R

d such that ∞ = ν(Rd) = ν(C) = ∑∞
j=1 ν({x j }). Let m j = ν({x j })

and m ′
j = m j ∧ 1. Then we have

∑∞
j=1 m ′

j = ∞. Let νn := ∑n
j=1 m ′

jδx j . Since

∫
Rd

(|x |2 ∧ 1)νn(dx) =
n∑

j=1

(|x j |2 ∧ 1)m ′
j ≤ n < ∞,

thenνn is aLévymeasure.Letγ ′
j := ∫

Rd x j 1{|x |≤1}(x)νn(dx) andγ ′ := (γ ′
1, · · · , γ ′

d).

One may construct two independent Lévy processes {Y (n)
t }t≥0 and {J (n)

t }t≥0 with
generating triplet (0, νn, γ

′) and (A, ν − νn, γ − γ ′), respectively. Then {Y (n)
t }t≥0 is

a compound Poisson process and

E[ei〈θ,Y (n)
t 〉]E[ei〈θ,J (n)

t 〉]
= exp

[
t
∫
Rd

(ei〈θ,x〉 − 1)νn(dx)
]
exp

[
t
{

− 1

2
〈θ, Aθ〉 + i〈γ − γ ′, θ〉

+
∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}(ν − νn)(dx)
}]

= exp
[
t
{

− 1

2
〈θ, Aθ〉 + i〈γ, θ〉 +

∫
Rd

{ei〈θ,x〉 − 1 − i〈θ, x〉1{|x |≤1}(x)}ν(dx)
}]

= E[ei〈θ,Zt 〉].
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Hence PZt = PY (n)
t

∗ PJ (n)
t

and from Lemma6.3.3

D(Zt ) ≤ D(Y (n)
t ).

Let cn := νn(R
d) and σn := νn/cn , then

D(σ k∗
n ) ≤ D(σn) = sup

x∈Rd

νn({x})
cn

= 1

cn
sup
x∈Rd

n∑
j=1

m ′
jδx j ({x}) ≤ 1

cn
,

P(Y (n)
t = x) = PY (n)

t
({x}) = e−tcn 1{x = 0} + e−tcn

∞∑
k=1

(tcn)
k

k! σ k∗
n ({x})

≤ e−tcn + 1

cn
e−tcn etcn = e−tcn + 1

cn
.

Since

lim
n→∞ cn = lim

n→∞ νn(R
d) = lim

n→∞

n∑
j=1

m ′
jδx j (R

d) =
∞∑
j=1

m ′
j = ∞,

we have

D(Zt ) ≤ D(Y (n)
t ) ≤ e−tcn + 1

cn
→ 0 as n → ∞.

Therefore D(Zt ) = 0. That is, Zt has a continuous distribution.
Case 2. Suppose that ν is continuous. Let {Y (n)

t }t≥0 be the compound Poisson
process with Lévy measure νn(·) := ν(· ∩ {|x | > 1/n}). Again by Lemma6.3.3, we
have D(Zt ) ≤ D(Y (n)

t ). For k ≥ 1, νk∗
n is continuous by Lemma6.2.5 (i). Since

νn(R
d) = ν(|x | > 1/n) → ν(Rd) = ∞,

D(Zt ) ≤ D(Y (n)
t ) = sup

x∈Rd

PY (n)
t

({x}) = sup
x∈Rd

e−tνn(Rd )

∞∑
k=0

t k

k!ν
k∗
n ({x}) = 0.

Therefore D(Zt ) = 0, that is, Zt has a continuous distribution.
Remaining case. Let νd and νc be the discrete and the continuous part of ν,

respectively, then νd or νc has infinite total measure. If νd(R
d) = ∞, then let {Yt }t≥0

be the Lévy process with generating triplet (0, νd , 0). By Case 1, Yt has a continuous
distribution for any t > 0. Hence the distribution of Zt is continuous by Lemma6.2.5
(i). If νc(R

d) = ∞, then, similarly use Case 2.

Corollary 6.3.5 Let {Zt }t≥0 be a Lévy process on R
d with generating triplet

(A, ν, γ ). Then the following three statements are equivalent:
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(i) PZt is discrete for every t > 0.
(ii) PZt is discrete for some t > 0.

(iii) {Zt }t≥0 is of type A and ν is discrete.

In this section, we have learned that the study of the properties of the law of a
random variable can be very detailed and it has to be divided into many cases. In the
second part of the book, we will mostly be interested in only absolute continuity and
regularity of the law.

6.4 Stable Laws in Dimension Two

In the previous chapters we have used as a typical example the case of the Lévy
measure given by ν(dx) = C

|x |1+α . This corresponds to the so-called stable process
case. In this section, we will discuss the regularity of the associated density in the
two-dimensional case for a subclass of stable laws.

We define the following Lévy measure in R − {0} in polar coordinates:

ν(dr, dβ) = dr

r1+α
dβ, r > 0, β ∈ [0, 2π).

Lemma 6.4.1 Let α ∈ (0, 2). There exists a positive constant C such that

∫
(ei〈θ,x〉 − 1 − i〈θ, x〉1|x |≤1(x))ν(dx) = −C |θ |α.

Proof Note that as in the one-dimensional case:

ei〈θ,x〉 − 1 = −2 sin2
( 〈θ, x〉

2

)
+ i sin(〈θ, x〉).

Therefore due to the symmetry of the Lévy measure we have

∫
(ei〈θ,x〉 − 1 − i〈θ, x〉1|x |≤1(x))ν(dx) = − 2

∫
sin2(

〈θ, x〉
2

)ν(dx)

= − 2
∫ 2π

0

∫ ∞
0

sin2
( |θ |

2
r cos(β + η)

)
dr

r1+α
dβ.

Here η = arg(θ). Then letting |θ |r = u we obtain that there exists a positive constant
C such that

∫
(ei〈θ,x〉 − 1 − i〈θ, x〉1|x |≤1(x))ν(dx) = −C |θ |α.
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Recall that the characteristic function of a Gaussian random variable with mean
zero and variance σ 2 is e− θ2σ2

2 . Therefore the above result points to the direction
that stable laws are some generalization of the Gaussian laws but where the required
renormalization (sometimes also called scaling property) is not related with square
root but a general power law. This loose statement can be stated in different forms.
Here is one such statement.

Lemma 6.4.2 Let {Zt }t∈[0,1] be a stable stochastic process. Then Zt
L= t1/α Z1.

Example 6.4.3 Prove the above statement using the Lévy–Khinchine formula in
Corollary6.1.15.

For the above reasons, one usually says that as the Brownian motion corresponds
to the Laplacian,7 the stable process of order α corresponds to the α-fractional power
of the Laplacian.8

Now we can state the main property of the regularity of densities associated with
stable laws.

Theorem 6.4.4 Let Z be a stable process. Then the law of Zt is infinitely differen-
tiable.

Proof It is enough to note that E[ei〈θ,Zt 〉] = e−C |θ |α ≤ C |θ |−p for any p > 0 and
therefore due to Exercise1.1.11, the result follows.

Exercise 6.4.5 Repeat the construction of subordinated Brownian motion in the
multi-dimensional case as done in Sect. 5.6 for the one-dimensional case. In partic-
ular, obtain the corresponding results in Exercise5.6.4, parts 4 and 5.

7In fact, the Itô formula implies that ∂tE[ f (Bt )] = E[Δ f (Bt )].
8In fact, it takes some calculations with the theory of fractional differentiation to discover that∫

f (x + y) − f (x) − 〈∇ f (x), y〉1{|x |≤1}(x) dx
|x |1+α corresponds to Δα f .



Chapter 7
Flows Associated with Stochastic
Differential Equations with Jumps

In this chapter, we will discuss how to obtain the flow properties for solutions of
stochastic differential equations with jumps. This chapter is needed for the second
part of this book and as the final goal is not to give a detailed account of the theory
of stochastic differential equations driven by jump processes, we only give the main
arguments, referring the reader to any specialized text on the subject. For example,
see [2] (Sect. 6.6) or [48].

7.1 Stochastic Differential Equations

Through this chapter N is a Poisson random measure on R × [0, T ] with T > 0
and compensator given by the σ -finite measure ̂N (dz, ds) = ν(dz)ds. Here ν is a
Lévy measure satisfying ν({0}) = 0 and

∫

(1 ∧ |z|2)ν(dz) < ∞.

The way to define this measure without using the underlying stochastic process
is by using compound Poisson process for each set which has a finite measure.

Exercise 7.1.1 Let R = ∑∞
i=1 Ai (i.e. disjoint union) such that ν(Ai ) < ∞. Define

the compound Poisson process associated with the renormalization of the measure
ν(dz ∩ Ai )ds. Use independent copies of these processes to build approximations
of the associated process under the condition that

∫

(|z|2 ∧ 1)ν(dz) < ∞. Prove that
the corresponding limit exists and it corresponds to the Poisson random measure
described before this exercise.

Hint: Note that in this case in order to define the associated Lévy process one will
need to compensate the process in a fashion similar toChap. 5. See alsoExercise5.4.1.

Proposition 7.1.2 (Burkholder–Davis–Gundy/Kunita’s inequality)Let {a(t, z) ; t ∈
[0, T ], 0 < |z| ≤ 1} be a {Ft }t≥0-predictable R-valued random field1 such that, for
any p ≥ 2,

1A random field is a family of random variables which depend on the various parameters. In this
case, it is the time variable t ≥ 0 and z ∈ R. As in Definition 3.5.1, one can extend the definition in
order to include the cases of random fields.
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E

[

(∫

[−1,1]×[0,t]
|a(s, z)|2 ̂N (dz, ds)

)p/2
]

+ E

[∫

[−1,1]×[0,t]
|a(s, z)|p ̂N (dz, ds)

]

< +∞.

Then, for any p ≥ 2,

E

[

sup
t≤T

∣

∣

∣

∣

∫

[−1,1]×[0,t]
a(s, z) ˜N (dz, ds)

∣

∣

∣

∣

p
]

≤ C

{

E

[

(∫

[−1,1]×[0,T ]
|a(s, z)|2 ̂N (dz, ds)

)p/2
]

+ E

[∫

[−1,1]×[0,T ]
|a(s, z)|p ̂N (dz, ds)

] }

.

Proof See Theorems 4.4.21, 4.4.23, and Corollary 4.4.24 in [2]. The version for
continuous martingales is usually called the Burkholder–Davis–Gundy inequality.
In the jump case, [2] calls them Kunita’s inequalities. �
Hypothesis 7.1.3 For all p ≥ 2, the measurable functions b : R → R and a : R ×
R → R satisfy

|b(x) − b(y)|p +
∫

|z|≤1
|a(x, z) − a(y, z)|p ν(dz) ≤ C |x − y|p, (7.1)

|b(x)|p +
∫

|z|≤1
|a(x, z)|p ν(dz) ≤ C (1 + |x |p). (7.2)

Let {Zt ; t ∈ [0, T ]} be a pure-jump Lévy process defined by

Zt =
∫

[−1,1]×[0,t]
z ˜N (dz, ds) +

∫

[−1,1]c×[0,t]
zN (dz, ds).

For a non-random point x ∈ R, consider the R-valued process {Xt ; t ∈ [0, T ]} de-
termined by the solution of the stochastic differential equation of the form:

Xt = x +
∫ t

0
b(Xs) ds +

∫

[−1,1]×[0,t]
a(Xs−, z) ˜N (dz, ds) +

∫

[−1,1]c×[0,t]
a(Xs−, z)N (dz, ds).

(7.3)

Note that the fact that ν({0}) = 0 implies that the value of a(x, 0) is irrelevant.
We will therefore assume without loss of generality that a(x, 0) = 0.

Proposition 7.1.4 (Existence and uniqueness of the solution) Under Hypothe-
sis7.1.3, there exists a unique solution to the Eq. (7.3).

Proof Our strategy, which has been explained in previous sections (see Sect. 4.2),
is almost parallel to [2]-Theorem 6.2.3 (p. 367) and [30]-Theorem IV-9.1 (p. 245).
Define the sequence of {Ft }t≥0-stopping times {τn ; n ∈ Z+} by

τn =
⎧

⎨

⎩

0 (n = 0)

inf

{

t > τn−1 ;
∫

[−1,1]c×[τn−1,t]
N (dz, ds) 	= 0

}

∧ T (n ∈ N).
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(i) Consider {X (k)
t ; t ∈ [0, T ]} (k ∈ Z+) be the R-valued process given by

X (k)
t =

⎧

⎨

⎩

x (k = 0)

x +
∫ t

0
b(X (k−1)

s ) ds +
∫

[−1,1]×[0,t]
a(X (k−1)

s− , z) ˜N (dz, ds) (k ∈ N).

(7.4)
The Cauchy–Schwarz inequality and Hypothesis7.1.3 implies that for any t > 0

E

[

|X (1)
t − X (0)

t |2
]

≤ C (1 + |x |2).

Moreover, the Cauchy–Schwarz inequality, Doob’s inequality and Hypothesis7.1.3
lead us to have

E

[

sup
s≤t

|X (k+1)
s − X (k)

s |2
]

≤ C
∫ t

0
E

[|X (k)
s − X (k−1)

s |2] ds.

Iterating such a procedure implies that for any t > 0

E

[

sup
s≤t

|X (k+1)
s − X (k)

s |2
]

≤ Ck
∫ t

0
ds1

∫ s1

0
ds2 · · ·

∫ sk−1

0
dsk E

[

∣

∣X (1)
sk − X (0)

sk

∣

∣

2
]

≤ C (1 + |x |2) (C t)k

k! .

Hence, by the Chebyshev inequality, we can get

+∞
∑

k=0

P

[

sup
t≤T

|X (k+1)
t − X (k)

t | > 2−k

]

≤
+∞
∑

k=0

C (1 + |x |2)
(

4C T
)k

k! < +∞.

From the Borel Cantelli lemma, for almost all ω, the sequence {X (k)
t ; k ∈ N} con-

verges uniformly on [0, T ]. For each t ∈ [0, T ], write

Xt := lim
k→+∞ X (k)

t .

Then, we see from the Cauchy–Schwarz inequality and Hypothesis7.1.3, that

E

[

∣

∣

∣

∣

∫ t

0

{

b(X (k−1)
s ) − b(Xs)

}

ds

∣

∣

∣

∣

2
]

≤ C E

[

sup
t≤T

|X (k−1)
t − Xt |2

]

,

E

[

∣

∣

∣

∣

∫

[−1,1]×[0,t]
{

a(X (k−1)
s− , z) − a(Xs−, z)

}

˜N (dz, ds)

∣

∣

∣

∣

2
]

≤ C E

[

sup
t≤T

|X (k−1)
t − Xt |2

]

.

Therefore, the process {Xt ; t ∈ [0, T ]} satisfies
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Xt = x +
∫ t

0
b(Xs) ds +

∫

[−1,1]×[0,t]
a(Xs−, z) ˜N (dz, ds). (7.5)

Now, we shall prove the uniqueness of the solutions to the Eq. (7.5). Denote by
X = {Xt ; t ∈ [0, T ]} and X̃ = {X̃t ; t ∈ [0, T ]} the solutions to the Eq. (7.5). From
Hypothesis7.1.3, we have

E

[

sup
s≤t

|Xs − X̃s |2
]

≤ C
∫ t

0
E

[

sup
s≤u

|Xs − X̃s |2
]

du.

Thus, the Gronwall inequality yields that

E

[

sup
t≤T

|Xt − X̃t |2
]

= 0,

which leads us to get that supt≤T |Xt − X̃t | = 0 a.s. With this information, we know
that there is a unique solution to the stochastic equation (7.3) for t < τ1.
(ii) For t = τ1, we shall define

Xτ1 := Xτ1− + a
(

Xτ1−,�Zτ1

)

,

where �Zτ1 := Zτ1 − Zτ1−. Then, it can be easily checked that {Xt ; t ∈ [0, τ1]} is
the unique solution to the Eq. (7.3).
(iii) Let τ1 < t < τ2. Replace the Eq. (7.3) by

Xt = Xτ1 +
∫ t

τ1

b(Xs) ds +
∫

[−1,1]×[τ1,t]
a(Xs−, z) ˜N (dz, ds).

Then, a similar study to (i) enables us to get the Rd -valued process {Xt ; t ∈ [0, τ2)}
which is a unique solution to the Eq. (7.3).
(iv) Consider the case of t = τ2. Similarly to (ii), we have only to define

Xτ2 := Xτ2− + a
(

Xτ2−,�Zτ2

)

,

which leads us to get the unique solution {Xt ; t ∈ [0, τ2]} to the Eq. (7.3).
Iterating this procedure leads us to the conclusion. �

Exercise 7.1.5 Write in detail the above iterative procedure. In particular, state in
which sense existence and uniqueness of solutions has to be understood.

For a hint, see Chap.14.

Exercise 7.1.6 Rewrite the above results with appropriate conditions on the coeffi-
cients and driving random Poisson measure as in Hypothesis 7.1.3 for the following
r -dimensional stochastic differential equation driven by d-independent random point
measures:



7.1 Stochastic Differential Equations 149

Xt = x +
∫ t

0
b(Xs) ds +

d
∑

i=1

∫

[−1,1]×[0,t]
ai (Xs−, z) ˜N i (dz, ds)

+
d

∑

i=1

∫

[−1,1]c×[0,t]
ai (Xs−, z)N i (dz, ds).

Exercise 7.1.7 In the spirit ofExercise7.1.6, describe a stochastic equationdrivenby
the symmetric stable process defined in Sect. 6.4. Prove the existence and uniqueness
of solutions under appropriate conditions on the coefficients. Note that in this case,
one has to be careful about the fact that a stable process does not have finite variance.

7.2 Stochastic Flows

For a proof of the following result, see [2]-Theorem 1.1.18 (p. 21), and [34]-Theorem
II-2.8 (p. 53) and Problem II-2.9 (p. 55).

Lemma 7.2.1 (Kolmogorov continuity criterion) For � ∈ B(Rk), let K = {Kρ ;
ρ ∈ �} be the R

n-valued random field2 with the following property: there exist
constants α, β such that

E
[|Kρ2 − Kρ1 |α

] ≤ C |ρ2 − ρ1|k+β (ρ1, ρ2 ∈ �).

Then, we can find a continuous version {K̃ρ ; ρ ∈ �} of the random field K .

We remark that the above conclusion means that P(Kρ = K̃ρ) for all ρ ∈ �. There-
fore we will work with the random field K̃ instead of K because its paths satisfy the
additional property of continuity a.s.

Recall that C∞
b (R ; R) denotes the family of R-valued smooth functions on R

such that all partial derivatives of any orders are bounded. A similar remark is also
valid for C∞

b (R × R0 ; R).

Hypothesis 7.2.2 The coefficients b and a of the Eq. (7.3) satisfy:

(i) b ∈ C∞
b (R ; R).

(ii) a ∈ C∞
b (R × R0 ; R).

(iii) For any i ∈ N0, ∇ i a(y, 0)
(:= lim|z|→0 ∇ i a(y, z)

) = 0. Here ∇a(y, z) is the
derivative with respect to y ∈ R

d , while the derivative in z ∈ R
m will be de-

noted3 by ∂a(y, z).

2That is, K is a family of random variables indexed by elements of �.
3In general, we will use∇ to denote the derivatives with respect to the main variables of the function
under consideration. ∂ will be used when differentiating with respect to what may be considered as
a parameter of the function.
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Remark 7.2.3 Hypothesis7.2.2 implies Hypothesis7.1.3, which is obvious by the
mean value theorem.

We shall denote by X ·(x) the solution to the Eq. (7.3)with the initial point X0(x) = x .

Proposition 7.2.4 (Continuity of X in the initial point)Assume that the coefficients b
and a of the Eq. (7.3) satisfy Hypothesis7.2.2. Then, for each t ∈ [0, T ], the mapping
R � x �−→ Xt (x) ∈ R admits a continuous modification.

Proof Our argument is based upon [27].
Recall the definition of the sequence {τn ; n ∈ Z+} of {Ft }t≥0-stopping times

defined in Proposition7.1.4. Let p ≥ 2, and take x, y ∈ R.
(i) Let 0 < t < τ1. Since

Xt (x) = x +
∫ t

0
b(Xs(x)) ds +

∫

[−1,1]×[0,t]
a(Xs−(x), z) ˜N (dz, ds),

Xt (y) = y +
∫ t

0
b(Xs(y)) ds +

∫

[−1,1]×[0,t]
a(Xs−(y), z) ˜N (dz, ds),

we can get

E
[|Xt (x) − Xt (y)|p

] ≤ C |x − y|p + C
∫ t

0
E

[|Xs(x) − Xs(y)|p
]

ds

from Proposition7.1.2, the Hölder inequality and Hypothesis 7.2.2. The Gronwall
inequality leads us to get

E
[|Xt (x) − Xt (y)|p

] ≤ C |x − y|p exp
[

C T
]

,

so Proposition7.2.1 tells us to see that for each t ∈ [0, τ1), the mapping R � x �−→
Xt (x) ∈ R has a continuous version.

(ii) Since
Xτ1(x) = Xτ1−(x) + a(Xτ1−(x),�Zτ1

)

,

the conclusion follows from (i) immediately.
An iterative procedure leads us to the conclusion. �

Exercise 7.2.5 Write in detail the above iterative procedure.

Exercise 7.2.6 Suppose that b = 0 and a(x, z) = a(x)z, where a is a Lipschitz
function and

∫

[−1,1]c |z|pν(dz) < ∞ for some p ≥ 2. Prove the following moment
estimates:

E
[|Xt (x) − Xt (y)|p

] ≤ C |x − y|p exp
[

C T
]

.

Here X is the solution to (7.3).
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For a hint, see Chap.14

Proposition 7.2.7 (Differentiability of X in the initial point) Assume that the coef-
ficients b and a of the Eq. (7.3) satisfy Hypothesis7.2.2.

(a) For each t ∈ [0, T ], the mapping R � x �−→ Xt (x) ∈ R admits a C1-
modification.

(b) The R-valued process Y = {Yt := ∂x Xt (x) ; t ∈ [0, T ]} satisfies a linear
stochastic differential equation of the form:

Yt = 1 +
∫ t

0
∇b(Xs(x)) Ys ds +

∫

[−1,1]×[0,t]
∇a(Xs−(x), z) Ys− ˜N (dz, ds)

+
∫

[−1,1]c×[0,t]
∇a(Xs−(x), z) Ys− N (dz, ds).

(7.6)
(c) For any p > 1, supt≤T ‖Yt‖ ∈ L

p(�,P).

Proof Our argument is based upon [27]. Choose α ∈ R\{0}, and define

Nt (x, α) = Xt (x + α) − Xt (x)

α
.

Then, the R-valued random field {N (x, α) ; t ∈ [0, T ]} satisfies the equation:

Nt (x, α) = 1 +
∫ t

0

b(Xs(x + α)) − b(Xs(x))

α
ds

+
∫

[−1,1]×[0,t]
a(Xs−(x + α), z) − a(Xs−(x), z)

α
˜N (dz, ds)

+
∫

[−1,1]c×[0,t]
a(Xs−(x + α), z) − a(Xs−(x), z)

α
N (dz, ds).

(7.7)

Recall the sequence {τn ; n ∈ Z+} of {Ft }t≥0-stopping times introduced in
Proposition7.1.4.
(i) Let 0 ≤ t < τ1. From a similar argument to Proposition7.2.4, we see that

E

[

sup
t<T∧τ1

|Nt (x, α) − Nt (y, β)|p
]

≤ C
{|x − y|p + |α − β|p}.

Then, Lemma7.2.1 yields that for each t ∈ [0, τ1), the mapping R\{0} � α �−→
Nt (x, α) ∈ R admits a continuous version with respect to the parameter α ∈ R\{0},
and can be extended to α = 0 continuously.Write Yt := limα→0 Nt (x, α) ≡ ∂Xt (x).
Then, the R-valued process {Yt ; t ∈ [0, τ1)} satisfies the equation

Yt = 1 +
∫ t

0
∇b(Xs(x)) Ys ds +

∫

[−1,1]×[0,t]
∇a(Xs−(x), z) Ys− ˜N (dz, ds).

(7.8)
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Moreover, since∇b and∇a are bounded from Hypothesis 7.2.2, it is routine work to
check that supt≤u ‖Yt‖ ∈ ⋂

p>1 L
p(�,P) for each u ≥ 0, via Proposition7.1.2, the

Hölder inequality and the Gronwall inequality.
(ii) Let t = τ1. By using the result in (i), it holds that the mapping

R � x �−→ Xτ1(x) = Xτ1−(x) + a
(

Xτ1−(x),�Zτ1

) ∈ R

has a C1-modification. Write

Yτ1 := ∂x Xτ1(x) = {

1 + ∇a
(

Xτ1−(x),�Zτ1

)}

Yτ1−.

Then, the R-valued process {Yt ; t ∈ [0, τ1]} satisfies the Eq. (7.6). Moreover, it is
routine work to check that supt≤u∧τ1

‖Yt‖ ∈ ⋂

p>1 L
p(�,P) for each u ∈ [0, T ], via

the study in (i).
As before, iterating the procedure (see Exercise7.2.6) stated above enables us to

check the conclusion. �

Exercise 7.2.8 Note that it is important in the above result that the derivative of a
with respect to x is a bounded function. Add assumptions for the case that a(x, z) =
a(x)z in the spirit of Exercise7.2.6.

Hypothesis 7.2.9
inf
y∈R

inf
z∈R0

|1 + ∇a(y, z)| > 0. (7.9)

�

Proposition 7.2.10 (Invertibility of Y ) Assume that the coefficients b and a of the
Eq. (7.3) satisfy Hypotheses 7.2.2 and 7.2.9.

(a) For each t ∈ [0, T ], theR-valued random variable Yt is invertible almost surely.
(b) The R-valued process {ζt := Y−1

t ; t ∈ [0, T ]} satisfies a linear stochastic dif-
ferential equation of the form:

ζt = 1 −
∫ t

0
ζs ∇b(Xs) ds

+
∫

[−1,1]×[0,t]
ζs−

{(

1 + ∇a(Xs−, z)
)−1 − 1

}

˜N (dz, ds)

+
∫

[−1,1]c×[0,t]
ζs−

{(

1 + ∇a(Xs−, z)
)−1 − 1

}

N (dz, ds)

+
∫

[−1,1]×[0,t]
ζs

{(

1 + ∇a(Xs, z)
)−1 − 1 + ∇a(Xs, z)

}

̂N (dz, ds).

(7.10)
(c) For any p > 1, supt≤T ‖ζt‖ ∈ L

p(�,P).
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Proof Our argument is based upon [27]. Let {ζt ; t ∈ [0, T ]} be theR-valued process
determined by the Eq. (7.10). From the Itô formula, we can easily obtain ζt Yt = 1,
which implies the invertibility of the R-valued process {Yt ; t ∈ [0, T ]}. The last
assertion can be proved similarly to Proposition7.2.7. �

7.3 Remark

Here, we shall give a remark on the higher-order moments for the process X .

Proposition 7.3.1 Suppose Hypothesis7.1.3. If supt≤T Zt ∈ L
p0(�,P) for some

p0 > 1, then supt≤T |Xt | ∈ L
p(�,P) for any 1 < p ≤ p0.

Proof Recall the sequence {τn ; n ∈ Z+} of {Ft }t≥0-stopping times introduced in
the proof of Proposition7.1.4, again.
(i) Since

Xt = x +
∫ t

0
b(Xs) ds +

∫

[−1,1]×[0,t]
a(Xs−, z) ˜N (dz, ds)

for 0 ≤ t < τ1, Proposition7.1.2, the Hölder inequality and Hypothesis 7.1.3 lead us
to see that

E

[

sup
s≤t∧τ1

|Xs |p
]

≤ C |x |p + C
∫ t

0
E

[

sup
s≤u∧τ1

(

1 + |Xs |p
)

]

du

for any p ≥ 2. Then, we can get

E

[

sup
s<T∧τ1

|Xs |p
]

≤ (

1 + C |x |p + C T
)

exp
[

C T
]

from the Gronwall inequality, so sup
s<T∧τ1

|Xs | ∈ L
p(�,P). The estimate in the case

of 1 < p < 2 can be justified via the Jensen inequality.
(ii) Since Xτ1 = Xτ1− + a

(

Xτ1−,�Zτ1

)

, we can get

E

[

sup
t≤τ1

|Xt |p
]

≤ E

[

sup
t<τ1

|Xt |p
]

+ E
[|X (τ1)|p

]

≤ C E

[

sup
t<τ1

|Xt |p
]

+ C E
[∣

∣a
(

Xτ1−,�Zτ1

)∣

∣

p]

≤ C E

[

sup
t<τ1

|Xt |p
]

+ C sup
y∈R

sup
z∈R0

‖∂za(y, z)‖E[∣

∣�Zτ1

∣

∣

p]

from the mean value theorem. Then, the assertion for 1 < p ≤ p0 can be checked
from the study in (i) and Hypothesis 7.1.3.
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As usual, an iterative procedure leads us to the conclusion. �

Exercise 7.3.2 Use Proposition7.1.2 in order to find conditions as in Hypothe-
sis 7.1.3, which ensures that the condition supt≤T Zt ∈ L

p0(�,P) for some p0 > 1
is satisfied. In particular, test your result with the Lévy measures given in Examples
3.3.10, 4.1.20, 5.1.10, 5.1.11 and 5.1.19.
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Densities of Jump SDEs



Chapter 8
Overview

8.1 Introduction

Welearn early in anyprobability theory course that in order to compute any significant
quantity we need to have information regarding the distribution function of random
variables. This issue appears not only in applied problems where actual computation
needs to be carried out but also in theoretical problems where qualitative information
of the distribution function is needed.

We also learn how to obtain the probability distribution of a function of a vector of
randomvariables using the change of variables theorem. Themain topic of discussion
in this second part is the existence, regularity between other properties of densities
for random variables that are generated by an infinite number of independent random
variables. This is the case of a functional of the solution of a stochastic differential
equation.

We plan to discuss one of the possible methods to attack this problem which for
us was very intuitive and simple to explain to early graduate students. We hope that
this will be so for other younger generations as this was our main motivation to write
this part of the book.1

Therefore we do not strive for a wide generality but rather to find simple examples
and situations where one may explain the techniques simply. It is up to the user
to devise the corresponding result that will suit their application. Also many of
the techniques given here can be combined to obtain a very powerful and flexible
result. We try only to explain the basic set-up of each method, leaving the possible
combination or further extension of various methodologies to the user.

Therefore we do not develop so deeply a general theory to deal with random
variables on an infinite-dimensional space but rather concentrate on the case of
stochastic equations and try in that setting to describe the basic method and its uses.
We will not explore the full power of each method and its variants. This will be

1Clearly there aremany otherways to deal with the present problem.Notably, there are the analytical
methods and most distinguishably methods developed in the partial differential equation literature.

© Springer Nature Singapore Pte Ltd. 2019
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Universitext, https://doi.org/10.1007/978-981-32-9741-8_8

157

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-32-9741-8_8&domain=pdf
https://doi.org/10.1007/978-981-32-9741-8_8


158 8 Overview

determined by each particular example, although we may give some comments in
the remarks.

It should be clear from the present text that it cannot be a replacement for any of
the authoritative and complete treatises on the topic: [9, 30, 46] etc. The approach,
which is based on starting with finite-dimensional integration by parts formula and
then extending the formula to infinite dimensions, is easily stated but it takes some
work to carry it out in general. We explain it heuristically in the next section.

8.2 Explaining the Methods in Few Words

Learning the properties of the density function of the real random variable X can be
done using E[G(X)] for a variety of functions G. For example, if G(y) = 1(y ≤ x)
then we obtain that E[1(X ≤ x)] is the distribution function of X and therefore the
existence of densities is related to the existence of the derivative of E[1(X ≤ x)]
with respect to x . An alternative way to obtain the same result is through the use
of the so-called integration by parts (IBP) formula. To explain this method, suppose
that X has finite moments.2 Then an IBP formula for (X,Y ) makes it possible to
write E[G ′(X)Y ] = E[G(X)H ] for a function G ∈ C1

p(R;R) and a suitable random
variable H with finite moments which is independent of G.3 Using this formula for
Y ≡ 1 and using an approximation of the indicator function of an interval instead of
f ′ one can prove the existence of the density of X .4 In fact, one may also understand
this property by taking limits, and we see that the IBP formula leads to the formula
E[1(X ≤ x)] = E[(x − X)+H ], where

(x)+ =
{
0 (x ≤ 0),

x (x > 0).

In fact, if we apply the IBP formula k times we may also obtain E[1(X ≤ x)] =
E

[
(x−X)k+

k! Hk

]
for an appropriate random variable Hk which is obtained by iteration.5

This property will imply that the density of X is k times differentiable. In fact, one
may also obtain upper bounds for the density of X and its derivatives easily using
Markov-type inequalities.

With this short discussion we would like to convince the reader of the central
role that is played by the IBP formula. In general, any IBP formula is based on a
parallel finite-dimensional formula. It is one of the goals of this text to prove that

2That is, E[|X |p] < ∞ for all p > 0.
3Note that the indicator function used for the distribution function can also be written with G(y) =
1(y − x ≤ 0) and therefore ∂xE[G(X)] = −E[G ′(X)].
4More exactly, one proves the absolute continuity of the probability measure induced by X . For
details, see Lemma 2.1.1 in [46].
5Changing the values of Y being used. In fact, in the last step one uses Y = Hk−1.
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this is so. Therefore the infinite-dimensional formulas will be obtained as limits of
the respective finite-dimensional formulas.

In order to carry out this project, one needs first the theorem that assures that
the random variable X can be expanded in terms of finite-dimensional random vari-
ables. In the set-up of Wiener functionals (that is, random variables that arise due
to the Wiener process and their combinations thereof), this theorem is the Itô chaos
expansion which can be interpreted as some form of Fourier series decomposition.
In the set-up of jump processes, this expansion is naturally provided by the com-
pound Poisson process approximation described in the previous chapter. This is the
approach that will be explained in the next few chapters.

Clearly this is but one option of analysis. Changing the expansion used will result
in a different infinite-dimensional analysis technique. As far as we know, this set-
up has been pioneered by Norris [45] and later explained in [6] and applied to the
Boltzmann equation in [7].

Still, in the finite-dimensional case, there are still many different variations (good
and bad) that are possible which again will lead to different formulations, and these
variations are what we now try to explain in heuristic terms.

The first step is to recognize that any IBP formula is a weak-type problem. That
is, that the problem can be represented as an expectation. In general, any expectation
is represented using functionals of random variables. Changing the random variables
used for the representation and/or the functionals used will imply a new structure for
the same quantity. This will in turn lead to a new representation and therefore to a
different IBP formula. The main question is how to obtain different representation
formulas which will lead to different IBP formulas and how to recognize the role
and advantage of each representation.

In particular, studying finite-dimensional models will allow us to see more clearly
the use and role of each representation and the possible advantages and disadvantages
of each method.

Although there is not a unique way to obtain all possible representations, we list
some of the possible methods to obtain them.

a. Write a “natural” finite-dimensional approximation and carry out a direct IBP
formulawith respect to anyfixed randomvariable in the problemwith smooth density.
Usually these formulas are unstable if the random variable in question only affects
the final result in an infinitesimal way as it is the case of diffusions.

b. Given a. with respect to a range of single infinitesimal random variables, find
a way of putting them together in a stable manner. Here we describe a summation
method which may stabilize the final formula.

c. Do a change of variables before carrying out the IBP. Then return the change
back. Another form of the same procedure is as follows. Carry out a parametric
infinitesimal change of measure in the finite-dimensional integrals and then differ-
entiate with respect to the parameter. Return to the original model and then represent
it back as an expectation. This formulation goes better with the original ideas of
Bismut of using a change of measure (Girsanov theorem).

This formula is related to a “torsion”-type formula which is interesting when
the change of variables involves many variables at once. In fact, we claim that the
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approach presented here allows the user to see the effect of such a method on the
density of the basic random variable clearly.

d. Representations can be further localized by using convolutions of expressing
random variables as the sum of two independent random variables, one comprising
the regular part and another expressing the irregular part of the density. Then the IBP
is carried with respect to the regular part (when possible).

e. Representations can also be obtained by randomization. One clear example of
this is the subordination of Brownian motion to study Lévy processes.

Finally, we would not like to make a long appeal to the applicability of the results,
just briefly stating that in our experience the understandingof the behavior of densities
has aided in various theoretical/applied problems.



Chapter 9
Techniques to Study the Density

In the previous chapters we started studying the density of some Lévy processes
using some ad-hoc techniques (see e.g. Exercises 4.1.23 and 5.1.17). In order to
study densities of random variables there are many different techniques. We will
briefly describe some of them in this chapter. Most of these techniques are analytic
in nature and they give a different range of results. We concentrate here on the
multi-dimensional results, while in Chap. 1 some basic results were discussed in the
one-dimensional case.

The first result, which is the most classical for undergraduate students, is the
derivative of the distribution function.

Theorem 9.0.1 Let X be an R
d -valued random vector with distribution function

FX (x) := P(X ≤ x).1 If fX := ∂1,...,d FX exists a.e., then for any bounded continuous
function g, we have

E[g(X)] =
∫
Rd

g(x) fX (x)dx . (9.1)

Exercise 9.0.2 Prove the above statement using the classical approximation argu-
ment for the definition of Riemann integrals.

Sometimes there are situations when in order to characterize the density function of
a random vector one tries to directly obtain Eq. (9.1), which is the reason why it is
used as a definition.

Definition 9.0.3 We say that the random vector X has a density function if, for any
bounded and continuous function g : Rd → R, there exists an integrable function
fX : Rd → [0,∞) such that

E[g(X)] =
∫
Rd

g(x) fX (x)dx .

1Here {X ≤ x} = {Xi ≤ xi ; i = 1, ..., d}.
© Springer Nature Singapore Pte Ltd. 2019
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Exercise 9.0.4 Show that if the random vector X has a density function fX then∫
Rd fx (x)dx = 1. Also show that the above definition implies that (9.1) is also valid
for bounded measurable functions g : Rd → R.

A variation of Theorem 9.0.1 is given through the concept of the Radon–Nikodým
derivative. In order to continue with the discussion, we will extend the notation of
distribution function FX into the measure FX (dx) = PX (dx), which can be obtained
using the Carathéodory extension theorem. That is:

Theorem 9.0.5 Let FX (x) = P(X ≤ x). Then FX is a function of bounded variation.
Furthermore, if FX is absolutely continuous with respect to the Lebesgue measure
on R

d then X has a density function. This density is the Radon–Nikodým derivative
of FX with respect to the Lebesgue measure.

For basic facts and proofs of the above statements, see your favorite book onmeasure
theory. For example, see Chap.7 in [50].

Problem 9.0.6 This exercise gives you a method to obtain inequalities for densities.
Given a fixed real random variable X . Assume that there exists a function H ∈
L1(R,R+) such that for any bounded measurable function f ≥ 0, one has

E[ f (X)] ≤
∫

f (y)H(y)dy.

Prove that X has a density and that its density pX (x) satisfies the inequality pX (x) ≤
H(x), a.e. − x with respect to the Lebesgue measure.

9.1 On an Approximation Argument

There are various ways of measuring the regularity of the density of a real random
variable X . One of these ways is the integration by parts formula as described in
the introduction to Chap. 8. In that case and in other situations, approximations are
needed.

The first technique is to use approximations of the so-called Dirac delta Schwartz
distribution functions. Rather than giving a general account of Schwartz distributions,
we will give some examples. Recall that the convolution of two functions f and g is
given by

f ∗ g(x) :=
∫

f (z)g(x − z)dz.

Define φa(z) := 1√
2πa

e− |z|2
2a .

Lemma 9.1.1 Let f ∈ C0
0 (R

d) then

lim
a↓0 φa ∗ f (0) = lim

a↓0

∫
1√
2πa

e− |z|2
2a f (z)dz = f (0).
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Proof The proof can be obtained if we just consider the behavior of f around zero
and away from zero. In fact, for given ε > 0 there exists δ > 0 such that for all |z| < δ

then | f (z) − f (0)| < ε. Then we have

∣∣∣∣
∫

1√
2πa

e− |z|2
2a f (z)dz − f (0)

∣∣∣∣ ≤
∣∣∣∣
∫

Bδ(0)

1√
2πa

e− |z|2
2a ( f (z) − f (0))dz

∣∣∣∣
+ 2‖ f ‖∞

∣∣∣∣
∫

Bδ(0)c

1√
2πa

e− |z|2
2a dz

∣∣∣∣
≤ ε + 2‖ f ‖∞

∫
a−1/2Bδ(0)c

1√
2π

e− |z|2
2 dz.

If we let a → 0 then the region of integration of the second integral will vanish.

Furthermore, due to the integrability of the function 1√
2π

e− |z|2
2 , one obtains that the

second term goes to zero, which gives that

lim
a↓0

∣∣∣∣
∫

1√
2πa

e− |z|2
2a f (z)dz − f (0)

∣∣∣∣ ≤ ε,

for any ε > 0. Therefore taking ε → 0 the result follows.

Exercise 9.1.2 The above result is in fact the beginning of a deep theory related to
Schwartz distributions and their approximation. We will not discuss these matters
fully but just give a few exercises that hint at some results that one can obtain.

For example, here we generalize the above result using a general kernel function
instead of a Gaussian one. That is, let g : Rd → R+ be an integrable function with∫

g(z)dz = 1. Prove that

lim
a↓0

∫
a−1g(za−1) f (z)dz = f (0)

for f ∈ C0
0 (R

d).

Exercise 9.1.3 The following generalization deals with the case that f is not contin-
uous. Suppose that f : R → [−1, 1] is a càdlàg function2 and that g satisfies besides
the hypotheses in Exercise 9.1.2 that g(z) = g(−z) for all z ∈ R. Prove that

lim
a↓0

∫
1

a
g

(
z − x

a

)
f (z)dz = f (x+) + f (x−)

2
.

In particular, note that in this result the value of the function f at the point x is
completely irrelevant, because the Lebesgue measure of the point x is zero.

2That is, both side limits exist at any point.
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Exercise 9.1.4 This exercise tries to show that even when the symmetry of g is not
assumed, one can still compute the above limits. Let t > 0 and f : R → [−1, 1] be
a càdlàg function. Prove that

lim
z→0+

∫ t

0
f (s)

z

s
√
2πs

e− z2

2s ds = C1 f (0+),

lim
z→0−

∫ t

0
f (s)

z

s
√
2πs

e− z2

2s ds = C2 f (0−).

Find the values of C1 and C2.
For a hint, see Chap.14.

Remark 9.1.5 All exercises above have generalizations in the multi-dimensional
case. We leave the interested reader to try to foresee these extensions.

Now we try to point out the relation of the above results with the notion of weak
convergence of probability laws.

Lemma 9.1.6 Let Za ∼ N (0, a) be a one-dimensional Gaussian random variable
with mean zero and variance a. Let X be a d-dimensional random vector with
continuous density function independent of Za. Then one has that for f ∈ Mb(R)

lim
a↓0 E[ f (Za + X)] = E[ f (X)].

Proof There are two ways of proving this fact. From the analytical point of view one
may rewrite the expectation as follows, using Fubini’s theorem:

E[ f (Za + X)] =
∫
R2

f (z + x)
1√
2πa

e− |z|2
2a pX (x)dxdz

=
∫
R

dz
1√
2πa

e− |z|2
2a

∫
R

dw f (w)pX (w − z).

Here pX stands for the density function of the random variable X . Now note that due
to the boundedness of f that z → ∫

R
f (w)pX (w − z)dw is a continuous function

due to the dominated convergence theorem.3 Therefore

lim
a↓0 E[ f (Za + X)] =

∫
R

f (w)pX (w)dw = E[ f (X)].

Exercise 9.1.7 Prove that the characteristic function of Za + X converges to the
characteristic function of X . Use this result to prove

lim
a↓0 E[ f (Za + X)] = E[ f (X)]

3Prove this. Hint: Recall the proof of Lemma 9.1.1.
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for f ∈ C0
c (Rd). Essentially this proves that the convergence of characteristic func-

tions implies that certain expectations with respect to these laws converge.

Exercise 9.1.8 Prove that the density of Za + X in the above lemma is given by the
convolution φa ∗ pX .

9.2 Using Characteristic Functions

Another method to study the densities of random vectors is through the use of
characteristic functions (Fourier transforms). In this case, one needs to use the
inverse Fourier transform or the characteristic function of the random variable X
as ϕ(θ) ≡ ϕX (θ) := E[exp(iθ · X)] for all θ ∈ R

d .
We start with a simple exercise:

Exercise 9.2.1 One learns inmost basic probability courses that for a random vector
X ∼ N (0, A) its characteristic function is given by

ϕ(θ) = exp(−θ∗ Aθ

2
).

Prove this fact.
Hint: First prove it in the one-dimensional case. Then prove it when A is a diagonal

matrix and finally in the general case when A is a positive definite matrix.
For a hint, see Chap. 14.

Theorem 9.2.2 (Lévy’s inversion theorem) Let (Ω,F ,P) be any probability space,
X be an R

d -valued random vector defined on that space and ϕ(θ) = E[ei〈θ,X〉] be
its characteristic function. If ϕ ∈ L1(Rd), then fX , the density function of the law of
X, exists and is continuous. Moreover, for any x in R

d , we have

fX (x) = 1

(2π)d

∫
Rd

ei〈θ,x〉ϕ(θ)dθ.

The following corollary of Theorem 9.2.2 gives us a more precise criterion for the
regularity of the density.

Corollary 9.2.3 Let X be a random vector under the same setting as in Theorem
9.2.2 and ϕ be its characteristic function. Assume that there exists a constant λ > 0
such that ∫

Rd

|ϕ(θ)||θ |λdθ < +∞.

Then the density function of the law of X exists and it belongs to the set Cλ.

Here we also give the proof of Theorem 9.2.2 in the particular case of the above
corollary.



166 9 Techniques to Study the Density

Proof Applying Fubini to the following integral and Exercise 9.2.1, we obtain for
any a > 0

∫
e−i〈θ,y〉 1

(2πa)d/2
e− |θ |2

2a ϕ(θ)dθ =
∫

PX (dx)

∫
ei〈θ,x−y〉 1

(2πa)d/2
e− |θ |2

2a dθ

=
∫

PX (dx)e− |x−y|2a
2 .

Note that the above integral is finite due to the Gaussian term in the integral. Fur-
thermore the last term corresponds to the density of X + Za where Z ∼ N (0, aI ).
This result already proves that if two random vectors have the same characteristic
function then their distribution functions are the same. In fact, using Lemma 9.1.6
we obtain this result if these two random vectors have a continuous density.

In order to obtain further information from the above equality we need to first
obtain an alternative expression for the distribution function of X . This is obtained
by integrating the above formula with respect to y ∈ A(w) := {z ∈ R

d; wi − hi ≤
zi ≤ wi , i = 1, . . . , d}, wi ∈ R, hi > 0, i ∈ {1, . . . d}. Doing so, one obtains

∫
A(w)

∫
e−i〈θ,y〉 1

(2πa)d/2
e− |θ |2

2a ϕ(θ)dθdy

=
∫

FX (dx)(
2π

a
)d/2

d∏
j=1

(Φ((w j − x j )a) − Φ((w j − h j − x j )a)). (9.2)

Multiplying the above equality by ( a
2π )d/2 and taking the limit as a ↑ ∞, we obtain

using the dominated convergence theorem

∫
A(w)

FX (dx) = lim
a↑∞

∫ d∏
j=1

e−iθ j (w j −h j ) − e−iθ j w j

iθ j

1

(2π)d
e− |θ |2

2a ϕ(θ)dθ.

From here, one obtains that if two random vectors have the same characteristic
functions then their distribution functions are the same.

If ϕ ∈ L1(Rd) then we have

|
∫

A(w)

d FX (x)| ≤ 1

(2π)d

d∏
j=1

h j

∫
|ϕ(θ)|dθ.

Therefore the absolute continuity of the distribution function FX is proven4 and
therefore the density of X exists. Furthermore the density can be expressed as

4Try to prove this in detail.
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fX (w) = 1

(2π)d

∫
e−i〈θ,w〉ϕ(θ)dθ.

We leave as an exercise to prove that the above function is continuous in w. In a
similar fashion, one also obtains the expression for the derivatives as

∂α fX (w) = 1

(2π)d

∫
(−iθ)αe−i〈θ,w〉ϕ(θ)dθ,

(−iθ)α :=
λ∏

j=1

(−iθα j ),

for any multi-index α with |α| = λ. To discuss fractional orders λ ∈ (0, 1), one
considers

fX (w) − fX (w′) = 1

(2π)d

∫
(e−i〈θ,w〉 − e−i〈θ,w′〉)ϕ(θ)dθ.

Now note that the following inequalities are satisfied5:

|e−i〈θ,w−w′〉 − 1| ≤ |〈θ, w − w′〉| ∧ 2 ≤ Cλ|〈θ, w − w′〉|λ.

From here the Hölder property of fX follows.

Exercise 9.2.4 Use the proof of the above result to prove that if Xn , n ∈ N, X
are random vectors such that their characteristic functions belong and converge in
L1(Rd) then their density functions converge pointwise.

Problem 9.2.5 Here, we consider some further properties that one can deduce from
characteristic functions, as well as an important counterexample.

1. Suppose that the characteristic function of a real-valued random variable X satis-
fies that |ϕ(θ)| ≤ 1

1+|θ |2 . Prove that the density function of X exists and is bounded.
Note that this result could also give you an extension of Corollary 9.2.3.

2. Prove that if furthermore the derivative of ϕ(θ) exists and satisfies the inequality
|ϕ′(θ)| ≤ 1

1+|θ |2 then the density function satisfies the inequality fX (x) ≤ C
1+|x | .

State and prove similar results for the derivatives of fX .

3. For ε > 0 and x0 ∈ R fixed, consider the real valued random variable X such

that P(X ∈ A) = ε 1(x0 ∈ A) + (1 − ε)
∫

A
e−x2/2√

2π
dx . Prove that the characteristic

function associated with X , ϕX (θ), does not converge to zero as θ ↑ ∞.

Exercise 9.2.6 (Tail estimates) Let X be a real random variable. Suppose that its
characteristic function admits an analytic extension6 and it satisfies:

5Prove this using the fact that | sin(x)| ≤ |x | for values of x close to zero.
6This is a strong restriction. For example, note that e−cθ2 does not satisfy this condition. Still a
good approximation will satisfy this condition.
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1. For any R > 0 and anyη ∈ R, |ϕ(±R + iη)| ≤ C R−ε , for someC > 0 and ε > 0.
2. For any a > 0 and η ∈ R,

|ϕ(θ + iη)| ≤F1(η, a) for |θ | ≤ a,

|ϕ(θ + iη)| ≤F2(θ, a) for |θ | > a.

Prove that the density satisfies the following upper bound for any η > 0 and a > 0:

fX (x) ≤ Ce−ηx

(
2aF1(η, a) +

∫
R\[−a,a]

F2(θ, a)dθ

)
, x > 0.

Note that once this result is proven one can optimize on η and a as functions of x in
order to obtain an upper bound for the density. The case x < 0 follows similarly.

For a hint, see Chap. 14.

Problem 9.2.7 Use the Laplace transform to find conditions under which

E

[(
(W 0

Y 0
t
)2 + (W 1

Y 1
s
)2

)−1
]

< ∞,

where t, s > 0, W i , i = 0, 1 are independent Wiener processes and Y i , i = 0, 1 are
independent gamma processes with parameter a, that is, a Lévy process with Lévy
measure ν(dz) = e−az

z dz. If you do not know much about Wiener processes consider

the same problem for WYt

L= Z
√

Yt , where Z is a standardGaussian random variable.
Hint: Use the identity

∫ ∞
0 e−λx dλ = x−1 for x > 0.

Anextensionof the previous resultswhichdemands that the characteristic function
be in L2(Rd) rather than in L1(Rd) is as follows.

Lemma 9.2.8 Let X be a random vector such that its characteristic function satisfies
that ϕX ∈ L2(Rd). Then X has a density.

Proof We leave the details to the reader, just mentioning themain points of the proof.
Recall that in the proof of Corollary 9.2.3, we have used the random variable Xn =
X + Zn where Zn is an r.v. independent of X with mean zero and variance
n−1 which follows a Gaussian law. Furthermore, by the Plancherel equality we
have that if fn denotes the density of Xn then

∫
f 2n (x)dx = Cd

∫ |ϕXn (θ)|2dθ ≤
Cd

∫ |ϕX (θ)|2dθ =: C < ∞.Due to theweakcompactness of theballs of L2(Rd , dx),
we may extract a subsequence nk and find a function f ∈ L2(Rd , dx) such that fnk

converges weakly in L2(Rd , dx) to f . But, on the other hand, FXn (dx) = fn(x) dx
tends weakly (in the sense of measures) to PX ≡ FX . As a consequence, FX (dx) is
nothing but f (x) dx .
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Exercise 9.2.9 Another way of proving the above result is to use (1.1). That is,
let g ∈ L2(R) prove that E[g(Ẑ n

t )] = ∫
F (g)(θ)E[eiθ Ẑ n

t ]dθ , where F (g)(θ) =
1
2π

∫
R

g(z) e−i zθ dz. Finally, prove that if E[eiθ Ẑ n
t ] is square integrable as a func-

tion of θ then the law of Zn is absolutely continuous with respect to the Lebesgue
measure.

According to [20] this lemma is optimal in the sense that ϕX ∈ L p with p > 2
does not imply that X has a density, quoting [33] for counterexamples.

Our next result explains a basic technique which uses approximations in order to
prove the regularity of the density of X . This idea will resurface in Example 10.4.5.

Theorem 9.2.10 Let {Xn}n∈N be a sequence of random variables approximating X
in the following sense: For some C > 0, r > 0 and s > 0,

|ϕXn (θ) − ϕX (θ)| ≤ C |θ |r n−s .

Also assume that the density of Xn has the following asymptotic regularity property
for u > 0 and k > 0, |ϕXn (θ)| ≤ Cnu

(1+|θ |)k . Then we have that the asymptotic regularity
property for X is

|ϕX (θ)| ≤ C

(1 + |θ |) ks−ru
s+u

.

Therefore if α = ks−ru
s+u − 1 > 0 then the density of X exists and belongs to the class

Cα−ε(R,R) for any ε > 0.

Proof To obtain the estimate on |ϕX (θ)| we just need to consider the following
inequality:

|ϕX (θ)| ≤ |ϕXn (θ) − ϕX (θ)| + |ϕXn (θ)|
≤ C |θ |r n−s + Cnu

(1 + |θ |)k
.

Now, one chooses n in an asymptotic optimal way as n = �|θ |r/(s+u)(1 + |θ |)k/(s+u)�.
From the resulting inequality one proves that ϕX ∈ Lα(Rd) by performing an appro-
priate change of variables to cylindrical coordinates.

Exercise 9.2.11 Find a counterexample toTheorem9.2.10.That is, define a sequence
of random variables Xn with smooth density such that the sequence converges to X
almost surely and the limit random variable does not admit a density.

Conversely, give an example of a sequence of random variables Xn such that they
do not admit a density but in the limit have a smooth density. For this, it may be
helpful to recall 3 in Exercise 9.2.5.

The following localization argument will also be of constant use.



170 9 Techniques to Study the Density

Lemma 9.2.12 For δ > 0, let fδ : R+ �→ [0, 1], be a function vanishing on [0, δ],
strictly positive on (δ,∞) and globally Lipschitz continuous (with Lipschitz constant
1). Consider the random variable X and its associated distribution function FX

and a function σ : R �→ R+. Assume that for each δ > 0, the measure Fδ(dx) =
fδ(σ (x))FX (dx) has a density. Thus, X has a density on {x ∈ R, σ (x) > 0}.
Proof We prove the absolute continuity property. Let A ⊂ R be a Borel set with
Lebesgue measure 0. We have to prove that PX (A ∩ {σ > 0}) = 0. For each δ > 0,
the measures 1{σ(x)>δ}FX (dx) and Fδ(dx) are absolutely continuous with respect to
each other. By assumption, Fδ(A) = 0 for each δ > 0, whence PX (A ∩ {σ > δ}) =
0. Hence, PX (A ∩ {σ > 0}) = limδ→0 PX (A ∩ {σ > δ}) = 0.

Another criterion for proving that the density belongs to a Besov space is the
criterion given by [21] (for a proof, see this reference). The spaces Bs

1,∞, s > 0, can
be defined as follows. Let f : Rd → R. For x, h ∈ R

d set (Δ1
h f )(x) = f (x + h) −

f (x). Then, for any n ∈ N, n ≥ 2, let

(Δn
h f )(x) = (

Δ1
h(Δ

n−1
h f )

)
(x) =

n∑
j=0

(−1)n− j

(
n

j

)
f (x + jh).

For any 0 < s < n, we define the norm

‖ f ‖Bs
1,∞ = ‖ f ‖L1 + sup

|h|≤1
|h|−s‖Δn

h f ‖L1 .

Note that the operatorsΔn
h are higher-order difference operators and the above norms

measures the functions and weak derivatives in the L1-sense. But one allows for
some explosions which are not so strong in the sense that they do not make the above
integral infinite.

It can be proved that for two distinct n, n′ > s the norms obtained using n or n′ are
equivalent. Then we define Bs

1,∞ to be the set of L1-functions with ‖ f ‖Bs
1,∞ < ∞.

We refer the reader to [56] for more details.

Exercise 9.2.13 Prove that ifwe denote byCα
c the set ofHölder continuous functions

of degree α with compact support, then this space is included in its corresponding
Besov space (Bα

1,∞). That is, Besov spaces are a weaker version of Hölder spaces.

The next lemma establishes a criterion on the existence of densities.

Lemma 9.2.14 Let X be a random variable. Assume that there exist 0 < α ≤ a < 1,
n ∈ N and a constant Cn such that for all φ ∈ Cα

b , and all h ∈ R with |h| ≤ 1,

∣∣∣∣
∫
R

Δn
hφ(y)FX (dy)

∣∣∣∣ ≤ Cn‖φ‖Cα
b
|h|a . (9.3)

Then X has a density with respect to the Lebesgue measure, and this density belongs
to the Besov space Ba−α

1,∞ (R).
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9.3 An Application for Stable Laws and a Probabilistic
Representation

We have studied in Sect. 5.6 and in particular, in Exercise 5.6.4 that the characteristic
function for a stable law is given by ϕ(θ) = E[eiθ Zt ] = e−Cα t |θ |α for a suitable con-
stant Cα . This example, which is different from the Gaussian case (note that the fact
that the characteristic function is a one-to-one transformation follows from Lévy’s
inversion theorem, Theorem 9.2.2) will be a first example for which we can apply all
our results of this section. In particular, ϕ ∈ L1(R) and therefore the density function
of Zt exists and due to the symmetry of the characteristic function, this density can
be written as

fZt (x) = 1

π
Re

∫ ∞

0
eiθxϕ(θ)dθ = 1

π

∫ ∞

0
cos(θx)ϕ(θ)dθ.

