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Preface

The subject of jump-type stochastic processes has seen exponential growth in
applications during the past 50 years. Before that, it was mostly restricted to certain
areas of operations research and insurance mathematics. Nowadays it is commonly
applied to particle systems, neurology, geology and finance, among many other
disciplines. Therefore, it appears naturally in many applications problems.

On the other hand, it is a subject that may be easier to start studying, in com-
parison with Brownian motion, as the dynamics involved are much simpler at the
beginning.

For this reason, during the past few years, we have introduced this subject to
advanced undergraduate students and graduate students. The starting point of this
book was a seminar series directed by the first author at the Department of
Mathematical Science, Ritsumeikan University, given to advanced undergraduate
students. This book consists of two parts: the first part focuses on the stochastic
calculus for Lévy processes, while the second part studies the densities of stochastic
differential equations with jumps. The joining theme is the study first of densities of
Lévy processes and then of the densities of solutions of equations driven by Lévy
processes.

Our goal in the first part of the book is to give a simple and at the same time, a
somewhat broad overview of different types of jump processes starting from basic
principles. First, we start introducing simple Poisson processes with some basic
properties related to their jump times. Then, one quickly proceeds to the con-
struction of compound Poisson processes, and there we study their dynamics and
introduce the It6 formula in a simple way. That allows a quick introduction to
stochastic calculus which deals with the time evolution of these processes. We also
discuss stochastic equations driven by compound Poisson processes which can be
simply understood as random difference equations. Also important is the intro-
duction of Poisson random measures and the definition of Lévy processes so that a
more general structure to be introduced later is laid down gradually.
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Through these two chapters, a first goal is achieved. That is, to grasp gradually a
first idea of the interest of studying It6’s formula and stochastic equations and the
tools that will allow the study of more general Lévy-type processes. In these two
chapters, a number of important exercises are proposed with some hints of solu-
tions, which appear at the end of the book. This is done on purpose so that readers
try to enhance their knowledge through self-questioning and simple exercises. In
this sense, our primary goal was not to design a book to be used as a textbook
(which can be done too) but a self-study book.

Therefore, an important warning for readers: Do not skip the exercises! With this
in mind, we propose hints in a separate chapter to promote interaction of the reader
with the text. We have also tried to give some explanations on the meaning of
various important results. This is done because we have in mind a reader, who does
not have a lecturer guiding the reading. If at some point you do not understand
completely such an explanation, do not despair! It is probably our fault.

As in other textbooks, we also propose complementary exercises which may be
used to deepen your understanding of the subject. These are named ‘“Problem”
throughout the text.

After two introductory chapters, we start describing the arguments through a
limit procedure in order to construct processes with the infinite frequency of jumps.
This is done in two steps: First, for processes of finite variation and then processes
of infinite variation. Again, our focus is not on generality but on simple principles
that will allow the young readers to understand the subject. Again, the topics of
Poisson random measures, 1t6’s formula and stochastic equations appear. In par-
ticular, we clearly explain the need for compensation in order to define jump
processes with infinite variation. It is important to note here that the experience
of the results and exercises in Chaps. 5 and 6 are strongly used towards the end of
Chap. 6 and many results concerning the Itd6 formula and stochastic equations have
to be developed by the reader as exercises.

Up to this point, the processes introduced so far are one dimensional. At the end
of Chap. 6, we also describe other types of jump processes such as
non-homogeneous Poisson processes, multi-dimensional Lévy processes and sub-
ordinated Brownian motions.

As a preparation for the second part of the book we have introduced in Chap. 7,
the study of flows associated with stochastic equations. The style here is also
modern, and aligns with current techniques striving for a simple proof which uses
approximations.

This could be also used as the entrance door to more advanced courses or
advanced textbooks (e.g., [2, 8, 41, 51, 52]). A reader interested in learning the
deeper and exciting theory of jump processes and its associated calculus should
proceed this way.
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This chapter also serves as an introduction to the second part of the book, where
we will be interested in the infinite-dimensional integration by parts formula for
stochastic equations driven by jump processes. This topic is not available in the
previous given references.

In Chap. 8, we briefly give a general overview of the second part of the book.

The second part of the book is slightly more advanced, although the first three
chapters use only very basic principles. It tries to take the reader into learning an
infinite-dimensional integration by parts formula which can be used at research
level. Chapter 9 introduces the analytical techniques through Fourier analysis that
one may use in order to study densities. This also serves to understand why the
integration by parts formula is important in order to understand the behavior of
densities of random variables associated with solutions of stochastic equations.
Chapter 12 is written in a simple style trying to introduce the basic ideas of the
integration by parts formula in infinite-dimensional analysis. It definitely differs
from other books on the subject, because we strive to explain various approaches
using simple ideas and examples and avoid the use of advanced mathematics or
giving a general theory to deal with the most general situations.

We proceed in Chap. 11 to apply these ideas to some simple examples that
appear in the calculation of the Greeks in finance. This may be also interpreted and
used in other jump models and gives the ideas that will be fully developed in
subsequent chapters.

Chapter 12 is the entrance door to a different level of complexity. Here, we start
describing the Norris method (cf. [45]) for the integration by parts formula.
Towards the end of this chapter we compare this technique with the Bismut method,
which is based on Girsanov’s change of measure theorem in order to achieve an
integration by parts formula.

Then we proceed to apply this technique to solutions of stochastic equations. In a
final challenging chapter for the reader (as it was for the authors) we use as a
research sample a problem for which the application of all the introduced concepts
is not easy. We took the model studied by Bally-Fournier [7] related to the
Boltzmann equation in physics.

Through this streamlined path, we hope that the book will help young students to
get a glimpse of what jump processes are, how they are studied and to achieve a
level which may be close to a research-level problem. Clearly, the present book
does not discuss many other interesting topics related to jump processes. Again, our
goal was not to give a broad view of the subject with details but just draw a path
that may allow the inexperienced reader to have a glimpse of one research topic.

For other detailed properties of Lévy processes, we refer the reader to other books
(e.g., [8, 41, 51]). For books dealing with other related techniques in the area of
infinite-dimensional calculus for jump-type processes, we refer to e.g., [9, 15, 31].
Notably, we do not touch on the topic of continuous-type Lévy processes such as
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Brownian motion. The reason for this is that we believe that the path characteristics
of Brownian motion may cloud the explanation about jump processes. Also, we
believe that there are many other textbooks that the young reader may use in order to
obtain some basic information on Brownian motion, its basic properties and asso-
ciated stochastic calculus and stochastic equations. See [30, 34, 43, 44, 46, 49, 53].

The style of the text is adapted to self-study and therefore an instructor using this
book may have to streamline the choice of topics. In this sense, we have modeled
the book so that readers who may be studying the topic on their own can realize the
importance of arguments that otherwise one may only see once in an advanced
book.

For instructors using this book:

1. The text has repetitive ideas so that the students will find how they are used in
each setting and understand their importance.

2. The first part of the book is basic, while the second is more advanced and
specialized, although it uses basic principles.

3. We assume knowledge of basic probability theory. No knowledge of stochastic
processes is assumed, although it is reccomended.

4. Some of the deeper results about measurability or stochastic analysis are given
but not proven. Such is the case of the Burkholder-Davis—Gundy inequality for
jump processes or Lebesgue—Stieltjes integration.

5. There are certain issues that are avoided in the text in order not to distract the
reader from the main text. These are, for example, the BDG inequalities,
modifications of stochastic processes, etc. They are briefly mentioned in the text
referring to other textbooks.

6. As a way to guide the reader through the book in the best order some possi-
bilities are proposed in the following flowchart. The dotted lines mean that they
are not essential to design a course but they could be used as topics to conclude
the instruction. The topics at Level 1 are easily accessible for a student with
basic knowledge of probability theory. In Chap. 5, one may exclude Sects. 5.4,
5.5 and 5.6 in a first reading.
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Level 2

Level 1

Review Chapter 1

Chapter 2 Chapter 4
Part1 Chapter 3 Chapter 5| Chapter 6
T
|

Cha[;ter 7

e Chapter 11
e gﬁzg:z ?0 Chapter 12| Chapter 13

7. In Sect. 5.3 and Chap. 7, we hint at how the proofs can be carried out using the
experience built in previous chapters. Still, one may use [2] in order to com-
plement the proofs which are not given in detail.

Kusatsu, Japan Arturo Kohatsu-Higa
Tokyo, Japan Atsushi Takeuchi

April 2019
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Notations

Throughout the text, we use the following notation. Other notation which is not
basic to this text and which is defined through the developed theory can be found at
the end of the index.

A*
Id =1
€k

m
Ry
R,
N*
r.V.
ii.d.r.v.’s

The transpose of the matrix A

The identity matrix on R? ® R? is the identity matrix

e, = (0,...,0,1,0,...,0)*. The k-th unit vector in RY for
k=1,....d

= R"\{0}

:= 10, 00)

=NuU{0}

Random variable or random vector

Independently and identically distributed random variables
(vectors)

Almost surely

Space of X-measurable (real-valued) functions

Space of bounded X-measurable functions

When dealing with long equalities. Left-hand side. Similarly
(RHS)

Functions whose domain is included in R, which are
right-continuous with left-hand limits

The cardinality operator, which is the number of elements in the
set A. Sometimes may also be denoted by |A| if no confusion
arises

Inner product between two vectors x and y € RY

The transpose of the vector x. All vectors are column vectors
unless stated otherwise

The norm of the vector x € R?

The norm of the matrix

A := sup{|Ax|; |x| = 1} = max{2; 3Ix # 0,Ax = Ax}

Xvii



N
WHN S
=

)

<
Il <
i<
>

Exp(4)
Gamma (0,r)

divf

Notations

The Borel g-algebra (o-field) on S. In the case that ¥ = R we
use % := B(R)

The product o-field completed with the subsets of sets of
measure zero

The o-field generated by the collection of random variables .o/
or collection of sets .o7. This o-field is always assumed to be
completed with the null sets of the probability space

The Lebesgue measure of the Lebesgue measurable set A
Expectation of the random variable X

Conditional expectation of X conditioned to %

The random variables or processes X and Y have the same law

Exponential distribution with parameter A

Gamma distribution with scale parameter 6 and shape parameter
;

X is a random variable with distribution D

The Dirac point mass measure evaluated at the set A

Indicator function. In the case that A C Q we may simplify the
notation to 14. Sometimes we may also use, e.g., 1 (x > 0)
sgn(x) := 1(y > o) — L(x<0). The sign (or signum) function
Limit on the left of X at ¢

The positive part of X

The negative part of X

The floor function (also called greatest integer function)

The convolution of measures u and v

W = px - - - p. The n-th convolution power of the measure p.
Similarly, we use f™* as the n-th convolution power of the
function f

The product of the measures u and v

Similarly, defines the n-th product of the measure u with itself
I £]l o := sup,|f (x)|. The uniform norm

Multi-dimensional integral for f : R — R

Given the multi-index o = (o, . . ., ) with length |«| = £, this
symbol denotes the multiple partial derivative of f with respect
to the variables indicated in «. Sometimes, we may use the
notation 0,f to indicate the gradient derivative with respect to
the variable z. In the one-dimensional case, we use [ for £ = 1
This is a short notation for 9,/ (a) used when f depends on many
variables

The gradient of f. In the one-dimensional case may be used to
indicate derivative with respect to space variables

The divergence of a function f with respect to all its variables.
We may use div, f if f depends on other variables and we want
to take the divergence with respect to the vector variable z
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C*(A; B) The space of [k] times continuous differentiable functions with
[k]-th order derivative which is a k — [k]-Holder continuous
function

Ck(A;B) The subspace of functions in C¥(A; B) which tend to zero at
infinity

Ck(A;B) The subspace of functions in C¥(A; B) with compact support

Cl(A;B) The subspace of functions in C¥(A; B) with bounded deriva-
tives. Note that the functions themselves do not need to be
bounded

Ch(A; B) The subspace of functions in C¥(A; B) with derivatives which
may grow at most with a polynomial order p € N

B, (x) The ball in R? of center x € R? with radius r > 0. Sometimes,
we simplify the notation with B, = B,(0)

17(RY) [7(RY) = [P (RY; R"). The space of R*-valued measurable

functions defined on R? with respect to the Lebesgue measure
such that its p moment is finite

LP (9 R") The space of random vector of dimension k under a measure P
which is understood from the context. Sometimes we may use
the simplified notation L?(Q)

¢ (x) o(x) := Wexp(— g) The density for the standard Gaussian

distribution with mean zero and identity covariance matrix
&(x) The distribution function associated with the standard Gaussian
distribution with mean zero and identity covariance matrix

We use i to denote the imaginary unit. Sometimes the same symbol is used as an
index i € N. The meaning should be clear from the context. In the space of complex
numbers, Re(z) and Im(z) denote the real and imaginary parts of the complex
number z € C.

When describing collections of items such as functions, stopping times or ran-
dom variables which are understood as processes, we may use one of the following
various notations:

X={Xpste A} ={X},cs

Domains of integration are sometimes explicitly written. Otherwise, we may
omit it in cases where it is clear what the domain of integration (usually the whole
space) should be from the context. A similar statement is valid for the notation of
function spaces and their range of values.



Chapter 1 ®)
Review of Some Basic Concepts oo
of Probability Theory

In this chapter many mathematical details or proofs are not given so we refer the
reader to the appropriate references in basic probability theory. See for example [10,
60].

We will always work on a complete probability space (§2, ., P) which we assume
contains all the r.v.s that are required for the arguments. In particular, one may have
to consider products of probability spaces in order to construct a probability space
containing certain sequences of i.i.d.r.vs.

Also we remark for the inexperienced reader that the monotone class theorem has

different versions and therefore you should pick up on the one that is used in each
proof. For a list of some versions of this theorem, see Chapter 0 in [49].
Definition 1.0.1 Let (£2,.%7, P) be a probability space. A mapping X : 2 — R¢
is an R?-valued random vector if it is .# (% )-measurable. The measure Py (B) :=
P(X € B) is called the law or distribution of X. It may be further denoted by Fy
when using it as a distribution function Fx(x) := P(X; < x;,i =1, ..., d).

Lemma 1.0.2 If 0 (X,: n € N) and o (Y,; n € N) are independent o-fields' and
lim, oo (Xa, Y,) = (X, Y) a.s., then X and Y are independent.”

Exercise 1.0.3 Prove Lemma1.0.2.

1.1 Characteristic Function

The concept of the characteristic function replaces the moment generating function
when one wants to study the fine details of the distribution function of the random
variable.? If fact, it is not true that there is a one-to-one correspondence between

'We assume as usual that these o-fields are complete.

2The notation lim denotes limits for functions or in the case of random variables this denotes limits
in the (a.s.) sense. This may also be denoted using the symbol —.

3This is somewhat equivalent to replacing Laplace transforms by Fourier transforms.
© Springer Nature Singapore Pte Ltd. 2019 1
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2 1 Review of Some Basic Concepts of Probability Theory

moment functions and distribution functions. This fact, becomes true only when
one studies characteristic functions as they are always well defined. The concept of
characteristic functions is usually not fully covered in standard undergraduate level
courses and for this reason we slightly enlarge the contents with some exercises.
The intention of this section is to give some information so that the reader may
grasp a first idea of the concepts. A more detailed discussion is presented in Chap. 9.

Definition 1.1.1 (Characteristic function) The characteristic function ¢ (= ¢x) of
a random variable X is defined as the map ¢ : R — C such that for all 6 € R,

9(®) :=E["%%] = E[cos(0X)] + iE[sin(6 X)].

Note that the above expectations are always well defined. This is the main reason for
using characteristic functions in comparison with the moment generating function
which most students learn in basic probability courses. See also the next exercise.*
We may also say sometimes that ¢ is the characteristic function of the measure Py .
In particular, Py is the image law P o X!, Thatis, Px(A) = P(X € A) for A € 4.

Exercise 1.1.2 Let X = ¢Z where Z ~ N(0, 1) is the standard Gaussian (normal)
distribution. In general, N (a, b) denotes the normal distribution with mean a and
variance b > 0. Prove that E[0%X] = oo for all 6 > 0.

Still the moment function is not that bad. That is, if it exists in a neighborhood
of 0 then the corresponding distribution is uniquely characterized by the moment
generating function.’ Note that another version of the moment generating function
is the Laplace transform of X which is defined as E[e?X ] and is very useful in many
situations when it is finite. The Laplace transform can be defined for & < 0 and X
a positive random variable. It is also a very useful tool to solve ordinary and partial
differential equations. Still, it is a good idea that one starts to get acquainted with the
characteristic function which is always a well-defined function.

Corollary 1.1.3 Let ¢ = @x be the characteristic function of a random variable X.
Then the following properties are satisfied:

) =1,

lp@)] < 1,V0 € R,

0 +— @(0) is uniformly continuous on R,
P-x) () = ¢x(0), V0 € R,

Pax+5(0) = € px (ab).

Theorem 1.1.4 If X, Y are independent random variables, then

LR~

Px+v(0) = ¢x @)y (0), VO € R.

*If you have more experience in analysis, maybe you have learned this concept as the so called
Fourier transform. Although there is a slight variation here as in most books, one starts with periodic
functions.

5See e.g. Section 30 in [10].
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Exercise 1.1.5 Prove that if ¢ (6) is the characteristic function of a random variable
X then |¢(0)|? and Re(¢(0)) are also characteristic functions. Find random variables
associated with these characteristic functions.

Theorem 1.1.6 (Lévy’s continuity theorem) Let X, X,, n € N be a sequence of
random variables with characteristic functions ¢x, ¢x,, n € N. Then ¢x, (6) —
ox(0) for all 6 € R if and only if X, converges in law to X.

Theorem 1.1.7 (Bochner theorem) Let ¢ : R — C be a positive definite function,®
continuous at O with ¢(0) = 1. Then there exists some probability measure so that
its characteristic function is given by .

Definition 1.1.8 For a given n-dimensional random vector X, we say that f : R" —
R is its density function if for any bounded measurable function with compact
support g, we have the following equality:

E[g(X)] = [g(X)f(X)dX-

The above integral is understood as a Lebesgue integral.

Exercise 1.1.9 Suppose that the distribution of X givenby F(x) :=P(X; < x;;i =
1,...,n) in the above definition is differentiable. Then prove that its derivative
9(,...ny F' (x) is the density function of X.

.....

Note that the uniqueness of the density function is only true in the a.s. sense.

Theorem 1.1.10 (Lévy’s inversion theorem) Suppose that ¢ is the characteristic
function of some random variable. Furthermore, assume that it is integrable in the
sense that

/ lp(0)]dO < oo.
R

Then there exists a positive function f such that

@) = / e f(x)dx.
R

A sharper statement which is always true is that if F' denotes the distribution function
of the random variable for which ¢ is its characteristic function, then

1 T ,—iba _ ,~ith
Fb) — F(a) = T lim T(p(@)d@. (1.1)

T T—oo J_r 1

OThat is, Z;l.j:O @(6; — 0j)z;z; = 0 for any sequence of real numbers 6; e R and z; € C, i =
1,...,n.
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At any rate, this result implies that for every characteristic function only one distri-
bution function can be associated with it. In other words, two different distribution
function can not have the same characteristic function.

Another interesting way of looking at this result is that the linear space generated
by complex exponential functions contain indicator functions. In fact, on the (RHS)
of the above equation we see an integral combination of exponential functions in
the form of | _TT %e’“d@ and on the (LHS) we have the 1,5(x). Therefore
again, complex exponential functions generate all the space of measurable functions
and therefore this is the reason as to why the one-to-one correspondence between
characteristic functions and probability measures. We will see more about this in
Chap.9.

Exercise 1.1.11 Deduce from (1.1) that iff]R lp®)|(1 4 160])7d6 < oo for any p >
0 then the density function associated with ¢ exists and is infinitely differentiable
with bounded derivatives. A similar result is also valid in the multi-dimensional case.

Theorem 1.1.12 (Characteristic functions and independence) The sequence of ran-
domvariables X1, - - - , Xy are independent if and only if for any & = (&, ..., En) €
RV,

E[exp (i XN:EJ-X])] = ﬁE[exp(iéij)].
=1 j=1

Proof We just prove the “only if" part. Let X = (X, ---, Xy). Then
(LHS) = E[exp (iE*X)] =/ €% Py (dx),
RN

N N
(RHS)=]‘[/eiwfpxj(dx,~)=/..-/ [T Px (dxy) - Py, (dxy)
i1 YR R R
j= j=
= / Py @ ® Py, (dx).
RN
From Theorem 1.1.10 (Lévy’s inversion theorem), we have
Px=Px, Q@ --Q Px,.

Hence,

P(X,€E,--- , Xy€EN)=P(X€E| x---X Ey)=Px(E; x---x EN)
=Px; ® - ® Pxy(Ey X --- x EN) = Px,(E1) -+ Pxy(EN)

N
=[[Px; € Ep.
j=1

Therefore X, - - - , X are independent.
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Exercise 1.1.13 The following exercise may clarify for the inexperienced the role
of characteristic functions.

1. Given a, b € R, prove that the only real solutions p, g for the equation
pe'ft + re”” =0, Vo € R

can be classified as
p=0,r=0; ifa #b,
p=—r; ifa=0>.

Note that the above statement is linked to the linear independence of functions.
2. Let X, Y be two random variables which take two different values a and b. Prove
that if px(0) = @y (@) for all 6 € R then P(X = a) = P(Y = a) and therefore
the laws of X and Y are equal.
3. Suppose that X takes two values a and b and Y take two values a and c. Prove
that if px(0) = ¢y(@) for all @ € R then ¢ = b and P(X = a) = P(Y = a) and
therefore the laws of X and Y are equal.

Notice that for all the above statements to be valid one does not need to require the
validity forall & € R. Propose a statement with weaker requirements. Think about the
generalization to discrete random variables X taking n different values respectively
and Y taking m different values.

In particular, note the relation with Theorem 1.1.10. In fact, given the characteristic
function @x (9) of a random variable X taking the values a and b, then multiplying
it by the function e~/%¢ will give that the constant term of e~%“@x (6) corresponds
to P(X = a). This is therefore linked with the residue theorem of complex analysis.
On this last point, one has to be careful in the calculation as the point O which is a
singular point lies on the path of the integral in (1.1).

1.2 Conditional Expectation

X is a random variable on the probability triple (£2, .%, P) with E[|X|] < co. Let
% be a sub o-algebra of .%. Then there exists a random variable Y such that: (i)
Y € M), (i) E[|Y]] < oo, (iii) for every G € & with [, YdP = [, XdP.

Definition 1.2.1 (Conditional expectation) In the discussion above, the random vari-
able Y satisfying properties (i)—(iii) is called a version of the conditional expectation
E[X|¥4].

From the definition, one obtains the a.s. uniqueness of the conditional expectation.
That is, for two random variables X;, X, such that X; = X>, a.s. then their corre-
sponding conditional expectations are also equal a.s. In this sense the word version
is used in the above definition.
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Theorem 1.2.2 (Some properties of conditional expectation) Let 4 and ¢ be
sub o-algebras of F. Then all the following statements are true supposing that all
random variables appearing in the corresponding statement satisfy the conditions
for the existence of conditional expectations:

If Y is any version of E[ X |¥], then E[Y] = E[X].

If X is 9-measurable, then E[X|¥4] = X, a.s.

Ela; X| 4+ a; X5|9] = a,E[X|9] + a:E[X,|9].

If X >0, as., then E[X|¥9] > 0 a.s.

If0 < X, 1+ X, then E[X,,|4] 1 E[X|4], a.s.

If X, > 0, then E[lim inf X,,|%] < lim inf E[X, |Z].

If 7 is a sub o -algebra of 9, then E[E[X|¥4]|#¢] = E[X|57], a.s.

If Z is a bounded 9 -measurable r.v., then E[ZX|9] = ZE[X|¥], a.s.

If A is independent of 6 (0 (X),9), then E[X |0 (¥4, )] = E[X|¥], a.s.

VNN~

Lemma 1.2.3 Let X, Y be two random variables on the probability space (§2, % , P).
Furthermore, let 4 be a sub o-algebra of F independent of o (X) and Y be a G-
measurable. If f : R* — R is a bounded measurable function, then

E[f(X,Y)|¥9] =g;(Y), as.,

where g (y) = E[f(X, y)].

Proof Define a class of functions 7 by
H = f € My[R>; E[f(X,Y)|Y] = gs(¥), as.).

Here .#,(A) stands for the set of bounded measurable functions defined in R%. Then
we will show that .27 = .#,(R?) by the monotone class theorem (see e.g. [60],
Sect.3.14).

(i) For f, fi1, f» € 77, a € R, since

E[(fi + L)X, NI¥Y] = ELfi(X, V)I9]+ E[A(X, Y)|¥]
= gf](Y) +gf2(Y) = gflJrfz(Y)a
E[(@f)(X, V)|9] = ag;(Y) = gor(Y),

we have f| + f», of € F, so 5 is a vector space on R.

(ii) Since E[1g: (X, Y)|9] =1 = g1, (Y), 12 € .

(>iii) If (f,) is a sequence of non-negative functions in ¢ such that f, 1 f, where
f is a bounded function, then using Theorem 1.2.2 (5) we have

ELf(X.V)[9] = lim E[f,(X.Y)|4]= lim E[£,(X,)|9][y=y
=ELf (X, DID]ly=r = g, (),
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hence f € J7.
(iv) For (a, b) x (¢,d) € % :={(a,b) x (¢,d);a,b,c,d € R},

E[1up)xe.ay(X, VIG] = 1e,ay(VE[L(0,)(X)NG] = Lic.a0y ) E[L 0,5y (X) ]l y=v
= E[1w.0)xc.a) (X, Mly=r = 81mrica (¥)s
hence 1(4.p)x(c.a) € S - Therefore S = #,(R?).

Definition 1.2.4 The convolution x of two distributions (or finite measures) on R?
is a distribution (finite measure) denoted by © = | * u, and defined by

W(B) = fR d /R a4 D @opay), B e BE.

Definition 1.2.5 The convolution of two functions f and g is denoted by f * g and
defined as

f*g@ =/f(z—x)g(x)dx.

Here we suppose that the above integral is finite for all z.

Exercise 1.2.6 Prove that if the measures 1| and p, are absolutely continuous with
respect to the Lebesgue measure with densities f and g respectively then the convo-
lution measure is absolutely continuous and its density is given by the convolution
of the two densities.’

"Note that we are already assuming that equality as functions means equality a.e. Hint: If you want
more information you can check also Proposition6.1.1.
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Chapter 2 ®)
Simple Poisson Process and Its e
Corresponding SDEs

2.1 Introduction and Poisson Process

Poisson processes are generalizations of the Poisson distribution which are often
used to describe the random behavior of some counting random quantities such as
the number of arrivals to a queue, the number of hits to a webpage etc.

2.1.1 Preliminaries: The Poisson and the Exponential
Distribution

As a preliminary, before introducing the Poisson process, we give basic properties
of some related distributions.

Definition 2.1.1 (Exponential distribution) A positive random variable T is said to
follow an exponential distribution with parameter A > 0if it has a probability density
function of the form

)Le_)"tl[oyoo) (1).

We denote this fact with 7 ~ Exp(L).

Theorem 2.1.2 Let T ~ Exp()). Then the distribution function of T is given by
Vy €[0,00), Fr(y) =P(T <y) =1—exp(=1y).

Fr is invertible and its inverse is given by

1
Ve el[0,1), Fr= () = —Xlog(l —1).
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The mean and variance of T is given by
E[T] ! Var[T] !
=—, Var[T] = —.
A A2

Corollary 2.1.3 IfS is an exponential random variable with parameter 1 then S /1
is an exponential random variable with parameter ).

Proof We just check that the distribution function of S/A forms an exponential

distribution. In fact, P (; < t) =Pl <i)=1—e.

Lemma 2.1.4 (Absence of memory) If T is an exponential random variable then
Vt,s > 0,P(T > t+s|T >1t) =P(T > s).

Proof We calculate as below:

P(T >t T >t
P(T >t +5|T > 1) = ;(THI) > _ exp(—is) = P(T > s).
>

The following proposition tells us that the only continuous' distribution which
possesses the abscence of memory® property is the exponential distribution.

Proposition 2.1.5 Let T be a positive random variable such that P(T > t) > 0 for
allt > 0 and

Vt,s >0, P(T >t+s|T >t) =P(T > s).

Then T has an exponential distribution.

Proof Let g(t) :=P(T >1t) > 0. Since 1 — g is a distribution function, g is a
decreasing and right-continuous function. Since g(t + s) = g(s)g(¢) forall s, t > 0,
we can get different representations for all n, m € N,

ettt
g(}%)=g(%—1+1)=g(%—1)g(1)=g(,}1)"mg(l) (n = m).

Hence we have

1 1 )
g (_> —g()r, g <ﬁ) =g(1)#, Vn,m e N.
m m

I'The geometric distribution has the property of abscence of memory if we request it to be satisfied
only for O, 1, ...

2Qther books call this the memoryless property.
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Let 1, be a rational sequence such that ¢, | r € R*. Since g is decreasing and right-
continuous,

gt 1 80, g 1 g(1)".

1
Therefore g(¢#) = g(1)". Let A := log (E) which is positive by hypothesis. Then
8

we get P(T > t) = exp(—A\t), so T has an exponential distribution.

Lemma 2.1.6 Let T ~ Exp(A) and S ~ Exp(w) be independent. Then min(T, §) ~
Exp(\ + ).

Proof
P(min(T,S) > ) =P(T > 1,8 > ) = P(T > HP(S > 1) = e~ T,

Lemma 2.1.7 Let {7j; 1 < j < n} be independent random variables such that t; ~
Exp(X;). Then

A
P(Iizmin(rl,...,rn))zﬁ, 1Slfl’l
1 "

Proof Let T ~ Exp(}) and S ~ Exp(u) be independent. Denote the joint density
function of (S, T) by fs 7. Then

P(S =T) =E[ls<n]

/ / {s<t} (s, t)fS (s, t)dsdt
= / e / e M drds
0 s

—_*
Atu
We know from Lemma?2.1.6 that min{z;; j # i} ~ Exp(}_ A;). Hence
J#
P(z; = min ) &
7, = min(ty, ..., ;) = ——.
! Ao+ + A

Let {7;; i € N} be independent exponential random variables with parameter A.
n
Define 7, := Y 7.
i=1

Exercise 2.1.8 Prove thato (T4, ..., T,) = o (11, ..., T,).
Hint: Prove that there is a bijective application f : R” — R" such that f (zy, ...,
7)) = (T1, ..., Tn).
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Lemma 2.1.9 (T4, ..., T,) has a probability density on R" given by
fT| ..... T, (tlv e tn) = )\nei)‘tnl{(tl ..... t,) ; 0<t <---<t,,}(t1a ey [n)~

Proof We define a posteriori the function f,,; as

Jor1 Gt = ), () G =6+, 1> 0)
- )\neixtnl{(tl 44444 t) ; O§t|<»--<t,,}(t1 P t11))\67M]1[0,oo) (77)
= )\n+lef)»t,1+1 1{(t1 ..... tht1) s ()§II<---<Z,,H}(tl PR tn+l) a.c.,
where fr, ... r, is a density of (T}, ---,T,). Thenforay, ..., a,+1 € R,
P(T <ay, ..., Thy1 < apy1)
=P <ar,....,Th + Tur1 < apy1)

- / Lozt caniimca MmOt (s s by (M)l - - iy

= / 1{[]5“1,....tnf(ln.tn+15un+1}ﬁl+l(t19 ey tn+1)dt1 t 'dtn+l~

Therefore the proof follows by induction on n.

Definition 2.1.10 (Gamma distribution) A positive random variable X is said to
follow a gamma distribution with rate parameter 6 and shape parameter r > 0 if it
has a probability density function of the form

err—le—ex
Jx () = W
We denote this fact by X ~ Gamma(0, r). Recall that I"(r) := fooo x"~le™*dx. This
function satisfies that I'(r + 1) = rI"(r) forr > 0and I"(n) = (n — 1)! forn € N.

Corollary 2.1.11 7, ~ Gamma(X, n).

t A"t,'l'_le_)""

Proof By direct integration of Lemma?2.1.9 we have P(T), < 1) = ﬁdt"'
n— !

Therefore one obtains the probability density function of 7, by differentiation of
P(T,, <t) with respect to . This gives

n n—le—xt

d
an(t) = EP(T <t = W

Definition 2.1.12 (Poisson distribution) A positive integer-valued random variable
N is said to follow a Poisson distribution with parameter A > 0 if
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n

A
VneZV,P(N =n) ==,
n

and we write N ~ Poisson(}).

The following properties are an immediate consequence of the above definition:

Corollary 2.1.13 The mean and variance of N ~ Poisson()\) are . That is,
E[N] = A, Var[N] = A.

Furthermore, the characteristic function of the Poisson distribution is given by
exp[r(e? — 1)].

Remark 2.1.14 In order to make the relationship with the general theory that will
follow in subsequent chapters, we remark here that the above characteristic function
can be written by using the Dirac point mass measure at one, denoted by §; (dx) (i.e.
the measure that characterizes the distribution of the random variable which takes
the value 1, a.s.), 3 as

E[eN] = exp [ / (e — 1))\31(dx)] ) 2.1)
R

Therefore the interpretation of the measure Ad;(dx) is that at every time that the
process jumps, the size of the jump is one and that the average frequency of these
jumps is A. We will see about this interpretation shortly. The measure 1§ (dx) is
usually called the Lévy measure associated with the random variable N.

Exercise 2.1.15 Suppose that there exists another finite measure p such that for all
0 eR,

/ (@ — 1)A8; (dx) = [ @ — 1)p(dx).
R R

Prove that* n = Adj.

Proposition 2.1.16 Let {1;;i € N} be a sequence of independent exponential ran-
dom variables with parameter A. Then, for any t > 0 the random variable

N = Z Lir, <y

n>1

3 Another way of saying the same thing is to say that 8| is a probability measure so that 8; (4) = 1
if 1 € A and zero otherwise.

“4This measure is essentially unique, although we have not yet discussed its uniqueness. This will
follow because the exponential function is a generating family. Recall the discussion after (1.1)
and before Exercise 1.1.11. That is, exponential functions generate indicators and therefore the
corresponding measures have to be equal.
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follows a Poisson distribution with parameter At. That is,

VneN, P(N;=n)=e '
n!

Therefore we see that the previous interpretation is reinforced in this probabilistic
representation. The random variable N is the count of how many times the increasing
sequence of random times 7; satisfy that 7; < 1. This count is done in units of one
(every time the indicator function is equal to one) and the associated frequency is
related to 7; whose mean is A ~!, which means that on average we will have A jumps
on the interval [0, 1].

Proof By Lemma2.1.9, the density of (T}, ..., T,) is given by

— Aty
)\.ne 1{(“

..... t,); 0<ty <<ty }+
Hence, as in the proof of Corollary2.1.11 and Lemma2.1.9, we have

P(Nt = n) = ]P(Zil <tr< n+])
A"
—M( ) .

n!

One may wonder if there exists a sample space supporting the infinite sequence
of random variables {;; i € N}. This is a classical mathematical result that requires
the infinite product of sample spaces. This may be done using the Carathéodory
extension theorem for measures.