From Corollary 9.2.3 we obtain that the density function of Zt is infinitely differ-
entiable.

Exercise 9.3.1 Use the method described in Exercise 9.2.6 to obtain an upper bound
for the density of a stable-like process. In fact, consider

ϕ(θ) = exp

(
t
∫

[−1,1]
(eiθx − 1 − iθx)

dx

|x |1+α

)
.

Prove that this function has an analytic extension. Prove that its density exists and is
smooth. Find an upper bound for its density using the technique explained in Exercise
9.2.6.

Without loss of generality, we assume that x > 0, α ∈ (0, 2). In the present case,
note that

|ϕ(θ)| = exp

(
−2t

∫
[−1,1]

sin2
(

θx

2

)
dx

|x |1+α

)
.

Note that the function sin has an analytic extension which still satisfies that for |θ |
in any bounded set there exists a constant C > 0 which depends on this set such that

∣∣∣∣sin
(

θx

2

)∣∣∣∣ ≤ C
|θx |
2

.

Then we have that using the Cauchy integral theorem as in Exercise 9.2.6 that we
have to estimate (we use the same notation as in the hint for Exercise 9.2.6)

e−r x

(∫
B1

e−t |r |α dθ +
∫

B2

e−t |θ |α dθ

)
≤ e−r x

(
2ae−t |r |α + Ce−t |a|α |a|1−α

)
.
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The last estimate follows by using L’Hôpital rule for

lim
a↑∞

∫
B2

e−t |θ |α dθ

e−t |a|α |a|1−α
= 1

tα
.

Finally, try to optimize on the values of a and r in order to find an explicit upper
bound.



Chapter 10
Basic Ideas for Integration by Parts
Formulas

As explained in Sect. 8.2, the goal of this second part is to show how to obtain integra-
tion by parts (IBP) formulas for randomvariableswhich are obtained through systems
based on an infinite sequence of independent random variables. In this chapter, we
will show a few basic ideas of how this can be done for stochastic difference equa-
tions generated by a finite number of input noises which have smooth densities. We
will revisit different methods to deal with this problem which lead to techniques
used in the setting of continuously varying stochastic equations with jumps which
may depend on an infinite number of random variables. This idea, which appears in
various other fields in different forms and levels of difficulty, was developed by Paul
Malliavin in the eighties within the context of hypoelliptic operators in stochastic
analysis on the Wiener space. For this reason, it is known as Malliavin calculus.

10.1 Basic Set-Up

In this section we will consider the following simple difference equation:

Xk+1 = Xk + A(Xk)Zk, k = 0, ..., n − 1. (10.1)

Here, X0 = x ∈ R, A : R → R, Z := (Z0, ..., Zn−1) is a random vector composed
of i.i.d. real-valued random variables. Suppose that Z0 has a density function of the
form 1

Δα g(
x

Δα ), where g is a one-dimensional C∞
0 (R) density function,1 α ≥ 1

2 and
Δ = T

n .

1This restriction is tailor-made in order to fit α−1 stable distributions as our main example. In

particular, one may simplify the set-up to α = 1
2 and g(x) = 1√

2π
exp(− x2

2 ) (the density of a
standard normal random variable).
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Exercise 10.1.1 Prove by induction that for each k = 1, ..., n, there exists a function
fk : Rk → R such that Xk = fk(Z0, ...., Zk−1).2

Exercise 10.1.2 1. Find the conditional density of Xk+1 given Xk .

2. Prove that regardless of the regularity of the function A, this conditional density
is a smooth function if A satisfies for some positive constants c, C that 0 < c <

|A(x)| < C for any x ∈ R.

The above exercise is important to understand the goal of the following chapters. In
fact, the question we will address is if these regularity properties are satisfied asΔ =
T
n → 0. In particular, one is willing to accept some additional conditions on A. Note
that in the multi-dimensional case A somehow replaces the concept of the covariance
matrix in the particular case that Zk is a standardGaussian randomvariable. Therefore
the requirement that 0 < c < |A(x)| < C states that the covariance matrix is non-
degenerate.3

If you have some experience with difference equations you will realize that these
are approximations of ordinary differential equations in the case that one considers
yk+1 = yk + B(yk)Δ. The limiting ordinary differential equation y′

t = B(yt ) has a
unique solution if B is a Lipschitz function.

One of the surprising results for younger students is that in fact the regularity
of the noise term Zk may imply that the limit of the sequence {Xn}n for Xk+1 =
Xk + B(Xk)Δ + A(Xk)Zk , k = 0, ..., n − 1may exist and the limiting equationmay
have a unique solution even in caseswhere B does not satisfy theLipschitz condition.4

Problem 10.1.3 1. Prove that yn = y0 +∑n−1
i=0 B(yi )Δ.

2. If you know the generalization of theAscoli–Arzelà theorem for càdlàg functions5

you may also use it to prove that the functions fn(t) = yk, t ∈ [kΔ, (k + 1)Δ),
k = 0, ..., n − 1 and fn(1) = yn converge uniformly to a continuous limit if B is
bounded.

3. Furthermore, suppose that B is a continuous function. Use the above result and
prove that the limit of fn satisfies the equation

f (t) = y0 +
∫ t

0
B( f (s))ds.

4. Use Gronwall’s lemma to prove that there is a unique solution to the above
equation if we further assume that B is Lipschitz.

2In the continuous time setting this property corresponds to the adaptedness of the solution of Eq.
(10.1).
3The concept that replaces this quantity in Malliavin Calculus is usually called the Malliavin (or
stochastic) covariance matrix.
4This result requires much more knowledge than we give in this text and we therefore do not pursue
it. This topic of research is commonly known as “regularization by noise”.
5See for example, [11] on the space D[0, 1].
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10.1.1 The Unstable IBP Formula

Definition 10.1.4 Given a function G ∈ C1
c (R;R). If there exists an integrable ran-

dom variable H (i.e., E[|H |] < ∞) such that

E
[
G ′(Xn)

] = −E [G(Xn)H ] (10.2)

then we say that Xn satisfies an IBP formula (for G with weight H ).

Exercise 10.1.5 For n = 1 provide enough conditions on g so that one has an
IBP formula. In particular, prove that H = g′g−1( X1−X0

A(X0)Δα )(A(X0)Δ
α)−1. Apply this

result in the case that g is the density of a standard Gaussian random variable. Find
an IBP formula for the second derivative. That is, E[G ′′(Xn)] = E[G(Xn)H ].
Remark 10.1.6 As we will soon see, there is no uniqueness of the representation of
H in (10.2). In fact, any random variable H ′ such that the conditional expectations
E
[
H
∣
∣Xn

] = E
[
H ′∣∣Xn

]
will satisfy this property. This (advantageous) property is

related with the fact that onemay enlarge the probability space so that the conditional
expectation of H with respect to Xn remains unchanged. As a disadvantageous aspect
of this fact, it is mathematically clear that enlarging the space will only increase the
variance of H . For a precise statement see Exercise 10.1.7.

Exercise 10.1.7 Suppose that G ∈ C1
c (R;R) and that Xn satisfies an IBP formula

forG with weight H which is a function of Xn alone. Prove that any random variable
H ′ such thatE

[
H
∣
∣Xn

] = E
[
H ′∣∣Xn

]
is also aweight for the IBP formula. Also prove

that Var[H ] ≤ Var[H ′].
Problem 10.1.8 In this exercise, consider G ∈ C1

c (R;R). Then one can prove
the following two IBP formulas, E

[
G ′(X)

] = −E [G(X)Hi ] , i = 1, 2 for X =
max0≤s≤1 Ws ,6 where W is a Brownian motion.

1. Suppose that supp(G) ⊆ (0,∞), then the IBP formula is valid with −H1 = X .
2. In the general case, i.e. G ∈ C1

c (R;R) but G(0) 
= 0 prove by computing
E [G(X)H2] that the IBP formula is satisfied with

−H2 = −2pN
−1

{

N (N + 1) 1
(

1

N + 1
< X <

1

N

)

−N (N − 1) 1
(
1

N
< X <

1

N − 1

)}

+ X.

Here N is a discrete random variable independent ofW with distribution function
{pn; n ∈ N} with pn > 0 for all n ∈ N.

6If one prefers to put this in the framework of (10.1) then take n = 1, X0 = 0 and Z0 =
max0≤s≤1 Ws = X1.
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Problem 10.1.9 Anotherwayof obtaining an IBP formula inProblem10.1.8 is using
the reflection principle for Brownian motion as follows. Prove that the following IBP
formula is satisfied: E[G ′(|W1|) sgn(W1)] = E[G(|W1|)W1].7

Problem 10.1.10 Give an IBP formula for G ∈ C1
c ([0,∞);R) for X = ϕ(W1) and

G(0) = 0 in the following cases:

1. ϕ(x) = |x |.
2. For α 
= 0 and β 
= 0 consider:

ϕ(x) =
{

αx if x ≥ 0,

βx if x ≤ 0.

3. For ϕ(x) = x2 the following additional condition is neededG(u) = o(u) as u →
0.

Problem 10.1.11 The following result which will be assumed through this exercise
is a result used for simulation of stable laws and is called the Chambers–Mallows–
Stuck simulation method. For simplicity we assume that α ∈ (0, 1) ∪ (1, 2), let W
be an exponential random variable of mean 1 and U be a (−π

2 , π
2 )-uniform r.v.

independent of W . Then the following random variable follows an α-stable law

Z = sin(αU )

cos1/α(U )

(
cos((1 − α)U )

W

) 1−α
α

.

That is, the characteristic function of Z is given by E[eiθ Z ] = e−|θ |α . Use this result
to find an IBP formula for E[G ′(Z)] under appropriate conditions on the function G.

The above exercises show the range of possibilities when performing integration
by parts formulas when one random variable is involved.

We would like to deal with the system (10.1), which is a composition of a large
number of random variables {Zi }i . Still, we will start with the most simple cases, as
in Exercise 10.1.5, in order to try to develop a general theory. For this, we will need
the concept of stochastic derivatives.

Definition 10.1.12 Let Y = U (Z) whereU : Rn → R
k is a C1 function. We define

the stochastic derivative as the random vector (∂0Y, ..., ∂n−1Y ), where ∂kY :=
∂kU (Z). In this sense, we will say that the random variable Y is a C1 random
variable. Similarly, we may say that a random variable is C1

b , C
k
p, etc.

We say that the random variable Y is uniformly elliptic with respect to Zk if there
exists a positive constant c0 such that ∂kY ≥ c0 a.s.

Remark 10.1.13 (i) The uniform ellipticity condition just states that the functionU
transfers all the variability of the random variable Zk if all other variables are left

7This is a way of hiding the boundary terms that appeared in the previous exercise.
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fixed. In particular, if Zk has a density then U will “transfer” this density to the
density of Y . As a typical example of non-uniformly elliptic random variable,
consider the case that U is constant in some part of the support of Z .

(ii) We remark that the above definition of differentiability depends on the basic
randomvariable(s) Z used in the representation of the randomvariableY . It may
be true that a representation of the random variable Y may not be differentiable
with respect to Z but differentiable with respect to a different representation
using a different random variable Z1. It is not difficult to think of an example.

Exercise 10.1.14 Let Z1, Z2, Z3 three independent standard normal random vari-
ables. Define X := 1(Z1 ∈ A)Z2 + 1(Z1 ∈ Ac)Z3 for any measurable set A. Prove
that X is not differentiable with respect to Z1. Still, the law of X corresponds to a
standard Gaussian law and therefore it has a smooth density.

Exercise 10.1.15 Recall the basic set-up (10.1). Prove that ∂k Xn = A(Xk)
∏n−1

j=k+1

(1 + A′(X j )Z j ). In particular, note that ∂k X j = 0 if j ≤ k.8

Theorem 10.1.16 Suppose that A ∈ C2
c (R;R+) satisfying that A(x) ≥ c0 > 0 and

|A′(x)Zk | ≤ c1 < 1 for all x ∈ R. Furthermore suppose that (log g)′( Zk
Δα ) is inte-

grable. Then Xn satisfies the IBP formula with weight

H = ∂k(∂k Xn)
−1 + (∂k Xn)

−1(log g)′
(
Zk

Δα

)
1

Δα
. (10.3)

Remark 10.1.17 The above formula is called unstable IBP because H usually does
not converge (say, in law) as Δ → 0.9 The concept of non-degeneracy appears here
as one needs that (∂k Xn)

−1 has to be well defined.

Proof of Theorem 10.1.16 The idea of the proof is straightforward. Just write the
expectation in (10.2) as an integral and carry out an IBP with respect to the density
of the random variable Zk . We just give the main idea here, leaving the details
to the reader. First, it is clear by induction that Xn is a C2(Rn;R) function of Z .
Furthermore, we have for k < n that Xn is uniformly elliptic with respect to Zk . In
fact,

∂k Xn = A(Xk)

n−1∏

j=k+1

(1 + A′(X j )Z j ) ≥ c0(1 − c1)
n−k−1 > 0. (10.4)

Here, we interpret the product as 1 if k = n − 1. Similarly, ∂k Xn ≤ C0(1 + c1)n−k−1

with C0 := supx |A(x)|. Then we compute the IBP, using a conditional expectation

8Note that this property is related to the so-called adaptedness condition of X . In short, as X j only
depends on the values of Z0, ..., Z j−1, then ∂k X j = 0 if j ≤ k.
9Exercise: Think of an example. Actually it is much harder to think of an example where this
formula converges.
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with respect to Zk and the independence of the random variables Z j , j = 1, ..., n as
follows:

E
[
G ′(Xn)

] = E
[
G ′(Xn)∂k Xn(∂k Xn)

−1
]

(10.5)

= E
[
∂k{G(Xn)}(∂k Xn)

−1]

= 1

Δα

∫

R

E

[
∂k{G(Xn)}(∂k Xn)

−1
∣
∣
Zk=z

]
g
( z

Δα

)
dz

= 1

Δα

∫

R

E

[(
G(Xn)|Zk=·

)′
(z) (∂k Xn)

−1
∣
∣
Zk=z

]
g
( z

Δα

)
dz

= −E [G(Xn)H ] .

In order to obtain the last step one needs to carry out the classical IBP formula taking
into account that the boundary terms will cancel as G ∈ C1

c , limz→∞ g
(

z
Δα

) = 0
and the assumed hypotheses on A. Finally the formula is obtained by converting the
resulting expression into an expectation.

Remark 10.1.18 The interpretation of (10.3) is clear. The second term corresponds
to the derivative of the density g in the integration by parts formula. The first term is
a compensation term which appears because f ′(Xn) does not correspond exactly to
a stochastic derivative.

Exercise 10.1.19 Prove that in the particular case that k = n − 1 inTheorem10.1.16
then the restriction |A′(x)Zk | ≤ c1 < 1 is not needed. Therefore in this particular case
the result applies in the case that g is the standard Gaussian density.

Exercise 10.1.20 As the derivative A′ is bounded in Theorem 10.1.16, then the
restriction |A′(x)Zk | ≤ c1 < 1 in Theorem 10.1.16 implies that the random variable
Zk should take values on a bounded set. This is a restrictive condition.

Using an approximation argument, give the alternative condition to the condition
|A′(x)Zk | ≤ c1 < 1 so that under moment conditions on 1 + A′(Xk)Zk the IBP for-
mula for Xn (10.3) is valid. Still, the basic example of Zk distributed according to
the standard Gaussian distribution cannot be handled in general.

Exercise 10.1.21 Obtain the same result as in Theorem 10.1.16, using instead the
following idea: Define H ξ : R − {0} → R for any parameter ξ ≥ 0 as H ξ (z) =
z exp(ξ z−1). This is a sequence of smooth space transformations satisfying the fol-
lowing conditions:

H ξ (z)
∣
∣
ξ=0 = z, ∂z H

ξ (z)
∣
∣
ξ=0 = 1, ∂ξ H

ξ (z)
∣
∣
ξ=0 = 1.

Consider E [G(Xn)F(Z)] for an appropriate functional F and use the above space
transformation H ξ for values of ξ close to zero to carry out an integration by parts
in order to prove Theorem 10.1.16.10 This idea will be used in Sect. 10.3.

10Hint: After carrying out the appropriate change of variables, differentiate the formula with respect
to ξ and evaluate it for ξ = 0.
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Exercise 10.1.22 In this exercise, we will analyze an example with a two-
dimensional noise. Here, Zk is a two-dimensional random vector such that it has den-
sity given by Δ−1g( x√

Δ
,

y√
Δ

), x, y ∈ R for g ∈ C∞
0 . Furthermore, the probabilistic

model is given by Xk+1 = Xk + 〈A(Xk), Zk〉 where A : R → R
2 with A1(x) 
= 0

and A2(x) 
= 0 for all x ∈ R. The goal is to find various integration by parts formulas
for E[G ′(Xk+1)] for G ∈ C1

c .

1. Use integration by parts formulas in one dimension in order to obtain two inte-
gration by parts formulas based on each component of g.

2. Use the divergence theorem11 in order to obtain an integration by parts formula
using the two variables in g.

3. Propose away todo this integrationbypartsweakening the condition that A1(x) 
=
0 and A2(x) 
= 0 for all x ∈ R.

For a hint, see Chap. 14.

Exercise 10.1.23 Obtain the integration by parts formula in the following two-
dimensional case: Y = U (Z1, Z2) where the random vector (Z1, Z2) has a joint
smooth density g(x1, x2) on a compact domain D with smooth boundary with
g vanishing at ∂D. Obtain the integration by parts formula using each coor-
dinate separately and then using both coordinates. This is of course related to
Green’s/Stokes/Divergence theorem as in Exercise 10.1.22.

Exercise 10.1.24 In this exercise, we will try to state a way to bring all problems of
integration by parts to the Gaussian law.

1. Let U be a random variable with density function g ∈ C∞ with support equal
to R. Find the density of F(U ) where F is a strictly increasing differentiable
function so that F(R) = R.

2. Find an explicit example so that F(U ) is a standard Gaussian random variable.

Using this idea with the proof of Theorem 10.1.16 allows the use of Gaussian random
variables for Zk .

For a hint, see Chap. 14.

Exercise 10.1.25 Note that the previous set-up is modeled after the case when the
Z0 is standard normal random variable and therefore α = 1

2 . Obtain a result similar
to Theorem 10.1.16 in the case that the density of Z0 is of the type 1

Δα g(
x

Δα ) for some
α ≥ 1

2 and g ∈ C∞
c .12 Recall that an extension argument as in Exercise 10.1.20 will

have to be used.

11Also known as Gauss’s theorem or Ostrogradsky’s theorem.
12This example corresponds to α−1-stable process. For example, α = 1 corresponds to the Cauchy
process for which g(x) = 1

π(1+x2)
, x ∈ R.
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10.2 Stability by Summation

From the result in Theorem 10.1.16 we see that we have n − 1 IBP formulas for each
k = 1, ..., n − 1. All these formulas will be unstable (that is, H will blow up) in the
case that we want to take limits.

In order to stabilize these formulas we need to collect these n − 1 formulas and
somehow add them (although see Remark 10.2.5 for other possibilities). Intuitively
we would like to obtain formulas such that in the eventual case that we want to take
limits as n → ∞ (or equivalently Δ → 0) the IBP formula will remain stable. The
stability of the formula can be obtained in a number of ways. One of them uses a
summation argument as we explain in the following theorem.

Theorem 10.2.1 Suppose that A ∈ C2
c (R;R+) satisfying that A(x) ≥ c0 > 0 and

|A′(x)Zk | ≤ c1 < 1 for all x ∈ R and any k = 1, .., n. For any auxiliary sequence
of C1

b bounded random variables ak, k = 1, ..., n − 1 such that ak ≥ c0 and under
the same conditions as in Theorem 10.1.16 we have that an IBP for Xn is valid with

H =
n−1∑

k=0

{

∂k

⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j∂ j Xn

⎞

⎠

−1⎞

⎠

+
⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j∂ j Xn

⎞

⎠

−1⎞

⎠ (log g)′
(
Zk

Δα

)
1

Δα

}

.

(10.6)

Proof The proof follows the same lines as in the proof of Theorem 10.1.16 with one
clear difference. Note in particular that H is well defined as

n−1∑

j=0

a j∂ j Xn ≥ c20c
−1
1 (1 − (1 − c1)

n).

In step (10.5), we carry out the calculation as follows:

E
[
G ′(Xn)

] = E

[

G ′(Xn)

∑n−1
k=0 ak∂k Xn

∑n−1
j=0 a j∂ j Xn

]

(10.7)

=
n−1∑

k=0

E

[

G ′(Xn)
ak∂k Xn

∑n−1
j=0 a j∂ j Xn

]

=
n−1∑

k=0

1

Δα

∫

R

E

⎡

⎢
⎣ ∂k{G(Xn)}ak

⎛

⎝
n−1∑

j=0

∂ j a j Xn

⎞

⎠

−1
∣
∣
∣
∣
∣
∣
∣
Zk=z

⎤

⎥
⎦ g

( z

Δα

)
dz

=
n−1∑

k=0

1

Δα

∫

R

E

⎡

⎢
⎣
(
G(Xn)|Zk=·

)′
(z) ak

⎛

⎝
n−1∑

j=0

a j∂ j Xn

⎞

⎠

−1
∣
∣
∣
∣
∣
∣
∣
Zk=z

⎤

⎥
⎦ g

( z

Δα

)
dz



10.2 Stability by Summation 181

= −E [G(Xn)H ] .

Remark 10.2.2 Why do we call the above formula a stable formula? In fact, if ak =
O(Δ) then most sums in (10.6) can be interpreted as Riemann sums (and therefore
they are approximations to Lebesgue integrals) with the exception of the last sum.
For this last term we hope that13

ak(log g)
′
(
Zk

Δα

)
1

Δα
=
{
O(Zk) (α = 1

2 ),

O( Δ
Zk

) (α 
= 1
2 ).

This will lead to the idea that the last term should converge to a stochastic integral
(or the so-called Skorohod integral). In fact, as an exercise, verify that if g(x) =
1√
2π

exp(− x2

2 ) and ak = Δ then the above property is satisfied.

Exercise 10.2.3 In the spirit of Example 10.1.25 (try first, for example Cauchy or
gamma increments) and find ak so that the integration by parts formula is stable by
summation.

Exercise 10.2.4 Suppose that g(x) = 2−1 1(−1,1)(x). Clearly this function does not
satisfy the basic hypothesis g ∈ C∞

0 (R) stated right after (10.1). In order to carry out
the integration by parts formula, one can use the following localization argument.

Repeat the arguments in Theorem 10.2.1 using instead
∑n−1

j=0 a j∂ j Xn , the function
∑n−1

j=0 a j∂ j Xnψ(Z j ) for ψ ∈ C∞(R; [0, 1]) such that ψ(x) = 0 for x in a neighbor-
hood of x = −1, 1. State appropriate conditions for the calculations to be satisfied.

Using this argument one can obtain a stable integration by parts formula without
boundary terms.

10.2.1 Example: Diffusion Case

Herewewill not touchvarious delicate issues such as the necessaryweak convergence
arguments and we will only give an idea of how the application of Theorem 10.2.1
leads to the usual IBP formula. In this case one letsΩ = C([0, T ]) and on this space
we have a family of random variables Zk ∼ N (0,Δ) with Δ = T

n . Then Xn → YT

in L p(Ω) for any p ∈ N, where Y is the solution of the one-dimensional stochastic
differential equation (SDE)

Yt = x +
∫ t

0
A(Ys)dWs .

13How to resolve the issue that Zk appears in the denominator will be further discussed in Example
10.3.4.
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In this case, g(x) = 1√
2π

exp
(
− x2

2

)
. Therefore (log g)′(x) = −x and taking ak = Δ

we have as promised that

ak(log g)
′
(
Zk

Δ
1
2

)
1

Δ
1
2

= −Zk .

Furthermore, for any sequence k ≡ kn such that t ∈ [ Tkn , T (k+1)
n ), we have that

∂k Xn = A(Xk)

n−1∏

j=k+1

(1 + A′(X j )Z j )

→ A(Yt ) exp

(∫ T

t
A′(Ys)dWs − 1

2

∫ T

t
A′(Ys)2ds

)

=: ∂t YT .

Therefore the limit formula for H (where we have slightly abused the notation under-
standing that ∂s is a linear operator) is

H =
∫ T

0
∂s

((∫ T

0
∂t Y (T )dt

)−1
)

ds +
(∫ T

0
∂t Y (T )dt

)−1

WT .

In fact, ∂t above is the well-known stochastic derivative (a.k.a. Skorohod derivative)
of Malliavin calculus. The random variable H is sometimes called the Malliavin
weight. For more details, see any standard reference on the topic.

Remark 10.2.5 Note that this is not the only way of performing the IBP; we remark
that there is a way of obtaining stability using an argument based on products. The
idea is based on the parametrix method of partial differential equations. As this
method is complicated to introduce here we just mention it in passing, giving as Ref.
[42] or [58].

10.3 The Change of Variables Method

Another method to obtain an IBP formula which is different from the previous one
is obtained through a change of variables. This is somewhat the discrete equivalent
version of the Bismut method for the IBP which is based on Girsanov’s formula.
As we will see later, this point of view is interesting as the conditions under which
each version of the IBP formula will be valid are different as we only require that
the finite-dimensional formula converges.



10.3 The Change of Variables Method 183

Theorem 10.3.1 Let H ξ : R → R for ξ ≥ 0 be a sequence of C1
b -smooth space

transformations14 satisfying the following conditions:

H ξ (z)
∣
∣
ξ=0 = z, ∂z H

ξ (z)
∣
∣
ξ=0 = 1.

Define h(z) := ∂ξ H ξ (z)
∣
∣
ξ=0. For a sequence of real numbers {ak}nk=1 we have that

the following IBP for Xn is valid with either

H = ∂k
{
(∂k Xn)

−1h(Zk)
−1
}
h(Zk) (10.8)

+(∂k Xn)
−1h(Zk)

−1

{

(log g)′
(
Zk

Δα

)
h(Zk)

Δα
+ h′(Zk)

}

,

or

H =
n−1∑

k=0

{
∂k

⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j∂ j Xnh(Z j )

⎞

⎠

−1⎞

⎠ h(Zk) (10.9)

+
⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j∂ j Xnh(Z j )

⎞

⎠

−1⎞

⎠
{

(log g)′
(
Zk

Δα

)
h(Zk)

Δα
+ h′(Zk)

}}
.

Here we assume that the random variables above have finite expectation.

Proof We proceed as follows: we consider a general expectation E [G(Xn)F(Z)],
we rewrite it as an integral with respect to Zk , we perform the change of variables
z = H ξ (u), and then we differentiate with respect to ξ = 0 in order to obtain an IBP.
This gives

E [G(Xn)F(Z)] =
∫

R

E
[
G(Xn)F(Z)|Zk=H ξ (u)

]
g

(
H ξ (u)

Δα

)
∂u H ξ (u)

Δα
du.

Differentiating the above expression with respect to ξ and taking ξ = 0, we obtain

E [∂k{G(Xn)F(Z)}h(Zk)]

= −E

[

G(Xn)F(Z)

{

(log g)′
(
Zk

Δα

)
h(Zk)

Δα
+ h′(Zk)

}]

.
(10.10)

Therefore if we choose F(Z) = (∂k Xn)
−1h(Zk)

−1 we obtain the unstable IBP.
Now we remark that the above argument also applies if

14In particular, our definition of “space transformation” includes the property that the transformation
is one-to-one and that the inverse is differentiable.
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F(Z) = Fk(Z) = ak

⎛

⎝
n−1∑

j=0

a j∂ j Xnh(Z j )

⎞

⎠

−1

and also if we sum (10.10) with respect to k. Therefore we have that due to the
property

∑n−1
k=0 ∂k Xnh(Zk)Fk(Z) = 1 we obtain the corresponding stable formula

(10.9).

E
[
G ′(Xn)

] = E

[

G ′(Xn)

∑n−1
k=0 ak∂k Xnh(Zk)

∑n−1
j=0 a j∂ j Xnh(Z j )

]

=
n−1∑

k=0

akE [∂kG(Xn)Fk(Z)h(Zk)] (10.11)

=
n−1∑

k=0

ak {E [∂k(G(Xn)Fk(Z))h(Zk)] − E [(G(Xn)∂k Fk(Z))h(Zk)]} .

From here the result follows.

Remark 10.3.2 Some remarks about the change of variables method are in order.

(i) The interpretation of the restrictions should be clear. Note that the conditions
H ξ (z)

∣
∣
ξ=0 = z and ∂z H ξ (z)

∣
∣
ξ=0 = 1 are needed so that after differentiation we

return to the original model. After careful consideration of a slightly modified
model one can see that the condition ∂z H ξ (z)

∣
∣
ξ=0 = 1 can be dispensed with

(this is an exercise for the reader).
(ii) Note the differences between the formulas (10.3) and (10.8). In fact, h ≡ 1 gives

(10.3). The appearance of the last term is due to the space twist deformation.
This reveals the geometric nature of the Girsanov formula.

(iii) The fact that the term (log g)′
( Zk

Δα

) h(Zk )

Δα + h′(Zk) appears in (10.9) will be very
important later. In fact, this way of writing the formula allows us to control
degeneration behavior of the first term by choosing an appropriate h. Such
analysis is not easy to see in the general formulations of Malliavin calculus for
jump processes.

(iv) Using a function H ξ which may depend on all the coordinates of Z (or even
two of them) leads to interesting IBP formulas. Again the present form of the
formula allows the understanding of the role of the change of variables.

(v) If one compares the statement of Theorem 10.2.1 and Theorem 10.3.1, one
realizes that the fact that H is integrable is related with the ellipticity of A. In
particular, using the notation introduced in the proof of Theorem 10.3.1, the
conditions in Theorem 10.2.1 are related to F−1

k .

Exercise 10.3.3 Prove that the formula (10.8) can also be obtained by a simpler
argument using the classical change of variables and integration by parts formula.
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Example 10.3.4 Consider the density function g(x) = 1
2 x

−1/2 for x ∈ (0, 1].15 Sup-
pose that we can apply the result (10.6). Then in the weight H , the term (log g)′

( Zk
Δα

)

= − Δα

2Zk
which leads to instabilities of the IBP formula in the form of integrabil-

ity problems. In fact, it is clear that E[(Zk)
−1] = ∞. Therefore the result in (10.6)

cannot be satisfied in general.
Instead, consider H ξ (z) = z exp(ξ z), z ∈ [0, 1]. Then h(x) = x2 and the condi-

tions of Theorem 10.3.1 are satisfied. Then, in this case

(log g)′
(
Zk

Δα

)
h(Zk)

Δα
+ h′(Zk) = 3

2
Zk .

Therefore this will lead to a stable IBP formula in the sense that the previous inte-
grability problem has been resolved. Furthermore, the sum appearing in (10.9) may
now lead to a stochastic integral when limits are taken. This kind of problem typi-
cally appears in stable-like densities. Note that the above function H ξ is not the only
one that will achieve the same goal. In fact, H ξ (z) = z(1 + ξ) will also achieve the
same goal. In general, one may consider the following differential equation for a
sufficiently regular function v ≡ vα,Δ and C ≡ Cα,Δ:

C
h(x)

x
+ h′(x) = v(x). (10.12)

Then the general solution is of the form

h(x) = x−C
∫

xCv(x)dx . (10.13)

The exact initial conditions and the function G are to be chosen by the user in
order to establish the desired regularity properties. In particular, if one desires that
h(0) = h(1) = 0. For example, if v(x) = a + bx then the parameters a and b should
satisfy a

C+1 + b
C+2 = 0.

In fact, most of the hypotheses in Theorem 10.3.1 are local conditions around
ξ = 0.

This example shows the flexibility of the change of variables method. We will see
more of this in Example 10.4.5. In fact, it is this flexibility in the choice of h which
will allow different goals in different problems. We will use a particular choice of h
in order to analyze the Boltzmann equation in Chap. 13 later on.

Example 10.3.5 In this example, we discuss an application of the above change of
variables in a two-dimensional setting. For this discussion, one needs to reconsider
the generalization of the IBP formula to two dimensions, as it has been carried out
in Exercises 10.1.22 and 10.1.23.

15Note that this example does not satisfy our hypothesis of smoothness of g in x = 0, 1, stated after
(10.1), therefore some modifications will be needed. More discussion appears in Sect. 9.1.
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For example, consider the set-up of Exercise 10.1.23. Carry out the change of
variables (x1, x2) = h(z1, z2). Find the corresponding IBP formula as in Theorem
10.3.1. Discuss the possible optimality considerations for h.

As the set-up may be rather vague for the reader, we develop this example further.
For this, let X = U (Z1, Z2) with (Z1, Z2) a two-dimensional random vector with
smooth density g : R2 → R+. Again let us assume the existence of the sequence of
smooth space transformations H ξ (z1, z2). Then as in the proof of Theorem 10.3.1
we have

E [G(X)F(Z)] =
∫

R2
G(U (x1, x2))F(x1, x2)g(x1, x2)dx1dx2

=
∫

R2
G(U (H ξ (z1, z2)))F(H ξ (z1, z2))g(H

ξ (z1, z2))JH ξ (z1, z2)dz1dz2.

Here JH ξ stands for the Jacobian associated with H ξ . Differentiating with respect to
ξ and taking ξ = 0, we obtain

E [∂k{G(X)F(Z)}] = −E
[
G(X)F(Z) {∇(log g) (Z) h(Z) + Jh(Z)}] .

The main advantage of the above formula is the fact that now there are two func-
tional parameters h = (h1, h2) in the problem that could be chosen depending on
the objective of the problem. In particular, one can combine the correlation effects
between the components of Z .

Note that from the above IBP formulas, aswell as in order to obtain an IBP formula
for E[G(n)(X)] in inductive form it is much better to provide a general integration by
parts formula forE[G ′(X)F(X)] for a function F with enough regularity conditions.
There is another method to obtain a change of variables formula which also implies
the change of probabilistic model which introduces also the motivation of the next
section.

10.4 IBP with Change of Weak Representation Formula

In probability theory an expectation can be expressed in different forms using dif-
ferent random variables. Each expression will bring a different integration by parts
formula. This technique is ad-hoc at the present moment and therefore we present it
through some examples.

Specifically, in this section we want to discuss how the IBP formula depends on
the representation formula used for Xn as a function of other random variables. A
very simple example of this is given in Problem 10.1.11. Furthermore, the formula
described in Theorem 10.3.1 is one formula of this type. The change of variables
used corresponds to writing Xn as a function of (H ξ )−1(Zk), k = 0, ..., n − 1.
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• Analternative probabilistic representation canbeobtainedby rewriting Zk = Z1
k +

Z2
k , where (Z j

k )
j=1,2
k=0,...,n is a sequence of independent randomvariables. Thenwe can

obtain an IBP formula based on (Z1
0, ..., Z

1
n−1). This method is sometimes called

partial Malliavin calculus. Here we prefer to call it “alternative representation by
convolution”, the reason being that in the analytical sense the sum of random
variables is represented by a convolution.

• Another representation can be obtained by randomization. That is, let (ε j
k )

j=1,2
k=0,...,n

be a sequence of i.i.d. Bernoulli random variables such that Zk = ε1k Z
1
k + ε2k Z

2
k .

We call this “alternative representation by sum”.

10.4.1 The Plain Change of Variables Formula

This is the most straightforward version of the formula, although there is a change
in the representation of the model.

Theorem 10.4.1 Let h be a strictly increasing C1
b -function. Define the random vari-

ables Uk = h(Zk). Suppose the same conditions as in Theorem 10.1.16, where the
conditions on the density g are replaced by the corresponding density of Uk given

by ĝ(x) = 1
Δα g

(
h−1(x)

Δα

)
(h′(h−1(x)))−1. Then we have the IBP formula

H =
(
∂̂k(∂̂k Xn)

−1 + (∂̂k Xn)
−1(log ĝ)′ (Uk)

)
. (10.14)

Here ∂̂k X denotes the stochastic derivative of the random variable X when written as
a functional of the i.i.d. sequence of random variables U := {Uk; k = 0, ..., n − 1}.
Proof As the proof is similar to the proof of Theorem 10.1.16 we only give a sketch.
We perform the change x = h(z), defining Uk := h(Zk):

E
[
G ′(Xn)

] =
∫

R

E

[

∂̂k{G(Xn)}(∂̂k Xn)
−1
∣
∣
∣
Uk=x

]

ĝ(x)dx

=
∫

R

E

[
(
G(Xn)|Uk=·

)′
(x) (∂̂k Xn)

−1
∣
∣
∣
Uk=x

]

ĝ (x) dx

= −E [G(Xn)H ] .

Remark 10.4.2 (i) We remark thatwriting the term ∂̂k(∂̂k Xn)
−1 implies the assump-

tion that ∂̂k Xn can bewritten as a non-zero functional ofU which is differentiable
and integrable.

(ii) The formula (10.14) is not so different from (10.3). It is just that the basic
random variables are different. This introduces a change in the expression for
H that has to be clearly understood. In particular, the behavior of the logarithmic
derivative of ĝ will become important.
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We finish this section with the corresponding stabilization formula.

Theorem 10.4.3 For any auxiliary sequence of ∧-uniformly elliptic C1
b -bounded

randomvariables ak , k = 1, ..., n − 116 and under the same conditions as in Theorem
10.4.1 we have that the IBP formula is valid with

H =
n−1∑

k=0

{

∂̂k

⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j ∂̂ j Xn

⎞

⎠

−1⎞

⎠

+
⎛

⎝ak

⎛

⎝
n−1∑

j=0

a j ∂̂ j Xn

⎞

⎠

−1⎞

⎠ (log ĝ)′ (Uk)

}

.

(10.15)

Exercise 10.4.4 Here, we introduce a second idea in order to deal with boundary
effects in the density g. Assume the same setting as in Exercise 10.2.4. First define
the change of variables z = tan( xπ2 ) so that the uniform density on [−1, 1] is now
replaced by a Cauchy density which has support on R. Prove that the model defined
in (10.1) with Zk ∼ U [−1, 1] is now equivalent in law to the model where Zk are
i.i.d. r.v.s with Cauchy distribution. In general, for this method to be successful, it
requires that the random variable Xn has a particular behavior when U = −1, 1.

10.4.2 The Change of Representation Argument by Sum
and Convolution

In this section we will put some techniques together in order to describe how to carry
out an integration by parts formula for stable-like random variables Zi . The main
feature in this section is that the integration by parts will be carried out with respect
to the laws of the small jumps. This will introduce further problems for which the
solution is briefly described here. Most of these techniques will be used later on in
Chap. 13.

Example 10.4.5 First, we will represent a stable law as Zk = εk Z1
k + (1 − εk)Z2

k
such that Z1

k will represent the jumps in the interval (ζ, 1) and Z2
k will represent the

rest of the other jumps. This example has a deep relationwith the Boltzmann equation
to be treated later in Chap. 13 and it was introduced in [7]. In that case the density
function of Z1

k is given by fζ (x) = C−1
ζ x−(1+α) 1(ζ < x < 1) for ζ < (1 + α)−

1
α ,

α ∈ (0, 2) and Cζ := ζ−α−1
α

> 1. The desired change of variables is given by the

function h−1(z) = (ζ−α − αz)−
1
α . In this case h(x) = ζ−α−x−α

α
, for x ∈ (ζ, 1), α ∈

(0, 2). Now, we let {(εk, Z1
k ); k = 0, ..., n − 1} be a sequence of i.i.d. vectors such

16∧means that the requirement is related to the representation of Xn using the new random variables
U .
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that εk is a Bernoulli r.v. with parameter p ≡ p(ζ,Δ) = CζΔ < 117 independent of
Z1
k . Z

1
k has as density the function fζ .18 The goal here is to find an IBP formula for

Xn(ζ ) that will be stable as ζ → 0 and Δ → 0. In order to explain things slowly, we
give first the change of probabilistic representation:

E
[
G ′(Xn)

] = C−1
ζ Δ

∫ 1

ζ

E
[
G ′(Xn)

∣
∣ Z1

k = x, εk = 1
]
x−(1+α)dx

+E
[
G ′(Xn)

∣
∣ εk = 0

]
(1 − CζΔ).

Now using the change of variables x = h−1(z) = (ζ−α − αz)−
1
α , for z ∈ [0,Cζ ].

Then we obtain that as fζ (h−1(z))h′(h−1(z))−1 = C−1
ζ ,19

C−1
ζ

∫ 1

ζ

E
[
G ′(Xn)

∣
∣ Z1

k = x, εk = 1
]
x−(1+α)dx

= C−1
ζ

∫ Cζ

0
E
[
G ′(Xn)

∣
∣ h(Z1

k ) = z, εk = 1
]
dz.

(10.16)

Therefore we can use instead of the random variables Z1
k a sequence of i.i.d. r.v.

s Uk := h(Z1
k ) which are uniformly distributed on [0,Cζ ]. Finally, the probabilistic

model representation can be changed accordingly. We leave the rest of the proba-
bilistic description to the reader as a non-trivial exercise. This idea in order to obtain
an integration by parts formula is interesting as the density fζ around zero blows up
with a higher degree each time a derivative is taken for ζ ≈ 0. This new representa-
tion allows the exchange of this blow-up behavior with a stretching of the region of
integration.20

Now another problem appears: the density of U does not vanish at the endpoints
of the support. This can be solved with a well-known localization technique which is
just an alternative representation by sum.21 Or one may improve the approximation
technique as follows: Let ϕζ,1(x) be a C∞

c function which satisfies

17This is a condition on Δ.
18Note that the set-up is slightly different from the one given in Sect. 10.1 with respect to the form
of the density of Zk .
19We see here the differential equation related to the change of variable quoted inRemark 10.3.2(iii).
That is, the last term in (10.14) vanishes. Otherwise if such a change is not used, one would obtain
a term of the order −1. Compare this with Example 10.3.4.
20That is, Cζ → ∞ as ζ → 0. Clearly this can be done only in the case that εk = 1. But this can
be done often if we choose ζ as an appropriate function of Δ so that P(εk = 1) is close to one.
21See Exercise 10.4.7.
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ϕζ,1(x) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0 (x ≤ ζ ),

increasing (ζ < x < 2ζ ),

1 (2ζ ≤ x ≤ 1 − ζ ),

decreasing (1 − ζ < x < 1),

0 1 ≤ x .

Explicit functions of this type can be obtained using the function exp(− 1
x ). One can

now modify (10.16) as follows:

C−1
ζ

∫ 1

ζ

E
[
G ′(Xn)

∣
∣ Z1

k = x, εk = 1
]
x−(1+α)ϕζ,1(x)dx

= C−1
ζ

∫

R

E
[
G ′(Xn)

∣
∣ h(Z1

k ) = z, εk = 1
]
ϕζ,1(h(z))dz.

The final argument will depend on estimates of the error as ζ becomes closer to zero.
Therefore the above argument is an approximation argument which could lead to an
exact IBP by using techniques similar to Problem 10.1.8. Otherwise one may also
use the approximation result in Theorem 9.1.10.

An important remark on this method: We do not need to express the first expecta-
tion on the same original variables as the one used in the first set-up problem. Also
we may use the function ϕζ,1(h(z)) to construct a new random variable with smooth
density and bounded support.

In some way, these ideas have a deep link with the stratification method described
in [19]. Some of these ideas will be put to work in the case of the Boltzmann equation
in Chap. 13, so if you want some hints for the solutions to the proposed exercises
just read that chapter.

Exercise 10.4.6 (Continuation of Example 10.4.5) Propose an alternative to the
method proposed previously in the light of Example 10.3.4. In fact, let us for the
sake of argument assume that Δ = 1. Then as stated previously, any acceptable
change of variables will lead to the formula (10.12) and its corresponding general
solution (10.13). Propose some alternative change of variables.

Exercise 10.4.7 This exercise shows how to perform an IBP formula when the
random variables are defined on a close interval, and is another variant for Problem
10.1.8. Find an alternative density function g(x) in order to replace fζ such that it
satisfies the following conditions

• g(x) 1(x /∈ (ζ, 1)) = 0.
• g(x) = Cx−(1+α) for x in a interval on length of at least (1 − ζ )/2.
• g is a smooth function with bounded derivatives.

This new density can be used instead of fζ in order to obtain similar results. The
difference is that the above density function will not generate boundary terms when
performing integration by parts.

For a hint, see Chap. 14.
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10.5 The Case of Jump Processes

So far, our goal has been to obtain an IBP formula of the type E
[
G ′(X)

] =
−E [G(X)H ]. In the case that X is a random variable which depends on jump
processes the goal of obtaining the IBP may be too difficult sometimes, and there-
fore one may reduce expectations and obtain the IBP formula for a particular type of
functions G. For example, if G(x) = eiθx , then an IBP formula could help in order
to determine the existence and regularity of the density of the random variable X , as
explained in Chap. 9.

In this section, we will introduce some simple methods that will be later exploited
for studying the density of jump-driven stochastic differential equations.

To start, we have to simply recognize that in comparison with the Gaussian situa-
tion there may be cases where one may not deal with the case of Poisson processes in
the same fashion as in Theorem 10.1.16 and its stable extension Theorem 10.2.1. The
first reason for this is that as we know the Poisson process does not have a density.
In fact, recall from Proposition 2.1.16 that if {Nt ; t ≥ 0} be a Poisson process of
parameter λ > 0, then we have that Nt is a discrete random variable and its law is
given by

P(Nt = k) = e−λt (λt)k

k! , k ∈ N
∗.

On the other hand, we have also seen that in Proposition 6.3.1 and Exercise 6.3.2,
that in the case of a compound Poisson process with jumps, densities may exist away
from zero if the Lévy measure is absolutely continuous and finite.

Following Picard’s approach [47], we will try to concentrate first on a very par-
ticular integration by parts formula that essentially applies only to the case of the
characteristic function.

Exercise 10.5.1 Using the explicit characteristic function of a Gaussian random
variable, prove that the Wiener process at time t > 0, denoted by Wt , satisfies the
IBP formula for the function eiθx with weight H = t−1Wt ,

tE[iθeiθWt ] = E[eiθWtWt ].

On the other hand, use the explicit form of the characteristic function of the com-
pound/simple Poisson process to show that the above equality is not satisfied in
general if we replace W by a simple or compound Poisson process. For more infor-
mation, see Theorem 10.5.2.

For a hint, see Chap. 14.

In fact, a different version of the above formula which may still be used as an IBP
formula is the following partial result.

Theorem 10.5.2 Let Zt = ∑Nt
i=1 Yi be a compound Poisson process where Yi are

i.i.d. random variables with a C1
0(R) density function g. Define h(z) = ∂z log(g(z))

and assume that
∫ t
0

∫
h(z)N (dz, ds) = ∑Nt

i=0 h(Yi ) ∈ L1(Ω). Then the following
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“modified” IBP formula for eiθ z is satisfied:

E[iθeiθ Zt Nt1(Nt > 0)] = −E[eiθ Zt

∫ t

0

∫

h(z)N (dz, ds)1(Nt > 0)].

Here we recall the reader that N (dz, ds) stands for the Poisson random measure
associated to Z.

Remark 10.5.3 1. The reason why the above is called a modified IBP formula is
because one has eiθ · on the right-hand side of the above equation and its derivative
iθeiθ ·on the left-hand side. It is a modified formula because it is not satisfied on
the whole probability space but on the set {Nt > 0} with some special weights
(r.v.s) multiplying the particular exponential functions.
Note that in the case of Nt = 0 there is no density and therefore the IBP formula
cannot be expected to hold in the form above. This remark is also related to the
fact that the reasonable way to make out of this a fully fledged IBP formula is
to take a sequence of Poisson processes with parameter λ converging to infinity
so that P(NT = 0) = e−λT → 0.

2. From the above formula one also understands that the factor that appears in the
IBP formula is due to the logarithmic derivative of the density of the jumps.
Therefore one should understand why in exercise 10.5.1 the IBP formulas for the
Wiener and compound Poisson process do not have the same form. Similarly, we
will also see that in many cases the logarithmic derivative of the density of jumps
is not integrable. In that case we may use the technique explained in Theorem
10.3.1.

3. There are two reasons why the exponential functions are used in this section. The
first is that obtaining IBP formulas for exponential functions may indicate that
these formulas may be valid in general if one understands the series development
of Fourier expansions. The other reason is that the study of the density of a random
variable is done through the study of its characteristic function.

Proof We start by computing

E[eiθ Zt

∫ t

0

∫

h(z)N (dz, ds)1(Nt > 0)]

=
∞∑

k=1

P(Nt = k)
k∑

l=1

E[
k∏

j=1

eiθY j h(Yl)]

=
∞∑

k=1

P(Nt = k)
k∑

l=1

⎛

⎜
⎜
⎝

k∏

j=1
j 
=l

E[eiθY j ]

⎞

⎟
⎟
⎠E[eiθYl h(Yl)]

= −iθE[eiθ Zt Nt1(Nt > 0)].
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Note that in the last step, we have used that for h(z) = ∂z log(g(z)), we obtain
using the IBP formula on the distribution of the jump size that E[eiθY h(Y )] =∫
eiθyh(y)g(y)dy = −iθE[eiθY ]. This is the reason for the last equality if one uses

the independence of the jump sizes {Yi ; i ∈ N}.
Exercise 10.5.4 Find conditions on h so that

∫
h(z)ν(dz) = 0. Therefore the for-

mula in Theorem 10.5.2 can now be written in the form

E[iθeiθ Zt Nt 1(Nt > 0)] = −E[eiθ Zt

∫ t

0

∫

h(z)Ñ (dz, ds)1(Nt > 0)].

In general, this will imply that conditions of the function h can be weakened.

Exercise 10.5.5 Propose the same result for kth-order derivatives. That is, find the
proper function hk such that one can prove the equality

E[(iθ)keiθ Zt Nt 1(Nt > 0)] = (−1)kE[eiθ Zt

∫ t

0

∫

hk(z)N (dz, ds)1(Nt > 0)].

Analyze the proper conditions that should be required for g in order for the formula
to be valid.22

For a hint, see Chap. 14.

Exercise 10.5.6 Here, we present a different way of obtaining a similar result.
Prove that in the case of second-order derivatives, there exists h such that the

following formula is satisfied:

E[(iθ)2eiθ Zt Nt (Nt − 1)1(Nt > 0)]
= − E[eiθ Zt

∫ t

0

∫ ∫ s

0

∫

h(z)N (dz, du)h(w)N (dw, ds)1(Nt > 0)].

Consider if the above formulation can be generalized for kth-order derivatives.

10.5.1 The Picard Method

In this section we want to treat briefly the example of a Lévy process which has a
smooth law, although the corresponding Lévy measure is not absolutely continuous
with respect to the Lebesgue measure. For this, recall Exercises 4.1.23, 5.1.17 and
5.1.19.

We will not go deeply into the full details and power of this method and we refer
the reader to the associated literature in [47] or [31].

The first important point in this section is that we will give up on the idea of
obtaining a clean and clear IBP formula like the ones stated in the previous section.

22Hint: Do not forget the boundary conditions for the integrals of hk at ±∞.
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On the other hand, this section is modeled through Exercise 5.1.19 where a sequence
of pointmasses in a discrete-typeLévymeasurewill generate an infinite differentiable
density. As we have always started with Lévy measures with densities, we will take
a sequence of approximations to a discrete measure.

In order to describe an IBP formula for the particular case of characteristic func-
tions, we will first generalize Theorem 10.5.2 to the case of sums of compound Pois-
son processes. That is, let Z̄ n

t = ∑n
i=−n Z

i
t , where {Zi ; i = −n, ..., n} is a sequence

of independent compound Poisson processes with parameters λi , gi , i = −n, ..., n,
where gi are the corresponding Lévy densities which have disjoint supports. Ni

denotes the corresponding jump counting process for Zi , N̄ n
t := ∑n

i=1 N
i
t . For sim-

plicity, we assume that λ0 = 0 so that there are only an even number of compound
Poisson processes being considered. Then in this case we also have the following
result. Its proof is a direct application of Theorem 10.5.2 once one knows that the
Lévy measure associated with Z̄ n is

∑n
i=−n λi gi (z)dz.

Theorem 10.5.7 Let h(z) = ∂z log(
∑n

i=−n λi gi (z)) be such that
∫ t
0

∫
h(z)N

(dz, ds) is integrable. Then the modified integration by parts formula for eiθ z is
satisfied:

E[iθeiθ Z̄ n
t N̄ n

t 1(N̄
n
t > 0)] = −E[eiθ Z̄ n

t

∫ t

0

∫

h(z)N (dz, ds)1(N̄ n
t > 0)].

Exercise 10.5.8 State a condition that assures that
∫ t
0

∫
h(z)N (dz, ds) is inte-

grable. As stated in Exercise 10.5.4, find formulas like the one above which require
conditions on the integrability of

∫ t
0

∫
h(z)Ñ (dz, ds).

For a hint, see Chap. 14.

Exercise 10.5.9 Think of a situation in Theorem 10.5.7 related to Exercise 5.1.19
where

∫ t
0

∫
h(z)N (dz, ds) does not converge weakly as n → ∞.

From this exercise, one understands that the previous formula, which is a
multiplicative-type IBP formula (this is the reason for the appearance of the log-
arithm in the definition of h) cannot be extended to a general situation. In exchange,
one can add formulas of the above type. This is the direction we will take in what
follows. We have to note that the complication in the current setting is that we will
give up on the idea of a perfect IBP formula and just obtain an approximative formula
which is based not on the jump size as in Theorem 10.5.7 but on the structure of the
underlying Poisson processes.

Lemma 10.5.10 The Poisson process N satisfies the following approximative inte-
gration by parts formula for eiθx is valid for any θ ∈ R and t > 0:

(eiθ − 1)E[eiθNt ]λt = E[eiθNt Ñt ].

Proof The proof is a simple calculation which is based on the following equality:
kP(Nt = k) = P(Nt = k − 1)λt .
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Note that if one interprets that eiθ − 1 � iθ then the above formula is some type of
IBP formula. In the next result, we will “mount” the jump structure onto the above
approximative IBP formula.

Theorem 10.5.11 Let w : R → R be a measurable function so that

∫ t

0

∫

|w(z)|N̂ (dz, ds) < ∞.

As before assume that Z̄ n
t = ∑n

i=−n Z
i
t , then the following “modified” IBP formula

for eiθ z is satisfied:

∫ t

0

∫

(eiθ z − 1)w(z)N̂ (dz, ds)E[eiθ Z̄ n
t ] = E[eiθ Z̄ n

t

∫ t

0

∫

w(z)Ñ (dz, ds)].
(10.17)

Remark 10.5.12 The reasonwhy the above formula is amodified IBP formula should
be clear. On the left side, one does not obtain iθ but eiθ z − 1, which is an approxi-
mation of iθ z but it is further integrated with respect to the compensator ofN . Still,
many things remain unclear with this formula at this point.

For example, does it really provide an IBP formula, in order to obtain the necessary
decreasing property of the characteristic function as |θ | → ∞?23 Before discussing
this more in detail, let us provide the proof of the theorem.

Proof In fact, it is just a matter of direct calculation. We will do the proof in the

particular case of Z1
t = ∑N 1

T
k=1 Y

1
i and leave the rest of the details of the proof in the

general case for the reader.

E[eiθ Z1
t

∫ t

0

∫

w(z)N 1(dz, ds)] =
∞∑

k=1

P(N 1
T = k)(E[eiθY 1 ])k−1

E[eiθY 1
w(Y 1)]k

=
∞∑

k=0

P(N 1
T = k)λ1t (E[eiθY 1 ])kE[eiθY 1

w(Y 1)]

=E

[

eiθ Z
1
t

∫ t

0

∫

eiθ zw(z)N̂ 1(dz, ds)

]

.

Note that in the second equality we have used the identity P(N 1
T = k) = λ1t

k P(N 1
T =

k − 1) together with a change of variables in the sum.

To finish the proof one just needs to subtractE
[
eiθ Z

1
t

] ∫ t
0

∫
w(z)N̂ (dz, ds) < ∞

from both sides of the above equality.

Note that in the above result we have a compensated Poisson randommeasure integral
on the right-hand side of (10.17) and on the left-hand side the compensator. For this

23Recall the result in Exercise 1.1.11.
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reason, some people say that the IBP formula (10.17) is based on a duality formula
for Poisson processes. But note that this feature is linked strongly with the fact that
one uses the exponential function. It is also a formula that only uses the structure of
the Poisson process and not of the jumps as stated in the next exercise.

Exercise 10.5.13 Prove the full statement of Theorem 10.5.11. Note that the proof
of this result does not depend on the particular form of the Lévy measure

∑n
i=−n λi gi

(z)dz. This form will be used in the next Example 10.5.16.

Exercise 10.5.14 State and prove an extension of Theorem 10.5.11 for functions
w(s, z) which are continuous with respect to the time variable s. Hint: First prove an
statement similar to the one in Theorem 10.5.11 for simple functions with respect to
the time variable and then take limits.

Exercise 10.5.15 Use the following martingale-type argument in order to prove
Lemma10.5.10.Define u(t − s, x) := E[eiθNt

∣
∣ Ns = x]. Use Itô’s formula for u(t −

r, Nr ), r ∈ [0, t] in order to obtain the result. Note that the introduction of the function
u is crucial for the argument to work. If one applies directly the Itô formula to eiθNt Ñt

the time variable on eiθNt will start to change dynamically in the interval [0, t]which
will not allow us to recover the same function as stated in Lemma 10.5.10.

We will now move forward towards proving a result similar to the one in Exercise
4.1.23 and 5.1.19 using the technique presented in Theorem 10.5.11.

Rather than dealing with a general situation, wewill show the strategy in a simpler
example with a weaker result.

Example 10.5.16 Consider the following particular example: We define for λ j ≡ 1,
j = 0, ..., n the sequence of functions for x ∈ (−1, 1) and α ∈ (0, 2),

g j (x) := 1(2−( j+1),2− j )(x)|x |−(1+α),

g− j (x) := 1(−2− j ,−2−( j+1))(x)|x |−(1+α).

For α ∈ (0, 2) and ε ∈ (0, α/2), prove that there exists a constant C independent of
n such that for all θ ∈ R

|E[eiθ Zt ]| ≤ C

1 + |θ |α/2−ε
. (10.18)

Here Z stands for theLévy processwithLévymeasure given by ν(dx) = 1(−1,1)
dx

|x |1+α

whose construction was given in Chap. 5 as the compensated limit of Z̄ n . Using
Lemma 9.1.8, prove that the above inequality implies that for α > 1 a density fpr Zt

exists.

Proof We apply Theorem 10.5.11 for the function w(z) = |z|r 1(−1,1)(z), r > −1.
We leave for the reader to check that the conditions in Theorem 10.5.11 are satisfied.

First, we will find a lower bound for
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∫ t

0

∫ 1

−1
(eiθ z − 1)|z|rN̂ (dz, ds).

Due to the symmetry of the sequence g j and the fact that the sine function is an odd
function, we have as in Exercise 4.1.23,

In :=
∣
∣
∣
∣

∫ t

0

∫

(eiθ z − 1)|z|rN̂ (dz, ds)

∣
∣
∣
∣ = 2t

∣
∣
∣
∣
∣

∫ 1

2−(n+1)

| sin2( θ z
2 )|

|z|α+1−r
dz

∣
∣
∣
∣
∣

= 2r−α|θ |α−r t
∫ 2−1θ

2−(n+2)θ

| sin2(u)|
|u|α+1−r

du.

Now for any fixed |θ | > 1, we have

lim
n→∞ In ≥ 2r−α|θ |α−r t

∫ θ/2

0

| sin2(u)|
|u|α+1−r

du.

Note that the above integral is finite in the neighborhood of zero if r > α − 2 because
| sin(u)| ≤ |u|. It will also be integrable at ∞ if α > r because the sin function is
bounded.

Next, we need to find an upper bound for the right-hand side of (10.17). To do
this, is enough to use Proposition 7.1.2 (the Burkholder–Davis–Gundy inequality)
in order to obtain that for r > α/2

E

[∣
∣
∣
∣

∫ t

0

∫

w(z)Ñ (dz, ds)

∣
∣
∣
∣

]

≤ ct

(∫

[−1,1]
|z|2r−1−αdz

)1/2

< ∞.

Of all three restrictions for r the most restrictive is the last one, which leads to the
inequality

|E[eiθ Z̄ n
t ]| ≤ C

1 + |θ |α/2−ε
.

The inequality (10.18) follows by noting that
∑ j=n

j=−n

∫ 1
−1 xg j (x)dx = 0 and that as

shown in Chap. 5, the process Z̃ n
t = Z̄ n

t − t
∑ j=n

j=−n

∫ 1
−1 xg j (x)dx converges a.s. to

the Lévy process Z . The existence of the density then follows by Lemma 9.1.8 as
the characteristic function of Z is square integrable in θ ∈ R.

Remark 10.5.17 (i) Note that in order to obtain the argument in other cases, one
may need to further compensate the integrals appearing in Theorem 10.5.11.

(ii) Note also that the argument is somewhat imprecise when one compares the
above with the exact calculation of the characteristic function. This is inherent
to the method.

(iii) In order to obtain further regularity properties of the density of Example 10.5.16
as they were obtained in Exercise 4.1.23, we will need to repeat the procedure
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in Theorem 10.5.11 as needed and the above arguments as much as needed and
then apply Corollary 9.1.3. The advantage of the present method in comparison
to the one used in Example 4.1.23 is that the argument presented here can be
generalized to other situations such as stochastic equations.

Problem 10.5.18 Prove again the result in Exercise 5.1.19 by using the fact that
the proof of Theorem 10.5.11 can also be stated in the setting of Exercise 5.1.19.
In particular, prove the existence of the density of the process defined in Exercise
5.1.19.

Hint: Note the parallel with the argument of Example 10.5.16.

10.5.1.1 The Difference Operator Approach

The plan for future chapters is to give an explanation for Theorem 10.5.7 from the
setting of differential operators on probability spaces.

We will try to briefly explain the result in Theorem 10.5.11 from the point of
view of IBP using difference operators instead of derivative operators. We start with
a trivial exercise about the discrete IBP formula.

Exercise 10.5.19 Let {an}n∈N and {bn}n∈N be two sequence of real numbers. Prove
the following discrete IBP formula:

m∑

k=1

(ak − ak−1)bk = −
m∑

k=1

(bk − bk−1)ak−1 + ambm − a0b0. (10.19)

Give conditions so that the above formula is also valid for m → ∞. Use (10.19)
to prove the classical IBP formula:

∫ b
a f ′(x)g(x)dx = − ∫ b

a g′(x) f (x)dx + f (b)g
(b) − f (a)g(a) for continuous differentiable real-valued functions f and g and
a < b.

The idea of the following result is to modify the proof of Theorem 10.5.2 using
instead the above discrete IBP formula on the law of the Poisson process.

Theorem 10.5.20 Let {a(k)}k≥−1 be a sequence of real numbers; then we have the
following two IBP formulas for all θ ∈ R and t > 0 assuming E[|a(Nt )|Nt ] < ∞
for the first formula and E[ |a(Nt )|

Nt
] < ∞ for the second formula:

(eiθ − 1)λtE[eiθNt a(Nt )] =E[eiθNt b(Nt )]
b(k) :=a(k − 1)k − a(k)λt,

(eiθ − 1)E[eiθNt a(Nt )] =E[eiθ(Nt+1)c(Nt + 1)] − a(0)e−λt

c(k) :=a(k − 1) − a(k)

k
λt.

Proof We will do the first leaving the second for the reader. The proof is just a
rearranging of the expectations expressed as sums as follows:
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(eiθ − 1)E[eiθNt a(Nt )] =
∞∑

k=1

eiθka(k − 1)P(Nt = k − 1) −
∞∑

k=0

eiθka(k)P(Nt = k).

Then one uses that P(Nt = k − 1) = k
λtP(Nt = k) to obtain the result.

Again, we see in the above formula an approximative IBP formula. We leave as an
exercise for the reader to check that Lemma 10.5.10 follows from the above result.

Exercise 10.5.21 The difference between the results in Theorems 10.5.2/10.5.7 and
10.5.11 is that in the latter one can take limits with respect to n. In fact, one has
to understand that both methodologies are different in nature. In Theorem 10.5.7,
one uses a multiplicative format and an IBP. In the one explained above, which is
additive, one uses a discrete version of the IBP formula. In fact, one just has to recall
that the discrete IBP formula in Exercise 10.5.19 gives that

∞∑

k=1

(eiθk − eiθ(k−1))kP(Nt = k) =
∞∑

k=1

eiθ(k−1){(k − 1)P(Nt = k − 1) − kP(Nt = k)
}
.

From here, prove that

E[eiθNt (eiθ − 1)λt] = E[eiθNt (Nt − λt)].

Find the relation between the above result and the statement of Theorem 10.5.11.

Exercise 10.5.22 Use the general form of Theorem 10.5.20 in order to find an
approximative IBP formula of order two for eiθx , that is, a formula of the type

(eiθ − 1)2E[eiθNt ] = E[eiθNt H ],

for an appropriate randomvariable H . Clearly, in order to be able to carry out all these
formulas for processes like Z further non-trivial arguments have to be implemented.

For a hint, see Chap. 14.

Exercise 10.5.23 Use the generalization of Exercise 10.5.15 to prove the following
approximative IBP formula for eiθx :

(eiθ − 1)E[eiθNt

∫ t

0

∫

w(s, z)N̂ (dz, ds)] = E[eiθNt

∫ t

0

∫

w(s, z)Ñ (dz, ds)].

Here w is a bounded predictable random process and N is the Poisson random
measure associated with Ns, s ∈ [0, T ]. Apply this result for a particular type of
process w, which is a stochastic integral, in order to obtain the result of Exercise
10.5.22.

For a hint, see Chap. 14.

From the above relation we also see that a stochastic integral appears on the right
side and a Lebesgue integral appears on the left together with the approximative
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derivative term eiθ − 1. This structure resembles the structure of the classical IBP
formula in the following way.

If the derivative operator is defined for functions f ∈ Cc(R) as Df (x) = f ′(x),
then the IBP formula can be rewritten as

〈Df, g〉 = − 〈 f, Dg〉,
〈 f, g〉 :=

∫

f (x)g(x)dx .

Therefore in the language of operator theory it means that D∗ = −D, where D∗
stands for the adjoint operator. In the same way, one may reinterpret heuristically the
result in Exercise 10.5.23 in similar terms as follows:

D(eiθNt ) :=(eiθ − 1)eiθNt

D∗ (w) :=
∫ t

0

∫

w(s, z)Ñ (dz, ds)

〈F, g〉 :=E

[∫ t

0
F
∫

g(z, s)N̂ (dz, ds)

]

.

In the case of Theorem 10.5.2, we have

D(eiθNt ) =iθeiθNt

D∗ (1) :=
∫ t

0

∫

h(z)N (dz, ds)

〈F, g〉 :=E

[

F
∫ t

0

∫

g(z, s)N (dz, ds) 1(Nt > 0)

]

.

In the above sense, IBP formulas are linked to the dual operator of a derivative (or
difference) operator. This issues will appear again and may become more clear in
Chap. 12.
Some conclusions: In this chapter, we tried to briefly give different techniques that
may be used in various problems when one wants to perform an IBP. It is our purpose
to show that very basic techniques can solve a wide range of complicated problems.
This is not by far a complete list and we encourage the reader to keep adding items
to this list. The main characteristics, requirements and goals that can be achieved
should be clear for each method before proceeding. We also hope that it is clear
that approximation procedures are always needed such as in the case that we are
considering difference equations as an approximation for continuous time models.
Also that the blow-up of Lévy measures near zero has forced us in the last example
to approximate the jump model using cutoff functions.
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As we will see in further chapters the above techniques will allow us obtain
IBP formulas for complex models. Still, the method will fall short in providing
upper/lower bounds for densities between other properties. This remains an open
problem from the point of view of the previously described methods. In some cases
an analytical method will provide these bounds.



Chapter 11
Sensitivity Formulas

In many applied problems, one needs to compute expectations of a function of a
random variable which are obtained through a certain theoretical development. This
is the case of E[G(Zt )], where Z is a Lévy process with Lévy measure ν which may
depend on various parameters. Similarly, G is a real-valued bounded measurable
function which may also depend on some parameters and is not necessarily smooth.
For many stability reasons one may be interested in having explicit expressions for
the partial derivatives of the previous expectationwith respect to the parameters in the
model. These quantities are called “Greeks” in finance but they may have different
names in other fields.

In this chapter, we provide some examples of how to compute these quantities
in the case that G is not necessarily differentiable. This problem is clearly related
to the smoothness of the density of the random variable Zt because E[G(Zt )] =∫
G(z)μ(dz), where μ denotes the law of Zt which depends on the Lévy measure.

In particular, we are interested in formulas of the type ∂E[G(Zt )] = E[G(Zt )H ] for
some appropriate random variable H andwhere the derivative is takenwith respect to
some parameter in Z or in the functionG. At the beginningwewill consider formulas
of the typeE[G ′(Zt )Y ] = E[G(Yt )H ] for some appropriate random variable Y . This
will showhow to carryout thefirst stepof theprocedurewhich involves the integration
by parts (IBP) formula. In a second step, we will show how to obtain formulas for
E[G ′(Zt )] by using some sort of inversion procedure with respect to Y . In that step
we will need to prove that the inverse moments of Y are finite. For this, it is useful
to recall the calculations in (10.5). The final formulas which may be amenable to
computation through Monte Carlo simulation are obtained using the IBP formula.
The ideas introduced here will serve the reader as a guide for the method to be
introduced in the next chapter. These are based on ideas previously explained in
Exercise 10.1.21 and in Sects. 10.3 and 10.4.
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11.1 Models Driven by Gamma Processes

Let T , a and b be positive constants, and Z = {Zt ; t ∈ [0, T ]} the gamma process
with the parameters (a, b) whose Lévy measure is given in the form:

ν(dz) = f (z)dz := a

z
e−bz 1(z>0) dz.

Denote by N (ds, dz) the Poisson random measure on [0, T ] × (0,∞) with the
intensity measure ˆN (ds, dz) := ds ν(dz). Then, for each t ∈ [0, T ], the random
variable Zt has the gamma distribution with the characteristic function

E
[
exp(i θ Zt )

] = exp

[

t
∫ ∞

0

(
ei θ z − 1

)
ν(dz)

]

=
(

1 − i θ

b

)−at

, (11.1)

and the density of Zt is given in closed form:

pZ
t (y) = bat

Γ (at)
yat−1 e−by 1(y>0). (11.2)

Problem 11.1.1 Prove (11.1). Using the Taylor series expansion for the complex
exponential.

The Lévy–Itô decomposition (i.e. Theorem 4.1.9) leads us to see that Zt can be
expressed as

Zt =
∫

(0,∞)×[0,t]
zN (ds, dz).

That is, Z is an increasing process of bounded variation in compact intervals.
Let S0 > 0, ρ ∈ R and c ∈ R be constants. We shall introduce the simple asset

price models S = {St ; t ∈ [0, T ]} given by

St = S0 exp(ρ Zt + c t).

We are not going to give here all themotivations for this financial model.We just note
that S is positive, it always jumps on the same direction (e.g. if ρ > 0 then it always
increases when it jumps) and it has a continuous part which is always monotone
depending on the sign of c. Then we have the following IBP formula.

Theorem 11.1.2 For G ∈ C1
c (R), it holds that

E
[
G ′(St ) St ρ Zt

] = E
[
G(St ) (b Zt − at)

]
. (11.3)

Proof For 0 < ε < 1, we shall introduce the new process Z ε = {
Z ε
t ; t ∈ [0, T ]}

defined by
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Z ε
t =

∫

(0,∞)×[0,t]
zN (ε,+)(ds, dz).

Moreover, the marginal Z ε
t can be also expressed as

Z ε
t =

⎧
⎪⎪⎨

⎪⎪⎩

0 (N ε
t = 0),

N ε
t∑

k=1

Y ε
k (N ε

t ≥ 1),

where N ε = {N ε
t ; t ∈ [0, T ]} is thePoissonprocesswith the parameterλε := ν

({z ∈
(0,∞) ; z > ε}), and {Y ε

k ; k ∈ N} are i.i.d.r.v.s, independent of N ε, with the com-
mon law

P
[
Y ε
k ∈ dz

] = 1(z>ε)

λε

ν(dz) (=: νε(dz)) ,

which is independent of the process N ε. For ξ < b, define the function H ξ :
(0,∞) → (0,∞) by

H ξ (z) := b z

b − ξ
. (11.4)

Define the new processes Z ε,ξ = {
Z ε,ξ
t ; t ∈ [0, T ]} and Sε,ξ = {

Sε,ξ
t ; t ∈ [0, T ]}

by

Z ε,ξ
t :=

∫

(0,∞)×[0,t]
H ξ (z)N (ε,+)(ds, dz),

Sε,ξ
t := S0 exp

(
ρ Z ε,ξ

t + c t
)
.

Let G ∈ C1
c (R). Note that then E[|G(Sε

t )|p] < ∞ for all p > 1 and ε ≥ 0. Define
the derivative operator D as

D
(
G(Sε

t )
) ≡ ∂ξ

(
G(Sε,ξ

t )
)
∣
∣
∣
∣
ξ=0

= 1

b
G ′(Sε

t ) S
ε
t ρ Z ε

t .

It should be clear here that Z ε,ξ is an ad-hoc perturbation of the jump structure of
the process Z ε. Therefore the above definition is a directional derivative. From the
definition of the derivative, we have

E
[
D
(
G(Sε

t )
)] = 1

b
E
[
G′(Sε

t ) Sε
t ρ Zε

t 1(N ε
t ≥1)

]

= 1

b
E

⎡

⎣G′
⎛

⎝S0 exp

⎧
⎨

⎩
ρ

N ε
t∑

j=1

Y ε
j + c t

⎫
⎬

⎭

⎞

⎠ S0 exp

⎧
⎨

⎩
ρ

N ε
t∑

j=1

Y ε
j + c t

⎫
⎬

⎭
ρ

N ε
t∑

k=1

Y ε
k 1(N ε

t ≥1)

⎤

⎦
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=
∑

N≥1

P
[
N ε
t = N

]

b

N∑

k=1

∫ +∞
0

νε(dzk)

× E

⎡

⎣G′
⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭

⎞

⎠ S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭
ρ zk

⎤

⎦

=:
∑

N≥1

P
[
N ε
t = N

]

b

N∑

k=1

I εk,N .

An application of the divergence formula (or simply “the IBP formula”) gives

I ε
k,N =

∫ ∞

ε

zk f (zk)

λε

dzk E

⎡

⎣∂zk

⎧
⎨

⎩
G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭

⎞

⎠

⎫
⎬

⎭

⎤

⎦

=
⎡

⎣E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭

⎞

⎠

⎤

⎦ zk f (zk)

λε

⎤

⎦

+∞

ε

−
∫ ∞

ε

E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭

⎞

⎠

⎤

⎦
∂zk

(
zk f (zk)

)

λε

dzk

=: I ε
k,N ,1 + I ε

k,N ,2.

By differentiation of zk f (zk), we have

I ε
k,N ,2 =

∫ ∞

0
E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ zk + c t

⎫
⎬

⎭

⎞

⎠ b zk

⎤

⎦ νε(dzk)

= E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ

N∑

j=1

Y ε
j + c t

⎫
⎬

⎭

⎞

⎠ b Y ε
k

⎤

⎦ .

As for I ε
k,N ,1, we have

I ε
k,N ,1 =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−G (S0 exp {ρ ε + c t}) a e−b ε

λε

(N = 1),

−E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ ε + c t

⎫
⎬

⎭

⎞

⎠ a e−b ε

λε

⎤

⎦ (N ≥ 2).

Thus, we obtain

1

b
E
[
G ′(Sε

t ) S
ε
t ρ Z ε

t

]
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= − 1

b
P
[
N ε
t = 1

]
G (S0 exp {ρ ε + c t}) a e−b ε

λε

− 1

b

∑

N≥2

P
[
N ε
t = N

] N∑

k=1

E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ
∑

j �=k

Y ε
j + ρ ε + c t

⎫
⎬

⎭

⎞

⎠ a e−b ε

λε

⎤

⎦

+ 1

b

∑

N≥1

P
[
N ε
t = N

] N∑

k=1

E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ

N∑

j=1

Y ε
j + c t

⎫
⎬

⎭

⎞

⎠ b Y ε
k

⎤

⎦

= −a e−bε

b λε

P
[
N ε
t = 1

]
G (S0 exp {ρ ε + c t})

− a e−bε

b λε

∑

N≥2

N P
[
N ε
t = N

]
E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ

N−1∑

j=1

Y ε
j + ρ ε + c t

⎫
⎬

⎭

⎞

⎠

⎤

⎦

+ E
[
G
(
Sε
t

)
Z ε
t

]

= −at

b
e−bε

P
[
N ε
t = 0

]
G (S0 exp {ρ ε + c t})

− at

b
e−bε

∑

N≥1

P
[
N ε
t = N

]
E

⎡

⎣G

⎛

⎝S0 exp

⎧
⎨

⎩
ρ

N∑

j=1

Y ε
j + ρ ε + c t

⎫
⎬

⎭

⎞

⎠

⎤

⎦

+ E
[
G
(
Sε
t

)
Z ε
t

]

= −at

b
e−bε

E
[
G(Sε

t e
ρ ε)

] + E
[
G
(
Sε
t

)
Z ε
t

]
.

Taking the limit as ε ↓ 0 leads us to obtain that

1

b
E
[
G ′(St ) St ρ Zt

] = −at

b
E
[
G(Sε

t )
] + E [G(St ) Zt ] .

The proof is complete. 
�
Remark 11.1.3 (i) Note that there is an important step in the penultimate last step

of the above proof where one uses a regenerative property of the Poisson distri-
bution. That is, λ−1

ε N P
[
N ε
t = N

] = P
[
N ε
t = N − 1

]
.

(ii) In the IBP formula (11.3), the term−atE
[
G(St )

]
appears due to the fact that the

jumps are strictly positive. That is, this term corresponds to boundary terms in
the IBP formula. On the other hand, the expression bE

[
G(St ) Zt

]
corresponds

to integral term in the classical IBP formula.

Problem 11.1.4 1. Prove the formula (11.3) directly, by using the closed form
(11.2) of the density, and the divergence formula.1

2. Find an IBP formula for E
[
G ′(St )

]
if at > 1 and G ∈ C1

c .

1Still, as we will find out later the above methodology is far more general as in many cases explicit
densities cannot be obtained.
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3. Find a formula for ∂ρE
[
G(St )

]
for a function G which is measurable and

bounded.

Problem 11.1.5 In this exercise, we will perform the IBP with the same transfor-
mation as in Theorem 11.1.2 but in an order that is closer to the argument in Exercise
10.1.21. Consider the transformation in (11.4). Rather than performing the IBP on
the noise appearing in Sε perform a similar calculation using the process Sε,ξ . Once
the IBP is obtained take ξ = 0. Compare the formula obtained with the one in (11.3).
Note that the reason why both results coincide is because ∂z H ξ (z) is a constant fo
any ξ > 0.

Problem 11.1.6 Using the function H ξ (z) := ze−ξ zr obtain a result similar to (11.3).
Note that in that formula the process Z is now replaced by the power process which
is the limit as ε → 0 of

V ε
t =

∫

(0,∞)×[0,t]
zr+1 N (ε,+)(ds, dz).

The idea presented in this section of performing IBP with respect to the law of
the jump size will be the main idea in the next chapter.

11.2 Stable Processes

In this section, we will give an IBP formula for general stable processes based on the
structure of gamma processes described in the previous section. We start by giving a
general definition for stable processes that includes the ones considered in previous
chapters. Particular cases of stable process have already been discussed in Chaps. 4
and 5.

Let 0 < α < 2, −1 ≤ β ≤ 1, σ > 0 and γ ∈ R. We say that the Lévy process
Z = {

Zt ; t ≥ 0
}
is a Sα(σ, β, γ )-stable process if its characteristic function is of

the form:

1

t
ln E

[
exp

(
i θ Zt

)] =

⎧
⎪⎨

⎪⎩

−σα|θ |α
(
1 − i sgn(θ) β tan

π α

2

)
+ i γ θ (α �= 1),

−σ |θ |
(

1 + i sgn(θ) β
2

π
ln |θ |

)

+ i γ θ (α = 1).

(11.5)
The parameters (γ, σ, β) represent the “mean”, “variability" and “asymmetry”
parameters. Notice that as stated previously, the theoretical mean or variance of
Zt may not exist for stable random variables. In particular, for the case β = γ = 0
gives the stable process introduced in Chaps. 4 (for α ∈ (0, 1)) and 5.

On the other hand, the characteristic function of the process Z can be parametrized
in an alternative form, based upon the analytic viewpoint, as explained in [61]. For
this, define
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K (α) =
{

α (0 < α < 1),

α − 2 (1 < α < 2),

and define

β2 =
⎧
⎨

⎩

2

π K (α)
arctan

(
β tan

π α

2

)
(α �= 1),

β (α = 1),
(11.6)

σ2 =

⎧
⎪⎨

⎪⎩

σ
(
1 + β2 tan2

π α

2

)1/2α
(α �= 1),

2 σ

π
(α = 1).

(11.7)

Then, we can get

1

t
ln E

[
exp

(
i θ Zt

)] =

⎧
⎪⎨

⎪⎩

−σα
2 |θ |α exp

(

−i sgn(θ) β2
π K (α)

2

)

+ i γ θ (α �= 1),

−σ2|θ |
( π

2
+ i sgn(θ) β2 ln |θ |

)
+ i γ θ (α = 1).

(11.8)
We remark that expressions (11.5) and (11.8) are equal, although the parametrization
is different.

11.2.1 Alternative Probabilistic Representation for Stable
Random Variables

Now, we shall describe an alternative probabilistic representation for Sα(σ, β, γ )-
stable processes. This representation will help us provide an integration by parts
formula as explained in Exercise 10.1.11. In this section we will use an associated
jump structure using gamma processes. The main reason for this choice is that, as
explained previously, the mean or variance of Zt may not exist and therefore using
Zt in the integration by parts formula may not be possible.

Let V be a uniformly random variable on
( − π/2, π/2

)
, and E a standard expo-

nential random variable (i.e. E[E] = 1) independent of V .

Theorem 11.2.1 The following representations are valid for fixed t > 0:

Zt
L=

⎧
⎪⎨

⎪⎩

t1/α σ
(
1 + β2 tan2

(π α

2

))1/2α
U E−(1−α)/α + γ t (α �= 1),

t σ
2

π

(
U − β ln E

) + γ t (α = 1),
(11.9)

where ρ2 := β2 π K (α)/(2α) for α �= 1 and
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U :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

sin
(
α(V + ρ2)

)

(
cos V

)1/α
{
cos

(
(1 − α) V − α ρ2

)}(1−α)/α
(α �= 1),

( π

2
+ β2 V

)
tan V − β2 ln

(
cos V

π
2 + β2 V

)

(α = 1).

For a proof see (3.2) in Theorem 3.1 in [59], where the case of σ2 = 1 and γ = 0
is discussed. Heuristically speaking, the above representation is obtained using an
alternative integral representation of the Lévy characteristic exponent in the spirit of
Exercise 4.1.22.

Using the above probabilistic representation, we will introduce an alternative
jump structure representation that will produce an IBP formula. Before doing this,
for comparison purposes, we recall the notation for the standard construction of
stable processes used in Chap. 5.

Letα ∈ (0, 1) ∪ (1, 2).2 We shall consider two independent Lévy processes Z− ={
Z−,t ; t ≥ 0

}
and Z+ = {

Z+,t ; t ≥ 0
}
with the characteristic functions

1

t
lnE

[
exp

(
i θ Z−,t

)] = −σα
− |θ |α

(
1 + i sgn(θ) tan

π α

2

)
, (11.10)

1

t
lnE

[
exp

(
i θ Z+,t

)] = −σα
+ |θ |α

(
1 − i sgn(θ) tan

π α

2

)
, (11.11)

where C−, C+ ≥ 0 are constants, and

σ− :=
(
−C− Γ (−α) cos

π α

2

)1/α
,

σ+ :=
(
−C+ Γ (−α) cos

π α

2

)1/α
.

The processes Z± are Sα(σ±,±1, 0)-stable processeswithout aGaussian component,
respectively. Note that they correspond to the positive and negative jumps of the
process Z . Moreover, their corresponding Lévy measures ν−(dz) and ν+(dz) are
given by

ν−(dz) = C−
|z|1+α

1(−∞,0)(z) dz,

ν+(dz) = C+
z1+α

1(0,+∞)(z) dz.

Write

σ := (
σα

− + σα
+
)1/α =

{
−(C− + C+) Γ (−α) cos

π α

2

}1/α
,

2As is usually the case. The case α = 1 has to be dealt with separately due to the difference in
representations.
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β := C+ − C−
C+ + C−

.

Then, the process Z = {
Zt := Z+,t + Z−,t ; t ≥ 0

}
is also an Sα(σ, β, 0)-stable pro-

cess such that the characteristic function of the marginal Zt is

1

t
lnE

[
exp

(
i θ Zt

)] = 1

t
lnE

[
exp

(
i θ Z−,t

)] + 1

t
lnE

[
exp

(
i θ Z+,t

)]

= C− Γ (−α)
(
cos

π α

2

)
|θ |α

(
1 + i sgn(θ) tan

π α

2

)

+ C+ Γ (−α)
(
cos

π α

2

)
|θ |α

(
1 − i sgn(θ) tan

π α

2

)

= −σα |θ |α
(
1 − i sgn(θ) β tan

π α

2

)
. (11.12)

Now we consider the jump structure which arises from the exponential random
variables in the representation of Theorem 11.2.1. Define

U− := sin
(
α(V− + ρ−)

)

(
cos V−

)1/α
{
cos

(
(1 − α) V− − α ρ−

)}(1−α)/α
,

U+ := sin
(
α(V+ + ρ+)

)

(
cos V+

)1/α
{
cos

(
(1 − α) V+ − α ρ+

)}(1−α)/α
,

where V−, V+ are independent uniformly random variables on
( − π/2, π/2

)
,

E−, E+ are independent standard exponential random variables independent of
V−, V+, and

ρ− := arctan
(
− tan

π α

2

)/
α, ρ+ := arctan

(
tan

π α

2

)/
α.

Consider the processes Z̃± = {
Z̃±,t ; t ≥ 0

}
given by

Z̃−,t := t1/α σ−
(
1 + tan2

(π α

2

))1/2α
U− E−(1−α)/α

− , (11.13)

Z̃+,t := t1/α σ+
(
1 + tan2

(π α

2

))1/2α
U+ E−(1−α)/α

+ , (11.14)

It is clear that the processes Z̃± are independent. As seen in (11.9), we see that for
every t > 0

Z−,t
L= Z̃−,t , Z+,t

L= Z̃+,t .

Then, we can conclude that Z̃t := Z̃+,t − Z̃−,t has the same law of Zt for each t > 0.
Note that only the marginal laws (that is for fixed t) of Z and Z̃ are equal. In fact, it is
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easy to see that Z̃± is always differentiable with respect to t > 0. This construction
of Z̃ will be used when computing sensibilities.

11.2.2 Sensitivity Analysis on Stable Processes

Now, we shall study the sensitivity analysis for the Sα(σ,±1, 0)-stable process intro-
duced in the previous subsection. As stated previously, due to issues of existence of
moments we will consider the case 1 < α < 2.

In order to avoid lengthy expressions, we shall write

σ̃±,t := t1/α σ±
(
1 + tan2

(π α

2

))1/2α
U±,

Z̃ y
±,t := σ̃±,t y

(α−1)/α, Z̃ y,z
t := Z̃ z

+,t + Z̃ y
−,t .

Denote byN ± two independent Poisson random measures associated with gamma
processes on ±(0,∞) with parameter values a = b = 1. Define

E− = −
∫

(−∞,0)×[0,1]
zN −(dz, ds), E+ =

∫

(0,∞)×[0,1]
zN +(dz, ds),

Z̃ E±±,t = σ̃±,t (E±)(α−1)/α = Z̃±,t , Z̃ E−,E+
t = Z̃−,t + Z̃+,t = Z̃t .

For 0 < ε < 1, recall that N (ε,±) denotes the Poisson random measure associated
with the jumps that are larger/smaller than ±ε:

Eε
− := −

∫

(−∞,0)×[0,1]
zN (ε,−)(dz, ds), Eε

+ :=
∫

(0,∞)×[0,1]
zN (ε,+)(dz, ds),

Z̃ ε
±,t := σ̃±,t (E

ε
±)(α−1)/α

( = Z̃
Eε±±,t

)
, Z̃ ε

t := Z̃ ε
−,t + Z̃ ε

+,t

( = Z̃
Eε−,Eε+
t

)
.

We remark that the random variables Eε± can be expressed as

Eε
± =

N ε±∑

k=1

Z ε
±,k,

where N ε± are the Poisson random variables with the parameter λε±, and
{
Z ε

±,k ; k ∈
N
}
are i.i.d.r.v.s, which are also independent of N ε±, with the common law

P
[
Z ε

−,k ∈ dz
] = 1(z≤−ε)

λε−
f (z) dz, P

[
Z ε

+,k ∈ dz
] = 1(z≥ε)

λε+
f (z) dz,

where
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f (z) := e−|z| (z ∈ (−∞, 0) ∪ (0,∞)),

λε
− :=

∫ −ε

−∞
f (z) dz

( = e−ε
)
, λε

+ :=
∫ ∞

ε

f (z) dz
( = e−ε

)
.

Theorem 11.2.2 For G ∈ C1
c (R), it holds that

E
[
G ′(Zt ) Zt

] = E

[
{
G
(
Z̃t
) − G(0)

} α
( − E− + E+ − 2

)

α − 1

]

. (11.15)

Proof Note that as α ∈ (1, 2)we have that E[|G(Z̃t )| |E− + E+|] < ∞.3 Write δ =
(α − 1)/α. For ξ ∈ R with |ξ | ≤ 1, we shall define H ξ (z) = z/(1 − ξ), as seen in
the proof of Theorem 11.1.2. Define by

Eε,ξ
− := −

∫

(−∞,0)×[0,1]
H ξ (z)N (ε,−)(dz, ds),

Eε,ξ
+ :=

∫

(0,∞)×[0,1]
H ξ (z)N (ε,+)(dz, ds),

Z̃ ε,ξ
t := Z̃

Eε,ξ
−−,t + Z̃

Eε,ξ
++,t

( = Z̃
Eε,ξ

− ,Eε,ξ
+

t

)
.

Since ∂ξ E
ε,ξ
±

∣
∣
ξ=0 = Eε± and

D
(
G(Z̃ ε

t )
) = ∂ξ

(
G(Z̃ ε,ξ

t )
)∣∣

ξ=0 = G ′(Z̃ ε
t ) ∂ξ Z̃

ε,ξ
t

∣
∣
ξ=0 = δ G ′(Z̃ ε

t ) Z̃
ε
t ,

we see that

E
[
D
(
G(Z̃ ε

t )
)] = δ E

[
G ′(Z̃ ε

t ) Z̃
ε
−,t 1(N ε−≥1)

] + δ E
[
G ′(Z̃ ε

t ) Z̃
ε
+,t 1(N ε+≥1)

]

=: I ε
1 + I ε

2 .

Now,we shall focus on the study of I ε
2 only, because I

ε
1 can be computed similarly.

We remark that

I ε
2 = δ E

[
G ′(Z̃ ε

−,t + σ̃+,t (E
ε
+)δ

)
σ̃+,t (E

ε
+)δ 1(N ε+≥1)

]

= δ

∞∑

N=1

P
[
N ε

+ = N
]
E

[
G ′

(
Z̃ ε−,t + σ̃+,t

(∑N
k=1 Z

ε
+,k

)δ)
σ̃+,t

(∑N
j=1 Z

ε
+, j

)δ]

=
∞∑

N=1

P
[
N ε

+ = N
]

3In the case that G ∈ C1
b recall, for example, Exercise 5.1.13. Since E

[
E p

+
] = ∫ ∞

0 P[E+ >

λ1/p] dλ, all we have to check is P[E+ > λ1/p] as λ → ∞, which can be seen in [36]. We can also
obtain the pth moment on E−.
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×
N∑

j=1

E

[
∂

∂z j

{
G
(
Z̃ ε

−,t + σ̃+,t
(∑

k �= j Z
ε
+,k + z j

)δ) − G(0)
} ∣
∣
∣
z j=Z ε

+, j

Z ε
+, j

]

=:
∞∑

N=1

P
[
N ε

+ = N
] N∑

j=1

I ε
j,N .

Since G ∈ C1
c (R) and z f (z) → 0 as |z| → ∞, the divergence formula tells us to see

that

I εj,N = 1

λε+

∫ ∞
ε

E

[
∂

∂z j

{
G
(
Z̃ε−,t + σ̃+,t

(∑
k �= j Z

ε+,k + z j
)δ
)

− G(0)
}
z j f (z j )

]

dz j

= 1

λε+

[

E

[ {
G
(
Z̃ε−,t + σ̃+,t

(∑
k �= j Z

ε+,k + z j
)δ
)

− G(0)
}
z j f (z j )

]]z j=∞

z j=ε

− 1

λε+

∫ ∞
ε

E

[ {
G
(
Z̃ε−,t + σ̃+,t

(∑
k �= j Z

ε+,k + z j
)δ
)

− G(0)
} (

z j f (z j )
)′
]

dz j

= − 1

λε+
E

[ {
G
(
Z̃ε−,t + σ̃+,t

(∑
k �= j Z

ε+,k + ε
)δ
)

− G(0)
}

ε f (ε)

]

− E

[ {
G
(
Z̃ε−,t + σ̃+,t

(∑
1≤k≤N Zε+,k

)δ
)

− G(0)
}

(
z j f (z j )

)′∣∣
z j=Zε+, j

f (Zε+, j )

]

.

Moreover, since
(
z j f (z j )

)′∣∣
z j=Z ε

+, j
= (1 − Z ε

+, j ) f (Z ε
+, j ), we have

I ε
2 = −ε

∞∑

N=1

P
[
N ε

+ = N
]

×
N∑

j=1

E

[ {
G
(
Z̃ ε

−,t + σ̃+,t
(∑

k �= j Z
ε
+,k + ε

)δ) − G(0)
} ]

−
∞∑

N=1

P
[
N ε

+ = N
]

×
N∑

j=1

E

[ {
G
(
Z̃ ε

−,t + σ̃+,t
(∑

1≤k≤N Z ε
+,k

)δ) − G(0)
}

(1 − Z ε
+, j )

]

= −ε

∞∑

N=1

N P
[
N ε

+ = N
]
E

[ {
G
(
Z̃ ε

−,t + σ̃+,t
(∑N−1

k=1 Z ε
+,k + ε

)δ) − G(0)
} ]

− E

[{
G
(
Z̃ ε

−,t + Z̃ ε
+,t

) − G(0)
} (

1 − Eε
+
)]

.

Taking the limit as ε ↓ 0 leads us to get
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lim
ε↓0 I

ε
2 = −E

[{
G(Z̃ ε

t ) − G(0)
} (

1 − Eε
+
)]

.

Similarly, we can also derive

lim
ε↓0 I

ε
1 = −E

[{
G(Z̃ ε

t ) − G(0)
} (

1 + Eε
−
)]

.

Therefore, we have

E
[
G ′(Zt ) Zt

] = E
[
G ′(Z̃t ) Z̃t

]

= 1

δ
lim
ε↓0

(
I ε
1 + I ε

2

)

= E

[
{
G(Z̃t ) − G(0)

} −E− + E+ − 2

δ

]

.

The proof is complete.

Problem 11.2.3 Prove the formula (11.15) in the above theorem, by using the den-
sities of exponential random variables E±, via the usual IBP.

Easily, one can extend the previous result to the case of stable random variables

with non-zero mean. That is, as explained in (11.9), we know that Zt
L= σ̃t Eδ + γ t ,

where σ̃t := t1/α σ2U andσ2 is the constant given by (11.7).Write Z̃ y
t := σ̃t yδ + γ t .

Then, we have Z̃ E
t

L= Zt . Similarly to Theorem 11.2.2, we can also get

Corollary 11.2.4 For G ∈ C1
c (R), it holds that

E
[
G ′(Zt ) (Zt − γ t)

] = E

[
{
G(Z̃t ) − G(γ t)

} α(E − 1)

α − 1

]

. (11.16)

Proof. For 0 < ε < 1, let Nε be the Poisson random variables with the parameter λε,
and

{
Y ε
k ; k ≥ 1

}
the i.i.d.r.v.s, which are also independent of Nε, with the common

law

P
[
Z ε
k ∈ dz

] = 1(z≥ε)

λε

f (z) dz,

where f (z) := e−z (z > 0), λε := ∫ ∞
ε

f (z) dz
( = e−ε

)
. Write Eε := ∑Nε

k=1 Z
ε
k and

Z̃ ε
t := Z̃ Eε

t .
Write δ = (α − 1)/α. In the proof of Theorem 11.2.2, we have already studied

that, for Φ ∈ C1
c (R),

E
[
Φ ′(σ̃+,t (E

ε
+)δ) σ̃+,t (E

ε
+)δ

] = E

[
{
Φ(σ̃+,t (E

ε
+)δ) − Φ(0)

} Eε+ − 1

δ

]

. (11.17)
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In particular, we shall choose Φ(x) = G(x + γ t), and replace σ̃+,t and Eε+ by σ̃t

and Eε, in the equation (11.17). Since σ̃t Eδ
ε = Z̃ ε

t − γ t , we can get

E
[
G ′(Z̃ ε

t ) (Z̃ ε
t − γ t)

] = E

[
{
G(Z̃ ε

t ) − G(γ t)
} Eε − 1

δ

]

.

Therefore, we have

E
[
G ′(Zt ) (Zt − γ t)

] = E
[
G ′(Z̃t ) (Z̃t − γ t)

]

= lim
ε↓0 E

[
G ′(Z̃ ε

t ) (Z̃ ε
t − γ t)

]

= lim
ε↓0 E

[
{
G(Z̃ ε

t ) − G(γ t)
} Eε − 1

δ

]

= E

[
{
G(Z̃t ) − G(γ t)

} E − 1

δ

]

.

The proof is complete. �

Problem 11.2.5 Prove the formula (11.16), by using the densities of the exponential
random variable E , via the usual IBP.

A similar idea using subordinated Brownian motions (recall Sect. 5.6) was used
in [35].

11.3 Sensitivity Analysis for Truncated Stable Processes

Let κ > 0 and 0 < α < 1. The truncated stable process Z = {
Zt ; t ∈ [0, T ]} is the

pure-jump Lévy process with the Lévy measure

ν(dz) = f (z) dz, f (z) = κ z−1−α 1(0<z≤1).

Then, the Lévy–Itô decomposition theorem leads us to see that Zt can be expressed
as

Zt =
∫

(0,∞)×[0,t]
zN +(dz, ds).

Let 0 < ε < 1, and ξ ∈ R with |ξ | ≤ 1. Write

λε :=
∫ ∞

ε

ν(dz)
(
= κ

α
(ε−α − 1)

)
, νε(dz) := 1(z>ε)

λε

ν(dz).
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Let

Z ε
t :=

∫

(0,∞)×[0,t]
zN (ε,+)(dz, ds),

Z ε,ξ
t :=

∫

(0,∞)×[0,t]
H ξ (z)N (ε,+)(dz, ds),

where N (ε,+)(dz, ds) is the Poisson random measure with the intensity ˆN (ε,+)

(dz, ds) := νε(dz) ds, ˜N (ε,+)(dz, ds) := N (ε,+)(dz, ds) − ˆN (ε,+)(dz, ds). Here,
the transformation function is defined as H ξ (z) := z exp(ξ ϕ(z))withϕ∈C1((0,∞))

such that
|ϕ(z)| ≤ C (|z| ∧ 1). (11.18)

We remark that the processes Z ε = {
Z ε
t ; t ≥ 0

}
and Z ε,ξ = {

Z ε,ξ
t ; t ≥ 0

}
can be

expressed as

Z ε
t =

N ε
t∑

k=1

Y ε
k ,

Z ε,ξ
t =

N ε
t∑

k=1

H ξ (Y ε
k ),

where N ε = {
N ε
t ; t ≥ 0

}
is thePoissonprocesswith the parameterλε , and

{
Y ε
k ; k ∈

N
}
are the i.i.d.r.v.s, independent of N ε, with the common law P

[
Y ε
k ∈ dz

] = νε(dz).

Theorem 11.3.1 Suppose that ϕ(ε) = o(εα) as ε → 0. Then, for G ∈ C1
c (R), it

holds that

E

[

G ′(Zt )

∫

(0,∞)×[0,t]
z ϕ(z)N +(dz, ds)

]

= −E

[

G(Zt )

∫

(0,∞)×[0,t]

(
ϕ′(z) z − αϕ(z)

)
N +(dz, ds)

]

+ κ t ϕ(1)E
[
G(Zt + 1)

]
.

(11.19)

Proof First, note that in this case, E[|G(Zt )|p] < ∞, for any p > 0. Furthermore,
since ∂ξ (H ξ (z))

∣
∣
ξ=0 = z ϕ(z), we see that

D
(
G(Z ε

t )
) = ∂ξ

(
G(Z ε,ξ

t )
)∣
∣
ξ=0 = G ′(Z ε

t )

N ε
t∑

k=1

Y ε
k ϕ(Y ε

k ).

Hence, we have evaluating the expectation with respect to N ε
t and conditioning with

respect to all jump sizes except Y ε
k ,
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E
[
D
(
G(Zε

t )
)] = E

⎡

⎣G′(Zε
t )

N ε
t∑

k=1

Y ε
k ϕ(Y ε

k ) 1(N ε
t ≥1)

⎤

⎦

=
∞∑

N=1

P
[
N ε
t = N

]
E

⎡

⎣G′(∑N
j=1 Y

ε
j

) N∑

k=1

Y ε
k ϕ(Y ε

k )

⎤

⎦

=
∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}∣∣
zk=Y ε

k
Y ε
k ϕ(Y ε

k )
]

=
∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

∫ ∞
0

E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}
zk ϕ(zk)

]
νε(dzk)

=:
∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

I εk .

The divergence formula in the usual sense leads us to get that

I ε
k =

∫ ∞

0
E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}
zk ϕ(zk)

]
νε(dzk)

=
∫ 1

ε

E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}] zk ϕ(zk) f (zk)

λε

dzk

=
[

E
[
G(

∑
j �=k Y

ε
j + zk)

] zk ϕ(zk) f (zk)

λε

]zk=1

zk=ε

−
∫ 1

ε

E
[
G(

∑
j �=k Y

ε
j + zk)

]
(
zk ϕ(zk) f (zk)

)′

λε

dzk

= E
[
G(

∑
j �=k Y

ε
j + 1)

] ϕ(1) f (1)

λε

− E
[
G(

∑
j �=k Y

ε
j + ε)

] ε ϕ(ε) f (ε)

λε

− E

⎡

⎣G(
∑

1≤ j≤N Y ε
j )

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦ .

We remark that reordering the random variables Y ε
j and using the relation N P

[
N ε
t =

N
] = λεt P

[
N ε
t = N − 1

]
,

∞∑

N=1

P
[
N ε
t = N

]

×
N∑

k=1

{

E
[
G(

∑
j �=k Y

ε
j + 1)

] ϕ(1) f (1)

λε
− E

[
G(

∑
j �=k Y

ε
j + ε)

] ε ϕ(ε) f (ε)

λε

}

= P
[
N ε
t = 1

]
{

G(1)
ϕ(1) κ

λε
− G(ε)

ϕ(ε) κ

λε εα

}
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+
∞∑

N=2

P
[
N ε
t = N

]

×
N∑

k=1

{

E
[
G(

∑
j �=k Y

ε
j + 1)

] ϕ(1) f (1)

λε
− E

[
G(

∑
j �=k Y

ε
j + ε)

] ε ϕ(ε) f (ε)

λε

}

= P
[
N ε
t = 1

]
{

G(1)
ϕ(1) κ

λε
− G(ε)

ϕ(ε) κ

λε εα

}

+
∞∑

N=2

N P
[
N ε
t = N

]

×
{

E
[
G(

∑
1≤ j≤N−1 Y

ε
j + 1)

] ϕ(1) κ

λε
− E

[
G(

∑
1≤ j≤N−1 Y

ε
j + ε)

] ϕ(ε) κ

λε εα

}

= t P
[
N ε
t = 0

]
{

G(1) ϕ(1) κ − G(ε)
ϕ(ε) κ

εα

}

+ t
∞∑

N=1

P
[
N ε
t = N

]

×
{

E
[
G(

∑
1≤ j≤N Y ε

j + 1)
]
ϕ(1) κ − E

[
G(

∑
1≤ j≤N Y ε

j + ε)
] ϕ(ε) κ

εα

}

= t

{

E
[
G(

∑
1≤ j≤N ε

t
Y ε
j + 1)

]
ϕ(1) κ − E

[
G(

∑
1≤ j≤N ε

t
Y ε
j + ε)

] ϕ(ε) κ

εα

}

= t

{

E
[
G(Zε

t + 1)
]
ϕ(1) κ − E

[
G(Zε

t + ε)
] ϕ(ε) κ

εα

}

→ t E
[
G(Zε

t + 1)
]
ϕ(1) κ

as ε ↓ 0 due to the condition ϕ(ε) = o(εα) as ε → 0. On the other hand, it holds that

∞∑

N=1

P
[
N ε
t = N

]
E

⎡

⎣G(
∑

1≤ j≤N Y ε
j )

N∑

k=1

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦

= E

⎡

⎣G(
∑

1≤ j≤N ε
t
Y ε
j )

N ε
t∑

k=1

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦

= E

[

G(Z ε
t )

∫

(0,∞)×[0,t]

(
z ϕ(z) f (z)

)′

f (z)
N (ε,+)(dz, ds)

]

→ E

[

G(Zt )

∫

(0,∞)×[0,t]

(
z ϕ(z) f (z)

)′

f (z)
N +(dz, ds)

]

as ε ↓ 0. Note that the limit processes are well defined due to the condition that
ϕ ∈ C1((0,∞)). The proof is complete.

Exercise 11.3.2 Find an example of the function ϕ satisfying the assumptions stated
above.
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The result and the proof in the case of 1 ≤ α < 2 can be done similarly. In fact,
one just needs to change the definitions in the same fashion as in Chaps. 4 and 5.
This is done in the next exercise.

Problem 11.3.3 In the case 1 ≤ α < 2, we have the following definitions and prop-
erties:

Zt =
∫

(0,∞)×[0,t]
z ˜N +(dz, ds).

Z ε
t :=

∫

(0,∞)×[0,t]
z ˜N (ε,+)(dz, ds),

Z ε,ξ
t :=

∫

(0,∞)×[0,t]
H ξ (z) ˜N (ε,+)(dz, ds).

Z ε
t =

N ε
t∑

k=1

Y ε
k −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds),

Z ε,ξ
t =

N ε
t∑

k=1

H ξ (Y ε
k ) −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds),

where N ε = {
N ε
t ; t ≥ 0

}
is thePoissonprocesswith the parameterλε , and

{
Y ε
k ; k ∈

N
}
are the i.i.d.r.v.s, independent of N ε, with the common law P

[
Y ε
k ∈ dz

] = νε(dz).
With the above definitions prove an analogous result as in Theorem 11.3.1.

11.4 Sensitivity Analysis for Tempered Stable Processes

Let a and b be positive constants, and 0 < α < 2. The tempered stable process
Z = {

Zt ; t ∈ [0, T ]} is the pure-jump Lévy process with the Lévy measure

ν(dz) = f (z) dz, f (z) = a z−1−α e−bz 1(z>0).

In particular, the case ofα = 1/2 is called the inverseGaussian process. Furthermore,
for each t ∈ [0, T ], themarginal Zt has the explicit form of the characteristic function
of

E
[
exp(i y Zt )

] = exp
[
a Γ (−α) t

{
(b − iy)α − bα − α i y bα−1 1(1<α<2)

}]
.

The Lévy–Itô decomposition theorem leads us to see that Zt can be expressed as



11.4 Sensitivity Analysis for Tempered Stable Processes 221

Zt =
∫

(0,∞)×[0,t]
z Ñ +(dz, ds) +

∫

(0,∞)×[0,t]
z N̂ +(dz, ds) 1(0<α<1).

In this section, we will deduce the sensibility formulas for both cases 0 < α < 1
and 1 ≤ α < 2 using the above compact notation with indicator functions. Let 0 <

ε < 1, and ξ ∈ R with |ξ | ≤ 1. Write

λε :=
∫ ∞

ε

ν(dz), νε(dz) := 1(z>ε)

λε

ν(dz).

Let

Z ε
t :=

∫

(0,∞)×[0,t]
z ˜N (ε,+)(dz, ds) +

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds) 1(0<α<1)

=
∫

(0,∞)×[0,t]
zN (ε,+)(dz, ds) −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds) 1(1≤α<2),

Z ε,ξ
t :=

∫

(0,∞)×[0,t]
H ξ (z)N (ε,+)(dz, ds) −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds) 1(1≤α<2),

where N (ε,+)(dz, ds) is the Poisson random measure with the intensity

ˆN (ε,+)(dz, ds) :=νε(dz) ds,

˜N (ε,+)(dz, ds) :=N (ε,+)(dz, ds) − ˆN (ε,+)(dz, ds),

and ϕ ∈ C1((0,∞)) such that

|ϕ(z)| ≤ C (|z| ∧ 1), (11.20)

and H ξ (z) := z exp(ξ ϕ(z)). We remark that the processes Z ε = {
Z ε
t ; t ≥ 0

}
and

Z ε,ξ = {
Z ε,ξ
t ; t ≥ 0

}
can be expressed as

Z ε
t =

N ε
t∑

k=1

Y ε
k −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds) 1(1≤α<2),

Z ε,ξ
t =

N ε
t∑

k=1

H ξ (Y ε
k ) −

∫

(0,∞)×[0,t]
z ˆN (ε,+)(dz, ds) 1(1≤α<2),

where N ε = {
N ε
t ; t ≥ 0

}
is thePoissonprocesswith the parameterλε , and

{
Y ε
k ; k ∈

N
}
are the i.i.d.r.v.s, independent of N ε, with the common law P

[
Y ε
k ∈ dz

] = νε(dz).

Theorem 11.4.1 Suppose that ϕ(ε) = o(εα) and ϕ′(ε) = O(ε(α−1)+) as ε → 0.
Then, for G ∈ C1

c (R), it holds that
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E

[

G ′(Zt )

∫

(0,∞)×[0,t]
z ϕ(z)N +(dz, ds)

]

= E

[

G(Zt )

∫

(0,∞)×[0,t]

(
ϕ′(z) z − (α + bz) ϕ(z)

)
N +(dz, ds)

]

.

(11.21)

Proof The strategy to prove the assertion is almost parallel to Theorem 11.3.1. Also
recall Theorem 11.3.1. We shall focus on the case of 0 < α < 1, only. The proof for
1 ≤ α < 2 can be done similarly. Since

D
(
G(Z ε

t )
) = ∂ξ

(
G(Z ε,ξ

t )
)∣∣

ξ=0 = G ′(Z ε
t )

N ε
t∑

k=1

Y ε
k ϕ(Y ε

k ),

we have

E
[
D
(
G(Zε

t )
)] = E

⎡

⎣G′(Zε
t )

N ε
t∑

k=1

Y ε
k ϕ(Y ε

k ) 1(N ε
t ≥1)

⎤

⎦

=
∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

∫ ∞
0

E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}
zk ϕ(zk)

]
νε(dzk)

=:
∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

I εk .

The divergence formula in the usual sense leads us to get that

I εk =
∫ ∞
ε

E
[
∂zk

{
G(

∑
j �=k Y

ε
j + zk)

}] zk ϕ(zk) f (zk)

λε
dzk

=
[

E
[
G(

∑
j �=k Y

ε
j + zk)

] zk ϕ(zk) f (zk)

λε

]zk=∞

zk=ε

−
∫ ∞
ε

E
[
G(

∑
j �=k Y

ε
j + zk)

]
(
zk ϕ(zk) f (zk)

)′

λε
dzk

= lim
M→∞E

[
G(

∑
j �=k Y

ε
j + M)

] M ϕ(M) f (M)

λε
− E

[
G(

∑
j �=k Y

ε
j + ε)

] ε ϕ(ε) f (ε)

λε

− E

⎡

⎣G(
∑

1≤ j≤N Y ε
j )

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦ .

Since the function G is bounded and ϕ grows linearly, and

M ϕ(M) f (M)

λε

= a ϕ(M)

λεMα
e−bM → 0

as M → ∞, we see that
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∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

lim
M→∞E

[
G(

∑
j �=k Y

ε
j + M)

] M ϕ(M) f (M)

λε

= 0.

On the other hand, we remark that due to ϕ(ε) = o(εα)

∞∑

N=1

P
[
N ε
t = N

] N∑

k=1

E
[
G(

∑
j �=k Y

ε
j + ε)

] ε ϕ(ε) f (ε)

λε

= P
[
N ε
t = 1

]
G(ε)

a ϕ(ε) e−bε

λε εα

+
∞∑

N=2

P
[
N ε
t = N

] N∑

k=1

E
[
G(

∑
j �=k Y

ε
j + ε)

] a ϕ(ε) e−bε

λε εα

= P
[
N ε
t = 1

]
G(ε)

a ϕ(ε) e−bε

λε εα

+
∞∑

N=2

N P
[
N ε
t = N

]
E
[
G(

∑
1≤ j≤N−1 Y

ε
j + ε)

] a ϕ(ε) e−bε

λε εα

= t P
[
N ε
t = 0

]
G(ε)

a ϕ(ε) e−bε

εα

+ t
∞∑

N=1

P
[
N ε
t = N

]
E
[
G(

∑
1≤ j≤N Y ε

j + ε)
] a ϕ(ε) e−bε

εα

= t E
[
G(

∑
1≤ j≤N ε

t
Y ε
j + ε)

] a ϕ(ε) e−bε

εα

= t E
[
G(Z ε

t + ε)
] a ϕ(ε) e−bε

εα

→ 0

as ε ↓ 0. Moreover, using that ϕ′(ε) = O(ε(α−1)+) as ε → 0, it holds that

∞∑

N=1

P
[
N ε
t = N

]
E

⎡

⎣G(
∑

1≤ j≤N Y ε
j )

N∑

k=1

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦

= E

⎡

⎣G(
∑

1≤ j≤N ε
t
Y ε
j )

N ε
t∑

k=1

(
zk ϕ(zk) f (zk)

)′∣∣
zk=Y ε

k

f (Y ε
k )

⎤

⎦

= E

[

G(Z ε
t )

∫

(0,∞)×[0,t]

(
z ϕ(z) f (z)

)′

f (z)
N (ε,+)(dz, ds)

]

→ E

[

G(Zt )

∫

(0,∞)×[0,t]

(
z ϕ(z) f (z)

)′

f (z)
N +(dz, ds)

]
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as ε ↓ 0. Since (
z ϕ(z) f (z)

)′

f (z)
= ϕ′(z) z − (α + bz) ϕ(z),

the proof is complete. �

Exercise 11.4.2 Find an example of the function ϕ satisfying the assumptions stated
above.

For a hint, see Chap. 14.

Exercise 11.4.3 Compute and prove an IBP formula for stable processes with
Lévy measure ν(dx) = dx

x1+α 1{x>0}, α ∈ (0, 2). That is, use a transformation func-
tion H ξ (z) := z exp(ξ ϕ(z)) and find appropriate conditions in order to obtain an
IBP formula.

11.5 Inverting the Stochastic Covariance Matrix

In order to obtain a flexible IBP formula or a proper sensibility formula, we need
to show how to modify all the previous results in order to obtain a formula of the
type E[G ′(Zt )Y ] = E[G(Zt )H ] for a large class of integrable random variable Y
and where H has to be a random variable so that the right-hand side is well defined.

Take as an example the result in Theorem 11.1.2. If we wish to find a sensibility
formula for ∂cE[G(St )], where the function G is not necessarily differentiable, we
will need to perform the following steps:

1. Approximate G using functions Gn ∈ C1
c such that Gn → G in an appropriate

topology.
2. Compute ∂cE[Gn(St )]. This will probably give ∂cE[Gn(St )] = E[G ′

n(St )St ]t .
3. The problem now is how to apply formula (11.3) here. One idea is to find an

auxiliary function gn ∈ C1
c such that g′

n(St )St Zt = G ′
n(St )St . For the moment,

let us suppose that such a function exists.4 In order to perform this step one can
intuitively see that we will need to prove that Z−1

t is properly defined in L p.
This is usually called the inverse moment problem or non-degeneracy condition,
among other names in the literature.

4. Now (11.3) can be applied. Finally, we need to prove using a limit procedure
that the formulas obtained converge to ∂cE[G(St )].

Exercise 11.5.1 Let Z = {Zt }t≥0 be the gammaprocess described in Sect. 11.1. Find
conditions on the parameters (a, b, t) so that E[Z−p

t ] < ∞ for some p ≥ 1, using
the following two methods.

(i) Compute directly via the explicit density function of Zt .

4The existence of such a function can be assured, if one assumes enough conditions on the function
Gn .
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(ii) Prove the assertion via the Laplace transform of Zt .