2.1.2 Definition of the Poisson Process

Definition 2.1.17 (point process) Let T = {T,,; n € N} be a discrete time stochastic
process on (§2, .7, P). Then T is called a point process on R* if

O0<Ty<---<T,<---and T, } 0.

Sometimes we use the notation’® Ty = 0.

Definition 2.1.18 (counting process) {N;; t > 0} is called a counting process of the
point process T = {T,; n € N} if

N, = Z l{Tust}-

n>1

5In some advanced texts this definition is considered in greater generality, without the condition
that there are a finite number of counted events in any finite interval.
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The following lemma is a immediate consequence of the above definitions.
Lemma 2.1.19 The counting process {N,; t > 0} satisfies the following conditions:

1. N, = n} ={T,, < 1},

20N, =n} ={T, <t < Ty},

3. {AG <n=< Ah} ::{S‘< T, EEZ},

4. There exists the left limit N;_ := li?l Ns, and N, is a right-continuous process (i.e.
sTt

lgr) N; = Ny).
Property (4) is usually called the cadlag property.
Definition 2.1.20 (Poisson process) Let {t;;i > 1} be a sequence of independent
exponential random variables with parameter A and T7,, = i 7;. The process {N;, t >

i=1
0} defined by

Ny = Z Lir,<n

n>1

is called a Poisson process with parameter A.

In some texts A is called the intensity of the Poisson parameter as it measures the
rate of jumps. Many properties of Poisson processes have already been given in the
previous section in the form of properties of Poisson random variables.

Proposition 2.1.21 Let {N,} be a Poisson process with parameter \. Given N; = n,
n > 1, then the jump times of the Poisson process are given by the following density:

|
IP’((T], Tr,...,Ty) € AIN; = n) = / dndt - - ~dtn:%, A e BMRY.

AN{0<t] <tr <---<tp <t}

That is, given N; = n the jump times (T, ---,T,) are distributed like the order
statistics of n uniform random variables in the interval® [0, t].

Proof From Lemma?2.1.9, we have that

P((Ty, Ty, ....T,) € AN, = n)
_P((Ty,Ts,...,T,) €A N, =n)

P(N, = n)
n!
_ Y,
_]P((T]7 T25 LRI ) Tn) € Aa Tn S t < T‘l‘l"r]) ()\,[)ne
ntl —Aypy nt,
= AT e Yoz <octy ) (T - pp)dly - - d e
(ANR=1 x[0,£]) x (¢,00) (A1)
5Given n independent random variables Uy, - - - , U, each with the uniform distribution in [0, 7],

the order statistic distribution is the n-dimensional distribution of the n random variables once they
have been ordered.
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o !
Aty S

/ re M +11{0§t1<--~<t,,}(t1’ e tydty - -dln+1—n€ !

ANR 1 x[0,1] J 1 t

® nt
Ae Mmidt, i dty - - ~dt,—e !
AN{0<t)<tr<--<t,<t} J 1 t
n!
/ e Mdry - ~dtn—ne’\’
AN{0<t| <ty <--<t, <t} 4

n!
Z/ dt]dl‘z---dl‘n—n.
AN{0<t) <ty <--<t, <t} 3

Lemma 2.1.22 [f{N;; t > 0} is a Poisson process with parameter X, then, fort > 0:

(i) Tn,+1 — t is independent of o (Tn,+k : k > 2).
(ii) Tn,4+1 — t is an exponentially distributed r.v. with parameter A.
(iii) Tn,+1 — t is independent of o (N;).

Proof First, we show (ii) and (iii). For s; € R and k € N, we have
P(Tn+1 —t <s1,N,=k) =P(Tj41 —t <51,N, =k)
= Erp <1+, Tu<t<Ti )
From Lemma 1.2.3, we obtain

Bz <si+o.Te<t <D ] =Bz <o B <t 4o <1401 Tk]]
=17, <y (e 7T — eI = (1 — e PN, = k).

Next, we compute the following distribution function in order to prove (i). It is easy
to check that, for {s;};>» C R,
Pl (Vv < sid | =P () < s
k>2 k>2
Therefore, we have

P Ty —t < s} 0 [ frwx < i)
k=2

P({Tvr —t <sd0 [ Vo < s NN =1}
k=2

Me I[M]e

P<{TN,+1 —t<si}N{N; = ”)P m{TlJrk < s}

k>2

\_
Il
=}

=P(Ty+1 —t < sOP | [ Vltwx < s
k=2
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The proof is complete.

Proposition 2.1.23 Let {N;; t > 0} be a Poisson process. Then for any s < t, N; —
N and Nj, are independent.

Proof Leta,b € N,

b b a+k
P(N; =Ny <a.Ny<b)y=Y PNy <a+kNy=k)=Y > PWN;=1N;=k)
k=0 k=0 I=k
b a+tk
=D ) PT <t <Tiyy, Ty <5 < Tip1)
k=0 I=k
b a
= Z ]:P(TkJrj <t< Tk+j+1’ Tk <s< Tk+l)' (22)
k=0j=0
First for j = 0, we have
s ko k=1 k
P(Ty <s<t<Try) = /0 P(t < u+ tp1)e ™ ()]; i 1)!du = ();:!) -

For generalj > 1, we have, applying conditioning twice (first 7; = uandthen ;| =
51)s

P(Tiyj =t < Teyjp1, T =5 < Tieg1)

1—u sk k-1
=/ / Pu+s1+Sj <t <u+s +Sj+1)ke_)‘sle_)‘“
0 u

- 1)'dsldu.

Here in order to simplify the notation we have set §; = Z{:z Tx+;. Now using the
previous step, we have that

P(Titj <t < Tiqjy1, T <5 < Tiy1)
t—u )\’] 1 t—u— 1 )\'k k—1
/ f ( u— sy re MY ds du
— 1! (k—1)!

@ —s)Y (AS)" L
- k¢

Thus, we have that

a

(?»S)k A —9) S))J ey

(22 = Z{(“) ey - )

j=1

_ Z Z (As.>k Gt~ s))f e

k=0 j=0
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— Z{ ()‘S) 7,\5 Z ()\(t _‘ S))] ef)h(]f_y)}

=~
= P(N, — N, < a)P(N, < b).

In fact, we have the following generalization.

Proposition 2.1.24 The Poisson process {N;;t > 0} has independent increments.
Thatis, for any partition0 < t; < --- < t,,, therandomvariables Ny, Ny, — N, ...,
N,, — N,,_, are independent.

Lemma 2.1.25 Let {N,; t > 0} be a counting process of the point process {T,; n €
N} with stationary independent increments. That is:

(a)foralln =2, 0 <ty <t <--- <ty the increments {Nf/ =N ;1 <)< n}
are mutually independent,

(b) forall0 < s < t, the law of N; — N, depends upon the pair (s, t) only through
the difference t — s.

We define that ty .= Ty, t; :=T; — T;_y (i = 2). If, for any t > 0, N, follows a
Poisson distribution with parameter \t, then {t;; i € N} is a sequence of independent
exponential random variables with parameter A.

Proof First note that fori < jands < u

J—1j—1-k k S) )\kJrl
P(T; <5, T;>u) =P(N, =i, N, <j— D =e ™ Z o
k=i [=0

From here one obtains all the required properties. In fact, one proves first by taking
Jj =i+ 1, differentiation with respect to s and integration for s € [0, u] that T; ~
Gamma(A, i) and similarly that t;1; = T;; — T; is independent of T; and that it is
distributed exponentially with parameter A.

Lemma 2.1.26 Let X and Y be Z*+-valued random variables with E[X™], E[Y™] <
oo for any m € N. Then X and Y are identical in law if and only if for any u in a
neighborhood of 0,

E[X1 = E[«"].

The function G (u) := E[u*] = > u'P(X = i) is usually called the probability gen-
>0
erating function of X . In other texts, is called the moment generating function. In the

particular case that u = e~ and A > O then it is called the Laplace transform, which
is, loosely speaking, a transformation of the characteristic function.

Proof Consider G(u), u € [0, 1]. Since E[X™], E[Y™] < o0, G (u) is termwise dif-
ferentiable. Then we have



2.1 Introduction and Poisson Process 21

G'(u) = Ziu"—‘P(x =)= Ziui_IP(X =i).

i>0 i>1

Hence G'(0) = liiIOl G'(u) =1-P(X = 1). In the same fashion, we have

G"™(0) = n'P(X = n).

Suppose that for some ¢ > 0 and for all « in [0, & A 1], E[tX] = E[u"]. Then we
have

G 0) B

P(XX =n) = oy

P(Y = n).

Lemma 2.1.27 Let X be a Poisson random variable with parameter A. Then, for
anyn € N, E[X"] < oc.

Proof For all n € N, we have that

)\k
E[X"] = Zk"ye—*.
k>0 :

kn)l;_];e—)\ B )\( k )n
=1y er  k\k—1) "

)n = 0, from the ratio test, we get E[X"] < oo.

Also,

k

Since limy_, o % (m

InLemma?2.1.25, we assumed that the marginal distribution of N follows a Poisson
distribution. In the next result we generalize this result.

Proposition 2.1.28 Let {N;; t > 0} be a counting process of the point process T =
{T,; n € N} with stationary independent increments. That is:

(a)foralln =2, 0 <ty <t <--- <ty the increments {Nz; —Ny_; 1<j< n}
are mutually independent,

(b) forall 0 < s < t, the law of N, — N, depends upon the pair (s, t) only through
the difference t — s.

In such a case {N;; t > 0} is a Poisson process.

Proof For any ¢t > 0, define the moment generating function f; : [0, 1] — [0, 1] as
follows:

fiw) = E] =" u'PWN, = k) (t > 0),

k>0

folu) = 1.
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We remark that the above functions are well defined and that f;(0) = PV, = 0).
From Lemmas?2.1.26 and 2.1.27, we will prove in Step 1 that there exists A > 0 such
that f,(u) = e =" and in Step 2 that the process T = {T,; n € N} satisfies that
each T, follows a Gamma distribution with scale A and shape n .

Step 1.

From assumptions (a) and (b), we have

frs(u) = E[u"+]
— E[MNA MNH»A _N:]
— :[E[MNJ]E[MNH»S_NS]
= fs(f: (w).
Therefore for any n, m € N,

F2 ) = frn 1) = from Fi ) = {1, @] i, = m

m

e =fi ()= {fi (u)}

Hence we have
fr@) = (@), f2w) = (i} Yn,meN.

Let {t,; n € N} be a sequence of rational numbers such that ¢, | # € RT. Then as
fi(w) = 0, we have

il + iy
Since N, is a right-continuous function,
N;, | N;, as., ulVn 0 W™, as.
From the monotone convergence theorem, we have
i) = E[u™ ] 1 E[u™] = fu).

Therefore f;(u) = {fi w)}" .
Let {s,; n € N} be a real sequence such that s, | 0. Then

@} = f;, (W
=Y u'PW,, =k

k=0
> P(N;, = 0)
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=P(T| > s,).

Since P(T} > s,) 1 1, as n 1 oo then for some N € N, we have

1
@)™ = BT > 5v) > 5.

1
Therefore fi (1) # 0. Let A(u) := log ——. Then we have

Ji(u)
Elu™] = f,(u) = {fi(w)}) = e W',

In particular, A(0) = logf;(0)~' = logP(¥; = 0)~' > 0. Hence it just remains to
show that for any u € [0, 1],

) = A0)(1 — u).

Clearly,
1 — e 1 — E[uM
A = lim —— —1lim L]
t10 t t10 t
=1iml 1—§:wMN=m)
no t k>0 l
1
=1 —(1 — PN, = k). 23
;fg; -(1 =i YPWN, = k) 23)

Since 0 <u <1,

PN = 2)

052}0 — PN, =k) = —

k=2
Now, we will prove that

P(N; > 2
(’f—)—w, ast | 0.

We divide this into two cases: First, if A(0) = 0 then f;(0) = 1 for any ¢. Since
1 = E[0M] = PV, = 0), P(N, > 2) = 0. Next, if A(0) > 0 then ¢ @ < 1, and
we have
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N = 0. Ny = 2b = | Jlt < 0. o < e +-1)

n>0 n>0
=Mt <. T <nt+1<Ti+1)
n>0

C{l, < T, +1}.
We deduce from the above and assumptions (a) and (b) that

P(J (N = 0, Ny = 21) <P(T2 < Ty + 1)

n>0

—P(T, <T))=0ast | 0.

Hence we have

_PW,z2) _ P22

0
T X0y T 1 —e MO

<P(T, <T),+1t) — 0.

So from (2.3), we conclude that for all u € [0, 1],

. PN, =1)
Au) =lim ———— A —u) = C1 —u).
140 t

Taking u = 0, we obtain that A (x) = A(0)(1 — u).
Step 2.

Let 7y :=Ty, 7, :=T; — Ti—y (i >2). We prove that {r;;i € N} is a sequence of
independent exponential random variables with parameter A (0). From Lemma 2.1.25,
it is clear.

Exercise 2.1.29 Let N be a Poisson process. Prove the following:

e limgy, Ny = N, exceptfort =T;,i € N.

e For any fixed r > 0, we have P(N, — limg, Ny, = 1) = 0.

e Let T be a random time which is independent of N, then P(Ny — limgr Ny =
1) =0.

Corollary 2.1.30 The moment generating function of a Poisson process with param-

eter A is
]E[MN,] — e*)n(lfu)t-

Theorem 2.1.31 (Sums of independent Poisson processes; super-position property)
If {Nt(l); t >0}, {N,(z); t > 0} are two independent7 Poisson process with intensities
A, Ag, then {N, = N,(l) + N,(z); t > 0} is a Poisson process with intensity Ay + ;.

7Recall that independence of random process means that the o-fields generated by these process
are independent.
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Proof We prove that N; is a counting process, N; has stationary independent incre-
ments and N; follows a Poisson distribution with parameter A; + A;. Therefore the
result will follow from Proposition2.1.28.

Step 1.

Step 2.

Step 3.

N, is a counting process. Since Nt(i) is Poisson process, there exists a point
process {T"},en such that

@ __ )
N = Z I{Té’)sﬂ‘

n>1

Hence we have N; = an1 (I{Tn“’stl + I{T"(z)g}). We define a point process
{T,; n € N} which is relabeled {TV; n € N}, {T?; n € N} in an increas-
ing order in that

Ty := inf{z > 0; AN, # 0},
T; .= inf{t > T;_1; AN, # 0},

where AN; := N, — N,_. Then we have N; = an] 1(7,<y. Hence N, is
counting process.
N; has the stationary increment property

Ny — N, = (N(l) +N(2)) _ (Nt(l) +Nt(2))

t+h t+h
= Wiy =N + NG, = N

d A (2)

N; has the independent increments property. We only check the following
equation:

Elexp(i »  o;j(N, — Ny )] = [ [ Elexplioy(V;, — N, )]
j=1 j=1

We decompose N;, — N,,_, to N,fl) - Ntﬁ? + Ntiz) - Nﬁ)} asin Step 2. Since
N® and N® are independent, we get

(LHS) = Elexp(i Y _ o;(N;" = NDIEL Y (N, = N2,
j=1 j=1

(RHS) = | [ Elexplio;(N,"” — N")) Efexp(io; (N, — N2))1.

i1 11
J=1

Therefore (LHS) = (RHS).
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Step 4. N, follows the Poisson distribution with parameter A; + A,. It is clear by
checking that E[¢/] = exp((A; + A2)t(e?? — 1)).

Remark 2.1.32 Step 4 in the above proof should reinforce your understanding of the
representation (2.1). We note that as in Remark 2.1.14 we can rewrite the above char-
acteristic function as exp( f (e™ — 1)v(dx)), where v(dx) = 118, (dx) + 128, (dx).
Therefore we understand that this may lead to a general form of some characteristic
functions where the distribution is now characterized by a measure v.

Exercise 2.1.33 Use characteristic functions (see e.g. Theorem 1.1.6) in order to
prove the following two results for a sequence of independent Poisson random vari-
ables N', i € N with parameter A:

e )" | N'isaPoisson r.v. with parameter An. In particular, prove that y ;_ N* —
00, a.s. The following renormalization result gives the asymptotic behavior of
this sum of random variables:

e Prove thatlim, o 1 Y7 | N = A, as.

. % Y (NT—=X) = Z, where Z ~ N(0, 1).

Notice that this last result is interesting. A discrete distribution like the Poisson
random variable after a limit renormalization becomes a continuous distribution!

Exercise 2.1.34 In this exercise, we would like to briefly discuss some basic proper-
ties on the modulus of continuity of the Poisson process {N,; t > 0} with parameter
A. First, we recall that the paths of Poisson processes are cadlag. Still, prove the
following properties:

o lim,w M = A

o lim, 1% =0, a.s.
o lim, o P(% > 0) =0.

These results can also be stated for 7 1 co. Write and prove those results and compare
with Exercise2.1.33. For the moment, it looks that not much of interest is going on
as these paths always increase by one unit. Starting in the next chapter, we will see
much more interesting behavior.

Problem 2.1.35 This exercise is designed for people that may have some experience
with Markov chains. Prove that a Poisson process is a time homogeneous Markov
chain with state space N U {0}. In particular prove that for ¢, < ... < t; and q; € N,
i=1,...,na, <a,-1 <..=<aonehas

P(Ntl = al/N,_/. = aj,j = 2, veey I’l) = ]P)(Nt. = al/le = az).

Compute its transition probabilities and prove its transience.

Exercise 2.1.36  One of the properties which separates the Poisson process from the
Wiener process is its lack of scaling property. In fact, prove that although
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ElrIN,] = A,

in general, E[(1~'N,)?] depends on ¢. This can also be seen from the moment generat-
ing function; that is, the fact that the generating function of t~' N, is not independent
of t.

Exercise 2.1.37 The following properties are related with the long-time behavior of
the Poisson process:

t
1. Compute limt_zf E[N;]ds.

Tn,

2. Prove that/ Nyds = " i(Tisy — Ti) + Ni(t — Ty,).
i=0
3. Prove that l%m N; = 0o, a.s. and therefore lim Ty, = 00, a.s.
t1oo l OO

4. P that li i(Tiy1 —Ti) =
rove tha anIglo;z( +1 ) =00
5. Try to guess the value of the limit hmt / Nds.8

Exercise 2.1.38 This exercise will help you get acquainted with o -algebras which
will be needed later. Define .%, := o (Ny; s < t). Recall that we always consider that
this means that .%; is the smallest o -algebra for which N; is measurable for all s < ¢
and which is completed with all the subsets of sets of probability zero.

1. Provethat % = o ({T; < s};s <t,i € N) = o(T; At;i € N). In particular, T; is
a stopping time for any i € N.

2. Letg: £2 xR x [0, T] — R be a function that is measurable with respect to the
o-field 1 @ B ® P[0, T]. Prove that there exists a sequence of functions of
the type

2n(@,2,1) = Y Xi(@)a;(2)bi(1)

i=1

suchthatg, — g, a.s.HereX; : 2 — Risa.Zrrandomvariableanda; : R — R
together with b; : [0, T] — R are measurable functions.

3. Now suppose that for each 7 € [0, T], g(w, z, s)1(s < ¢) is measurable with
respect to .7, @ A ® A|0, t]. Prove that g(-, -, t) is measurable with respect to
' @ A.

Exercise 2.1.39 This exercise is about the extension of the stationary increment
property of N to a weaker property and is strongly related to Exercise2.1.38.

1. Lets, t > 0; prove that N,y — N is independent of .%;. Hint: Prove this by using
a simple set in .%; then extend this result by taking limits.

8Recall results related with the law of large numbers.
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We say that 7 is a stopping time if for any ¢ > 0, {t < t} € .%,. Prove that given
any stopping time t then N;, — N; isindependent of %, = {A € ;AN {1 <
t} € &, t > 0}. Furthermore prove that the laws of N;., — N; and N, are the
same. That is, P(N;4, — N; = k) = P(N; = k) for any k € N. This property is
called the strong Markov property. When 7 is non-random it is called the Markov
property.

Hint: Prove this property by approximations. That is, assume that t takes a finite
number of values. Then proceed by taking limits.

Exercise 2.1.40 This exercise is about the simplest form of Girsanov’s theorem
(change of measure) for Poisson processes. It will appear later in a much more
complex form.

1.

3.

Let N be a Poisson process with parameter A > 0; prove the following equality
for any f bounded and measurable function:

)\‘/
E[f (N)1 = E[f (V) exp((X" — A)t — N/ log(=-)]-

Here N’ is a Poisson process of parameter A’ > 0 and we assume without loss of
generality that the probability space supports these two processes.
Prove that one may define a new probability measure by considering

)\‘/
0,(A) = E[14exp((A — M)t — N/ 10g(7))]-

Prove thatif A € %, for s < ¢ then Q;(A) = Q,(A).

Problem 2.1.41 This exercise is about the large deviation principle for the Poisson
process.

1.
2.
3.

4.

Prove that P(N, > x) < f(x)"'E[f (N,)] for any increasing function f.
Using f (x) = e™ prove that P(N, > x) < exp(—ax) exp((e® — 1)Ar) .
Prove that
. log P(N; > x)
lim sup —— =

X— 400 X

State and prove an improvement of the above result’.

Problem 2.1.42 (An alternative method of defining the Poisson law. The infinitesi-
mal definition'?) Suppose that a stochastic process'' N,, ¢ > 0, satisfies the following
relations as 4 |, O fork =0, ...:

9This is an exercise to test your understanding.

10Recall that o(1) stands for any function that converges to zero as the related parameter (which
should be clear from the statement) approaches a certain limit. In this case, the parameter is /.

1 A stochastic process is a family of random variables {N;};c[0,00) such that N : £2 x [0, o0) — R
is jointly measurable. I suppose that you interpreted this in a similar way in Definition2.1.17.



2.1 Introduction and Poisson Process 29

P(Nisn = k + 1|N; = k) = Ah + o(h).

P(N;ys > k + 1IN, = k) = o(h). 2.

P(N;xp = kIN; = k) =1 —Ah + o(h)

t — N;(w) (a.s.) is increasing and N has independent increments.

.

Prove the following statements:

1. P(N; =0) — P(N;— = 0) = —AhP(N;—;, = 0) 4+ o(h).

2. 3,P(N; = 0) = —AP(N; = 0) and therefore P(N;, = 0) = ¢™*'.

3. For k>1, P(N; =k) —P(N,_p, = k) = Ah(PN,—p, =k — 1) — P(N,—, = k))
+ o(h).

4. Prove that the probabilities for N, should satisfy the differential equation 9,P(N, =
k) =APWN; =k — 1) = PN, = k)).

5. Provide boundary conditions for the above system of ordinary differential equa-
tions and prove that the unique solution is given by P(N, = k) = e~ (kk—t,)k

Note that this exercise does not tell you how to construct the process N, which is what

we have done in this section. Still this is not impossible to do. In a general setting, one

uses the independence increment property together with the laws of the increments to

obtain the joint law of any vector (V,, ..., N, ) for any sequence 0 < #; < --- < 1,

and then applies the so-called Kolmogorov extension theorem.

Problem 2.1.43 The following exercise is about the behavior of the simple Poisson
process when A — o0. Prove that

. Nr
lim — =1, (a.s).
A—>00 A

This is also known as the renewal theorem when one considers large time. That is,

N:
lim — = A, (a.s).
T—-oo T

Hint: Use characteristic functions.

Exercise 2.1.44 This exercise will help us to understand the definitions of stochastic
integrals to appear in the chapters that follow.

1. Prove that for w € £2, the function t — N, (w) is of bounded variation on compact
intervals.

2. Given the previous result prove that for any function g € C[0, T'], one can define
the integral fOT g(8)dNj.

3. Infact, give an alternative expression for the above integral using the jump times
{Ti}ien.

12Recall that o(h) is any term such that limj,_, ¢ ”Th) =0.



Chapter 3 )
Compound Poisson Process and Its e
Associated Stochastic Calculus

In this chapter, we enlarge on the previous chapter by considering processes whose
jumps may be random but independent between them. We also give some further
definitions on general theory of stochastic processes and stochastic analysis which
may be easier to understand given that they are used in this particular application.

3.1 Compound Poisson Process

Definition 3.1.1 (compound Poisson process) A compound Poisson process {Z;; t >
0} with intensity A > 0 and jump size distribution F is a stochastic process defined
as

N,

Z, = Z:Yf’fN”O’ (3.1)
=
0  ifN, =0,

where jump sizes {Y;;j > 1} are i.i.d.r.v.s with distribution F and {N;;t > 0} is a
Poisson process with intensity A, independent from {Y;;j > 1}.

One can prove the following theorem by easy computation.

Theorem 3.1.2 The compound Poisson process has a characteristic function given
by
E[e””] = exp{At(E["" — 1])}.

In the particular case that the random variables Y; have a density f we have that

E[e%%] = exp{Art / (€% — 1)f (x)dx}.

© Springer Nature Singapore Pte Ltd. 2019 31
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Proof

. N Ny
Ble"#] = Ele" 2 V] = 3 Bl Em 1y ]

n>0

A ME[e])"
= ZE[ 1916]"( t) — Z %e—kf
n>0 n>0

=e” exp()»t]E[eieY/]) = exp{kt(]E[eieY/ — 1D}

Corollary 3.1.3 Let {N,(l); t > 0}and {N,Q); t > 0} be two independent Poisson pro-
cesses with parameters Ay and A, then NV + N @ is a Poisson process with param-
eter A = A1 + Ao. In fact, any linear combination of NV and N® is a compound
Poisson process.

Proof By Lemma?2.1.25, it is enough to use Theorem1.1.12 to check that
E[ei™"+N")7 is equal to the characteristic function of the stated Poisson process.
In the general case the proof is similar but one has to be careful about the law of the
jump size. We leave this as an exercise for the reader.

Exercise 3.1.4 In this exercise, we study the properties of the process N; 0 Ntm

in Corollary 3.1.3. In fact, we will prove later on that NV — N is itself has the
structure of a compound Poisson process using a method which is slightly different
from using characteristic functions. Here we give some exercises to point in this
direction.

1. Prove that the following representation is valid:

(1)+N(2)

Nz(l) N(Z) Z Y;

In particular, give the explicit definition for Y;.
2. Prove that Z, := N, w_ (2) has the property of mdependent increments.
Define 7 as the first jump tlme of Z. Prove that NT 1, — N is a Poisson process.
4. Prove that ¥; is a sequence of i.i.d.r.v.s with P(Y; = 1) = % and P(Y; = —1) =
1-P;, =1).

W

For a hint, see Chap. 14.

Remark 3.1.5 (i) Note that this last result matches with the structure in
Remarks2.1.14 and 2.1.32. In the case of Corollary 3.1.3, we have that v(dx) =
AA—‘Sl(dx) + %871(dx). In this case of Theorem3.1.2, we have that v(dx) =
Af (x)dx. Recall that v is the so-called Lévy measure associated with the process
Z and which is unique.'

IState and prove the equivalent statement of Exercise 2.1.15.
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(i) The property revealed in Corollary 3.1.3 will be important in what follows as it
will be used many times in more general settings.

(iii) Note that the time variable appears separately in the exponent. One may always
claim it to be part of the definition of v (note that we are not requiring v to be a
probability measure) if one considers only one random variable with fixed time.
That is, one may think that the compound Poisson process is always observed at
time 1 and that instead its intensity is given by Af. As this will no longer be the
case in the study of processes, we prefer to consider it as a separate component.
Still, such a interpretation is sometimes useful.

Theorem 3.1.6 (Wald’s Lemma) Let {Y;;j > 1} be i.i.d. rv.’s with IE[lelz] < 00,
N be a Z"-valued r.v. independent from (Y;);>1. Let

s o if (N =0),
B DR A X\ =N}

Then:

(i) IfE[N] < oo, then E[S] = E[N]E[Y;].
(ii) IfE[N?] < oo, then Var[S] = E[N]Var[Y;] + Var[N]E[Y;]%.
(iii) If N ~ Poisson()), then Var[S] = AE[Y}].

Result (ii) above states that the variance of a random sum has two components,

one coming from the variance of the random variables being summed and the other
due to the number of terms in the sum.

Proof () S=31 oY =Y, ¥iliyoy. so that

EISI=E| > > Ylwon | =D > E[¥lwn]

n>0 j=1 n>0 j=1

=D EWIE[ly_n] =) n-EMIPW = n) = EIVIE[Y,].

n>0 j=1 n>0

Note that the above interchange of sums and expectations is possible due to
the Lebesgue convergence theorem. The needed hypotheses follow from the
assumptions.

(ii)
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=21 2 EI1+ ) EIVIEL,] POV = n)

n>0 | j=1 I1#m

= (n-E[Y?1+ (@ — WEV P)P(N = n)

n>0

= E[Y{IE[N] + E[Y;1*{E[N?] — E[N1}.

So we get Var[S] = E[N]Var[Y,] + Var[N]E[Y;].
(iii) Since N ~ Poisson(A), E[N] = A,Var[N] = A. Therefore

Var[S] = A(Var[Y;] + E[Y,]) = AE[Y{].
We remark that in the above proof the following useful identity (which was also

discussed in Lemma?2.1.19) is hidden in the calculations. This identity may be useful
in order to prove various properties:

N; e8]
Z Y, = Z Yil{T,vft}-
i=1 i=1

Property (ii) above states that the variance of a sum of i.i.d. random variables
whose number of terms is random has two components, one due to the variability of
X and the other due to the variability of N.

Theorem 3.1.7 Let Z be a compound Poisson process. Then the law of Z, — Z; is
equal to the law of Z,_,. In other words,

PoZ ! =Po(Z,—Z)™", (t>59).

Proof We prove that for any 6, E[¢"%~%)] = E[¢/"%-+]. From Definition3.1.1 and
Proposition2.1.23, we have

. N . 0.
E[e®@—2)] = [E[e'9 DNyt Yfl{Nle}] + E[e" OI{N,:NJ}]

= Z Z E[e" Dt "in=in=t)] + PN, = Ny)

k>0 I=k+1

=3 3 BT RW, = 1N, =) + PO, = N)
k>0 I>k+1

=Y Y Bl VPWN, =k +j,Ny=k) + Y PN, =N, = k)
k>0 j>1 k>0

= 3 Y B YRM, =k +j N =)

k=0 j>0
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=> > B[P, — Ny =j. N, = k)

k>0 j>0

=YY El""VPW, — N, = j)P(N; = k)
k>0 j=0

=Y PN, =k) Y _E[”" VPN, — N = j)
k>0 j=0

= E[e"%].

Proposition 3.1.8 (Sum of independent compound Poisson processes) If {Z,( Dor>
0}, {Zt(z); t > 0} are independent compound Poisson processes such that jumps sizes
{Yj(l);j > 1} and {Yj(z);j > 1} are i.i.d.r.v.s with distribution F, then for any t > 0,

E[ei9(2;1)+zr<2))] _ exp{)\l]E[eiQY _ 1]}

Here A = A; + A, and Y has the distribution F.
Exercise 3.1.9 Extend and prove the above result to the case that the distribution of
Yj(l) is F and the distribution of Yj(z) is?G.
For a hint, see Chap. 14.
Exercise 3.1.10 Extend the results in Exercises2.1.33 and 2.1.34 to the setting of

compound Poisson processes. Notice that from a qualitative viewpoint there is no
change in the properties. This will change in the next section!

Exercise 3.1.11 This exercise states a “converse” of Proposition3.1.8. Let Z, =
Zivz’ 1 Y; be a compound Poisson process. For two measurable subsets Ay, A, such
that A; + A, = R, define the following processes for k = 1, 2:

o0
Nf =" Tyea i<y,
i=1

N

k § :
Zt = Y; IYIEAk'

i=1

Prove the following assertions:

1. N, =N, + N? and similarly Z, = Z! + Z>.

2. ZF =N Y with Y = Yi 1yea, and Y2 = Y; 1y,cac.

3. Provethat N*, k = 1, 2 are independent Poisson processes. Find their correspond-
ing parameters.

4. Prove that Z* is a compound Poisson process and its corresponding jump counting
process is N¥.

2The new distribution of ¥ should be the mixture of the distributions of ¥ (1 and ¥ ® with weights

AL _ M
stand 1 — 5h.
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5. Deduce from the above that Z' is independent of the jump times of Z>. Also the
jump times of Z! are independent of the jump times of Z>.

For a hint, see Chap. 14.

3.2 Lévy Process

Lévy processes are natural generalizations of compound Poisson processes. This
generalization is done through its basic properties studied in Proposition2.1.28. This
leads to the following definition.

Definition 3.2.1 (Lévy process) A stochastic process {Z;; t > 0} is a Lévy process
if the following conditions are satisfied:

(1) Foranyn € Nand0 =1y <t < --- < t,, therandom variables Z; — Z; , - - - ,
Z,, — 7, , are independent.

(i) Zy =0, a.s.

(iii) The distribution of Z,,, — Z; does not depend on ¢.

(iv) Foranya > Oand ¢ > 0, limy_o P(|Zi+n, — Z| > a) = 0.

(v) There exists §2p € .% with P(§2p) = 1 such that, for every w € 2y, Z,;(w) is
right-continuous in # > 0 and has left limits in # > 0, i.e. Z,(w) is a cadlag
function on [0, c0).

Problem 3.2.2 (Brownian motion) One of the most famous examples of Lévy pro-
cess is Brownian motion. The above definition is trivially satisfied by the definition of
Brownian motion whose increments are distributed according to a Gaussian law with
mean zero and variance given by the corresponding time difference. This important
example will only be marginally treated in this text.

We note that both the Poisson process and the compound Poisson process defined
previously are examples of Lévy processes.

Corollary 3.2.3 A Poisson process is a Lévy process.
Corollary 3.2.4 A compound Poisson process is a Lévy process.
Exercise 3.2.5 Prove the above two corollaries recalling Proposition 2.1.28.

Remark 3.2.6 One theoretically interesting question which has to be dealt with is
if the properties stated in Definition 3.2.1 uniquely characterize all probability laws
of functionals of the Lévy process. We do not discuss these issues, just stating that
these issues require first the proof of the specific construction of the corresponding
probability space which shows that the process we are discussing exists. Secondly,
we establish that the process has the path properties stated in (v) so that all measurable
functionals are uniquely defined.’

3 Actually this is the contents of the Kolmogorov extension theorem. The measurability has to be
defined in the space of cadlag functions with an appropriate topology. To make it simple, we may
use for the moment the topology given by the supremum norm on compact intervals of time.
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As we have already, sums of independent Poisson processes are Poisson pro-
cesses (cf. Theorem2.1.31). Similar properties repeat in Corollary 3.1.3 and Propo-
sition 3.1.8. We can check easily that sums of independent Lévy processes are Lévy
processes.

Theorem 3.2.7 Sums of independent Lévy processes are Lévy processes.
Exercise 3.2.8 Prove Theorem3.2.7.