Hint: Prove and use the following useful identity for appropriate positive random
variables X : E[X−p] = 1

Γ (p)

∫ ∞
0 θ p−1

E[e−θX ]dθ .
For a hint, see Chap. 14.

Exercise 11.5.2 Let Z = {Zt }t≥0 be the stable process with index 0 < α < 2,
described in Sect. 11.2. Prove that E[Z−p

t ] < ∞ for any p ≥ 1, via the Laplace
transform of Zt .

For a hint, see Chap. 14.

Exercise 11.5.3 Let Z = {Zt }t≥0 be the truncated stable process with the index
0 < α < 2, described in Sect. 11.3. Assume that ϕ(z) = c z for |z| ≤ 1. Define
Γt := ∫

(0,∞)×[0,t] z ϕ(z)N +(dz, ds). Prove that E[Γ −p
t ] < ∞ for any p ≥ 1, via

the Laplace transform of Zt .
For a hint, see Chap. 14.

Exercise 11.5.4 Let Z = {Zt }t≥0 be the tempered stable process with the index
0 < α < 2, described in Sect. 11.4. Assume that ϕ(z) = cz for |z| ≤ 1. Define
Γt := ∫

(0,∞)×[0,t] z ϕ(z)N +(dz, ds). Prove that E[Γ −p
t ] < ∞ for some p ≥ 1, via

the Laplace transform of Zt .
For a hint, see Chap. 14.

Let {Xt ≡ Xc
t }t∈[0,T ] be a process depending on the parameter c ∈ R, which we

have seen in the previous sections, e.g. the geometric gamma process in Sect. 11.1,
the stable process in Sect. 11.2, the truncated stable process in Sect. 11.3, and the
tempered stable process in Sect. 11.4. Suppose that, for each t > 0, the law of Xt

has a density pXt (c, x) with respect to the Lebesgue measure on R, and the random
variable Xt is differentiable with respect to c. As seen in Theorems 11.1.2, 11.2.2,
11.3.1 and 11.4.1 and Corollary 11.2.4, we have already obtained that in some cases
the following result is valid:

E
[
G ′(Xt ) Yt Ht

] = E
[
G(Xt )Θ(Yt , Ht )

]
(11.22)

for G ∈ C1
b(R), where {Yt }t∈[0,T ] is the process associated with the process X such

that the inverse of Yt has a higher-order moment, {Ht }t∈[0,T ] is an auxiliary process
such that Ht has a higher-order moment, and {Θ(Yt , Ht )}t∈[0,T ] is a random variable
depending on Yt and Ht such that the right-hand side is well defined.

Theorem 11.5.5 Assume that (11.22) is valid for Ht = ∂c XtY−1
t . For G ∈ C1

b(R),
it holds that

E[G ′(Xt ) ∂c Xt ] = E

[
G(Xt )Θ

(
Yt ,

∂c Xt

Yt

)]
. (11.23)

Proof From the equality (11.22), we have
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E
[
G ′(Xt ) ∂c Xt

] = E

[

G ′(Xt ) Yt
∂c Xt

Yt

]

= E

[

G(Xt )Θ
(
Yt ,

∂c Xt

Yt

)]

.


�
Remark 11.5.6 (Negative-order moments) Consider the case of the geometric Lévy
process of the form:

Xt = X0 exp(ρ Zt + c̃ t),

where X0 > 0, ρ > 0, and c̃ ∈ R. For G ∈ C1
b(R), we have already obtained the

following formulas:

(i) If Z is the gamma process with the parameters (a, b), then it holds that

E
[
G ′(Xt ) Xt ρ Zt

] = E[G(Xt ) (b Zt − a t)]

in Theorem 11.1.2 of Sect. 11.1.
(ii) If Z is the stable process with the index 1 < α < 2, then it holds that

E
[
G ′(Xt ) Xt ρ Zt

] = E

[
{
G(X̃t ) − G(X0)

} α (−E− + E+ − 2)

α − 1

]

in Theorem 11.2.2 of Sect. 11.2, where X̃t = X0 exp(ρ Z̃t + c̃ t).
(iii) If Z is the truncated stable process with the index 0 < α < 2, then it holds that

E
[
G ′(Xt ) Xt ρ Γt

] = −E

[

G(Xt )

∫

(0,∞)×[0,t]

(
ϕ′(z) z − ϕ(z) z2

)
N +(dz, ds)

]

+ κ t ϕ(1)E
[
G(X0 exp(ρ (Zt + 1) + c̃ t)

)]

in Theorem 11.3.1 of Sect. 11.3, where

Γt =
∫

(0,∞)×[0,t]
z ϕ(z)N +(dz, ds).

Here, we consider

Zt =
∫

(0,∞)×[0,t]
z ˜N +(dz, ds) +

∫

(0,∞)×[0,t]
z ˆN +(dz, ds) I(0<α<1).

(iv) If Z is the tempered stable process with the index 0 < α < 2, then it holds that
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E
[
G ′(Xt ) Xt ρ Γt

]

= E

[

G(Xt )

∫

(0,∞)×[0,t]

(
ϕ′(z) z − (α + b z) ϕ(z)

)
N +(dz, ds)

]

in Theorem 11.4.1 of Sect. 11.4, where

Γt =
∫

(0,∞)×[0,t]
z ϕ(z)N +(dz, ds).

Here, we consider

Zt =
∫

(0,∞)×[0,t]
z ˜N +(dz, ds) +

∫

(0,∞)×[0,t]
z ˆN +(dz, ds) I(0<α<1).

In the formula (11.22), we shall substitute for

(Yt , Ht ) =
{(

∂c Xt Zt , 1/Zt
)

in the case of (i) and (ii),
(
∂c Xt Γt , 1/Γt

)
in the case of (iii) and (iv),

and the parameter c is either X0 or ρ.
In order to obtain such a formula we need to perform again similar procedures

as in previous theorems but with specific test functions g. Just to consider one
specific example, consider the case of a tempered stable process and the sensi-
bility ∂cE[G(cZt )] = E[G ′(cZt )Zt ]. In order to deal with this problem we will
need to enlarge the dimension of the process and consider ∂cE[g(cXt , Γt )] for
g(x, y) = ρ−1G(x)y−1. The procedure is parallel to the one carried in the proof
of Theorem 11.4.1, just longer because of the amount of terms. Clearly when doing
this, one will need an argument to prove that E[Γ −p

t ] for integer values of p > 1.
Then, our purpose is to study the higher-order moments of 1/Zt and 1/Γt . In

the case of Zt , this has been studied in Exercises 11.5.1–11.5.4. The study of the
inversemoments forΓt requires a careful choice of the deformation function H ξ (z) =
z exp(ξϕ(z)). Again, we remark that this is linked to the decrease of the Laplace
transform of Γt .

Exercise 11.5.7 Find proper conditions on ϕ so that the inverse moments of Γt =∫
(0,∞)×[0,t] z ϕ(z)N +(dz, ds), are finite.
For a hint, see Chap. 14.

11.6 Sensitivity for Non-smooth Test Functions

Now, we shall study a sensitivity formula of E[G(Xc
t )] with respect to the parameter

c for a function G which is not necessarily differentiable. Instead of giving a general
theory we consider the particular case of an indicator function. In what follows, we
may simplify the notation as Xt ≡ Xc

t if the meaning is clear.
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Theorem 11.6.1 Define the following class of test functions:

F(R) =
⎧
⎨

⎩
G =

m∑

k=1

αk Gk IAk ; m ∈ N, αk ∈ R, Gk ∈ Cc(R), Ak: an interval of R

⎫
⎬

⎭
.

Suppose that for any compact set K ,

sup
c∈K

E

[∣∣
∣Θt

(
Y,

∂c Xt

Y

)∣∣
∣
]

< ∞.

Then, for G ∈ F(R), it holds that

∂c
(
E[G(Xt )]

) = E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]
. (11.24)

Proof ForG ∈ C1
c (R), we can check the sensitivity formula (11.24) directly, because

∂c
(
E[G(Xt )]

) = E
[
G ′(Xt ) ∂c Xt

]

= E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]
.

The strategy to remove the regularity conditions onG and to extend to the class F(R)

can be found in e.g. [54].
(i) For G ∈ Cc(R), we can find the sequence {Gn ; n ∈ N} in C1

c (R) such that
‖Gn − G‖∞ → 0 as n → ∞, where

‖ϕ‖∞ = sup
t∈[0,T ]

|ϕ(t)|.

Then, for each compact set K ⊂ R, we have

∣
∣E[Gn(Xt )] − E[G(Xt )]

∣
∣ ≤ ‖Gn − G‖∞,

sup
c∈K

∣
∣
∣∂c

(
E[Gn(Xt )]

) − E

[
G(Xt ) Θt

(
Y,

∂c Xt

Y

)]∣∣
∣ ≤ sup

c∈K
E

[∣∣
∣Θt

(
Y,

∂c Xt

Y

)∣∣
∣
]
‖Gn − G‖∞,

which tend to 0 as n → ∞. Hence, we can get the formula (11.24) for G ∈ Cc(R).
(ii) Let G ∈ Cb(R)5 and fix 0 < ε < 1. Then, there exists the sequence {Gn ; n ∈

N} of continuous functions defined by

Gn(x) =
{
G(x) (x ∈ [−n + ε, n − ε]),
0 (x ∈ (−∞,−n − ε] ∪ [n + ε,∞)),

5If Zt has a second-order moment for each t ∈ [0, T ], the function G ∈ Cb(R) can be extended to
the continuous function with linear growth order.
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and Gn(x) ∈ [0,G(x)] for each x ∈ (−n − ε,−n + ε) ∪ (n − ε, n + ε]. Here,
[0,−1] should be understood as [−1, 0]. Then, it is clear that

Gn ∈ Cc(R), sup
n∈N

‖Gn‖∞ = ‖G‖∞.

The dominated convergence theorem enables us to see that

∣
∣E[G(Xt )] − E[Gn(Xt )]

∣
∣ → 0

as n → ∞. Moreover, since

E
[|Gn(Xt ) − G(Xt )|2

] ≤ E
[|Gn(Xt )|2 I(|Xt |>n−ε)

]

≤ ‖G‖2∞ P[|Xt | > n − ε] → 0

as n → ∞, we have, for each compact set K ⊂ R, that

sup
c∈K

∣
∣
∣∂c

(
E[Gn(Xt )]

) − E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣

≤ sup
c∈K

E

[∣∣
∣Θt

(
Y,

∂c Xt

Y

)∣∣
∣
2]1/2

sup
c∈K

E
[|Gn(Xt ) − G(Xt )|2

]1/2

by the Cauchy–Schwarz inequality, which tends to 0 as n → ∞. Therefore, we can
get the formula (11.24) for G ∈ Cb(R).

Finally, we compute the derivative

∣
∣
∣
∣
E[G(Xc+h

t )] − E[G(Xc
t )]

h
− E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣
∣

≤ 2h−1‖Gn − G‖∞ +
∣
∣
∣
∣
E[Gn(Xc+h

t )] − E[Gn(Xc
t )]

h
− E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣
∣ .

From here, one chooses n large enough in order to achieve the proof of convergence.
(iii) Let −∞ ≤ a < b ≤ ∞, and write

a±
n = a ± 1

n
, b±

n = b ± 1

n

for n ∈ N. Now, we shall consider the case of G = I(a,b].6 Then, we can find a
sequence {Gn ; n ∈ N} of continuous functions such that

Gn(x) =
{
G(x) (x ∈ (a+

n , b−
n )),

0 (x ∈ (−∞, a−
n ] ∪ [b+

n ,∞)),

6We can discuss the case of [a, b), (a, b) and [a, b] similarly.
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and Gn(x) ∈ [0,G(x)] for x ∈ (a−
n , a+

n ) ∪ (b−
n , b+

n ). It is trivial that

Gn ∈ Cb(R), sup
n∈N

‖Gn‖∞ ≤ 1.

The dominated convergence theorem implies that

∣
∣E[Gn(Xt )] − E[G(Xt )]

∣
∣ → 0

as n → ∞. Moreover, for each compact set K ∈ R, we see that

sup
c∈K

E
[|Gn(Xt ) − G(Xt )|2

] = sup
c∈K

E
[|Gn(Xt ) − G(Xt )|2; Xt ∈ (a−

n , a+
n ) ∪ (b−

n , b+
n )

]

≤ 4 sup
c∈K

P
[
Xt ∈ (a−

n , a+
n )

] + 4 sup
c∈K

P
[
Xt ∈ (b−

n , b+
n )

]

= 4
∫ a+

n

a−
n

sup
c∈K

pXt (c, x) dx +
∫ b+

n

b−
n

sup
c∈K

pXt (c, x) dx,

which tends to 0 as n → ∞, because the Lebesguemeasures of the intervals (a−
n , a+

n )

and (b−
n , b+

n ) converges to 0 as n → ∞. Hence, we have

sup
c∈K

∣
∣
∣∂c

(
E[Gn(Xt )]

) − E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣

≤ sup
c∈K

E

[∣∣
∣Θt

(
Y,

∂c Xt

Y

)∣∣
∣
2]1/2

sup
c∈K

E
[|Gn(Xt ) − G(Xt )|2

]1/2

from the Cauchy–Schwarz inequality, which tends to 0 as n → ∞.
As in (ii), we need to compute

∣
∣
∣
∣
E[G(Xc+h

t )] − E[G(Xc
t )]

h
− E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣
∣

≤ 2h−1 sup
c∈K

E
[|Gn(X

c
t ) − G(Xc

t )|2
]1/2

+
∣
∣
∣
∣
E[Gn(Xc+h

t )] − E[Gn(Xc
t )]

h
− E

[
G(Xt )Θt

(
Y,

∂c Xt

Y

)]∣∣
∣
∣ .

Therefore, we can get the formula (11.24) for G = I(a,b].
(iv) Finally, from the studies in (ii) and (iii) stated above, we can get the formula

(11.24) for G ∈ F(R).



Chapter 12
Integration by Parts: Norris Method

In this chapter, we extend the method of analysis introduced in Chap.11 to a general
framework. Thismethodwas essentially introduced byNorris to obtain an integration
by parts (IBP) formula for jump-driven stochastic differential equations. We focus
our study on the directional derivative of the jump measure which respect to the
direction of the Girsanov transformation. We first generalize the method in order to
consider random variables on Poisson spaces and then show in various examples how
the right choice of direction of integration is an important element of this formula.

12.1 Introduction

In the recent past, various efforts to develop IBP formulas on Poisson spaces have
appeared. Among them, one may mention [9, 12–14, 38, 47] between others. Most
of these methods are designed to obtain the regularity of the laws of solutions of
stochastic differential equations driven by jump processes and at the same time
they try to strive for as much generality as possible. This generalization feature,
which may be very appealing from a mathematical point of view, has hampered the
development of various other applications which may use differential techniques on
the Poisson space. In particular, taking into consideration that most models where
this differential theory may be applied have a specific compensator, one may believe
that further developments on studies of upper and lower bounds for densities, studies
on the support of the law and various other expansion techniques for functionals on
Poisson space should have mushroomed after the discovery of these methods.

Still, this is not the case. Most probably this is due to the lack of adaptability of
the method to explicit models. In this chapter, we reconsider the approach introduced
in [45] which was designed with explicit compensators in mind. In particular, Norris
considers directional derivatives with respect to the underlying Lévy measure, which
provides an IBP formula where the interaction of the direction and the measure is

© Springer Nature Singapore Pte Ltd. 2019
A. Kohatsu-Higa and A. Takeuchi, Jump SDEs and the Study of Their Densities,
Universitext, https://doi.org/10.1007/978-981-32-9741-8_12
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extremely clear. This allows for a better choice of directionwhen considering explicit
problems. We reintroduce the methodology of Norris in a general set-up, compare it
with the Girsanov transform method of Bismut and then apply it in various applied
problems which indicate clearly that this explicit IBP formula may be helpful in
order to obtain various properties of the density of a random variable on Poisson
spaces.

Let us explain our approach in a simpler example. Let X be a one-dimensional
random variable with density function g and let G ∈ C1

b(R). Using a change of
variable one has that

E [G(X)] = E
[
G(H ξ (X))g(H ξ (X))∂y H

ξ (X)g−1(X)
]
. (12.1)

Here we suppose for simplicity that g(x) > 0 for all x ∈ R and that H ξ is a one-to-
one differentiable transformation. Now if we differentiate the right-hand side with
respect to ξ , evaluating this derivative with respect to ξ = 0 and under the hypothesis
that H ξ (x) = x we obtain the following IBP formula:

E

[
G ′(X)∂ξ H

ξ (X)

∣∣∣
ξ=0

]
= E

[
G(X)

{
∂x ln(g(X)) + ∂ξ ln(∂y H

ξ (X))

∣∣∣
ξ=0

}]
.

Some comments are in order at this point:

(a) In order to consider such a proper IBP formula, we will have to assume that
the boundary terms in the IBP formula do not contribute to the final result. We
further have to modify the argument in order to obtain E

[
G ′(X)Θ

]
on the left

side of the above equation, where Θ is any random variable which is a function
of X . We also have to reproduce this argument in infinite dimensions.

(b) In the general setting the “density function” g becomes the Radon–Nikodým
derivative of the Lévy measure and therefore is not a probability density func-
tion anymore. For this reason, we take the approach of approximating the Lévy
process using compound Poisson processes.

(c) In the above argument, one clearly sees the change of measure in the term
g(H ξ (X))∂x H ξ (X)g−1(X) and the change of the size of the jump. The differ-
entiation of the change of measure term gives rise to the dual operator. Therefore
it is natural to discuss how to obtain this result using infinite-dimensional change
of measure results. We will then see that the conditions required for the trans-
formation function H ξ will slightly differ if one considers a different approach.
This is the case with the use of Girsanov’s theorem/Escher transform. Still when
applying the Girsanov method, one does the change of measure so as to recover
a copy of the original process. In our case, this may not be so as the jump size
is being changed in (12.1). Furthermore, we have preferred the approximation
approach because this point of view provides a general definition of derivative
and adjoint operator that allows a general IBP formula.

(d) Onemay consider that our approach is a space–time deformation approachwhich
is not the same as Picard’s approach (see [47]) or the lent particle method of
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Bouleau–Denis (see [14] or [13]). It may have a link with the approach in [9],
but in that case it seems that there is no space deformation like the one proposed
here (this needs to be reviewed again!). In our approach the deformation is not
performed on path space but on the jump laws themselves. In that sense one may
consider the approach presented here a weak form of infinite-dimensional IBP
with deformation in jump size.

(e) The main advantage of the current approach is its simplicity, adaptability to
various situations and that it is easy to interpret. On the other hand, one may
claim that this approach is restrictive to absolutely continuous Lévy measures
but we believe that it can be enlarged to situations similar to Exercise 5.1.19.

The spirit of this chapter is somewhat independent from the first part of this book.
In fact, we will assume some generalizations which had not been carried out here
but which we hope the reader can foresee easily.

In this chapter we use the following standard notation. Set Z+ = N ∪ {0}. Norms
of vectors are usually denoted by | · | and norms of matrices by ‖ · ‖. All vectors are
considered as line vectors and the derivative of a function f : Ra → R

b is considered
as a b × a-valued matrix. For a given vector x = (x1, ..., xn), we write by x j→n =
(x j , ..., xn).1

12.2 Set-Up

In this section, we shall introduce the notation, the framework, and somewell-known
facts, which will be used throughout the chapter. Let (Ω,F ,P) be our underlying
probability space. Let E ≡ EP denote the associated expectation and L p(Ω ; R)-lim
will denote the limit in p-norm.

Let ν(dz) be a measure on R
m
0 := R

m\{0} which satisfies

∫

R
m
0

(|z|2 ∧ 1
)

ν(dz) < +∞.

Let Z = {Zt ; t ≥ 0} be the m-dimensional Lévy process with the associated Lévy–
Khintchine representation of the form:

1

t
lnEP

[
exp(i θ · Zt )

]

= i θ · γ − |σ ∗ θ |2
2

+
∫

R
m
0

{
exp(i θ · z) − 1 − i θ · z 1B̄1

(z)
}
ν(dz)

(12.2)

1We hope that the context will not bring any confusion with the matrix notation or the dependence
of constants with respect to certain parameters.
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for θ ∈ R
m , where γ ∈ R

m andσ ∈ R
m ⊗ R

m such thatσ σ ∗ is non-negative definite.
Then Z is the Lévy process associated with the triplet (γ, σ, ν) and ν is called its
associated Lévy measure.

The Lévy–Itô decomposition theorem tells us that Z also has the following rep-
resentation:

Zt = γ t + σ Wt +
∫

B̄1×[0,t]
z Ñ (dz, ds) +

∫

B̄c
1×[0,t]

zN (dz, ds), (12.3)

where W = {Wt ; t ≥ 0} is the m-dimensional Brownian motion with W0 = 0,
N (dz, dz) := 


{
t ∈ ds ; 0 
= Zt − Zt− ∈ dz

}
2 is the Poisson random measure on

R+ × R
m
0 with the intensity measure N̂ (dz, ds) := ds ν(dz), and Ñ (dz, ds) :=

N (dz, ds) − N̂ (dz, ds) is the compensated Poisson random measure (cf. [51]).
Here 
(A) denotes the cardinality of the set A. Let Ft =⋂ε>0 σ(Zs ; s ≤ t + ε)

be the right-continuous completed filtration generated by Z . In this chapter, we will
consider the following simplifying situation:

Hypothesis 12.2.1 σ = 0, γ = 1 and the Lévy measure ν has a density. That is,
ν(dz) = f (z) dz for some function f : Rm

0 → R+ satisfying that f (0) = 0 and

∫

R
m
0

(|z|2 ∧ 1) f (z) dz < ∞,

∫

R
m
0

f (z) dz = ∞.

Let b ∈ C∞
b

(
R

d ; Rd
)
and a ∈ C∞

b

(
R

d × R
m
0 ; Rd

)
with the invertibility condi-

tion:
inf
y∈Rd

inf
z∈Rm

0

∥∥Id + ∇a(y, z)
∥∥ > 0. (12.4)

Here, Id ∈ R
d ⊗ R

d is the identity matrix, the norm ‖ · ‖ is3 in the matrix sense,
and ∇a(y, z) is the derivative with respect to y ∈ R

d , while the derivative in z ∈ R
m
0

is denoted by ∂a(y, z). For x ∈ R
d , we shall introduce the Rd -valued process X =

{Xt ; t ≥ 0} determined by the stochastic differential equation of the form:

Xt = x +
∫ t

0
b(Xs) ds +

∫

B̄1×[0,t]
a
(
Xs−, z

)
Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

a
(
Xs−, z

)
N (dz, ds).

(12.5)

In this section, we will let Hypothesis 7.2.2 stand without any further mention.4

2Clearly, this definition is formal. Try to write the exact definition.
3Recall that as all matrix norms are equivalent, you can pick the one you like best.
4Note that the current set-up is not totally covered by the results of Part I of this book. If you
prefer you may think instead of the above general setting that the Lévy measure corresponds to the
tempered Lévy measure introduced in Sect. 11.4.
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Exercise 12.2.2 Give an example to show that under the condition that
∫
R

m
0
f (z) dz <

∞ then the law of Xt does not have a density.5

For a hint, see Chap.14.

Under our situation, there exists a unique solution such that the mapping R
d �

x �−→ Xt (x) ∈ R
d has a C1-modification (cf. [2] or Chap.7). Moreover, we see

that the first-order derivative process Y = {Yt ≡ Yt (x) := ∂x Xt (x) ; t ≥ 0} valued
in Rd ⊗ R

d satisfies the linear stochastic differential equation of the form:

Yt = Id +
∫ t

0
∇b(Xs) Ys ds

+
∫

B̄1×[0,t]
∇a
(
Xs−, z

)
Ys− Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

∇a(Xs−, z) Ys− N (dz, ds).

(12.6)

Recalling Proposition3.6.8 may be of help.

Problem 12.2.3 Prove that in the one-dimensional case, one can write the solution
of the above equation for Y explicitly.

From condition (12.4), the process Y = {Yt ; t ≥ 0
}
is invertible a.s. in the sense

that for each t ≥ 0, the matrix inverse of Yt exists. Moreover, the inverse process
Y−1 = {Y−1

t ; t ≥ 0
}
also satisfies the linear stochastic differential equation of the

form:

Y−1
t = Id −

∫ t

0
Y−1
s ∇b(Xs) ds

+
∫

B̄1×[0,t]
Y−1
s−
{(

Id + ∇a
(
Xs−, z

))−1 − Id
}
Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

Y−1
s−
{(

Id + ∇a
(
Xs−, z

))−1 − Id
}
N (dz, ds)

+
∫

B̄1×[0,t]
Y−1
s

{(
Id + ∇a(Xs, z)

)−1 − Id + ∇a(Xs, z)
}
N̂ (dz, ds).

(12.7)
Recall that the main idea to obtain an IBP formula is to approximate the solu-

tion of (12.5), using compound Poisson processes. Therefore, we shall define the
corresponding approximation sequence of the Rd -valued process X = {Xt ; t ≥ 0}
determined by Eq. (12.5). Let ε > 0 be sufficiently small, and T > 0 be fixed. Recall
that

λε = ν
({z ∈ R

m
0 ; |z| > ε}), fε(z) = f (z)

λε

1(|z|>ε), νε(dz) = fε(z) dz. (12.8)

5It “almost” does have a density.
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We remark that νε(dz) is the probability measure on R
m
0 . Define the approximation

process

Z ε
t =
∫

(B̄1∩B̄c
ε )×[0,t]

z Ñ (dz, ds) +
∫

B̄c
1×[0,t]

zN (dz, ds).

Define the associated sequence of (Ft )-stopping times
{
τ ε
k ; k ∈ Z+

}
by τ ε

0 = 0,
and

τ ε
k = inf

{

t > τε
k−1 ;

∫

B̄c
ε ×(τ ε

k−1,t]
N (dz, ds) 
= 0

}

∧ T

for k ∈ N. These stopping times are the times where the process Z ε jumps and their
successive differences form a sequence of independent λε-exponentially distributed
random variables. We denote by N ε = {N ε

t ; t ∈ [0, T ]}, the Poisson process with
intensity λε defined using this sequence of jump times.

We denote the set of jump sizes associated with the process Z ε in [0, T ] as
Y ε = {Y ε

k ; k ∈ N
}
,6 which is a sequence of independent and identically distributed

R
m
0 -valued random variables with the law νε(dz), which are also independent of the

process N ε. Therefore we can rewrite theRm-valued process Z ε = {Z ε
t ; t ∈ [0, T ]}

as

Z ε
t =

⎧
⎪⎪⎨

⎪⎪⎩

0 (N ε
t = 0),

N ε
t∑

k=1

(Y ε
k − E[Y ε

k 1(|Y ε
k |≤1)]) (N ε

t > 0),

which is a compound Poisson process. Now using arguments similar to Chap. 5, one
obtains the following result.

Lemma 12.2.4 For each 0 < t ≤ T , the law of Z ε
t converges weakly to the one of

Zt as ε ↓ 0.

Proof The assertion is obvious, because one can explicitly compute the characteristic
function of Z ε

t and then prove the convergence of its characteristic function towards
the corresponding one for Zt .

We shall introduce the Rd -valued process X ε = {X ε
t ; t ∈ [0, T ]} defined by

X ε
t =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x +
∫ t

0
ã0(X

ε
s ) ds (0 ≤ t < τε

1 ),

X ε
τ ε
k − + a

(
X ε

τ ε
k −,Y ε

k

)
(t = τ ε

k , k ∈ N),

X ε
τ ε
k
+
∫ t

τ ε
k

ã0(X
ε
s ) ds (τ ε

k < t < τε
k+1),

6We hope that this notation for the jump size random variables which has been used from the start
will not confuse the reader with the derivative of the flow. The context should make clear which
object we are referring to in each case.
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where ã0(x) = b(x) − ∫
ε<|z|≤1 a(x, z) ν(dz). Define

K z(x) = x + a(x, z), Fs,t (x) = x +
∫ t

s
ã0
(
Fs,u(x)

)
du.

Then, we have

X ε
t = Fτ ε

N ,t ◦ KY ε
N ◦ Fτ ε

N−1,τ
ε
N− ◦ KY ε

N−1 ◦ Fτ ε
N−2,τ

ε
N−1− ◦ · · · ◦ KY ε

1 ◦ F0,τ ε
1 −(x)

=: Φε,N
(
x ; Y ε

1→N ; τ ε
1→N

)
(12.9)

for τ ε
N ≤ t < τε

N+1, where as explained previously, we use the notation Y ε
1→N =(

Y ε
1 , . . . ,Y ε

N

)
and τ ε

1→N = (τ ε
1 , . . . , τ ε

N

)
.

From here, we see that the approximating stochastic process X ε is generated by an
iterative functional which depends on the jump sizes and the jump times associated
with the process Z ε . Therefore a general theory of IBP can be developed using this
approximation as the main axis. This is done in Sect. 12.4.

We also remark that the above construction has the characteristics of a strong
convergence construction (i.e. almost sure convergence). One can easily change the
set-up to a weak convergence structure (i.e. convergence in law) and then the IBP
formula to follow in that case would also be some type of weak IBP formula.

Exercise 12.2.5 Prove that the explicit stochastic process X ε defined above is the
unique solution of the stochastic differential equation

X ε
t = x +

∫ t

0
b(X ε

s ) ds +
∫

(B̄1∩B̄c
ε )×[0,t]

a
(
X ε
s−, z
)
Ñ (ε)(dz, ds)

+
∫

B̄c
1×[0,t]

a
(
X ε
s−, z
)
N (ε)(dz, ds).

12.3 Hypotheses

In this section, we introduce our hypotheses in order to be able to carry the IBP. We
recall that we always assume Hypothesis 12.2.1.

Hypothesis 12.3.1
∫

B̄c
1

|z|p f (z) dz < ∞ for any p ≥ 2.

Clearly this hypothesis is needed in order to have all necessary moment conditions.
The following hypothesis determines the direction of derivation in the IBP formula.

Hypothesis 12.3.2 Let ξ ∈ R
u be in a sufficiently small neighborhood around the

origin (without loss of generality, we may assume that |ξ | ≤ 1 or 0 ≤ ξ < 1), and
H ξ (·) : Rm

0 → R
m
0 be a mapping with H ξ (z)

∣∣
ξ=0 = z and ∂z H ξ (z)

∣∣
ξ=0 = Im for z ∈
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Supp[ν]. Define h : Ω ′ × R
m
0 → R

m
0 ⊗ R

u by h(z) = (∂ξ )0H ξ (z) := ∂ξ H ξ (z)
∣∣
ξ=0,

z ∈ Supp[ν].
We will call the random function H ξ , the deformation/transformation function,

We have chosen this name as this function deforms/transforms r.v.s through the
function, H ξ (Y ε

k ) and therefore the differential calculus is carried through these new
r.v.s instead of Y ε

k . Asymptotically, as ξ → 0 they are equivalent in law but the IBP
in each case will lead to different formulas. The following hypothesis will also be
essential for the integrability of the duality formula.

Hypothesis 12.3.3 Assume that

∫

R
m
0

|h(z)| ν(dz) < +∞,

∫

R
m
0

∣∣∣∣∣
div
{
h(z) f (z)

}

f (z)

∣∣∣∣∣
ν(dz) < +∞.

Remark 12.3.4 The condition

|h(z)| +
∣∣∣∣∣
div
{
h(z) f (z)

}

f (z)

∣∣∣∣∣
≤ C(|z|2 ∧ 1)

is a sufficient condition for Hypothesis12.3.3 to hold.

We will introduce some examples satisfying the the above conditions in
Sect. 12.6.3. Unless explicitly stated, we assume the above hypotheses throughout
the rest of the chapter.

The idea of the method is to change the jumps of the driving process Z from being
of size z into size H ξ (z). Once this change is done one performs IBP with respect
to the new jump size and take limits as ξ → 0. Therefore this method introduces a
new parameter represented by h(z) which can be chosen depending on the model.
Another interpretation of this method is that the change of jump size implies that
the law of the process Z is being changed according to a change of jump law. This
method can be studied using Girsanov’s theorem, which is done in Sect. 12.6.1. Still,
the intuitive understanding given here can help devise a proper method to develop
an IBP formula in particular situations.

12.4 Variational Calculus on the Poisson Space

In this section, we shall introduce the general framework of the stochastic calculus on
the Poisson space. Recall that for simplicity, we will assume that the Lévy process Z
does not have aBrownian component. The general case follows in a similar fashion by
replacing all expectations with conditional expectations with respect to the Brownian
path.

Let 0 < ε ≤ 1 be sufficiently small, and T > 0 fixed. Let Uε = B̄c
ε = {y ∈

R
m
0 ; |y| > ε

}
, and let ∂Uε be its boundary, n(y) the outer normal unit vector at
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y ∈ ∂Uε and σ(dy) the surface measure on ∂Uε. As seen before, we shall recall the
notation

λε = ν(Uε), νε(dz) = f (z)

λε

1Uε
(z) dz.

Denote by τ ε = {τ ε
k ; k ∈ N

}
a sequence of R+-valued random variables such that

their successive differences
{
τ ε
k − τ ε

k−1 ; k ∈ N
}
are independentλε-exponential ran-

dom variables, where τ ε
0 = 0. Let Y ε = {Y ε

k ; k ∈ N
}
be a sequence of independent

and identically distributed R
m
0 -valued random variables with the law νε(dz). Write

N ε =
∑

k∈N
1[0,T ](τ ε

k ),

that is, N ε is the Poisson random variable with intensity λε T . Recall the mapping
H ξ : Rm

0 → R
m
0 as introduced in Sect. 12.3 for ξ ∈ R

u near the origin, and write
H ξ (Y ε) = {H ξ (Y ε

k ) ; k ∈ N
}
. We shall use the notation

Y ε
1→N ε = (Y ε

1 , . . . , Y ε
N ε , 0, 0, . . .

)
,

Y ε,( j)
1→N ε = (Y ε

1 , . . . , Y ε
j−1, z j , Y

ε
j+1, . . . , Y ε

N ε , 0, 0, . . .
)
, 1 ≤ j ≤ N ε,

τ ε
1→N ε = (τ ε

1 , . . . , τ ε
N ε , 0, 0, . . .

)
.

We remark that the random variable Y ε
1→N ε is (Rm

0 )∞ ≡ ∪∞
j=1(R

m
0 ) j -valued, while

τ ε
1→N ε is the R∞+ ≡⋃∞

j=1(R+) j -valued one.
Rather than giving a topology to these infinite-dimensional spaces we will only

restrict their properties to each corresponding finite-dimensional space.
In fact, we define the space C∞

b

(
(Rm

0 )∞ ; Rd
)
as the space of all functions f :

(Rm
0 )∞ → R

d such that this function restricted to each (Rm
0 ) j ≡ (Rm

0 ) j ×∏∞
k= j+1{0},

denoted by f
∣∣
(Rm

0 ) j
, belongs to the space C∞

b

(
(Rm

0 ) j ; Rd
)
and for any multi-index

α = (α1, ..., αm), m ∈ N with α∗ = maxi=1,...,m αi ,

∞∑

j=α∗

‖∂α f
∣∣
R j ‖∞
j ! < ∞. (12.10)

Definition 12.4.1 Denote bySε(R
d) the set ofRd -valued randomvariables X which

can be written as smooth functions of (Y ε ; τ ε). That is,

X = Φ
(
Y ε
1→N ε ; τ ε

1→N ε

)
,

where Φ : (Rm
0 )∞ × R

∞+ → R
d is bounded such that Φ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Rd
)

uniformly for t ∈ [0, T ]∞.
Furthermore they satisfy the following property:

Φ
(
Y ε
1→N ε+1; t1→N ε+1

)
1(Y ε

i =0,i≤N ε+1)=Φ
(
Y ε
1→N ε ; ti1→N ε

)
.
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Here, ti1→N ε has the same components as t1→N ε+1 except for the component i which
is deleted from the vector t1→N ε+1.

Notice in particular that the functionΦ introduced abovewhen restricted to (Rm
0 ) j ,

j ∈ N, is a smooth function with at most linear growth order at infinity. This space
characterizes all random variables which can be written as smooth functions of the
random variables associated with the jump size and jump times of the process Z ε.

The second property states that given the function representation of X , one jump
size is replaced by zero; it is as if that jump did not happen. Sometimes in order to
stress the dependence of X on ε, we will prefer to use the notation X ε ∈ Sε(R

d).

Exercise 12.4.2 Prove that for 0 < ε0 < ε1 then Sε1(R
d) ⊂ Sε0(R

d) and that X ε
t

defined in Exercise 12.2.5 is an element of Sε(R
d).

Proposition 12.4.3 Let p ≥ 2, ε > 0 and N ∈ Z+. Then, it holds that

Sε(R
d) ⊂ L p(Ω ; Rd) ⊂ L2(Ω ; Rd).

Proof The set of inclusions is clear; because of Hypothesis 12.3.1 and the definition
of Lévy measure, we have that:

∫

B̄1

|z|2 ν(dz) +
∫

B̄c
1

|z|p ν(dz) < +∞.

In fact, under the above conditions, we can check easily that for fixed ε > 0 and
p ≥ 2

E
[|Y ε

k |p] = 1

λε

∫

Uε

|z|p ν(dz) < +∞,

E
[
(τ ε

k )p
] =
∫ +∞

0
s p+k−1 λk

ε

e−sλε

(k − 1)! ds < +∞.

The proof is complete.

Definition 12.4.4 For z = {z j ; j ∈ N
} ∈ (Rm

0 )∞ and X ε ∈ Sε(R
d), define the

stochastic derivative operator DzX ε = {Dz j X
ε ; j ∈ N

}
by

Dz j X
ε =
{(

∂ξ

)
0

{
Φ
(
Y ε,( j,ξ)

1→N ε ; τ ε
1→N ε

)}
(1 ≤ j ≤ N ε),

0 ( j ≥ N ε + 1),

where Y ε,( j,ξ)

1→N ε = (Y ε
1 , . . . , Y ε

j−1, H ξ (z j ), Y ε
j+1, . . . , Y ε

N ε , 0, 0, . . .
)
. When N ε =

0, the above sum is defined as zero. Moreover, define Dj = DY ε
j
.

We remark that Dz j X
ε is the R

d×u-valued random variable. The meaning of the
above definition of the derivative is as follows.One introduces a deformation function
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H ξ which will tangentially (ξ = 0) determine the derivative of X ε. The derivative
operator is well defined and the chain rule for it are straightforward properties. In
fact, for 1 ≤ j ≤ N ε,

Dz j

(
G(X ε)

) = (∂ξ

)
0

{
G
(
Φ
(
Y ε,( j,ξ)

1→N ε ; τ ε
1→N ε

))}

= (∇G)
(
Φ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)) (
∂ξ

)
0

{
Φ
(
Y ε,( j,ξ)

1→N ε ; τ ε
1→N ε

)}

= (∇G)(X ε,( j)) Dz j X
ε (12.11)

for G ∈ C1(Rd ; R), where X ε,( j) = Φ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)
and Y ε,( j)

1→N ε ≡ Y ε,( j,0)
1→N ε .

Exercise 12.4.5 Rewrite
∑N ε

j=1 Dj X ε as an integral with respect to the Poisson ran-
dom measure. In particular, in the case of the solution to the equation in Exercise
12.2.5, find the linear equation satisfied by Dz j X

ε
t ( j ∈ N, t ∈ [0, T ]).

For a hint, see Chap.14.

Definition 12.4.6 Let Θε ∈ Sε(R
u) be expressed as Θε = Λ

(
Y ε
1→N ε ; τ ε

1→N ε

)
,

where Λ : (Rm
0 )∞ × R

∞+ → R
u is bounded such that Φ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Ru
)

for given t ∈ R
∞+ . Define the operator δ by

δ(Θε) = −
N ε∑

j=1

div
{
h(z j ) f (z j )Θε(z j )

}

f (z j )

∣∣
∣∣
z j=Y ε

j

= −
⎛

⎝
N ε∑

j=1

div
{
h(z j ) f (z j )

}

f (z j )

∣∣∣∣
z j=Y ε

j

⎞

⎠Θε −
N ε∑

j=1

tr
(
DjΘ

ε
)
,

whereΘε(z j ) := Λ
(
Y

ε,( j,z j )
1→N ε ; τ ε

1→N ε

)
, j ∈ N.When f (Y ε

j ) = 0, the first termwithin
the above sum is defined as zero. Moreover, if N ε = 0, then the above two sums in
the right-hand side are also defined as zero.7

We remark that δ(Θε) is a R-valued random variable.

Exercise 12.4.7 Rewrite the first sum in the definition δ(Θε) using an integral with
respect to the corresponding Poisson random measure.

For a hint, see Chap.14.

Exercise 12.4.8 Once Exercise 12.4.7 is understood, the proof of the following
lemma (recall Chap. 4 and Hypothesis12.3.3) is straightforward.

Lemma 12.4.9 The following sequence of random variables:

∫

Uε×[0,T ]
div{h(z) f (z)}

f (z)
N (dz, dt), ε ∈ (0, 1]

7This sum convention is used from now on.
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is uniformly integrable, and converges in L1(Ω) and its limit as ε → 0 has as average

T
∫

R
m
0

div{h(z) f (z)}
f (z)

ν(dz).

Note that the definitions of D and δ depend on the deformation function H ξ . In
order to find the relation between the operators D and δ, we shall introduce some
notation. Let X ∈ Sε(R

d) and Θ ∈ Sε(R
u). Then, the random variables X and Θ

can be rewritten as:

X ε = Φ
(
Y ε
1→N ε ; τ ε

1→N ε

)
, Θε = Λ

(
Y ε
1→N ε ; τ ε

1→N ε

)
,

whereΦ : (Rm
0 )∞ × R

∞+ → R
d andΛ : (Rm

0 )∞ × R
∞+ → R

u are bounded such that
Φ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Rd
)
and Φ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Ru
)
for given t ∈ R

∞+ .
Then, we have:

Lemma 12.4.10 Let 0 < ε ≤ 1, X ε ∈ Sε(R
d) andΘε ∈ Sε(R

u). For G ∈ C1
c (R

d ;
R), it holds that

E

⎡

⎣
N ε∑

j=1

Dj (G(X ε)) Θε(Y ε
j )

⎤

⎦ = E
[
G(X ε) δ(Θε)

]+ E
[
Rε

(
G(X ε),Θε

)]
,

(12.12)
where

Rε

(
G(X ε) ; Θε

) =
N ε∑

j=1

∫

∂Uε

n(z j )
∗ h(z j )

f (z j )

λε

G
(
Φ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

))

× Λ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)
σ(dz j ).

That is, D and δ are approximately the adjoint8 of each other if we interpret Rε

as a residue and use the following inner product definition:

〈D(G(X ε)),Θε〉 =
N ε∑

j=1

Dj
(
G(X ε)

)
Θε(Y ε

j ).

We remark that Dj X ε = 0 for j > N ε. Putting this together with the chain rule in
(12.11), we have that the above statement is an approximate IBP formula.

Proof For z = {z j ; j ∈ N
} ∈ (Rm

0 )∞, define

Dz j X
ε ≡ (∂ξ )0

{
Φ
(
Y ε,( j,ξ)

1→N ε ; τ ε
1→N ε

)} =: � j
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)
.

The chain rule tells us that for Θε = Λ
(
Y ε
1→N ε ; τ ε

1→N ε

)
, one has

8It may be helpful to recall the discussion at the end of Chap. 10.
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E

⎡

⎣
N ε∑

j=1

Dj (G(X ε)) Θε(Y ε
j )

⎤

⎦

= E

⎡

⎣
N ε∑

j=1

Dj (G(X ε)) Θε(Y ε
j ) 1(N ε≥1)

⎤

⎦

= E

⎡

⎣
N ε∑

j=1

(∇G)(X ε) Dj X
ε Θε(Y ε

j ) 1(N ε≥1)

⎤

⎦

= E

⎡

⎣
N ε∑

j=1

[
(∇G ◦ Φ) � j Λ

]
(Y ε

1→N ε ; τ ε
1→N ε ) 1(N ε≥1)

⎤

⎦

=
∑

N≥1

N∑

j=1

E

[[
(∇G ◦ Φ) � j Λ

]
(Y ε

1→N ; τ ε
1→N ) 1(N ε=N )

]

=
∑

N≥1

N∑

j=1

∫
νε(dz j )E

[[
(∇G ◦ Φ) � j Λ

](
Y ε,( j)
1→N ; τ ε

1→N

)
1(N ε=N )

]

=:
∑

N≥1

Iε,N .

We remark that the above integrals and the ones to follow from now on are all
well defined due to Hypothesis12.3.3. In fact, recall that

(∂ξ )0

{
Φ
(
Y ε,( j,ξ)

1→N ; τ ε
1→N

)} = ∂z j Φ
(
Y ε,( j)
1→N ; τ ε

1→N

)
h(z j )

= � j
(
Y ε,( j)
1→N ; τ ε

1→N

)
.

Then, using Fubini’s theorem and the definition of νε, we have

Iε,N =
N∑

j=1

∫
νε(dz j )E

[(∇G ◦ Φ
)(
Y ε,( j)
1→N ; τ ε

1→N

)
∂z j Φ
(
Y ε,( j)
1→N ; τ ε

1→N

)
h(z j )

× Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)
1(N ε=N )

]

=
N∑

j=1

E

[ ∫
νε(dz j )∂z j

{
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))}
h(z j )

× Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)
1(N ε=N )

]

=
N∑

j=1

E

[ ∫

Uε

dz j divz j
{
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))
h(z j )

f (z j )

λε
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× Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)}
1(N ε=N )

]

−
N∑

j=1

E

[ ∫

Uε

dz j G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))

× divz j
{
h(z j )

f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)}
1(N ε=N )

]

=: Iε,N ,1 + Iε,N ,2.

In the fourth equality, we have used the product rule for the divergence operator. That
is,

divz j
{
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))
h(z j )

f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)}

= ∂z j

{
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))}
h(z j )

f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)

+ G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))
divz j
{
h(z j )

f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)}
.

Furthermore, we can get

Iε,N ,2 = −
N∑

j=1

∫
νε(dz j )E

[
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))

×
divz j
{
h(z j ) f (z j )Λ

(
Y ε,( j)
1→N ; τ ε

1→N

)}

f (z j )
1(N ε=N )

]

= −E

[
G
(
Φ
(
Y ε
1→N ; τ ε

1→N

))

×
N∑

j=1

divz j
{
h(z j ) f (z j )Λ

(
Y ε,( j)
1→N ; τ ε

1→N

)}

f (z j )

∣∣
∣∣
z j=Y ε

j

1(N ε=N )

]
.

On the other hand, the divergence formula leads us to see that

Iε,N ,1 ≡
N∑

j=1

E

[ ∫

Uε

dz j divz j
{
G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))

× h(z j )
f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)}
1(N ε=N )

]

=
N∑

j=1

E

[ ∫

∂Uε

n(z j )
∗ G
(
Φ
(
Y ε,( j)
1→N ; τ ε

1→N

))
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× h(z j )
f (z j )

λε

Λ
(
Y ε,( j)
1→N ; τ ε

1→N

)
σ(dz j ) 1(N ε=N )

]
.

Therefore, we have

E

⎡

⎣
N ε∑

j=1

Dj (G(X ε)) Θε(Y ε
j )

⎤

⎦

= E

[ N ε∑

j=1

∫

∂Uε

n(z j )
∗ G
(
Φ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

))

× h(z j )
f (z j )

λε

Λ
(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)
σ(dz j ) 1(N ε≥1)

]

− E

[
G
(
Φ
(
Y ε
1→N ε ; τ ε

1→N ε

))

×
N ε∑

j=1

div
{
h(z j ) f (z j )Λ

(
Y ε,( j)
1→N ε ; τ ε

1→N ε

)}

f (z j )

∣∣∣
∣
z j=Y ε

j

1(N ε≥1)

]

= E
[
Rε

(
G(X ε) ; Θε

)]+ E
[
G(X ε) δ(Θε)

]
.

The proof is complete.

Lemma 12.4.11 Under the same hypotheses as in Lemma12.4.10, it holds that

E
[
Rε

(
G(X ε) ; Θε

)] = T
∫

Uε

div
{
h(z) f (z)

}

f (z)
ν(dz)E

[
G(X ε)Θε

]+ o(1)

(12.13)
as ε → 0.

Proof Since P
[
N ε = N

] = (λε T
)N

e−λεT /N ! for N ≥ 0, we have

E
[
Rε

(
G(X ε) ; Θε

)]

=
∑

N≥1

P
[
N ε = N

]

× E

⎡

⎣
N∑

j=1

∫

∂Uε

n(z j )
∗ h(z j )

f (z j )

λε

[
(G ◦ Φ)Λ

](
Y ε,( j)
1→N ; τ ε

1→N

)
σ(dz j )

∣∣
∣∣N

ε = N

⎤

⎦

=:
∑

N≥1

(λε T )N−1

(N − 1)! e−λεT Jε,N .

Recalling the result in Proposition2.1.21, each term can be computed as follows:
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Jε,N = T

N

N∑

j=1

∫

t1<.<t j<.<tN<T
E

[ ∫

∂Uε

n(z j )
∗ h(z j ) f (z j )

× [(G ◦ Φ)Λ
](
Y ε,( j)
1→N ; t1→N

)
σ(dz j )

]
N !
T N

dt1→N .

We will replace in the above expression
[
(G ◦ Φ)Λ

](
Y ε,( j)
1→N ; t1→N

)
with
[
(G ◦

Φ)Λ
](
Y ε,( j)
1→N ; t1→N

)∣∣
z j=0. If we denote the new expression obtained after this sub-

stitution by J 0
ε,N , we have by the definition of the class Sε(R

d)

J 0
ε,N = T

N

∫

∂Uε

n(z)∗ h(z) f (z)σ (dz)

×
N∑

j=1

∫

t1<.<t j<.<tN<T
E

[
[
(G ◦ Φ)Λ

](
Y ε
1→N−1 ; t1→N

)
]
N !
T N

dt1→N

=
∫

∂Uε

n(z)∗ h(z) f (z)σ (dz)

×
∫

t1<...<tN−1<T
E

[ [
(G ◦ Φ)Λ

](
Y ε
1→N−1 ; t1→N−1

) ] (N − 1)!
T N−2

dt1→N−1.

Hence, we can conclude the result once we prove that the following difference
converges to zero:

A :=E

[ ∫

∂Uε

n(z j )
∗ h(z j ) f (z j )

×
([

(G ◦ Φ) Λ
](
Y ε,( j)
1→N ; t1→N

)− [(G ◦ Φ)Λ
](
Y ε,( j)
1→N

∣
∣
z j=0; t1→N

))
σ(dz j )

]
.

This term can be bounded using the mean value theorem as follows:

A = E

[ ∫

∂Uε

n(z j )
∗ h(z j ) f (z j )

(
∂z j
)
θ j z j

[
(G ◦ Φ)Λ

](
Y ε,( j)
1→N ; t1→N

)
z jσ(dz j )

]

= o(1)

as ε → 0, where the random variable θ j ∈ [0, 1]. The reasons for the convergence are
becauseG ∈ C1

c (R
d ; R),Φ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Rd
)
,Λ(· ; t) ∈ C∞

b

(
(Rm

0 )∞ ; Ru
)

which satisfy (12.10) uniformly for t ∈ [0, T ]∞. Therefore, we obtain that

E
[
Rε

(
G(X ε) ; Θε

)] = T
∫

Uε

div
{
h(z) f (z)

}

f (z)
ν(dz)E

[
G(X ε)Θε

]+ o(1)

as ε → 0. The proof is complete.
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Corollary 12.4.12 Under the same hypotheses as in Lemma12.4.10, it holds that

E

⎡

⎣
N ε∑

j=1

Dj (G(X ε)) Θε(Y ε
j )

⎤

⎦ = E

[
G(X ε) δ̃(Θε)

]
+ o(1) (12.14)

as ε → 0, where

δ̃(Θε) = −
∫

Uε×[0,T ]

div
{
h(z) f (z)

}

f (z)
Ñ (dz, dt)Θε

−
∫

Uε×[0,T ]
tr
(
DzΘ

ε
)
N (dz, dt).

(12.15)

Next, we move towards the generalization of the stochastic derivative to its pos-
sible domain by a limit procedure.

Definition 12.4.13 Let p ≥ 1 and l ∈ Z+. For an R
d -valued random variable X ∈⋃

0<ε≤1 Sε(R
d), define

‖X‖p,l =

⎧
⎪⎪⎨

⎪⎪⎩

‖X‖L p(Ω ;Rd ) (l = 0),
(

‖X‖p
L p(Ω ;Rd )

+
l∑

k=1

‖DkX‖p
L p(Ω ; (Rd⊗(Ru)⊗k )

)1/p

(l ∈ N),

where DX =∑N ε

j=1 Dj X is given inDefinition12.4.4 as theRd ⊗ R
u-valued random

variable, and DkX =∑N ε

j=1 Dj (Dk−1X) is defined inductively. Denote by Dp,l(R
d)

the completion of
⋃

0<ε≤1 Sε(R
d) with respect to the norm ‖ · ‖p,l .

Exercise 12.4.14 Let X ∈ Dp,l(R
d). For any given sequence εn → 0 in (0, 1],

prove that there exists a sequence of random variables Xn ∈ Sεn (R
d) such that

limn→∞ ‖Xn − X‖p,l = 0. In the case that X is a bounded random variable, one
can choose the sequence of r.v.s in such a way that they are uniformly bounded.

For a hint, see Chap.14.

Definition 12.4.15 For q ≥ 1, l ∈ Z+ and Θ ∈ Dq,l(R
u), define the R-valued ran-

dom variables δ(Θ) and δ̃(Θ) by

δ(Θ) := −
∫

R
m
0 ×[0,T ]

div
{
h(z) f (z)

}

f (z)
N (dz, dt)Θ

−
∫

R
m
0 ×[0,T ]

tr
(
DzΘ
)
N (dz, dt)

δ̃(Θ) = −
∫

R
m
0 ×[0,T ]

div
{
h(z) f (z)

}

f (z)
Ñ (dz, dt)Θ
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−
∫

R
m
0 ×[0,T ]

tr
(
DzΘ
)
N (dz, dt).

We remark that as explained in Lemma12.4.9, the right-hand side with stochastic
integral in δ(Θ) exists as an L1(Ω,R)-random variable, due to Hypothesis12.3.3.
Also DzΘ denotes the stochastic derivative defined in Definition12.4.4. There-
fore the above definition includes the fact that the following L1(Ω,R) limit exists:
limε→0

∫
Uε×[0,T ] tr

(
DzΘ

ε
)
N (dz, dt) =: ∫

R
m
0 ×[0,T ] tr

(
DzΘ
)
N (dz, dt).

Exercise 12.4.16 Prove that the above definitions extend the previous definitions of
D in Definition12.4.1, δ in Definition12.4.6, and δ̃ in Corollary12.4.12.

Exercise 12.4.17 Assume that Θ is a bounded random variable. Furthermore,
assume that the uniformly bounded sequence of r.v.s

{
Θn ; n ∈ N

}
satisfies that

‖Θn − Θ‖1,1 → 0 as n → ∞. Prove that the sequence
{
δ(Θn) ; n ∈ N

}
converges

in L1(Ω;R) to

δ(Θ) := −
∫

R
m
0 ×[0,T ]

div
{
h(z) f (z)

}

f (z)
N (dz, dt)Θ

−
∫

R
m
0 ×[0,T ]

tr
(
DzΘ
)
N (dz, dt).

Exercise 12.4.18 Assume that Θ is a bounded random variable. Prove that if we

further assume that
∫
R

m
0

∣∣∣ div{h(z) f (z)}
f (z)

∣∣∣
2
ν(dz) ≤ C and Θ ∈ D2,1(R

u) , then we have

that δ(Θ) ∈ L2(Ω;R) and

‖δ(Θ)‖L2(Ω;R) ≤ C̃
(
1 + √

C
)‖Θ‖2,1.

Furthermore prove the stability of the definition in the following sense. Let
{
Θn ; n ∈

N
} ⊂⋃0<ε≤1 Sε(R

u)with‖Θn − Θ‖2,1 → 0 asn → ∞. Then δ(Θ) = L2(Ω ; R)-
limn→∞ δ(Θn). Give the proper assumptions in order to extend this result to conver-
gence in the space Lq(Ω;R), q > 2. Also give a similar result for δ̃.

Theorem 12.4.19 Let p, q ≥ 2 such that 1/p + 1/q = 1. Let X ∈ Dp,1(R
d), and

Θ ∈ Dq,1(R
u) be bounded. Then, for G ∈ C1

c (R
d ; R), it holds that

D (G(X)) = ∇G(X) DX,

E
[
D
(
G(X)

)
Θ
] = E

[
G(X) δ̃(Θ)

]
. (12.16)

Taking into consideration Exercises 12.4.7, 12.4.17 and (12.16), one may some-
times state, loosely speaking, that the dual operator associated with the derivative
operator is the stochastic integral.

Proof The first assertion is clear via the limiting procedure in the definition of
Dp,1(R

d). Now, we shall prove the second assertion. From Proposition12.4.3, we



12.4 Variational Calculus on the Poisson Space 249

can find the sequence
{
Xn ; n ∈ N

}
in
⋃

0<ε≤1 Sε(R
d) such that ‖Xn − X‖p,1 → 0

as n → ∞. Since Xn ∈⋃0<ε≤1 Sε(R
d) for each n ∈ N, there exists 0 < εn ≤ 1

such that Xn ∈ Sεn (R
d). For sufficiently large n ∈ N, we can assume without loss

of generality that 0 < εn ≤ 1 and εn → 0 as n → ∞. On the other hand, due to
Exercise 12.4.14, as Θ ∈ Dq,1(R

u), we can find a uniformly bounded sequence{
Θn ; n ∈ N

} ⊂ Sεn (R
u) such that ‖Θn − Θ‖q,1 → 0 as n → ∞.

From Corollary12.4.12, one obtains that

E
[
D
(
G(Xn)

)
Θn
] = E

[
G(Xn) δ̃(Θn)

]
+ o(1).

Using the uniform boundedness ofΘn and taking the limit as n → ∞ (recall Exercise
12.4.17) enable us to see that

E
[
D
(
G(X)

)
Θ
] = lim

n→∞E
[
D
(
G(Xn)

)
Θn
]

= lim
n→∞

{
E

[
G(Xn) δ̃(Θn)

]
+ o(1)

}

= E

[
G(X) δ̃(Θ)

]
.

The proof is complete.

The following remarks point towards possible extensions of the above construction
which uses approximation techniques in order to obtain IBP formulas.

Remark 12.4.20 (i) The case of unbounded Θ can be also studied under stronger
conditions. See Exercise 12.4.21.

(ii) The construction we have given here is a pathwise type of construction towards
the IBP formula. It should be clear that there is the option of introducing a weak
type formulation using weak convergence, instead of L p(Ω;Rd)-convergence.

(iii) Similarly, the fact that the Lévymeasure ν is absolutely continuouswith respect
to the Lebesguemeasure inHypothesis12.2.1 can beweakened by using proper
approximating structures.

(iv) The appearance of the term div{h(y) f (y)}
f (y) in δ(Θ) and δ̃(Θ) will be extremely

important in the discussion that follows. In particular, we will observe that a
good definition of h will allow the control of g as can be seen from Exercise
12.4.23.

(v) Clearly the duality formula in (12.16) leads to an IBP formula due to the chain
rule (12.11). See Exercise 12.4.22.

(vi) In the light of the results in Sect. 11.5, the requirement on the inverse moments
of the so-called stochastic covariancematrix is currently hidden in the condition
that Θ ∈ Dq,1(R).

(vii) Note that the use of δ̃ instead of δ can help change Hypothesis12.3.3,
∫
R

m
0

∣
∣∣∣
div
{
h(z) f (z)

}

f (z)

∣
∣∣∣

i

ν(dz) < +∞ from i = 1 into i = 2.
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Exercise 12.4.21 Assume the condition in Exercise 12.4.18. Prove that in that case
one can prove the result in Theorem12.4.19 without the assumption of boundedness
of Θ .

Exercise 12.4.22 The following is a first simple application of the IBP formula
in the one-dimensional case (d = m = u = 1). Consider any Lévy measure satis-
fying the hypotheses stated in Sect. 12.3 with the deformation function H ξ (z) =
ze−ξ z . The goal of the following calculations is to provide an IBP formula for
X = ∫

(0,1]×(0,1] zÑ (dz, ds).

1. Use the duality formula in (12.16) to prove the following IBP formula, assuming
necessary conditions on X , Θ and G so that the formula is valid:

E
[
G ′(X)Θ

] = E
[
G(X) δ̃

(
(DX)−1 Θ

)]

2. Use this result in order to prove the following IBP for the characteristic function
of X :

iθ E
[
eiθX
] = E

[
eiθX δ̃

(
(DX)−1

)]
.

For a hint, see Chap.14.

Exercise 12.4.23 Recall Theorem10.5.11. Compare the formulation with the one in
this section in the one-dimensional case. In particular, provide an example of the Lévy
measure which is supported on the whole real line so that the deformation function
H ξ (z) = z e−ξ z satisfies the hypotheses in Sect. 12.3. Provide an IBP formula in
the particular case of characteristic functions. Think of other possible deformation
functions which may achieve the same goal for other Lévy measures. For example,
try H ξ (z) = z e−ξψ(z) and state some minimal conditions on the function ψ. Also
see Sect. 12.6.3 later.

Exercise 12.4.24 Reconsider the above proofs from the beginning of Sect. 12.4
changing (12.8) under the following set-up:

fε(z) = ϕε(z) f (z)

λε

, νε(dz) = fε(z) dz.

Here, ϕε ∈ C∞
b (Rm) is a positive function such that

ϕε(z) =
{
0 (|z| ≤ ε),

1 (|z| ≥ 2ε).

Furthermore, λε is determined so that fε is a density function. In particular, prove
that through the above approximation, one can also obtain a result similar to Theo-
rem12.4.19.
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Now, we shall study the higher-order IBP formula in our framework. Let G ∈
C∞
c

(
R

d ; R) and X ∈ Dp,2(R). Then, as seen in Theorem12.4.19, we have

D
(
G(X)

) = ∇G(X) DX.

Assume that d = u so that DX takes values inRd ⊗ R
d . Suppose that (DX)−1 is well

defined. For each k = 1, . . . , d, denote by ek = (0, . . . , 0, 1, 0, . . . , 0)∗ ∈ R
d the k-

th unit vector. For Z ∈ Dq,1(R), Theorem12.4.19 yields that under the assumption
that δ̃

(
(DX)−1ek Z

) ∈ L1(Ω),

E
[
∂kG(X) Z

] = E
[
D
(
G(X)

)
(DX)−1ek Z

]

= E

[
G(X) δ̃

(
(DX)−1ek Z

)]
.

For n ∈ N, let i1, . . . , in ∈ N and define Θi1,...,in (Z) by

Θi1,...,in (Z) =
{

δ̃
(
V−1ei1 Z

)
(n = 1),

δ̃
(
V−1ein−1Θi1,...,in−1(Z)

)
(n ≥ 2).

Then, iterative applications of Theorem12.4.19 enable us to see that under a finite
moment hypothesis on Θi1,...,ik (Z) for all finite indices (i1, . . . , ik),

E
[
∂i1 · · · ∂inG(X) Z

] = E
[
∂i2 · · · ∂inG(X)Θi1(Z)

]

= E
[
∂i3 · · · ∂inG(X)Θi1,i2(Z)

]

= · · ·
= E
[
∂inG(X)Θi1,...,in−1(Z)

]

= E
[
G(X)Θi1,...,in (Z)

]
.

Therefore we obtain the following result.

Theorem 12.4.25 Let d = u, and p, q ≥ 2 such that 1/p + 1/q = 1. Let X ∈
Dp,n+1(R

d) and Z ∈ Dq,n(R) such that Θi1,...,in (Z) ∈ L1(Ω) . Then for G ∈ C∞
c(

R
d ; R), it holds that

E
[
∂i1 · · · ∂inG(X) Z

] = E
[
G(X)Θi1,...,in (Z)

]
. (12.17)

Recall that the issue of the finiteness of the moments of Θi1,...,in (Z) is related to
properties of (DX)−1, or in other words, on the fact that det(DX)−1 ∈⋂p>1 L

p(Ω).
This has already been discussed in Sect. 11.5.

Exercise 12.4.26 Write the details of the proof of the above theorem. In particu-
lar, prove that (DX)−1

i j ∈⋂p>1 L
p(Ω) for any i, j = 1, ..., d if one assumes that

det(DX)−1 ∈⋂p>1 L
p(Ω).
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12.5 Approximation of SDEs

In this section, we apply the above methodology to obtain an IBP in the classical
situation of stochastic differential equations with jump components. We will use
many ideas exposed already in Chap.7. Although those ideas were carried out in
one dimension, the multi-dimensional extension is straightforward.9 Therefore, we
will always assume Hypothesis7.2.2 which implies Hypothesis7.1.3. Furthermore,
adding to the hypotheses in Sect. 12.3, we will also assume:

Hypothesis 12.5.1 sup
ξ∈F

{ ∫

B̄1

∣∣H ξ (z) − z
∣∣2ν(dz) +

∫

B̄c
1

∣∣H ξ (z)
∣∣pν(dz)

}
< ∞

for some open set F ⊂ R
u including the origin and any p ≥ 2.

This hypothesis will be used in order to define the approximations to the solutions
of stochastic differential equations and their stochastic derivatives.

Remark 12.5.2 Let F ⊂ R
u be an open set including the origin. The condition

sup
ξ∈F

∣
∣H ξ (z) − z

∣
∣ ≤ C (|z| ∧ 1)

is a sufficient condition for Hypothesis 12.5.1 to be satisfied, because of Hypothe-
sis 12.3.1.

Hypothesis 12.5.3 Let F ⊂ R
u be an open set including the origin. Assume that

H ξ (z) is once differentiable with respect to ξ ∈ R
u for all z ∈ R

m
0 , and that we have,

for any a, b ∈ F ,

∫

B̄1

∣∣∣
(
∂k
ξ

)
aH

ξ (z) − (∂k
ξ

)
bH

ξ (z)
∣∣∣
2
ν(dz) +

∫

B̄c
1

∣∣∣
(
∂k
ξ

)
aH

ξ (z) − (∂k
ξ

)
bH

ξ (z)
∣∣∣ν(dz)

≤ C |a − b|

for k = 0, 1.

This hypothesis will be used in Lemma12.5.6 in order to obtain the necessary con-
tinuity properties of the derivative flow. Recall that we are assumingHypothesis7.2.2
and that the stochastic differential equation of interest is

Xt = x +
∫ t

0
b(Xs) ds +

∫

B̄1×[0,t]
a
(
Xs−, z

)
Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

a
(
Xs−, z

)
N (dz, ds).

9We assume that the reader can extrapolate the conditions in Chap.7 to the multi-dimensional case,
otherwise they may also assume that the current chapter applies for the case d = m = u = 1.
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Also note that due to Hypothesis12.3.1 and the definition of Lévy measure, we have
that for any p ≥ 2,

ηp :=
∫

B̄1

|z|2ν(dz) +
∫

B̄c
1

|z|pν(dz) < ∞.

Define

Z ε
t = t +

∫

(B̄1∩B̄c
ε )×[0,t]

z Ñ (dz, ds) +
∫

B̄c
1×[0,t]

zN (dz, ds),

and let X ε be the solution associated with the Poisson random measure generated by
Z ε (see Exercise 12.2.5).

Lemma 12.5.4 Under Hypothesis7.2.2, we have for p ≥ 2

E

[
sup

0≤t≤T

∣∣X ε
t − Xt

∣∣p
]

→ 0

as ε → 0.

Proof For the proof, one applies strategies which have already been used previously.
Using Hypothesis 7.1.3, together with the Burkholder–Davis–Gundy inequality (see
Proposition7.1.2) and Gronwall-type estimates, one obtains the following uniformly
estimate in L p(Ω) for the process X ε:

sup
0≤ε<1

E

[
sup

0≤s≤T

∣
∣X ε

s

∣
∣p
]

≤ C(x, T, ηp). (12.18)

Similarly, if one considers the difference between the processes X ε and X , the
difference satisfies

Xt − X ε
t =
∫ t

0

{
b(Xs) − b(X ε

s )
}
ds

+
∫

(B̄1∩B̄c
ε )×[0,t]

{
a(Xs−, z) − a(X ε

s−, z)
}
Ñ (dz, ds)

+
∫

B̄ε×[0,t]
a(Xs−, z) Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

{
a(Xs−, z) − a(X ε

s−, z)
}
N (dz, ds).

A similar argument to (12.18), leads to the estimate

E

[
sup

0≤s≤T

∣∣X ε
s − Xs

∣∣p
]

≤ C(x, T, ηp)

∫

B̄ε

|z|p ν(dz).

Therefore the conclusion follows.
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In a complete analogous way, one defines the transformed/deformed approxima-
tion processes. For sufficiently small ξ ∈ R

d , such that Hypothesis12.5.1 is satisfied,
let X ξ = {X ξ

t ; t ≥ 0
}
be the R

d -valued process determined by the stochastic dif-
ferential equation of the form:

X ξ
t = x +

∫ t

0
b
(
X ξ
s

)
ds +

∫

B̄1×[0,t]
a
(
X ξ
s−, H ξ (z)

)
Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

a
(
X ξ
s−, H ξ (z)

)
N (dz, ds).

As in the proof of Lemma12.5.4, we can then define the process X ε,ξ which neglects
all jumps less than ε. Then, as before we define

Z ε,ξ
t = t +

∫

(B̄1∩B̄c
ε )×[0,t]

H ξ (z) Ñ (dz, ds) +
∫

B̄c
1×[0,t]

H ξ (z)N (dz, ds).

Therefore, the proof of the convergence of the sequence of processes X ε,ξ towards
X ξ as ε → 0 is done as in Lemma12.5.4, because due to Hypothesis12.5.1, we have
for p ≥ 2

ηξ
p :=
∫

B̄1

|H ξ (z)|2 ν(dz) +
∫

B̄c
1

|H ξ (z)|p ν(dz) < ∞.

Lemma 12.5.5 Under Hypotheses 7.2.2 and 12.5.1, we have for p ≥ 2

E

[
sup

0≤t≤T

∣
∣X ε,ξ

t − X ξ
t

∣
∣p
]

→ 0

as ε → 0. Furthermore, we have X ξ
∣∣
ξ=0 = X.

Now, we shall discuss the differentiability of the process X ξ with respect to the
parameter ξ .

Lemma 12.5.6 Under Hypotheses 7.22, 12.5.1 and 12.5.3, the Rd -valued process
X ξ = {X ξ

t ; t ∈ [0, T ]} is differentiable in ξ a.s., and the R
d×u-valued derivative

process
{
V ξ
t := ∂ξ X

ξ
t ; t ∈ [0, T ]} satisfies the equation:

V ξ
t =
∫

B̄1×[0,t]
∂a
(
X ξ
s−, H ξ (z)

)
∂ξ H

ξ (z) Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

∂a
(
X ξ
s−, H ξ (z)

)
∂ξ H

ξ (z)N (dz, ds)

+
∫ t

0
∇b(X ξ

s ) V ξ
s ds +

∫

B̄1×[0,t]
∇a
(
X ξ
s−, H ξ (z)

)
V ξ
s− Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

∇a
(
X ξ
s−, H ξ (z)

)
V ξ
s− N (dz, ds).

(12.19)
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Proof This result is a direct consequence of the Kolmogorov continuity criterion
for random fields. One can also adapt the set-up in Theorem 2.3 of [27] by setting
the first component of the stochastic differential equation as the constant ξ and the
Lévy process as a process concentrated in the functions of the type a

(
x, H ξ (z)

)
with

measure ν(dz).

Similarly, we can obtain the differentiability of the process X ξ,ε with respect to
the parameter ξ .

Lemma 12.5.7 Under Hypotheses 7.2.2, 12.5.1 and 12.5.3, the Rd -valued process
X ξ,ε = {X ξ,ε

t ; t ∈ [0, T ]} is differentiable in ξ a.s., and theRd×u-valued derivative

process
{
V ξ,ε
t := ∂ξ X

ξ,ε
t ; t ∈ [0, T ]} satisfies the equation:

V ξ,ε
t =

∫

(B̄1∩B̄c
ε )×[0,t]

∂a
(
X ξ,ε
s− , H ξ (z)

)
∂ξ H

ξ (z) Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

∂a
(
X ξ,ε
s− , H ξ (z)

)
∂ξ H

ξ (z)N (dz, ds)

+
∫ t

0
∇b(X ξ,ε

s ) V ξ,ε
s ds

+
∫

(B̄1∩B̄c
ε )×[0,t]

∇a
(
X ξ,ε
s− , H ξ (z)

)
V ξ,ε
s− Ñ (dz, ds)

+
∫

B̄c
1×[0,t]

∇a
(
X ξ,ε
s− , H ξ (z)

)
V ξ,ε
s− N (dz, ds).

(12.20)

As in Lemmas12.5.4 and 12.5.5, we have:

Lemma 12.5.8 Under Hypotheses 7.2.2, 12.5.1 and 12.5.3, we have for p ≥ 2

E

[
sup

0≤t≤T

∣∣V ε,ξ
t − V ξ

t

∣∣p
]

→ 0, as ε → 0.

Let C1 < C2 be two positive constants, and Ξ ∈ C∞
b (Rd ⊗ R

d ; [0, 1]) such that

Ξ(V ) =
{
1 (| det V | ∈ (C1,C2))

0 (| det V | /∈ (C1/2, 2C2).

Then, we can get a similar assertion to Theorem12.4.19. Recall that we are assuming
the hypotheses in Sect. 12.3, as well as Hypotheses 7.2.2, 12.5.1 and 12.5.3.

Theorem 12.5.9 Let d = u and G ∈ C1
c (R

d ; R). Assume that

∫

R
m
0

∣∣∣
∣∣
div
{
h(z) f (z)

}

f (z)

∣∣∣
∣∣
ν(dz) +

∫

R
m
0

∣∣∣
∣∣
div
{
h(z) f (z)

}

f (z)

∣∣∣
∣∣

2

ν(dz) < ∞,
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and Ξ(VT ) V−1
T ∈ D2,1(R

d×d). Then, it holds that

E
[∇G(XT )Ξ(VT )

] = E

[
G(XT ) δ̃

(
Ξ(VT ) V−1

T

)]
. (12.21)

Exercise 12.5.10 Prove Theorem12.5.9.

Clearly, one may write other versions of this result. In this case we have localized
the IBP formula on the set where the inverse of the matrix VT is well defined.

12.6 Relation with Bismut’s Approach

In this section, we compare the previous approach with a method based on the
Girsanov theorem, which is a change of measure approach used in the most classical
forms of the IBP formula. This approach is also known as Bismut’s approach in the
literature. We have discussed the Girsanov change of measure in the simple setting
of Poisson processes on Exercise 2.1.40.

12.6.1 Girsanov Transformations

Now, we discuss the IBP formula in the light of infinite-dimensional measure trans-
formations, better known as the Girsanov theorems. The statements which follow in
this subsection are based upon [40]. See also Theorems 33.1 and 33.2 in [51]. The
following lemma is a form of the martingale representation theorem. That is, we state
that a martingale can be expressed using stochastic integrals.

Lemma 12.6.1 (cf. [39]-Theorem 2.1, [40]-Theorem 6.1) Let {αt ; t ∈ [0, T ]} be
a positive local martingale with α0 = 1. Then, there exists a unique R-valued pre-
dictable process

{
g(t, z) ; t ∈ [0, T ], z ∈ R

m
0

}
satisfying

∫

B̄1×[0,T ]
|g(t, z)|2 N̂ (dz, dt) < ∞, a.s.,

∫

B̄c
1×[0,T ]

(
exp
[
g(t, z)

]− 1
)
N̂ (dz, dt) < ∞, a.s.,

such that if we define

Xt := exp

[∫

B̄1×[0,t]
g(s, z) Ñ (dz, ds) +

∫

B̄c
1×[0,t]

g(s, z)N (dz, ds)

−
∫

R
m
0 ×[0,t]

(
exp
[
g(s, z)

]− 1 − g(s, z) 1B̄1
(z)
)
N̂ (dz, ds)

]

,

then we have that αt = Xt for all t ≥ 0.
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From the above lemma, we may use the notation αt ≡ αt (g).

Exercise 12.6.2 Prove that the process on the right-hand side (in the definition of
Xt ) introduced in Lemma12.6.1 is a local martingale.

For a hint, see Chap.14.

Exercise 12.6.3 This exercise is a preparation for the next lemma. Let αT be anFT -
measurable, positive randomvariable such thatE[αT ] = 1.DefineQ(A) := E[1AαT ]
for any A ∈ FT .

1. Prove that Q is a measure on (Ω,FT ).
2. Prove that Q is absolutely continuous with respect to P.
3. Suppose that α−1

T is integrable. Then, prove that P is absolutely continuous with
respect to Q.

4. Under all the above conditions, prove the following conditional formula:

EQ

[
Y
∣∣Fs
] = E

[
Y αT

∣∣Fs
]
α−1
T ,

which is usually called the Bayes formula.

For a hint, see Chap.14.

Lemma 12.6.4 (cf. [39]-Theorem 2.3) Define a new probability measure Q on
(Ω,FT ) by

dQ

dP

∣∣
∣∣
F T

= αT ,

where the coefficient g satisfies the conditions stated in Lemma12.6.1. Then, we have
that:

(i) The random measure Ñ g(dz, ds) given by

Ñ g(dz, ds) = N (dz, ds) − exp
[
g(s, z)

]
N̂ (dz, ds)

is a martingale measure with respect to Q. Moreover, the stochastic integral
with respect to the measure Ñ g(dz, ds) is well defined as a local martingale
under Q.

(ii) Suppose that g is a deterministic function. Then, the random measureN is still
a Poisson random measure under Q with intensity measure exp

[
g(t, z)

]
N̂

(dz, dt).

Proof (i) We remark that

dαt =
∫

R
m
0

αt−
{
exp[g(t, z)] − 1

}
Ñ (dz, dt).

Define
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Γt =
∫

R
m
0 ×[0,t]

ϕ(s, z) Ñ g(dz, ds),

where
{
ϕ(s, z) ; s ∈ [0, T ], z ∈ R

m
0

}
is a predictable process with

∫

R
m
0 ×[0,t]

ϕ(s, z)2 exp
[
g(t, z)

]
N̂ (dz, ds) < ∞, a.s.

Using the Itô formula (Theorem5.3.17), one has

d (αt Γt ) =
∫

R
m
0

αt−
[
Γt−
{
exp
[
g(t, z)

]− 1
}+ exp

[
g(t, z)

]
ϕ(t, z)

]
Ñ (dz, dt).

Then, the process Γ = {Γt ; t ∈ [0, T ]} is a local martingale under the measure Q
due to Bayes formula.

(ii) Suppose that the function g is deterministic. Let l ∈ N, y1, . . . , yl > 0 and
U1, . . . ,Ul ∈ B

(
R

m
0

)
be disjoint such that N̂

(
Uk × [0, t]) < ∞. Define

Λt = exp

[

−
∫

R
m
0 ×[0,t]

l∑

k=1

yk 1Uk (z)N (dz, ds)

]

.

Then, the Itô formula (Theorem5.3.17) gives that

dΛt =
∫

R
m
0

Λt−

{

exp

[

−
l∑

k=1

yk 1Uk (z)

]

− 1

}

N (dz, dt).

Again, the Itô formula (Theorem5.3.17) yields that

d
(
αt Λt

) =
∫

R
m
0

αt− Λt−

{

exp

[

g(t, z) −
l∑

k=1

yk 1Uk (z)

]

− 1

}

Ñ (dz, dt)

+
∫

R
m
0

αt Λt

{

exp

[

−
l∑

k=1

yk 1Uk (z)

]

− 1

}

exp
[
g(t, z)

]
N̂ (dz, dt).

Thus, we can obtain the following linear equation:

E

[
αt Λt

αs Λs

∣∣∣
∣Fs

]
= 1 +

∫

R
m
0 ×(s,t]

E

[
αu Λu

αs Λs

∣∣∣
∣Fs

]

×
{

exp

[

−
l∑

k=1

yk 1Uk (z)

]

− 1

}

exp
[
g(u, z)

]
N̂ (dz, du),

which can be solved explicitly as follows:
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E

[
αt Λt

αs Λs

∣∣
∣∣Fs

]
= exp

[ ∫

R
m
0 ×(s,t]

{

exp

[

−
l∑

k=1

yk 1Uk (z)

]

− 1

}

× exp
[
g(u, z)

]
N̂ (dz, du)

]
,

= exp

[
l∑

k=1

(
e−yk − 1

) ∫

Uk×(s,t]
exp
[
g(u, z)

]
N̂ (dz, du)

]

.

In the light of Lemma12.6.4, we can see, by comparing with (12.1), that we have
only accomplished the change of the compensating measure or frequency of jumps.
In fact, the new process does not necessarily have the same laws as the original one.
We will now change the size of the jump. This will be done in the next subsection.

Exercise 12.6.5 Under the setting of Lemma12.6.4, find the characteristic function
associated with

Zt =
∫

B̄1×[0,t]
z Ñ (dz, ds) +

∫

B̄c
1×[0,t]

zN (dz, ds)

under the measure Q. Prove that Z is a Lévy process and find its associated Lévy
measure. This result is also known as the Esscher transform.

For a hint, see Chap.14.

12.6.2 Changing the Jump Size

In this subsection, we achieve the invariance principle that appears in (12.1) in order
to obtain the integration by parts formula. In the remainder of this subsection, we
suppose that:

Hypothesis 12.6.6 The mapping H ξ satisfies the following conditions:

(i) H ξ ∈ C1(Supp[ν];Rm) is a one-to-one differentiable mapping for |ξ | ≤ 1 with
H 0(z) = z, ν-a.e.

(ii) We assume that det ∂z H ξ (z) > 0, ν-a.e. Define the randommeasureN ξ (dz, ds)
by ∫

R
m
0 ×[0,t]

ϕ(s, z)N ξ (dz, ds) =
∫

R
m
0 ×[0,t]

ϕ
(
s, H ξ (z)

)
N (dz, ds),

and write for z ∈ {y ∈ R
m
0 ; f (y) > 0} ⊆ {y ∈ R

m
0 ; f (H ξ (y)) > 0},

kξ (z) = f
(
H ξ (z)

)

f (z)
det ∂z H

ξ (z).

Note that the assumption stated above implies that kξ (z) > 0, ν-a.e.
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(iii) There exists a positive constant C independent of ξ such that | ln kξ (z)| ≤
C (|z| ∧ 1) and |kξ (z) − 1 − ln kξ (z) 1(|z|≤1)| ≤ C (|z|2 ∧ 1), ν-a.e.

Then, under the assumption (iii) in Hypothesis12.6.6, we can define the new
probability measure Qξ , via the Radon–Nikodým derivative, by

dQξ

dP

∣∣∣∣
F T

≡ αT (ln kξ )

= exp

[ ∫

B̄1×[0,T ]
ln kξ (z) Ñ (dz, ds) +

∫

B̄c
1×[0,T ]

ln kξ (z)N (dz, ds)

−
∫

R
m
0 ×[0,T ]

{
kξ (z) − 1 − ln kξ (z) 1B̄1

(z)
}
N̂ (dz, ds)

]
.

Then, we have the following result.

Lemma 12.6.7 Assume that g = ln kξ satisfies the conditions stated in
Lemma12.6.1. Then, the process

{
Mξ

t := αt (ln kξ ) ; t ∈ [0, T ]} is an {Ft }t∈[0,T ]-
square integrable martingale under P. Furthermore, N ξ (dz, ds) is a Poisson ran-
dom measure with intensity ν(dz) ds under Qξ .

Proof The first assertion, as in the proof of Lemma12.6.4, is a direct consequence
of the Itô formula (Theorem5.3.17). In fact, the Itô formula (Theorem5.3.17) leads
us to

dMξ
t =
∫

B̄1

Mξ
t−
(
kξ (z) − 1

)
Ñ (dz, dt)

+
∫

B̄c
1

Mξ
t−
(
kξ (z) − 1

) {
N (dz, dt) − N̂ (dz, dt)

}
,

which tells us that the process Mξ is an {Ft }t∈[0,T ]-square integrable martingale
under P.

Let y1, . . . , yl > 0, and U1, . . . ,Ul ∈ B
(
R

m
0

)
be disjoint. Define

E ξ
t = exp

[

−
∫

R
m
0 ×[0,t]

l∑

k=1

yk 1Uk

(
H ξ (z)

)
N (dz, ds)

]

.

As in the proof of Lemma12.6.4 (ii), we have

E

[
Mξ

t E
ξ
t

Mξ
s E

ξ
s

∣∣∣∣Fs

]

= 1 +
∫ t

s
E

[
Mξ

uE
ξ
u

Mξ
s E

ξ
s

∫

R
m
0

kξ (z)
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×
{
exp

[

−
l∑

k=1

yk 1Uk

(
H ξ (z)

)
]

− 1

}
ν(dz)

∣∣
∣∣Fs

]
du

= 1 +
∫ t

s
E

[
Mξ

uE
ξ
u

Mξ
s E

ξ
s

∫

R
m
0

f
(
H ξ (z)

)

×
{
exp

[

−
l∑

k=1

yk 1Uk

(
H ξ (z)

)
]

− 1

}
dH ξ (z)

∣∣
∣∣Fs

]
du

= 1 +
(∫

R
m
0

{
exp

[

−
l∑

k=1

yk 1Uk (z)

]

− 1

}
ν(dz)

)∫ t

s
E

[
Mξ

uE
ξ
u

Mξ
s E

ξ
s

∣∣∣∣Fs

]
du

= 1 +
(

l∑

k=1

(
e−yk − 1

)
ν(Uk)

)∫ t

s
E

[
Mξ

uE
ξ
u

Mξ
s E

ξ
s

∣∣∣∣Fs

]
du,

which can be solved explicitly as

E

[
Mξ

t E
ξ
t

Mξ
s E

ξ
s

∣∣∣∣Fs

]
= exp

[

(t − s)
l∑

k=1

(
e−yk − 1

)
ν(Uk)

]

.

Therefore, N ξ (dz, ds) is the Poisson random measure with the intensity ν(dz) ds,
with respect to the measure Qξ . The proof is complete.

Theorem 12.6.8 Assume that d = u and that there exist positive constants C and δ

such that, for all |ξ | < δ, kξ is differentiable in ξ with

|∂ξ ln k
ξ (z)| ≤ C (|z| ∧ 1), |∂ξk

ξ (z) − ∂ξ ln k
ξ (z) 1B̄1

(z)| ≤ C (|z|2 ∧ 1).

Moreover, suppose that
{
∂ξ

(
Ξ(V ξ

T ) (V ξ

T )−1
) ; |ξ | < δ

}
is a uniformly integrable

family of r.v.s. Then, for G ∈ C1
c (R

d ; R), it holds that

E
[∇G(XT )Ξ(VT )

] = E
[
G(XT ) Γ 0

]
,

Γ 0 = −divξ

{
Ξ
(
V ξ

T

) (
V ξ

T

)−1
Mξ

T

} ∣∣∣
ξ=0

.

Proof From Lemma12.6.7, we have

E

[
G
(
X ξ

T

)
Ξ
(
V ξ

T

) (
V ξ

T

)−1
Mξ

T

]
= E
[
G(XT )Ξ(VT ) V−1

T

]
. (12.22)

The assertion follows by taking the divergence in ξ in (12.22) and then evaluating it
for ξ = 0.

Remark 12.6.9 We remark that
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divξ

{
Ξ
(
V ξ

T

) (
V ξ

T

)−1
Mξ

T

} ∣∣
∣
ξ=0

=
(

∂ξ M
ξ

T

∣∣∣
ξ=0

)
Ξ(VT ) V−1

T + divξ

{
Ξ
(
V ξ

T

) (
V ξ

T

)−1
} ∣∣∣

ξ=0
.

Using an argument similar to Lemma12.5.6 for derivatives of flows, we can take the
derivative at ξ = 0 of Mξ

T , which gives

∂ξ M
ξ

T

∣∣
ξ=0 =

∫

R
m
0 ×[0,T ]

∂ξk
ξ (z)
∣∣
ξ=0 Ñ (dz, ds).

Since the derivative of the determinant function can be computed explicitly, we have

∂ξk
ξ (z)
∣∣∣
ξ=0

= ∂ξ

{
f
(
H ξ (z)

)

f (z)
det ∂z H

ξ (z)

} ∣∣∣∣
ξ=0

= ∂ f (z) h(z)

f (z)
+ ∂ξ

{
det ∂z H

ξ (z)
}
∣
∣∣∣
ξ=0

= ∂ f (z) h(z)

f (z)
+ (div h)(z)

= div
{
h(z) f (z)

}

f (z)
,

and

divξ

{
Ξ
(
V ξ

T

) (
V ξ

T

)−1
} ∣∣
∣
ξ=0

=
∫

R
m
0 ×[0,T ]

tr
{
Dz
(
Ξ(VT ) V−1

T

)}
N (dz, dt)

from the definition of the operator D, we have

Γ 0 = −
∫

R
m
0 ×[0,T ]

div
{
h(z) f (z)

}

f (z)
Ñ (dz, dt)

(
Ξ(VT ) V−1

T

)

−
∫

R
m
0 ×[0,T ]

tr
{
Dz
(
Ξ(VT ) V−1

T

)}
N (dz, dt)

= δ̃
(
Ξ(VT ) V−1

T

)
.

Remark 12.6.10 Clearly a comparison of both methods is in order. In doing so, the
reader will see that the conditions are almost the same except for some technical
conditions that apply to each method.
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12.6.3 Construction of Deformation Functions and Explicit
Examples

We will build functions H ξ , kξ so that they satisfy the conditions stated for each
method. Recall that the required hypotheses related to the deformation functions
were:

1. Norris approach: Hypothesis 12.3.2, and 12.3.3 or the condition in Remark12.3.4,
the ones in Exercises 12.4.18 and 12.5.1, or the one in Remark12.5.2 and finally
Hypothesis12.5.3.

2. Bismut approach: Hypothesis12.6.6.

On the other hand, we always assume that Hypothesis12.3.1 is satisfied.

Example 12.6.11 (Gamma processes) Let Z be the gamma process with the param-
eters (a, b) introduced in Sect. 11.1. Now, we shall choose H ξ (z) = b z/(b − ξ),
where ξ ∈ R such that ξ < b. Then, the measure change is the Esscher transform:

dQξ

dP

∣∣∣∣
F T

= exp(ξ ZT )

E
[
exp(ξ ZT )

] =
( b

b − ξ

)−aT
exp(ξ ZT ).

Moreover, all the conditions listed in Sect. 12.3 can be checked easily. In fact, the
Hypotheses 12.2.1 and 12.3.1 are clear, because

∫

R0

ν(dz) ≥
∫ 1

0

a

z
e−bz dz = ∞,

∫

R0

(|z|2 ∧ 1
)
ν(dz) =

∫ 1

0
a z exp(−bz) dz +

∫ ∞

1

a

z
e−bz dz ≤ a + a

b
e−b,

∫

|z|>1
|z|pν(dz) =

∫ ∞

1
a z p−1 exp(−bz) dz ≤ a

bp
Γ (p)

for p > 0. Since h(z) = ∂ξ H ξ (z)
∣∣
ξ=0 = z/b, we have div{h(z) f (z)} = −a

exp(−bz). So,we can check theHypotheses 12.3.2 and12.3.3. In fact, ∂z H ξ (z)
∣∣
ξ=0 =

1, and

∫

R0

∣∣h(z)
∣∣ ν(dz) =

∫ ∞

0

a

b
e−bz dz = a

b2
,

∫

R0

∣∣∣∣
∣
div
{
h(z) f (z)

}

f (z)

∣∣∣∣
∣
ν(dz) =

∫ +∞

0
a exp(−bz) dz = a

b
.

We proceed with Hypothesis12.5.1. Let F be an open neighborhood in R including
the origin with a radius smaller than b. The condition in Hypothesis 12.5.1 can be
checked easily, because
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sup
ξ∈F

∫

|z|≤1

∣∣H ξ (z) − z
∣∣2ν(dz) = sup

ξ∈F

(
ξ

b − ξ

)2 ∫ 1

0
a z exp(−bz) dz ≤ C

a

b2
,

sup
ξ∈F

∫

|z|>1

∣∣H ξ (z)
∣∣p ν(dz) = sup

ξ∈F

( b

b − ξ

)p ∫ ∞

1
a z p−1 e−bz dz ≤ a

bp
Γ (p).

The condition in Hypothesis 12.5.3 is checked similarly.
Now in order to check the conditions on the Bismut method, we use the same

deformation functionwhichgives that ln kξ (z) = −zbξ/(b − ξ). Then, all conditions
in Hypothesis12.6.6 can be verified easily.

Example 12.6.12 (Variance gamma processes) Let Z be the variance gamma pro-
cess with the parameters

(
ap, an, bp, bn

)
, where ap, an , bp and bn are positive

constants. The Lévy measure is

ν(dz) =
{ ap

z
exp(−bpz) 1(0,+∞)(z) + an

|z| exp(bnz) 1(−∞,0)(z)
}
dz.

Similarly to Example12.6.11, we can prove all the conditions in Sects. 12.2, 12.3,
12.5 and 12.6, by choosing

H ξ (z) =
{
bp z
/
(bp − ξ) for z > 0,

bn z
/
(bn − ξ) for z < 0,

where ξ ∈ R such that ξ < bn ∧ bp.

Example 12.6.13 (Tempered stable processes) Let Z be the tempered stable process
with the parameters (a, b, α), where a and b are positive constants, and 0 < α < 2,
introduced in Sect. 11.4. The Lévy measure is

ν(dz) = a

z1+α
exp(−bz) 1(0,+∞)(z) dz.

Let ϕ ∈ C1
(
(0,+∞) ; R) such that

|ϕ(z)| ≤ C (|z|2 ∧ 1), |ϕ′(z)| ≤ C (|z| ∧ 1). (12.23)

For example, the function ϕ(z) = 1 − exp(−z2) satisfies the above conditions. Let
H ξ (z) = z exp

(
ξ ϕ(z)

)
. Then, all the conditions listed in Sect. 12.3 can be checked

easily. In fact, the Lévy measure ν(dz) satisfies the following conditions:

∫

R0

ν(dz) ≥
∫ 1

0

a

z1+α
e−bz dz = ∞,

∫

R0

(|z|2 ∧ 1
)
ν(dz) =

∫ 1

0
a z1−α e−bz dz +

∫ ∞
1

a z−1−α e−bz dz ≤ a

2 − α
+ a

b
e−b,



12.6 Relation with Bismut’s Approach 265

∫

|z|>1
|z|pν(dz) =

∫ +∞
1

a z p−α−1 exp(−bz) dz ≤ a

bp−α
Γ (p − α)

for p > α. Since h(z) = ∂ξ H ξ (z)
∣∣
ξ=0 = ϕ(z) z, the conditions (12.23) on the func-

tion ϕ(z) enable us to check Hypotheses 12.3.2 and 12.3.3 as follows: In fact, since
∂z H ξ (z)

∣∣
ξ=0 = 1 and div{h(z) f (z)}/ f (z) = z ϕ′(z) − α ϕ(z) − b z ϕ(z), we have

∫

R0

|h(z)| ν(dz) =
∫ ∞

0
a

ϕ(z)

zα
e−bz dz

≤
∫ ∞

0
a
C (z2 ∧ 1)

zα
e−bz dz ≤ a C

( 1

3 − α
+ e−b

b

)
,

∫ ∞

0

∣∣
∣∣∣
div
{
h(z) f (z)

}

f (z)

∣∣
∣∣∣
ν(dz) =

∫

R0

∣∣ϕ′(z) z − α ϕ(z) − b ϕ(z) z
∣∣ a

z1+α
e−bz dz

≤ C a (1 + 2α)
( 1

2 − α
+ e−b

b

)
.

Let F be an open neighborhood in R around 0. Then, to verify Hypothesis12.5.1,
we have

sup
ξ∈F

∫

R0

∣∣H ξ (z) − z
∣∣2ν(dz) ≤ sup

ξ∈F

{
exp(C |ξ |) + 1

}2
∫ ∞

0
a z1−α e−bz dz

≤ sup
ξ∈F

{
exp(C |ξ |) + 1

}2 a

b2−α
Γ (2 − α),

sup
ξ∈F

∫

|z|>1

∣∣H ξ (z)
∣∣p ν(dz) ≤ sup

ξ∈F
e2C |ξ |

∫ ∞

0
a z1−α e−bz dz

≤ sup
ξ∈F

e2C |ξ | a

b2−α
Γ (2 − α).

Finally, the verification of Hypothesis12.5.3 is trivial.
For the application of the Bismut method, note that

kξ (z) = e−αξϕ(z)−b(H ξ (z)−z)
{
1 + ξ zϕ′(z)

}
, ξ > 0.

We leave the rest of the verification as an exercise.

Example 12.6.14 (CGMY processes, cf. [17, 36]) Let Z be the CGMY process,
that is, the Lévy process without a Gaussian component, with the parameters(
ap, an bp, bn, αp, αn), where ap, an bp, bn are positive constants, and
0 < αp, αn < 2. Its Lévy measure is

ν(dz) =
{ ap

z1+αp
exp(−bpz) 1(0,+∞)(z) + an

|z|1+αn
exp(bnz) 1(−∞,0)(z)

}
dz.



266 12 Integration by Parts: Norris Method

Let H ξ (z) = z exp
(
ξ ϕ(z)

)
, where ϕ ∈ C1

(
R0 ; R) such that |ϕ(z)| ≤ C (|z|2 ∧ 1)

and |ϕ′(z)| ≤ C (|z| ∧ 1), e.g. ϕ(z) = 1 − exp(−|z|2) satisfies the conditions stated
above. Then, we can prove all the conditions in Sects. 12.2, 12.3, 12.5 and 12.6,
similarly to Example12.6.13.

Exercise 12.6.15 Let Z be the truncated stable process with the parameters (κ, α),
where κ is a positive constant, and 0 < α < 2. The Lévy measure is

ν(dz) = κ

z1+α
1(0,1](z) dz.

Use again H ξ (z) = z exp
(
ξ ϕ(z)

)
as a deformation. Find the appropriate conditions

for ϕ in order to verify all conditions for the Norris method and Bismut method to
be applicable.

Similarly, study the case of

ν(dz) =
{ κp

z1+αp
1(0,1](z) + κn

|z|1+αn
1[−1,0)(z)

}
dz,

where κp and κn be positive constants, and 0 < αp, αn < 2.
For a hint, see Chap.14.

Remark 12.6.16 Let Z be the stable process with the parameters (κ, α), where κ is
the positive constants, and 0 < α < 2. The Lévy measure is

ν(dz) = κ

z1+α
1(0,+∞)(z) dz.

Unfortunately, the Lévy measure ν(dz) does not satisfy Hypothesis12.3.1 in
Sect. 12.3, because the integral

∫

|z|>1
|z|p ν(dz) =

∫ ∞

1
κ z p−α−1 dz

is finite only for 0 < p < α < 2.
Similarly, the Lévy measure

ν(dz) =
{ κp

z1+αp
1(0,+∞)(z) + κn

|z|1+αn
1(−∞,0)(z)

}
dz

of the pure-jump Lévy process Z does not satisfy the condition introduced in
Sect. 12.3, where κp and κn are positive constants, and 0 < αp, αn < 2. In fact,
the integral

∫

|z|>1
|z|p ν(dz) =

∫ +∞

1
κp z

p−αp−1 dz +
∫ −1

−∞
κn |z|p−αn−1 dz
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is finite only for 0 < p < αp ∧ αn < 2.
The main problem is the existence of moments. Still, if one considers the fact that

h appears in the definition of the dual operator δ and in DX as stated in Exercise
12.4.5, one sees that the Norris or Bismut method can still work with a proper choice
of the function ϕ under the deformation function H ξ (z) = zeξϕ(z). Since this is a
long subject, we do not discuss it here. This shows that the method has a versatility
when choosing the function ϕ. In particular, it may also lead to local minimization
arguments once the performance criteria is established.

Problem 12.6.17 Repeat the same steps taken through this chapter to build an IBP
formula for an stable process. Some important points to consider are:

1. How to build the approximation Z ε to a one-dimensional stable process Z so as
to have all moment conditions for Z ε, although this property will disappear in the
limit.

2. Find a deformation function that may lead to an integration by parts formula.
One may consider the deformation H ξ (z) = zeξϕ(z) with ϕ(z) = O(|z|p) as |z|
approaches zero with p > α and ϕ(z) = O(|z|p) as |z| approaches infinity with
p < α.

3. Take the limit as in Theorem12.4.19 and obtain the IBP formula. Find an appro-
priate hypothesis for the random variable Θ in order for the formula to be valid.

4. Define (DZ)−1 and try to use a method like that in Sect. 11.5 in order to prove
that its moments are finite.

Remark 12.6.18 One may consider a similar deformation on the time variables. We
leave this for the interested student or researcher. See for example, [22].



Chapter 13
A Non-linear Example: The Boltzmann
Equation

The purpose of this chapter is to show an application of the concepts of integration
by parts introduced so far in an explicit example. With this motivation in mind,
we have chosen as a model the Boltzmann equation. The Boltzmann equation is a
non-linear equation related to the density of particles within the gas. We consider an
imaginary situation where particles collide in a medium and we observe a section
of it, say R

2. These particles collide at a certain angle θ and velocity v, which
generates a certain force within a gas. The Boltzmann equation main quantity of
interest, ft (v), describes the density of particles traveling at speed v at time t > 0
supposing an initial distribution f0. We assume that these densities are equal all over
the section and therefore independent of the position within the section. The feature
of interest to be proven here is that even if f0 is a degenerate law in the sense that
it may be concentrated at some points, the noise in the corresponding equation will
imply that for any t > 0 ft will be a well-defined function with some regularity. The
presentation format in this section follows closely the one presented in [7] with some
simplifications. This field of research is growing very quickly and therefore even at
the present time the results presented here may be outdated. Still, our intention is to
provide an explicit example of application of the method presented in the previous
chapter. For the same reason, not all proofs are provided and some facts are relegated
to exercises with some hints given in Chap.14.

13.1 Two-Dimensional Homogeneous Boltzmann Equations

In this section, we provide the basics of the Boltzmann equation needed in order to
proceed without going into toomany (interesting) physical andmathematical details.
In particular, our physical explanations below are just in order to give a very loose
idea of the physical set-up without claiming exactness.
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Fix T > 0, 0 < γ ≤ 1 and 0 < α < 1 throughout the chapter. Define b(θ) :=
|θ |−1−α . In what follows, ft (v) denotes the density of particles with velocity v at
time t ≥ 0. Also let Π := [−π/2, π/2] and A(θ) := (Rθ − I )/2, where I is the
identity matrix and Rθ is the two-dimensional rotation (particle collision) matrix of
angle θ so that:

Rθ =
(
cos θ − sin θ
sin θ cos θ

)
, A(θ) = 1

2

(
cos θ − 1 − sin θ
sin θ cos θ − 1

)
.

Consider the two-dimensional spatially homogeneous gasmodeled by theBoltzmann
equation:

∂ ft (v)

∂t
=
∫
Π

∫
R2

{
ft (v

′) ft (v′
∗)− ft (v) ft (v∗)

}
B(|v − v∗|, θ) dv∗ dθ, (13.1)

where B(|v − v∗|, θ) = |v − v∗|γ b(θ) describes the cross-section physical structure
in terms of the angle, θ and speed change, |v − v∗|, and

v′ = v + A(θ) (v − v∗), v′
∗ = v∗ − A(θ) (v − v∗).

The family of finite measures
{
ft ; 0 ≤ t ≤ T

}
is called a weak solution of (13.1),

if it satisfies

d

dt

∫
R2
ψ(v) ft (dv) =

∫
Π

∫
R2

∫
R2

{
ψ
(
v + A(θ) (v − v∗)

) − ψ(v)}
× B(|v − v∗|, θ) ft (dv) ft (dv∗) dθ

for any t ∈ (0, T ] and any globally Lipschitz continuous function ψ : R2 → R.
Loosely speaking, Eq. (13.1) describes the time evolution of a gas due to the

collision of particleswhich is given by the integral operator on the right side of (13.1).
In this right side, the difference ft (v′) ft (v′∗)− ft (v) ft (v∗) describes essentially the
change of density due to the result of the collision of particles. Some of them are lost
as they gain other speeds and others are added as they achieve a certain speed. The
function B describes the interaction between the particles, such as the strength of the
collision. For more details and the exact physical meaning of the various terms, we
refer the reader to [1, 57].

From the mathematical viewpoint, notice that the equation described in (13.1)
is non-linear in ft . In fact, it is linear in this variable on the left-hand side of the
equation and quadratic on the right-hand side of the equation. This issue provokes
additional problems that did not appear in the case of the approximation of stochastic
equations treated in Sect. 12.5 which may be considered as a linear equation as the
coefficients of the equation were Lipschitz functions.

Moreover, if we assume the principles of conservation of mass, momentum and
kinetic energy hold, then the following restrictions are imposed onto the solution of
(13.1):
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∫
R2

ft (dv) =
∫
R2

f0(dv),∫
R2

v ft (dv) =
∫
R2

v f0(dv),∫
R2

|v|2 ft (dv) =
∫
R2

|v|2 f0(dv).

Without loss of generality, we shall suppose that
∫
R2 f0(dv) = 1 and

∫
R2 v f0(dv) =

0. Furthermore, we will suppose that f0 is not a Dirac mass. In fact, we will sup-
pose the slightly stronger condition

∫
R2 |v|2 f0(dv) > 0. In fact, the conservation of

momentum and kinetic energy is only heuristic in the above understanding of weak
solutions. They are obtained by choosing the appropriate function ψ .

Exercise 13.1.1 Prove that in the case that there is an x ∈ R
2 such that f0({x}) = 1

then the solution to (13.1) is the trivial solution. That is, one needs at least two
different speeds in the gas in order to create a non-trivial solution.

The goal of the line of research we intend to introduce here is to prove that even in
the case that f0 does not have a smooth density, the collision strength characterized by
B implies the existence of a somewhat smooth density for ft , for any t > 0,α ∈ (0, 1)
and γ ∈ (0, 1]. A number of these cases have an associated physical interpretation.
We refer the reader again to [57] for further explanation and we just remark that there
are the following cases in R

3: for γ = (s − 5)/(s − 1) and α = 2/(s − 1),

• s > 5 is called the hard potential case,
• s = 5 is called the Maxwellian potential,
• 7/3 < s < 5 is called the moderate soft potential case,
• 2 < s < 7/3 is called the very soft potential case,
• s = 2 is called the Coulomb potential,

where s is the parameter that characterizes the force exerted between particles, that
is, two particles separated by a distance r in R3 exert each other a force of the order
r−s (which is expressed by B in (13.1)).

As it seems to be a matter of opinion, technique, taste and goal as to which case is
the hardest to treat mathematically, we refrain from commenting on this matter and
proceed with the main matter of discussion.

Recall that according to our notation, vectors x are always columnvectors andwith
matrix norm ‖A‖ := sup|x |=1 |Ax |. For a sequence of fixed real numbers {xi }i∈N, we
write x1→k = (x1, ..., xk) ∈ R

k and x ( j)1→k = (x1→ j−1, a, x j+1→k)
∣∣
a=x j

with a certain
abuse of notation. In particular, this notation allows us to understand the vector x1→k

as a function of its j-th variable when all other components are left fixed. Also, we
use the following convention:

∑0
k=1 xk := 0.

In this chapter many constants will appear. They are generically positive and
denoted by C . Sometimes we will write explicitly the dependence of these constants
on parameters. As usual, the exact value may change from one line to the next.
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In order to reduce long expressions within the proofs we will shorten the length of
the notation. In particular, we will denote the norm for a random matrix X in L p(Ω)

indistinctly as ‖X‖p ≡ ‖X‖L p(Ω).

As we will use various different probabilistic representations for the approxima-
tion of (13.1), each one of them needs an appropriate filtration. We leave their proper
definition as a task to the reader.

13.2 Stochastic Representation

Let V0 be an R
2-valued random variable with law f0(dv). Consider the R2-valued

process V = {
Vt ; 0 ≤ t ≤ T

}
with marginal laws given by { ft ; 0 ≤ t ≤ T } deter-

mined by the stochastic differential equation:

Vt = V0 +
∫ t

0

∫
Π

∫
R2

∫ ∞

0
A(θ)

(
Vs− − v

)
1[u,∞)

(|Vs− − v|γ ) dN , (13.2)

where dN = N (ds, dθ, dv, du) is the Poisson randommeasure over [0, T ] ×Π ×
R

2 × [0,∞) with the intensity measure

dN̂ = N̂ (ds, dθ, dv, du) := ds b(θ)dθ fs(dv) du,

independent of V0. This means that the space of jumps is a subset of R4.

Exercise 13.2.1 Show that the total mass of the compensator is infinite. That is,
N̂ ([0, T ] × A × R

2 × B) = ∞ if either A ⊂ Π includes a neighborhood of 0 or
B ⊂ [0,∞) is a set of infinite measure. This implies that the construction of the
above Poisson random measure has to be understood as the limit of Poisson random
measures as done in e.g. Corollary 4.1.6 and Exercise 5.4.1 or 7.1.1.

Exercise 13.2.2 Prove that if V is a solution for (13.2) then E[Vt ] = E[V0] = 0 and
E[|Vt |2] = E[|V0|2] > 0 for all t > 0.

For a hint, see Chap.14.
It is known that there exists a unique strong solution to the Eq. (13.2) such that the

probability law of Vt is ft (dv) (cf. [7]-Proposition 2.1-(i), [55]-Theorems 4.1 and
4.2). In particular, we note that this is an infinite activity driving process, because∫ ε
0 b(θ)dθ = ∞ for any ε > 0. The reason why the stochastic integral in (13.2) is
well defined in the variable θ is due to the behavior of A. In fact, Ai j (θ) b(θ) =
O(θ1−α)δi j + O(θ−α) as θ → 0 for i, j ∈ {1, 2}, α ∈ (0, 1). As for the variable u,
in order to understand why the stochastic integral is well defined, one has to prove
that the moments of the variable |Vs− − v|γ are bounded. In fact, even its exponential
moments are bounded as stated in Theorem13.2.3.

With all these preparatory results one can tackle the study of the existence of the
density for the measures ft for t > 0.

The sources of problems from the point of view of theMalliavin calculus for jump
processes are:
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1. The coefficient A(θ) (x − y) 1[u,∞)
(|x − y|γ ) is a non-smooth function of x ∈

R
2, y ∈ R

2 and u ∈ [0,∞).
2. The compensator of the driving Poisson measure depends on ft which is already

the law associated with the solution process Vt .
3. b(θ) and its derivatives explode as θ → 0 at a rate of at least |θ |−(1+α).
The objective here is therefore to deal with each of these problems. In short,

the solution for the first problem is to change the stochastic representation so as to
obtain a smoother version, even if this demands the use of an approximation and
Theorem9.1.10. For the second, we will perform a conditional form of the Malliavin
calculus where the component related to ft in the compensator is conditioned, and
therefore this will not be the noise which will generate the integration by parts for-
mula. For the third problem, we will use the Norris approach with the corresponding
analysis of what is the proper direction of differentiation (i.e. the choice of H ξ ) to
be able to obtain the best result possible within this methodology.

The fact that we are using an approximation instead of the solution Vt itself will be
later solved by using an alternative technique where, on the one hand, one measures
the regularity of the approximating law and on the other one measures the rate of
convergence of the approximation to the solution of (13.2). Finally, we will apply
Theorem9.1.10. This will lead to an estimate of the characteristic function of Vt

which will finally lead to the main result. These techniques of integration by parts
with respect to the jump size were briefly sketched in Chap.10, Exercise 10.4.5.

We shall start with a moment estimate.

Theorem 13.2.3 (cf. [7]-Theorem 1.2, [25]-Corollary 2.3) Suppose that there exists
γ < δ < 2 with ∫

R2
exp

(|v|δ) f0(dv) < ∞.

Then, there exists a unique weak solution for (13.1) such that for all 0 < κ < δ, it
holds that

sup
0≤t≤T

∫
R2

exp
(|v|κ) ft (dv) < ∞.

Note that the above conclusion has its equivalent in terms of V as follows:

sup
0≤t≤T

E

[
exp

(|Vt |κ
)]
< ∞.

From now on, we assume that the hypothesis of the above theorem is satisfied,
and δ is therefore fixed through the rest of the chapter, which depends only on γ .

Exercise 13.2.4 In this exercise we will try to discuss a much simpler model which
may help us understand some part of the structure of (13.2). Consider

Zt := Z0 +
∫ t

0

∫
Π

∫ ∞

0
θ 1[u,∞)(X)N (ds, dθ, du).
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Here X is a positive random variable with finite non-zero expectation independent
of the Poisson random measure N which has as a compensator N̂ (ds, dθ, du) :=
dsb(θ)dθdu. Compute the characteristic function of Zt and discuss the properties
of the law of Zt using the results in Chap.9.

Furthermore, discuss a similar problem when one considers instead

Z ′
t := Z0 +

∫ t

0

∫
Π

∫ ∞

0
θ 1[u,∞)(θ)N (ds, dθ, du).

Also notice the similarities and differences of (13.2) with the setting in Exercise
4.2.4.

For a hint, see Chap.14.

13.3 Approximation to the Process V

In this section, we describe the approximation procedure that is used in order to carry
out the integration byparts (IBP). For this,wewill use the parameter of approximation
ε > 0. This parameter will be used for the approximation of the domain of the stable
law as was done in Chap.5. It will also be used to control the range of possible values
for u. Now we proceed to define the functions used for the approximation.

Define

φε(u) :=
∫
R

{(z ∨ 2ε) ∧ Γε} χ
(
(u − z)/ε

)
ε

dz,

where χ : R → [0,∞) is a smooth and even function supported in (−1, 1) with∫
R
χ(z) dz = 1,1 and Γε = (

log(ε−1)
)η0 with 1 < η0 < 1/γ . We remark that Γε →

∞ as ε → 0.

Exercise 13.3.1 Prove that the first derivative of the function φε is uniformly
bounded for ε ∈ (0, e−4). Furthermore prove that φε is an increasing function which
satisfies the following properties:

φε(u) =

⎧⎪⎨
⎪⎩
2ε (u ≤ ε),
u (3ε ≤ u ≤ Γε − 1),

Γε (u ≥ Γε + 1).

Moreover, check that the inequality 3ε < Γε − 1 is satisfied for ε ∈ (0, e−4).

The next approximation function χε is used for the variable θ . It is defined as
follows: For 0 < ε < 1/2, let χε ∈ C∞

b (Π ; [0, 1]) be a function which satisfies that
χε(θ) = 1 for εa π ≤ |θ | ≤ π/2, a > 0 and that χε(θ) = 0 for |θ | ≤ εaπ/2.We also
define Πε := [−εaπ/2, εaπ/2], and Aε(θ) := A(θ) χε(θ).

1One such function is the renormalization of the function exp
{−1/(x2 − 1)

}
.
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Exercise 13.3.2 Using a similar construction as in the statement before Exercise
13.3.1, we will use from now on the explicit function

χε(θ) = Cε−a
∫ |θ |

εaπ/2
exp

(−εap|x − εaπ/2|−p
)
exp

(−εap|x − εaπ |−p
)
dx

for |θ | ∈ (εaπ/2, εaπ) and p ≥ 1. Find the value of C which depends on p so that
the properties stated above are satisfied. Prove that |χ(k)ε (θ)| ≤ Cε−ak . Therefore
choosing the value of p the rate of explosion of these derivatives may be somewhat
controlled. To standardize the calculation we will assume from now on that p = 1.

The first approximation is defined as follows:

V εt = V0 +
∫ t

0

∫
Π

∫
R2

∫ 2Γ γε

0
Aε(θ) (V

ε
s− − v) 1[u,∞)

(
φε(|V εs− − v|)γ ) dN .

Note that as 0 ≤ φε(x)γ ≤ Γ γε then Aε(θ) (x − y) 1[u,∞)
(
φε(|x − y|)γ ) = 0 if u >

Γ
γ
ε or θ ∈ Πε. The choice of 2Γ γε may seem arbitrary here but, as we will see, it is

important to choose a value strictly larger than Γ γε . For more details on this see the
proof of Lemma13.6.17 where this fact is used in the proof.

For fixed ε > 0, note that the above stochastic equation has a structure like that
of a compound Poisson process (but it is not a compound Poisson process!).

Exercise 13.3.3 Consider the Poisson random measure defined as

N ε := 1Π̄ε (|θ |)1[0,2Γ γε ](u)N ,

where Π̄ε := Π ∩Π c
ε = [−π/2,−εaπ/2) ∪ (εaπ/2, π/2]. Prove that this Poisson

random measure corresponds to a time non-homogeneous Poisson process (see
Sect. 5.5) with parameter λε(t) := 22+α

απα
(ε−aα − 1) Γ γε

∫ t
0 fs(R2)ds. Clearly, this pa-

rameter depends on the law of V and it explodes as ε ↓ 0. Furthermore prove that

P(V εt = V0) ≥
∞∑
j=0

e−λε(t)

j !
{
E

[∫ t

0
λ′
ε(s)

(
1 − φε(|V εs − ν|)γ

2Γ γε

)
ds

]} j

.