For the next theorem, which deals with the independent increment property for
stopping times, we need to define %, = o0 (Z;; s <t)and F, = {A € Fo;AN{t <
t} e Z,t> 0}

Theorem 3.2.9 Any Lévy process satisfies the following strong Markov property for
any bounded function f and any set A; € F:

E[f(zr+s - Zr); Al = E[f(ZrJrs - Zr)]]P(AI) = E[f(zs)]]P(Ar)

We leave the proof of this statement as an exercise, noting that the proof is similar
to Exercise2.1.39 which is obtained by considering an appropriate simpler approxi-
mation of the quantity under consideration and then taking limits.

Exercise 3.2.10 Let Z be a compound Poisson process defined as

N,
7, = ZY,»,
i=1

such that N is a Poisson process of parameter A and {Y;}; is a sequence of i.i.d . random
variables such that P(Y; = 0) = 1/2, P(Y; = 1) = 1/8 and P(Y; = —2) = 3/8.
Prove that Z is “equivalent” to the stochastic process

where N’ is a Poisson process of parameter A/2 and {Y¥/}; is a sequence of i.i.d.
random variables such that P(Y/ = 1) = 1/4 and P(Y/ = —2) = 3/4.

Exercise 3.2.11 This is a continuation of Exercise2.1.44. Let Z be a compound
Poisson process.

1. Prove that for w € £2, the function t — Z;(w) is of bounded variation on compact
intervals.

2. Given the previous result prove that for any function g € C[0, T'], one can define
the integral fOT g(8)dZ,.

3. Infact, give an alternative expression for the above integral using the jump times
and jump sizes {(7;, Y;)}ien.
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3.3 Poisson Random Measure

We will now try to discuss in detail the structure of Lévy processes from the point
of view of extensions of compound Poisson processes. This will also tie the nota-
tion introduced in Remarks2.1.14, 2.1.32 and 3.1.5 which gives the structure of the
process from the point of view of its characteristic function. This could not be seen
directly in Theorem3.2.7.

Throughout the following sections we will assume without loss of generality the
following hypothesis for any jump process: That the probability that a jump of size
0 is 0. That is, e.g. in the case of a compound Poisson process, we assume that for
any Y;, P(Y; = 0) = 0 (recall Exercise 3.2.10).

This hypothesis is a general hypothesis that is always assumed in the study of Lévy
processes. We will instead make a much stronger hypothesis in order to simplify our
calculations. We will assume that Y; has a density function given by f (y), y € R.

Definition 3.3.1 (Dirac point mass measure) For any a € R, the Dirac point mass
measure 3, at a is defined as

[1lifacA,
Sad) = {Oifa¢A.

Definition 3.3.2 (Poisson random measure) Let {Z, = Z,Oil Yilir,<y;t >0} be a
compound Poisson process. Then .4” is called a Poisson random measure associated
with {Z;; t = 0}, if

N (F) =) 8y, ®51,(F). F e BR)® B0, ).

i=1

Exercise 3.3.3 Check that the Poisson random measure is a measure.

It should be clear from the above definition that the goal of the Poisson random
measure is to count how many times events associated with Z have happened in the
product space R x [0, 00).

Lemma 3.3.4 Let (S, ) be a measurable space and let (j1,,), and v be measures
on (S, X) with . =), in. Then for any f € L'(S, 2, w),

/S f)uds)y = fS £($)a(ds).

n=1
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Proposition 3.3.5 Let .4 be a Poisson random measure associated with {Z; t > 0}.
Then

(i) 1r«j0.0(z, $) A (dz, ds) is a Poisson process.
Rx[0,00)
(ii) For any A € B(R), B € A0, 00) and for any g € L'(R x [0, 00), ZR) @
A0, 00), A),

)
f 8@ ) axp(@ )N (dz ds) = Y gV T)Lyyealiren).  (3.2)
Rx[0,00)

i=1

In particular, if g : R — R, then

/ 8@ rxj0.1(z, $)A (dz, ds)

Rx[0,00)

is a compound Poisson process with each jump size following the same distribution
as that of g(Y).

Proof (i) Trivial.
(ii) From Lemma 3.3.4, we have

o0
/ 8(2, )1axp(z, $) N (dz, ds) = Zg(Yi, T)1iy,easlireny-
Rx[0,00)

i=1

Remark 3.3.6 We remark that in general this last integral, (3.2), is no longer a com-
pound Poisson process as the jump size may now depend on the time at which the
jump happens. Therefore one of the goals of this new notation is to allow for greater
generality. On the other hand, also note that this integral is a cadlag function in ¢ for
B = [0, t]. For more on this, see Sect.5.4.

Proposition 3.3.7 The characteristic function of the r.v.
/ 8(z, )1axp(z, ) A (dz, ds)
Rx[0,00)

is given by

exp (x / (€8 — 11,5z, s)f(z)dzds) :
Rx[0,00)

Here we suppose that the above integral is finite.

Proof Ttis enough to consider the case of fo[o. 1 2(2)14(z)A (dz, ds). We leave the
details of generalizing these arguments to simple functions in the time variable and
their corresponding limits. The characteristic function in this case is given by
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Ny
E[H exp(i0g(Y)) 1iy,ea))] = exp (A1(E[exp(i0g(Y) Liyeap] — 1))

j=1

= exp (AM(E[ 1{yea)(exp(ifg(¥)) — D).

From here the result follows.

Definition 3.3.8 In concordance with previous definitions, notice that if g(z, s) = z
then

Z, = / 24/ (dz, ds).
Rx[0,1]

Its characteristic function is given by the above expression which is an extension
of Theorem 3.1.2. From now on, we define v(dx) = Af (x)dx as the associated Lévy
measure. See also Remark 3.1.5.

Corollary 3.3.9 ForanyA,B € ZR)and0 <a <b <c <d, V(A x (a, b])and
N (B x (c, d]) are independent random variables.

Proof Either compute .4 (A x (a, b]) and A4 (B x (c, d]) directly to check that the
statement holds or use Proposition3.3.7.

From this result, one can already see the formation of the parallel results to
Theorem3.2.7 and Corollary 3.1.3 using the results in Corollary3.3.9 and Propo-
sition 3.3.7. That is, whenever one wants to construct a Lévy process, one may as
well build it first in particular subsets of the jump space and then adding independent
copies of each to obtain that the final result will give the desired process.

This issue will be important for the constructions to follow in the next two chapters.
For the moment, we will now move to the study of the filtration generated by a
compound Poisson process, its martingale properties etc.

Exercise 3.3.10 This exercise is about the approximation of the Gaussian distribu-
tion using compound Poisson process. Let f be the density of the jump size distribu-
tion. Assume that f follows the Laplace density function with mean zero and scale
parameter b > 0. Prove thatif A = ch=> — oo for fixed ¢ > 0 then the characteristic
function of the corresponding compound Poisson process at time ¢ converges to the
characteristic function of a Gaussian random variable with variance 2ct. This means
that the corresponding random variables converge in law according to Theorem 1.1.6.
Furthermore notice that one may interpret this as a Central Limit type Theorem with
random number of summands. Hint: Recall that the characteristic function of the

Laplace density function is [ ¢™f (x)dx = 1.

Exercise 3.3.11 This is an extension of the previous exercise.* Assume that the
density of the jump size of a compound Poisson process with parameter A is a gen-

4“This is an extension in the sense that we can measure the error of the characteristic function
associated with approximating the compound Poisson process using Gaussian laws.
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eral density function, denoted by f, which is an even function and which satisfies
that Y520 & [ |x*f (x)dx < oo for any C > 0.

Denote by ¢z (0) the characteristic function of the compound Poisson process
at time ¢. Similarly, denote by @y, () the characteristic function of a Gaussian dis-
tribution with mean zero and variance ot := At f x%f (x)dx. Prove the following
approximation estimate for the error between characteristic functions:

o0
97,0) =exp | Y it
j=3

.9 k
¢ ,) P | ¢x,(0).

k

Here p = [ x*f (x)dx.>

3.4 Stochastic Calculus for Compound Poisson Processes

Definition 3.4.1 Let {Z;; r > 0} be a compound Poisson process. Then we define
the increment of Z at s (also called the jump of Z at s) as follows:

AZ =7, —Z,_.

Note that AZ satisfies the following properties:

1. For any time interval [0, t], AZ; # O for a finite number of values of s.
2. From the above, we may abuse the sum notation to have that

ZAZX:: Z AZXEZAZS.

s<t AZ#0, s<t s<t

3. From the above one has that

N,
Z=) AZ,=)Y
=1

s<t i

=Y = Zr )z=-
i=1

The above abuse of the summation notation where a non-denumerable number of
terms are summed which only a countable number are different from zero will be
used in the future.

SIf you have some experience with Fourier transforms you may even realize that this implies an
expansion of the distribution of Z; using the Gaussian distribution. But one has to be careful as Z;
in general does not have a density in the case that N; = 0.
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We now define the filtration® .% = {.%;; t > 0} associated with the compound
Poisson process Z as

Fi=0Z;s<t)=0(AZ;s<1)

o0
= U(Z Yilir<g; s < 1)

i=1

= o(Yilir<y;s < t,i € N). (3.3)

Note that the inclusion O'(Z?il Yilir<g; s <t) Co(Yilz,<g; s <t,i € N) is
obvious. Before giving the ideas for proving the reverse inclusion let us give a
preparatory lemma.

The filtration above is the smallest filtration generated by the processes Y; 1;r,<y
and 1;7,<; and completed with the null sets. That is,

Lemma 3.4.2 O'(Yil{T,»gs}; s<t,ieN)= U(Yil{ﬂgs}7 1[7‘,.55}; s <t ieN).

Proof Let %, :=o0(Yilir,<s), Liz<s; s <t,i € N) and I = o (Yiliz<s; s < t,
i eN).

One clearly has that 7% C %,. Since for any s < 1, 5%; C ., itis enough to prove
that

(T; >t} € 5, VYt > 0.
It is obvious that

(7 > 11 = ([l@ € 2 Vi@ r=9@) = 0} N {¥; £ 0}) U (T; > 1 0 (¥ = 0}).

s<t

Since P(Y; = 0) = 0 and all o-fields are completed with respect to the probability
space (£2, .7, P) we have {T; > t} N {Y; = 0} € . For notational convenience, let
us denote two sets,

~
Il

ﬂ{a) € £2; Yi(a))l{T,-gs}(w) = 0},

R:= [ {we 2: Vi)l = 0}.
se(b?b{t}
We will now prove that L = R.

L C Risobvious. By contradiction, suppose thatw € R, w ¢ L. Then there exists
5o ¢ QU {¢} such that

For a much more formal and general definition see Definition3.4.13. But note that a filtration and
a filtered space are not the same thing. A filtration, in general, is just an increasing sequence of o
algebras.
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Yi(0) 1,50y (@) # 0.

Define g(s) := Y;(w)1(r,<5(w). Since g is a right-continuous function, for any ratio-
nal sequence {y,; n € N} such that y, | so,

0 # g(s0) = nll)fgo gl = nlifgo Yi(w)1iz,<y,1 (@) = 0.

This is a contradiction. Hence L = R. Since for any s < ¢, Y;1{7,<5 is an J4-
measurable function, {T; > t} € 74 .

Note that in the above proof we have used the fact that P(Y; =0) = 0.
Lemma3.4.2 is a prelude to issues of right-continuity of filtrations, completeness
etc. which will not be treated in this text in full generality as they are quite technical.
An advanced student can look at [34] for a glance at what we mean here.

But to start with, recall that we have always assumed that all filtrations are com-
pleted. Then one can verify that these filtrations are right-continuous.’

If you wish to be reassured, one can make any filtration right-continuous, by
defining .%;; = N,.;.%,. The main reason for doing this is that any martingale ® in
continuous time defined over such a filtration will have a version.® which is cadlag'®

Exercise 3.4.3 Prove the equality = in (3.3). We suggest that the reader think of
making the following statements rigorous:

e For 17, with s < ¢, note that this indicator function is one if and only if for any
positive rational number s; < s, Zloil Yi1i7,<5,) = 0 with the exception of sets of
measure zero.

o Lets <rand A € #A(R) then Y 17,5 € A if and only if there exists 5; < s with
s1 € Q such that forall s, < s1, Y ooy Yiliz<ypy = 0and Y 2, Yiljr.<,,) € A with
the exception of a set of probability zero.

o Finally, one has to generalise the above statements by induction for general 17,
and Yil{T,'SS]'

Corollary 3.4.4 Letg € L'(R, B(R), A (-, [0, 1)) forallt > O and let A € B(R).
Define

Z = / 8@ 1axp0.0(z, 5)A (dz, ds).
Rx[0,00)

Then Z, is a .F,-measurable function and for any ¢ > 0, Z, — 7. is independent of
Fe.

TThis property follows for Lévy processes.
8See Definition3.4.17.

9We say that a stochastic process X is a version of the stochastic process Y if P(X; = ¥;) = 1 for
allt > 0.

1045 we will see this will become useful when considering stochastic integrals.
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Proof Let g = gl14. From Proposition 3.3.5-(ii),
o0 o0
Z = Zg(yi)l{Tift} = Zg'(yt Lir<)lir<y € M(F).
i=1 i=1

The other conclusions follow due to Corollary 3.2.4."!

Proposition 3.4.5 Let g € #,(R). Then E Hf(a,b]x(c’d] g(@) N (dz, ds)H < o0 and

d b
E[ / ¢(2)N (dz, ds)|£é}] - / f rg(2)f (2)dzds
(a,b]x(c,d] c a

where f is a probability density function of Y.

Proof Since Y;, T; are independent and {Y;; i € N} are i.i.d.r.v.s,

(LHS) =Y " Elg(YD)yc@sninecan]

i=1

= Elg(N)iyewm] Y_{P(Ns = i) — P(N. > i)}

i=1

= Elg(Mye@mHE[Ng] — E[N]}

b
= / g8@)f (2)dz AM(d — ¢) = (RHS).

Remark 3.4.6 (Important remark about integrability) Note that in the above proof
integrability of the (RHS), the exchange of limits, sums and expectations has not
been discussed in detail. This is due to the fact that g is bounded and we hope that
you are already at ease with this argument. This issue will not be discussed in detail
in the proofs that follow. In fact, the other method to prove integrability is to first
assume without loss of generality that g only takes positive values and then deal
separately with the positive and negative part. This will also be used in what follows.

Exercise 3.4.7 Suppose that A is a bounded subset of R. Prove that the random
variable | AX[0.] AN (dz, ds) is a Poisson random variable. Compute its parameter.
3.4.1 Compensated Poisson Random Measure

As we will start taking limits on the paths of various cadlag processes, we will need
some path properties that are valid for any cadlag function.

"Note that Z can be rewritten using Z.
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Lemma 3.4.8 Letf be acadlag function. Then, for any ¢ > 0, there exists a partition
th=0<ti <..<t,=Tandb > 0suchthattiy, —t; < 6 and

max sup () —f(s)] <e

Looste(titivg]

Exercise 3.4.9 Prove the above lemma.'? Also prove that a cadlag function can only
have at most a countable number of discontinuities. The solution is an extension of
a classical result for continuous functions which states that continuous functions on
compacts are uniformly continuous.

For a hint, see Chap. 14.

Definition 3.4.10 (Compensator, compensated Poisson random measure) Let .4 be
a Poisson random measure. Then we define the compensator of .4 as the o -finite
measure

N(F) == / f(@)dzds, F e BR)® B0, 0o)
F

and the compensated Poisson random measureas
N =N =N

Theorem 3.4.11 Let g be a bounded Z(R) ® B0, o0)-measurable function where
g(z, ") isacadlag functionforanyz € R. Thenforany partition: 0 <ty <t <--- <
=1,

n—1 n—1
]E[Z/ g(z, 1) N (dz, ds)lﬁ,n] = Z/ g(z, t,-)j/\(dz, ds).
Rx(t;,ti1] i—0 YR

i=0 X (titit1]

Furthermore if'® max{|t,,; —t;|; i=0,....,n — 1} — 0 as n — oo then by taking
limits we also have

(LHS) — E[[ gz, s—) N (dz, ds)L%O] (n — 00),

Rx (tg,t]

(RHS) — g(z, s—) N (dz, ds) (n — o0).
Rx(ty,t]

Moreover iffRX(ZUJ] g(z, s=)N (dz,ds) € L'(2, F,P), then we get

E [/ 8(z, s—) AN (dz, ds)|9‘,{| =/ ¢(z, s—)N (dz, ds).
Rx(1o,1] Rx(to,t]

12Hint: Recall the argument to prove that a continuous function on a bounded interval is uniformly
continuous.

13This is usually called the norm of the partition.
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Proof Step 1. (LHS) = (RHS). It is obvious from Proposition 3.4.5.

Step 2. Convergence of (RHS). From properties of Lebesgue integrals, we have

lit n—l1

n—1
> / gz, 1)ds =) g(z, 1) (i1 — 1)
i=0 Vi i=0

nﬁo/ g(z, s—)ds <=/ g(z,s)ds).

Using this result, we obtain that

nmlany
(RHS) = Z / /R rg(z, 1)f (z)dzds
=1 v

n—1 fiv1
= [+3 [ sendsrca:
R i—1 Y1

i

—>A// g(z, s—)dsf (2)dz.
R J1y

Hence the (RHS) converges to / g(z, s—)j/\(dz, ds) due to the bounded con-
RX (19,1]
vergence theorem, as g(z, #;) is unif(()]rmly bounded.

Step 3. Convergence of (LHS). We will carry the proof of convergence in two
steps: First, we will prove the convergence of the corresponding random variables
a.s. for all @ € £2 and then we will consider the limit in expectation.'*

We define

F(w) :={k e N; T} € (1, t]}.

Since T} 1 oo, a.s., |F| < oo, a.s. Also, from Proposition3.3.5, we get that

n—1 oo n—1

> f g )N (dz,ds) =) ) gV 1) Lzeqin)
Rx(t;,ti1]

i=0 k=1 i=0

o0
/ g(z, s—) A (dz, ds) = Zg(yk, T —) L1,y
R (f0,1] P

14This is done with the purpose of exercising the use of the Poisson random point measure.
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Hence,

n—1

> / 8z, ;)N (dz, ds) — / gz, 5=)N (dz, ds)
0 Rx (t;,ti11] Rx(t9,1]

i=

00 n—1
= Z (Z 8Nk, 1) Yriew ity — 8 Yy Te—) Limeqa, r]})

k=1 \i=0

=2

eF

Zg(Yk, 1) Lzyetiy — 8 Vi Tk—)' :
i=0

Using Lemma 3.4.8, we have

n—1

Z/ g(z, ;)N (dz, ds) —f g(z, s—) AN (dz, ds)
i=0 Rx (i, ti+1] Rx(tp,1]

— Qasn — o0, a.s.

Since g is a bounded function, we obtain the convergence of (LHS) in L' (£2) by the
dominated convergence theorem. Therefore the convergence of conditional expecta-
tions follows.

Exercise 3.4.12 Carry out the above proof without using the finiteness of the num-
ber of jumps. Instead use the dominated convergence theorem. The reason why we
preferred the above proof is so that the reader practices the pathwise calculation used
in the proof.

Definition 3.4.13 (Filtered probability space) Let (§2, F, IP) be a probability space.
If the family of sub o-algebras .%, of . satisfy the following conditions,
(82, F,{F}1>0, P) is called a filtered probability space:

1. Monotonicity: If 0 < s < ¢, then .%; C .%,.

s>t

3. Completeness: Let .4 be a set of all P-negligible sets,' then A" C .%.
Definition 3.4.14 (Adapted) If the stochastic process X := {X;; r > 0} satisfies

2. Right-continuity: For all t > 0, %, = %, ( ﬂ Jq)

X, € M(F), Nt >0,

then we say that X is a {.%,};>0-adapted process.

Definition 3.4.15 (Progressively measurable)'® Given the stochastic process X :=
{X;; t > 0}, we say that it is progressively measurable if for any ¢ > 0, X : [0, 7] x
£2 — R is measurable with respect to the o-field £[0, 1] x .Z,.

I5Recall that a negligible set is any subset of a measurable set with probability zero.
16Note the link between this definition and Exercise2.1.38.
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Exercise 3.4.16 1. Prove that a progressively measurable process is an adapted
process.

2. Prove that if X" is a sequence of progressively measurable processes such that
lim,—, o X" (w) = X, forallt > Oand w € §2 then X is progressively measurable.

3. Given a stochastic process X such that it has right-limits at each point ¢ > 0 for
all w € £2, prove that X is progressively measurable. Hint: Use an approximation
argument. That s, find a sequence of progressively measurable processes X" such
that X" — X.

Definition 3.4.17 (Martingale) Let X := {X;;t > 0} be a stochastic process and
(82, 7, {F:}1>0, P) be a filtered probability space. If X satisfies:

1. X is {%#}i>0-adapted,
2. E[IX,]] < oo, Vt > 0,
3. E[X,|Z] =X, a.s.,Y0 <s <1,

then we say that X is a {%;},>0-martingale.

Note that under the current situation .4 and .4 are finite measures on finite intervals,
therefore integrals with respect to these random measures can be defined naturally.
Therefore for a measurable bounded function g, fo 0.8 s—) N (dz, ds) is always
well defined.

Remark 3.4.18 Note that in the present situation .4 is a point measure and therefore
one may have that the measure of .4 (R x {0}) is not zero for a general point measure
. Still, in the present case of a compound Poisson process and in all cases to
follow, 4 (R x {0}) = 0, a.s. Still, we remind the reader of this possibility and that
in general, we have to be careful when we integrate open or closed intervals when
w € §2 is fixed. In other books you may see that the author may prefer the notation
fo(o, a g(z, s—)4 (dz, ds), which is used to remind the reader of this possibility.

Theorem 3.4.19 Let g bea B(R) @ A0, 0o)-measurable cadlag function and inte-
grable'” with respect to N and N . Then the process

{/ gz, s—) N (dz, ds), t > o}

Rx[0,7]

is a martingale relative to the filtration {%},>0. Furthermore the above integral is a
cadlag function in t.

Proof First, without loss of generality we assume that g(z, s—) > 0 for all (z, s) €
R x [0, 00). Taking limits'® in Theorem3.4.11 we obtain that for any 0 < u < ¢,

"In the sense that IE[I]RX[O.[] |g(z, s—)|-4 (dz, ds)] < oo and E[f]Rx[O,t] lg(z, s—)lj;\(dz, ds)] <
00.

I8This is an exercise. This also proves the integrability needed in order to obtain the martingale
property.
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JE[AXMg(z, s=) N (dz, ds)L%,] +E[Ax<u,z]

=/ 8(z, s—)N (dz, ds) —i—/ g(z, s—)JT/\(dz, ds).
Rx (0,u]

Rx (u,t]

8Lz, 5=)N (dz, ds)| 7, |

From the definition of a compensated Poisson random measure,

E[/ g(Zi S_)j(dzv ds)'£u:| :/ g(Z, S—)j(dz, dS)
Rx[0,] Rx(0,u]

Hence / g(z, s—)j (dz, ds) is a martingale relative to the filtration {.%,},>(.
Rx[0,]

The general case follows, considering g = g, — g—. The cadlag property follows
trivially because of the explicit expression of the integral as a sum.

As remarked before, the reduction of the arguments to the case that g > 0 will be
done in other proofs without necessarily mentioning it.

Corollary 3.4.20 Assume the same conditions as in Theorem 3.4.19. Then, for any
t > 0, the following equality holds:

E U g(z, s—)N (dz, ds)} = f g(z, s—) N (dz, ds).
Rx[0,7] Rx[0,7]

Corollary 3.4.21 Let {Z,(l) ; >0}, {Z,(z) ; t > 0} be two independent compound
Poisson processesjor i=1,2, A, is the Poisson random measure associated with
{Z,(l) ; t > 0} and A is the compensator of N;. We define a random measure A" and
a measure N as follows:

N =M Ny N =N+ s,

Furthermore, we assume that g is a Z(R) ® #|0, 0o)-measurable cadlag function
and integrable with respect to N and A . Then,

E[/ g(z,s—)/(dz,ds)}z / ¢(z, s—)N (dz, ds).
Rx[0,f] Rx[0,7]

Corollary 3.4.22 Let g be a bounded measurable cadlag function and N be a
compensated Poisson random measure. Then the process

{/ g(z, s—)N (dz, ds); t > lo}
Rx(t9,t]

is a martingale relative to the filtration {.%,} e[, .00) With cadlag paths.



50 3 Compound Poisson Process and Its Associated Stochastic Calculus

Exercise 3.4.23 Letg : R x [0, T] — Rbemeasurable and bounded. Give an upper

bound for 5
]E [ ] ’

so that the upper bound depends explicitly on a deterministic norm of g. Such a
bound is useful when taking limits.

/ g(z, s—) N (dz, ds)
Rx[0,7]

3.4.2 The Ito Formula

The 1t6 formula'® is a famous result in stochastic analysis which explains the value
of a smooth function evaluated at a process through is time-dynamical change of
value. The proof in the compound Poisson process case is easy.

Theorem 3.4.24 (It6 formula for jump process) Let Z = {Z;; t > 0} be a compound
Poisson process. Then for any 2(R)-measurable function h, and t > 0,

h(Z) = h(Zo) + Y _{h(Z) — h(Z-)}

= h(Zo) + / {WZs- + 2) — h(Z;-)}N (dz, ds).
Rx[0,7]

This formula which at first glance may appear as a triviality?® describes the dynam-
ical evolution of Z. This formula will be generalized to many situations and it is the
cornerstone for many other calculations.

Proof Since h(Zr,) = h(Zr,,,-),

N;
D (h(Z) = h(Zs)) = Y hZr) = hZy,)) = h(Z)) = h(Zo).

s<t i=1

Hence h(Z,) = h(Zp) + ngt{h(ZS) — h(Z;~)}. From Proposition3.3.5 and
Zy-+ Y =27y,

19For any continuous semi-martingale X in R¢ and function f € C2(R), we have

d d
h(X) = h(Xo) + Y H(X) - X'+ % >R (XL XT), as.,

i=1 ij=1

where X - Y means the stochastic integral of X with respect to Y, and (X, Y) means the cross
variation between X and Y.

20Usually it is called the telescopic sum formula.
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/ (hZs- +2) = hZ )N (2, ds) = Y (R(Z) = hZs-)).
Rx[0,7]

s<t

Hence h(Z,) = h(Zy) + f {h(Zs— + z) — h(Z;_)}N (dz, ds).
Rx[0,7]

Corollary 3.4.25 Let {Z,(l); t > 0}, {Z,(z); t > 0} be two compound Poisson pro-

cesses and N denotes the Poisson random measure associated with {Zt(i); t > 0}.
We define a stochastic process {Z,; t > 0} and a random measure N as follows:

2, =2 +2%, N = M+ M.
Then for any B(R)-measurable function h,

h(Zy) = h(Zo) + Y _{h(Z) — h(Z-)}

s<t

— h(Zo) + / (h(Zs +2) — hZ)) N (dz, ds).
Rx[0,r]

Theorem 3.4.26 Let a : R — R be a bounded measurable function, and b : R x
[0, 00) — R be a measurable cadlag function and integrable with respect to A" and
x € R. We define

t
X, =x —i—/ a(s)ds +/ g(z, s—) N (dz, ds).
0 Rx[0,7]
Then, for any h € Cb1 (R),

t
h(Xo) = h(x) + /0 H (Xo)a(s)ds + /

Rx[0,z

]{h(Xsf + g(z, s—)) — h(Xs—)}A (dz, ds).

Proof Note that the integral fot W (X,)a(s)ds exists because 4’ and a are bounded and
that X; is a cadlag function. Let 0 < ¢ < T. Since

/ 8(z, s—) A (dz,ds) =0,
Rx[0,1]

we have that .
X, =x —I—/ a(s)ds.
0

Also a is bounded, so that X; is differentiable and

Ty —at)
ar T
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Therefore we get that

t
h(Xs) = hXo) + / L hxy)ds
0 ds

t
= h(x) + / W (Xg)a(s)ds + /
0

Rx[0

{h(Xs— + 8(z, 5—)) — h(Xs-)}A (dz, ds),
1]

because fo[O 1 {h(XX_ + g(z,5—)) — h(XS_)}JV(dz, ds) = 0. We assume that for
< Ti,

t
h(Xt) = h(x) +/(; h'(Xs)a(s)ds—F/

Rx[0

]{h(Xs_ + g(z,5—)) — h(Xs—)}A (dz, ds).
ot
LetT; <t < Ti+1. Then we have that

t
W + / H (Xo)a(s)ds + / (h(Xo— + 8(2, 52)) — h(Xo—)) A (dz. ds)
0 Rx[0,7]

t
= h(X7,—) + / 1 (Xg)a(s)ds —1—/ {h(Xs— + g(z, s—)) — h(Xs—)} AN (dz, ds)

T; Rx[Ti.1]
"d
=h(Xr,-) + /T %h(Xs)dS + h(Xr,— + g, Ti—)) — h(Xr,-)

= h(Xy) — h(XT,) + h(XT;)
= h(Xy).

Thus, for any ¢ > 0,

t
h(X1) =h(X)+/0 h/(Xs)a(S)dS-F/

Rx[0

]{h(Xs— + 8(z, s—)) — h(Xs—)}AN (dz, ds).
"t

Exercise 3.4.27 1. Forall h € C'(R), prove Theorem 3.4.26.
2. Prove that the result in Theorem 3.4.26 is also valid for coefficients a and g which
are random adapted processes.

Exercise 3.4.28 Another way of specifying Markov processes is through their asso-
ciated It6 formula. This is somewhat out of the scope of this book. But we can state
the following exercise, which shows the elements that are used for such a description.

1. Define for i € C,l (R) the operator P,;h(x) = E[h(X,)] where X is given in The-
orem3.4.26 with a(s) = a and g(z, s—) = g(z) (that is, the coefficients do not
depend on time). Then prove that Poh(x) = h(x) and that the semigroup property
is satisfied. That is, for any 0 < s < t we have

Psyih(x) = Ps(Pih)(x).

2. Find the generator of the semigroup using It6’s formula. That is,
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P.h(x) — Poh
Ah(x) = lim M
t,0 t

3. Prove that P;h(x) satisfies the differential equation

dP,h(x)
dt

= APh(x).

Try to examinate the relationship between the above exercises with Exercise 2.1.42.
For a hint, see Chap. 14.

For a proof of the following well-known result, see [26], Chap. 4.

Theorem 3.4.29 (Doob’s maximal inequality) Let {X;;t > 0} be a positive sub-
martingale such that every path of X is a cadlag function. Let [s1, s;] be a subinterval
of [0, 00), and p > 1. IfFE[X"] < oo for any t > 0, then

p »\
IE|:< sup X,) :| < (—) E[X?].
S1<I<s, p—1

Lemma 3.4.30 Let g be a bounded (R) @ HAB([0, o0))-measurable function such
that g(x, -) is cadlag function for any x € R. Also, let {X;; t > 0} be a L*(§2) martin-
gale, integrable with respect to & and such that its sample paths are cadlag. Then
for any partition: 0 <ty <t;] <--- <t, =1,

n—1 n—1
E Z/ 8z, t) Xy N (dz, ds)| Fyy | = Z/ 8(z, )Xy N (dz, ds).
i—0 I RX i tiy1] i—0 Y Rxistiv1]

Therefore ifmax{|t;; — t;|;i =0,...,n— 1} = 0, asn — oo then by taking limits
we also have

(LHS) "5 & [ f ¢(z, s—)Xs_ N (dz, ds)
R

X (t9,1]

L%Oi| , a.s.,

(RHS) "1 / ¢(z, s—)X,, A (dz, ds), a.s.
Rx (fo.1]

Proof For any i > 1, we have

E / gz, )X, AN (dz, ds)
LR (,ti41]

9{0}
]
yti} ‘ ‘gfo} .

_E E[x / 8z, 1) (dz, ds)
L Rx (t;,ti41]

=K Xt; E [/ g(Zv ti)'/V(dzv dS)
Rx (7, i11]
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From Proposition 3.4.5, we get that

E [ / gz, 1) N (dz, ds)
Rx (i, ti1]

yt,':| = / g(Z,li)JT/\(dZ, ds).
Rx(#i,ti+1]

Also, since X is a martingale, we get that

9:0] =K |:X;[E [/ g(z, 1) (dz, ds)] ’ .%0]
Rx(#,ti41]

= E[X, |71 (2. ) A (dz, ds)
Rx (t;,ti+1]

= / g(z, )Xy, N (dz, ds).
Rx(tii11]

E [ / 2(z, 1) Xy, N (dz, ds)
Rx(t;,ti+1]

Also, X;, is a .#;-measurable random variable. Hence,

E [ / gz 10)Xeg N (dz, ds) 540] — X, E [ / gz 1) N (dz, ds) %0]
Rx(to,11] Rx(to,11]

= _/ (2, 10)Xgy N (dz, ds).
Rx(t0,t1]

Therefore we have that

n—1 n—1
|y [ 8 X, N o) Fo | =3 [ 80z, )Xy 7 (dz, ).
i=0 Rx (1, ti41] i=0 Rx (#i,ti411

From Theorem3.4.11, we get

n—1
®HS) =X, Y [ g Tz
i=0

Rx(#,ti+1]

- X, / g(z, s—). N (dz, ds)
Rx (f9,1]

= / g(za S_)Xtoﬁdz, ds).
Rx(t9,1]

Hence the (RHS) converges to fo(zo, a g(z, s—)X,OJi//\(dz, ds).
Also, using an argument similar to the proof of Proposition3.4.11, we can prove
that

n—1
/ 8z, )X, N (dz, ds) — gz, s—)X;_ N (dz,ds) n —> oc.
Rx(ti,t11]

‘= Rx (19.1]
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Note that a similar argument also gives that fo (ti] g(z, )X, N (dz, ds) € L'(£2).
In fact, since g is a bounded function, we get

n—1

> / gz, )X, N (dz, ds)
Rx(ti,ti41]

n—1
= Z/R lg(z, t)1X;, |4 (dz, ds)
i=0

X (ti,ti41]

i=0
<K sup |Xj] N (dz, ds)
0<s<T Rx(19,1]
=K sup |X;|(N; — Ny).
0<s<T

Using Schwartz’s inequality and Doob’s inequality, we have

E[ sup |X,|(N;, — N1 < (BI( sup 1X,)?])? BN, — N,y)2])?

0<s<T 0<s<T
< 2(BX7 D)7 BIN,_,,)*])?

< Q.

Hence, from the dominated convergence theorem,

(LHS) — E |:/ g(z, s—)X;_ N (dz, ds)
Rx(t9,t]

<g\t() } .
Therefore,

E [/ g(Za s_)X57f/V(dZ1 ds)
Rx(19,t]

ytoil :/ g(Z1 S_)Xlof/T/\(dZ’ ds)'
Rx (fo,1]

Next, we prove the convergence of the (LHS) by the monotone class theorem.
Define 7 as the class of functions in .#;,(R x [0, 0c0)) such that they are cadlag
functions of time and that they satisfy that

n—1
> / h(z, t)X, N (dz, ds) "=~ f h(z, s—)X,_.N (dz, ds), a.s.
R Rx(t9,1]

i=0 X (1, it1]
Firstly, for any «, 8 € Rand hy, hy € 7,

n—1

/ (@ @ 1) + Bz, 1) X, N (dz, ds)
Rx(t;,ti1]

i=0

e / (ahy(z, s—) + Bha(z, s—))X,_ N (dz, ds), a.s.
Rx(tp,t]

Therefore ¢ is a vector space on R.
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Secondly, let T > 0. We remark that

n—1 n—-1
Z/ X, N (dz,ds) = Z Zxr; Liriew -
i—0 Y Rx(ti,1i1] i=0 keN

In addition,

/ Xy N (dz,ds) =) X1~ Ligeqy
Rx(ty,t]

keN
n—1
= Z ZXTk_ Lizeem-
keN i=0

Since the sample paths of X are cadlag, we have from Lemma3.4.8 that for k € N

n—1
n—oo
Y Ko = X5) Ygeqaan| = 0, as.
i=0
Hence,
n—1
f X, N (dz, ds) "=~ X,_. N (dz, ds), a.s.
i=0 Y RX (i fis1] Rx(1,t]

That is, IRX[O’OO) e .

Thirdly, let {4,,; m € N} be a sequence of non-negative functions in .7 such that
hy 1 h, where his abounded Z(R) ® %[0, oo)-measurable function which is cadlag
with respect to the time variable. By splitting X, as X; = X, — X,~, we see that it is
enough to deal with the case when X; > 0. Then, if we take limits in the a.s. sense
we have

n—1
lim /
n— 00

i—0 /R

n—1

h(z, )X, A (dz, ds) = lim lim E hin(z, 1) X, N (dz, ds)
n—00 Mm—>00 4 o IR (11411
- i)l

X (i, tit1]

n—1
= lim lim " / B (2, 1) X0, N (dz, ds)
m—00 n— 00 l:() Rx(t[th»l]
= lim hm(z, s—=)Xs— N (dz, ds)

m=00 JR o (10.]

_ / h(z. 5K N (dz, ds).
Rx(t,1]

Hence h € 7.
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Lastly, let
o/ = {(a,b) x (c,d);a,beR,c,d e [0,00)}U{(a,b) x{0};a,beR}.

Then &7 is a w-system on B(R) @ HA[0, oo) and o (&) = B(R) ® A[0, 00). For
any A = (a, b) X (¢,d) € ,

n—1

lim jg:{/m 14(z, 1)X, A (dz, ds)
Rx(t,ti+1]

n—00 4
i=0

n—1

= Z l(a,b)(Yj)nli)rgoz Yie.a) D)Xy Yy

j=1 i=0
/ 14(z, s—)X,_ N (dz, ds)
Rx(t9,1]

= L) Leay(T)Xr- Lgewan-
j=1

Hence, in order to prove that 14 € 7 for any A € &/ we only need to prove

n—1

n—oo
D leay WX Yewnn = Ve (T)X1- Lzew.n, as.
i=0

We consider a sequence of strictly increasing real numbers {y,,; m € N} such that
Ym T Tj.

(i) If T; < c, for any natural number m, y,, ¢ (c,d). So
Leay(Ti—) = W}LH;O 1¢.ay(ym) =0.

For a partition with sufficiently small norm, there exists #; such thatt;, < 7; < fy44 <
c.So

n—1

> Lea®@X, Ygeq i, =0,
i=0

(ii) If 7; > d, there exists a natural number N such that foranym > N, d <y, <
T;. So

Lea(T;—) = mh_)H;o 1¢e.ayym) =0.

For a small partition, there exists # such that fy < d <ty < T;. So
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n—1

Y Lo @)Xy Yz = 0.
i=0

(iii) If 7; = d, there exists a natural number N such that for any m > N, ¢ <
ym <d =T;.So
l(c,d) (T/_) = rr}l—?go l(c,d)(ym) =1.

For a partition with sufficiently small norm, there exists #; such thatc < <d =
T; < tiy1. So

n—1

Y L WX Lgen,n = X
i=0

— XT],

(iv) If ¢ < T; < d, there exists a natural number N such that forany m > N, ¢ <
ym < Tj <d.So

leay(Ti—) = W}LIEO leayOm) =1

For a partition with sufficiently small norm, there exists #; such thatc < # < T; <
try1 < d. So

n—1
Z Yie.a) @)Xy Yireq iy =Xo = Xr—.
i=0
Hence we have
n—1
lim Y Ly )X et = L) G Xn-Ligewan)-
i=0

That is, 14 € 7. From the monotone class theorem, we get that

n—1
lim E /
n—o0

i=0 /R

Since g is a bounded function, by the dominated convergence theorem, we have that

8(z, )Xy N (dz, ds) = / 8(z, s—)X;— AN (dz, ds).

X (titit1] Rx(t9,1]

(LHS) — E |:/ g(z, s—)X;_ N (dz, ds)
Rx (fo.]

%0} .
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Therefore,

E [/ 8(z, s—)X,_ N (dz, ds)
Rx(t9,t]

g\fo] Z/ 8(z, s=) X, N (dz, ds).
Rx (19,11

Theorem 3.4.31 Let g be a bounded measurable function. Then

2
E[( f gz, s—)N (dz, ds)> ] = / &2z, s—).N (dz, ds).
Rx[0,7] Rx[0,7]

Proof Let
X; :=/ g(z, s—)JV(dz,ds)
Rx[0,]

=- f gz, s—).N (dz. ds) +f g(z, s=)N (dz, ds)
Rx[0,7]

Rx[0,7]

t
:—/ A/ g(z,s—)f(z)dzds—i-/ g(z, s—)N (dz, ds)
0o JR Rx[0,7]
t
= —/ ME[g(Y,s—)]ds—i—/ g(z, s—)N (dz, ds).
0 Rx[0,7]
Clearly the above is integrable. From Theorem 3.4.26, we get that

t
X2 =x¢ +/ 2Xs(—AE[g(Y, s—)])ds +/ ((Xs— + g(z.5-0)2 — X2 )N (dz. ds)
0

Rx[0,f]

t
- —u/ XS]E[g(Y,s—)]ds—i-/
0

Rx[0

(82(z, s—) + 28(z, s—)Xs— )N (dz, ds).
1]

From Lemma3.4.30 one obtains that the above is integrable and therefore X; is a
L?(£2)-martingale, so that E[X,] = 0. Therefore we have from Corollary 3.4.22 that

t
E[X?] = — 2AE [ /0 XE[g(Y, s—)]ds]
+E [/ gz(z, s—) N (dz, ds)] +2E [/ g(z, s—)Xs— N (dz, ds)]
Rx[0,1] Rx[0,7]
t
——2 / E[X]E[g(Y, s—)1ds
0
+ / 2z, s—) A (dz. ds) + 2E [ / 2, sm)Xs N (dz, ds)]
Rx[0,t] Rx[0,7]

:/ ¢z, s—).N (dz, ds) + 2E [/ gz, s—)Xs— N (dz, dS)] .
Rx[0,7] Rx[0,7]

From Lemma 3.4.30, we get that
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E |:/ g(z, s—)X,_ N (dz, ds)i| = f g(z, s—)IE[Xo]JI//\(dz, ds)
Rx[0,7] Rx[0,]
=0.

Hence,

2
E[(/ g(z, s—) N (dz, ds)) ] =/ &2z, s—) N (dz, ds).
Rx[0,7] Rx[0,7]

Exercise 3.4.32 Generalize the above result using approximations to the case that
g may not be bounded but instead

/ ¢2(z, s—) N (dz, ds) < .
Rx[0,1]

Use Theorem 3.4.29 in order to prove that the approximations converge uniformly
in time and finally obtain that the stochastic integral has cadlag paths.

Exercise 3.4.33 For g:R x[0,T] - R, define X, := fo[o,z] g(z, s—) N (dz,
ds). Apply It6’s formula with h(x) = |x|” with p € N. Finally, obtain an explicit
bound for E[|X;|”] which depends explicitly on a deterministic norm of g.

3.5 Stochastic Integrals

All the previous sections were a preparation to ask the following question. Is it
possible to define an integral with respect to integrands which are random?

As our goal is to go as fast as possible to stochastic differential equations, we will
only briefly explain how the general construction is done. We refer the reader to [2]
or [48] for the details.

To start, let us just suppose that g : £2 x R x [0, T] — R is a jointly measurable
function. Then as .4 is a finite measure in the present case, one can define

oo
/ 8@ )N (dz, ds) = Y g(Yi, Ti) Liz,=.
Rx[0,7]

i=1

This definition is valid for any random function g, but the properties in Corollary 3.4.4
and Theorem3.4.11 will not be satisfied, the main reason being that now g may
depend on all the variables {Y;, T;; i € N}.

Giving up on the property in Corollary 3.4.4, we would like to retain a property
similar to the result in Theorem 3.4.11 because this leads to the martingale property.
An instructive example, related to this definition, is to consider the following two
particular situations: g,(z, s) = Z;z and g»(z, s) = Z,_z. In fact, one has
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o0 1
/ g1z, )N (dz, ds) = ZZTY L<g =YY YY),
Rx[0,7] i=1 i=1 j=1

0 oo i—1
/ 822 )N (dz, ds) =Y Zp, Yi Ligey = D Y Y;¥i Liz<y.
Rx[0.] i=1 i=2 j=1

Now if we compute the expectations in each case, we see that the calculation in the
case of g above involves the variance of Y, while in the case of g it only involves
the expectation of Y. In fact,

oo i—1

E U (2, s)JV(dz,ds)] =YY EYPPW,; > i)
Rx[0,7]

i=2 j=I

=A / Elg>(z, s)If (z)dzds. (3.4)
Rx[0,1]

On the other hand, note that E[Z,_] = [E[Z,]. Therefore this means that

E [/ g1(z, 8) N (dz, ds)} + A/ Elg1(z, $)If (z)dzds.
Rx[0,] Rx[0,1]

Therefore there is a significant property that allows us to obtain (3.4), which is not
satisfied by g;. This property is called predictability.”!

Definition 3.5.1 Let & be the o-algebra generated on [0, 7] x §2 by processes of
the type

n—1

go(w) 1j—qy (1) + Zgi(w) ¢ 51(0).

i=0

Here {0 =1y < ... < t, = T} is a partition of the interval [0, T] and g; is a bounded
F,-measurable function.

& is called the .7 predictable o -algebra and any process measurable with respect
to it is called predictable.

Exercise 3.5.2 Write the above definition using mathematical symbols and formu-
lae.

21The reason for this name should be clear. The random process g is left-continuous, that means
that its value at any time can be “predicted” by the values at times before it. In fact, the example
g1 is called anticipating because it uses information that cannot be predicted as in g5. The terms
associated with the terms E[Y?2] are called trace terms for obvious reasons.
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That is, &2 is defined the smallest filtration generated by all adapted processes which
are left continuous.?> Then, we define the stochastic integral for predictable pro-
cesses, which in the present case is trivial and one has the following result®*:

Theorem 3.5.3 Let g : 2 x R x [0, T] — R be a predictable process such that

E[ lg(z, $)|A (dz, ds)] < .
Rx[0.7]

Then for any t € [0, T,

E[ g(z, $) N (dz, ds)] = E[ ¢(z, )N (dz, ds)).
Rx[0,7] Rx[0,7]

Furthermore {fo[o,z] g(z, s)j(dz, ds) : t € [0, T1} is amartingale which has cadlag
paths.

The proof of this fact follows through techniques used in the proofs of Theorem 3.4.11
or Lemma3.4.30 which essentially ask you to first prove the statement for a basic
generating class of processes and then extend the result through the monotone class
theorem.

Exercise 3.5.4 Prove the above theorem for the following basic class of processes,
the set of processes of the type

n—1

go(w, 2) 1y=0) + Zgi(w» 2) 117 (8).
i=0

Here {0 =y < ... < t, = T} is a partition of the interval [0, T] and g; is a bounded
Fi, ® PB-measurable function. In order to prove this result recall the result in Theo-
rem3.4.11.

Exercise 3.5.5 Prove the following extension to Theorem 3.4.31. Let g be a bounded
predictable process such that f]Rx[O . E[g*(z, s—)]-# (dz, ds) < oo. Then

2
E |:</ 8(z, s—)j(dz, ds)) :| = / E[g?(z, S—)]JT/\(dZ, ds).
Rx[0,7] Rx[0,7]

22This also explains why in the previous section one always takes g(z, s—) as the integrand function,
that is, just to try to make you aware that when integrating a process like Z; one really needs to use
Z,_ rather than Z;. Another way of looking at this notation is that it reminds you of the need of
predictability in the integrand.

23Note that this problem does not appear at all with Brownian motion. For this just consider the
uniform partition #; = I and the Riemann sum S By By, — By and Y\=) By, (By.., — By)
with &, — 0 as n — oo. Prove that the limit of the difference converges to zero.
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One can also prove the corresponding Itd formulas parallel to the ones in Theo-
rems 3.4.24 and 3.4.26.

Theorem 3.5.6 Assume the same conditions as in Theorem3.5.3 and that h €
M, (R), then for Y, = fo[o.z] g(z, 8). N (dz, ds),

h(Y;) = h(0) + / (h(Ys— + 8(z, 9)) — h(Y;-))A (dz, ds). (3.5)
Rx[0,7]

Furthermore

E[A(Y)] = h(0) + / E[h(Y + g(z, 5)) — h(Y,_)].¥ (dz, ds).
Rx[0,7]

Exercise 3.5.7 Prove the above th/e\orem. Generalize the Itd formula in the case that
the condition E[fo[o.T] lg(z, s)|4 (dz, ds)] < oo is not satisfied.

In fact, the predictability is not even needed if we only want the formula (3.5) to
be satisfied.

For a hint, see Chap. 14.

Exercise 3.5.8 Find conditions that assure that the moments of stochastic integrals
are finite. That is, let g : 2 x R x [0, T] — R be predictable and fix p € N. Find
conditions under which?*

P

} < 0.

gl

Notice that for p = 1, the required condition is

f ¢, )N (dz, ds)
Rx[0,z]

E [/ lg(z, $)| A (dz, ds)} < 0.
Rx[0,T]

In particular, prove that the following equality is true whenever the right-hand side
is finite:

2
E[ } _E [ f 8z )2z, dsﬂ .
Rx[0,r]

With these exercises we wanted to make the reader understand that many statements
that are valid for functions g can then be properly extended to predictable processes
if they are bounded in the appropriate norm.

In the following exercises we try to reinforce the correct understanding of Propo-
sition 3.1.8, Exercises3.1.11 and 3.1.4, Theorem 3.2.7 and Corollaries 3.1.3, 3.3.9,
34.21.

/ ¢(z, )N (dz, ds)
Rx[0,7]

24 As before, this has to be some norm on g.
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. i N . .
Exercise 3.5.9 Let Z; = ij’l Yj’, i = 1, 2 be two independent compound Poisson
processes with respective Poisson random measures .4/

1. Let f : R> — R be a bounded measurable function. Is the following process a
compound Poisson process?

2
‘

N' N,
YO rtvh.

i=1 j=1

2. Consider N to be a Poisson process with intensity given by t2E[N]E[N>]. Let
(X', X?) be a sequence of i.i.d.r.v.s such that its joint law is the same as the law
of (Y, Y?). Is the following process a compound Poisson process?

N,
Y e xD.
i=1

We will denote its corresponding random measure as ./,

3. Note that the above question can also be reformulated using random point mea-
sures. In particular, determine if the laws of the processes
fo[O,tI fo[O,tlf(Zl’ ZZ)JVl (le, dSl)JVZ(dZZ, dsZ) and fRZX[(),[]f(Z)JV
(dz, ds) are the same.

4. If you have noticed, the intention of this exercise is to find an interpretation of
fsz[O’t] f ()4 (dz, ds) as a doubly iterated integral. Can you provide such a
construction?

For a hint, see Chap. 14.

3.6 Stochastic Differential Equations

In this section, we consider the trivial but yet essential case of stochastic differen-
tial equations driven by compound Poisson processes. This understanding will be
important in future chapters.

Definition 3.6.1 Y is a modification of X if, for every + > 0, we have P(X, = Y;)
=1.

Definition 3.6.2 X and Y are called indistinguishable if almost all their sample paths
agree:
]P)(Xt - th IEO) - 1

Proposition 3.6.3 Let X andY be two right-continuous processes (or left-continuous
processes) and Y be a modification of X. Then X and Y are indistinguishable.
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Proof Since Y is a modification of X,
PX, =Y, Q) =1

For any ¢ > 0, let g, be a rational sequence such that g, | . For every w € {X; =
Y,, t€Q4}, X,,(w) =Y, (w). Since X and Y are right-continuous processes, we
get

lim X, (0) = X/(0w), lim Y, (o) = Y (w).

n—00 n—oo

Therefore we have X;(w) = Y;(w). Then,
{X[ = Y], te Q+} C {X[ - Y[, t Z O}.

This proposition completes the proof.

Definition 3.6.4 Let b € .#,(R?). A solution of the stochastic equation
&=%+f bz, X, )N (dz, ds)
Rx[0,7]

on the given probability space (£2, .%, IP) with initial condition £ is a process X =
{X; ; t > 0} with cadlag sample paths with the following properties:

) PXo=$§) =1

(ii) P(fo[o,z] |b(z, X;-)| A (dz,ds) <o0) =1, t > 0.

(iii) X; = Xo + /]RX[O,I] b(z, X;_) N (dz,ds) t > 0, a.s.

Moreover, a solution of the stochastic equation is unique if, for any two solutions X
and X satisfying the above conditions, P(X; = 2, t>0)=1.

Equations of the above type are generally called stochastic differential equations or
in abbreviated form sdes. In many cases that will follow, we will stop writing the
above definitions assuming that the reader can build the definition for solution and
uniqueness (usually called pathwise uniqueness).

Theorem 3.6.5 Let Z be a compound Poisson process and N be the Poisson random
measure associated with Z. Furthermore, let b € #,(R*) and x € R. Then there
exists a unique solution to the stochastic equation

X, =x+ / b(Xs—, 2) N (dz, ds). (3.6)
Rx[0,7]
Proof We define

X; = Z&' 17, ,<i<1y, To =0,
ieN
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where

E1:=x
& =& 1+b&1,Y), i=2,3,---.

From the definition of X;, for almost every w, X;(w) is a cadlag function and &; =
Xr._. Using Proposition3.3.5 we get

/ 16X D) A (dz,ds) = Y 16Kr,— Y| 172
Rx[0,7] ieN
< 00, a.s.

Thus,

X + / b(X371 Z)'/V(dzv ds) =X + Zb(XT,fs Yl) I{Tiff}
Rx[0,7] ieN
i()—l
=x+ Y bXr_.Y) @igst. Ty <t <Ty)
k=1
io*l
= Xr- +bXr—. Y) + > bXr,_. ¥))
k=2
ig—1
= X1, + Y bXr,_, Yo)
k=2

= Xr, -

=Y X1 iz ,<eny
ieN
=X,

We assume that a process )?, exists such that
X =x+ f b(X,_, 2)N (dz, ds).
Rx[0,1]

Then, we have ~ _
X, =x+Y bXr_.Y) iz<y.
ieN

Hence, from Progosition 3.6.3, we only have to show Xr,_ = )?T,-— for any i € N.
Clearly, X7,— = Xp,—. If X7, = Xr,_, then
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Xr- =x+ ) b, Yo Lz<r,.,-)
keN
i
=x+ ) bX5_, Yy
k=1

=x+ ) bXr—. Yi) U<t
keN

=Xr

i+1"
Therefore, X is a unique solution to the stochastic equation (3.6).
Corollary 3.6.6 Let b € #,(R) and x € R. Then there exists a unique solution to

the stochastic equation

t
X = x+ / b(X,_)dZ, = x + / b(X,_)z N (dz, ds).
0 Rx[0,7]

Theorem 3.6.7 Let {Z,(l); t > 0}, {Z,(z); t > 0} be independent compound Poisson
processes and N; be the Poisson random measure associated with {Z,('); t > 0}. We
define a random measure N as follows:

N =M+ M

Let b € #,(R?) and x € R. Then there exists a unique solution to the stochastic
equation

o=t [ b )
Rx[0,7]
Proposition 3.6.8 The solution of the linear equation
Xo=xt [ Kb )
Rx[0,7]

is given by
X, = xl_[(l + iz, z_20b(Zs — Z; ).

s<t
Proof From Theorem 3.6.5, the solution of the stochastic equation
X, =x +/ X,_b(z) N (dz, ds)
Rx[0,7]
is given by

X, =x+ ZXT,-—b(Yi) Liz,<y.
ieN
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Let? < Ty, then X, = x. Forany s <, 1{7_7 0 = 0, so that

X, =x[ [+ 1z z_s0b(Z — Z,)).

s<t

We assume that

X, =x[[A+ lz-z_sb(Z —Z.)). t <T,.

s<t

Then, forall T; <t < Ty,

Xi=x+ ) Xp-b(¥p)
k=1
i—1
=x+ Y Xp,_b(Yy) + Xg,_b(¥))
k=1
= Xr,— + Xr,-b(Y))
= Xr_(1+ b(Zr, — Zr,-))
= (U +bZy, — Zr)x [ | A+ 1gz 20)b(Z, — Z,0))

s<Ti—

=x[]0+ Lz 20b(Z — Z)).

s<t

Therefore, for any ¢ > 0,

X, =x[ [+ L7z s0bZ - Z,)).

sS<t

Exercise 3.6.9 Suppose that the function b(x, z) satisfies the inequality
1b(x, )] < C(1 + Ix]z].

Furthermore suppose that E[|Y|] < oo. Find conditions that assure that the solution
X to the Eq. (3.6) has a finite first absolute moment. Write the upper bound explicitly.

Exercise 3.6.10 Use It6’s formula to prove finiteness of E[|X;|’] for p € N under
appropriate conditions on b.

Exercise 3.6.11 This important exercise serves to study the solution X of the
stochastic equation (3.6) as a function of x. That is, in this exercise, we denote
this solution by X, (x), noting that this random variable is defined for each # > 0 and
xeR.
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1. Prove that X, ;(x) = X; ;4s(X;(x)), where X, ;4.(x) is the unique solution to the
equation

Xoors () = x + / b(X (), 2) N (d, di).
Rx[s,s+1]

2. Prove that the law of X, 5, (x) is the same as the law of X, (x) for fixed values of
s,t>0and x € R.

3. Prove that if b € C! then X, (x) is differentiable with respect tox € R with ¢ > 0
fixed. Furthermore prove that the derivative denoted by X, (x) satisfies the equation

X/(x)=1+ / b (Xu— (%), 2)X_(X).N (dz, du).

Rx[0,7]

Extend the above result for second derivatives under appropriate conditions on
b.

4. Noting that the equation satisfied by X/ (x) is a linear equation write its solution
in an explicit form as in Proposition 3.6.8.

Problem 3.6.12 (An example from mathematical insurance) Consider the risk pro-

cess defined as
N,

S,=u+ct—ZY,-.

i=1

Here N is a Poisson process with parameter A and Y is a sequence of i.i.d. random vari-
ables with density function f : [0, c0) — [0, c0). Consider ¥ (1) := P(infs.¢ Sy <
0) which is called the probability of ruin and assume that ¥ is differentiable. Con-
dition on the first jump of the process S in order to obtain an integro-differential
equation associated with ¥. Use this idea in order to prove that ¥ satisfies the
following linear equation:

c¥'(u) + 2 (/O (P (u—y) —¥w)f (y)dy + (1 — l:l’(u))F(u)> =0.

Compute w ast — 0. Recall from Exercise 3.4.28 that this quantity is

the generator of S applied to ¥. Compare with the previous result.
Note that proving that the derivative of ¥ exists is related to the regularity of the
law of the process inf. ¢ S;.

Problem 3.6.13 Suppose that f is differentiable such that f’ € L!(R). Prove that in
the case that ¢ = 0 then ¥ (1) := P(inf,. ¢ Sy < 0) is a differentiable function.



Chapter 4 ®)
Construction of Lévy Processes and oo
Their Corresponding SDEs: The Finite
Variation Case

In this chapter, we will generalize the previous construction of compound Poisson
processes and allow the possibility of a infinite number of jumps on a fixed interval.
The stochastic process constructed in this section will satisfy that the number of
jumps whose absolute size is larger than any fixed positive value is finite in any fixed
interval. Therefore the fact that there are infinite number of jumps is due to the fact
that most of these jumps are small in size. The conditions imposed will also imply
that the generated stochastic process has paths of bounded variation and therefore
Stiltjes integration can be used to give a meaning to stochastic integrals. We also
introduce the associated stochastic calculus.

4.1 Construction of Lévy Processes: The Finite Variation
Case

In this section, we will construct a Lévy process Z such that
E[e'%] = exp[ct / (€% — 1) f(x)dx]. 4.1)
—00

where ¢ > 0 is some constant.
Here the function f : R — R, satisfies the following conditions:

f(@©0) =0,
/oo(|x| A D f(x)dx < oo. “4.2)

As one can see, we do not require f to be a density function. Furthermore in
comparison with Remarks2.1.14, 2.1.32 and 3.1.5 we do not see the appearance of
A. In fact, from now on, what appeared as Af in Remark3.1.5 is now just cf in

© Springer Nature Singapore Pte Ltd. 2019 71
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Universitext, https://doi.org/10.1007/978-981-32-9741-8_4
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the above expression. The reason for this is that f is not necessarily an integrable
function anymore (and therefore one cannot build a density out of it) and for this
reason X is eventually used for the purpose of proving the existence of such a process.
This should be somewhat clear in the proofs that follow. We may use without loss of
generality that ¢ = 1.

A beginner may wonder what is the use of such a procedure as one may think
that this will not correspond to any physical process such as the previous compound
Poisson process. This is far from the truth! In fact, there are physical processes,
usually known as Lévy flights, which are characterized by the above characteristic
function. We will later discuss further in detail the properties of such a process.

One classical example of this is f(x) = Cx~* forx > 0 and « € (0, 1). This
function cannot give a density function as it is not integrable. Still, we will see that
it can be used for (4.1).

Lemma 4.1.1 If f : R — R, satisfies ffooo(|x| A1) f(x)dx < oo, then f also sat-
isfies:

1. [ f(x)dx < oo forany & > 0.
2. | [Z @ = 1) f(x)dx| < 00,0 € R.

The above lemma shows that although f is not a density when integrated on the
whole space, it is integrable when restricted to a set that does not include a neigh-
borhood around zero. Therefore using the approach described after Corollary 3.3.9,
we will construct this process in pieces and then put all of them together with a limit
procedure.

For this, we define

f(x)l[x>s]

fe(x) = e

where A, := fsoo f(x)dx < oo.Notice thatin our example f(x) = Cx~ 0+ we will
have that A, = Ca~'e~*.

Step 1. Using this we construct the process with jumps larger than one. That is,
we define the following compound Poisson process:

o0

204 ZK(LHI{T,-“’*‘EH = / x A Y (dx, ds),

i=1 Rx[0,7]

where Y;LH is a [1, oo)-valued random variable with IP’(Y;LH €A = fA fi(x)dx.
Next, Ti(1’+) =544 si(1'+),and {si“’+)} arei.i.d.r.v.seach withthe Exp(cA;)
distribution.

Step 2. For 0 < ¢’ < ¢, we define

fs/,s(x) = D e

’
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where Ao . = fs ° f(x)dx. Then we construct

oo t
zE o = § Y E)I{Tiu»/.wgz} =/0 /Rxf/’/(g “(dx, ds),
i=1

where Yl.(a/’s) isa (¢’, e]-valued random variable WithIF’(Yi(gl's) € A) = [, fer.n(x)dx,
(¢',8)

T =59 4o 4 59 and {s'°} areii.d.r.v.s each with the Exp(chy o) dis-
tribution. All the r.v.s here are independent.

1
To construct Z, we take ¢, = T We define

n—1
0< Zt(s,l,+) — Zt(1,+) + Zzt(sm,s,-,ﬂ < Zt(an+|,+)’
i=1

oo
Zt = lim Z{P = Z{" 3z,

d n— 00
i=1

Note that Z,(e"” = ZI(I’H and that Z;" is well defined as a limit of an increasing
positive sequence, although it may be infinite. Sometimes when the meaning is clear,
we will simplify the notation, using instead Z\* %) = Z+1:60 1) op 7E) = ZEn D),
Similarly, for the Poisson random measure we may use .4 ¢-* = _# &% For fixed
n, we have Zt(]’+), Z,(SZ’SI‘H, S Z,(s”'g""’ﬂ are independent compound Poisson
processes. From Corollary 3.2.4 and Theorem 3.2.7 we have Z,(S” Misa Lévy process.
Moreover, we have that its characteristic function is given by
E[eiez,“”-“]
n—1

_ E[eze(z,‘"*’JrZ?:l' i +))] _ E[ezezf"*’ l_[ 02T ]

j=1

n—1
07 (1L+) R
— E[eIGZ, ] | | E[eIGZ, ]

j=1
n—1
= explche,t / €% — 1) f., (x)dx] ]_[exp[c,\w,gjr / (@ = 1) fo,e,(x)dx]
R =1 ' R '
n—1
= exp[ct / (e — 1){)»glfsl (x) + ZC)»S_,-+],5, Sejne; (x)}dx]
R

Jj=1

= explct f (@ — 1) f ()1 xos, dx]. 4.3)
R
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Lastly, we define a random measure .4 %) as follows:
n
N ) = ZJV(Sf’Sf*I’J’) (4.4)
i=1

where gy = 0o and A €180 = e = et

Proposition 4.1.2 Z,(E”’Jr) and Z} satisfies the following properties:

(i) ZF < o0, a.s.,

(ii) (finite variation property) AZ,(E") = AZ;FI{AZIBSN}, a.s.,
(iii) Z} =Y Az},

s<t
(iv) lim sup |Z#D — ZzF| = 0.
n—>00 g<y ; h

Note that property (i) above implies that Z is of bounded variation because its
paths are non-decreasing. Therefore, again stochastic integrals for g measurable
and bounded with respect to .4 and ./ can be naturally defined.

Proof (i) Note that Z"P) is a compound Poisson process and therefore it is well
defined and finite. Note that Z;" — Zt( " s a positive process and furthermore

1
E[Z - Zz(l’Jr)] = nlin;oE[Zz(sn’H - Zz(l’ﬂ] = I/ xf(x)dx < oo.
- 0

Therefore Z;" < oo, a.s..
(ii) Since Zt+ is monotone non-decreasing in ¢ then Z,+ has left limits a.s. and

limZ < Z' < o0, as.
st

Define the following measurable subset of 2,
Qo = (T T =0, = Li' =0, €N,
where

The complement of this set characterizes the possibility that different jumps may
happen at the same time. We now prove that this is not possible. Since for any

T§81,80,+) . T(SI’H
j =T, .

i=0,---,n—1,i">nandj, j' €N, Tj(g"*"g"“ and Tj(,g“*"e“’ﬂ are independent,
we have P(T]-(s'*"s"Jr) £ Tj(,gi’+"8i”+)) = 1. Hence, P(£2p) = 1.
Now, we get

o0
AZF = Az 4 Az

i=1
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n—1 oo
— AZZ(81,+) +ZAZI(€1’+1YSI’,+) +ZAZT(5,’+1,8,’,+)
i=1 i=n

oo
:Azl(é?n,-‘r)_i_ZAZf(SiﬂySiﬂ-).

i=n

Foreveryi > n, AZ,(*:"“‘S”H < &,. Therefore, wehave AZ = AZ,(S”‘H on{AZ}! >
en} N §20. Forallw € {AZ} < &,} N 2y, we have AZ,(E”’-H (w) = 0. Hence we have
AZED = AZFY ppoey) aS.

(iii) From the monotone convergence theorem, we have

zf = lim ;"% = lim Y AZE =" lim (2 -z D)

n—oo n—oo n—oo
s<t s<t

=>(zf-zH)=> azl.

s<t s<t
(iv) From (ii),

sup |2 — ZF)

s<t

= sup 13" Az =Y Az | = sup 1 (AZ N gi ey — AZD))
S= u<s u<s §= u<s

= SUPZ AZ  pzioey — AZS | = SUPZ AZ a7z <e,)

s<t s<t
=" u<s =" u<s

= Z AZLTI{AZISSH} = Z(AZ: - AZII{AZJ»W})
u<t u<t
=Y (AZ] = AZ{ D) =2, — ;" > 0as (n — o0).

u=<t

Exercise 4.1.3 This exercise is related to Proposition4.1.2 (i).

1. Give an explicit function f satisfying that [ |x| A 1f(x)dx < oo but so that
E[z" ] = .

2. In general, note that under the condition / x| Alf(x)dx < o0, E[Zt(l'H] may
not be finite, but we always have that E[|Z;F — Zt(l'ﬂ 2] is finite.!

Lemma 4.1.4 LetT > Oand f, be a cadlag functionon [0, T]. If lim sup |f,(x)
1= ye[0,T]

— f(x)] =0, then f is a cadlag function on [0, T].

IHint: Note that the process Z;” — Z[(H') does not include any jump of size bigger than one. Also,
see Exercise4.1.26 .
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Proof Weproveforanyc € [0, T], f(c)isacadlagfunction. Since lim sup |f,(x)
n—oo xel0,7]

— f(x)| = 0, we have for any ¢ > 0, there exists N € N such that forany x € [0, T],
| v — fol < e/3.
(1) Right-continuity. Since fy is cadlag at c, there exists § > 0 such that
O<x—c<6,x€l0, T]=|fnx)— fn(c)] <&g/3.

Hence we have

If ) = FOI = [f() = v+ [fn ) = [ + [ fxe) = flo)l <,

that is, f is a right-continuous function.

(i1) Existence of left limit. We take a sequence {c,},en With ¢, 1 c¢. Since fy has
a left limit at c, there exists lim,_,», fy(c,). Because a convergent sequence is a
Cauchy sequence, there exists M € N such that

nk=M=|fy(cn) — fn(e)l <e/3.

Hence we have

Lf(cn) = flel = |f(en) = falen)l + 1 fnlen) = (el + 1 fnle) — fleol <e,
so { f (cn)} is also a Cauchy sequence. Therefore there exists a left limit lim f(c,) =
lim £ () = £ (). o
Theorem 4.1.5 {Z;;t > 0} is a Lévy process.

Proof (i) We prove for any 6, n € R,

E[e'0 & —ZD+nZ! | = |02 -ZD R[04,

From the dominated convergence theorem, we have

. +_ 7+ . + . . (en.+) _ ~(en.+) . (en,+)
E[EIO(Z, Z)+inZ] ] — hm E[elé)(Z, Zy )Vt+inZy ]
n—00

. ; (en,+) _ (en.+) - (en.+)
— nlifgo E[elG(Z, Zs )]E[emz“' ]

— E[eie(zf—zj)]E[emzj].

(i) Z§ = lim, o Z{" " = 0.
(iii) For any 0,
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E[e"*Z ~2)] = lim E[e?@""~2"")] = 1im E[e"Z" "] = E[e?Z5].
n—00 n—oo

(iv) We take any ¢ > 0, then
P12} — Z]1 > e] = P[Z,", > ¢]
:P[Z[ts >e zZUP > %] +]P’[Ztts >e zZIP < %]
Now, we prove that each term on the right-hand side of the above equality converges
tozeroast —s | O:

a+ _ &
(Istterm of RHS) <P |Z," > 3 — 0,
e

2
(2nd term of RHS) < P [z,tx —z0P s 2] < ZE[zF, - 28]
&

2t

_ 1
$) / X f(x)dx — 0.
0

e
Hence limP(|Z;" — ZF| > &) = 0.
s—1 -
(v) From Proposition4.1.2 (iv) and Lemma4.1.4, ¢t Z,+ is a cadlag function.