Note that this result implies that the law of V εt has at least a point mass, although
the probability of this point mass will eventually disappear as ε ↓ 0.2 On the other
hand, the analysis of V ε is easier than its limit process.

The main goal of the calculations to follow is to prove that on a large part of the
sample space, the law of V ε admits a density. Clearly, this may not be enough as
there are trivial counterexamples of sequences of random variables which admit a
density but whose limit does not have a density (recall Exercises 9.1.5 and 9.1.11).

2A harder exercise/problem is to give an upper bound for P(V εt = V0). To answer this question, it
requires all calculations to follow.
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As stated in Theorem9.1.10, this problem can be circumvented if the rate of conver-
gence of characteristic functions of the approximating sequence can be appropriately
controlled. Before discussing this, we need to have an estimate on the moments of
the approximating process.

Using the same non-trivial arguments as in Proposition 2.1 in [7] one can prove
the following properties for the above approximation:

Proposition 13.3.4 Assume the same conditions as in Theorem13.2.3. For ε suffi-
ciently small and with κ as in Theorem13.2.3, we have

E

[
sup

t∈[0,T ]

(
e|V εt |κ + e|Vt |κ )

]
< ∞.

Furthermore for any β̃ ∈ (α, 1] and r̃ > 0 such that β̃ − α > r̃ ,

sup
t∈[0,T ]

E

[∣∣Vt − V εt
∣∣β̃] ≤ Cεa(β̃−α−r̃).

Here a is the parameter used in the definition of Πε.

Therefore the above result shows that the approximation process V ε converges to
the process V in the above sense. In particular, the marginal laws converge. This is
the first step towards the use of Theorem9.1.10.

Exercise 13.3.5 Suppose that η0γ < 1. Prove that for any η > 1 there exists k ∈
(0, e−1) such that if ε ∈ (0, k) then exp(CΓ γε ) ≤ Cη0,η,γ ε

−η. Similarly, prove that

for any η > 1 and η0 ξ > 1 then exp(−CΓ ξε ) ≤ εη for ε ≤ e−( ηC )
1

η0 ξ−1
. Furthermore,

use Proposition13.3.4 to prove that for ε small enough and p > 0, one has that for
0 ≤ a < b < T , ∫ b

a

∫
E[|V εs − ν|p] fs(dν)ds > 0.

For a hint, see Chap.14.

Exercise 13.3.6 Prove the following inequality for the difference between the char-
acteristic functions of V εt and Vt :

∣∣ϕVt (ζ )− ϕV εt (ζ )
∣∣ ≤ E

[
2 sin2

(
ζ

(
V εt − Vt

2

))
+ ∣∣sin (ζ (V εt − Vt

))∣∣] .
Use the inequality |sin(x)| ≤ |x |a ∧ 1 for any a ∈ [0, 1] in order to prove the first
hypothesis in Theorem9.1.10.

When using Theorem9.1.10, one may be worried about the fact that the random
variable V εt has a discrete mass. But, as stated in Exercise 13.3.3 this is a problem
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of no significant importance as the size of the probability mass is small. Explaining
this is the purpose of the following exercise.

Exercise 13.3.7 Let Xn be a sequence of random variables which satisfies the prop-
erties stated in Theorem9.1.10 except that the asymptotic regularity property is re-
placed by: For u > 0 and k > 0,

|ϕXn (ζ )− ϕXn (0)| ≤ Cnu

(1 + |ζ |)k ,

whereP(Xn = 0) = Cn−a with a > 0. Prove a conclusion similar to Theorem9.1.10
which will now depend on the value of a.

Now, in order to control the term ft (dv) we will use the following change of
probabilistic representation which already appeared in Exercise 10.4.4 and Example
10.4.5. That is, from the Skorokhod representation theorem (cf. [7]-Sect. 3, [18]), we
can find ameasurable mapping vt : [0, 1] → R

2 such that, for allψ1 : R2 → [0,∞),
∫
R2
ψ1(v) ft (dv) =

∫ 1

0
ψ1

(
vt (ρ)

)
dρ. (13.3)

This change of variable allows the reduction of the approximation process into an-
other one, where the jump structure on the non-linear term, ft (ν), is easier to deal
with. But now the representation is not an almost sure equivalent representation of
the approximation process V ε but a weak representation in the sense that the laws of
the solution processes will remain the same, as will be proven in Proposition13.3.9.

Now we define the approximation process V̄ = {
V̄t
( = V̄ εt

) ; 0 ≤ t ≤ T
}
to be

the solution to the stochastic differential equation:

V̄t = V0 +
∫ t

0

∫
Π

∫ 1

0

∫ ∞
0

Aε(θ) (V̄s− − vs(ρ)) 1[u,∞)
(
φε(|V̄s− − vs(ρ)|)γ

)
dN ε

(13.4)

= V0 +
∫ t

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
Aε(θ) (V̄s− − vs(ρ)) 1[u,∞)

(
φε(|V̄s− − vs(ρ)|)γ

)
dN ε.

Here, N ε(ds, dθ, dρ, du) denotes a Poisson random measure with compensator
given by

N̂ ε(ds, dθ, dρ, du) = dsb(θ) 1Π̄ε (θ)dθdρ 1[0,2Γ γε ](u)du.

Note that the interval Π̄ε := Π ∩Π c
ε = [−π/2,−εaπ/2) ∪ (εaπ/2, π/2] does

not contain a neighborhood of zero.
Now the above Poisson random measure has a compensator with finite total mass

given for fixed ε ∈ (0, e−4) (in order to assure that Γε ≥ 1) by

λεT := N̂ ε([0, T ] × Π̄ε × [0, 1] × [0, 2Γ γε ]) < ∞.
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Exercise 13.3.8 Prove that λε = 22+α
απα
(ε−aα − 1)Γ γε .

We also perform the same change of space on the Poisson random measure N
which will now have jumps supported on Π × [0, 1] × R+.

In fact, the Eq. (13.4) can be solved using the explicit techniques explained in
Chap.3. That is, the solution can be explicitly written as

V̄t = V0 +
N εt∑
j=1

Aε(θ j ) (V̄Tj−1 − vTj (ρ j )) 1[Uj ,∞)
(
φε(|V̄Tj−1 − vTj (ρ j )|)γ

)
. (13.5)

Here N ε is the corresponding Poisson process which counts the jumps with a
rate parameter λεT with corresponding jump times Tj ≡ T εj , j ∈ N such that
Tj+1 − Tj is a sequence of i.i.d exponentially distributed r.v.s with parameter λε.
Similarly, (θ j , ρ j ,Uj ) ≡ (θεj , ρ

ε
j ,U

ε
j ) is an i.i.d. sequence of random vectors in

Π̄ε × [0, 1] × [0, 2Γ γε ] which are independent between themselves and the Pois-
son process and which have as a density the renormalization of the function
b(θ) 1Π̄ε×[0,1]×[0,2Γ γε ](θ, ρ, u).

One can now prove the following result which we leave as an exercise.

Proposition 13.3.9 The law of the process {V εt ; t ∈ [0, T ]} is the same as the law
of the process {V̄t ; t ∈ [0, T ]}.

Our efforts now will be concentrated on obtaining an integration by parts formula
for V̄ .We remark here that the Eq. (13.5) does not have the same structure as a random
equation driven by a compound Poisson process due to the term vTj in Eq. (13.5).

Denote by
{
Tk
( = T εk

) ; k ∈ Z+
}
the sequence of (Ft )-stopping times which are

defined by

T0 := 0,

Tk := inf

{
t > Tk−1 ;

∫ t

Tk−1

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
dN �= 0

}
∧ T (k ∈ N).

Let N ε = {
N εt ; 0 ≤ t ≤ T

}
be a Poisson process with the rate λε and

{
(θk, ρk,Uk)( = (θεk , ρ

ε
k ,U

ε
k )
) ; k ∈ N

}
a family of Π̄ε × [0, 1] × [0, 2Γ γε ]-valued, independent

and identically distributed random variables with the common law

P
[
θk ∈ dθ, ρk ∈ dρ, Uk ∈ du

] = b(θ) 1Π̄ε×[0,1]×[0,2Γ γε ](θ, ρ, u)dθ dρ du
/
λε,

(13.6)
which are also independent of the process N ε. Then, we have

V̄t = V0 +
∫ t

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
Aε
(
θ
)
(V̄s− − vs(ρ)) 1[u,∞)

(
φε(|V̄s− − vs(ρ)|)γ

)
dN

= V0 +
N εt∑
k=1

Aε
(
θk
)
(V̄Tk−1 − vTk (ρk)) 1[Uk ,∞)

(
φε(|V̄Tk−1 − vTk (ρk)|)γ

)
. (13.7)
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Note that in the above expression, we have rewritten the stochastic equation in the
most simple notation associated with equations driven by compound Poisson pro-
cesses. Then, for any Borel measurable function F : R2 → R, we see that for any
N ∈ N

E
[
F
(
V̄TN

)∣∣V̄TN−1 , TN−1, TN
]

= E

[
F
(
V̄TN−1 + Aε

(
θN

) (
V̄TN−1 − vTN (ρN )

)

× 1[UN ,+∞)
(
φε
(|V̄TN−1 − vTN (ρN )|

)γ ))∣∣∣V̄TN−1 , TN−1, TN
]

=
∫
Π̄ε

∫ 1

0

∫ +∞

0
F
(
V̄TN−1 + Aε(θ)

(
V̄TN−1 − vTN (ρ)

)
1[u,+∞)

(
φε
(|V̄TN−1 − vTN (ρ)|

)γ ))

×
{
1[0,φε(|V̄TN−1−vTN (ρ)|)γ ](u)+ 1[φε(|V̄TN−1−vTN (ρ)|)γ ,2Γ

γ
ε ](u)

} b(θ)

λε
dθ dρ du

=
∫
Π̄ε

∫ 1

0
F
(
V̄TN−1 + Aε(θ)

(
V̄TN−1 − vTN (ρ)

))

× φε
(∣∣V̄TN−1 − vTN (ρ)

∣∣)γ b(θ) dθ dρ
λε

+ F
(
V̄TN−1

) {
1 − 1

2Γ γε

∫ 1

0
φε
(∣∣V̄TN−1 − vTN (ρ)

∣∣)γ dρ
}

=
∫
Π

∫ 1

0
dθ dρ F

(
V̄TN−1 + Aε(θ)

(
V̄TN−1 − vTN (ρ)

))

×
{
φε
(∣∣V̄TN−1 − vTN (ρ)

∣∣)γ b(θ)
λε

1Π̄ε (θ)

+
(
1 − 1

2Γ γε

∫ 1

0
φε
(∣∣V̄TN−1 − vTN (ρ)

∣∣)γ dρ
)
εaα χ̃

(
θ

εa

)
b(θ) 1Πε (θ)

}

=:
∫
Π

∫ 1

0
F
(
V̄TN−1 + Aε(θ)

(
V̄TN−1 − vTN (ρ)

))
qε
(
TN , V̄TN−1 , θ, ρ

)
dθ dρ

by using, in that order, (13.7) in the first equality, (13.6) in the second equality, the
explicit integral on u and the definition of λε in the third equality, and χε(θ) = 0
for θ ∈ Πε in the fourth equality, where χ̃ ∈ C∞(R ; [0, 1]) is a function such that
Supp[χ̃] ⊂ Π and

∫
Π

χ̃(θ) b(θ)dθ = 1. (13.8)

In the last equality stated above, we have defined for t ∈ [0, T ] and w ∈ R
2,

qε(t,w, θ, ρ) = φε
(|w − vt (ρ)|

)γ
b(θ)

λε
1Π̄ε (θ)

+
(
1 − 1

2Γ γε

∫ 1

0
φε
(|w − vt (r)|

)γ
dr

)
εaα χ̃

(
θ

εa

)
b(θ) 1Πε (θ).

(13.9)
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Then, it is easy to see that for fixed (t,w)

∫
Π

∫ 1

0
qε(t,w, θ, ρ) dθ dρ

= 1

λε

∫
Π̄ε

∫ 1

0
φε
(|w − vt (ρ)|

)γ
b(θ) dρ dθ

+
∫
Πε

(
1 − 1

2Γ γε

∫ 1

0
φε
(|w − vt (ρ)|

)γ
dρ

)
εaα χ̃

(
θ

εa

)
b(θ) dθ

= 1.

That is, qε(t,w, θ, ρ) dθ dρ is a probability measure onΠ × [0, 1], which represents
the conditional density of V̄TN conditioned on V̄TN−1 , TN−1, TN .

Remark 13.3.10 This step is so important in the construction that some comments
are in order.

(i) Note that this step is a change of probabilistic representation for the process V̄ .
In fact, the randomness of the random variableUN has been integrated into the
representation for qε.

(ii) The above fact has allowed us to have some regularity in the problem. The
indicator function is no longer part of the model and therefore the possibility
of an IBP formula appears.

(iii) The newly introduced function χ̃ serves as a parameter that needs to be chosen
later but also itmay help us to build an IBP formulawith no boundary conditions
due to the restriction that Supp[χ̃] ⊂ Π . Note that the integrability condition
(13.8) is used in order to have that qε is a density function.

(iv) Note that the density function qε is not continuous at θ = ±εa π/2. Therefore
we will need a localization procedure later on to avoid boundary effects when
using the IBP formula. For this, recall Exercise 10.1.8.

(v) Note that in the construction of qε there has been an exchange of “noise” in the
sense that the probability that 1[UN ,∞)

(
φε
(|V̄TN−1 − vTN (ρN )|

)γ ) = 0 has been
exchanged by the probability that |θN | < εaπ/2. This is a crucial point of the
method.

This change of probabilistic representation creates a change of dynamics. Fol-
lowing this dynamics, we can construct a new process Ṽ which is going to be
equivalent in the sense of probability law to the process V̄ . That is, construct a
sequence ofΠ × [0, 1]-valued random variables

{
(θ̃k, ρ̃k) ; k ∈ N

}
, and the process

Ṽ = {
Ṽt (= Ṽ εt ) ; 0 ≤ t ≤ T

}
such that
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Ṽ0 = V0,

Ṽt = ṼTk

(
t ∈ [Tk, Tk+1)

)
,

ṼTk+1 = ṼTk + Aε(θ̃k+1)
(
ṼTk − vTk+1(ρ̃k+1)

)
, (13.10)

P

[
θ̃k+1 ∈ dθ, ρ̃k+1 ∈ dρ

∣∣ṼTk , Tk, Tk+1

]
= qε

(
Tk+1, ṼTk , θ, ρ

)
dθ dρ.

We remark that in this new sequence of jumps θ̃k can now take values close to zero.
Still, due to the fact that Aε(θ) = 0, if |θ | < εaπ/2 then V̄ = Ṽ in law. Therefore
studying the density of V̄ or Ṽ are equivalent and the latter will be the model for
which we will apply the integration by parts formula. In particular, all moments
estimates for V̄ are applicable to Ṽ without any further mention.

In the following exercise, we give the explicit construction of the r.v.s to be used
from now on.

Exercise 13.3.11 Define an r.v. ρ̃k+1 which has a mixed law. First, it takes values in
the interval (0, 1] with density given by

φε
(|w − vt (ρ)|

)γ
2Γ γε

.

Second, ρ̃k+1 takes the value zero with probability

1 − 1

2Γ γε

∫ 1

0
φε
(|w − vt (r)|

)γ
dr.

Conditioned on the value of ρ̃k+1 ∈ (0, 1], the r.v. θ̃k+1 is defined with the density
2Γ γε
λε

b(θ)1Π̄ε (θ). On the other hand, if ρ̃k+1 = 0 then the density for θ̃k+1 is given by

εaα χ̃

(
θ

εa

)
b(θ) 1Πε (θ).

Prove that this definition gives an r.v. (θ̃k+1, ρ̃k+1) with the law qε(t,w, ·, ·). It is
important to note that in the above construction there is dependence between the
value of ρ̃k+1 and the value of θ̃k+1, although in the case that θ̃k+1 = 0 there is no

effect on the functional F
(
V̄TN−1 + Aε(θ)

(
V̄TN−1 − vTN (ρ)

))
.

Define by induction the functionsHk : R2 × ([0,∞)×Π × [0, 1])k → R
2 (k ∈

Z+) by
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H0(v) = v,

H1
(
v, (t1, θ1, ρ1)

) = H0(v)+ Aε(θ1)
(
H0(v)− vt1(ρ1)

)
,

Hk+1
(
v, (t, θ, ρ)1→k+1

) = Hk
(
v, (t, θ, ρ)1→k

)
+ Aε(θk+1)

(
Hk

(
v, (t, θ, ρ)1→k

) − vtk+1(ρk+1)
)

for k ∈ N, wherewe recall the notation
(
t, θ, ρ

)
1→k

= (
(t1, θ1, ρ1), . . . , (tk, θk, ρk)

)
.

Then, one proves by induction that

ṼTk = Hk
(
V0, (T, θ̃ , ρ̃)1→k

)
,

where (T, θ̃ , ρ̃)1→k

(
= (T1→k, θ̃1→k, ρ̃1→k)

)
= (
(T1, θ̃1, ρ̃1), . . . , (Tk, θ̃k, ρ̃k)

)
.

For any Borel measurable bounded function F : R2 → R, we have

E

[
F(Ṽt )

]
=

∞∑
N=0

(
t λε

)N
N ! e−tλε E

[
F
(
HN

(
V0, (T, θ̃ , ρ̃)1→N

))]

=
∞∑
N=0

(
t λε

)N
N ! e−tλε E

[
E
[
F
(
HN

(
V0, (T, θ̃ , ρ̃)1→N

))∣∣V0, T1→N
]]

=
∞∑
N=0

(
t λε

)N
N ! e−tλε

∫
Π N

dθ1→N

∫
[0,1]N

dρ1→N

× E

[
F
(
HN

(
V0, (T, θ, ρ)1→N

))
gN

(
V0, (T, θ, ρ)1→N

)]
,

where dθ1→N ≡ dθ1...dθN and similarly for dρ1→N . Furthermore,

gN
(
V0, (T, θ, ρ)1→N

)

= qε
(
T1,H0(V0), θ1, ρ1

) N∏
k=2

qε
(
Tk,Hk−1

(
V0, (T, θ, ρ)1→k−1

)
, θk, ρk

)
.

13.4 IBP Formula

Obtaining the IBP formula is a long process as explained in Sect. 12.5.
In the first step, we will study the derivative process of Ṽ and its inverse similarly

to how they were studied in Lemma12.5.6 for the SDE case. We define the process
Ỹ = {

Ỹt (= Ỹ εt ) ; 0 ≤ t ≤ T
}
as the R2 ⊗ R

2-valued process given by
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Ỹt = I +
N εt∑
k=1

Aε(θ̃k) ỸTk−1 ,

which can be solved explicitly as

Ỹt =
N εt∏
k=1

(
I + Aε(θ̃k)

)
.

Write Z̃t = Ỹ−1
t . Then, we have:

Proposition 13.4.1 It holds that sup0<s≤t≤T ‖Ỹt Z̃s‖ ≤ 1 a.s.

Exercise 13.4.2 Prove Proposition13.4.1. For a hint, just compute as explicitly as
possible ‖I + A(θ)‖.

For a hint, see Chap.14.

Exercise 13.4.3 Prove that the product of the matrices I + Aε(θ̃k) and I + Aε(θ̃ j )
for k �= j commute. Therefore the order in which the product in the explicit expres-
sion of Ỹ is written is irrelevant.

Proposition 13.4.4 For all t ∈ [0, T ], the R2 ⊗ R
2-valued random matrix Ỹt is in-

vertible a.s. Furthermore, Z̃t satisfies the following estimate for any p > 1:

E

[
sup

t∈[0,T ]
‖Z̃t‖p

]
≤ exp

[
Cp,TΓ

γ
ε

]
(13.11)

Proof Since E[ N εt ] = t λε < ∞, we have

Δ := det
(
I + Aε(θ)

) =
(
1 + χε(θ) cos θ − 1

2

)2

+
(
χε(θ)

sin θ

2

)2

= 1 − cos θ

2

(
χε(θ)− 1

)2 + 1 + cos θ

2
≥ 1

2

for θ ∈ Π . Then, since we have

det Ỹt =
N εt∏
k=1

det
(
I + Aε(θ̃k)

) ≥ 2−N εt ,

Ỹ is invertible a.s.

On the other hand, for θ ∈ Π we have
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∥∥(I + Aε(θ)
)−1∥∥2

= sup
(x,y)∗∈B1(0)

∣∣∣∣∣∣∣
1

Δ

⎛
⎜⎝1 + χε(θ) cos θ − 1

2
χε(θ)

sin θ

2
−χε(θ) sin θ

2
1 + χε(θ) cos θ − 1

2

⎞
⎟⎠ (x, y)∗

∣∣∣∣∣∣∣

2

= 1

Δ
≤ 2

1 + cos θ
≤ 1 + θ2 ≤ eθ

2
.

Exercise 13.4.5 Prove that 2
1+cos θ ≤ 1 + θ2 for θ ∈ Π .

Here note that due to Remark 13.3.10-(v), Ñ εt ≤ N εt corresponds to the number
of jumps which have |θ̃k | > εaπ/2. The difference here is that Ñ ε is not a Poisson
process. From here, we obtain

∥∥Z̃t

∥∥2 ≤
N εt∏
k=1

∥∥(I + Aε(θ̃k)
)−1∥∥2 ≤ exp

⎡
⎣ Ñ εT∑

k=1

(
θ̃k
)2
⎤
⎦ .

Moreover, since

Ñ εt∑
k=1

(θ̃k)
2 L=

∫ t

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
|θ |2 1[u,∞)

(
φε
(|V̄s− − vs(ρ)|

)γ )
dN , (13.12)

it holds that, for p > 0,

E

⎡
⎣exp

(
p

Ñ εT∑
k=1

(θ̃k)
2

)⎤⎦

= E

[
exp

(
p
∫ T

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
|θ |2 1[u,∞)

(
φε
(|V̄s− − vs(ρ)|

)γ )
dN

)]

≤ E

[
exp

(
p
∫ T

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
|θ |2 dN

)]

= exp

(
2Γ γε T

∫
Π̄ε

(
ep|θ |

2 − 1
)
b(θ) dθ

)

≤ exp
(
Cp,T Γ

γ
ε

)
. (13.13)

Note that in the above we have used the Laplace transform associated with a com-
pound Poisson process (see Theorem3.1.2). Therefore, we can get
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E

[
sup

t∈[0,T ]
‖Z̃t‖p

]
≤ E

⎡
⎣exp

(
p

Ñ εT∑
k=1

θ̃2k

)⎤⎦ ≤ exp
(
Cp,T Γ

γ
ε

)
.

The proof is complete.

Exercise 13.4.6 Note that the bound obtained in (13.11) explodes as ε ↓ 0 as ex-
plained in Exercise 13.3.5. This is due to the second inequality in (13.13). Also this
estimate is bad enough so that in many estimates to follow one does not strive for
the optimal bounds due to the bound in (13.11).

On the other hand, use (13.12) and Proposition13.3.4 to prove that for p = 1,

sup
ε∈(0,e−4)

E

⎡
⎣
⎛
⎝ Ñ εt∑

k=1

θ̃2k

⎞
⎠

p⎤
⎦ < ∞.

Discuss a strategy to prove the above statement for the case p = 2.

Now we introduce the rest of the ingredients in order to differentiate the process Ṽ .
Here, it may be good for the reader to recall the set-up in Sect. 12.3. For each k ∈ N

and ξ ∈ R
2 with |ξ | ≤ 1, define3

�k(θ, ρ)
(
≡ �k

(
θ, ρ ; ṼTk−1 , Tk−1, Tk

)) = Aε
′(θ)

(
ṼTk−1 − vTk (ρ)

)
ϕ(θ)2,

where ϕ ∈ C∞
c

(
R0 ; R+

)
is an even function and it satisfies that for n = 0, ..., r and

β > 0

ϕ(n)(θ) = O(|θ |β−n) (|θ | → 0), |ϕ(θ)| = o(1) (|θ | → π/2). (13.14)

Exercise 13.4.7 Prove the existence of such a function ϕ. The value of β and r will
be determined by the application. For example, prove that

sup
ε∈(0,e−4)

E

⎡
⎣ N εt∑

k=1

(
ϕ(θ̃k) ϕ

′(θ̃k)
)2⎤⎦ < ∞

if 4β − 2 − α > 0.
For a hint, see Chap.14.

We remark that as requested in Hypothesis 12.3.2, we have H 0
k (θ, ρ) = θ . Let

hk(θ, ρ) = (∂ξ )0H
ξ

k (θ, ρ) = θ �k(θ, ρ)
∗,

3Although it will not be used directly in this chapter, the relation with the previous chapter is given

through the deformation H ξk (θ, ρ)
(
≡ H ξk

(
θ, ρ ; ṼTk−1 , Tk−1, Tk

)) = θ exp (ξ · �k(θ, ρ)).
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where
(
∂ξ
)
0 denotes the partial derivative at ξ = 0. Let j ≤ k, and write θ̃ ( j)1→k =

(θ̃1→ j−1, θ j , θ̃ j+1→k), θ j ∈ Π . Now we define

Ṽ ( j)Tk
≡ Ṽ ( j)Tk

(θ j ) = Hk
(
V0, (T, θ̃

( j), ρ̃)1→k
)

=
{
ṼTk−1 + Aε(θk)

(
ṼTk−1 − vTk (ρ̃k)

)
( j = k),

Ṽ ( j)Tk−1
+ Aε(θ̃k)

(
Ṽ ( j)Tk−1

− vTk (ρ̃k)
)
(1 ≤ j ≤ k − 1).

That is, ṼTk = Ṽ ( j)Tk
(θ̃ j ). With this definition, we can compute the derivative which

gives

∂θ j Ṽ
( j)
Tk

=
⎧⎨
⎩
ỸTk Z̃Tj Aε

′(θ j )
(
ṼTj−1 − vTj (ρ̃ j )

)
(1 ≤ j ≤ k − 1),

Aε ′(θk)
(
ṼTk−1 − vTk (ρ̃k)

)
( j = k),

0 ( j > k).
(13.15)

Exercise 13.4.8 Prove the following properties:

(i) Prove by induction the equality (13.15) and ∂θ j Ṽ
( j)
Tk
ϕ2(θ j ) = ỸTk Z̃Tj � j (θ j , ρ̃ j ).

(ii) Note that contrary to the behavior of Aε, A(k)ε , k ∈ N does not converge to A(k)

uniformly in θ as ε ↓ 0 in general. On the other hand, note that using the explicit
function χε in Exercise 13.3.2, one obtains that Aε ′(θ) is uniformly bounded as
ε ↓ 0. In general, prove that A(k)ε (θ), k ∈ N is bounded by Cε−ak .

For a hint, see Chap.14.

Definition 13.4.9 Assume that Vt is a random variable which depends on the jumps
θ̃ j , j ≤ N εt which correspond to the density qε in the sense that it is adapted to the fil-
tration associatedwith the present setting,Ft ≡ F ε

t = σ(N εs ; s ≤ t) ∨ σ(Z1, Z2) ∨
σ(θ̃k, ρ̃k; k ≤ N εt ). Here

(
Z1, Z2

)∗
is a two-dimensional normal vector with mean

vector 0 and covariance matrix I2 such that they are independent of all the random
variables introduced before. These normal vectors will appear later in (13.16).

We define the stochastic derivative of any such random variable Vt with respect
to the j-jump as

DjVt = (∂θ j )θ̃ j Vt .

Here we assume that Vt can be written as a differentiable function of θ̃1→k on N εt = k
for each k ∈ N.

We also remark that according to this definition Dj θ̃k = 0 for j �= k, although the
law of θ̃k depends on ṼTk−1 .

Exercise 13.4.10 Prove the following assertions about the stochastic derivative:

(i) Note that (13.15) gives Dj Ṽt . From this expression, use Propositions13.4.1,
13.4.4 and 13.3.4 to obtain an upper bound for the L p-norm of Dj Ṽt on the
set N εt ≥ j .
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(ii) Compute Dj1Dj2 Ṽt = Dj2Dj1 Ṽt and D2
j Ṽt .

(iii) State and prove the fact that the stochastic derivative satisfies the usual prop-
erties of a differential operator such as the chain rule, product rule, etc.

(iv) Prove that for N εt ≥ k and r ∈ N, Dr
k Ỹt = Ỹt Z̃Tk A

(r)
ε (θ̃k) ỸTk−1 . Find explicit

formulas for Dj1 ...Djk Ỹt and Dj1 ...Djk Z̃t when N εt ≥ jk > jk−1 > ... > j1.
Then try to consider the case N εt ≥ jk ≥ jk−1 ≥ ... ≥ j1.

(v) Prove that for N εt ≥ jk > jk−1 > ... > j1 ≥ 1,

‖Dj1 ...Djk Ṽt‖ ≤ C
∣∣ṼTj1− − νTj1

(ρ̃ j1)
∣∣.

(vi) Prove that for 0 < s < t ≤ T and N εt ≥ jk > jk−1 > ... > j1 > N εs ≥ 1,

‖Dj1 ...Djk Ỹt Z̃s‖ ≤ C.

Here C is a constant which is independent of ε, s, t and j1, ..., jk . In the case
that j1 ≤ N εs then the above derivative equals zero. We remark that this bound
is not necessarily true in the case that N εt ≥ jk ≥ jk−1 ≥ ... ≥ j1.

(vii) Prove that for N εt ≥ jk > jk−1 > ... > j1 > N εs ≥ 1 and l1, ..., lk ∈ N,

‖Dl1
j1
...Dlk

jk
Ỹt Z̃s‖ ≤ C ε−a(l1+...+lk ).

Here C is a constant which is independent of ε, s, t , j1, ..., jk and l1, ..., lk .
(viii) Use (vi) and (vii) to prove that

‖Dl1
j1
...Dlk

jk
Ṽt‖ ≤ Cε−a(l1+...+lk )

∣∣ṼTj1− − νTj1
(ρ̃ j1)

∣∣.
For a hint, see Chap.14.

As explained in Exercise 13.3.3, the random processes V ε or similarly V̄ or Ṽ do
not have densities because there is a non-zero probability that there will be no jump
or that all jumps in the variable θ fall in value where |θ | < εaπ/2. As that probability
is small, we will define a further approximation so that there will always be a smooth
density for the random variable under consideration.

We shall prepare the process X ε = {
X εt ; t ∈ [0, T ]} defined as

X εt = √
uε(t)

(
Z1

Z2

)
, (13.16)

where4 0 < α < 1, uε(t) = t (εaπ)4β+2−α , and
(
Z1, Z2

)∗
is a two-dimensional nor-

mal vector with mean vector 0 and covariance matrix I2 such that they are indepen-
dent of all the random variables introduced before. Here, I2 ∈ R

2 ⊗ R
2 is the identity

matrix.

4The reason for this choice of uε appears in the study of the finiteness of the inverse moments of
the determinant of the Malliavin covariance matrix in (13.27).
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Since V̄t
( = V̄ εt

) = V0 = Ṽt on the event {T1 > t}, no regularization phenomena
will occur. In order to avoid such degenerate situation, instead of considering the
density of Ṽt we will consider the density of X εt + Ṽt .

Furthermore, in order to obtain a stable IBP formula, we will apply the idea
introduced in Theorem10.2.1.

Define for z = (
z1, z2

)∗ ∈ R
2 with |z| ≤ 1, the following positive definite matri-

ces:

C̃1,t := (∂z)0
(
X εt + uε(t) z

) = uε(t) I2,

C̃2,t :=
N εt∑
k=1

DkṼt ϕ(θ̃k)
4
(
DkṼt

)∗

=
N εt∑
k=1

Ỹt Z̃Tk �k(θ̃k, ρ̃k)
(
Ỹt Z̃Tk �k(θ̃k, ρ̃k)

)∗
. (13.17)

Now, we define the Malliavin covariance matrix as C̃t := C̃1,t + C̃2,t , which is
always invertible for ε > 0. The random matrix C̃t can be regarded as the Malliavin
covariance matrix for X εt + Ṽt . In particular, as explained in Exercises 13.4.7 and
13.4.8, the above sum may not converge as ε ↓ 0 unless one requires that5 ϕ(θ)4 =
O(|θ |) or 4β > α. On the other hand, note that the addition of the vector X ε has
been used here in order to ensure the existence of the inverse of the matrix C̃ .

The final ingredient for the IBP formula is an additional smooth random variable
in order to deduce an IBP formula for E

[
∂F(X εt + Ṽt ) G̃t

]
. Recall that this was

explained just before Sect. 10.4 and it has appeared as the random variable Θ in
Theorem12.4.19. Let G̃t be a smooth random process in the sense that under N εt =
k then there exists a bounded smooth random function with bounded derivatives
Gk(ω, ·) : Π k → R which is independent of all θ̃ j , j > k, but may depend on all
the other first k-jumps such as ρ̃ j , j ≤ k, X εt and denote G̃t = Gk(θ̃1→k).

Now we have all the ingredients to start computing and finding bounds for the
IBP formula. For this, let F ∈ C1

c

(
R

2 ; R). We divide the calculation into parts:

E
[∇F(X εt + Ṽt ) G̃t

] = E
[∇F(X εt + Ṽt ) C̃1,t C̃

−1
t G̃t

]
+ E

[∇F(X εt + Ṽt ) C̃2,t C̃
−1
t G̃t

]
=: L1 + L2.

Consider the set {N εt = N }, N ∈ N and recall that θ̃ (k)1→N = (θ̃1→k−1, θk, θ̃k+1→N )

and similarly define ρ̃(k)1→N = (ρ̃1→k−1, ρk, ρ̃k+1→N ) and

Ỹ (k)TN
=

∏
1≤ j≤N , j �=k

(
I + Aε(θ̃ j )

) (
I + Aε(θk)

)
.

5The reason for the power 4 will be clear later in Exercise 13.7.3-(iii).
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Exercise 13.4.11 Prove that I + Aε(θ) commutes with the matrix I + Aε(θ1) for
any θ, θ1 ∈ Π .

Denote by C̃ (k)t (or G̃(k)t ) the random matrix where the random variable θ̃k has been
replaced by the real variable θk in C̃t (G̃t , respectively), as in the definition of Ṽ (k).
Moreover, we shall use the notation Ṽ (1→N )

t , C̃ (1→N )
t and G̃(1→N )

t in the sense that
the components {θ̃k ; 1 ≤ k ≤ N } in the random variables Ṽt , C̃t and G̃t are replaced
by the real variables {θk ; 1 ≤ k ≤ N }, in the set {N εt = N } for N ∈ N.

Since

Ṽt = HN εt

(
V0, (T, θ̃ , ρ̃)1→N εt

)
, Ṽ

(1→N εt )
t = HN εt

(
V0, (T, θ, ρ̃)1→N εt

)

the IBP formula in the usual sense implies that

L2 =
∞∑
N=0

(
t λε

)N
N ! e−t λε

∫
Π N

dθ1→N E

[
∇F

(
X εt + HN

(
V0, (T, θ, ρ̃)1→N

))
Ỹ (1→N )
t

×
N∑

k=1

Z̃ (1→N )
Tk

�k(θk, ρ̃k) ϕ(θk)
2
(
∂θk Ṽ

(1→N )
t

)∗ (
C̃ (1→N )
t

)−1
G̃(1→N )

t

× gN
(
V0, (T, θ, ρ̃)1→N

)]

=
∞∑
N=0

(
t λε

)N
N ! e−t λε

N∑
k=1

∫
Π

dθk E

[
∂θk

{
F
(
X εt + HN

(
V0, (T, θ̃

(k), ρ̃)1→N
))}

× ϕ(θk)4
(
∂θk Ṽ

(k)
t

)∗ (
C̃ (k)t

)−1
G̃(k)t gN

(
V0, (T, θ̃

(k), ρ̃)1→N
)]

=
∞∑
N=0

(
t λε

)N
N ! e−t λε

N∑
k=1

E

[[
F
(
X εt + HN

(
V0, (T, θ̃

(k), ρ̃)1→N
))

× ϕ(θk)4
(
∂θk Ṽ

(k)
t

)∗ (
C̃ (k)t

)−1
G̃(k)t gN

(
V0, (T, θ̃

(k), ρ̃)1→N
)]θk=π/2
θk=0

]

+
∞∑
N=0

(
t λε

)N
N ! e−t λε

N∑
k=1

E

[[
F
(
X εt + HN

(
V0, (T, θ̃

(k), ρ̃)1→N
))

× ϕ(θk)4
(
∂θk Ṽ

(k)
t

)∗ (
C̃ (k)t

)−1
G̃(k)t gN

(
V0, (T, θ̃

(k), ρ̃)1→N
)]θk=0

θk=−π/2

]

−
∞∑
N=0

(
t λε

)N
N ! e−t λε

N∑
k=1

∫
Π

dθk E

[
F
(
X εt + HN

(
V0, (T, θ̃

(k), ρ̃)1→N
))

×
∂θk

{
ϕ(θk)

4
(
∂θk Ṽ

(k)
t

)∗(
C̃ (k)t

)−1
G̃(k)t gN

(
V0, (T, θ̃ (k), ρ̃)1→N

)}
gN

(
V0, (T, θ̃ (k), ρ̃)1→N

)
]
.



290 13 A Non-linear Example: The Boltzmann Equation

On the other hand, in a similar fashion we have for L1 that using the IBP formula
with respect to Gaussian laws and the fact that F ∈ C1

c

(
R

2 ; R).
L1 ≡ E

[
∇F

(
X εt + Ṽt

)
uε(t) I2 C̃

−1
t G̃t

]

= E

[∫
R2

∇F
(√

uε(t) (x, y)
∗ + Ṽt

) uε(t) I2
2π

exp

(
− x2 + y2

2

)
dx dy C̃−1

t G̃t

]

= E

[∫
R2

F
(√

uε(t) (x, y)
∗ + Ṽt

) (x, y)
2π

exp

(
− x2 + y2

2

)
dx dy

√
uε(t) C̃

−1
t G̃t

]

= E

[
F
(
X εt + Ṽt

) (
Z1, Z2

)√
uε(t) C̃

−1
t G̃t

]
.

Exercise 13.4.12 Prove that the boundary terms do not give any extra terms. That
is,

[
F
(
X εt + HN

(
V0, (T1→N , θ̃

(k)
1→N , ρ̃

(k)
1→N )

))

× ϕ(θk)4
(
∂θk Ṽ

(k)
t

)∗ (
C̃ (k)t

)−1
G̃(k)t qε

(
Tk, ṼTk−1 , θk, ρk

)]θk=π/2
θk=0

+
[
F
(
X εt + HN

(
V0, (T1→N , θ̃

(k)
1→N , ρ̃

(k)
1→N )

))

× ϕ(θk)4
(
∂θk Ṽ

(k)
t

)∗ (
C̃ (k)t

)−1
G̃(k)t qε

(
Tk, ṼTk−1 , θk, ρk

)]θk=0

θk=−π/2
= 0.

In order to prove this recall that, as explained in Remark 13.3.10, the density q is
discontinuous at θ = ±εaπ/2, therefore the above expression has to actually be eval-
uated at the intervals [−π/2,−εaπ/2], [−εaπ/2, 0], [0, εaπ/2] and [εaπ/2, π/2].
In each boundary, terms cancel because of the properties of the localization func-
tions ϕ, χε (recall the explicit calculation of ∂θk Ṽ

(k)
t in (13.15)) and the invariance of

HN
(
V0, (T1→N , θ̃

(k)
1→N , ρ̃

(k)
1→N )

)
when |θk | ≤ εaπ/2.

It is instructive to compare this fact with the handling of the term Rε in
Lemma12.4.1.

From all the above arguments we obtain the following result.

Theorem 13.4.13 (First-order IBP formula) For F ∈ C1
b

(
R

2 ; R), it holds that
E

[
∇F

(
X εt + Ṽt

)
G̃t

]
= E

[
F
(
X εt + Ṽt

)
Γ̃t
(
X ε + Ṽ , G̃

)]
, (13.18)

where the random variable Γ̃t
(
X ε + Ṽ , G̃

)
is assumed to be integrable and defined

by
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Γ̃t
(
X ε + Ṽ , G̃

) = (
Z1, Z2

)
C̃−1
t G̃t

√
uε(t)

−
N εt∑
k=1

Dk

{
ϕ(θ̃k)

4
(
DkṼt

)∗
C̃−1
t G̃t gN εt

(
V0, (T, θ̃ , ρ̃)1→N εt

)}
gN εt

(
V0, (T, θ̃ , ρ̃)1→N εt

) .

Remark 13.4.14 In Theorem13.4.13 the notation Γ̃t
(
X ε + Ṽ , G̃

)
is not being used

in the sense of function but to denote the dependence of the random variable on the
randomvector

(
X ε + Ṽ , G̃

)
. Sometimes in order to shorten the length of the equation

we shall let Γ̃t ≡ Γ̃t
(
X ε + Ṽ , G̃

)
. We call this random variable the Malliavin weight

in what follows.

13.5 Negative-Order Integrability of Malliavin Weight

In Theorem13.4.13 of the previous section, we have provided a first IBP formula
assuming that the random variable Γ̃t

(
X ε + Ṽ , G̃

)
is integrable. In order to prove

that this property is satisfied and find upper estimates one needs to break the analysis
into various parts. The first one considers the estimates for det(C̃t ) as this is an
important component of C̃−1

t .
First of all, we shall introduce:

Exercise 13.5.1 For any p > 1 and all non-negative definite, symmetric matrix A ∈
R

d ⊗ R
d , it holds that

dd(2p−1)/2 Γ (p)
d(

det A
)p ≤

∫
Rd

|x |d(2p−1) exp
[ − x · Ax] dx . (13.19)

Prove also the following property for a non-negative definite symmetric matrix A:

det(A)−1 ≤ λ1(A)−d = sup{|Ax |; |x | = 1}−d .

Here λ1(A) denotes the smallest eigenvalue of A.
For a hint, see Chap.14.

Using this result, we have the following upper estimate on the negative-order
moment of the determinant of C̃t .

Lemma 13.5.2 For any β ≥ 0, p > 1 and 0 < t ≤ T , it holds that

E
[
(det C̃t )

−p
] ≤ Cp,α,β,t exp

[
Cp,T Γ

γ
ε

]
.

Proof From Proposition 13.4.4, we have

E
[
(det Ỹt )

−4p
] ≤ E

[‖Z̃t‖8p
] ≤ E

[
sup

0≤t≤T
‖Z̃t‖8p

]
≤ exp

[
Cp,T Γ

γ
ε

]
.
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Therefore as C̃1,t and C̃2,t are non-negative definite then

E
[
(det C̃t )

−p
] ≤ E

[
(det Ỹt )

−4p
]1/2

E
[(
det(Z̃t C̃t Z̃

∗
t )
)−2p]1/2

≤ exp

[
Cp,T Γ

γ
ε

2

]
E
[
(det(Z̃t C̃t Z̃

∗
t ))

−2p
]1/2
. (13.20)

Moreover, since ‖Ỹt‖ ≤ 1 from Proposition13.4.1, we have

uε(t) |Z̃∗
t ξ |2 ≥ uε(t) ‖Ỹ ∗

t ‖2 |Z̃∗
t ξ |2 ≥ uε(t) |ξ |2. (13.21)

Thus, in order to estimate the second term in the product on the right-hand side
of (13.20), we use Exercise13.5.1 in order to obtain

I εt := E

⎡
⎣det

⎛
⎝uε(t) Z̃t Z̃

∗
t +

N εt∑
k=1

Z̃Tk [�k �∗k ](θ̃k, ρ̃k) Z̃∗
Tk

⎞
⎠

−p⎤
⎦

≤ Cp

∫
R2

|ξ |4p−2
E

⎡
⎣exp

⎧⎨
⎩−uε(t) |Z̃∗

t ξ |2 −
N εt∑
k=1

(
ξ · Z̃Tk �k(θ̃k, ρ̃k)

)2
⎫⎬
⎭
⎤
⎦ dξ

≤ Cp

∫
R2

|ξ |4p−2
E

⎡
⎣exp

⎧⎨
⎩−uε(t) |ξ |2 −

N εt∑
k=1

(
ξ · Z̃Tk �k(θ̃k, ρ̃k)

)2
⎫⎬
⎭
⎤
⎦ dξ.

(13.22)

Hence, we have only to consider the upper estimate of

I εt,ξ := E

⎡
⎣exp

⎧⎨
⎩−

N εt∑
k=1

(
ξ · Z̃Tk �k(θ̃k, ρ̃k)

)2
⎫⎬
⎭
⎤
⎦ .

Let 0 �= X ∈ R
2 and 0 �= ξ ∈ R

2.We remark that det(I + A(θ)) = (1 + cos θ)/2
and

(
I + A(θ)

)−1
A′(θ)

= 1

det(I + A(θ))

⎛
⎜⎝
cos θ + 1

2

sin θ

2
− sin θ

2

cos θ + 1

2

⎞
⎟⎠

⎛
⎜⎝− sin θ

2
−cos θ

2
cos θ

2
− sin θ

2

⎞
⎟⎠

= 1

2

⎛
⎜⎝− sin θ

1 + cos θ
−1

1 − sin θ

1 + cos θ
.

⎞
⎟⎠
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= 1

2

(
− sin θ

1 + cos θ
I + R(π/2)

)
,

and that

{
ξ · (I + A(θ))−1A′(θ) X

}2

= 1

4

{
− sin θ

1 + cos θ
ξ · X + ξ · R(π/2) X

}2

= 1

4

{(
sin θ

1 + cos θ

)2

(ξ · X)2 + (ξ · R(π/2) X)2 − 2 sin θ

1 + cos θ
(ξ · X) (ξ · R(π/2) X)

}
.

As (ξ · X)2 + (ξ · R(π/2)X)2 = |ξ |2|X |2 then we have that either

(
ξ

|ξ | · X

|X |
)2

≥ 1

2
or

(
ξ

|ξ | · R(π/2) X

|X |
)2

≥ 1

2
.

Further, defineA (ξ, X) as the subset of θ ∈ Π such that the following inequality is
satisfied: (

ξ

|ξ | · X

|X |
) (

ξ

|ξ | · R(π/2) X

|X |
)

sin θ ≤ 0.

Note that A (ξ, X) is either [−π
2 , 0] or [0, π2 ] depending on the sign of (ξ · X)(ξ ·

R(π/2)X). Then, we have that for θ ∈ A (ξ, X):

{
ξ · (I + A(θ)

)−1
A′(θ) X

}2 = 1

4

(
− sin θ

1 + cos θ
ξ · X + ξ · R(π/2) X

)2

≥ |X |2 |ξ |2
8

min

(
sin2 θ(

1 + cos θ
)2 , 1

)

≥ |X |2 |ξ |2
32

sin2 θ

≥ |X |2 |ξ |2 |θ |2
128

, (13.23)

because θ ∈ Π , 0 ≤ cos θ ≤ 1, sin2 θ/4 = (1 − cos 2θ)/8 ≤ 1/4 ≤ 1, and | sin θ | ≥
|θ |/2.
Exercise 13.5.3 Prove that | sin θ | ≥ |θ |/2 for θ ∈ Π .

On the other hand, since χε(θ) = 1 for θ ∈ Π̄ε̄ with ε̄ := 21/aε, and Propo-
sition13.4.1 yields that |ξ |2 ≤ |Z̃∗

Tk−1
ξ |2, we see that for ¯A := Π̄ε̄ ∩ A (ξ · Z̃Tk−1 ,

ṼTk−1 − vTk (ρ̃k)),
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N εt∑
k=1

(
ξ · Z̃Tk �k(θ̃k, ρ̃k)

)2

=
N εt∑
k=1

(
ξ · Z̃Tk−1

(
I + Aε(θ̃k)

)−1
Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)
ϕ(θ̃k)

2
)2

≥
N εt∑
k=1

(
ξ · Z̃Tk−1

(
I + A(θ̃k)

)−1
A′(θ̃k)

(
ṼTk−1 − vTk (ρ̃k)

)
ϕ(θ̃k)

2
)2

1Π̄2ε
(θ̃k)

≥
N εt∑
k=1

|ξ · Z̃Tk−1 |2
128

∣∣ṼTk−1 − vTk (ρ̃k)
∣∣2∣∣ϕ(θ̃k)∣∣4|θ̃k |2 1 ¯A (θ̃k)

≥
N εt∑
k=1

|ξ |2 r20
128

|ϕ(θ̃k)|4|θ̃k |2 1 ¯A (θ̃k) 1[r0,∞)
(|ṼTk−1 − vTk (ρ̃k)|

)

= |ξ |2 r20
128

∫ t

0

∫
Π̄ε̄

∫ 1

0

∫ +∞

0
1 ¯A (θ)|ϕ(θ)|4|θ |2

× 1[u,∞)
(
φε(|V̄s− − vs(ρ)|)γ

)
1[r0,∞)

(∣∣V̄s− − vs(ρ)
∣∣) dN

≥ |ξ |2 r20
128

∫ t

0

∫
Π̄ε̄

∫ 1

0

∫ rγ0

0
1 ¯A (θ)|ϕ(θ)|4|θ |2 1[r0,∞)

(|V̄s− − vs(ρ)|
)
dN . (13.24)

Herewe have used (13.23) in the third inequality, and (13.21) in the fourth inequality;
the sixth inequality holds because of φε

(|V̄s− − vs(ρ)|
) ≥ r0 on |V̄s− − vs(ρ)| > r0

for sufficiently small ε > 0.
The constant r0 > 0 is chosen according to the following probability concentration

result in Lemma4.9 of [7].

Lemma 13.5.4 There exists r0 > 0 and q0 > 0 such that for any w ∈ R
2 and any

t ∈ [0, T ], we have

ft ({v; |v − w| ≥ r0}) ≥ q0.

This result is based on the fact that the variance
∫ |v|2 ft (dv) = c > 0 and the weak

continuity of ft .
Define

Lt :=
∫ t

0

∫
Π̄ε̄

∫ 1

0

∫ rγ0

0
1 ¯A (θ)|ϕ(θ)|4|θ |2 1[r0,∞)

(|V̄s− − vs(ρ)|
)
dN .

Let x ≥ 0 be a constant. Then, we have:

Exercise 13.5.5 Use Lemma13.5.4 in order to prove that for any β > 0 we have
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E
[
e−xLt

] ≤ exp

{
−t rγ0 q0

∫
Π̄ ′̄
ε

(
1 − e−cx |θ |4β+2)

b(θ)dθ

}
. (13.25)

Here Π̄ ′
ε̄ = Π̄ε̄ ∩ [−(1 − ε′)π/2, (1 − ε′)π/2] for some 0 < ε′ < 1 which can be

chosen as small as required independently of the rest of the problem variables. Here
it is good to recall the techniques introduced in Sect. 11.5 and in particular Exer-
cise11.5.1.

For a hint, see Chap.14.

In particular, taking x = |ξ |2 r20/128 in Exercise 13.5.5 yields that

E

[
exp

{
− |ξ |2 r20

128
Lt

}]
≤ exp

{
−t rγ0 q0

∫
Π̄ ′̄
ε

(
1 − e− c|ξ |2r20

128 |θ |4β+2
)
b(θ)dθ

}
.

Now we apply the change of variables |θ |4β+2 = u so that we obtain for Π̄β

ε̄ =[
(εaπ)4β+2, ((1 − ε′)π/2)4β+2

]

E

[
exp

{
− |ξ |2 r20

128
Lt

}]

≤ exp

{
−t rγ0 q0

∫
Π̄
β

ε̄

(
1 − e− c|ξ |2r20

128 u
) du

u1+
α

4β+2

}
(13.26)

≤ exp

{
−t rγ0 q0

(
1 − e− cr20

128

) ∫
(εaπ)4β+2≤u≤((1−ε′)π/2)4β+2, |ξ |2u≥1

du

u1+
α

4β+2

}

= exp

⎧⎪⎨
⎪⎩−

2t rγ0 q0
(
1 − e− cr20

128

)
α

(
(εaπ)−α ∧ |ξ | α

2β+1 −
(

2

π(1 − ε′)
)α)⎫⎪⎬

⎪⎭ .
(13.27)

Now, recall that uε(t) = t (εaπ)4β+2−α . For |ξ | ≥ (εaπ)−(2β+1), it is easy to see
that if 4β + 2 − α ≥ 0 then

uε(t) |ξ |2 = t (εaπ)4β+2−α |ξ |2 ≥ t |ξ | α
2β+1 .

The reason for the above choice of uε(t) is clear in the following estimate for (13.22).
In fact, using (13.24) and (13.27) one obtains that

I εt ≤ Cp

∫
R2

|ξ |4p−2 e−uε(t)|ξ |2

× exp

⎧⎪⎪⎨
⎪⎪⎩

−
2t rγ0 q0

(
1 − e−

cr20
128

)
α

{
(εaπ)−α ∧ |ξ | α

2β+1 −
(

2

π(1 − ε′)
)α}

⎫⎪⎪⎬
⎪⎪⎭

dξ
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= Cp

∫
|ξ |≤(εaπ)−2β−1

|ξ |4p−2e−uε(t)|ξ |2

× exp

⎧⎪⎪⎨
⎪⎪⎩

−
2t rγ0 q0

(
1 − e−

cr20
128

)
α

{
|ξ | α

2β+1 −
(

2

π(1 − ε′)
)α}

⎫⎪⎪⎬
⎪⎪⎭

dξ

+ Cp

∫
|ξ |≥(εaπ)−2β−1

|ξ |4p−2e−uε(t)|ξ |2

× exp

⎧⎪⎪⎨
⎪⎪⎩

−
2t rγ0 q0

(
1 − e−

cr20
128

)
α

{
(εaπ)−α −

(
2

π(1 − ε′)
)α}

⎫⎪⎪⎬
⎪⎪⎭

dξ

≤ Cp

∫
R2

|ξ |4p−2 exp

⎧⎪⎪⎨
⎪⎪⎩

−
2t rγ0 q0

(
1 − e−

cr20
128

)
α

{
|ξ | α

2β+1 −
(

2

π(1 − ε′)
)α}

⎫⎪⎪⎬
⎪⎪⎭

dξ

+ Cp

∫
R2

|ξ |4p−2e−t |ξ |
α

2β+1

× exp

⎧⎪⎪⎨
⎪⎪⎩

−
2t rγ0 q0

(
1 − e−

cr20
128

)
α

{
(εaπ)−α −

(
2

π(1 − ε′)
)α}

⎫⎪⎪⎬
⎪⎪⎭

dξ

≤ Cp exp

{
2 rγ0 q0
α

(
1 − e−

cr20
128

)(
2

π(1 − ε′)
)α

t

}

×
[
1 + exp

{
−2 rγ0 q0

α

(
1 − e−

cr20
128

) (
εaπ

)−α t
}]

×
∫
R2

|ξ |4p−2 exp

[
−
{(

2 rγ0 q0
α

(
1 − e−

c r20
128

))
∧ 1

}
t |ξ | α

2β+1

]
dξ

= Cp exp

{
2 rγ0 q0
α

(
1 − e−

cr20
128

)(
2

π(1 − ε′)
)α

t

}

×
[
1 + exp

{
−2 rγ0 q0

α

(
1 − e−

cr20
128

) (
εaπ

)−α t
}]

× 2π (2β + 1)

α

[
t

{(
2 rγ0 q0
α

(
1 − e−

c r20
128

))
∧ 1

}]− 4p(2β+1)
α

Γ

(
4p (2β + 1)

α

)

≤ C̃4,p,α,β,t .

The constant C̃4,p,α,β,t may be defined by just replacing

1 + exp

{
−2 rγ0 q0

α

(
1 − e− cr20

128

) (
εaπ

)−α
t

}
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by 2 so that the constant is independent of ε.

Exercise 13.5.6 Obtain the last equality by evaluating the integral using cylindrical
coordinates.

Hence, the conclusion of Lemma13.5.2 follows from (13.20) and

E

[{
det

(
uε(t) Z̃t Z̃

∗
t +

N εt∑
k=1

Z̃Tk [�k �∗k ](θ̃k, ρ̃k) Z̃∗
Tk

)}−2p] 1
2 ≤ C̃

1
2
4,2p,α,β,t .

Remark 13.5.7 The following remarks are made in order to understand two impor-
tant points in the proof.

1. We note that the proof of the finiteness of the determinant of the Malliavin
covariance matrix in Lemma13.5.2 uses not only the stable noise but also the
Gaussian noise X ε in order to obtain the result.

2. We also remark that one important step is the use of the change of variables
u = θβ . Let δ > 0. This gives for a positive constant c

∫ π

δ

(
1 − e−cxθβ

) dθ

θ1+α
= β−1

∫ πβ

δβ

(
1 − e−cxu

) du

u1+
α
β

.

That is, the fact that β may be large does not change the stable property of the
underlying jump measure, although it reduces its index from α to α

β
.

13.6 Upper Estimate of Malliavin Weight

The estimate obtained in Lemma13.5.2 is crucial in the estimates for the character-
istic function. We now go on to a more routine but important calculation in order to
bound all the rest of the terms that appear in the weight Γ̃t

(
X ε + Ṽ , G̃

)
of Theo-

rem13.4.13. In fact, the goal of this section is to prove Proposition13.6.18. This will
be done in parts.

This section is technical and it is therefore important to find the right notation for
norms.

Definition 13.6.1 Wewill extend the notion of norms of randommatrices to stochas-
tic processes as follows. Let W be any jointly measurable càdlàg matrix-valued
stochastic process on the time interval [0, t] such that it only changes values with
each jump of the process N ε. Then we define (extend) the norm for p, q ≥ 1:

‖W‖p,q := E

⎡
⎣
⎛
⎝ N εt∑

k=1

|WTk |q
⎞
⎠

p/q⎤
⎦

1/p

.
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Clearly, this norm depends on ε and t > 0 (which are supposed to be fixed) and no
confusion should arise with ‖X‖p ≡ ‖X‖L p(Ω) as X is a random matrix in the latter.
In particular, one should be careful with ‖W‖p which corresponds to the norm of
a stochastic process and ‖Wt‖p,1 = ‖Wt‖p ≡ ‖Wt‖L p(Ω) which corresponds to the
norm of a random matrix.

We will also use the notation (ϕt , DWt ) for the process for which its value at Tk
is (ϕ(θ̃k), DkWt ) considered when N εt ≥ k. This notation will always be used with
these norms.

Exercise 13.6.2 Prove that the above definition satisfies the properties of a norm.
Define the Banach space that this norm generates.

Remark 13.6.3 In this section, it is important to know that the parameters β and r
in ϕ and the function χε can be chosen so that supθ∈Π

∣∣A(k)ε (θ)ϕ(l)(θ)∣∣ is uniformly
bounded in ε for a limited number of values of k, l ∈ N

∗. This fact follows from the
property that supθ∈Π

∣∣A(k)ε (θ)θ k−1
∣∣ ≤ C , which is related to Exercise 13.4.8-(ii).

Lemma 13.6.4 For any p > 1, j ∈ N, m ∈ N
∗ and β j > α it holds that

It ( j,m, p) :=
∥∥∥∥∥∥

N εt∑
k=1

|ϕ(θ̃k)| j |vTk−(ρ̃k)|m
∥∥∥∥∥∥
p

≤ Cp, j,m,t,β Γ
γ
ε .

Similarly for (2β − 1) j > α, one has

∥∥∥∥∥∥
N εt∑
k=1

∣∣∣ϕ(θ̃k) ϕ′(θ̃k)
∣∣∣ j |vTk−(ρ̃k)|m

∥∥∥∥∥∥
p

≤ Cp, j,m,t,β Γ
γ
ε .

Proof We only prove the first assertion, leaving the second as an exercise. Recalling
the arguments in (13.12), we see that

It ( j,m, p) ≤ E

[(∫ t

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
|ϕ(θ)| j |vs(ρ)|m dN

)p]
.

Then the Burkholder-type inequality in Proposition7.1.2 leads us to see that

It ( j,m, p) ≤Cp (Jt (2 j, 2m, p/2)+ Jt ( j,m, p)) ,

Jt ( j,m, p) :=E

[(∫ t

0

∫
Π̄ε

∫ 1

0

∫ 2Γ γε

0
|ϕ(θ)| j |vs(ρ)|m dN̂

)p]
.

An explicit calculation of the integral involved in the above expression gives
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Jt ( j,m, p) ≤C j,p,tΓ
pγ
ε

(∫
Π̄ε

|ϕ(θ)| j b(θ)dθ sup
s∈[0,T ]

∫
|v|m fs(dv)

)p

.

Therefore the condition β j − α > 0 is required in order to obtain the finiteness of
the above integral in θ . The last supremum is bounded due to Theorem13.2.3. The
condition 2β j > α appears when one considers the finiteness of Jt (2 j, 2m, p/2).

Lemma 13.6.5 Let p > 1 and W be any jointly measurable càdlàg real-valued
stochastic process such that ‖W‖2p < ∞ and suppose that 2β j > α. Then it holds
that ∥∥∥∥∥∥

N εt∑
k=1

WTk |ϕ(θ̃k)| j |vTk−(ρ̃k)|m
∥∥∥∥∥∥
p

≤ ‖W‖2p Cp, j,m,t,β Γ
γ
ε .

Similarly, for 2(2β − 1) j > α, one has

∥∥∥∥∥∥
N εt∑
k=1

WTk

∣∣∣ϕ(θ̃k) ϕ′(θ̃k)
∣∣∣ j |vTk−(ρ̃k)|m

∥∥∥∥∥∥
p

≤ ‖W‖2p Cp, j,m,t,β Γ
γ
ε .

In the particular case that ‖ sups |Ws |‖2p < ∞, one has the above inequalities for
β j > α and (2β − 1) j > α and the norm ‖W‖2p is replaced by ‖ sups |Ws |‖2p < ∞.

The proof of the above result, which follows from Hölder’s inequality and
Lemma13.6.4, is easy and left as an exercise.

Lemma 13.6.6 For any 2β > α and p > 1, it holds that

∥∥(Z1, Z2) C̃
−1
t G̃t

∥∥
p ≤ Cp,α,β,T exp

[
Cp,T Γ

γ
ε

] ∥∥G̃t

∥∥
2p.

Proof This is a direct consequence of an easy application of the Cauchy–Schwarz
inequality. In fact, (Z1, Z2)

∗ is a two-dimensional normal vectorwith themean vector
0 and the covariance matrix I2. Furthermore using Lemma13.5.2, one obtains the
other results once one realizes that

‖C̃t‖4p =
∥∥∥∥∥

Čt

det C̃t

∥∥∥∥∥
4p

.

Here Čt is the cofactor matrix of C̃t . As this matrix can be explicitly written so as
to fit the requirements of Lemma13.6.5 for j = 1 and m = 0, 1, the result follows.
The needed estimates follow from Theorem13.2.3, Propositions 13.4.1 and 13.4.4.

Another direct application of Lemma13.6.5 gives the following result.

Lemma 13.6.7 Assume that 2qβ > α. Then
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‖ϕt DṼt‖p,q ≤ Cp,T,α Γ
γ
ε .

Proof Using Exercise 13.4.10-(v), one obtains that

∥∥∥∥∥∥
N εt∑
k=1

∣∣∣ϕ(θ̃k) DkṼt

∣∣∣q
∥∥∥∥∥∥
p

≤Cp,q,T

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
q
{|ṼTk−1 | + |νTk (ρ̃k)|

}q
∥∥∥∥∥∥
p

.

Therefore the result follows fromLemmas 13.6.4 and 13.6.5, and Propositions 13.3.4
and 13.4.1.

Now we start considering all the terms that appear in the second term of Γ̃t (X ε +
Ṽ , G̃) one by one.

Lemma 13.6.8 Assume that 4β − 1 > α. Then

∥∥∥Dϕ4t {DṼt
}∗
C̃−1
t G̃t

∥∥∥
p,1

≤ Cp,T,α Γ
γ
ε

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p.

Proof The assertion follows from the appropriate use of Hölder’s inequality. In fact,
one obtains that
∥∥∥∥∥∥

N εt∑
k=1

ϕ3(θ̃k) ϕ
′(θ̃k)

{
DkṼt

}∗
C̃−1
t G̃t

∥∥∥∥∥∥
p

≤Cp,T,α

∥∥∥ϕ3t ϕ′
t DṼt

∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p.

Therefore the result follows from Lemma13.6.7.

Lemma 13.6.9 Suppose that 4β > α. Then

∥∥∥ϕ4t (D2Ṽt
)∗
C̃−1
t G̃t

∥∥∥
p,1

≤ Cp,T,α Γ
γ
ε ‖C̃−1

t ‖4p ‖G̃t‖2p.

Proof Since

∂2θk Ṽ
(k)
t = Ỹt Z̃Tk Aε

′′(θk)
(
ṼTk−1 − vTk (ρ̃k)

)
,

we see from Remark 13.6.3 and Lemma13.6.5 that
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
{
(∂2θk )θ̃k Ṽ

(k)
t

}∗
∥∥∥∥∥∥
4p

=
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
{
Ỹt Z̃Tk Aε

′′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}∗
∥∥∥∥∥∥
4p
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≤
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
{
Aε

′′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}∗
∥∥∥∥∥∥
4p

≤ Cp,T,α Γ
γ
ε

from Theorem13.2.3, Propositions 13.3.4, 13.4.1 and Lemma13.6.4.

The proofs of the following lemmas are obtained in a similar fashion, so in each
proof we will only note the particularity of each case, leaving the detailed proofs for
the reader.

Lemma 13.6.10 Suppose that 4β > α. Then

∥∥∥ϕ4t
(
DṼt

)∗
DC̃−1

t G̃t

∥∥∥
p,1

≤ Cp,T,α Γ
2γ
ε

∥∥C̃−1
t

∥∥2
4p ‖G̃t‖2p.

Proof Using the product rule for derivatives and (13.15), we have

(∂θk )θ̃k (C̃
(k)
t )

−1 = −C̃−1
t (∂θk )θ̃k C̃

(k)
t C̃−1

t ,

(∂θ j )θ̃ j Ṽ
( j,k)
t = Ỹ (k)t Z̃ (k)Tj

Aε
′(θ̃ j )

(
Ṽ (k)Tj−1

− vTj (ρ̃ j )
)
,

(∂θk )θ̃k

(
(∂θ j )θ̃ j Ṽ

( j,k)
t ϕ(θ̃ j )

2
)

=

⎧⎪⎨
⎪⎩
(∂θk )θ̃k

(
Ỹ (k)t Z̃ (k)Tj

)
Aε

′(θ̃ j ) ϕ(θ̃ j )2
(
ṼTj−1 − vTj (ρ̃ j )

)
( j ≤ k − 1),

Ỹt Z̃Tk (∂θk )θ̃k

{
Aε ′(θk) ϕ(θk)2

} (
ṼTk−1 − vTk (ρ̃k)

)
( j = k),

Ỹt Z̃Tj Aε
′(θ̃ j ) ϕ(θ̃ j )2 (∂θk )θ̃k Ṽ

(k)
Tj−1

( j ≥ k + 1).

Here, we have used the extended notation Ṽt = Ṽ ( j,k)t (θ̃ j , θ̃k). Therefore using the
explicit expression for C̃t in (13.17), the above equalities and using the nota-
tion simplification (∂θ j )θ̃ j Ṽ

( j)
t ϕ(θ̃ j )

2 = Ỹt Z̃Tj � j (θ̃ j , ρ̃ j ) and dividing the derivatives
according to the adaptedness of the terms we obtain

N εt∑
k=1

ϕ(θ̃k)
4
((
∂θk

)
θ̃k
Ṽ (k)t

)∗(
∂θk

)
θ̃k

(
C̃ (k)t

)−1
G̃t

= −
N εt∑
k=1

ϕ(θ̃k)
4
(
Ỹt Z̃Tk Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

))∗
C̃−1
t

×
{ k−1∑

j=1

(∂θk )θ̃k

(
Ỹ (k)t Z̃ (k)Tj

)
� j (θ̃ j , ρ̃ j )

{
(∂θ j )θ̃ j Ṽ

( j)
t ϕ(θ̃ j )

2
}∗

+
k−1∑
j=1

(∂θ j )θ̃ j Ṽ
( j)
t ϕ(θ̃ j )

2
{
(∂θk )θ̃k

(
Ỹ (k)t Z̃ (k)Tj

)
� j (θ̃ j , ρ̃ j )

}∗

+ Ỹt Z̃Tk (∂θk )θ̃k

{
Aε

′(θk) ϕ(θk)2
} (

ṼTk−1 − vTk (ρ̃k)
) {
(∂θk )θ̃k Ṽ

(k)
t ϕ(θ̃k)

2}∗
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+ (∂θk )θ̃k Ṽ (k)t ϕ(θ̃k)
2
{
Ỹt Z̃Tk (∂θk )θ̃k

{
Aε

′(θk) ϕ(θk)2
} (

ṼTk−1 − vTk (ρ̃k)
)}∗

+
N εt∑

j=k+1

Ỹt Z̃Tj Aε
′(θ̃ j ) ϕ(θ̃ j )2

(
∂θk

)
θ̃k
Ṽ (k)Tj−1

{
(∂θ j )θ̃ j Ṽ

( j)
t ϕ(θ̃ j )

2
}∗

+
N εt∑

j=k+1

(∂θ j )θ̃ j Ṽ
( j)
t ϕ(θ̃ j )

2
{
Ỹt Z̃Tj Aε

′(θ̃ j ) ϕ(θ̃ j )2
(
∂θk

)
θ̃k
Ṽ (k)Tj−1

}∗ }
C̃−1
t G̃t .

We remark that, for j < k, using Exercise 13.4.3, we obtain

(∂θk )θ̃k

(
Ỹ (k)t Z̃ (k)Tj

)
= Ỹt Z̃Tj

(
I + Aε(θ̃k)

)−1
Aε

′(θ̃k).

Therefore the result follows as before after long calculations, as in the proof of
Lemma13.6.9.

So far no particular localization process G̃t has been defined. Recall that in The-
orems 12.5.9 and 12.6.8 a localization function Ξ was used in order to control the
degeneration of theMalliavin covariancematrix.We nowdefine a similar localization
for this case. We shall use a non-decreasing smooth function Φε : [0,∞) → [0, 1]
such that the derivatives of all orders of Φε are bounded uniformly for6 ε ∈ (0, e−4)

and that

Φε(x) =
{
0 (x ≤ Γε − 1),

1 (x ≥ Γε).

Moreover, we shall introduce a smooth function  : [0,+∞) → [0, 1] such that

 (x) =
{
0 (x ≥ 3/4) ,

1 (x ≤ 1/4) .

Write

!̃N = Φε(|V0|)+
N∑

k=1

Φε
(|ṼTk |

)
, G̃N =  

(
!̃N

)
.

Then, we see that

1{sups∈[0,t] |Ṽs |≤Γε−1} ≤ G̃t := G̃N εt ≤ 1{sups∈[0,t] |Ṽs |≤Γε}. (13.28)

Exercise 13.6.11 Prove the above inequality.

Remark 13.6.12 By the definition of the function  , we have

6Recall that this restriction on ε appears due to Exercise 13.3.1.
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sup
1≤k≤l

∣∣ (k)(x)∣∣ ≤ Cl 1(1/4≤x≤3/4).

Moreover, by the definition of the function Φε, we have

!̃N εt ∈
[
1

4
,
3

4

]
=⇒ sup

s∈[0,t]
|Ṽs | ∈ [

Γε − 1, Γε
]
.

We remark that the function R
2 � x �−→ Φε(|x |) ∈ [0, 1] has uniformly bounded

derivatives in ε, because Φε(|x |) = 0 for |x | ≤ Γε − 1.

Lemma 13.6.13 For any κ ∈ (0, δ) as in Theorem 13.2.3, we have for 2qβ > α

‖ϕt DG̃t‖p,q ≤ Cp,T λε Γ
γ
ε exp

(−Cp,TΓ
κ
ε

)
.

Proof From the definition of  , we have

∣∣ ′(!̃(k)t )
∣∣ ≤ C 1

(1/4≤!̃(k)t ≤3/4).

On the other hand, the derivative of !̃N εt will be non-zero only if

sup
0≤s≤t

∣∣Ṽ (k)s

∣∣ ∈ [Γε − 1, Γε]

under 1/4 ≤ !̃(k)t ≤ 3/4. Define Φε(x) := Φε(|x |) for x ∈ R
2. We remark that on

N εt ≥ k

∂θk !̃
(k)
t = ∂θk

⎛
⎝Φε(V0)+

N εt∑
j=1

Φε(Ṽ
(k)
Tj
)

⎞
⎠

=
N εt∑
j=k

Φ
′
ε(Ṽ

(k)
Tj
) ∂θk Ṽ

(k)
Tj

=
N εt∑
j=k

Φ
′
ε(Ṽ

(k)
Tj
)
{
ỸTj Z̃Tk Aε

′(θk)
(
ṼTk−1 − vTk (ρ̃k)

)}
.

Hence, we see that as Φε has uniformly bounded derivatives then using the same
technique as in the proof of Lemma13.6.8, we have

DkG̃t =  ′(!̃t)

N εt∑
j=k

Φ
′
ε(ṼTj )

{
ỸTj Z̃Tk Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}
.

Therefore
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N εt∑
k=1

∣∣∣ϕ(θ̃k)DkG̃t

∣∣∣q

≤ C(N εt )
q

N εt∑
k=1

∣∣∣ϕ(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)∣∣∣q 1(sup0≤s≤t |Ṽs |∈[Γε−1,Γε]).

The final result follows by using exponential Chebyshev’s inequality. That is,

P

[
sup
0≤s≤t

|Ṽs | ≥ Γε − 1

]
≤ exp (−C(Γε − 1)κ)E

[
sup
0≤s≤t

exp(C |Ṽs |κ)
]
.

The above expectation is finite due to the equality in law between Ṽ and V̄ and
Proposition13.3.4.

Lemma 13.6.14 Assume that β > α. Then

∥∥∥ϕ4t
(
DṼt

)∗
C̃−1
t DG̃t

∥∥∥
p,1

≤ Cp,T,α λεΓ
Cp γ
ε exp

[ − Cp Γ
κ
ε

] ∥∥∥C̃−1
t

∥∥∥
2p
.

Proof Using Hölder’s inequality one obtains that

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
(
DkṼt

)∗
C̃−1
t DkG̃t

∥∥∥∥∥∥
p

≤‖ϕ3t DṼt‖4p,2‖C̃−1
t ‖2p‖ϕt DG̃t‖4p,2.

Therefore the proof follows the same pattern as the proof of previous Lemmas 13.6.8
and 13.6.9, and uses Lemmas 13.6.7 and 13.6.13.

Remark 13.6.15 Note that the following bound is also valid:

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
(
DkṼt

)∗
C̃−1
t DkG̃t

∥∥∥∥∥∥
p

≤ Cp,T,α Γ
Cp γ
ε exp

[
Cp,T Γ

γ
ε

]‖ϕt DG̃t‖4p,2.

Recall that the goal of this long section is to obtain an estimate for moments of
the weight Γ̃t

(
X ε + Ṽ , G̃

)
of Theorem13.4.13. Now we start to study its main term

which is the logarithmic derivative. First, note that

log gN εt
(
V0, (T, θ̃ , ρ̃)1→N εt

) = log qε
(
T1,H0(V0), θ̃1, ρ̃1)

+
N εt∑
j=2

log qε
(
Tj ,H j−1(V0, (T, θ̃ , ρ̃)1→ j−1), θ̃ j , ρ̃ j

)
,

we can compute that
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DN εt

{
log gN εt

(
V0, (T, θ̃ , ρ̃)1→N εt

)}

= DN εt

{
log qε

(
TN εt ,HN εt −1(V0, (T, θ̃ , ρ̃)1→N εt −1), θ̃N εt , ρ̃N εt

)}
,

Dk

{
log gN εt

(
V0, (T, θ̃ , ρ̃)1→N εt

)}

= Dk

{
log qε

(
Tk,Hk−1(V0, (T, θ̃ , ρ̃)1→k−1), θ̃k, ρ̃k

)

+
N εt∑

j=k+1

log qε
(
Tj ,H j−1(V0, (T, θ̃ , ρ̃)1→ j−1), θ̃ j , ρ̃ j

)}

for 1 ≤ k ≤ N εt − 1. These derivatives will generate a number of terms in the weight
Γ̃t
(
X ε + Ṽ , G̃

)
of Theorem13.4.13. We analyze them in various parts.

Lemma 13.6.16 Assume that 4β − 1 > α. Then

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
(
DkṼt

)∗
C̃−1
t G̃t

Dkqε
(
Tk, ṼTk−1 , θ̃k, ρ̃k

)
qε
(
Tk, ṼTk−1 , θ̃k, ρ̃k

)
∥∥∥∥∥∥
p

≤ Cp,T,α Γ
γ
ε

∥∥∥C̃−1
t

∥∥∥
4p

∥∥∥G̃t

∥∥∥
2p
.

Proof We remark that χε(θ) = 0 for |θ | ≤ εaπ/2 implies that Aε(θ) = 0 and that
χ̃(θ) = 0 for |θ | ≥ π/2. Moreover, we remark that

qε
(
Tk, ṼTk−1 , θk, ρ̃k

) = 1

λε
φε
(|ṼTk−1 − vTk (ρ̃k)|

)γ
b(θk)

for |θk | ≥ εaπ/2. Then, we see that using (13.9) and Proposition13.4.1 we obtain

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
(
(∂θk )θ̃k Ṽ

(k)
t

)∗
C̃−1
t G̃t

(∂θk )θ̃k qε
(
Tk, ṼTk−1 , θk, ρ̃k

)
qε
(
Tk, ṼTk−1 , θ̃k, ρ̃k

)
∥∥∥∥∥∥
p

=
∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
{
Ỹt Z̃Tk Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}∗

× C̃−1
t G̃t (∂θk )θ̃k ln qε

(
Tk, ṼTk−1 , θk, ρ̃k

)∥∥∥∥
p

=
∥∥∥∥ −

N εt∑
k=1

ϕ(θ̃k)
4
{
Ỹt Z̃Tk Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}∗

× C̃−1
t G̃t

1 + α
θ̃k

1(|θ̃k |≥εaπ/2)

∥∥∥∥
p
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≤ (1 + α)
∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4

θ̃k

{
Ỹt Z̃Tk Aε

′(θ̃k)
(
ṼTk−1 − vTk (ρ̃k)

)}∗ ∥∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

≤ (1 + α)
∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4

θ̃k

∥∥Aε ′(θ̃k)∥∥ ∣∣ṼTk−1 − vTk (ρ̃k)
∣∣
∥∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

≤ Cκ,p,α,T Γ
γ
ε

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

from Proposition13.4.1, Theorem13.2.3, and Lemma13.6.5 . Note that in the second
equality, we have used that A′

ε(θ) = 0 for |θ | ≤ εaπ/2. The proof is complete.

Lemma 13.6.17 Suppose that 4β > α. Then, it holds that

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
(
DkṼt

)∗
C̃−1
t G̃t

N εt∑
j=k+1

Dkqε
(
Tj , ṼTj−1 , θ̃ j , ρ̃ j

)
qε
(
Tj , ṼTj−1 , θ̃ j , ρ̃ j

)
∥∥∥∥∥∥
p

≤ Cκ,p,α,T,γ ε
−aα−1 Γ 2γ

ε

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p.

Proof Using the definition of qε given in (13.9), we have for k + 1 ≤ j ≤ N εt ,

Dk

(
ln qε(Tj , ṼTj−1 , θ̃ j , ρ̃ j )

)

= Dk

(
ln

{
1

λε
φε
(|ṼTj−1 − vTj (ρ̃ j )|

)γ
b(θ̃ j )

})
1Π̄ε (θ̃ j )

+ Dk

(
ln

{
1 − 1

2Γ γε

∫ 1

0
φε
(|ṼTj−1 − vTj (r)|

)γ
dr

}
εaα χ̃

(
θ̃ j

εa

)
b(θ̃ j )

)
1Πε(θ̃ j )

= Dk

(
γ ln φε

(|ṼTj−1 − vTj (ρ̃ j )|
))

1Π̄ε (θ̃ j )

+ Dk

(
ln

{
1 − 1

2Γ γε

∫ 1

0
φε
(|ṼTj−1 − vTj (r)|

)γ
dr

})
1Πε(θ̃ j )

= γ (ln φε)
′(|ṼTj−1 − vTj (ρ̃ j )|

) ṼTj−1 − vTj (ρ̃ j )

|ṼTj−1 − vTj (ρ̃ j )|
· Dk

{
ṼTj−1 − vTj (ρ̃ j )

}
1Π̄ε (θ̃ j )

− 1

2Γ γε − ∫ 1
0 φε

(|ṼTj−1 − vTj (r)|
)γ
dr

× γ
∫ 1

0
φε
(|ṼTj−1 − vTj (r)|

)γ
(ln φε)

′(|ṼTj−1 − vTj (r)|
)

× ṼTj−1 − vTj (r)

|ṼTj−1 − vTj (r)|
· Dk

{
ṼTj−1 − vTj (r)

}
dr 1Πε(θ̃ j )

=: K ε
1, j + K ε

2, j .
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We remark here that 2Γ γε − ∫ 1
0 φε

(|ṼTj−1 − vTj (r)|
)γ
dr ≥ Γ γε , which means that the

term in the denominator of K ε
2, j does not vanish.

Now in order to estimate each term in the above expressions, we first note that
from the definition of Ṽ in (13.10), we have

Dk
{
ṼTj−1 − vTj (ρ̃ j )

} =
{
A′
ε(θ̃k)

{
ṼTk−1 − vTk (ρ̃k)

}
, ( j = k + 1),

YTj−1 Z
−1
Tk

A′
ε(θ̃k)

{
ṼTk−1 − vTk (ρ̃k)

}
, (k + 2 ≤ j ≤ N εt ).

Since
∥∥I + Aε(θ̃k)

∥∥ ≤ 1,
∥∥A′

ε(θ̃k)
∥∥ ≤ C , ε ≤ φε ≤ Γε and Proposition13.4.1, we

have
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4 (DkṼt

)∗
C̃−1
t G̃t

N εt∑
j=k+1

Dkqε
(
Tj , ṼTj−1 , θ̃ j , ρ̃ j

)
qε
(
Tj , ṼTj−1 , θ̃ j , ρ̃ j

)
∥∥∥∥∥∥
p

≤
⎧⎨
⎩
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
∣∣DkṼt

∣∣ N εt∑
j=k+1

K ε
1, j

∥∥∥∥∥∥
4p

+
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)
4
∣∣DkṼt

∣∣ N εt∑
j=k+1

K ε
2, j

∥∥∥∥∥∥
4p

⎫⎬
⎭

× ∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

≤ γ

2ε

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
∣∣DkṼt

∣∣ N εt∑
j=k+1

∣∣Dk{ṼTj−1 − vTj (ρ̃ j )}
∣∣
∥∥∥∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

+ 2

ε

∥∥∥∥∥∥
N εt∑
k=1

ϕ(θ̃k)
4
∣∣DkṼt

∣∣ N εt∑
j=k+1

DkṼTj−1

∥∥∥∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

≤ C

(
γ

2ε
+ 2

ε

) ∥∥∥∥∥∥N
ε
t

N εt∑
k=1

ϕ(θ̃k)
4
∣∣DkṼt

∣∣ ∣∣ṼTk−1 − vTk (ρ̃k)
∣∣
∥∥∥∥∥∥
4p

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

≤ Cκ,p,α,T,γ ε
−aα−1 Γ 2γ

ε

∥∥C̃−1
t

∥∥
4p

∥∥G̃t

∥∥
2p

by Theorems 13.2.3, 13.3.4 and Proposition 13.4.4. Here, we have used the upper
estimate of ∣∣( logφε)′(|ṼTj−1 − vTj (ρ̃ j )|

)∣∣ ≤ 1

2ε

in the third inequality and the techniques used in previous lemmas (such as
Lemma13.6.7), while the Poisson random variable N εt with the parameter λεt has
the following property: ∥∥N εt ∥∥q ≤ Cq,α ε

−aα Γ γε .

Proposition 13.6.18 Assume that 4β − 1 > α and 0 < t ≤ T . Then it holds that
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∥∥∥Γ̃t(X ε + Ṽ , G̃
)∥∥∥

p

≤ Cp,T,α exp
[
Cp,T Γ

γ
ε

] (
ε−aα−1 Γ 2γ

ε

∥∥∥G̃t

∥∥∥
2p

+ ε−aα Γ
Cpγ
ε exp

[ − Cp Γ
κ
ε

])
.

Proof The proof is a direct consequence of Lemmas 13.5.2, 13.6.6, 13.6.8–13.6.10,
13.6.14, 13.6.16 and 13.6.17. We remark that the condition 0 < ε < e−4 ensures that
Γε > 1.

13.7 Higher-Order IBP Formula

We can now discuss the higher-order IBP formula, inductively. This is a techni-
cal section which therefore involves a lot of careful calculations which we do not
completely give here for the sake of space and clarity.

For p1, p2 ∈ Z+ and anR-valued process K̃ = {
K̃t ; 0 ≤ t ≤ T

}
with nice prop-

erties, define the operator L̃p1,p2,t by

L̃0,0,t (K̃ ) = K̃t ,

L̃1,0,t (K̃ ) = Γ̃t
(
X ε + Ṽ , K̃

)
(1, 0)∗,

L̃0,1,t (K̃ ) = Γ̃t
(
X ε + Ṽ , K̃

)
(0, 1)∗,

L̃p1+1,p2,t (K̃ ) = L̃1,0,t
(
L̃p1,p2,t (K̃ )

)
,

L̃p1,p2+1,t (K̃ ) = L̃0,1,t
(
L̃p1,p2,t (K̃ )

)
.

Denote by ∂i F (i = 1, 2) the partial derivative in the i-th component in the order
they appear in the function F , and write ∂ = (

∂1, ∂2
)
.

Theorem 13.7.1 (Higher-order IBP formula) For F ∈ C∞
c

(
R

2 ; R), it holds that
E

[(
∂
p1
1 ∂

p2
2 F

)(
X εt + Ṽt

)
G̃t

]
= E

[
F
(
X εt + Ṽt

)
L̃p1,p2,t (G̃)

]
. (13.29)

As before (see Theorem13.4.13) we assume that L̃p1,p2,t (G̃) is integrable.

The proof follows from the following exercise:

Exercise 13.7.2 Prove

E

[(
∂
p1
1 ∂

p2
2 F

)(
X εt + Ṽt

)
G̃t

]
= E

[
F
(
X εt + Ṽt

)
L̃p1,p2,t (G̃)

]
. (13.30)

For a hint, see Chap.14.

Rather than proceeding with these long but instructive calculations, we propose
the following generalization which will help.
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Exercise 13.7.3 In this exercise, we define the Sobolev norms associated with the
derivative we have defined here. Under the setting of Definition 13.4.9, define the
following norm for m ∈ N

∗ and p ≥ q ≥ 1:

‖Vt‖p
p,q,m = E

⎡
⎣ m∑

l=0

⎛
⎝ ∑

j1≤...≤ jl≤N εt

l∏
i=1

ϕ(θ̃ ji )
q‖Dj1 ...Djl Vt‖q

⎞
⎠

p/q⎤
⎦ .

Provide a sufficient hypothesis in order to prove the following properties:

(i) Prove that ‖ · ‖p,q,m is a norm and characterize its corresponding Banach
space. In the particular case that m = 0, prove that ‖Vt‖p,q,0 = ‖Vt‖p,q as
defined in Definition 13.6.1. Note that one can also extend the definition of
the norm for processes as follows:

‖V ‖p
p,q,m = E

⎡
⎣ m∑

l=0

⎛
⎝ N εt∑

k=1

∑
j1≤...≤ jl≤k

l∏
i=1

ϕ(θ̃ ji )
q‖Dj1 ...Djl VTk‖q

⎞
⎠

p/q⎤
⎦ .

State and prove the coincidence between the above norm and the one defined
in Definition 13.6.1 in the particular case m = 0.

(ii) For appropriate random variables X,Y prove that

‖D(XY )‖p,q ≤ ‖Y‖2p‖X‖2p,q,1 + ‖X‖2p‖Y‖2p,q,1.

Extend the above inequality for appropriate random processes X and Y .
(iii) For appropriate (m, p, q) and smooth random variables (X,Y ), there exists

(m, p1, q1, p2, q2) such that

‖XY‖p,q,m ≤ C‖X‖p1,q1,m‖Y‖p2,q2,m .

Extend the above result to stochastic processes. In the above inequality and
the inequalities to follow using the norms ‖ · ‖p,q,m , we may have that the
parameters β and r in the function ϕ used on the left side may be different
from the those on the right. Still, as their use will be limited to a finite number
of times this will not pose any restrictions later.

(iv) Prove that for any appropriate (m, p, q, j) ∈ N
4, there exists (p1, q1) such

that
∥∥∥∥∥∥

N εt∑
k=1

ϕ(θ̃k)D
j
k Ṽt

∥∥∥∥∥∥
p,q,m

≤ C‖Ṽt‖p1,q1,m+ j ,

(v) For any smooth random variable G̃t which is Ft -adapted and appropriate
(m, p, q) ∈ N

3, there exists (qi , si ), i = 1, 2 and (pi , ri ), i = 1, ..., 4 such
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that

‖Γ̃t
(
X ε + Ṽ , G̃

)‖p,q,m ≤ C
√
uε(t)‖C̃−1

t ‖s1,q1,m‖G̃t‖s2,q2,m
+ C‖Ṽt‖p1,r1,m+2 ‖C̃−1

t ‖p2,r2,m+1‖G̃t‖p3,r3,m+1‖(ϕχε/21/a (1 + |θ |−1))t‖p4,r4,m .

Note that in the last term above, there is a slight abuse of notation. The process
being considered there is the one which at each time Tk the process has a jump
of size ϕχε/21/a (θ̃k)(1 + |θ̃k |−1). This will be always well defined if r = m and
β − m > 1 + α.

(vi) UseExercise 13.4.10 to prove that for appropriate large values ofβ and r which
depend on m, one has ‖Ṽt‖p,q,m ≤ CΓ

Cp,q,mγ
ε . Similarly, prove ‖C̃t‖p,q,m ≤

CΓ
Cp,q,mγ
ε .

(vii) Prove that for the localization function provided in (13.28), one has

‖DG̃t‖p,q,m ≤ Cp,q,mλ
Cp,q,m
ε Γ

Cp,q,mγ
ε exp

(−Cp,TΓ
κ
ε

)
.

Therefore if we choose 0 < γ < κ < δ < 2 and η0κ > 1 then one has that due
to Exercise 13.3.5 and Proposition13.3.4 that the above is smaller than Cεη

for any η > 1 once ε is chosen small enough. A similar conclusion follows
for ‖ϕt DG̃t‖p,q,m . Therefore from the above it follows that supε ‖G̃t‖p,q,m ≤
Cp,q,m .

(viii) State and prove a similar result for supε ‖(ϕχε/21/a (1 + |θ |−1))t‖p,q,m .
(ix) Prove the following estimate for appropriatem, p, q, p1, p2, q1 and a positive

constant C :

‖C̃−1
t ‖p,q,m ≤ CΓ

Cp,q,mγ
ε exp

[
Cp,q,m Γ

γ
ε

]
.

(x) Recall that uε(t) = t (εaπ)4β+2−α and conclude from all the above that if β
and r are chosen appropriately large with G̃t given by (13.28) then

‖Γ̃t
(
X ε + Ṽ , G̃

)‖p,q,m ≤ Cp,q,m (1 + ε−m(aα+1) Γ
Cp,q,mγ
ε exp

[
Cp,q,m Γ

γ
ε

]
).

For a hint, see Chap.14.

Following the above exercise and using induction one obtains the following result.

Theorem 13.7.4 (Upper estimate of the higher-orderMalliavinweight) For0 < t ≤
T , uε(t) = t (εaπ)4β+2−α ,Γε = (log(ε−1))η0 withη0γ < 1and0 < γ < κ < δ < 2,
κη0 > 1 and it holds that if β and r are chosen appropriately large with G̃t given by
(13.28), one has that there exists a small constant Cp1,p2 such that for 0 < ε ≤ Cp1,p2
one has

∥∥∥L̃p1,p2,t (G̃)
∥∥∥
p

≤Cp1,p2,p(1 + ε−(p1+p2)(aα+1) Γ
Cp1 ,p2 ,pγ
ε exp

[
Cp1,p2,p Γ

γ
ε

]
).
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Rather than carrying out the proof it is a good exercise to try to understand where
each term comes from. In fact, if we compare the above estimate with the one
in Proposition13.6.18, we see that one of the terms is considered above just as a
constant and we only considered the largest term of the two terms appearing in
Proposition13.6.18.

Now because we are considering a higher-order IBP formula, this will in-
volve higher-order derivatives. In the above result, they are expressed in the terms

ε−(p1+p2)(aα+1) Γ
Cp1 ,p2 ,pγ
ε . We see that the appearance of the power p1 + p2 is due

to the higher derivatives that imply a larger number of terms which are of the order
of (N εt )

p1+p2 . Similarly, higher-order derivatives of φε imply a larger power of φε
appearing in the denominators of the derivatives which lead to ε−(p1+p2). Note that
higher moments of C̃−1

t will always lead to the same estimate exp
[
Cp1,p2,p Γ

γ
ε

]
with

a different constant Cp1,p2,p.

13.8 Decay Order of the Characteristic Function of Vt

In this section, rather than using the full result obtained so far we will conclude with
a brief argument in order to show the existence of the density of Vt . The method to
be used in order to prove this will be Theorem9.1.10 as explained some lines before
Theorem13.2.3.

Let ζ ∈ R
2 with |ζ | ≥ 1, and 0 < t ≤ T . Then, since V̄t and Ṽt are equivalent in

law, we have

∣∣E [
exp

(
i ζ ∗ Vt

)]∣∣ ≤ ∣∣E [
exp

(
i ζ ∗ Vt

)] − E
[
exp

(
i ζ ∗V̄t

)]∣∣
+
∣∣∣E [

exp
(
i ζ ∗ Ṽt

) − exp
{
i ζ ∗ (X εt + Ṽt

)}]∣∣∣
+
∣∣∣E [

exp
{
i ζ

(
X εt + Ṽt

)}
(1 − G̃t )

]∣∣∣
+
∣∣∣E [

exp
{
i ζ ∗ (X εt + Ṽt

)}
G̃t

]∣∣∣
=: I1 + I2 + I3 + I4.

We now estimate each term. The mean value theorem gives that

∣∣exp (i ζ ∗ x
) − exp

(
i ζ ∗ y

)∣∣ = ∣∣i ζ ∗ (x − y) exp
{
i ζ ∗ (x + θ1(y − x)

)}∣∣
≤ min

(|ζ ||x − y|, 2)
≤ 21−β̃ |ζ |β̃ |x − y|β̃ ,

where θ1 is a [0, 1]-valued random variable and 0 < β̃ ≤ 1. Therefore using this

result, the fact that V̄
L= V ε and Proposition13.3.4, we have
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I1 ≡ ∣∣E [
exp

(
i ζ ∗ Vt

)] − E
[
exp

(
i ζ ∗ V εt

)]∣∣
≤ 21−β̃ |ζ |β̃ E[|Vt − V εt |β̃]
≤ 21−β̃ Cβ̃,η |ζ |β̃ εa(β̃−α−r̃).

In particular, recall that β̃ ∈ (α, 1] andΓε = (log(ε−1))η0 with η0γ < 1 for any r̃ > 0
such that β̃ − α > r̃ .

To bound the term I2, note that E
[|X εt |] ≤ √

2 uε(t), therefore from the Cauchy–
Schwarz inequality, we can get, via the mean value theorem, that

I2 ≡
∣∣∣E [

exp
(
i ζ ∗ Ṽt

) − exp
{
i ζ ∗ (X εt + Ṽt

)}]∣∣∣
=
∣∣∣E [

i ζ ∗ X εt exp
{
i ζ ∗ (Ṽt + θ3 X εt

)}]∣∣∣
≤ |ζ |E[|X εt |]
≤ √

2 uε(t) |ζ |
≤ √

2T |ζ | (εaπ)(4β+2−α)/2,

where θ3 is a [0, 1]-valued random variable.
Since

1(sups∈[0,T ] |Ṽs |≥Γε) ≤ 1 − G̃t ≤ 1(sups∈[0,t] |Ṽs |≥Γε−1),

we see that using again Proposition13.3.4 and exponential Chebyshev’s inequality,

I3 ≡
∣∣∣E [

exp
{
i ζ ∗ (X εt + Ṽt

)}
(1 − G̃t )

]∣∣∣
≤ P

[
sup
s∈[0,t]

|Ṽs | ≥ Γε − 1

]

≤ exp
[ − (Γε − 1)κ

]
E

[
sup

t∈[0,T ]
exp

(|Ṽt |κ
)]

≤ Cκ exp
[ − (Γε − 1)κ

]

≤ Cκ exp

(
−Γ

κ
ε

2

)

≤ Cκ ε
p̃

for any α < κ < δ and p̃ > 0.

Exercise 13.8.1 Use the arguments in Exercise 13.6.11 to prove that

1(sups∈[0,T ] |Ṽs |≥Γε) ≤ 1 − G̃t ≤ 1(sups∈[0,t] |Ṽs |≥Γε−1).

The upper bound estimate for I4 follows; since
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exp
{
i ζ ∗ (X εt + Ṽt

)} = (−1)p |ζ |−2p
(
∂21 + ∂22

)p
exp

{
i ζ ∗ (X εt + Ṽt

)}

for any p ∈ N, we have

I4 ≡
∣∣∣E [

exp
{
i ζ ∗ (X εt + Ṽt

)〉} G̃t

]∣∣∣
= |ζ |−2p

∣∣∣E [(
∂21 + ∂22

)p
exp

{
i ζ ∗ (X εt + Ṽt

)}
G̃t

]∣∣∣
≤ |ζ |−2p

p∑
k=0

(
p
k

) ∣∣∣E [
∂2k1 ∂

2p−2k
2

(
exp

{
i ζ ∗ (X εt + Ṽt

)})
G̃t

]∣∣∣

≤ Cp |ζ |−2p

{
1 + ε−2p(aα+1) Γ

Cpγ
ε exp

[
Cp Γ

γ
ε

]}
.

In the fourth inequality of the above estimate of I4, we have used Theorems 13.7.1
and 13.7.4 with the parameter conditions stated in the latter.

Putting all these results together andusingExercise 13.3.5,weobtain the following
estimate on the characteristic function of Vt .

Theorem 13.8.2 Let 0 < t ≤ T and assume the parameter conditions in Theorem
13.7.4 and β̃ ∈ (α, 1] with β̃ − α > r̃ > 0. Then, it holds that for any p ∈ N and
ζ ∈ R

2 with |ζ | ≥ 1

∣∣E [
exp

(
i ζ ∗ Vt

)]∣∣ ≤ Cβ̃ |ζ |β̃ εa(β̃−α−r̃) + √
2T |ζ | (εaπ)(4β+2−α)/2

+ Cp|ζ |−2p
(
1 + ε−2p(aα+1) Γ

Cpγ
ε exp

[
Cp Γ

γ
ε

])
.
(13.31)

In particular, choose ε = |ζ |−b, where the positive constant b will be given later.
Write

σ :=
{
ab(β̃ − α − r̃)− β̃

}
∧
{
ab

(
2β + 1 − α

2

)
− 1

}
∧ {2p − 2pb(aα + 1)− bη} .

(13.32)
Then, since

∣∣E [
exp

(
i ζ ∗ Vt

)]∣∣ ≤ 1 for ζ ∈ R
2 is trivial, we see from (13.31) that

∣∣E [
exp

(
i ζ ∗ Vt

)]∣∣ ≤ (
Cβ̃,T,p,η0,η,γ ∨ 1

) (
1 + |ζ |)−σ

for ζ ∈ R
2.

Remark 13.8.3 Some final remarks are in order to understand the range of the results
obtained.

1. Note that each term in the estimate in (13.31) has a meaning. In fact, the first term
corresponds to the approximation error of Vt by V εt . The second corresponds to
the small Gaussian noise term X εt and the last term corresponds to the IBP with
respect to the approximation process Ṽt .
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2. If the reader compares the above methodology with the one provided in [7], one
finds that although technically similar, all differences in the results appear due to
the choice of the function ϕ. A straightforward comparison is complicated due to
the number of parameters in the problem.

3. Now we will try to explain again the meaning and the restrictions on each pa-
rameter in the above result. First, recall that η0γ < 1 is used in order to apply
Exercise 13.3.5.

4. The restriction β̃ ∈ (α, 1] with β̃ − α > r̃ > 0 appears due to the use of Propo-
sition13.3.4. Similarly, the restriction 0 < γ < κ < δ < 2 appears in Theo-
rem13.2.3 and Proposition13.3.4. We leave to the reader to verify that this set of
restrictions is non-empty.

5. Note that β ≡ β(p) in (13.14), is chosen so that the application of p-th order IBP
formula is possible. Note that we can choose β(p) as large as desired without
changing any of the estimates (except for constants).

6. In order to obtain that the density of Vt exists and has certain regularities, let us
consider the following situation: Let L ≥ 0, 0 < γ < 1 and 0 < α < 1/(L + 2).
We shall choose the constants β, η > 1 (in Exercise 13.3.5), β̃, p (the number
of IBP formulas), r̃ , a (parameter of χε) and b (parameter which defines ε as a
function of ζ in the above theorem) so that the following inequalities are satisfied:

α (L + 1)

1 − α < β̃ ≤ 1, β >
α(2L + 3)− 2

4
,

p >
L (β̃ − α)

2
(
(1 − α) β̃ − α (L + 1)

) ∨ L (4β + 2 − α)
2
(
4β + 2 − α(2L + 3)

) ∨ L

2
∨ 1,

(13.33)

0 < r̃ < β̃ − α − 2pα (β̃ + L)

2p − L
,

a >
(β̃ + L) (2p + η)

(2p − L) (β̃ − α − r̃)− 2pα (β̃ + L)
∨ 2(L + 1) (2p + η)
(2p − L) (4β + 2 − α)− 4pα(L + 1)

,

β̃ + L

a (β̃ − α − r̃)
∨ 2(L + 1)

a (4β + 2 − α) < b <
2p − L

2p (aα + 1)+ η . (13.34)

Then, we can get that σ > L via easy but tedious computations. In fact, the above
inequalities are obtained from bottom to top. First, one obtains the conditions on
b that ensure that σ > L . Then in order for the inequalities for b to be satisfied
we need that both lower bounds be smaller that the upper bound in (13.34) from
which the inequalities for a follow. Similarly, one continues to the top. In the case
of inequalities involving r̃ one optimizes in order to find that no restriction on p
appears in (13.33).

(i) If we choose L = 0, then our setting is in the case of σ > 0, which implies
that, for any t ∈ (0, T ], ft ∈ Hr (R2) for all r < σ−1

2 . Here, Hr (R2) is the
set of probability measures g on R

2 such that ‖g‖Hr (R2) < ∞, where
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‖g‖2Hr (R2) =
∫
R2

(
1 + |ζ |2)r ∣∣ĝ(ζ )∣∣2 dζ, ĝ(ζ ) =

∫
R2

ei ζ x g(dx).

One may also check the relation with Corollary 9.1.3.
(ii) If we choose L = 1, then σ > 1, which implies that, for any t ∈ (0, T ], ft

admits an L
2(R2)-density with respect to the Lebesgue measure on R2.

(iii) If we choose L = 2, then σ > 2, which implies that, for any t ∈ (0, T ], ft
has a continuous and bounded density with respect to the Lebesgue measure
on R2 (see Theorem9.1.2). In any case, we see that in order to obtain more
regularity we need α to be closer to zero.

7. Note that higher-order IBP formula are needed in order to carry out the above
arguments. Then, the function ϕ(θ) has to approach to zero as θ → 0 faster (in
polynomial order). On the other hand, as seen in Remark 13.5.7, this fact does not
create a problem in the existence of moments of the determinant of the Malliavin
covariance matrix. This fact was crucial in order to obtain the proof. The above
result it is not optimal and by far there are a number of related issues to be tackled
such as its three-dimensional extension, the regularity properties of the density
and its estimates.



Chapter 14
Further Hints for the Exercises

This chapter collects hints to solve various exercises. These solutions are not com-
plete by anymeans, the given arguments can only be considered at best to be heuristic
and need to be completed by the reader. These are a level above the hints given in
each corresponding exercise which are given because we believe that some of the
exercises may be difficult or even that some misunderstanding may occur.

Hint (Problem 2.1.41) For example, one simple improvement of the result is

lim
x→+∞

logP(Nt = x)

x log(x)
= −1.

Using appropriate decreasing properties of P(Nt = x) as a function of x, one can
also obtain results for P(Nt > x).

Hint (Exercise 3.1.4) For example, one has Y1 := 1
τ

(1)
1 <τ

(2)
2

− 1
τ

(1)
1 >τ

(2)
2

. As N (1) +
N (2) is a Poisson process, it has its corresponding jump times which we denote by τi ,
i ∈ N. Nowwecandefine ingeneral Y j := a1

τ j=τ
(1)
k , for some k∈N + b1

τ j=τ
(2)
k , for some k∈N.

Another possibility is Y j := a1ΔZτ j =a + b1ΔZτ j =b for Z := aN (1) + bN (2). Then to

find the distribution of Y1 just note that P(Y1 = a) = P(τ
(1)
1 < τ

(2)
1 ).

In fact, compute P(N (i)
τ+t − N (i)

τ = k) for i = 1, 2 by dividing this computation in
cases according to τ = τ

(1)
j for some j or τ = τ

(2)
j for some j .

Hint (Exercise 3.1.9) There are two ways of solving the problem. The first and
shorter is to compute the characteristic function. The second, which is longer but
more informative, is to give an explicit construction in the spirit of Theorem 2.1.31.

Hint (Exercise 3.1.11) We discuss only the latter exercises. In order to prove that
N i are independent is useful to compute the characteristic function. In fact, the

© Springer Nature Singapore Pte Ltd. 2019
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sum
∑2

j=1 θ j N
j
t corresponds to a compound Poisson process with jumps of size

∑2
j=1 θ j1Yi∈A j . From here, one can compute the characteristic function

E

⎡

⎣exp

⎛

⎝i
2∑

j=1

θ j N
j
t

⎞

⎠

⎤

⎦

and deduce the necessary properties.

Hint (Exercise 3.4.9) For each point t ∈ [0, T ), f is right-continuous. Therefore
for fixed ε/2, there exists a δ(t) > 0 such that 0 < s − t < δ(t) implies that | f (s) −
f (t)| < ε/2. As the interval [0, T ] is compact, one has that the interval is covered
by a finite number of intervals (ti , ti + δ(i)), i = 1, · · · , n for some n ∈ N. Use this
to determine δ := mini=1,...,n δi which satisfies the properties.

For the second problem, prove that there can only be a finite number of points
where the discontinuity is greater than ε ∈ Q. From here the second problem can be
solved.

Hint (Exercise 3.4.28) Just a short note to say that the relation with Exercise 2.1.42
is obtained by taking h and indicator function for the number of jumps.

Hint (Exercise 3.5.7) This exercise may not be considered totally fair to the reader
as it does not state clearly what we mean by generalizing the Itô formula. Here is one
option. Suppose that

∫
R×[0,T ] |g(z, s)|N̂ (dz, ds) < ∞, a.s. Then one can proceed

by considering the function (g ∨ (−n)) ∧ n instead of g and then try to take limits
with respect to n in the Itô formula. For this, one will need to suppose some continuity
condition on h.

Hint (Exercise 3.5.9) Clearly if f ≡ 1 the law of N 1N 2 is not the law of a Poisson
process. Therefore the first process is not necessarily a compound Poisson process.
The required construction as iterated integral will require one first to determine
a compound Poisson process which depends on the value of the jump size in one
coordinate. This is easier to understand with discrete distributions. Suppose that Y i

has a discrete distribution concentrated on {aij ; j ∈ N}. Then one needs to define

the process Nt (a) := ∑Nt
i=1 1{X2

i = a}. Prove that this process is a Poisson process.
Use it for the iterated representation. In the literature this procedure is usually called
“thinning”.

Hint (Problem 3.6.12) If we condition on the first jump of N and the value of the
jump Y1 we obtain the following equation:

Ψ (u) =
∫ ∞

0
drλe−λr

(∫ u+cr

0
Ψ (u + cr − z) f (z)dz +

∫ ∞

u+cr
f (z)dz

)

.

Then one performs the change of variables u + cr = θ and differentiates with respect
to u. This gives the first result.
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Another way of doing this is to use Itô’s formula to rewrite E[Ψ (St )] − Ψ (u).
Then one has to prove that this difference is small (i.e. o(t); this requires some long
calculations, try it). To obtain the quoted equation we need to consider

E[Ψ (St )] − Ψ (u)

= (Ψ (u + ct) − Ψ (u))e−λt

+
∫ t

0
dsλe−λs

(∫ u+cs

0
(E[Ψ (u + cs − y +

Nt−s∑

i=0

Yi )] − Ψ (u)) f (y)dy

+ (1 − Ψ (u))F̄(u + cs)

)

.

If one considers the first-order terms in the above equation one obtains the result.
To solve this linear equation one may use Laplace transform techniques.

Hint (Problem 3.6.13) First, we prove that Ψ is a continuous function. In fact
Ψ (u) = P(sups>0 Zs > u), where Z is the associated compound Poisson process.
Conditioning on the first jump we have

Ψ (u) =
∫ ∞

0
drλe−λr

∫ u

−∞
Ψ (z) f (u − z)dz =

∫ u

−∞
Ψ (z) f (u − z)dz.

Therefore one obtains first that Ψ is continuous. By a similar argument one obtains
also the differentiability of Psi . This argument is essentially the same for the case
c �= 0.

Hint (Exercise 4.1.12) Just use the fact that there is a finite number of jumps larger
than one and the fact that |ΔZs |p ≤ |ΔZs | for p ≥ 1 if |ΔZs | ≤ 1.

Hint (Exercise 4.1.21) In fact, first prove that the Laplace transform of a gamma
law with parameters (a, b) is essentially given by

ba

Γ (a)

∫ ∞

0
e−θx xa−1e−bxdx =

(
b

b + θ

)a

.

From Corollary 4.1.13 deduce that the Laplace transform of the gamma process is
given by

exp

(

−t
∫ ∞

0
(e−θx − 1)

e−λx

x
dx

)

.

The exponent above can be expanded for |θ | < a as −t
∑∞

p=1(
−θ
a )p 1

p . Finally, find
the values of a and b to match the two Laplace transforms. One may try to do
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the same using characteristic functions.1 Although the final result is the same the
solution requires techniques from complex analysis (like the calculation of integrals
using residues and the Cauchy theorem.)

A different methodology which is more model specific goes as follows: Use the
mean value theorem to obtain that

∫ ∞

0
(e−θx − 1)

e−λx

x
dx = −

∫ ∞

0

∫ θ

0
e−vxdve−λxdx .

Now just use Fubini’s theorem.

Hint (Exercise 4.1.22) Given the approximations used in the definition of Z, one
can use Proposition 3.3.7 in order to show that the characteristic function of W is
given by

E[eiθWt ] = exp[ct
∫

R+
(eiθx

r − 1)
1

x1+α
dx].

From here, using the change of variables z = xr in the above integral one obtains
that the Lévy measure of W is given by 1

z1+ α
r
1{z>0}. The other properties of Lévy

processes follow by using the approximation procedure.

Hint (Exercise 4.1.23) In order to take limits of the characteristic functions one
needs to prove some that one can take the limits inside the integral. For this one
needs to use that for |x | ≤ 1 one has that

|eiθx − 1|
|x |1+α

≤ |θ |
|x |α .

Similarly for large values of x is enough to use that

|eiθx − 1|
|x |1+α

≤ 2

|x |1+α
.

Therefore the limit can be taken inside the integrals and the integral is finite. For 2.,
try to use the symmetry properties of the cosine and sine functions.

For 3., we just need to remark that for a particular choice of θ = κt−1/α one
obtains the characteristic function of V := t−1/αZt . Prove that this is independent
of t .

For 4., just prove that the rate of decrease of the characteristic function is faster
than any polynomial. That is, lim sup|θ |→∞

ϕZt (θ)

|θ |p = 0 for any p > 0.

Hint (Exercise 4.1.25) For 3., once 2. is proven one only needs to prove that the
following asymptotic result is satisfied for an infinite number of i of big enough value:

1As you may have noticed the fact that the infinite Taylor series of the considered functions are
equal is not yet enough to say that the functions are equal. There are well-known counterexamples.
You still need to use that the considered functions are analytic.
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N (εi ,εi−1)((0, 1] × [0, t]) ≈ 2iα
Ct

α
2−α(1 − 2−α), a.s.

Adding these terms one obtains the result.

Hint (Exercise 4.1.26) According to Corollary 4.1.13 we have the characteristic
function of Zt , therefore the mean and the variance can be computed. For the mar-
tingale property use the fact that the increments of Z are independent.

Hint (Exercise 4.1.27)To prove the blow-up ofmoments just consider the case of one
jump and then compute the respective moment. For finiteness, one needs to consider
all cases for all numbers of jumps using the independence of the jumps.

Hint (Exercise 4.1.32) The example for f may be f (x) = e−λ|x |
|x |1+α 1{x �=0}, where λ > 0

and α ∈ [0, 1).
Hint (Exercise 4.2.6) Just follow the same proof using (k − 1)p|X (k)

t − X (k−1)
t |

instead of |X (k)
t − X (k−1)

t |. Then the fact that the factorial converges to zero faster
than any polynomial can be used in order to obtain the same bounds. Then one
considers k p|X (l)

t − X (k−1)
t |. Take l → ∞ and then take the limits with respect to k.

Stirling’s approximation should tell you that the convergence is actually much faster
than a polynomial.

Hint (Exercise 4.2.7) One way to understand why it is important to be careful with
how the statement to be proved is to try to find explicit bounds forE[|X (k)

t |] for k = 1
and k = 2. Depending on how you do it you may end with a mess of expressions or
a neatly written expression which will tell you what to do in general.

The final answer is to consider by induction a bound for E[|X (k)
t |] using Theorem

4.1.38 or other similar results in this section (can you guess these other results?).
For the sake of the argument and to decide how to do the induction, we suppose

momentarily that all expressions to follow are well defined. Then using triangular
inequality, the Lipschitz property of a and Theorem 4.1.7,

E[|X (k)
t |] ≤ |x | +

∫ t

0
E[|a(X (k−1)

s )|]ds + E[
∫

R×[0,t]
|X (k−1)

s− b(z)|N (dz, ds)]

≤ |x |(1 + Ct) + |a(0)|t + C
∫ t

0
E[|X (k−1)

s |]ds

+ c
∫

R

|b(z)| f (z)dzE[
∫ t

0
|X (k−1)

s− |ds].

Consider that t ∈ [0, T ] and use Gronwall’s inequality. The resulting formula has to
be iterated down to k = 1 or k = 0 (depending on how you have done the first part
of the hint) and this will give you the right hypothesis for the induction procedure.

Hint (Exercise 4.2.15) Define
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Yt =
∫

R×[0,t]
b(z, s)N (dz, ds).

Note thatE[Yt ] has already been computed in Theorem4.1.38. Applying Itô’s formula
and expectations, we have

E[Y 2
t ] − E[Y 2

0 ] = E[
∫

R×[0,t]
b(z, s)(b(z, s) + 2Ys−)N̂ (dz, ds)].

The result follows from here.

Hint (Problem 4.2.16) To expand the solution, one just needs to use the Itô formula
in Theorem 4.2.12 repeatedly. In fact,

Xt = x + a(x)
∫

R×[0,t]
zN (dz, ds) +

∫

R×[0,t]
(a(Xs−) − a(x))zN (dz, ds).

Now

a(Xs−) − a(x) =
∫

R×[0,s)
{a(Xu− + a(Xu−)z) − a(Xu−)}N (dz, du).

Next, we apply a mean value theorem to obtain

a(Xu− + a(Xu−)z) − a(Xu−) =
∫ 1

0
a′(Xu− + αa(Xu−)z)dαa(Xu−)z.

One can do a Taylor expansion of this term. The main term will be a′a(x)z. This will
generate an integral of the type

a′a(x)
∫

R×[0,t]

∫

R×[0,s)
z1N (dz1, du)z2N (dz2, ds)

Then continue doing this expansion.

Hint (Problem 4.2.17) In the case of the expectation of X, obtaining a Taylor
expansion is much simpler because the expectation simplifies the problem structure.
In fact,

E[Xt ] = x + a(x)t
∫

R

z f (z)dz + E

[∫

R×[0,t]
(a(Xs−) − a(x))z f (z)dzds

]

.

The term which was analyzed in the hint of Exercise 4.2.16 has now as expectation

a′a(x)
t2

2

∫

R

∫

R

z1 f (z1)z2 f (z2)dz1dz2,
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where the last integral becomes 1
2

(∫
R
z f (z)dz

)2
. A further interesting question is to

analyze what will be the expansion for E[g(Xt )], where g ∈ C∞
b (R).

Hint (Exercise 5.1.9) The topology is determined by the corresponding character-
istic functions and given by the convergence of

∫
(|x |2 ∧ 1)| fε(x) − f (x)|dx.

Hint (Exercise 5.1.17) In fact, note that the calculation in this case is not so different
to the calculation in Exercise 4.1.23 due to the symmetry of f . This fact is essential
when dealing with the parallel to Exercise 4.1.23.2.