Now we define the random measure .4 which corresponds to Z*. From (4.4),

n
/(&u‘i’) — Zf/y(sm‘?plﬂ—) < /(&wl»"!‘)

i=1

hence we define the random measure .4 " as the following o -finite measure:

o0
At = lim W(&wﬁ-) — Z‘/V(siqgiilﬁ)'

n—o00 ‘
i=1

We will now give some properties on the number of jumps of Z in closed time
intervals. First, we consider the number of jumps away from zero.

Corollary 4.1.6 AT is a finite measure on ((a, b] x [0, t], %B(a, b] ® B|0, t]) for
anyb >a > 0.

That is, the number of jumps of size (a, b] in the time interval [0, ¢] is finite a.s.

Proof Since for any a > 0, there exists n € N such that &, < a < g,_1, we have

N T((a, b] x [0, 1]) =A@ ((a, b] x [0, 1])
<A ED ([0, 00) x [0,1]) = N < 00, as.
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Theorem 4.1.7 Z = f x ANt (dx,ds).
(0,00)x[0,1]

Proof From Lemma3.3.4, we have

ZF = lim z" = lim x A ) (dx, ds)
n—0oo n—oo (0,00)X[O,[]
n
= lim 2/ x N EE-1P) (x| ds)
0T J(0,000x[0,1]
o0
= Z/ x N EED (dx ds) =/ x N T (dx,ds).
(0,00) x[0,1] (0,00)x[0,1]

i=1

To finish the construction, one needs to repeat all the previous steps for
S-e(x) 2)\:; f(x)l{x<—s}

A :/_8 fx)dx.

This construction will also lead to a Poisson random measure .4 .

Theorem 4.1.8 Z~ =/ x A " (dx,ds).
(=00,0)x[0,7]

The following representation is sometimes called the Lévy-Ito representation of the
corresponding Lévy process Z.

Theorem 4.1.9 Let N = N T 4+ AN ~. Then we have
Z, = / x AN (dx,ds).
Rx[0,1]

Exercise 4.1.10 Prove the above theorems.

Then we can define Z~ which is statistically independent Z*. Adding the pro-
cesses for positive and negative jumps we get the following result:

Theorem 4.1.11 Let Z, := Z + Z. Then {Z, ; t > 0} is a Lévy process which
satisfies that |Z,| < Zsst |AZg| < 400 a.s. That is, Z is a process whose paths are
a.s. of finite variation on any closed interval.

From this theorem stems the title of this chapter.

Exercise 4.1.12 Prove that ) | _ |AZ|? < +ooa.s. forany p > 1.
For a hint, see Chap. 14.
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Corollary 4.1.13 The characteristic function of Z; is given by
E[e9%'] = exp[ct / (€% — 1) f(x)dx].
R

Due to the above result, one says that the Lévy measure associated with Z is cf (x)dx.

Proof Let 29 := z*" 4+ 27 From (4.3),

n—o00

E[e"””] = lim E[¢’%"] = lim explct / @ = 1) f ) (Lgne,) + Lreey) dx]
n— R
= exp[ctf(e""x — 1) f(x)dx].
R

The fact that Z is a process of bounded variation also assures that the measure
A (dx, ds) can be defined away from zero. Therefore all integrals can be defined as
the usual integrals with respect to o-finite measures.

Definition 4.1.14 (Definition of stochastic integral) Let g be a F ® Z(R) ®

A0, co)-measurable cadlag function such that

/ lg(x, s=)|A (dx,ds) := lim lg(x, s—) A (dx, ds) < oo.
Rx[0,¢] &0 JRx[0,1]

Here A4 ®) (dx, ds) := 1)y=../4 (dx, ds). In such a case the integral

/ g(x,s—)A (dx,ds)
Rx[0,1]

is called the stochastic integral with respect to .4,

Similarly to the notation Z,(”’b) , we will also use the following notation:

W(a,b)(dx’ ds) == 1jyje@p A (dx, ds).

Exercise 4.1.15 Prove that the above integral has cadlag paths. That is, for almost
allwe 2,t — fo[o,r] g(x, s—)A (dx, ds) is a cadlag function.

Exercise 4.1.16 Due to Theorem4.1.11, the Lévy process Z has paths of finite
variation. Suppose that in Definition4.1.14, we consider the particular case that
g(x,s) = gi(s)x for a step function g; : R, — R. Prove that

t
/ g1(s)dZ; =/ g(x,s—) N (dx,ds).
0 Rx[0,1]
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Here, the integral on the left side of the above equation is understood as an integral
with respect to functions of bounded variation. Finally, taking limits (i.e. using the
monotone class theorem) prove that the above result is valid for continuous func-
tions gi.

Note that Corollary 3.4.21 gives the following theorem:

Theorem 4.1.17 Define the o-finite measure Jf/\(dx, ds) .= cf (x)dxds. Assume
that g is a B(R) ® H[0, 0o)-measurable cadlag function and that the random vari-
able fo[o,z] lg(x, s=)|A (dx,ds) e L'"(2, F,P) and f]Rx[O,z] lg(x, s—)|A (dx,
ds) < oo. Then

E [/ g(x,s—) A (dx, ds)i| = / g(x, s—)JT/\(dx, ds).
Rx[0,7] Rx[0,7]
Proof From Corollary3.4.21,

E |:/ g(x,s—)A (dx, ds)] = lim E |:/ g(x, s—=) N ) (dx, ds)i|
Rx[0,¢] Rx[0,7]

n—o00

n—00

= lim c/ gx,s—)f(x)A(x > &) +1(x < —&,))dxds
Rx[0,1]

c/ g(x,s—) f(x)dxds
Rx[0,f]

/ g(x, s—),/T/\(dx, ds).
Rx[0,t]

Definition 4.1.18 The measure Jf(dx, ds) := v(dx)ds = cf (x)dxds is called the
compensator of .4”. Note that under the current conditions f is not necessarily a
density function.

Exercise 4.1.19 For a measurable set A C R — {0}, such that fA f(x)dx < oo, find
the law of the random variable C, := f Ax[0.4] A (dx, ds). Prove that C is an increas-
ing cadlag process. Note that this process counts how many jumps fall in the set A.
Hint: Recall Exercise 3.4.9.

—Alx|
Exercise 4.1.20 Let f(x) :=

f satisfies conditions (4.2).

W 1{+0, where A > Oand « € [0, 1). Prove that

—Alx|

Exercise 4.1.21 Consider the case that f(x) := 1(;~0y. Inthis particular case

| x|1+a
the generated process Z is called the gamma process. Prove:

2Recall that A ) =y Ent) 4 y(en =),
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1. Z has increasing paths.
2. The distribution of Z; follows a gamma law. Find its mean and variance.

For a hint, see Chap. 14.

Exercise 4.1.22 This exercise is related with the jump transformation procedure
introduced in Proposition3.3.7.

For this, consider a Lévy process with f(x) := xllﬂ, 1=0p, @ € [0, 1)]. As
explained in Theorem4.1.7, the associated Lévy process Z satisfies that Z, =
f(O,oo)x[O,t] x N T (dx, ds). Prove that W, := f(o,oo>x[o,r] x" N *(dx,ds) forr > o is
also a Lévy process and find its Lévy measure.

For a hint, see Chap. 14.

Exercise 4.1.23 In this exercise, we perform some basic calculations for stable laws
that will be used later.

1. If we denote by Z* the process corresponding to Exercise4.1.20, prove that Z;'
converges weakly (in law) as A | O for # > O fixed. Obtain the characteristic
function of the limit random variable, which we denote Z,.?

2. Let f(x) := ,a € (0, 1). Prove that

|x|l+a

ct/(eiex — 1) f(x)dx = —21_°‘Cct|9|”‘/ sin?(u)u~ 1 du.
R R

+

In particular, prove the finiteness of the above integral. This law is known as
the stable law and its characteristic function is given by exp(—c|6|*) for some
positive constant ¢ > 0. In particular, this law is symmetric.*

3. Prove that the random variable Z, satisfies that the law of t /% Z, is independent
of t.3

4. Prove that the density of Z, exists and is smooth.’

For a hint, see Chap. 14.

Remark 4.1.24 We remark that the above construction also reveals the nature of the
process just defined. This becomes more clear if we consider the example f(x) =
Clx|~1+ 1,40, for & € (0, 1). Then it is clear that A, . is blowing to infinity.
Therefore the average frequency of small jumps is getting larger and blowing to
infinity. Still, the approximating process converges to Z. This is the essential nature
of the above construction. One may in fact, even prove that for almost every w € £2
there are a infinite number of jumps.

3Recall Theorem 1.1.6.

“4One has to be careful with other texts as there are generalized versions of stable laws which include
a parameter which measures symmetry.

SRecall Exercise2.1.36.
6Recall Exercise 1.1.11.
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Exercise 4.1.25 In this exercise, we show that, in general, the number of jumps of
any size in any time interval may be infinite. For this, let us consider the explicit
example of f(x) = x% 1ixe, 1)) for o € [0, 1), C > 0. Prove the following state-
ments:

1. Compute E[.# ¢-¢-D((0, 1] x [0, t])], i € N. Note thatin this case, .4 ¢-¢i-1) =
N CEigimr )
2. Prove that the following law of large numbers is satisfied:

1 <& ) Ct
=3 a0 (0, 1] x [0, 1]) — —27%(1 - 27%), as.
n o

i=1

(98]

. Prove that A4 *((0, 1] x [0, ¢]) = o0, a.s.
. Prove that for any s < 7, one also has A4 ((0, 1] x (s, t]) = 00, a.s.

~

For a hint, see Chap. 14.

Exercise 4.1.26 This exercise is related to martingale properties of the process Z.
Suppose that f(x) = f(x) Ljx <1y with f[—l,l] |x] f(x)dx < oo.

1. Compute E[Z,] and E[Z?]

2. Find deterministic functions u, and o, such that Z, — i, and (Z, — /,L,)z — otz
are martingales. These functions y and o? are usually called the compensators
of Z, and (Z; — p,)?, respectively.

For a hint, see Chap. 14.

Exercise 4.1.27 Consider f(x) = = 1u>1),« € (0, 1). Let Z be the Lévy process
with Lévy measure f(x)dx.

1. Prove that in this case Z is an increasing compound Poisson process and state
explicitly the law of the jumps and the associated frequency of jumps.’

Prove that the expectation of Zf does not exist (i.e. is not finite) for any k € N.
Prove that the expectation of Z* does not exist.

Prove that ]E[Z;S] <ooforall0 < B <l

Prove that E[Zf] = oo in the case that 8 < 0. In fact, prove that P(Z, = 0) > 0
for any ¢ > 0.

A

For a hint, see Chap. 14.

Many other interesting properties of Lévy processes are well known and determined
by its Lévy measure. For more on this, see [51].

Exercise 4.1.28 Propose and prove the equivalent of Exercise2.1.36 in the present
setting. For example, compute the moments of ¢! Z, or prove that the law of ! Z,
depends on 7.

"This is trivial.
8Hint: Decompose the expectation according to the number of jumps of Z,. Then use repeatedly
the inequality (x + P < xPyPforx,y > 0.
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Exercise 4.1.29 Define 5‘}(8") = O(Zf”) ;s < t). Prove that

ar(&n) o— (& Ex—1) . —

F =0 (Z, s <t,k=1,---n).

Exercise 4.1.30 Let b,,b : R x [0, T] — R, be measurable uniformly bounded
functions such that they satisfy that |b,(z, s)| < C|b(z, s)| for some deterministic
positive constant C. Suppose that b, — b a.e.in R x [0, T] with E[fo[o,z] |b(x, s)|

,/T/\(dx, ds)] < oo. Prove that

lim E [ / b,l(z,s)ﬂ(s")(dz,ds)] =E [ / b(z,s)/(dz,ds)]
Rx[0,7] Rx[0,7]

n— o0

Exercise 4.1.31 (The strong rate of convergence of the Z®) Prove that for ¢ < 1:

1. EHZT -z ] <cT [, 2l f()dz.

2. limg o f\zlsa |z| f(z)dz = 0.
3. Prove that the rate of convergence [ __,
there exists a Lévy process Z such that

|z| f (z)dz is optimal in the sense that

lim(| [z1f @) E[|2r - 7

|z]<e

|=o.

4. Find an upper bound for the rate of convergence of £ HZT — Z;f ) ] to zero in

the case that f(x) = =, x > 0, € (0, 1).

Exercise 4.1.32 (The weak rate of convergence of Z®) Prove that for ¢ < 1:

1. B[Zy — 2P = T [, 2f 2)dz.

2. Give an example of a function f satisfying the conditions (4.2) such that the strong
rate of convergence f‘ |z| f (z)dz is bigger than the weak rate of convergence
Jiojze 2f (2)dz.

3. Suppose that g : R — R is a bounded differentiable function with bounded
derivative. Assume furthermore that f(x) = Mﬁ 1y <1y, @ € [0, 1]. Use a Tay-
lor expansion of first order on g to obtain that

z|<e

im([ 1212 f(2)d2) N Elg(Zr) — g(Zi)] = 0.

&0 Jizj<e

Therefore the weak rate of convergence is faster than the strong rate of conver-
gence.

For a hint, see Chap. 14.

Exercise 4.1.33 This exercise is about real functions. Recall that in Exercise 3.4.9
we have proved thatif f : [0, 1] — R is a function such that the following right limit
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lim, , f(x) exists at every point a € [0, 1) then f may have at most a countable
number of discontinuity points.

Prove that if f is an increasing function then the number of discontinuity points
is at most countable. Conclude that a function of bounded variation also has at most
a countable number of discontinuity points.

4.1.1 Ito Formula

Theorem 4.1.34 (It6 formula for finite variation jump process) Let g € C,f (R). Then
we have the following It6 formula:

8(Z) = g(Zo) + Y _{8(Zs) — 8(Z;-))

s<t

=g(Zo) + / {8(Zs— +2) — g(Z;-)}N (dz, ds).
Rx[0,7]
Proof From Corollary 3.4.25 we have

{ e(Z 47y — g(z;i">)} N (dz. ds).

s—

o) =2+ [
Rx[0,]

Since g is a continuous function, we have g(Zt(s”)) — g(Z;) and g(Z((f”)) — g(Zyp)
as n — 00. So we show that

/ {g(z_ii") +2)— g(zﬁi"))} N E)(dz, ds)
Rx[0,7]

— {8(Zs— +2) — g(Z;-)} ANz, ds).
Rx[0,7]

The integral fo[O . {g(Zs— +7) — g(Z;_)} AN (dz, ds) exists because

/ ((Zo +2) — g(Zo)) N (dz, ds)

Rx[0,7]

< / 8(Zo_ +2) — g(Z,)| N (dz. ds)
Rx[0,7]

< C/ 2|4 (dz. ds) = C(Z — Z) < oo.
Rx[0,7]

Let 2 .= 2P 4 77 From A4 — 4 @) > 0, we get
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/ (8(Zs— +2) — g(Z, )} (N — N ) (dz, ds)
Rx[0,7]

< / 18(Zs— +2) — g(Z, )| (N — N ) (dz, ds)

Rx[0,z]
<c / 2l (N — N D) (dz, ds)

Rx[0,¢]
-C {(z,+ —Z7) = (Z) - Z,“""))} -0, as.
Hence we have
/ (8(Zs— +2) — g(Z,0)} N (dz, ds)
Rx[0,7]

- {g(Z;_ +2) — g(Z;)} AN (dz,ds), as.
Rx[0,]

Since if g € C'(R) then g(z +x) — g(2) = x fol g'(z + ax)da, we obtain that

/ {67 + 2 = gz — (o2 + ) = g2 ) H Az, ds)
Rx[0,7]

1
= / Z/ {g’(Zii”) +oaz)— g (Z_ + az)] da .V (dz, ds)
Rx[0,1] Jo

S '/
Rx[0,7]

g2 +az) - ¢(Z, +az)| da¥ ) (dz, ds)

<K zlen _ zs_‘ N (dz, ds)
Rx[0,7]
<K sup |28 — 7, / |z| A € (dz, ds)
0<s<t Rx[0,7]
<K sup |2 — 7,_ (ng"’“ _ Z,“”"’) —0-(ZF—Z7) =0, as.
0<s<t

Therefore we have
/ {g(zﬁ") +2) — Z(S"))} N (dz, ds)
Rx[0,]

- {8(Z;- +2) — g(Z;2)} A (dz, ds).
Rx[0,7]

Remark 4.1.35 We have to note that the random function |g(Z,_ +z) — g(Z;_)| <
lg'lloolz| is integrable with respect to 4.

As in Sect.3.5, we denote by (:#;),cj0.1) the right-continuous filtration completed
with all sets of probability zero. We also define the class of predictable stochastic
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processes as the ones that are generated by the class of left-continuous processes.
Then we have as before:

Theorem 4.1.36 Define X; = x + fot a(s)ds + Z,, where a € #,(R) and x € R.
Then, for any g € C}(R),

t
8(Xy) = glx + Zo) + ./0 g (X5)a(s)ds + /R ]{g(Xs— +2) — g(Xs)}A (dz, ds).
St

x[0

Proof We define
t
X" .=x +/ a(s)ds + Z5.
0

It is clear that X" — X, as n — oo. From Theorem 3.4.26, we get

t
g(X™) = gx + Z87) + / ¢ (X™)a(s)ds
0

+/ (g(X™ 4 2) — g(X")) N @ (dz, ds).
Rx[0,7]

Since g is a continuous function, we get g(X,(")) — g(X;) and g(x + Zég”)) —
g(x + Zy) as n — 00. So we show that

t
/ g (XM)a(s)ds + / (g(X” +2) — g(XI)) N ) (dz, ds)
0 Rx[0,t]

- / g (Xy)a(s)ds +/ {e(Xs— +2) — g(X;)} AN (dz, ds).
0 Rx[0,7]

Since g’ is a continuous function, g’(X™)a(s) — g'(X,)a(s) as n — oo. Also, g
and a are bounded functions, so that, from theb dominated convergence theorem, we
have

t t
/ g/(Xs(,"))a(s)ds — / g (Xy)a(s)ds n — oo.
0 0
Using a similar argument to the proof of Theorem4.1.34, we can get

/ {gX™ +2) — g(X") ¥ (dz, ds) — {8(Xs— +2) — g(Xy_)}N (dz, ds).
Rx[0,7] Rx[0,7]
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Therefore we have
t
/ g/ (X)a(s)ds + / {g(X" +2) — g(X)}AN ) (dz, ds)
0 Rx[0,z]
t
— / g (Xy)a(s)ds +/ {e(Xs— +2) — g(X,)} AN (dz, ds).
0 Rx[0,7]

Exercise 4.1.37 1. Prove an extension of the above result in the case that g €
C (R).
2. Prove an extension of the above result in the case that a is an adapted process.

Theorem 4.1.38 Let b: 2 x R x [0, T] — R be a predictable process such that
E[fo[o,T] |b(z, s)|-A (dz,ds)] < oo. Then the stochastic integral
fo[O,T] |b(z, $)|N (dz, ds) is well defined and

E[ b(z, )N (dz,ds)] = E[ b(z, s).N (dz, ds)].
Rx[0,T] Rx[0,T]

Exercise 4.1.39 Consider first any monotone approximation for b and prove the
above statement. Finalize it by considering b = bt — b™.

Theorem 4.1.40 Let g : 2 x R x [0, T] — R be a stochastic process such that g
is predictable® and such that

/ lg(z, )|/ (dz, ds) < oo, a.s.
Rx[0,1]

Then the stochastic integral f]Rx[O,t] g(z,8) N (dz,ds) < oo is well defined and

fo[o,r] g(z, s)j(dz, ds) is a local martingale.'”

As in Sect. 3.5, you may try to write and prove the statement of Itd’s formula for
the martingale process Y; = fo[o,z] g(z,8) N (dz, ds).

4.2 Differential Equations

Following our results in Sect.3.6, we now consider the corresponding stochastic
differential equations for finite variation jump processes with an infinite number of
jumps. Before this, we need to consider the following inequality.

9Recall the notation issues discussed in footnote 22.

10We have taken the advantage of assuming that the reader knows about local martingales. Otherwise
you may try to prove the same statement assuming that E[f]Rx[O 1 |g(z, 8)|A (dz,ds)] < oo.
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Lemma 4.2.1 (Gronwall’s inequality) Let u be a non-negative function that satisfies
the integral inequality

u(t) < c+/ a(s)u(s)ds, ¢ =0,

fo

where a(t)u(t) is a continuous non-negative function for t > ty. Then,
t
u(t) < cexp {/ a(s)ds} .
1y

v(s) :=exp {—/Sa(r)dr} /Sa(r)u(r)dr, s > 1.

fo

Proof Let

Then,

V' (s) = — a(s) exp {— /x a(r)dr} /s a(r)u(r)dr + exp {— /S a(r)dr} a(s)u(s)

fo

= (u(s) — /X a(r)u(r)dr) a(s) exp {— /X a(r)dr} .

By assumption,

u(s) — /Sa(r)u(r)dr <c.

1)
Thus, we get
V'(s) < ca(s)exp {—/ a(r)dr} .
fo

Since v(fy) = 0, integrating this inequality from #; to ¢ gives

V(1) < c/ a(s) exp {—/Sa(r)dr}ds.

From the definition of v, we have

/ a(s)u(s)ds = exp {/ a(s)ds} v(t)
< cexp{/ a(s)ds}/ a(s") exp {—/x a(r)dr} ds’
{ t td s )
= cexp / a(s)ds}/ — (—exp{—/ a(r)dr})ds
fo fo ds’ fo
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= cexp{/ a(s)ds} (—exp{—/ a(s)ds} + 1)
= cexp{/ta(s)ds} —c.

u(t) < cexp {/ a(s)ds} .

Theorem 4.2.2 Leta : R — R be a Lipschitz function (i.e. |la(x) —a(y)| < Clx —
y|forall x,y € R and for some C > 0) and b is a Borel function such that I (b) :=
fR |b(2)| f(z)dz < oo. Then, the following stochastic equation has a unique solution:

Therefore,

t
X, = x +/ a(X,)ds +/ X,_b(z)N (dz,ds), t > 0. (4.5)
0 Rx[0,7]

Exercise 4.2.3 Give the definition of the solution and uniqueness for the above
equation after reading the proof of the theorem. Hint: Remember Definition 3.6.4.

Exercise 4.2.4 Prove that the solution of the Eq.(4.5) is also the solution of the
stochastic equation

t
X, =x +/ a(X;_)ds +/ X, _b(z) N (dz,ds).
0 Rx[0,1]

Write its solution'! as explicitly as possible in the case that a(x) = agx for some
constant ayp € R. Recall and discuss the relation between this problem and footnote
22.

Proof of Theorem4.2.2. Without any further mention, we note first that all stochastic
integrals will be well defined due to Theorem4.1.38. Forany T > 0, ¢ € [0, T'], we
define

X® = x

t
x© .= x4 / a(X*Dyds + f X* V)N (dz, ds), k eN.
0 Rx[0,¢]

By induction, we get'?

f X5 Dp(2)| AN (dz,ds) < 0o as., k € N. (4.6)
Rx[0,1]

' This is just a consequence of the following property: Any cadlag function has at most a countable
number of discontinuities. Recall Exercise 3.4.9.

12We leave this as an exercise for the reader. One can do this using an argument similar to the one
in the rest of the proof.
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Also, for all k € Z, it is clear that X ,(k) is a cadlag function on [0, T'] a.s. For every
k>2,

k k—1
sup X[ — X<

0<t<T
t
< sup / la(x*D) —a(x* ) |ds + sup [ XD — x5 b)) (dz, ds)
0<t<T JO 0<t<T JRx[0,t]

T
— k=2 k—1 k—2
:f la(x%) — a(x¢ >)|ds+/ XED _ xED) b2 (dz. ds)
0 Rx[0,T]
T
<cC / Ix*=D — xEDjds + f XY — X EPb(0)| A (dz. ds)
0 Rx[0,T]
+/ XD — X5 b)) (dz, ds)
Rx[0,T]
g k—1 k—2 ~
=C / IXED — xEDds + f X5~ xED b)) A dz, ds)
0 Rx[0,T]
’ (k—1) (k—2)
+ / / x50 — xE21b(2)] £ (2)dzds
0 R
T
=C/ |Xx*=D — x &g
0
k—1 k—2 ~ T k—1 k—2
+ / XD — xED1b(2)| A (dz, ds) + 1 () / |x*D — x &4
Rx[0,T] 0

T
—(C+ I(h))/ |x*=D — x*=2) g +/ x50 - x D 1b(2) N (dz, ds).
0 Rx[0,T]

LetL:=C+1(b),1(b):= fR |b(2)| f(z)dz < co. From Theorem4.1.38, we have

k k—1
E[ sup [xV —x*D))
0<t<T

T
<LE [/ |x =D _ X§k2)|ds:| +E [/ 1x® D _ x &) 1p0)) ds):|
0 Rx[0,T]
T k—1 k—2
- L/ E[x& D - x* 2145,
0

Applying this inequality successively, we find that

E[ sup |X;" = X;7V|]

0<t<T

T S Sk—2
k—1 1
<L f// E[ sup |X{" — XOlldsi_y---ds;.
0 0 0 O<sp<sp—1
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Since
Sk
XD - x0 < / la(x)|ds + / Ix[1b(2)|A (dz, ds),
0 Rx[0,s¢]
we get
E[ sup |X" = XO11 < (a@)] + x| (b)) sk
O<sp<sk_1
=: KSk_l.
Therefore,
k k—1 s Sz
]E[ sup |Xt()_Xz(7)|]§Lk71/. / / KSk_]dSk_1-~-dS1
0<r<T 0o Jo 0
_ Kkal ' Tk—l
(k—1)!
_K@LT!
T k=1

By Markov’s inequality,

_ 1 _ KQLT)k1
P sup |Xt(k) — Xt(k l)| > — 2k 1IE[ sup |X(k) Xt(k l)I] < ¥
0<t<T 2k= 0<1<T (k — 1!

Thus,

k—1
(g 60 51 ) = S KD

ken  N\O=r=T eN

From the Borel-Cantelli lemma, we get

_ 1
P<limsup{ sup |X,(k) — X,(k RIS F}) =0.

k 0<t<T
That is,
1
P{liminf { sup |X(k) X(k M<—1)=1
k 0<t<T 2k !
Therefore,

IP’( lim sup |X(1) X,(k)| :0) =1.

k=00 p<i<T
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Since X t(k) is a Cauchy sequence almost surely, there exists X; such that X ,(k) uni-
formly converges to X; on [0, T] as k — oo. From Lemma4.1.4, X, (w) is a cadlag

function. Also, since a is Lipschitz continuous, a (X ,(k)) uniformly converges to a(X;)
on [0, T] as k — oo. Thus,

X, = lim x¥
k—o00

t
=x+ lim [ a(X*")ds + lim X Vb)N (dz, ds)
—o00 Jo

k=00 JRx[0,7]

t
=x +/ a(X)ds +/ X,_b() N (dz,ds).
0 Rx[0,1]

T is arbitrary, so that the following stochastic equation has a solution
t
X, =x +f a(Xy)ds +f X, _b(z) N (dz,ds).
0 Rx[0,¢]

Next, we shall prove the uniqueness of solutions. We assume that X, satisfies the
stochastic equation:

t
X, =x +f a(X,)ds +/ X, _b(z) N (dz,ds)
0 Rx[0,7]
Then,

t
E[|X, — X,|] <E [/ la(Xy) — a(xs>|ds] +E [/ 1X,— — Xo_lIb@IN (dz. ds>]
0 Rx[0,¢]
t —~~
<E [C f X5 — J?sms} +E [ / 1Xs— — X,_|1b(2)|A (dz, ds)]
0 Rx[0,]
+E U X — Xs_|Ib()|N (dz, ds)]
Rx[0,1]
t t
= C/ E[|X; — Xs|1ds + E [ub)/ 1X,— — )?.Y_|ds]
0 0
t t
= c/ E[| X, — X,|1ds + I (b)E [/ X, — )N(X_lds]
0 0
t t
= c/ E[IX; — X,[lds + I(b)/ E[|1Xs — X,|lds
0 0
t
—(C+1() / E[|X, — X, [Ids. 4.7)
0
Applying Gronwall’s inequality in Lemma4.2.1, we have

E[|X; — X;|] = 0.
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Thus, -
PX;=X,)=1, t>0.

Since X, and X, have cadlag paths,'* from Proposition3.6.3, we get
P(X;, =X,; 1>0)=1.

Remark 4.2.5 (i) In the proof of results like the one in Theorem4.2.2, inequalities
like (4.7) are one of the goals when trying to find solutions for equations through
the fixed point theorem. '

(i) Another way of proceeding in our proof would be to consider

K(LT)*!
Ef sup x® — x%-vpy < KED
0<t<T (k—1)!

so that

m
Elx™ - xP< Y EIx® - x50
k=n+1
m

> ELsup X7 — X))
k=n+1 0<r=<T
2’": K(LT)*!

(k —1)!

IA

k=n+1

-0 (n,m — 00).
Therefore we get

sup E[|X™ — X1 = 0 (n,m — o0).
0<t<T

Thus, X, ®isa uniformly Cauchy s sequence in L' (£2), so that there exists X, such
that X( uniformly converges to X, inL'(2)ask — oo (i.e. SUPg<;<T E[|X(k)

X;|] — 0 as k — o0). But, we cannot assure that X, (w) is a cadlag function.
Thus {5(\ ;¢ € [0, T]} is not a solution of the stochastic equation if we want the
solution to have cadlag paths.'> This notion would belong to a weaker notion
of a solution which may be used when necessary. In general, it should hold that

13That is, X; (w) and ?t (w) are cadlag functions.

14For example, let f : R — R such that f is Lipschitz with a Lipschitz constant smaller than 1.
Then the equation f(x) = x has a unique solution. In our setting one has to choose a time small
enough so that this idea can be applied.

150f course, in the case that you may not need the cadlag property then you can get by with this
kind of solution.
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weaker notions of solutions should require weaker conditions on the coefficients
in order to obtain existence and uniqueness, otherwise their interest will be
limited.

Exercise 4.2.6 Use the proof of Theorem4.2.2 to prove that the following rate of
convergence is also satisfied for any p > O and r > 0:

lim k”(X® — X,) =0, a.s.
k— 00

Think about the possibility of using functions that explode faster than k”.
For a hint, see Chap. 14.

Exercise 4.2.7 Prove the statement of (4.6). This statement may not be the optimal
one to prove. So you also need to make an effort to clarify in your own way what
needs to be proved in order to make the proof efficient.

For a hint, see Chap. 14.

Exercise 4.2.8 Consider the same problem as in Exercise 3.6.11. In particular, prove
first that under enough conditions on the coefficients a and b of (4.5), we have:

1. limg4o0 Sup, |X,(k) x)—X;(x)| =0.

2. Use induction to prove that X t(k) (x) is differentiable with respect to x € R for all
keN.

3. Prove then that X, (x) is differentiable and find the equation satisfied by X (x).

Now we move towards the case when the equations are driven by the generalized
process defined in Sect.4.1.

Theorem 4.2.9 Suppose that [ |z| f(z)dz < 0o and let a : R — R be a Lipschitz
bounded function. Then there exists a unique solution to the stochastic equation

X, = x + / a(X )2 N (dz, ds), 4.38)
Rx[0,7]

in the space of cadlag predictable stochastic processes.

Recall that in the above statement the notion of a solution is also being defined.
Before giving the proof we need to give the following exercise.

Exercise 4.2.10 Prove that the space D[0, T] = {x : [0, T] — R; x is cadlag} is a
Banach space with the norm of uniform convergence.

Proof From Corollary 3.6.6, for any n € N, there exists a unique solution to the
stochastic equation

X0 = x + / a(X®)2 ¥ (dz, d).
Rx[0,z]
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Consider form > n
xm _ x® — / @(X™y = a(X"))z/ ) (dz, ds)
Rx[0,1]

+ / a(X" Yz o) (dz, ds).
Rx[0,¢]
Therefore if K denotes the Lipschitz constant of a, we have
sup [X{" — X" <K sup |X;" — X" |2|A ) (dz, ds)

1€[0,T] 1€[0,T] Rx[0,T]

+ f a(X" )z N e (dz, ds)
Rx[0,7]

Note that

/ a(X"™)z N ) (dz, ds)
Rx[0,7]

< ||a||oo/ |z| A Eme)(dz, ds) — 0, a.s.,
Rx[0,¢]

as n,m — 00. Consider T = T (w) small enough so that fo[o,T] |z| A (dz,ds) <
1/K. Then one has that

-1
sup |X™ — x| < (1 - K/ Izlw(dz,ds))
t€[0,T] Rx[0,T]

/ a(Xi’f))zJV(am’s")(dZ,dS) .
Rx[0,]

Therefore one obtains that lim,, ;o sup, 0.7 1X ,(m) - X ,(”)| = 0. Therefore by the
completeness of the space of cadlag functions with the uniform norm (cf. Exer-
cise4.2.10), one obtains that the limit X exists and is cadlag. Also,

/ a(X")z /) (dz, ds) — / a(X;_)zN (dz, ds)
Rx[0,7] Rx[0,7]

<

[ a®zr ez - [ atomr @z ds)
Rx[0,¢] Rx[0,7]

+

f a(X_)z N ) (dz, ds) — / a(X;_)z N (dz, ds)
Rx[0,7] Rx[0,1]

< / la(x™) = a(X;)|z)4 ) (dz, ds)
Rx[0,t]
+/ la(Xs |zl (AN — A ) (dz, ds)
Rx[0,7]
<K / X X |lzl# ) (dz, ds) + K / 2l — ) (dz, ds)
Rx[0,7] R

x[0,7]

<K sup [X{" — X, 2l ¥ 0 (dz, ds) + K (2} = 27) = (" = 277
0<s<t Rx[0,¢]

— 0, a.s.
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Thus, we get

/ a(X"z V@) (dz, ds) — a(X, )z N (dz, ds), a.s.
Rx[0,7] Rx[0,t]

Then, X, has been constructed on the interval ¢ € [0, T] with T satisfying

fo[O,T] |z]4 (dz,ds) < 1/K. Now, we may continue constructing the solution
using that X7 is known and starting again the above argument in an interval starting at
T.AS [goiror |21¥ [z, ds) = [o 0.7 1214 (dz, ds) < 1/K, we obtain that the
solution can be constructed for any time ¢. Therefore, the stochastic equation (4.8)
has a solution. Also,

E [/ la(X,)|1zIN (dz, dS)} =E [/ / |a(Xs)||Z|f(Z)dZdS:|
Rx[0,7] R JO

t
= [ Etacxonas [ sz
0 R
< ki [ sz
R
< 00.
Therefore X, satisfies (4.8) and is integrable. To prove uniqueness we use a fixed

point argument. Let X and Y be two solutions of (4.8). Then using the Lipschitz
property and Theorem4.1.17 we obtain that

<E [/ a(X,_) — a(¥, )|zl A (dz, ds)}
Rx[0,7]

E[lX, - Y |]=E [

/ (a(X,_) —a(Ys_))z N (dz, ds)
Rx[0,z]

< KE / | X, — Ys_||z]#4 (dz, ds)]
Rx[0,z]

=K1E/ X, — s—llzlﬁdz,dS)]
LJ Rx[0,7]

t
=KE | Xs— — s—l/ |Z|f(Z)dzdS]
0 R

= K/ Izlf(z)dz/ E[| X, — Y,|1ds.
R 0

Applying Gronwall’s inequality in Lemma4.2.1, we have E[| X, — Y;|] = 0. That is
P(X, =Y;) =1, for any t > 0. Therefore we get P(X, = Y,, ¢t > 0) from Proposi-
tion3.6.3.