Hint (Exercise 5.1.19) In fact, take a0 = 1 and let us suppose that we compensate
the point process so as to obtain a martingale which converges in L2. Then the
characteristic function for the constructed process at time 1 can be written as

exp

(

−
∞∑

i=0

2 sin2
(

θai
2

)
(ai − ai−1)

a1+α
i

)

.

The above sum converges because sin2
(

θai
2

) ≤ θ2a2i
4 and

∑∞
i=1

(ai−ai−1)

a−1+α
i

≤ ∫ 1
0

dx
x−1+α <

∞ for α ∈ (1, 2).
In order to prove that the density is smooth one needs to prove that the rate of

decrease of the above characteristic function is faster than any polynomial.
In order to do this, one can use the following trick, which is similar to what

happens with integrals. Consider the sequence ui := θai . Then we have that the
exponent in the characteristic function is

θα

∞∑

i=0

2 sin2
(ui
2

) (ui − ui−1)

u1+α
i

.

Now one needs to prove that the sum is non-zero. This will be the case as ui decreases
to zero and its values change from 0 to θ.

Hint (Exercise 5.1.20) This exercise is based on a very well-known result by
Asmussen and Rosiński [3]. One has to compute the variance of each of the jump
sizes associated with Z̄ εn ,+. We first rewrite it in the more convenient form of

Z̄ (ε′, ε,+)
t :=

N εn
t∑

i=1

(Y (εn ,1)
i − μ̃(εn)),

N εn
t :=

∫

R×[0,t]
xN (εn ,1)(dx, ds).

Therefore as N εn
t → ∞ as n → ∞, we can apply the central limit theorem with care

(note that the number of terms is random). Other elements that appear in the proof is
the study of the asymptotic behavior of the moments associated with the jump sizes.
In fact,
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λεn ,1 =
∫ 1

εn

1

x1+α
≈ ε−α

n .

The moments of order p of Y (εn ,1)
i are of order ε

p−2α
n . With these estimates one can

apply a version of the central limit theorem. Note that the random variables Y (εn ,1)
i

also depend on n, therefore the type of central limit theorem is not the most basic
version for i.i.d. r.v.s. In particular, note that the mean of the considered r.v.s is zero,
therefore the mean of Y is zero. The asymptotic behavior of the variance should give
the answer for the variance of Y.

Hint (Exercise 5.1.21)We only give a hint for part 2. According to Exercise 5.1.20
we can assume that the small jumps can be approached by a Gaussian random
variable of mean zero. Therefore the probability of being negative is close to 1/2 For
the jumps bigger than 1, one may consider the probability that no jump bigger than
one occurs which is also strictly positive for any t > 0.

Hint (Exercise 5.1.22) First note that the statement given in words should be

P(ΔZ̄+
Ti
for some i ∈ N) = 0.

In order to prove this, note that {Ti ; i ∈ N} is independent of Z̄+. Then use appro-
priate extensions of Exercise 3.1.11.

Hint (Exercise 5.1.23) This exercise is not as easy as it seems at the beginning. In
order to obtain the characteristic function use calculus of residues from complex
analysis. In order to compute the integrals related to the expression in Theorem 4.1.7
one has to divide this integral in two domains as usual and find the corresponding
expansions in each domain.

Hint (Exercise 5.2.4) (Hint for Sect.5.2) We will retake the proof at the equation

h(Yn
t ) = h(Yn

0 ) +
∫

[0,∞)×[0,t]
{
h(Yn

s− + z) − h(Yn
s−) − h′(Yn

s−)z1|z|≤1
}
N (εn)(dz, ds)

+
∫

[0,1]×[0,t]
h′(Yn

s )zÑ (εn)(dz, ds)

= : I nt + Jnt .

Clearly the left-hand side converges uniformly in time as n → ∞. We need to prove
that the two integrals, I n and Jn on the right-hand side converge also. For this, we
will prove that they are Cauchy sequences in appropriate spaces. Before doing this
we will need to separate the integrals according to the size of the jumps: On the
one hand, the jumps bigger than one and on the other the jumps smaller than one
in absolute value. Here, we give the proof assuming that there are no jumps bigger
than one and leave the case for jumps bigger than one for the reader.

Note also the following estimate using the Taylor expansion formula with integral
remainder
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|h(z) − h(z0) − h′(z0)(z − z0)| =
∣
∣
∣
∣

∫ 1

0
h′′(z0 + r(z − z0))(1 − r)dt (z − z0)

2

∣
∣
∣
∣

≤ ‖h′′‖∞
2

(z − z0)
2.

This estimate gives that for n ≥ m

|I nt − I mt | ≤ ‖h′′‖∞
2

∫

[0,1]×[0,t]
|z|2N (εn ,εm )(dz, ds)

+ |
∫

[0,1]×[0,t]
gn,m(z, s)z2N (εm )(dz, ds)|.

Here

gn,m(z, s) :=
∫ 1

0
(h′′(z + rY n

s−) − h′′(z + rYm
s−))(1 − r)dt.

Now one needs to use analytical tools to prove that as

lim
n,m→∞ sup

s∈[0,t]
|Y n

s− − Ym
s−| = 0,

gn,m(z, s) also converges uniformly. For J n a similar argument is used but instead of
using convergence of the measures z2N (εm )(dz, ds) one needs to use the martingale
estimates and the martingale convergence theorem that already appeared in the
construction of Z . That is, we upper bound the difference J n − Jm as follows:

|
∫

[0,1]×[0,t]
h′(Yn

s )zÑ (εn ,εm )(dz, ds)| + |
∫

[0,1]×[0,t]
(h′(Yn

s ) − h′(Ym
s−))zÑ (εm )(dz, ds)|.

In each term, one needs to compute the L2-norms, prove that they converge to zero
and then apply the same arguments as in proof of Theorem 5.1.5.

Hint (Exercise 5.3.5) For simplicity, let us first assume that g is positive. Now, let
gn be a sequence of simple functions of the type:

gn(z, s) =
n∑

i, j=1

ai, j1Ai , j (z, s).

Here ai, j ≥ 0 and Ai, j is a sequence of disjoint measurable sets such that gn ↑ g
(a.e.). One further modifies the sequence using g′

n = gn1|z|>εn , where εn is a sequence
of positive real numbers decreasing to zero. The definition of

∫
[0,1]×[0,t] g

′
n(z, s)Ñ

(dz, ds) = ∫
[0,1]×[0,t] g

′
n(z, s)Ñ

(εn)(dz, ds) is clear as this is the definition for
stochastic integrals with respect to compound Poisson processes. Next, one proves
the following L2(Ω) estimate using Theorem 3.4.31:
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E

[∣
∣
∣
∣

∫

[0,1]×[0,t]
g′
n(z, s) − g′

m(z, s)Ñ (dz, ds)

∣
∣
∣
∣

2
]

=
∫

[0,1]×[0,t]

∣
∣g′

n(z, s) − g′
m(z, s)

∣
∣2 N̂ (dz, ds).

Therefore the stochastic integrals converge to what we call the stochastic integral of
g. Furthermore the L2(Ω) norm of g is given by

E

[∣
∣
∣
∣

∫

[0,1]×[0,t]
g(z, s)Ñ (dz, ds)

∣
∣
∣
∣

2
]

=
∫

[0,1]×[0,t]
|g(z, s)|2 N̂ (dz, ds).

Using a similar argument one can prove that any other sequence used will give the
same limit, therefore proving the uniqueness of definition.

Hint (Exercise 5.3.20) First construct a function hn such that it satisfies:

• hn(x) = x for |x | ≤ n.

• |h′
n(x)| ≤ 2|x | for x ∈ R. Furthermore |h′′

n(x)| ≤ 2 for x ∈ R − {n,−n}.
Apply Itô’s formula to hn(Xt − Yt ) and apply expectations (you will need to use the
appropriate theorems in order to take expectations in each stochastic integral) in
order to obtain

E[hn(Xt − Yt )]
=

∫

[−1,1]c×[0,t]
E[hn(Xs− − Ys− + (a(Xs−) − a(Ys−))z) − hn(Xs− − Ys−)]N̂ (dz, ds)

+
∫

[−1,1]×[0,t]
E[hn(Xs− − Ys− + (a(Xs−) − a(Ys−))z) − hn(Xs− − Ys−)

− h′
n(Xs− − Ys−)(a(Xs−) − a(Ys−))z]N̂ (dz, ds).

Now use the Lipschitz properties of hn and a in order to prove that the integrals
above are bounded by

E[hn(Xt − Yt )] ≤ C
∫

R×[0,t]
E[|Xs− − Ys−|2]|z|2N̂ (dz, ds).

Now we need to take limits with respect to n using the appropriate limit theorems.
This will give you an inequality for which you can apply Gronwall’s inequality.

For existence, define as in previous chapters, the approximation sequence:

Xn
t = x +

∫

[−1,1]×[0,t]
a(Xn

s−)zÑ (εn)(dz, ds)

+
∫

[−1,1]c×[0,t]
a(Xn

s−)zN (εn)(dz, ds).
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Prove that the uniform limit of Xn exists. For this, one proves that Xn is a Cauchy
sequence using the sup norm in compact time intervals. In order to do this one uses
Doob’s inequality for the martingale parts and classical inequalities for the bounded
variation parts. The limit will then be a càdlàg process.

To prove that E[X2
t ] one may use the same ideas as in Exercise 5.3.21.

Hint (Exercise 5.3.21) First, one proves that E[Xt ] = 0.
In order to compute E[X2

t ] we apply Itô’s formula to obtain

E[X2
t ] = x2 +

∫

[−1,1]×[0,t]
E[X2

s−]z2 f (z)dzds.

Note that some effort has to be made in order to prove that the martingale term in
the Itô formula has expectation zero. Now one needs to argue that E[X2

s−] = E[X2
s ]

for all s ≥ 0.
Finally, one just needs to solve a linear equation.

Hint (Exercise 5.3.22) For this exercise it is useful to recall the solution of Exercise
4.1.27. A similar calculation needs to be done here.

Hint (Exercise 5.4.1) In this exercise, clearly question 3 only makes sense if λ(A) <

∞. Therefore we assume this condition. We realize that N n(A) is a compound
Poisson process with Bernoulli jump increments. In fact, for λn = λ(An) we have

P(N n(A) = r) = e−λn t
∞∑

j=r

t j

r !( j − r)!λ(A ∩ An)
rλ(A ∩ Ac

n)
j−r

= e−λn t tr

r ! λ(A ∩ An)
r etλ(A∩Ac

n).

ThereforeN n(A) is a Poisson random variable with parameter λ(A ∩ An). For the
second statement, this is an issue that has appeared repeatedly through the text. See
for example, Corollary 3.1.3, Proposition 3.1.8 or Corollary 3.3.9. The rest of the
exercise consists in computing characteristic functions.

Hint (Exercise 5.4.2) Note that for Zt := N ([0, t] × R), we have

P(T1 > t) = P(Zt = 0) = e−λ([0,∞)×R).

In the case that λ([0,∞) × R) = ∞ then one has that P(T1 > t) = 0. That is, a
jump occurs immediately after time zero.

Hint (Exercise 5.5.18)

1. First show that λ satisfies

λt = λ0 +
∫ t

0
e−(t−s) dNs . (14.1)
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Finally, compute its differential.
2. Define

γt = λ0 +
∫ t

0
h(t − s) d Ñs .

Note that the iteration of the formula (14.1) will lead to an application of the
(stochastic) Fubini-type theorem. One will need to use formulas such as

∫ t

0
h(t − s)

(∫ s

0
h(s − u) λu du

)

ds =
∫ t

0
h2∗(t − s) λs ds,

∫ t

0
Ψ (t − s)

(∫ s

0
h(s − u) d Ñu

)

ds =
∫ t

0

(
Ψ ∗ h

)
(t − s) d Ñs .

Then it holds that

λt = γt +
∫ t

0
h(t − s) λs ds

= γt +
∫ t

0
h(t − s) γs ds +

∫ t

0
h2∗(t − s) λs ds.

Iterating such a procedure leads us to the conclusion.
3. We have only to take the expectation of (5.11). Note that

‖Ψ ‖1 =
∑

n≥1

‖hn∗‖1 = ‖h‖1
1 − ‖h‖1 .

For more information about these processes, one may refer to [16, 23, 28, 29, 32].

Hint (Exercise 5.6.4) First, note that using the change of variables −az = b/u one
obtains an integral of characteristics similar to the original one with the exception
that one obtains an extra term −b/(az2) in the integrand. On the other hand, if in
the integrand, we had the extra term a − b

u2 the integral can be computed explicitly.
This gives the result for 1.

For 2., one needs to complete the squares in the exponent of the exponential and
then use the transformation u = s−1/2 in order to use the result of 1.

Using Fubini, we just compute

∫ ∞

0

e− x2

2s√
2πs

ν(ds).

In order to do this it is better to compute the Laplace transform of 2. In fact, note that
the differentiation of the above expression with respect to x is related to the function
for which the Laplace transform is computed in 2.

In fact the Laplace transform in 2. is linked with the following density function:
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f (s) =
√
x√
2

e− x2

2s√
2πs3

, s > 0.

Here x > 0 is the parameter of the process. This is called the Lévy distribution.

Hint (Exercise 6.2.2) For a non-absolutely continuous measure it is enough to con-
sider a covariance matrix which is a combination of an invertible matrix on a strict
subspace and zero otherwise. The simplest example of such a case is

A =
(

1 0
0 0

)

.

One the other hand, the generated distribution measure is continuous because on
the first component it is absolutely continuous.

Hint (Exercise 7.1.5) A solution is a cádlág stochastic process X adapted to the
filtration generated by the Poisson random measure such that the stochastic inte-
grals in (7.3) are well defined and the equation is satisfied with the property

that E
[
supt≤T σ

n
|Xt |2

]
< ∞ for all n ∈ N. Let Y be another solution such that

E

[
supt≤T σ

n
|Yt |2

]
< ∞ for all n ∈ N. Then because Y solves the Eq. (7.5) on the

time interval [0, σ1) then by uniqueness of solutions one has that Xt = Yt for all
t ∈ [0, σ1) a.s. It is not difficult now to prove that the same property is satisfied in
[0, σ1]. Now an iteration procedure can be used.

Hint (Exercise 7.2.6) In fact, we have that

E
[|Xt∧σ1(x) − Xt∧σ1(y)|p

] ≤ C |x − y|p exp
[
C T

]
.

Then similarly, we have

E
[|Xσ1(x) − Xσ1(y)|p

] ≤ 2p−1C(1 +
∫

[−1,1]c
|z|pν(dz)) |x − y|p exp

[
C T

]
.

In general, note that P(σn > T > σn−1) = eλT (λT )n

n! where λ = ν([−1, 1]c) < ∞.

and therefore

E
[|Xσ1(x) − Xσ1(y)|p

]

≤ C(1 +
∫

[−1,1]c
|z|pν(dz)) |x − y|p exp

[
C T

] ∞∑

n=1

eλT (λT )n(2n)p−1

n! .

Hint (Exercise 9.0.10) This exercise is interesting as in probability theory, one may
think that when building approximations by convolution for the Dirac delta function,
the time variable plays the role of the parameter converging to zero. In this case it
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is the time variable which becomes the variable for the convolution and the space
variable is used for the approximation. In fact, define

g(s) := 1

s3/2
e− 1

s .

Then let C := ∫ ∞
0 g(s)ds < ∞. Note that the finiteness follows because the behavior

of g around infinity is of the order s−3/2 and at zero it is a continuous function. Now,
we build the kernel function g( 2sz2 )

2
z2 for z �= 0. This is an approximation to the Dirac

delta in the same way that the Gaussian density was an approximation in Lemma
9.0.7. Now it is just a matter of applying the technique used to solve Exercise 9.0.7.
This exercise is related to Exercise 5.6.4.

Hint (Exercise 9.1.1) In the one-dimensional case there are two ways of finding the
characteristic function

ϕ(θ) = 2
∫ ∞

0

1√
2πa

e− z2

2a cos(θ z)dz.

Prove that ϕ′(θ) = −θϕ(θ) is satisfied and solve the ordinary differential equation
with appropriate initial conditions.

Hint (Problem 9.1.5) Note that the density function can be bounded as follows:

| fX (w)| ≤ 1

(2π)d

∫
1

1 + |θ |2 dθ.

From here the result follows. The extension of the corollary is as follows: If ϕ(θ)

satisfies |ϕ(θ)| ≤ C
1+|θ |λ+1+ε for some ε > 0 then the density function belongs to Cλ

b .

For other bounds, they canbe achievedwith someadditional tricks such as integra-
tion by parts formulas. Note that this exercise was proposed for real-valued random
variables. The multi-dimensional case also follows with the proper changes.

For the last item just note that one can assume without loss of generality that

x0 = 0 then the characteristic function will be ϕ(θ) = ε + (1 − ε)e− θ2

2 . Therefore
as long as ε > 0 the characteristic function will not converge to zero as θ ↑ ∞. This
is a feature of discrete distributions.

Hint (Exercise 9.1.6) In fact, we use complex analysis in order to bound the density
which we already know it exists. By the inversion formula, we have that this density
is given by

fX (x) = 1

2π

∫

e−iθxϕ(θ)dθ.

Suppose without loss of generality that x > 0. Now we will change the domain
of integration using the Cauchy integral theorem. The domain of integration is
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a square composed of A1 := [−R, R], A2 := {R − iη; η ∈ [0, r ]}, A3 := {−R −
iη; η ∈ [0, r ]} and A4 := {θ − ir; θ ∈ [−R, R]} for r > 0. One proves that due to
the hypotheses the integrals over A2 and A3 converge to zero as R → ∞ for fixed
r > 0.

Therefore it suffices to compute the integral over A4.For this, one uses the hypothe-
ses to obtain

∣
∣
∣
∣

∫ R

−R
e−iθx−r xϕ(θ − ir)dθ

∣
∣
∣
∣ ≤ e−r x

∫

B1∪B2

|ϕ(θ − ir)|dθ.

Here B1 := [−a, a] and B2 := [−R, R]\B1. The argument now finishes by using the
hypotheses.

Inmanyapplications calculations of this typeworkwell.One just needs to compute
upper bounds like the functions F1 and F2 stated in the hypotheses.

Hint (Problem 9.1.7) In fact, using the hint, we have that as

E

[(
(W 0

Y 0
t
)2 + (W 1

Y 1
s
)2
)−1

]

=
∫ ∞

0
E

[
exp

(
−λ(W 0

Y 0
t
)2
)]

E

[
exp

(
−λ(W 1

Y 1
s
)2
)]

dλ

=
∫ ∞

0
E[exp(−Y 0

t λ|Z |2)]E[exp(−Y 1
s λ|Z |2)]dλ

=
∫ ∞

0
E[(1 + 2λY 0

t )−1]E[(1 + 2λY 1
s )−1]dλ

≤ C +
∫ ∞

C
λ−2

E[Y−1
t ]E[Y−1

s ]dλ.

In the above, we have used the explicit expression for the Laplace transform of the
square of a standard normal, and the expectation of the inverse of a gamma random
variable with rate parameter a and shape parameter t . Finally, one can explicitly
compute

E[Y−1
t ] =

∫ ∞

0
xt−2atΓ (t)−1e−axdx < ∞.

Hint (Problem 10.1.8) The IBP requires a boundary term. In fact, for p(x) :=
2√
2π
e− x2

2

∫ ∞

0
G ′(x)p(x)dx = −G(0)

2√
2π

+
∫ ∞

0
G(x)xp(x)dx .

The discrete part in the formula is designed in order to obtain the boundary terms.
In fact, just note that
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∞∑

n=1

(an+1 − an) = a∞ − a1.

Defining an := n(n − 1)E
[
1( 1n < X < 1

n−1 )G(X)
]
one obtains the result.

Hint (Problem 10.1.10) We only give the hint for part 2 of the exercise as for part
1 it is similar. In fact, the integral is

∫

G ′(ϕ(x)) exp(− x2

2
)dx = α−1

∫ ∞

0
G ′(x) exp(− x2

2α2
)dx

+ β−1
∫ ∞

0
G ′(x) exp(− x2

2β2
)dx .

This gives the weight H = −α−1ϕ(W1)1ϕ(W1)>0 − β−1ϕ(W1)1ϕ(W1)<0. Note that the
case α = −β = 1 corresponds to part 1.

For part 3, one has to take into account when doing the IBP that integrals have
to be finite. For this reason, the additional condition on G has been added.

Hint (Problem 10.1.11) In fact, it is enough to write the conditional density of the
random variable Z with respect to U and then perform the IBP. This gives

E[G ′(Z)] = E

[∫ ∞

0
G ′

(
A(U )

w
1−α
α

)

e−wdw

]

= E

[∫ ∞

0
G

(
A(U )

w
1−α
α

)(

−w1/α + w
1−α
α

α

)

A(U )−1e−wdw

]

A(U ) := sin(αU ) cos((1 − α)U )
1−α
α

cos1/α(U )
.

In the above calculation we have to assume that G satisfies the following condition:
G(aw1− 1

α )w1/αe−w|w=∞
w=0 = 0 and that the final expression is integrable with finite

expectation.

Hint (Exercise 10.1.22) Here as in Theorem 10.1.16, we only show the unstable
formula. One may start using an IBP formula in each direction of Zk, therefore
using only partial derivatives. That is,

E[G ′(Xk+1)/Xk] = E[
∫

G ′(Xk + 〈A(Xk), a〉)Δ−1g((
√

Δ)−1a)da].

Then one may perform the IBP on any of the two integrals da = da1da2.
Onemay also use the divergence theorem in order to obtain a full two-dimensional

IBP formula. In fact, define the function

F(a) = 1

2
G(Xk + 〈A(Xk), a〉)Δ−1g((

√
Δ)−1a)(A1(Xk)

−1, A2(Xk)
−1).
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Use this function in the divergence theorem in order to obtain the IBP formula. That
is,

∫ ∫

∇ · Fdxdy = 0.

An interesting option which will reduce the restrictions on A is the choice

F(a) = G(Xk + 〈A(Xk), a〉)‖A(Xk)‖−2Δ−1g((
√

Δ)−1a)(A1(Xk), A2(Xk)).

An important remark here is that this formula may also work even if g were a well-
defined function on a domain D with boundary. This is the case for Exercise 10.1.23.

Hint (Exercise 10.1.24) In fact, note that if G denotes the distribution function asso-
ciated with g and Φ the distribution function associated with a standard Gaussian
law, we have that F(u) := Φ−1(G(u)). This idea is commonly used in simulation
methods.

Hint (Exercise 10.4.7) Try to find a function h(x) which is smooth such that it is
constant except for the interval (−ε, ε), where it should go from the value zero to one.

In order to achieve this, one may use the function h1(x) = C exp
(
− c

(x+ε)2(x−ε)2

)
.

Hint (Exercise 10.5.1) In fact, note that for a simple Poisson process with parameter
λ, we have

E[iθeiθNt ] = iθ exp(−λt (1 − eiθ )),

E[eiθNt Nt ] = λteiθ exp(−λt (1 − eiθ )).

Do the same for a compound Poisson process and verify that the equality does not
follow in general.

Hint (Exercise 10.5.5) One just needs to repeat the calculation used in the proof of
Theorem 10.5.2.

Hint (Exercise 10.5.8) Clearly the required condition for integrability is
∫ |h(z)|

ν(dz) < ∞. If one uses the fact that
∫
h(z)ν(dz) = 0 for density functions gi such

that g′
i are integrable then we will have that we will only require the integrability of∫ t

0

∫
h(z)Ñ (dz, ds). This integrability will be satisfied if

∫ |h(z)|2ν(dz) < ∞.

Hint (Problem10.5.18) In fact, in this case, one has for an even functionw,
∫
(eiθ z −

1)w(z)ν(dz) = −4
∑∞

j=0 sin
2(

θa j

2 )
a j−a j+1

|a j |1+α w(a j ). Note that the Burkholder–Davis–
Gundy inequalities also apply to this case.

Hint (Exercise 10.5.22) Using a(k) := k − λt , one finds that b(k) := k(k − 1) −
2kλt + (λt)2. Therefore
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H := (λt)−2
(
Nt (Nt−1) − 2Ntλt + (λt)2

)
.

This is related to the Charlier polynomial of order 2 and as expected is also related
to the iterated stochastic integral

∫ t
0 Ñs−d Ñs = (λt)2

2 H.

Hint (Exercise 10.5.23) Apply this result for a particular type of process w, which is
a stochastic integral, in order to obtain the result of Exercise 10.5.22. As suggested
in Exercise 10.5.15, one defines u(t − s, x) := E[eiθNt

∣
∣ Ns = x]. Then applying the

Itô formula one has the result, noting that ∂su(t − s, x) = −λ(eiθ − 1)u(t − s, x).
Finally, take w(s, z) := Ns− in order to obtain the result in Exercise 10.5.22.

Hint (Problem 11.1.4) Since the marginal Zt has the density (11.2), the divergence
formula yields that

E
[
G(St ) St ρ Zt

] =
∫ ∞

0
G ′(S0 eρy+ct

)
S0 e

ρy+ct ρ y pZ
t (y) dy

=
∫ ∞

0
∂y

{
G
(
S0 e

ρy+ct
)} bat

Γ (at)
yat e−by dy

=
[

G
(
S0 e

ρy+ct
) bat

Γ (at)
yat e−by

]∞

0

−
∫ ∞

0
G
(
S0 e

ρy+ct
) bat

Γ (at)
∂y

(
yat e−by

)
dy

=
∫ ∞

0
G
(
S0 e

ρy+ct
) ( − at + by

)
pZ
t (y) dy

= E
[
G(St )

( − at + b Zt
)]

.

For 2., using the density function the deduction is easier. For example, perform
an IBP on

E
[
G ′(St )

] =
∫ ∞

0
G ′(S0 exp (ρy + ct))

bat

Γ (at)
yat−1 e−bydy.

In the case that G is not differentiable just use instead

∂ρE
[
G(St )

] = ∂ρ

∫ ∞

0
G(S0 exp (ρy + ct))

bat

Γ (at)
yat−1 e−bydy.

Then perform the change of variables ρy = u before carrying out the exchange
between derivatives and integrals.

Hint (Problem 11.2.3) Since Z̃t has the same law of Zt , we have
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E
[
G ′(Zt ) Zt

] = E
[
G ′(Z̃t ) Z̃t

]

=
∫ ∞

0

∫ ∞

0
E
[
G ′(Z̃ y,z

t ) Z̃ y,z
t

]
e−y e−z dy dz

=
∫ ∞

0

∫ ∞

0
E

[

G ′(Z̃ y,z
t )

(
Z̃ y

−,t + Z̃ z
+,t

)
]

e−y e−z dy dz

= 1

δ

∫ ∞

0

∫ ∞

0

{

E

[
∂

∂y

(
G(Z̃ y,z

t ) − G(0)
)
y

]

+ E

[
∂

∂z

(
G
(
Z̃ y,z
t

) − G(0)
)
z

]}

e−y e−z dy dz

=: I1 + I2.

Since G ∈ C1
b(R) and

(
y e−y

)′ = (1 − y) e−y , the IBP in the usual sense tells us that

I1 = − 1

δ

∫ ∞

0

∫ ∞

0
E

[{
G(Z̃ y,z

t ) − G(0)
} (

y e−y
)′]

e−z dy dz

= − 1

δ

∫ ∞

0

∫ ∞

0
E

[{
G(Z̃ y,z

t ) − G(0)
} (

1 − y
)]

e−y e−z dy dz

= − 1

δ
E

[{
G(Z̃t ) − G(0)

} (
1 − E−

)]
.

Similarly, we can get

I2 = − 1

δ
E

[{
G(Z̃t ) − G(0)

} (
1 − E+

)]
.

Hence, we can obtain the formula (11.15).

Hint (Problem 11.2.5) Since

G ′(Z̃ y
t ) (Z̃ y

t − γ t) = 1

δ

∂

∂y

{
G(Z̃ y

t ) − G(γ t)
}
y,

the IBP in the usual sense leads us to see that

E
[
G ′(Zt ) (Zt − γ t)

] = E
[
G ′(Z̃ E

t ) (Z̃ E
t − γ t)

]

=
∫ ∞

0
E
[
G ′(Z̃ y

t ) (Z̃ y
t − γ t)

]
e−y dy

= 1

δ

∫ ∞

0
E

[
∂

∂y

{
G(Z̃ y

t ) − G(γ t)
}
]

y e−y dy

= − 1

δ

∫ ∞

0
E

[{
G(Z̃ y

t ) − G(γ t)
}] (

y e−y
)′
dy
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= − 1

δ

∫ ∞

0
E

[{
G(Z̃ y

t ) − G(γ t)
}]

(1 − y) e−y dy

= E

[
{
G(Z̃ E

t ) − G(γ t)
} E − 1

δ

]

.

Hint (Exercise 11.4.2) Let ϕ(z) = 1 − exp
( − zα+1

)
. Then, we can easily check the

conditions mentioned above. In fact, it is clear that |ϕ(z)| ≤ |z|1+α ∧ 1, and that

∣
∣
∣
∣
ϕ(ε)

εα

∣
∣
∣
∣ ≤

∞∑

k=1

εk

k! εα(k−1) ≤ eε − 1 → 0 (ε ↘ 0).

Hint (Exercise 11.5.1) The condition on a, b and t is that t > 1/a and 1 ≤ p < at.
In fact,

(i) Since the density function of Zt is

pZt (z) = bat

Γ (at)
zat−1 e−bz

I(0,∞)(z),

we have

E[Z−p
t ] = Γ (at − p)

Γ (at)
bp,

which is bounded for any 1 ≤ p < at.
(ii) In fact, using the method in Exercise 11.1.1, one obtains that

E[e−θ Zt ] = (
1 + θb−1)at

for θ > −b, as explained in (11.1). Now we just need to prove the integrability of∫ ∞
0

θ p−1

(1+θb−1)at
dθ . This quantity is finite if at > p. Note that one of the important

conclusions of this calculation is that the behavior of the Laplace transform
E[e−θ Zt ] at θ → ∞ determines the behavior of the density of Zt close to zero.
That is,

E
[
Z−p
t

] = 1

Γ (p)

∫ ∞

0
θ p−1

E[exp(−θ Zt )] dθ

= bat

Γ (p)

∫ ∞

0

θ p−1

(θ + b)at
dθ,

which is bounded for any 1 ≤ p < at.

Hint (Exercise 11.5.2) Since

E
[
exp(−θ Zt )

] = exp(−Cα t |θ |α),
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where Cα is a positive constant depending on α, we see that

E
[
Z−p
t

] = 1

Γ (p)

∫ ∞

0
θ p−1

E[exp(−θ Zt )] dθ

= 1

Γ (p)

∫ ∞

0
θ p−1 exp(−Cα t |θ |α) dθ,

which is bounded for any p ≥ 1. Note that this result compared with the result for
Exercise 11.5.1 reveals that inversemoments for stable processes are generally better
behaved in comparison with gamma processes.

Hint (Exercise 11.5.3) The Itô formula leads us to see that

E
[
exp(−θ Γt )

] = 1 +
{∫ ∞

0

(
exp(−θ z ϕ(z)) − 1

)
ν(dz)

}∫ t

0
E
[
exp(−θ Γs)

]
ds,

which implies that

E
[
exp(−θ Γt )

] = exp

{

−t
∫ ∞

0

(
1 − exp(−θ z ϕ(z))

)
ν(dz)

}

.

Since ϕ(z) = c z for |z| ≤ 1, we have

∫ ∞

0

{
1 − exp(−θ z ϕ(z))

}
ν(dz) =

∫ 1

0

(
1 − exp(−θ z ϕ(z))

) κ

z1+α
dz

≥
∫ 1

0
(1 − e−c) θ z ϕ(z)

κ

z1+α
dz

= κ (1 − e−c) c

2 − α
θ

for θ ≥ 1. Hence, we see that

E
[
exp(−θ Γt )

] ≤ exp

(

− t κ (1 − e−c) c

2 − α
θ

)

for θ ≥ 1, and we can get

E[Γ −p
t ] = 1

Γ (p)

∫ ∞

0
θ p−1

E
[
exp(−θ Γt )

]
dθ

≤ 1

Γ (p)

∫ 1

0
θ p−1dθ + 1

Γ (p)

∫ ∞

1
θ p−1 exp

(

− t κ (1 − e−c) c

2 − α
θ

)

dθ,

which is bounded for any p ≥ 1.

Hint (Exercise 11.5.4) As seen in the previous exercise, we can obtain that
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E
[
exp(−θ Γt )

] = exp

{

−t
∫ ∞

0

(
1 − exp(−θ z ϕ(z))

)
ν(dz)

}

.

Since
∫ ∞

0

(
1 − exp(−θ z ϕ(z))

)
ν(dz) =

∫ ∞

0

(
1 − exp(−θ z ϕ(z))

) a

z1+α
e−bz dz

≥
∫ 1

0

(
1 − exp(−θ z ϕ(z))

) a

z1+α
e−bz dz

≥ e−b
∫ 1

0

(
1 − exp(−θ z ϕ(z))

) a

z1+α
dz,

the computation in the previous exercise for the truncated stable process helps us to
see that

E
[
exp(−θ Γt )

] ≤ exp

(

− t a e−b (1 − e−c) c

2 − α
θ

)

for θ ≥ 1, because of ϕ(z) = c z for |z| ≤ 1. Then, it holds that

E[Γ −p
t ] = 1

Γ (p)

∫ ∞

0
θ p−1

E[exp(−θ Γt )] dθ

≤ 1

Γ (p)

∫ 1

0
θ p−1dθ + 1

Γ (p)

∫ ∞

1
θ p−1 exp

(

− t a e−b (1 − e−c) c

2 − α
θ

)

dθ,

which is bounded for any p ≥ 1.

Hint (Exercise 11.5.7)Wewill not discuss this in full detail. Instead we will just give
a way to obtain the result in general. First we remark as in Exercises 11.5.3 through
11.5.4 we have that

E
[
exp(−θ Γt )

] = exp

{

−t
∫ ∞

0

(
1 − exp(−θ z ϕ(z))

)
ν(dz)

}

.

If ϕ(z) > 0 is set up such that ϕ(z) = O(|z|p) for p ≥ 1 then the exponent
∫ ∞
0

(
1 −

exp(−θ z ϕ(z))
)
ν(dz) will be large enough so that the decrease of the Laplace

transform is fast enough. Note that in the case that ν has also support on the negative
values of the real line, the sign of ϕ has to be changed.

Hint (Exercise 12.2.2) In fact, when
∫

f (z)dz < ∞, the driving process is the equiv-
alent of a Poisson random measure associated with a compound Poisson process
where the jump size has a density constructed from the renormalization of f . There-
fore, there is always the probability of having no jump, which gives a point mass in
the law of Xt . The point mass will be given as a solution to an ordinary differential
equation. On the other hand, if a(x, z) is a function that has a differentiable inverse
in z then the conditional density of Xt conditioned to a positive number of jumps will
have a density.
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Hint (Exercise 12.4.5) The first part is clear, because

N ε

∑

j=1

Dj X
ε =

∫

B̄c
1×R+

DzX
ε N (dz, dt).

Note that the integrand in this case is not adapted to the underlying filtration.
For the second part, let τ ε

j ≤ t < τε
j+1. Since the process X

ε satisfies the equation
in Exercise 12.2.5, one has

∂z j X
ε,( j)
t = ∂z j a

(
X ε

τ ε
j −, z j

) +
∫ t

τ ε
j

∇b
(
X ε,( j)
u

)
∂z j X

ε,( j)
u du

+
∫

(B̄1∩B̄c
ε )×(τ ε

j ,t]
∇a

(
X ε,( j)
u− , z

)
∂z j X

ε,( j)
u− Ñ (ε)(dz, du)

+
∫

B̄c
1×(τ ε

j ,t]
∇a

(
X ε,( j)
u− , z

)
∂z j X

ε,( j)
u− N (dz, du),

which enables us to get the equation for Dz j X
ε = {

Dz j X
ε
t = ∂z j X

ε,( j)
t h(z j ) ; t ≥

0
}
.

Hint (Exercise 12.4.8) In fact, we will only consider the uniform integrability.
Clearly,

∣
∣
∣
∣
∣

∫

Uε×[0,T ]

div
{
h(z) f (z)

}

f (z)
N (dz, ds)

∣
∣
∣
∣
∣
≤

∫

Uε×[0,T ]

∣
∣
∣
∣
∣

div
{
h(z) f (z)

}

f (z)

∣
∣
∣
∣
∣
N (dz, ds).

This last sequence of random variables is increasing in ε and it converges in L1(Ω)

due to Hypothesis 12.3.3.

Hint (Exercise 12.4.14) In fact, recall Exercise 12.4.2, and in order to obtain uniform
boundedness it is enough to consider an appropriate localization function and apply
it to the approximating sequence.

Hint (Exercise 12.4.22) In fact, the formula is a direct application of the following
argument using the chain rule and the duality formula:

DG(X) = G ′(X)DX

DG(X) (DX)−1 Θ = G ′(X)Θ.

Taking expectations in the above formula we obtain an IBP if we assume that:

1. G ∈ C1
c , X ∈ D2,1(R).

2. (DX)−1 is a well-defined r.v.
3. δ̃((DX)−1 Θ) exists and is integrable. Note that this condition is hiding a complex

structure which we studied in Theorems 12.4.19 and 12.4.25.
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Hint (Exercise 12.6.2) In fact, using classical stopping time techniques one can
reduce the statement to proving that the process X is a martingale. That is, define

τn := inf

{

t;
∫

B̄1×[0,T ]
|g(t, z)|2 N̂ (dz, dt) > n

or
∫

B̄c
1×[0,T ]

(
exp

[
g(t, z)

] − 1
)
N̂ (dz, dt) > n

}

.

Then instead of proving that X is a local martingale, one proves that the process
Xt∧τn , t ≥ 0 is a martingale. To prove this fact it is enough to apply the Itô formula
to Xt∧τn .

Hint (Exercise 12.6.3) In fact, we use an alternative form in order to compute Q-
conditional expectations with respect to Fs . For this, let fs be Fs -measurable and
compute the conditional expectation as follows:

EQ[Y fs] = E[Y fsαT ] = E[ fsE[YαT |Fs]] = EQ[α−1
T fsE[YαT |Fs]].

From here the formula follows. The formula can be simplified if we define αs =
E[αT |Fs].
Hint (Exercise 12.6.5) By using the Itô formula, we can compute

EQ

[
eiθ Zt

] = exp

[

iθ
∫

B̄1×[0,t]

(
exp[g(s, z)] − 1

)
N̂ (dz, ds)

+
∫

R
m
0 ×[0,t]

(
eiθ z − 1 − iθ z 1B̄1

(z)
)
exp[g(s, z)] N̂ (dz, ds)

]

.

Hint (Exercise 12.6.15) It is easy to check that

∫

R0

ν(dz) = ∞,

∫

R0

(|z|2 ∧ 1) ν(dz) < ∞,

∫

B̄c
1

|z|p ν(dz) < ∞

for any p ≥ 2. As before, ϕ ∈ C1
(
(0,+∞) ; R)

such that

|ϕ(z)| ≤ C (|z|2 ∧ 1), 0 < |ϕ′(z)| ≤ C (|z| ∧ 1). (14.2)

Since h(z) = ∂ξ H ξ (z)
∣
∣
ξ=0 = ϕ(z) z, the condition (14.2) enables us to check that

∫
R0

|h(z)| ν(dz) = κ
∫ t
0

|ϕ(z)|
zα dz ≤ C κ

2−α
,

∫
R0

∣
∣
∣
∣
div
{
h(z) f (z)

}

f (z)

∣
∣
∣
∣ ν(dz) = ∫ 1

0

∣
∣ϕ′(z) z − α ϕ(z)

∣
∣ κ

z1+α dz ≤ C κ (1+α)

2−α
.

Let F be a open neighborhood in R around 0. Then, we have
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sup
ξ∈F

∫

R0

∣
∣H ξ (z) − z

∣
∣2 ν(dz) ≤ sup

ξ∈F

∣
∣exp

(
C ξ

) − 1
∣
∣2

∫ 1

0
κ z1−α dz

= sup
ξ∈F

∣
∣exp

(
C ξ

) − 1
∣
∣2 κ

2 − α
,

sup
ξ∈F

∫

B̄c
1

∣
∣H ξ (z)

∣
∣2 ν(dz) = 0,

because of 0 < α < 2 and the condition (14.2).
As for the Bismut method, note that

kξ (z) = (
1 + ξ z ϕ′(z)

)
exp

( − α ξ ϕ(z)
)
.

Then, all conditions in Hypothesis 12.6.6 can be verified easily.

Hint (Exercise 13.2.2) In fact, just apply expectations (you need to ensure that this
is allowed) to obtain that

E[Vt ] = E[V0] +
∫ t

0

∫

Π

∫

R2

cos(θ) − 1

2
E[(Vs− − v

)|Vs− − v|γ ] dsb(θ)dθ fs(dv).

As the law of Vs is fs , the result follows by symmetry in the space integrals. In the
case of |Vt |2 the calculation is similar but a bit longer and also uses the symmetry
in θ .

Hint (Exercise 13.2.4) Computing the characteristic function by an approximation
procedure which has already been used for the stable laws, one has (see e.g. Exercise
4.1.23 and Sect.9.2) for r ∈ R

E[eir Zt ] = E
[
eir Z0

]
exp

(

tE[X ]
∫

Π

(
eirθ − 1

)
b(θ)dθ

)

.

Now the analysis can be completed as in Exercise 4.1.23-(ii). From here follows the
regularity of the law of Zt . In the case of Z ′ one has

E[eir Z ′
t ] = E

[
eir Z0

]
exp

(

t
∫

Π

(
eirθ − 1

)
b(θ)θ+dθ

)

.

Hint (Exercise 13.3.5) In fact, the inequality exp(CΓ
γ
ε ) ≤ Cη0,η,γ ε−η reduces to

Cxγ η0 ≤ log(Cη0,η,γ ) + ηx for x = log(ε−1) > 0. If one defines k = (
η

Cγ η0
)

1
γ η0−1 ,

then log(Cη0,η,γ ) = C(1 − γ η0)kγ η0 .

For the second assertion, suppose without loss of generality (here we are using
the weak continuity of the processes involved) that

∫
E[|V ε

s − ν|p] fs(dν) = 0 for
s ∈ [a, b]. Then V ε

s = ν a.s. for ν- fs a.e., which is clearly a contradiction.

Hint (Exercise 13.4.2) Since
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I + A(θ) =
⎛

⎜
⎝
1 + cos θ − 1

2
− sin θ

2
sin θ

2
1 + cos θ − 1

2

⎞

⎟
⎠ ,

we have

‖I + A(θ)‖2 = sup
(x,y)∗∈S1

∣
∣(I + A(θ)) (x, y)∗

∣
∣2

=
(

1 + cos θ − 1

2

)2

+
(
sin θ

2

)2

= 1 + cos θ

2
≤ 1.

A careful modification of the above argument also gives that ‖I + Aε(θ)‖ ≤ 1. See
also the solution to Exercise 13.4.8.

Hint (Exercise 13.4.7) It is enough to consider ϕ(θ) := |θ |β exp (−(|θ | − π
2 )−2

)
.

For the second part recall Exercise 13.4.6.

Hint (Exercise 13.4.8) Since

I + Aε(θ) =
⎛

⎜
⎝
1 + χε(θ)

cos θ − 1

2
−χε(θ)

sin θ

2

χε(θ)
sin θ

2
1 + χε(θ)

cos θ − 1

2

⎞

⎟
⎠ ,

and 0 ≤ χε(θ) ≤ 1, we have

‖I + Aε(θ)‖2 = sup
(x,y)∗∈S1

∣
∣(I + Aε(θ)) (x, y)∗

∣
∣2

=
(

1 + χε(θ)
cos θ − 1

2

)2

+ χε(θ)2
(
sin θ

2

)2

= 1 − cos θ

2

(
χε(θ) − 1

)2 + 1 + cos θ

2

≤ 1 − cos θ

2
+ 1 + cos θ

2
= 1.

Hence, we can get

∥
∥Ỹt

∥
∥ ≤

N ε
t∏

k=1

∥
∥I + Aε(θ̃k)

∥
∥ ≤ 1.

In order to prove point 3., we can check inductively that
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∂θk Ṽ
(k)
Tk

= Aε
′(θk)

(
ṼTk−1 − vTk (ρ̃k)

)
,

and that

∂θ j Ṽ
( j)
Tk

= (
I + Aε(θ̃k)

)
∂θ j Ṽ

( j)
Tk−1

= (
I + Aε(θ̃k)

) (
I + Aε(θ̃k−1)

)
∂θ j Ṽ

( j)
Tk−2

= · · ·

=
k∏

i= j+1

(
I + Aε(θ̃i )

)
∂θ j Ṽ

( j)
Tj

= ỸTk Z̃Tj Aε
′(θ j )

(
ṼTj−1 − vTj (ρ̃ j )

)

for 1 ≤ j ≤ k − 1. Since Ṽ ( j)
Tk

= ṼTk for j > k, it is trivial to see that ∂θ j Ṽ
( j)
Tk

= 0.
In order to obtain the estimates is important to use Proposition 13.4.1.

Hint (Exercise 13.4.10) (v) An easy way to see how to compute this derivative is
to first compute D j1 Ṽt . Then one has to observe that for j ≥ j1, one has D j (ṼTj1

−
vTj1

(ρ̃( j1))) = 0. (vi) The reason why the high-order derivatives are not bounded in
the general case N ε

t ≥ jk ≥ jk−1 ≥ ... ≥ j1 is due to the high-order derivatives of
Aε which then leads to (iv) and Exercise 13.4.8. This issue leads to (vii).

Hint (Exercise 13.6.11) Suppose that |Ṽs | ≤ Γε − 1 for any s ∈ [0, t]. Since

1{sups∈[0,t] |Ṽs |≤Γε−1} = 1, G̃N ε
t

= Ψ (0) = 1,

we can get the left-side inequality. On the other hand, suppose that there exists
s ∈ [0, t] satisfying with |Ṽs | ≥ Γε − 1. Then, we see that

1{sups∈[0,t] |Ṽs |≤Γε−1} = 0, G̃N ε
t

≥ 0,

so the left-side inequality holds. Similarly, we can prove easily the right-side inequal-
ity.

Hint (Exercise 13.5.1) (cf. [9]-Lemma 7.29) We have only to study the case where
A is a diagonal matrix, because a symmetric matrix inRd ⊗ R

d can be diagonalized
via an orthogonal matrix. Denote by λ1, . . . , λd the non-negative eigenvalues of the
matrix A.

At the beginning, we shall consider the case where there exists k ∈ {1, . . . , d}
such that λk = 0. Then, one trivially has that

det A = 0,
∫

Rd

|x |d(2p−1) exp
[ − x · Ax] dx = ∞,

which proves the assertion in this case.
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Now, we shall consider the case where all eigenvalues λk (k ∈ {1, . . . , d}) are
strictly positive. The Jensen inequality enables us to see that

d∏

k=1

|xk | ≤
( |x1| + · · · + |xd |

d

)d

≤ d−d/2|x |d .

Then, we have

Γ (p)d
(
det A

)p =
d∏

k=1

Γ (p)

λ
p
k

=
d∏

k=1

∫

R

|xk |2p−1 exp
[ − λk x

2
k

]
dxk

=
∫

Rd

( d∏

k=1

|xk |
)2p−1

exp
[ − x · Ax] dx

≤ d−d(2p−1)/2
∫

Rd

|x |(2p−1)d exp
[ − x · Ax] dx .

Hint (Exercise 13.5.5) First, note that Itô formula leads us to

e−xLt = 1 −
∫ t

0

∫

Π̄ε̄

∫ 1

0

∫ rγ

0

0
1 ¯A (θ)e−xLs−

(
1 − e−x |ϕ(θ)|4|θ |2)

× 1[r0,+∞)

(|V̄s− − vs(ρ)|) dN .

Take expectations in the above expression, thenusing the fact that ¯A is either [εaπ, π
2 ]

or [−π
2 ,−εaπ ] and the symmetry of the integrand with respect to θ , we obtain

E
[
e−xLt

] = 1 − rγ

0

∫ t

0

∫

Π̄ε̄

∫ 1

0
E

[
e−xLs

(
1 − e−x |ϕ(θ)|4|θ |2) 1 ¯A (θ)

× 1[r0,+∞)

(|V̄s− − vs(ρ)|)
]
ds b(θ)dθ dρ

= 1 − rγ

0

∫ t

0

∫

Π̄ε̄

∫

R2
E

[
e−xLs

(
1 − e−x |ϕ(θ)|4|θ |2)

× 1[r0,+∞)

(|V̄s− − v|)
]
ds b(θ)dθ fs(dv)

≤ 1 − rγ

0 q0

∫ t

0

∫

Π̄ε̄

(
1 − e−x |ϕ(θ)|4|θ |2)

E
[
e−xLs

]
ds b(θ)dθ

≤ 1 − rγ

0 q0

∫ t

0

∫

Π̄ ′̄
ε

(
1 − e−cx |θ |4β+2)

E
[
e−xLs

]
ds b(θ)dθ,

where q0 > 0 is the constant given in Lemma 13.5.4. Note that in the last inequality
we have also used the fact that given the conditions on the function ϕ in (13.14) this
function satisfies |ϕ(θ)| ≥ c|θ |β for θ ∈ Π̄ ′

ε̄ for some ε′ > 0. Then, we see that
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E
[
e−xLt

] ≤ exp

{

−trγ

0 q0

∫

Π̄ ′̄
ε

(
1 − e−cx |θ |4β+2)

b(θ)dθ

}

.

Hint (Exercise 13.7.2) Iterative application of Theorem 13.4.13 enables us to see
that

E

[(
∂
p1
1 ∂

p2
2 F

)(
X ε
t + Ṽt

)
G̃t

]
= E

[(
∂
(
∂
p1−1
1 ∂

p2
2 F

))(
X ε
t + Ṽt

)
(1, 0)∗ G̃t

]

= E

[(
∂
p1−1
1 ∂

p2
2 F

)(
X ε
t + Ṽt

)
L̃1,0,t (G̃)

]

= · · ·
= E

[(
∂
p2
2 F

)(
X ε
t + Ṽt

)
L̃p1,0,t (G̃)

]

= E

[(
∂
p2−1
2 F

)(
X ε
t + Ṽt

)
L̃p1,1,t (G̃)

]

= · · ·
= E

[
F
(
X ε
t + Ṽt

)
L̃p1,p2,t (G̃)

]
.

Hint (Exercise 13.7.3) (ii) We will give the idea in the case of random variables X
and Y adapted toFt . In fact, by the product rule one has D(XY ) = XDY + XDY ,
then by triangle (Minkowski) inequality one obtains

‖D(XY )‖p,q ≤ E

⎡

⎢
⎣|X |p

⎛

⎝
N ε
t∑

j=1

|DjY |q
⎞

⎠

p/q
⎤

⎥
⎦

1/p

+ E

⎡

⎢
⎣|Y |p

⎛

⎝
N ε
t∑

j=1

|Dj X |q
⎞

⎠

p/q
⎤

⎥
⎦

1/p

.

Therefore the result follows from Hölder’s inequality.
(iii)

D j1 ...Djl (XY ) =
l∑

n=0

∑

r

Dr1 ...Drn XDrn+1 ...Drl Y.

Here the second sum is taken over all recombinations r = (r1, ..., rl) of ( j1, ..., jl).
Therefore by Hölder’s inequality, we have

l∏

i=1

ϕ(θ̃ ji )
q
∥
∥Dj1 ...Djl (XY )

∥
∥q ≤{(l + 1)!}q−1

l∑

n=0

∑

r

n∏

i=1

ϕ(θ̃ri )
q
∥
∥Dr1 ...Drn X

∥
∥q

×
l∏

i=n+1

ϕ(θ̃ri )
q
∥
∥Drn+1 ...Drl Y

∥
∥q .

In a similar fashion one obtains that
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⎛

⎝
∑

j1≤...≤ jl≤N ε
t

l∏

i=1

ϕ(θ̃ ji )
q‖Dj1 ...Djl (XY )‖q

⎞

⎠

p/q

≤ Cm

⎛

⎜
⎝

m∑

l=0

⎛

⎝
∑

j1≤...≤ jl≤N ε
t

l∏

i=1

ϕ(θ̃ ji )
q‖Dj1 ...Djl X‖q

⎞

⎠

k
⎞

⎟
⎠

p/(qk)

×
⎛

⎜
⎝

m∑

l=0

⎛

⎝
∑

j1≤...≤ jl≤N ε
t

l∏

i=1

ϕ(θ̃ ji )
q‖Dj1 ...Djl Y‖q

⎞

⎠

k ′⎞

⎟
⎠

p/(qk ′)

.

Therefore the result follows from summing over l on the left-hand side and using
Hölder’s inequality with the appropriate choice of k and k ′.

(v) What is important is to understand that in the proof of (iii) it was important
that the terms being considered on the left-hand side are always included on the
right. The same idea solves this exercise.

(vii) If one uses Exercise 13.4.10 together with Exercise 13.4.8-(ii), one sees that
if one takes β = m + 1 and r = m will lead to the estimation of sums of the type
∑

j=1

∣
∣
∣θ̃ j

∣
∣
∣
p
where p ≥ 1. Therefore the bounds will follow from Lemma 13.6.5. This

technique applies to many of the other estimates.
(x) In order to prove this estimate, one has first to use (iii) in order to realize that it

is enough to bound ‖Čt‖p1,q1,m and ‖ det(C̃t )
−1‖p2,q2,m. But the latter is bounded by

C‖ det(C̃t )
−1‖p3 and a polynomial function of ‖C̃t‖p4,q4,m. From here the estimate

follows using (vii) and Lemma 13.5.2.



Appendix A
Afterword

In this book we have tried to present a guide for students who would like to study
a particular aspect of jump processes which arise through stochastic equations. In
particular, the second part of the book gives hints at how to obtain integration by
parts (IBP) formulas which will lead to the study of densities of random variables
that arise in situations where jump processes are involved.

We have not tried to obtain general results as we believe that the value for the
student is in the method rather than a lengthy detailed proof of a specific result which
the reader can find in the references.

Although the book is not thorough in the many topics that abound the literature
of jump processes, we hope that this effort will open the door to young students.

We also reinforce the statement that the second part of the book is merely an
overview and neither a detailed nor systematic introduction to the subject. For this,
we recommend the reader to look at the books in the references.

There is also a large amount of recent literature hinting at the possibility of using
approximations in clever ways in order to obtain the regularity properties studied in
the second part of the book. For three examples of this, we cite [4, 5, 37]. On the
specific subject of the Boltzmann equation, we suggest the reader to look at [24] for
an alternative method using Lemma 9.1.14.
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Gaussian approximation, 40
stochastic calculus, 41
Super-position property, 35
time homogeneity, 34

Convolution, 7
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D
Dirac point mass measure, 38

E
Exponential distribution,

absence of memory, 12
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Exponential random variable
standard, 209

F
Filtered probability space, 47
Filtration, 42

G
Gamma process

inverse moment, 224
Generator, 124
Greeks, 203

H
Hawkes process, 126, 128

I
IBP formula

deformation function, 238
integration by parts, 175
transformation function, 217
weight, 175

Indistinguishable, 64
Infinitely divisible

definition, 133
Itô formula

finite variation jump process, 84
infinite variation case, 115

K
Kolmogorov continuity criterion, 149

L
Lebesgue decomposition of σ finite mea-

sures, 137
Left Hand Side (LHS), 4
Lévy, 131
Lévy Khintchine, 133
Lévy measure, 15, 32, 40, 79
Lévy process, 36

characteristic exponent, 134
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characteristic index, 134
definition, 131
generating triplet, 134
localization function, 134
moments, 82, 107

Lévy’s inversion theorem, 3, 165

M
Malliavin calculus, 182
Malliavin covariance matrix, 174, 224, 288
Malliavin weight, 182
Martingale, 48

compensator, 82
Modification, 64

N
Non-homogeneous Poisson process, 120

P
Point process, 16
Poisson law

Infinitesimal definition using ODEs., 28
Poisson process

Girsanov theorem, 28
lack of scaling, 26
large deviation principle, 28
long time behavior, 27
Markov chain, 26
non-homogeneous, 120
renormalization, 26
Super-position property, 24

Poisson random measure,
compensator, 45

Progressively measurable, 47

R
Renormalization, 26
Right Hand Side (RHS), 4

S
Self-exciting process, 128
Skorohod derivative, 182
Stable law, 81

general with symmetry coefficient, 209
in dimension two, 142

Stable process
multidimensional case, symmetric, 136

Stationary process with independent incre-
ments, 21

Stochastic covariance matrix, 174, 224, 288
Stochastic derivative, 176, 240

chain rule, 241
Stochastic differential equation

solution, 64
Stochastic integral

finite variation case, 79
Super-position property, 24

T
Taylor expansions for sdes, 99

W
Wald’s lemma, 33

Symbols
(∂z)0, 238
N (a, b), 2
Yi , jumps associated to a compound Poisson

process, 31
Y ε,( j,ξ)
1→N ε , 240
Z , Lévy process, 36
B30DXB30Dp,l , norm associated to the

Sobolev space Dp,l (R
d ), 247

δ, dual operator of the stochastic derivative
operator D, 241

R+ := [0,∞), 234
Z+, 233
N , Generalized Poisson random measure,

119
N , Poisson random measure associated to a

compound Poisson process, 38
N , Poisson randommeasure associated with

the jumps of a Lévy process, 106, 108
N+, Poisson random measure associated

with the positive jumps of a Lévy pro-
cess, 77

N−, Poisson random measure associated
with the negative jumps of a Lévy
process, 78

∇a(y, z), 149, 234
∂a(y, z), 149, 234
�(A), 234
σ , surface measure, 239
f ∗ g, 162
x j→n , 233
(Rm

0 )∞, 239
A := B, A is defined as B, 1
Dj , 240
FX (x) = PX ({X ≤ x}) = P(X ≤ x), 161
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PX , 2

PX (A) = P(X ∈ A), 2

Y ε,( j)
1→N ε , 241

δa , Dirac point mass measure, 38

R
∞+ , 239

Mb(A), space of bounded measurable func-
tions on the set A, 6

N (ds, dθ, dv, du)Poisson randommeasure
for the Boltzmann equation, 272

lim, 1

Dp,l (R
d ), Sobolev space of random vari-
ableswith l derivatives in L p(
), 247

Sε(R
d ), 239

˜N := N − ̂N , Compensated Poisson ran-
dom measure, 87, 110, 113

̂N Compensatormeasure associatedwith the
Poisson random measure N , Boltz-
mann equation, 272

̂N Compensatormeasure associatedwith the
Poisson random measure N , 80

̂N Compensator associated with the Poisson
random measure N , 44
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