Exercise 4.2.11 Suppose that supp(f) € R,. Note that (4.8) will have a unique
solution if we consider the driving process Z — ZI'*). Use the fact that Z(+) is a
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compound Poisson process to prove that there exists a unique solution to (4.8) for
the driving process Z even if the condition fooo xf(x)dx < oo is not satisfied.

Theorem 4.2.12 Suppose that [ |z| f (z)dz < oo. Let X be a solution to X, = x +
fo[O t] a(X;_)z N (dz,ds), where a is a bounded Lipschitz function and x € R.

Then, for any g € Cg(R),

8(Xy) =gx) +/R {8(Xs- +a(X;-)2) — g(Xs-)} A (dz, ds).
x[0,1]

Proof From Theorem3.5.6, we get

g(X™) = g(x) + / (EX” + a(X™)2) — (X)) N (dz, ds).
Rx[0,z]

Since g is a continuous function and X" — X, as n — oo, we have g(X") —
8 t 8(A;
g(X;) asn — oo. So we need to show that

/ (g(X” 4+ a(X")2) — g(X™)) AN (dz, ds)
Rx[0,7]

— {e(Xs— +a(X;2)2) — g(X0)} AN (dz, ds).
Rx[0,7]

We prove this in two parts:

/ {8(Xs- +a(Xs-)2) — g(X, A — N E)(dz, ds)| — 0,
Rx[0,7]

— 0.

/ {((Xy +a(Xs-)2) — g(Xs-)) — (g(X + a(X™)2) — g (X)) A ) (dz, ds)
Rx[0,7]

Using the Lipschitz property of g and the boundedness of a, we get that

/ {g(Xy— + a(X;-)z) — g(X WA — N ) (dz, ds)
Rx[0,z]

< / 1g(Xs— + a(X;-)z) — g(X (A — A ) (dz, ds)
Rx[0,7]
<K f la(Xs)z| (N — A ) (dz, ds)
Rx[0,7]

< K2/ lz|(AN — AV (dz, ds)
Rx[0,]

=KZF —z7 =z =27

— 0 (n > 00).
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Hence, we have that

/ {g(X,— +a(X,)2) — g(X WA — AN ) (dz, ds)| — 0.
Rx[0,¢]

Sinceif g € C' then g(x +2) — g(x) =z fol g’ (x + az)da, we obtain that

{(g(X,— +a(X,)2) — g(X,)) — (g(X" + a(X™)2) — g(X))}

1
=z f {a(X,)g' (X, 4+ aa(X,)z) —a(X"M)g' (X" + aa(X™)z2)}da
0
1
=a(X, )z / (&' (Xs— +aa(X,)z) — g (X" + aa(X™)z))da
0
1
+ (a(X,-) —a(X!' )z / ¢ X" + aa(X™)z)da.
0

Also, g’ and a are bounded Lipschitz functions, so that we get that

/ {(g(Xs— +a(Xs_)z) — g(Xs_)) — (X" + a(Xx")z) — g(X"))}N¥ ) (dz, ds)
Rx[0,t]

1
< / |a(Xs_)Hz|/ lg'(Xs— 4+ aa(Xs_)z) — & (X" + aa(X™)2)|da. v (dz, ds)
Rx[0,7] 0
1
+/ la(X,_) —a(XS?)IlZI/ 1g' (X" + aa(X")2)|da ¥ (dz, ds)
Rx[0,7] 0
1
< K/ |z|/ X, +aa(X; )z — X" — aa(X")z|daV ) (dz, ds)
Rx[0,7] 0
1
bk [ e =Xl [ a0z ds)
Rx[0,t] 0
1
<K / o / (Xee — X0 4 alzlla(Xo) — a(X®))dat e (dz, ds)
Rx[0,¢] 0
+K sup |X; — XV 2|4 € (dz, ds)

O<s<t Rx[0,7]

=2K sup |Xs— Xi’”l/ 2| ) (dz, ds)
Rx[0,1]

0<s<t
1
+ 51(2 sup |X; — X 1z ) (dz, ds).
0<s<t Rx[0,7]

Since X ,(") uniformly converges to X,, we have using Theorem4.1.11 and Exer-
cise4.1.12 that supy_, ., | X; — X| — 0 as n — oo. Therefore we have

[ {(8(Xs— +a(X,2)2) — g(X,2) — (X +a(X\)2) — g (X)) ) (dz, ds)| — 0.
Rx[0,1]
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Hence we get

/ (g(X™ 4+ a(X™)2) — g(X™)) A (dz, ds)
Rx[0,z]

- {8(Xs- + a(X;-)2) — g(X; )} A (dz, ds).
Rx[0,1]

Exercise 4.2.13 Take further limits on the function g in Theorem4.2.12 to prove
that the It6 formula is also valid for g € C bl (R). Try to further extenditto g € C L(R).

Exercise 4.2.14 1. Prove that under the conditions of Theorem4.2.9 the unique
solution of (4.8) satisfies that E[|X,|] < oo.
2. Find conditions that assure that E[| X, |*] < oo.
3. Find conditions that assure that E[supxe[oﬂ | X|] < oo.

Exercise 4.2.15 Use It6’s formula and Theorem4.1.38 to prove that forany b : £2 x
R x [0, T] — R predictable process such that E[fo[O,T] |b(z, $)|' A (dz, ds)] <
00, I = 1, 2. Then the stochastic integral fo[O Tl |b(z, s)|-A (dz, ds) is well defined
and

2
E |:</ b(z,s) N (dz, ds)) :|
Rx[0,T]

2
< CE U Ib(z, )2 N (dz, ds) + (/ b(z, s)N (dz, ds)) } .
Rx[0,T] Rx[0,T]

Note that this result is the natural extension of IE[N%] = AT + (AT)? in the Pois-
son case.
For a hint, see Chap. 14.

Problem 4.2.16 (Taylor expansions for solutions of stochastic equations) Consider
X to be the solution of Eq. (4.8). Suppose that @ is a smooth function with bounded
derivatives. Find the first terms of a Taylor expansion for X in terms of multiple
integrals of .4 (dz, ds) where the coefficients are derivatives of a.

Hint: Use 1t6’s formula to find some of the coefficients associated with such an
expansion.

Note that another version of this problem is to consider coefficients of the type
a(x) = ao(rx) for a parameter r € R and then the problem is to find an expansion
in terms of the powers of r.

Problem 4.2.17 (Taylor expansions for expectations of solutions of stochastic equa-
tions) Assume that f e* f(z)dz < oo. Find the first three terms in the Taylor expan-
sion for E[X,] in terms of powers of +/ for j =0, 1, 2.
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Notice that the Taylor expansion is a very general name referring to the expansion of
a certain quantity around a fixed value. This fixed value may vary depending on the
objective. It is in this sense that the above expression “Taylor expansion” is being
used. The reader should invest some effort in understanding what is playing the role

of fixed value in each case.



Chapter 5 ®)
Construction of Lévy Processes ez
and Their Corresponding SDEs:

The Infinite Variation Case

In this chapter, we consider a class of Lévy processes which are not of bounded
variation as in the preceding chapter but instead they are processes with paths of
infinite variation. From the pedagogical point of view, this chapter provides the
construction of the Lévy process, leaving for the reader most of the developments
related to the construction of the stochastic integral, the [td formula and the associated
stochastic differential equations. This is done in the exercises in order to let you test
your understanding of the subject. This is done on two levels. You will find the ideas
written in words in the proofs. If you do not understand them you may try a further
description that may be given in Chap. 14. It is a good exercise to try to link the
words and the equations so that you understand the underlying meaning. This is
also a chapter that may be used for promoting discussion between students and the
guiding lecturer.

5.1 Construction of Lévy Processes: The Infinite Variation
Case

So far, the Lévy processes we have defined have been originated in natural extensions
using Poisson random measures and their corresponding integrals in the measure
theoretic sense. That is, we have given the definition of the simple Poisson process
which is a non-decreasing process with jumps of size one. Next, we extended this
definition to the compound Poisson process which allows jump sizes to be random.
Still the number of jumps in any interval is finite. In a first non-trivial extension we
defined using limits an increasing process for which the average number of jumps
in any interval is infinite.! In order to do this we first assumed that all jumps are

UIn fact, one can prove that in any interval the number of jumps is infinite. This will left as an
exercise for the reader.
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positive so that we could use the non-decreasing property in order to take limits on
a sequence of compound Poisson processes. Similarly, one can define the limit of
non-increasing compound Poisson processes and the final combination leads to the
generalization that we have introduced in the previous section. This construction was
possible because the constructed process paths had the finite variation property in
any finite interval. Thatis, > _, |AZ| < oo.

In this section, we will introduce the last generalization step of this procedure.
That is, we will consider cases where the process Z to be defined does not have the
finite variation property. The idea to treat this case is to define the approximations as
in the previous chapter, but now we will take away the terms that will tend to explode.
This procedure is usually called “compensation”. In fact, suppose that we want to
consider the case f(x) = Clx|~07% 1, fora € [1,2), C > 0. In this case, if we
follow the procedure in Proposition4.1.2 the process Z®*+ will blow up,?> which
implies that the searched process if it exists will have infinite variation in any finite
interval.

First, we will apply the following simplification to the problem. According to
the procedure used before, we may first construct the Lévy process associated with
filx) = Clx|~0+® 1;~1. This will lead to a compound Poisson process because
the function f; is integrable.’

Now, we continue to the heart of the problem, which is how to construct a Lévy pro-
cess associated with the Lévy measure (f — f1)(x) = Clx|~17% 1_;/<;. Clearly,
the monotone limit idea used in the previous chapter cannot be used. Instead, we
will use the following trick: consider an appropriate sequence 1*) of real numbers
which will blow up as ¢, | 0. Then find the correct sequence so that Z,('E”'Jr) — e
will converge.* This may deceive some, as it means that clearly we are not taking
limits of the process Z®*) but of a “compensated” version, meaning that we hope
that the way this quantity blows up can be estimated in a deterministic fashion.

This is exactly what happens and this mean compensation will appear in all the
formulas to follow. In fact, the choice of *" is not unique and this is always a point
of distraction for students as the definition of the compensation is different according
to the book you may be looking at. In this case we will consider the compensation
ue =2, [l xfods.

To resume all the above ideas, our first goal in this chapter is then to extend the
results of the previous chapter in order to construct a Lévy process Z such that

E[e'?%] = exp[ct /w(e““ — 1 —i0x 1y<1) f(x)dx]. (5.1

where ¢ > 0 is some constant.’

2In fact, as an exercise prove that in this case, the integral fooo(eex — 1) f(x)dx is not finite.
3 Although some moments will not be finite. Recall Exercise 4.1.27.

“Note that this construction is done using f — f; in Sect.4.1.

5In many situations we will assume that ¢ = 1 without further mentioning it.



5.1 Construction of Lévy Processes: The Infinite Variation Case 103

In order for (5.1) to make sense we need to have that f : R — R, is given such
that

V (€ — 1 —i0x 1,<1) f(x)dx| < oo, forall 6. (5.2)

In fact, we will shortly see (Exercise5.1.1 below) that instead of (5.2) we just need
to assume

/(|x|2 A D f(x)dx < oo (5.3)
R

in order to assure that (5.2) is satisfied for all 6 € R.

We note here that the condition above has been weakened in comparison with the
previous section (from |x| A 1to |x|?> A 1). This in fact implies that now the Example
4.1.20 can be extended from « € [0, 1) to o € [0, 2). The main difference between
this section and the previous one is that in the previous section our main tool to
construct such a process was to construct first an approximation using compound
Poisson processes and then taking monotone limits. In the general case which we
will consider here, this technique cannot be applied. In fact, one can prove that the
limits taken in the previous section will diverge in the present case. But fortunately
enough, this divergence in the sum can be correctly estimated. That is, by subtracting a
diverging expression (related with a local mean), one finds that using the martingale
convergence theorem is possible and therefore proving that a modification of the
sum in Proposition4.1.2 (ii) will converge. This modification is related with the term
i6x1(|x] < 1) in the characteristic function (5.2).°

Exercise 5.1.1 Prove that condition (5.3) implies that

/ [(€® — 1 —i6x 1 <1)| f(x)dx < oo, forall 6.

oo

This is done by dividing the integral into two regions: [—1, 1] and its complement.
Then apply Taylor’s theorem with residue in each region to obtain (5.2). That is,
this calculation divided in two regions will be carried out in different forms through
this chapter which explains that the characteristic of the infinite variation processes
is usually different for jumps in a neighbourhood of zero and for jumps away from
Zero.

Finally note that we are proving a stronger claim than (5.2).

—Alx|
Exercise 5.1.2 Let f(x) :=

isfies conditions (5.2).

W 1{x20 where A > O and o € [0, 2). Then f sat-

0In faclt, recall that if ¢(0) is the characteristic function of some random variable X then
Sﬁ(e)e_“’l 19 is the characteristic function of X — ¢t with I = f‘ xf (x)dx.For more on this, see
Exercise 5.1.3.

x|<1



104 5 Construction of Lévy Processes and Their Corresponding ...

Exercise 5.1.3 In order to realize that the process that we define in this chapter does
not differ too much from the one in the previous chapter, consider the particular case
that fR(|x| A1) f(x)dx < oo. Then to avoid confusion, we denote by Z’ the Lévy
process defined in Chap. 4.

1. Prove using characteristic functions that the random variable Z, is related with
Z;. That is, there is a constant A such that

zZ+ ALz,
Find the value of A.
2. Let us focus now on the value of A. Therefore in this part, we stop assuming
—Alx|
thatfR(|x| A1) f(x)dx < oo.Considerthen the case that f, (x) := W 1.,
X o

with o € [1, 2). Prove that lim,_, o, A, = —00.

Therefore we will be “taking away” an infinite amount from the process Z’ in order
to make it converge so that Z can be defined.

Now, let us continue with the construction of Z. As in the previous section, we
define

f(x)l{x>8}

fs(x) = e

(5.4)

where A, := [ f(x)dx < oo and again for the example f (x) = Cx =" we have
that A, = Ca~'e™®. We also let

x) 1<
fs’,a(x) = f( ) {e/'<x<e}
)\s/,s
where A, = 1 f(x)dx.
Step 1. First, we start constructing the compound Poisson process associated with
the jumps bigger than one. That is,’ for g; = 1

o8}
28 =3 e, = / x N €D (dx, ds).
=1 e Rx[0,1]

Then the second step used the processes where the jump sizes are confined in an
interval (&1, &;]. In general, the process Z ) will blow up. The measures .4 %)
@) can still be defined as an increasing sequence and therefore we will not pursue
the line of discussion about the construction of the measure. For the small jumps, we
define the following modification:

"Recall the arguments in Sect.4.1.
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o0
Z(e,+) . (e,1)
Z7 = Z Y Loy — cnt,
izl
where 1® = A, f; xfe.1(x)dx. The process Z*+) is a martingale in time.®

Exercise 5.1.4 Prove that {Z,(S'*) ;¢ € [0, T]}isamartingale for fixed e > 0. Specify
the filtration.

Step 2. Now, we construct

00
(', e,4) . (&,e)
L S

i=1

(¢',e)
ez = 5L
where n©€ =y, [ xfo (X)dx .

1 .
To construct Z*, we take &, = o=, We define the martingale sequence

n—1
Zt(fu,‘*') — Z Zt(€i+1,€i,+).

i=1
The goal now is to prove the following result:

Theorem 5.1.5 The following limit exists:

Z} = lim ZEn® =/ x N P (dx, ds).
[0,1]x[0,]

n—00
Proof By Doob’s inequality we have that for any sequence of increasing times #,

k=0,...,lwithty =T that

= r—2/ Ix|? f (x)dxds.
[0, TTx[&m,€n]

Here, the last equality follows from an extension of Theorem 3.4.31.° Note that the
bound we have obtained does not depend on /. Therefore we have that

lim P(max [Z5P —ZE P> 5y = 0.
n,m—o0 t€l0,7T]

81t is also a martingale sequence based on &. Prove this as an exercise.
?One may also use Exercises4.1.26 and 4.1.27.
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Therefore the sequence of processes, Z* is a Cauchy sequence in probability'® and
therefore it converges.

As before, the associated Poisson random measure ./ is defined as the limit
of the finite random measures .4 ¢ (dx, ds) thus becoming a o -finite measure.
Therefore, integrals that are defined momentarily will be integrals with respect
to o-finite measures. We can define the compensated'' Poisson random measure
N H(dx,ds) = N D (dx,ds) — 1io<x<1y f (x)dxds. We remark here that the fact
that the limit exists is due to the compensation procedure which extracts the divergent
component of Z® 1) For the same reason the process Z,* is no longer positive or
increasing.

Proposition 5.1.6 The characteristic function of Z + is given by

E[emz;] — eXp[Ct/ (ei(ﬂx — 1= igx)f(x)dx]
[0,1]

Exercise 5.1.7 Prove the above proposition.'?

To complete the construction of the process with positive jumps we only need
to take an independent version of Z*"* and let Z;" := Z{*"* + Z:¥, which!® will
have as characteristic function

E[e'% ] = explct | (€' — 1 —i6x 1xj<1y) f (x)dx].
R,

The construction of Z~ can be done similarly and is left as an exercise for the reader.

Exercise 5.1.8 This exercise tries to discuss an alternative approximation process
to obtain the same goal. Define

N[(sd»)

Z[(S,+) = Z (Yi(&l) _ Cl‘l(&))
i=1

~ 1 ).
Here i) := [ xf; 1(x)dx and NED = f[s,l]x[o,r] N &P (dx, ds). Prove tl_lat the
limit of this process exists and related this with the previous construction of Z*+.14

10Exercise: Describe a stronger norm where this sequence is a Cauchy sequence.

1 Compensated means that the mean is being taken from the process so that the resulting process
has mean zero. This will imply that the process becomes a martingale.

12Recall that the characteristic function of Z;" can be computed as the limit of the characteristic
functions of the sequence Z,(E"’H.

13Some may object to the usage of Z as in the finite variation case this process is not compensated,
while in the infinite variation case it becomes the compensated process.

141n fact, it may be easier to study the difference between the approximating processes.
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Exercise 5.1.9 Continuing with Exercise 5.1.8 suppose that one uses a general den-
sity function f, instead of the explicit one given in (5.4). Give a proper distance
function between f, and f so that the process similar to Z+ converges.

For a hint, see Chap. 14.

Exercise 5.1.10 Let f(x) = M%l[mgl}, for o € (1,2) and C > 0. Prove that for
any t > 0,

li AZED| = s.

i 2 A7 = 00 as

O<s<t

This exercise, is linked with the title of the chapter which is not totally exact as the
present theory also includes Lévy processes of finite variation.

Exercise 5.1.11 Let f(x) = M%l{#o}, for o € (0, 2) and C > 0. Recall the con-

struction of Z""™ in step 2 of 4.1 and prove that E[|Z*"""|] is infinite if o € (0, 1]
and finite for o € (1, 2).1¢

Remark 5.1.12 Important consequences should be derived from the above exercise,
if we recall that the construction given in Theorem5.1.5 uses Doob’s inequality
and therefore LZ(.Q) estimates. These estimates, in general, cannot be valid for the
process Z due to the above exercise. Therefore any construction may use L?(£2)-
estimates for jumps close to zero and a.s. constructions for jumps away from zero.
This will be the case in most of the proofs that follow.

Exercise 5.1.13 Prove that for f(x) = C|x|~(0+® 120y for o € [1, 2). Character-
ize for which values of p > 0, IE[(Z,+ )] < 00. Recall the result in Exercise4.1.27
and compare. In particular note that the behavior at zero of f(x) is completely irrel-
evant in order to decide if the moments are finite or not.

As usual, one extends the construction to the negative jumps. The notation is also
extended in a natural fashion. That is, one defines Z~ and Z = Z+ + Z~.

Theorem 5.1.14 {Z,‘*; t >0}, {Z 7 ;t > 0}and {Z;; t = 0} are Lévy processes. The
characteristic function of Z, is given by

E[e/0%] = exp[ct/(ei(’x — 1 —i6x 1<) f(x)dx].
R

As usual we say that the Lévy measure associated with Z is v(dx) = cf (x)dx but
realize that the form of the characteristic function has an extra term in comparison
with Corollary 4.1.13 which is due to compensation with the local mean (that is,
considering only the jumps around zero) in order to gain integrability.

I5SHint: Recall the solution of Exercise4.1.25. But also there is a very short way of proving this by
computing lim; 40 puem ),
16Therefore in general, variances of the process Z; cannot be studied unless one adds extra conditions

on f.
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Proof The proof'is similar to the one of Theorem4.1.5 except for the cadlag property,
which is straightforward. We leave the details to the reader just noting that when
proving the continuity in probability one has to realize that now the process ZV is
neither positive nor increasing.

Theorem 5.1.15 Z satisfies that for allt > 0

Z (AZS)2 < 00, a.s.

0<s<t

Proof Infact, it is enough to prove this property for the jumps smaller than one as the
process with jumps bigger than one is a compound Poisson process. For the jumps
smaller than one, the property follows by taking limits and expectations. In fact, for
zZ

E[ Y (AZ])]= ct/ 2 f(2)dz < .

0<s<t 0.1]

The first exercise is about the distribution of measures of sets under the Poisson
random measure.

Exercise 5.1.16 Let A C R — (—¢, ¢) for some ¢ > 0 such that fA fx)dx > 0.
Prove that the random variable f Ax[0.4] A (dx, ds) is a well-defined finite a.s. Pois-

son distributed random variable with parameter f Ax[0.1] f(x)dxds. Hint: Recall
Exercises 3.4.9 and 4.1.19.

We can now obtain also some results about stable laws.

Exercise 5.1.17 Recall Exercise4.1.23 and check that the same results are satisfied

for o € [1, 2). That is, define the process Z* as the Lévy process associated with
e*k\xl

the Lévy density f(x) := W 120, where & > O and @ € [1, 2). Find the weak
X o

limit of Z! as A — 0. Prove that the density of the limit random variable is smooth.
For a hint, see Chap. 14.

Remark 5.1.18 (i) We should remark that in the above exercise we are proving that
the density of the limit process Z; is infinitely smooth, which may be counterin-
tuitive at first due to the introduction of the stable process as limit of a sequence
of compound Poisson process.!” But, in fact, this limit procedure makes the
possibility of zero jumps disappear.

(i) Also an important point in all the calculations is the symmetry of the Lévy
measure which makes calculations possible.

Exercise 5.1.19 The following exercise will test your understanding of the given
construction, as it is not strictly related with the previous results.

17Recall that in general, a compound Poisson process does not have a density.
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1. Consider a discrete Lévy measure of the type

= 8a,(dx) + 8y (d
V) = Y@ — a2 D

i=0 i

Here a; is a positive sequence decreasing monotonically to zero. Give conditions
on the sequence {a;}; in order to construct the associated Lévy process by using
compound Poisson processes with jumps having a discrete distribution. As before,
you may have to consider first the case o € (0, 1) and then « € [1,2).'®

2. Find the characteristic function for the process defined above. Prove that the
associated process has infinite differentiable densities. Here, you will need some
knowledge of how to derive regularity properties of the densities from the char-
acteristic function of the associated Lévy process.!”

For a hint, see Chap. 14.

Exercise 5.1.20 In this exercise, we will try to understand the behavior of small
jumps through the central limit theorem. Consider the process a, Zt(g”’ﬂ for some
random sequence a, and f(x) = C|x|~** 1, g for « € [1, 2). Determine this
random sequence so that the following result is valid:

lim P(a,Z " € A) =P(Y € A).
n—0oQ
Here Y is a normal random variable. Determine the mean and variance of this random
variable.?°
For a hint, see Chap. 14.

Exercise 5.1.21 This exercise is about the jump structure of Lévy processes as stated
by its Lévy measure and the sign of the associated Lévy process.

1. Prove that if the Lévy measure is given by f(x) = f(x) liz=0p with [(x A
1) f(x)dx < oo then the associated Lévy process Z is positive and increasing
a.s.

2. Give an example in the general case with f(x) = f(x) 1y~ and f x% A
1) f(x)dx < oo, where P(Z; < 0) > Oforall ¢ > 0.

For a hint, see Chap. 14.

Exercise 5.1.22 Prove that if {7;; i € N} are the jump times associated with the
process Z ) then the probability that the process Z* jumps at any of these times
is zero.

For a hint, see Chap. 14.

18Clearly, one may modify the Lévy measure so that asymptotically it is equivalent to this example.
We prefer this way of writing as it makes it clear the relation with the concept of a Lévy measure.

19Hint: See the results in Chap. 9, in particular, Corollary 9.1.3.

201p fact, the limit is only determined by the behavior of f around zero. Therefore any change on
the function f away from zero will not change the limit behavior.
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Exercise 5.1.23 This exercise is the parallel of Exercise4.1.21 together with 4.1.23.

1. Prove that the exponent of the characteristic function obtained in 2. of Exer-
cise4.1.23 does not converge as o — 1.

1
2. Consider the process constructed in Theorem5.1.14 for f(x) := W 120y
X

Prove that the marginal laws are given by Cauchy laws.

3. Prove that the random variable Z, satisfies that the law of #~!Z, is independent
of t.

4. Prove that the density of Z; exists and is smooth.

For a hint, see Chap. 14.

5.2 1t6 Formula for the Lévy Process Z

We give a first Itd formula for the Leévy process Z, which will be useful later in order
to understand how to define stochastic integrals. This is also a short section that will
serve as a test of the knowledge that you have accumulated so far. In particular, we do
not give all details and ask you to fill them out using previous results or an extension
of those results on which you may have to work on your own.

Recall that JV(dx ds) = cf(x)dxds is the o-finite measure corresponding to
the compensator of the Poisson random measure ./"(dx, ds). That is, the compen-
sated Poisson random measure is given by N =N — . Therefore, one has, for
example Z; f[o (0.1 2N (dz, ds) + f(l soyx0.11 2 (dz, ds).

Exercise 5.2.1 Prove the above formula.

Theorem 5.2.2 (1td formula for jump process) For h € C2, we have fort > 0

h(Z;) =h(Zy) + f (W(Z— +2) = h(Z;~) — W' (Z;2)2hy 121y} A (dz, ds)
Rx[0,]

- / W (Z)z N (dz, ds).
[—1,11x[0,1]
Here, we interpret the first integral as

/ ((Zy- 4 2) = h(Z,-) = 1 (Z,-)z) N (dz, ds)
[—1,1]1x[0,¢]

= lim {M(Z- +2) — h(Z,2) — W (Z,2)z} N (dz, ds).

00 J—14e,,1-£,1x[0.1]

The second integral is interpreted as

/ W(Z)z N (dz,ds) == lim W(Z)z N (dz, ds).
[—1,1]1%[0,¢]

00 J [~ 14e,,1—¢,1x[0,1]
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Proof We will give the proof for Z* and ¢ = 1. First, taking n > 2,

z = / 2N @ (dz. ds) — / zf (2)dzds.
[0,1]%[0,¢]

[e, 11%[0,1]

Then, derive an extension of Theorem 3.4.24 which gives that for Y}* := Z,(S”) +Z ,(S‘)

h(Y) =hY)) + / {h(YP +2) — h(Y[ )} ¥ ) (dz, ds)
[0,1]x[0,¢]
+/ (A +2) — h(Y[ )} /€0 (dz, ds) —/ R (Y])zf (z)dzds
[1,00)x[0,7] [en,1]x[0,7]
= h(Y§) + / (hV +2) = h(V) = W (V)2 A<t} # €0) (dz, ds)
[0,00) x[0,7]

+ / B (YMz ) (dz, ds).
[0,1]x[0,¢]

The two terms above converge because f[l 00)x[0.1] |z|.4 (dz, ds) < oo, a.s. and”!

/ |Z|2JT/\(dZ, ds) < oo.
[0,1]%[0,7]

In fact, for the first term note that

/ (R +2) —h(Y") — W (Y )z} A (dz, ds)
[0,1]x[0,7]

< 1"l / 12> € (dz, ds).
[0,1]x[0,¢]

For the second term, we have

|

Therefore the result follows after completing the details.

/ B (YA€ (dz, ds) } < CIIh oo / 1z2 ) (dz, ds).
[0,1]1x[0,7] [0,1]x[0,7]

Remark 5.2.3 (i) Actually the last part in the previous proof is quite important in
what follows because through it, one understands that the estimation of stochas-
ticintegrals in the case of infinite variation Lévy processes has to be done through
estimates in L?(£2) for jumps close to zero while for jumps away from zero,
the It6 formula is proven a.s. as L>(§2) estimates cannot be obtained in general.
Also recall that the above estimates are obtained using the supremum norm for
¢ in compact intervals.

21Prove this. Note that the first term converges in absolute variation, while the second only converges
in the L2(£2) sense with the supremum norm in time. For this reason, for the first term one uses
two derivatives, while for the second one only uses the first derivative.
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(i) Depending on the proof that you propose you may need to prove that any cadlag
function on a compact interval has a bounded image.

(iii) If you understood the proof correctly you will see that the jumps of size smaller
than one are considered twice in the Itd formula above. This is done in order to
achieve the finite integrability of each term. In the first term, the convergence is
in the sense of finite variation a.s. In the second term the integrability is in the
L?*(£2) sense.

Exercise 5.2.4 For a possible line of proof of the above result, check in Chap. 14.
For a hint, see Chap. 14.

5.3 Stochastic Integrals with Respect to Infinite Variation
Lévy Processes and Their Corresponding SDEs

Note that up to now, the stochastic integrals with respect to compound Poisson
processes were defined simply as finite sums. The case of finite variation was con-
sidered as integrals with respect to bounded variated functions. The integral with
respect to a compound Poisson process can be considered as a particular case of an
integral with respect to a bounded variated function. In the discussion just before
Proposition 5.1.6, we have introduced the o -finite measure .4~ for which integrals
can be defined which generalized all previously defined integrals.

We will now generalize these integrals into cases where the integral understood as
an integral with respect to o-finite measures cannot be defined. This will be related
with our previous definitions of stochastic integrals. This will be done using the key
idea in the last part of the proof of Theorem 5.2.2 and which is further highlighted in
Remark 5.2.3. Before this, as before we will separate the jumps that are greater than
one which can then be considered as a measure integral and therefore the integral can
be defined without compensation. As before, we define (.%,),c[0.7] as the smallest
filtration such that the process Z is adapted to it, the filtration is complete and right-
continuous. We also define the class of predictable processes which are generated
by the left-continuous processes adapted to (.%;)¢[0,7]. In particular, note that .% is
the trivial sigma field completed with all null sets.

Definition 5.3.1 Define the predictable o -field as
P=c(Fyx{0}, Fx(s,t;0<s <t<T,F e %, Fyec %).

We say that a process g : §2 x [0, T] — R is predictable if it is measurable with
respect to .

Exercise 5.3.2 Prove that Definition 3.5.1 and the one above coincide.

Remark 5.3.3 At this point, note that we had to complete the filtration, making
it right-continuous so that the filtration satisfies what is called “usual conditions”.
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This is done in order to avoid some situations where the proofs become awkwardly
difficult. In general, when checking results in other sources, one always has to be
careful to see if the stated results are valid with filtrations of this kind or otherwise.
But happily for us in the case of Lévy processes, completed filtrations are right-
continuous. See, for example, [48], Theorems 25 and 31 in the Preliminaries.?>

Theorem 5.3.4 Letg : [0, 1] x [0, T] — R be ajointly measurable function so that
fIO 1xio.r1 18 )2 (dz, ds) < 0o. Then the stochastic integral flo 1x(0.71 8@ s)

JV(dz ds) is defined as the limit of the stochastic integrals fLO 11x[0.71 &1 (Zs s)JV
(dz, ds) for any sequence of step functions g, such that g,(z,s) = gu(2, ) 17>,
and

lim I(gn — 8)(z, )N (dz, ds) = 0.
=00 J10,11x[0,T]

Furthermore {f[(),l]x[().t] g(z, s)j(dz, ds); t € [0, T1} is a (F,)ep0.1)-martingale

and
2 —_—
E [ } = f g (z, )P A (dz, ds).
[0,11x[0,T]

Proof There are different ways of doing this. One of them is as follows: First, we
note that we need to define the concept of the stochastic integral. Assume that g
is positive and bounded. Then, there exists a sequence of simple functions g, so
that they are monotone in n and converge to g. Then one needs to slightly modify
the sequence g, so that jumps around zero do not appear in the definition of the
stochastic integral. Then consider the L2(£2) norms and prove that the sequence
of well-defined stochastic integrals of g, converges by proving that the stochastic
integrals are a Cauchy sequence in L?(£2). Next prove that for any other sequence
of simple functions satisfying that it vanishes around zero and converges to g in the
norm stated, their stochastic integrals converge, therefore obtaining that the stochastic
integral is well defined.

For the martingale property, this is a repetition (and it was done on purpose so that
now you should be well trained for this), of the proof of Theorem3.4.11 if g were
bounded. Note that all instances of a.s. convergence used in Theorem 3.4.11 have to
be replaced now by convergence in L?(£2) which can be achieved due to the results
in Theorem 3.4.31.

After this step, one starts by completing all other cases. That is, complete the
arguments for the case that g = g, — g_ for two positive bounded functions g and
g-.

Once all integrals have been defined, one can take any sequence g, in an even
more general sense than the one in the statement to prove the convergence in L?(£2).
This proves that the stochastic integral defined through the particular sequence is
independent of the approximation sequence of functions g,, n € N taken.

/ ¢(z,5). N (dz, ds)
[0,11x[0,¢]

221n fact, even the independent increment property will suffice.
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You can also recall the proof you have provided for Theorem 5.2.2. Therefore the
details of the proof are left as an exercise.

Exercise 5.3.5 If you have finished the proof, state exactly in what sense is the limit
taken in the statement of Theorem 5.3.4.
For a hint, see Chap. 14.

Exercise 5.3.6 Prove that f[o,l]x[o,r] 74 (dz,ds) = 0o, a.s. but f[O,l]x[O,T] N
(dz,ds) < oo, a.s. This explains that the extension of the integral is meaningful
and that we need to understand the integral as a stochastic integral. Clearly, when
both integrals (the one defined as an integral with respect to o-measure and the
stochastic integral) exist they coincide.

Exercise 5.3.7 Use the techniques introduced in the proof of Theorem 5.1.5 in order
to prove that the stochastic integral just defined has cadlag paths (a.s.).

Exercise 5.3.8 Use the independent increment property of the Lévy process Z to
prove that the random variable f[O.l]x(u,T] g(z, 8) A (dz, ds) is independent of .Z,,.

In fact, prove that f[O,l]x(u,T] gz, )N (dz,ds) € 0(Zy — Zy; s € (u, T)).

Theorem 5.3.9 Lerg : 2 x [0, 1] x [0, T] — R be a predictable process with
B g Pz ds)] < .
[0,11x[0,T]

Assume that g, is a sequence of step processes of the type

n—1

2n(®,2,5) = 160x(0)(@ )R’ @) + Y 1pug1(@, )8 (2).
i=0

Here, {0 =ty < ... < t, = T} is a partition of the interval [0, T] such that |, | :=
,,,,, no1(tiv1 — ;) = 0asn — oo, G € Fo, F; € F, and h°, g : [0, 1] —
R are measurable functions such that

lim E[ (g0 — 2)(z, )2 (dz, ds)] = O.
n—00 [0,1]1x[0,T]

Then the sequence of stochastic integrals | (z, s)</17 (dz, ds) converges in

[0.1]x[0,T] 8n
L%(£2). Its limit is called the stochastic integral of g with respect to Z and is denoted
by flo 11x[0.7] g(z,8) AN (dz,ds) and when considered as a process the stochastic
integral is a (%,),c(0.1)-martingale with cadlag paths. In the particular case that g

does not depend on Z, we may also use the notation foT g(s)dZ,.

Proof The proof is just again a repetition of the proof in the previous theorem with
appropriate changes. Therefore now the exercise is to think how to extend the previous
proof to the current case using conditional expectations properly.
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Exercise 5.3.10 Prove that for any F € .%, and the stochastic integrals defined
above satisfy the following formula:

IF/ ¢(z, )N (dz, ds) = f 178z, 5) A (dz, ds).
[0,1]x (u,T] [0,1]x (u,T]

Exercise 5.3.11 Prove that the sequence g,(w, z, s) satisfying the hypotheses of
Theorem 5.3.9 can always be constructed under the hypothesis that

E[ / 8z )P A (dz, ds)] < oo.
[0,1]x[0,T]

Exercise 5.3.12 Give the corresponding construction for the stochastic integral con-
sidered in [1, co) x [0, T].

Exercise 5.3.13 In each of the two cases: stochastic integrals over [0, 1] x [0, T']
and stochastic integrals over [1, o) x [0, T], give bounds for the L?(£2) norms of
the corresponding stochastic integrals. That is, prove that

2
E |: i| <CE |:/ lg(z, S)|2JT/\(dZ,dS):| ,
[0,11x[0,7]
2
E [I/ g(z,8) N (dz,ds) :|
[1,00)x[0,T]
e 2
<CE [/ 1g(z, $)|> A (dz, ds) + } )
[1,00)x[0,T]
Furthermore prove the following bound in L' (£2):
]E[ ] <CE U lg(z, )| A (dz, ds)} :
[1,00)x[0,T]

Now we give the corresponding Itd formula for this case. The proof is left as an
exercise.

/ g(z, s)j(dz, ds)
[0,1]1x[0,T]

/ ¢(z, )N (dz, ds)
[1,00)x[0,T]

/ g(z,8) N (dz,ds)
[1,00)x[0,T]

Theorem 5.3.14 Consider the process Y; := f[O,l]x[O,z] g(z, s),/V(dz, ds), where
g: 82 x[0,1] x [0, T] — R satisfies the same conditions as in Theorem5.3.9 and
h e Cﬁ(R), then foranyt < T

h(Y:) = h(Yo) +/ h(Ys- +g(z,8)) — h(Y;-) — h'(Ys-)g(z, 5)A (dz, ds)
[0,11x[0,]

+ / W (Y, )z, $) W (dz, ds).
[0,11x[0,¢]
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Exercise 5.3.15 Supposing that i € CZ(]R), prove the following Itd formula for
Zi = Jioayxion 27 [z, ds) + [ ooy xjon 2V (dz, ds):

h(Z,) = h(Zo) + _/ {W(Zs— +2) — h(Zs-) — W(Z;-)z <y} AN (dz, ds)
Rx[0,z]

+/ W(Zs_)z N (dz, ds).
[0,1]x[0,7]

This exercise may confuse you if you compare with the result in Theorem5.2.2. In
fact, the problem here is to prove that the procedure used in the definition of Z* in
Sect. 5.1 and the definition as stochastic integral given above coincide.

Remark 5.3.16 Generalizations similar to Theorem4.1.36 can be obtained. We will
somewhat assume in what follows that the proof of these generalizations is well
understood.”* We will in fact, use the following result, which you can try to prove as
an exercise.

In order to understand the next theorem it is good to recall the discussion about
predictability in Sect.3.5. We also define the following o field

G =0 (N (1ax8); BC[0,1],ACR — (—¢,¢), for some ¢ > 0).

We say that a process a : 2 x R x [0, T] — R is progressively measurable if its
restriction a 1y, is % @ ([0, t] x R)-measurable for any ¢ > 0.

Theorem 5.3.17 Assume that X satisfies the stochastic equation

'
X: =Xo —l—/ bsds +/ a(z,s) N (dz,ds) —l—/ a)(z,s) N (dz,ds).
0 (1,00)x[0,¢] [0,1]x[0,2]

Here ay, a; : 2 xR x [0, T] - Rand b: 2 x [0, T] - R are predictable pro-
cesses such that they satisfy |a,(z, s)|> < C|z|?, |bs| + |ai(z, s)| < C for some posi-
tive constant C and all z € R, s € [0, T]. Then the above integrals are finite almost
surely and the following It6 formula is satisfied:

t
h(X) = h(Xp) + / W' (Xs)bsds +/ {h(Xs— +a1(z,s)) — h(Xs-)} AN (dz, ds)
0 (1,00) x[0,7]

+ / {(h(Xs— + ax(z,5)) = h(Xs—) — h'(Xs-)ax(z, )} A (dz, ds)
[0,1]1%[0,¢]

+/ W (Xs_)az(z. 5). N (dz, ds).
[0,1]1x[0,7]

2 Otherwise as an exercise you can try to think each time how to prove the needed version of the
1t6 formula.
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Exercise 5.3.18 Write the 1t6 formula for the following case:

¢
X: =Xo +/ byds +/ ai(z, s) N (dz, ds) —I—/ ar(z, s) N (dz, ds).
0 (0,00)x[0,1] [0,1]%[0,7]

Here we assume the conditionsaj,as : 2 x R x [0, 7] - Randb : 2 x [0, T] —
R are predictable processes such that they satisfy |a;(z, s)| < C|z|? |ax(z, s)|* <
C|z|?, |bs| < C for some positive constant C and all z € R, s € [0, T'].

We will now turn to the study of stochastic equations driven by Lévy processes
of the type that we have introduced. Recall that we have already discussed certain
stochastic differential equations with jumps in Theorems/Propositions 3.6.8, 4.2.9,
4.2.2 and 3.6.5. The techniques in each case were slightly different. Either through
explicit calculation or through the definition of the correct norm in order to apply
some type of approximation procedure or fixed-point-type theorem.

Theorem 5.3.19 Suppose that a : R — R be a Lipschitz bounded function and that
the Lévy measure satisfies that | |z |2 f(z)dz < o0. Then there exists a unique solution
to the stochastic equation

X, =x +/ a(X,_)z N (dz, ds) +f a(X,_ )z N (dz,ds),
[=1,1]x[0.1] [

—1,1]°x[0,1]
which satisfies that E[|X,|?] < C forall t € [0, T].

Proof We will only give the ideas for uniqueness and leave the rest of the details
to the reader. In case you need more help you may look at Theorem6.2.3 in [2].
Remember that you need to define what is meant by solution of the above stochastic
equation.

In order to be prepared to carry out this proof you have to remember all the
previous methods used for proving existence and uniqueness for stochastic equations
described in previous chapters.

Consider two solutions X and Y satisfying that E[|X,|> 4+ |Y;]?] < C forall ¢ €
[0, T]. Then using a “good” approximation for the function g(x) = |x|?, one applies
the Itd formula for | X, — Y;|?; this gives

X, — Y,|* = / 2(X,- — Y )a(X,o) — a(Ys_))z AN (dz, ds)
[—1,1]¢x[0,¢]
- / (a(Xs-) — a(Ys_))*22 N (dz, ds)
Rx[0,7]

+ / 2X,_ — Y, )a(X,) —a(Y,_))z N (dz, ds).
[—1,1]x[0,7]

Taking expectations and Gronwall’s lemma will give the resultif [ 1212 f(z)dz < oo.
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In general, if one only has that f 1A |z? f(z)dz < oo. then one needs an extra
argument.

Suppose that we restrict our study to the time interval up to the first jump of size
bigger than one. Then the norm that we will use in order to prove existence and
uniqueness will be E[| X, — Y;|>1(t < T})].?* Therefore we obtain the uniqueness of
solutions up to the first jump bigger than one. By iteration one obtains the general
result.

Similarly, a localization argument will solve the case when a is not bounded but
just Lipschitz. For that the following exercise is useful.

Exercise 5.3.20 Given a Lipschitz function a, prove that there exists a sequence of
Lipschitz bounded functions a,, such that:

e a,(x) =a(x) forall x € [—n, n].

e The Lipschitz constant of a,, is uniformly bounded independent of n. That is, there
exists a constant C such that |a, (x) — a,(y)| < C|x — y|forall x, y € R.

e For each n there exists a constant C,, such that |a, (x)| < C,,.

For a hint, see Chap. 14.

Exercise 5.3.21 Compute E[X?] for the solution of the linear equation
X, =x+ / X,_z./ (dz, ds).
[—1,11x[0,7]

For a hint, see Chap. 14.

Exercise 5.3.22 Consider the solution process X for the equation studied in
Theorem5.3.19 with f(x) = |x|++“ 1x>1,« € (1, 2). Prove that there exists a unique
solution. Prove that E[|X,|#] < oo for 0 < 8 < a.

For a hint, see Chap. 14.

5.4 Some Extensions of Jump Processes

In this section, we briefly discuss some extensions of jump processes which are used
in applications.

In the following exercises, we will briefly discuss some extensions of jump pro-
cesses.

Exercise 5.4.1 Consider over the set [0, 00) x R a o-finite measure A. That is,
there exists a family of disjoint sets A,, n € N such that U,cnA, = [0, 00) x R with
M(A,) < oo.Forn € N, define N" to be a sequence of i.i.d. Poisson random variables
with parameter A(A,). Next, we define for each n, independent of all {N";n € N}a

2#Notice the difference with the norms used in the proofs of Theorems4.2.2 and 4.2.9.
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Adz)
MAR)?

A,,. Therefore the family of random variables {N", Z ; i, n € N}isalsoindependent.
Define the following family of random variables for any A measurable subset of
[0, 00) x R,

sequence of i.i.d. random variables Z!, i € N with the law P(Z € dz) =

Z €

N
N(A) =) U(Z € A).

i=1

Find the law of 4" (A).

Prove that .4/ (A) and .#"(B) are independent if A and B are disjoint.
Find the law of &7 = ) 72, A" (A).

Prove that 4" (A) and .4 (B) are independent if A and B are disjoint.

bl

This defines a generalized form of Poisson random measure. In fact, we do not need
that the measure A has to be absolutely continuous with respect to the Lebesgue
measure as in previous chapters.

For a hint, see Chap. 14.

Exercise 5.4.2 Suppose that A(A) = fA M) f(x)dtdx, where A(t) f(x) > 0 and
A([0,00) x R) < 0co. Find the law of the first jump defined as 7j:=
inf{s > 0, A4([0, s] x R) > 0}. This generalization allows the definition of the so-
called non-homogeneous Poisson process.?’ Hint: Recall Lemma 2.1.6.
Extrapolate the result for the case that A([0, c0) x R) = oo.
For a hint, see Chap. 14.

Exercise 5.4.3 Let A4, #',i e Nbea sequence of independent Poisson random
measures associated with simple Poisson processes with parameters A;, u;, i € N.
Define X as the process solution of the following stochastic equation:

oo
)
i=1

1} x[0,¢]

o0
l{Xx,:i}JVi(dZ, ds) — Z/ l{Xx,zi}-%i(dZ, ds).
i—1

1} x[0,¢]

Describe the movement of this process. This corresponds to the so-called birth and
death process with birth rates given by (A;); and death rates given by (u;);.

1. Prove the existence and uniqueness of the process X solution of the above equa-
tion.

2. Prove that once X; = 0 for some s > 0 then the process will always remain at
Zero.

3. Compute the conditional probabilities P(X, =i + 1, X, =i,u € [s, 1)/ X; = i)
andP(X, =i —1,X,=i,uels,t)/X;=1i)fors <t.

4. Prove that X is a Markov process. That is, ]E[f(Xt)/fSX] = E[f(X;)/X;]. Here
ZX denotes the o-algebra generated by the process {X,; u € [0, s]}.

25We hope that the abuse of notation using A for the measure and the function that defines A does
not cause confusion.
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Finally, compare the results above with similar results for the solution of the equation

o0
X, =1+ Z/ Lix, =i A" (dz, ds) —
{1}x[0,7]

i=1

o0

Z/ lix, i (dz,ds).
{1}x[0,]

i=1

In particular discuss the interpretation of {A;, ;}; in each case.

5.5 Non-homogeneous Poisson Process

A counting process is any increasing process. The following three definitions are
equivalent.

Definition 5.5.1 (The infinitesimal definition) A counting process N = (N;);>o is a
non-homogeneous Poisson process with rate function X : [0, o0) — R, if:

(i) N has independent increments.
(i) PWNyyp— N, =1)=1@®)h+oh) and P(N,., — N, > 1) = o(h) ash — 0.

Definition 5.5.2 (The axiomatic definition) A counting process N = (N;);>o is

a non-homogeneous Poisson process with integrable positive rate function A =

(A (1)) 10 if:

(i) N has independent increments.

(ii) foranyt>Oandh > 0,P(N,4, — N, =k) = em(’““h)_m(”w, where
m(t) := [; A(s)ds.

Definition 5.5.3 (The constructive definition) A counting process N = (N;),;>o is a
non-homogeneous Poisson process with rate function A = (A(¢)),>o if there exists a
Poisson process Y = (Y (1)), with rate A = 1 such that*®

N, =Y </t)»(s)ds) =Y (@m(1)).
0

Remark 5.5.4 (i) By the independent increment property of Y, the process N satisfies
the Markov property (recall Theorem 3.2.9). On the other hand, P(N,, — N, = k) =
P(N;, = k) is not satisfied in general, so N is a non-homogeneous Markov process.
(ii) Note that the non-homogeneous Poisson process is used in models such as renewal
population dynamics, reliability theory, biology and finance. This process satisfies:

h
P(N, =0) = exp (—/ A(s)ds) = exp(—m(h)).
0

26Note that we have slightly changed the notation so that it is easier to read. That is, ¥ ( f(f A(s)ds) =
Y (M) Iu:fOI A(s)ds*
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(iii) Let M, := N, — fot A(s)ds, then M, also satisfies the martingale property.
(iv) Let (t))nen and (t),en be jump times of Y and N, then it holds that

Ty = fot’fv A(s)ds.

Exercise 5.5.5 Prove the above properties using the constructive definition. Find
the conditional distribution of jump times in the interval [0, 7] under the condition
that N, = k for fixed k > 0.

Proposition 5.5.6 Let N = (N;),>0 be a non-homogeneous Poisson process with
positive integrable rate function . = (A(t));>o. Then

r t t
E[N ] =E|Y (/ A(s)ds)] = / A(s)ds,
L 0 0
B t t 2 t 2
E[N?] — E[N,]> =E | Y? (/ A(s)ds)] -E [Y (/ A(s)ds)] = (/ A(s)ds) :

L 0 0 0

. B t . t

E[eNi] = E | exp (—i@Y (/ K(s)ds))] = exp ((e”’ —1) (/ A(s)ds)) .

L 0 0

5.5.1 Stochastic Equation Driven by a Poisson Process

In this subsection, we will study the following stochastic equation:
t
Ny =No+7Y (/ ?»(Ns)dS> » No € [0, 00), (5.5
0

where A is a positive measurable function which satisfies fot M(N;)ds < oo. The
solution process to the above equation N is also a counting process. This model may
be interpreted as a self-exciting model. The fact that N increases makes the rate of
the Poisson process increase (assuming that A > 0) and therefore more jumps are
likely. The reverse effect may be achieved if we accept that A may take negative
values but then we will have to modify the argument in ¥ to max{ fot A(Ny)ds, 0}.

Proposition 5.5.7 Let Y = (Y(t)),;>0 be a Poisson process with rate 1 and (t,)nen
be the jump times of Y. Then there exists a unique solution to the Eq.(5.5) which is
given by

Ni=No+ Y WT, <)t €0, Tx)

n>1

where 19 = Ty = 0 and for any n € N,
n
Tp — Tu—-1 Tk — Tk—1

T, =T,-1 + = )
" OANo+n— 1) £ A(No +k — 1)
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and Ty, = lim, o T;,.

Remark 5.5.8 Note thatif A is bounded, then 7, > 7,,/||A|]c0, S0 Too = 00. If A(2) :=
t? for p > 1, then

. 1
E[T”]ZZ;—(NOH—W'

Therefore, by the monotone convergence theorem, we have

1

E[Tw] = ;m < 00,

oo

thus P(T, < 00) = 1.

Proof (Proof of Proposition 5.5.7) We define N, = No + >, 1(T, <t). Then we
prove N, is a solution of (5.5). -

Assumethatr € [0, T1). Then N, = No = No + Y (0) = Ny + Y(fot A(Ny)ds), so
N, is a solution to the SDE (5.5) on [0, T}).

Assume that ¢ € [T, T,4+1) for n > 1. Then N, = Ny 4+ n. We first prove that
fot A(N;)ds € [y, Tyt1)- From the definition of T,,, we have

n—1 n—1

t Tie41 t Tiey1 t
/ MNgds =) (/ +/ )A(M)ds = Z/ A(No + k)ds +/ A(No + n)ds
0 k=0 Tk Tw k=0 Tx Th
n—1

= Z?\(No + ) (Tir1 — Ti) + A(No +n)(t — Tp,)

k=0

= Tl — Tk

=Y ANo+ k) —% 4+ A(No +n)(t — T,
k=0(0 )A(No—i-k) (No + n)( n)

=17 +A(No +n)(¢ — Tp).

Since t € [T}, Ty41), we have fot A(Ny)ds > T, and

t
/ AN s = T+ A(No + 1)t — T) < T+ Ao + M) (Tst — T) = T + (trss — )
0

= Tn+l1,

thus we conclude Y ( fot MA(Ny)ds) = n. Therefore, it holds that

t
N,:No—l—n:No—l—Y(/ A(Ns)ds>,
0

which implies N, is a solution to the SDE (5.5). The proof of uniqueness is left for
the reader.
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5.5.2 Generator: Time Homogeneous Case

We will now deal with Itd’s formula. In order to learn about generators and their
interpretation as an alternative form of It6 formula we give the following proposition.

Proposition 5.5.9 Let N be a homogeneous Poisson process with rate . > 0. Then
forh: N —- R

h(N;) — h(Ny) — / Ah(Ny)ds
0

isa.%; ;= o(Ny; s <t)martingale if E[sup,; [h(Ny)|] v E[|AR(N,)|] < oo for all
t > 0, where
Ah(n) ;= A(h(n + 1) — h(n)).

A is usually called the generator of the process N. Note that previously (see
Theorem 3.5.3) by assuming that f is bounded we proved the above proposition.
Therefore one of the goals of the above statement is to say that the martingale prop-
erty can be established under quite general conditions.

Proof Let M, := N; — At. It follows from It6’s formula that

h(N,) = h(No) + / (h(Ny_ + 1) = h(N,_)) dN,
0

= h(Ny) + f (h(Ns— + 1) — h(Ns-)) (dM; + Ads)
0

t

= h(Np) +/ AR(N,)ds +/ (h(Ny_ + 1) — h(N,_)) d M.
0 0

The condition E[|Ah(N;)|] < oo implies that fol E[|Ah(Ny)|]lds < oo (this we leave
as an exercise). Therefore the above stochastic integral is a uniformly integrable
martingale. Using the martingale property of M;, the stochastic integral term above
is a martingale.

Exercise 5.5.10 e Prove that Ah(n) = lim, g w.

e Prove that E[|Ah(N;)|] < oo implies that fol E[|AR(N,)|1ds < 00.”

e Prove that in the statement of Proposition5.5.9, the following weaker condition:
E[lh(N)|] Vv E[|AR(N,)|] < oo, for all ¢ > 0, is enough to obtain the same con-
clusion.?®

Although the above proposition may seem too technical for a beginner (in fact, one
may start the discussion just supposing that / is uniformly bounded), this proposition

2"Hint: Prove that [ E[|Ah(Ny)[lds < te™E[|Ah(N,)|].
2Hint: Use the fact that [ h(Ny— + 1) — f(Ny_)dN; = Y02 (h(k) — h(k — 1) 1<, <0)-
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and its exercises help the reader understand that the issue of extending the domain

of the generator as much as possible is important because this tells us to what extent
the Itd formula is valid between many other important conclusions.

5.5.3 Generator: Non-homogeneous Case

Proposition 5.5.11 Let N be a non-homogeneous Poisson process with a bounded
rate function X : (0, 00) — (0, 00). Then for a bounded function h we have that

h(N,) — h(No) — / Ah(N,)ds
0

isa{%, ;= o(Ny;s <t);t > 0}-martingale where
Ash(n) ;= A(s)(h(n + 1) — h(n)).

Furthermore if A is a continuous function then

i E[h(N,+gl —fONI _ g

[A(t)(R(N; + 1) — h(N)].

Proof Let M, :== N, — fot A(s)ds. It follows from Itd’s formula (Proposition 3.4.24)
that

BN, = h(No) + / (h(N,_ + 1) — h(N,_)) dN,
0
— h(No) + / (h(Ny— + 1) — h(N,_)) (dM, + A(s)ds)
0
— h(No) + / Ah(Ny)ds + / (h(No_ + 1) — h(Ns_)) d M,
0 0

Using a martingale property of M, the term of the stochastic integral is a martingale.

5.5.4 Generator for the Solution to the SDE (5.5)

Let N be the solution to the SDE (5.5).
Exercise 5.5.12 Compute P(N, = 0) and P(N, = 1).

Exercise 5.5.13 Fix s > 0. Prove that N; — Ny, t > s solves the equation
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Zo1(y) = Y( / MZsu(y) + y)du).

Prove that the above equation has a unique solution.

Define E; ,[A(t, N;)] := E[f (¢, N;)|Ns; = n]. Then we define the generator of N by

]Er,n[h(t +&, Niyn) — h(t, NI

Ah(t,n) := lim
210 £

Then one can prove the following proposition:

Proposition 5.5.14 The generator of the solution of Eq.(5.5) is given by
Ah(n) = A(n)(h(n + 1) — h(n))

for any compactly supported function h.

5.5.5 SDE Driven by Poisson Process

5.5.5.1 ODE and Homogeneous Poisson Process

We first consider an SDE driven by homogeneous Poisson process. The result and its
proof is a generalization of Theorem 3.6.5 in the particular case that b(x, z) = b(x).

Proposition 5.5.15 Assume that the ODE

t
X = Xo +/ m(xg)ds
0

has a unique solution for any xo € R. Let N be a homogeneous Poisson process with
the rate A > 0. Then the SDE

X =XO+/ n(Xs)ds +/ B(X;-_)dN; (5.6)
0 0

has a unique solution.

Note that the generator of the solution (5.6) is given by

Ah(x) = p()h'(x) + A(h(x + B(x)) — h(x)).

5.5.5.2 ODE and Non-homogeneous Poisson Process

Now we consider an SDE driven by a non-homogeneous Poisson process.
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Proposition 5.5.16 Assume that the ODE

13
X = X +/ u(xg)ds
0

has a unique solution for any xy € R. Let Y = (Y;);>0 be a homogeneous Poisson
process with rate 1. Then the SDE

X, = xo + / w(X,)ds + Y </ A(Xs)ds) (5.7)
0 0

has a unique solution on [0, T,), Where To, = inf{t > 0|X, = oo}.

Proof Let (T,), be the jump times of Y. Now we fix w € £2.
(i) We solve the ODE:

t
X: = xo +/ u(Xs)ds
0

ont € [0, 7y), where 7y := inf{¢ > 0] fot A(Xs)ds > Ti}, andlet X, _ := limyypy X;.
(i) X;, = Xo— + 1.
(iii) We solve the ODE:

t
X, =Xy +/ w(Xs)ds

T
ont € [11, 7o), where 7, := inf{t > 0| ffll M X)ds = T, — T}. Then

t

t
X, =X, + f RO = X1+ [ s

T T

t
~x +f W(X)ds + 1
0

= Xo +/ w(Xs)ds +Y </ )»(Xs)ds> .
0 0

Repeating the above procedure, we can solve the SDE (5.7).

There are many interesting questions related to these types of process. In fact, the
interesting situation is when the function X takes large values and therefore a large
number of jumps happen. For more on this, the reader may search for keywords such
as self-excited models or Hawkes process (see also Exercise 5.5.18 below as well as
Refs. [23, 28, 29] or [32] between others).
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Exercise 5.5.17 (A non-linear equation)

Consider 4™ to be a sequence of independent Poisson random measures with
compensator given by 1(n < z < n + 1)dzds. We define a o -finite random measure
as

N (A) = ZJV"(A).
n=1

Here A C [0, 00) x R is any set of finite Lebesgue measure. With these definitions
we study existence and uniqueness for the following equation for x > 0:

X, —x+1- / X, 1(z < a(X,_, E[X,_)N (dz, ds).
Rx[0,7]

Here a : R> — R, is a bounded Lipschitz function. Prove that the above equation
has a unique solution.

Here we give just a brief argument which should be completed by the reader. In
order to prove existence or uniqueness one has to be able to compare two solutions.
Suppose that X and Y are two solutions of the equation. Then consider

X =Y Z/ (Xs— = Y5 ) 1(z < a(Xs—, E[Xs_1).A(dz, ds)
Rx[0,¢]
+/ Y- (1(z < a(Xs—, E[X5-1)) — 1(z < a(Ys—, E[Y;-1))) A (dz, ds)
Rx[0,7]
= A1 + Aj.

If we consider the expectation of the absolute value of the second term above, we
have

ElA;| < / E[Y-la(X,—, E[X;-]) — a(Y,—, E[Y,_])|] ds.
Rx[0,7]

The argument can be completed by arguments that you can see in other stochastic
equations treated previously and the fact that Y; € (0, x 4 ¢).

Exercise 5.5.18 Let T = {7, ; n € N} be a point process on R, and denote by
N = {N,};>0 a counting process of the point process T given by

Ny = Tiz,<n. (5.8)

n>1

I. Suppose that there exists a non-negative bounded function A, ¢ > 0 such that

1
by = lim — E[Ni15 — Ni| 7]
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for each t > 0, the process A = {A;},>0 is called the conditional intensity of the
process N, where {.%;};>¢ is the filtration associated with the process N. Define the

process A = {A,;};>0 by
t
A[ = / )\rs ds,
0

which is called the compensator of the process N. Prove that the process N = {N, }e>0
given by

t
N,:N,—f Asds
0

defines a {.%;},>o-martingale.

II. Let Ay > 0 be a constant, and 4 : [0, +00) — [0, +00) a bounded and Borel
measurable function. Then, the process N is called a (linear) Hawkes process with
the conditional intensity A, if the process A is determined by

b =ho+ Y h(t—T) g, (5.9)

n>1

The constant A is called the background intensity, while the function /% is called the
exciting function.

1. Use an argument similar to the ones used in Sect.5.5.1 in order to prove the
existence and uniqueness of solutions for (5.8) and (5.9) so that 7, ; — T,, follows
an exponential distribution.

2. Considerthe case i (1) = e™". Then, prove that the process A satisfies the equation

t
)\47 = )\,0 _/ ()"S _)\O)ds + N[.
0
3. Suppose that the function # satisfies
+o0
1Al ::/ h(s)ds < 1. (5.10)
0

Prove that ¥ (u) = ) ., h"*(u) is well defined. Then, show that

n>1

t

t
A,=A0+/ lI/(t—s)AOds+/ W (r — s)dN. (5.11)
0 0

4. Under the condition (5.10) on the function /4, prove that

E[At] = Ao (1 + /t w(s) ds) ,
0
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: Ao
tm B = T

For a hint, see Chap. 14.

5.6 Subordinated Brownian Motion

In this section, we briefly describe a method in order to obtain certain types of
Lévy processes. This section requires the knowledge of Brownian motion which is
not covered in this text. In fact, if you do not know what Brownian motion is, we
recommend that you skip this section in its entirety.

Although this is not an extension of Lévy processes but an alternative definition
of some Lévy processes we include it here because of the need to know Brownian
motion.

Definition 5.6.1 Let Z be a Lévy increasing process with Zy = 0 and associated
Lévy measure v. Let B = {B;; t > 0} be a Brownian motion. The process V; := By,
is called a Brownian motion subordinated to the Lévy process Z.

Once this definition is given, various properties can be obtained.

Proposition 5.6.2 The characteristic function of V; = By, is given by

2
E[e"] = E [exp (—%Z,)]
= exp (t /‘(e’% — 1)v(ds)> .

In particular, the law of V is symmetric and the Lévy measure associated with V is
2

Ji = v(dsydx,

Note that the Laplace transform of Z;, E[e %], 6 > 0, is finite because it is an
increasing process with Zy, = 0 and therefore positive.

Proof The characteristic function is computed conditioning first with respect to Z
in order to obtain the result. On the other hand we also have

/ (@ —1—ibx1 )e_% dxv(ds) /OO( % Du(ds)
e’ — 1 —ifx 1<) ——=dxv(ds) = ez — Dv(ds).
Rx[0,00) l= V2ms 0

Exercise 5.6.3 Compute the generator of V in the particular case of the function
h(x) = €%, That is, compute

E[h(Vige)/ Vi = x] = h(x)
&

Ah(x) = lin})
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Hint: This exercise requires the knowledge of the strong Markov property of Brow-
nian motion.

Exercise 5.6.4 1. The following is an integration problem: Compute the integral of
[ e @+ qu for ab < 0.

2. Use the above result to compute the following Laplace transform: fooo e b

x2
52;%(15.

3. Use Fubini’s theorem and the gamma function in order to prove that V as in
Definition5.6.1 follows a stable law in the special case that Z has the Lévy
measure given as v(ds) = c¢s~“ for o € (0, 1).

4. Finally, conclude that the characteristic function is given by E[e?%] = ¢
C > 0.From here conclude that the random variable Z, has a symmetric law. That
is, P(Z; > x) = P(Z, < x) for all x € R. Compute explicitly the Lévy measure
associated with Z.

—Crlo™
9’

For a hint, see Chap. 14.

As itis a matter of multiplying the measure v by a constant, without loss of generality,
we can always assume that a stable process Z is a Lévy process with characteristic
function given by E[e!?%] = ¢~/I°I",



Chapter 6 ®)
Multi-dimensional Lévy Processes ez
and Their Densities

We briefly present in this chapter the definition and the regularity properties of the
law of general Lévy processes in many dimensions. We could have taken the same
approach as in previous chapters going slowly from Poisson processes to compound
Poisson processes, finite variation and then infinite variation Lévy processes in many
dimensions.

Instead, we prefer to take a more traditional approach that students will find in
classical textbooks. This is because we will need them in the chapters that follow. If
you would rather continue in a basic setting, then we recommend to continue with
Chap. 9.

Therefore, this chapter is written in the spirit of an introduction for more advanced
texts. We assume that the reader has some acquaintance with Brownian motion (also
called Wiener process in some texts).! We also start driving the discussion towards
the study of densities.

Let us start by recalling the extension of Definition 3.2.1 in the multi-dimensional
case.

Definition 6.0.1 (Lévy process) A stochastic process {Z,;t > 0} on R? is a Lévy
process if the following conditions are satisfied;

(i) For any choice ofn e Nand0 <t < .- < t,, the random vectors Z,,, Z; —
Zy, -, Z;, — Z;, , are independent.

(i1) Zo =0a.s.

(iii) The distribution of Z;, — Z, does not depend on ¢.

(iv) Foranya > Oandt > 0, lim,—,o0 P(|Z;4n — Z,| > a) = 0.

(v) There exists 29 € .% with P(£2p) = 1 such that, for every w € 2y, Z,(w) is
right-continuous in ¢ > 0 and has left limits in # > 0, i.e. t — Z;(w) is cadlag
function on [0, 00).

IThe presentation in this chapter follows closely [51] where you can find the proofs not provided
here.

© Springer Nature Singapore Pte Ltd. 2019 131
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6.1 Infinitely Divisible Processes in R¢

We start with a brief review of convolution of measures.

Proposition 6.1.1 Suppose that X| and X, are independent random variables on
R? with distribution measures | and ji,, respectively. Then:

(i) X1+ X3 has as distribution measure Ly * (L.
(ii) If X1 or X, has a density function then X1 + X, also has a density function.

Proof Since for B € Z(R?), 1{x4yen) is a bounded measurable function, we have

Ellix,+x,e810(X2)] = E[1(x, +yepylly=x, = /d Lpyemmr(dx)]y=x,
R

= / 1t x,epyii (dx).
R(I

Hence

P(X| 4+ X, € B) = E[lix,+x,e8/] = E[E[1(x,+x,e8|0 (X2)]]

— ] f Looxsenin @) = / / 15(x + )i (dx)pia(dy).
RY Rd JRd

If X has a density function fx,,
P(X, + X> € B) =/’/d 1g(x +y) fx,(x)dxpz(dy)
R¢ JR

~ [ 1o [ fue - )
R4 R4

Hence fRd fx,(z — y)ua(dy) is a density function of X; + X,.

Exercise 6.1.2 Prove that if X; and X, are as in Proposition6.1.1 and u, is contin-
uous, then X; + X, has a distribution measure which is continuous.

We will denote by u"* the n-fold convolution of a probability measure u with itself,
that is,

Example 6.1.3 This exercise reviews some of the basic properties of the convolution.

1. Given a sequence of i.i.d. random vectors X;, i € N with law u, prove that the
law of the sum )_;_, X; is the convolution ;"*.
2. Prove that the convolution operation is linear and commutative.
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Definition 6.1.4 (Infinitely divisible) A probability measure y on R? is infinitely
divisible if for any n € N, there exists a probability , on R such that = pu™*.

Example 6.1.5 Note that the above definition may be taken as the reverse of the
procedure described in Exercise6.1.3.1. In fact, if one thinks of the central limit
theorem we can state the following simple exercise. Prove that the probability mea-
sure associated with a d-dimensional normal random variable with mean x, € R?
and covariance matrix X € R?*? is an infinite divisible distribution. This exercise
is related to the study of the possible laws for the limit of sums of i.i.d. random
variables.

In general, we have the following result.

Theorem 6.1.6 Let {Z,},~0 be a Lévy process on Re. Then for every t > 0, the
distribution of Z, is infinitely distribution.

Proof Let t; := kt/n and let u be the distribution of Z; and u,, be the distribution
of Z, — Z,_,. Since
Zt = (211 - Zt(]) +--+ (Zt,, - Zz,l_l),

from Proposition 6.1.1, we obtain p = u)*.
Lemma 6.1.7 If | and ., are infinitely divisible then .\ * |4, is infinitely divisible.

Proof For each n € N, there exist measures (1, and [ , such that u; = 7% and
po = 55, Hence py * wo = (10 * o)™

Definition 6.1.8 The characteristic function /i of a probability measure i on RY is
defined as

ﬁ(@):f 9 (dx), 6 eRe.
Rd

Theorem 6.1.9 (Lévy Khintchine representation)

(i) If w is an infinitely divisible distribution on R?, then

(0. AG) +i(y.0) + fw{e"w’)‘> —-1- i(9sx>1{|x\§1}(x)}v(dX)],
(6.1)

R 1
(@) =exp| - 5

where A is a symmetric non-negative d x d- matrix, v is a measure on R?
satisfying

v{0} =0 and / (|x|2 A Dv(dx) < oo, (6.2)
Rd

and y € RY.
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(ii) The triplet (A, v, y) in the representation of [L in (i) is unique.

(iii) Conversely, if A is a symmetric non-negative d x d-matrix, v is a measure
satisfying (6.2) and y € RY, then there exists an infinitely divisible distribution
W whose characteristic function is given by (6.1).

Definition 6.1.10 We call (A, v, y) in Theorem6.1.9 the generating triplet of 1.
A and the v are called, respectively, the Gaussian covariance matrix and the Lévy
measure associated with ;. When A = 0, u is called purely non-Gaussian.

In fact, note that if v = 0 then p corresponds to the characteristic function of a
Gaussian random vector with mean y and covariance matrix A. On the other hand, if
A = 0and y = 0 we can see the relation with the characteristic function of previously
defined Lévy processes in Theorem 3.1.2, Corollary 4.1.13 and Theorem4.1.7.

Theorem 6.1.11 (Lévy Khintchine Formula for a Lévy Process) Let {Z,;};>0 be a
Lévy process. Then Py, is an infinitely divisible distribution on R?. Furthermore,
there exists a generating triplet (A, v, y) such that

/ N p, (dx)
R4

0,A0) +ily,0)+ | {1 —1— i(Q,x>1{|x|§]](x)}v(dx)].
Rd

N =

=exp[—

The triplet (A, v, y) of Pz, is called the generating triplet of Lévy process {Z,;};>0
or Lévy triplet.

Definition 6.1.12 (Characteristic exponent) Let X be a random variable on R?. The
function ¥ (0, X) := — log E[¢/"-X)] is called the characteristic exponent of X.

Note that from Theorem 6.1.11, the characteristic exponent of Z; is represented
by

1 .
v, Z) = 5(9, AB) —i(y,0) — | {9 —1—i(0, x)1 <1y (X)}v(dx).
R4

Example 6.1.13 The following exercise serves to show that there is no uniqueness
in the above representation in the sense that one may change the indicator function
1{x<1;(x) by other equivalent functions changing the value of y. This remark is
important when you read other texts as the generating triplet may change definition
according to the localization function chosen for the representation.

Leth : RY — Rsuch thatf [x[|h(x) — L{x<1;(x)[v(dx) < oo. Then there exists
y" € R? such that

v, Z) = %(9, AB) —i(y',0) — | {9 —1—i6, x)h(x)}v(dx).
Rd
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Similarly the compensation used in Chap.5 in order to obtain the convergence of
the processes Z* could be changed using the localization function / instead of
1(j/<1)(x) with similar results. Give the definitions of the processes Z\* “" that
would correspond to this change of localization function.

Theorem 6.1.14 Let {Z,},~¢ be a Lévy process on Re. Define W, (0) =¥ (0, Z,).
Then

11 () = Wi (u).

Proof Fixt > Oand t; = J;’ From Proposition6.1.1, we have

E[¢! 6] = E[e! O Xi-Z=2y-0)] = HE[ei<e,z,,>] — l]E[e“g’Z%)]} ’

j=1

SoY,(0) = —nlog E[ei(a’z%>] =n¥.(0)foranyt > 0, n € N.Sinceforanyn, m €
N5

m¥,(0) = ¥, (0) = n¥=(0),

we have 7'W(0) = W= (). Therefore for any g € Q, q¥1(9) = ¥,(0). Let g, be a
sequence of rational numbers such that g, | ¢ € R. Since the paths of Z; are a.s.
right continuous, we have by the dominated convergence theorem

t1(0) = lim g,%(0) = lim | —logE[e'? 71}
n—0Q n—0oQ
= —logE[ lim ¢'“%]} = ¢, (6).
n—0oQ

Corollary 6.1.15 The characteristic function of a Lévy process at time t is given by
0,207 _ 1 . i(0,%) .
Efe'*Z)] = exp [z{ — (0, 40) +i(y. 0) + | (00 —1— l(@,x)l{|x|§1}(x)}v(dx)}],
2 R4

and it satisfies that E[e!® 2] = E[e!? %],

Exercise 6.1.16 In this exercise, we consider various cases of multi-dimensional
Lévy processes.

1. Provethatif Z',i =1, ...,d are d independent one-dimensional Lévy processes
with Lévy measure v; then the vector (Z!, ..., Z%) is ad-dimensional Lévy process
with Lévy measure given by the product Lévy measure. In particular, prove that
this product measure satisfies the conditions stated in (6.2).

2. Prove that the following measure is a Lévy measure. That is, it can be used to
construct a multi-dimensional Lévy process.
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1
plta

v(dr, d¢) = drd¢1...d¢d_1,

r>0,¢ €[0,7),i=1,...d—2,¢a €[0,27),a € [0,2).

Here the above measure is expressed in spherical coordinates. This example is
the symmetric generalization of stable process whose coordinates are not inde-
pendent. Therefore it is different from considering each Z' to be a stable process
in 1. above.”

Definition 6.1.17 Let {Z,},~0 be a Lévy process on R? with generating triplet
(A, v, y). Itis said to be of:

(i) type Aif A =0, and v(R?Y) < oo,
(i) type Bif A =0, v(R?) = oo, and f\x|§1
(iii) type Cif A £ 0Qor f\x|51 |x|v(dx) = oo.

[x|v(dx) < oo,

Given the study that we have done in previous chapters it should be clear that
types A and B correspond to a Lévy process which has no Brownian component.
Type A is a compound Poisson process with A = v(R?), type B has paths of finite
variation and type C has paths of infinite variation.

Exercise 6.1.18 Check which of the conditions stated in the above definition are
satisfied for each of the examples considered in Examples 3.3.10, 4.1.20, 5.1.10,
5.1.11 and 5.1.19.

Exercise 6.1.19 Prove that there is equivalence between:

e {Z,};>0 is a Lévy process of type B or C.
e A#0orv(RY = oo.

6.2 Classification of Probability Measures

When studying how to characterize the regularity of random variables generated by
a stochastic process one has to first understand the different types of possibilities that
the distribution of the law of the random variable may have. In this section we give
a brief description of the various possibilities and what happens when one combines
them.

Definition 6.2.1 Let p be a non-trivial measure’® on Z(R%).

(i) p is called discrete if there is a countable set C such that p(R¢ \ C) = 0,
(ii) p is called continuous if p({x}) = O for every x € R?,

2For more on this matter in the case d = 2, see Sect. 6.4.
3That is, non-zero measures.
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(ili) p is called singular if there is B € Z(R?) such that p(R¢\ B) =0 and

Leb(B) =0,

(iv) p is called absolutely continuous if p(B) = 0 for every B € Z(R?) satisfying
Leb(B) =0,

(v) p is called pure if it is either discrete, absolutely continuous, or continuous
singular.

Exercise 6.2.2 Let p be the law of a Gaussian vector with mean zero and covariance
matrix A # 0 which is non-negative definite. Prove that p is a continuous measure.
Furthermore give an example where p is not absolutely continuous.

For a hint, see Chap. 14.

Lemma 6.2.3 (Lebesgue decomposition) If p is a o -finite measure, then there are
measures Pd, Pac, Pes SUCh that p = pg + Pac + Pes, Pa is discrete, pqe is absolutely
continuous and p.s is continuous singular. The measures pg, Pac, Pes are uniquely
determined by p.

For a proof see e.g., [10].

Lemma 6.2.4 If p is discrete, then p is not continuous.

Proof Let C = U{x,,} be countable set with p(R? \ C) = 0. Since
neN

PR = pRI\C)+p(C) = p(C) =) p(ix}) > O,
neN

then there exists some n € N such that p({x,}) # 0.

Lemma 6.2.5 Let p; and p, be non-zero finite measures on R?, define p = p1 * ps.
Then:

(i) p is continuous if and only if py or p, is continuous,

(ii) p is discrete if and only if p| and p, are discrete,
(iii) p is absolutely continuous if p or p, is absolutely continuous,
(iv) p1 or py is continuous singular if p is continuous singular.

Proof (i), (ii). If p; is continuous, for every x € R?,

p({x}) = A;d /1;4 1z +y)e1dz)p2(dy) = fRd p1({x — yHp2(dy) =0.

Hence, p is continuous. From Lemma6.2.4, if p is discrete, p; and p, are discrete.
If p; and p, are discrete, there are countable sets C; and C, such that

p1(RY\ C)) = pa(RY\ C,) = 0.
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Let C := C; + C,.* Then since

PRI\ C)

= [, [, et + m@nm@)

= fR | /R 16 @10,6,00 + 1gay e 016,00 + Ty ¢, D 1y 6, ) | o1 @)p2(dy)
= p1(CDP R\ C2) + p1RT\ CDP2(C2) + p1 R\ Cpa(RY\ C2) =0,

p is discrete. From Lemma 6.2.4 and (i), if p is continuous, p; or p, is continuous.

(iii) Suppose that p; is absolutely continuous. If B € Z(R?) satisfies Leb(B) = 0,
then Leb(B — y) = 0, for every y € R?, and

p(B) =/ / 15(x + y)p1(dx)p2(dy) =/ p1(B — y)p2(dy) = 0.
R¢ JRY R4
(iv) Suppose that neither p; nor p; is continuous singular. Then

(pl)d + (pl)ac 5& 0, (pZ)d + (pZ)ac # 0.

It follows from (ii) and (iii) that (p;)q * (02)4 is discrete and (01)4 * (02)ac»> (P1)ac *
(p2)a and (01)ac * (p2)qc are absolutely continuous. Hence we have

prx o= (0 + (o1)ac ) * (0204 + (P2)ac)
= (p1)a * (02)a + (P1)a * (02)ac + (PDac * (02)a + (D ac * (02)ac

has a discrete or absolutely continuous part.

6.3 Densities for Lévy Processes

We will turn to the study of the densities of Lévy process. The main tool is either
direct calculation or deriving properties through the characteristic function.

We start first with the case of the compound Poisson process for which its law
can be computed explicitly.

Proposition 6.3.1 If{Z; = 27’:1 Y;} is a compound Poisson process with intensity
X on RY where Py, = v/A, then
_—tA s
Pz, =e kz k!v ,
=0

4Thatis, C = {x + y; x € C1,y € C2}.
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where v = 8y and Py, is not continuous at Q.

Proof Forany B € #(R?),

Pz,(B) :p( ¥ Y, e B) - ip(in € B, N, _k)
j=1 k=0 j=1
S : o [V \k* ()\f)k —At —tA kex
:;P(Z;YJ eB)]P(N,:k):;(X) B = gk‘v (B)
S - -

Since Pz {0} = e > 72 t*/ k! v**{0} > e~ > 0, Pz, is not continuous at 0.

Exercise 6.3.2 In the set-up of Proposition6.3.1. Suppose that v(dx) = f(x)dx,
where f is an integrable positive function. Prove that for any measurable set A such
that 0 ¢ A and any continuous bounded function g we have that

E[g(Z)) 14(Z))] =/Ag(y)pt(y)dy~

Here p, can be written explicitly. Also deduce that Z; has a density at any point

except zero.’ After solving all these problems, one can also see that the law of Z,

is absolutely continuous with respect to the Lebesgue measure for sets away from
6

Zero.

Let 11 be a probability measure on R¢ and D (1) := sup pu({x}).If i is the distribution
xeR4

of random variable X, we write D(X) := D(u).
Lemma 6.3.3 If u = p * o, then D(n) < min{D(u), D(u2)}.

Proof For any x € R?,
u({x}h) = /]Rd /Rd 14—y (d2)pa(dy) = /Rd m1({x — yPua(dy) < D(u1).

Theorem 6.3.4 (Continuity) Let {Z,},~9 be a Lévy process on R? with generating
triplet (A, v, y). Then the following three statements are equivalent:

(i) Pz, is continuous for every t > 0.
(ii) Pz, is continuous for some t > 0.
(iii) {Z,}i=0 is of type B or C (that is, A # 0 or v(R?) = 00).

S5That is, deduce that the distribution function of Z; can be differentiated at any point except zero.
6 After this exercise, one may think that the differentiability of the distribution function and absolute
continuity are equivalent. One has to be careful about these statements as they involve sets of
Lebesgue measure zero.
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Proof The statement (ii) implies (iii). If A = 0 and v(R?) < oo, there exists yy € R?
such that Z, — tyy is a compound Poisson process. From Lemma6.3.1 we have

Pz, ({tyo}) =P(Z; — 1o = 0) = Pz, ({0}) > 0,

hence Py, is not continuous at tyy for every t > 0.

The statement (iii) implies (i). If A # 0, then there exist independent infinite
divisible random variables W; and J; with characteristic functions corresponding to
the generating triplets (A, 0, 0) and (0, v, y), respectively. Then

[ Lo, Ae]exp[t{i(y,ﬁ)-l—/ {ei<0”‘)—l—i(G,x)1{|x|§1}(x)}v(dx)]]

- p[t{ —(0, AB) +i(y,0 / (0% _1 -6, )1 |x|<1}(x)}v(dx)”

— ]E[el(e Zr ]

Therefore Pz, = Py, ,. Note that W, is the characteristic function of a Gaussian
random vector with mean zero and covariance matrix A. From Exercises6.2.2 and
6.1.2, we have that as p; is continuous we have that Pz, is continuous for every
t > 0. In the following, suppose that v(RY) = co

Case 1. Assume that v is discrete. Then there exists a countable set C =
Ui fxj} e R4 such that oo = v(RY) = v(C) = 32 vx ). Let my = v({x;})
and m’; = m; A 1. Then we have 72, m’; = 0o. Let v, := Y __ m';8,,. Since

/(|x| A Dy, (dx) = Z(Ile /\1)m <n < 00,

j=1

then v, isaLévy measure. Let yjf = fRd X<y vy (dx)andy’ == (y{, -+, ¥)-
One may construct two independent Lévy processes {¥,"};=o and {J,"};=¢ with
generating triplet (0, v,, ') and (A, v — v,, y — y'), respectively. Then {Yl(")},zo is
a compound Poisson process and

E[e!® Y R[]
= exp [;/ (!0 — l)vn(dx)] exp H — %(9, AB) +ily —y',0)
Rd
[ O =1 =00, ) =y () = v ) |]
]Rd

1
= exp [;{ — 5(0.40) +ify.0) + | (0 — 1 =i (0. 1)Lz (x)}v(dx)”

— E[ei(gvzl>]‘

R
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Hence Pz, = Pyw * P, and from Lemma6.3.3
t t

D(Z,) < D(Y™).
Let ¢, := v,(RY) and 5, := v, /cy, then

n 1

() = D(ay) = sup D _ L Zm 8, (D) < —,

xeRd Cn Cn xe]Rd Cn

(ten)
k!

P(Y" =x) = Pyw({x}) = ¢ 1{x = 0} + ¢~ Z oy (x})

k=1

. 1 o .
< el 4 —pTIengltn — gt 4
Cn Cn

Since

lim ¢, = lim v,(RY) = hm ZmS (]Rd)—Zm = 00,

n—0oQ n—0o0
=1 j=I
we have

(n) —tey L
D(Z,)) <D,")<e + — —=>0asn— oo.

Cn

Therefore D(Z,) = 0. That is, Z, has a continuous distribution.

Case 2. Suppose that v is continuous. Let {Y,(”) }i>0 be the compound Poisson
process with Lévy measure v, (-) := v(- N {|x| > 1/n}). Again by Lemma6.3.3, we
have D(Z,) < D(Yt(”)). For k > 1, v,’,‘* is continuous by Lemma6.2.5 (i). Since
V(R = v(|x| > 1/n) = v(R?Y) = o0

D(Z) < DY) = sup Py ({x}) = sup e ®) Z uj;*({x}) =0.
xeRd xeRd k!

Therefore D(Z;) = 0, that is, Z, has a continuous distribution.

Remaining case. Let v; and v, be the discrete and the continuous part of v,
respectively, then v, or v, has infinite total measure. If vy (RY) = oo, then let {Yi}i>0
be the Lévy process with generating triplet (0, vy, 0). By Case 1, Y; has a continuous
distribution for any ¢ > 0. Hence the distribution of Z, is continuous by Lemma6.2.5
(). If v.(R?) = oo, then, similarly use Case 2.

Corollary 6.3.5 Let {Z,};=0 be a Lévy process on R? with generating triplet
(A, v, y). Then the following three statements are equivalent:
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(i) Py, is discrete for every t > 0.
(ii) Py, is discrete for some t > 0.
(iii) {Z,};>0 is of type A and v is discrete.

In this section, we have learned that the study of the properties of the law of a
random variable can be very detailed and it has to be divided into many cases. In the
second part of the book, we will mostly be interested in only absolute continuity and
regularity of the law.

6.4 Stable Laws in Dimension Two

In the previous chapters we have used as a typical example the case of the Lévy
measure given by v(dx) = le% This corresponds to the so-called stable process
case. In this section, we will discuss the regularity of the associated density in the
two-dimensional case for a subclass of stable laws.

We define the following Lévy measure in R — {0} in polar coordinates:

v(dr,dp) = %dﬂ, r>0,8e¢e[0,2n).
Lemma 6.4.1 Let a € (0, 2). There exists a positive constant C such that
/(e““) —1—i(0, x)1y<1 (x)v(dx) = —C|0]|".
Proof Note that as in the one-dimensional case:
e 1 = —2sin? (@) + i sin((0, x)).
Therefore due to the symmetry of the Lévy measure we have

/(ei<0’x) —1—i(0, X)Ly <1 (xX)v(dx) = — 2/sin2(<9,2x)

2w oo
. .2 (101 dr
=— 2/0 ,/0 sin (71’ cos(B + 77)) mdﬁ.

Here n = arg(0). Then letting |0 |r = u we obtain that there exists a positive constant
C such that

)v(dx)

/(ei(&,x) —1—=i{0, x)1j <1 (x))v(dx) = —C|0|*.
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Recall that the characteristic function of a Gaussian random variable with mean
zero and variance o2 is e~ . Therefore the above result points to the direction
that stable laws are some generalization of the Gaussian laws but where the required
renormalization (sometimes also called scaling property) is not related with square
root but a general power law. This loose statement can be stated in different forms.

Here is one such statement.

Lemma 6.4.2 Let {Z,},c10.1] be a stable stochastic process. Then Z, Z tlez,.

Example 6.4.3 Prove the above statement using the Lévy—Khinchine formula in
Corollary 6.1.15.

For the above reasons, one usually says that as the Brownian motion corresponds
to the Laplacian,’ the stable process of order « corresponds to the a-fractional power
of the Laplacian.®

Now we can state the main property of the regularity of densities associated with
stable laws.

Theorem 6.4.4 Let Z be a stable process. Then the law of Z; is infinitely differen-
tiable.

Proof 1t is enough to note that E[e?-%)] = ¢=CII" < C||=7 for any p > 0 and
therefore due to Exercise 1.1.11, the result follows.

Exercise 6.4.5 Repeat the construction of subordinated Brownian motion in the
multi-dimensional case as done in Sect. 5.6 for the one-dimensional case. In partic-
ular, obtain the corresponding results in Exercise 5.6.4, parts 4 and 5.

In fact, the Itd formula implies that o, E[ f (B;)] = E[Af (B;)].

8In fact, it takes some calculations with the theory of fractional differentiation to discover that
J £+ 3) = f) = (VF @), 9) a1y () 5 corresponds to A% f.



Chapter 7 ®)
Flows Associated with Stochastic R
Differential Equations with Jumps

In this chapter, we will discuss how to obtain the flow properties for solutions of
stochastic differential equations with jumps. This chapter is needed for the second
part of this book and as the final goal is not to give a detailed account of the theory
of stochastic differential equations driven by jump processes, we only give the main
arguments, referring the reader to any specialized text on the subject. For example,
see [2] (Sect.6.6) or [48].

7.1 Stochastic Differential Equations

Through this chapter .4 is a Poisson random measure on R x [0, 7] with 7 > 0
and compensator given by the o -finite measure .4 (dz, ds) = v(dz)ds. Here v is a
Lévy measure satisfying v({0}) = 0 and f(l A lzIP)v(dz) < 0.

The way to define this measure without using the underlying stochastic process
is by using compound Poisson process for each set which has a finite measure.

Exercise 7.1.1 LetR = Zf’i, A; (i.e. disjoint union) such that v(A;) < co. Define
the compound Poisson process associated with the renormalization of the measure
v(dz N A;)ds. Use independent copies of these processes to build approximations
of the associated process under the condition that f (|z|*> A Dv(dz) < oo. Prove that
the corresponding limit exists and it corresponds to the Poisson random measure
described before this exercise.

Hint: Note that in this case in order to define the associated Lévy process one will
need to compensate the process in a fashion similar to Chap. 5. See also Exercise 5.4.1.

Proposition 7.1.2 (Burkholder—Davis—Gundy/Kunita’s inequality) Let {a(t, z) ; t €
[0, T1, 0 < |z] < 1} be a {F,};s0-predictable R-valued random field" such that, for
any p > 2,

A random field is a family of random variables which depend on the various parameters. In this
case, it is the time variable t > 0 and z € R. As in Definition 3.5.1, one can extend the definition in
order to include the cases of random fields.
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E [(/ la(s, 21> A (dz, ds)) } +E U la(s, 2)|P A (dz, ds)] < 400.
[—1,1]x[0,7] [—1,1]x[0,7]

Then, for any p > 2,

E | sup
t<T

14 - r/2
} <C {IE [(/ la(s, 2)|> A (dz, ds)) }
[-1,11x[0,T]

+E |:/ la(s, 2)|P M (dz, ds)] }
[—1,1]x[0,T]

Proof See Theorems 4.4.21, 4.4.23, and Corollary 4.4.24 in [2]. The version for
continuous martingales is usually called the Burkholder-Davis—Gundy inequality.
In the jump case, [2] calls them Kunita’s inequalities. (]

/ a(s, z) A (dz, ds)
[—1,11x[0,7]

Hypothesis 7.1.3 For all p > 2, the measurable functions b : R — Rand a : R x
R — R satisfy

[b(x) —b(y)I” + /I 1 la(x,z) —a(y, 2)|” v(dz) < Clx — y|?, (7.1)
|b(x)|? +/ la(x, z)|” v(dz) < C (1 + |x|7). (7.2)
lz|=1

Let {Z;; t € [0, T]} be a pure-jump Lévy process defined by

Z, = / zf(dz, ds) —l—/ 7.4 (dz, ds).
[—1,11[0,¢] [—1,11°x[0,¢]

For a non-random point x € R, consider the R-valued process {X; ; ¢ € [0, T]} de-
termined by the solution of the stochastic differential equation of the form:

'

X :x+/ b(Xs)ds—i-/ a(XS.,,z)C/V(dz,ds)—i-/ a(Xs—, z) A (dz, ds).
0 [—1,11x[0,7] [ 1,11 x[0,1]

(7.3)

Note that the fact that v({0}) = 0 implies that the value of a(x, 0) is irrelevant.
We will therefore assume without loss of generality that a(x, 0) = 0.

Proposition 7.1.4 (Existence and uniqueness of the solution) Under Hypothe-
sis 7.1.3, there exists a unique solution to the Eq. (7.3).

Proof Our strategy, which has been explained in previous sections (see Sect.4.2),
is almost parallel to [2]-Theorem 6.2.3 (p. 367) and [30]-Theorem IV-9.1 (p. 245).
Define the sequence of {.%,},>¢-stopping times {z, ; n € Z,} by

0 (n=0)

"= Vinf {t > T / N (dz, ds) # o} AT (neN).
[—1 1] x[7,—1.t]
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(i) Consider {X ,(k) ; 1 €[0,T]} (k € Z4) be the R-valued process given by

X k=0)
X(k) — t 1 —
! +/ b(x§’<—1>)ds+/ a(X* Y 2) ¥ (dz,ds) (k € N).
0 [—1,1]1x[0,z]
(7.4)

The Cauchy—Schwarz inequality and Hypothesis 7.1.3 implies that for any # > 0
E[IX" - XP] = c A+ 1xP).

Moreover, the Cauchy—Schwarz inequality, Doob’s inequality and Hypothesis7.1.3
lead us to have

t
E [SUP | X &FD _ ng)lz] <C f E[|X® — x*V1?]ds
0

s<t

Iterating such a procedure implies that for any r > 0

IE|:sup|X§k+1) x®P2 } <ck/ ds,/ ds; - - / dskIE[]X§:>_X§S> 2]
s<t

<cq (c t)

Hence, by the Chebyshev inequality, we can get

+00 +00 k
4CT
» P[sumX(k*” XV >2" }5 > jc<1+|x|2>% < to0.
k=0 .

k=0 LI=T

From the Borel Cantelli lemma, for almost all w, the sequence {X ,(k) ; k € N} con-
verges uniformly on [0, T']. For each ¢t € [0, T'], write

X, := lim X(k)

k——+00

Then, we see from the Cauchy—Schwarz inequality and Hypothesis 7.1.3, that

2
<CE|sup|x* D —x,?|,
t<T

2
} <CE [sup |x*=D X,|2:| .
t<T

E U/t {b(xX*D) —b(X;)} ds
0

E [U {ax¥ Y, 2) —aX,—, )} H(dz, ds)
[—1,1]1x[0,¢]

Therefore, the process {X; ; t € [0, T} satisfies
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t
X, =x +/ b(X;)ds +/ a(X,_,z) N (dz, ds). (7.5)
0 [—1,1]x[0,]

Now, we shall prove the uniqueness of the solutions to the Eq.(7.5). Denote by
X ={X;;te[0,T]}and X = {X;; t € [0, T]} the solutions to the Eq. (7.5). From
Hypothesis 7.1.3, we have

t
E|:sup|Xs —fmz} <C / E[supm —Xﬁ} du.
0

s<t s<u

Thus, the Gronwall inequality yields that

E |:sup | X; — )~(,|2:| =0,

t<T

which leads us to get that sup, 7 | X, — X,| = 0 a.s. With this information, we know
that there is a unique solution to the stochastic equation (7.3) for ¢t < 7.
(i1) For t = 7, we shall define

Xe = Xo- +a(Xq-, AZy),

where AZ; = Z,;, — Z,,_. Then, it can be easily checked that {X,; ¢ € [0, 7]} is
the unique solution to the Eq. (7.3).
(iii) Let t; < ¢ < 1. Replace the Eq. (7.3) by

t
X, =X, ~|—/ b(X,)ds +/ a(X,_,z) N (dz, ds).
T [—1,1]x[7y,2]

Then, a similar study to (i) enables us to get the R?-valued process {X, ; t € [0, 1)}
which is a unique solution to the Eq. (7.3).
(iv) Consider the case of t = 1,. Similarly to (ii), we have only to define

X, =X + a(X,z,, AZTZ),

which leads us to get the unique solution {X; ; ¢ € [0, 72]} to the Eq.(7.3).
Iterating this procedure leads us to the conclusion. ([

Exercise 7.1.5 Write in detail the above iterative procedure. In particular, state in
which sense existence and uniqueness of solutions has to be understood.
For a hint, see Chap. 14.

Exercise 7.1.6 Rewrite the above results with appropriate conditions on the coeffi-
cients and driving random Poisson measure as in Hypothesis 7.1.3 for the following
r-dimensional stochastic differential equation driven by d-independent random point
measures:
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d
Z/ ai(Xs_,2) N (dz, ds)
[—1,17x[0,1]

t
X, =x +/ b(X,)ds +
0 i=1

d
s / ai(X,_, 2) N (dz, ds).
= JI-

1,1]¢x[0,¢]

Exercise 7.1.7 Inthe spirit of Exercise 7.1.6, describe a stochastic equation driven by
the symmetric stable process defined in Sect. 6.4. Prove the existence and uniqueness
of solutions under appropriate conditions on the coefficients. Note that in this case,
one has to be careful about the fact that a stable process does not have finite variance.

7.2 Stochastic Flows

For a proof of the following result, see [2]-Theorem 1.1.18 (p. 21), and [34]-Theorem
II-2.8 (p. 53) and Problem II-2.9 (p. 55).

Lemma 7.2.1 (Kolmogorov continuity criterion) For A € B(R*), let K = {K 05
p € A} be the R"-valued random field® with the following property: there exist
constants o, 3 such that

E[|K,, — K, |*] < Cloo — o1 (o1, p2 € D).

Then, we can find a continuous version (K o3 P € A} of the random field K.

We remark that the above conclusion means that P(K, = K,,) forall p € A. There-
fore we will work with the random field K instead of K because its paths satisfy the
additional property of continuity a.s.

Recall that C;°(R; R) denotes the family of R-valued smooth functions on R
such that all partial derivatives of any orders are bounded. A similar remark is also
valid for C;°(R x Ry ; R).

Hypothesis 7.2.2 The coefficients » and a of the Eq. (7.3) satisfy:

(i) b e CP(R; R).
(ii) a € C;°(R x Ro; R).
(iii) For any i € Ny, Via(y, 0) (:= lim;; o Via(y, z)) = 0. Here Va(y, z) is the
derivative with respect to y € R, while the derivative in z € R” will be de-
noted® by da(y, z).

2That is, K is a family of random variables indexed by elements of A.

3In general, we will use V to denote the derivatives with respect to the main variables of the function
under consideration. d will be used when differentiating with respect to what may be considered as
a parameter of the function.
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Remark 7.2.3 Hypothesis7.2.2 implies Hypothesis7.1.3, which is obvious by the
mean value theorem.

We shall denote by X. (x) the solution to the Eq. (7.3) with the initial point X (x) = x.

Proposition 7.2.4 (Continuity of X in the initial point) Assume that the coefficients b
and a of the Eq. (7.3) satisfy Hypothesis 7.2.2. Then, for each t € [0, T], the mapping
R 3 x — X;(x) € R admits a continuous modification.

Proof Our argument is based upon [27].

Recall the definition of the sequence {t,; n € Z,} of {%};>0-stopping times
defined in Proposition7.1.4. Let p > 2, and take x, y € R.
(i) Let0 <t < 1. Since

t
X,(x) = x + / b(X, (x)) ds + f a(X,_(x), 2) A (dz, ds),
0 [—1,11x[0,¢]
t
X =y+ / B(X,(y)) ds + / a(X,_(y), 2) A (dz, ds).
0 [—1,1]1x[0,¢]
we can get

E[IX;(x) = X,WI’] < Clx = y|" +C /0 E[I1X,(x) = X;(»)|”] ds

from Proposition7.1.2, the Holder inequality and Hypothesis 7.2.2. The Gronwall
inequality leads us to get

E[1X:(x) = X, (»)I"] = Clx — y|” exp[C T],

so Proposition7.2.1 tells us to see that for each ¢ € [0, 1), the mapping R 5 x +—
X,(x) € R has a continuous version.
(ii) Since

Xrl (x) = th—(x) + a(Xrl—(x)’ AZ,;I),

the conclusion follows from (i) immediately.
An iterative procedure leads us to the conclusion. (]

Exercise 7.2.5 Write in detail the above iterative procedure.

Exercise 7.2.6 Suppose that b = 0 and a(x, z) = a(x)z, where a is a Lipschitz
function and f[7 |z|Pv(dz) < oo for some p > 2. Prove the following moment
estimates:

1,1]¢

E[1X:(x) — X,(»)I’] < Clx — y|” exp[C T].

Here X is the solution to (7.3).
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For a hint, see Chap. 14

Proposition 7.2.7 (Differentiability of X in the initial point) Assume that the coef-
ficients b and a of the Eq. (7.3) satisfy Hypothesis7.2.2.

(a) For each t €[0,T], the mapping R > x +— X,(x) € R admits a C'-
modification.

(b) The R-valued process Y ={Y; :=0,X,(x); t € [0, T]} satisfies a linear
stochastic differential equation of the form:

t
Y, =1 +/ Vb(X;(x)) Yy ds +/ Va(X;_(x),z) Ys_ N (dz, ds)
0 [—1,11x[0,7]

+ / Va(X,_(x), 2) Y- N (dz, ds).
[—1,1]¢x[0,¢]

(7.6)
(c) Forany p > 1, sup,_r [|Y:| € LP(2, P).

Proof Our argument is based upon [27]. Choose o € R\{0}, and define

X(x +oa)— X;(x)

o

Ni(x,a) =

Then, the R-valued random field {N (x, @) ; t € [0, T]} satisfies the equation:

Ni(x,a) =1 —i—/ b(X;(x 4+ a)) — b(X;(x)) ds
0 o
+ f (Z(Xs—(x + Ol), Z) — (J(XS_()C), Z) j_,(dz’ ds) (77)
[—1,11x[0,7] o
+ f a(X;_(x +a),z) —a(X,_(x), 2) e )
[=1,1]¢x[0,¢] o

Recall the sequence {t,; n € Z.} of {%}>0-stopping times introduced in
Proposition7.1.4.
(i) Let 0 < ¢ < 71. From a similar argument to Proposition7.2.4, we see that

E[ sup | N (x, a) — Nz(y,ﬁ)l”} < C{lx =y" +la—pI"}.

t<T ATy

Then, Lemma7.2.1 yields that for each ¢ € [0, 71), the mapping R\{0} 5 o —
N,(x, @) € R admits a continuous version with respect to the parameter « € R\{0},
and can be extended to o = 0 continuously. Write ¥; := lim,_.o N; (x, @) = 9 X;(x).
Then, the R-valued process {Y; ; t € [0, 71)} satisfies the equation

t
Y, =1 +/ Vb(Xs(x)) Ysds —i—/ Va(X;_(x),z) Ys_ A (dz, ds).
0 [—1,11x[0,7]
(7.8)
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Moreover, since Vb and Va are bounded from Hypothesis 7.2.2, it is routine work to
check that sup, ., [|Y:]| € ﬂp>1 L7(2, P) for each u > 0, via Proposition7.1.2, the
Holder inequality and the Gronwall inequality.

(ii) Let t+ = 7;. By using the result in (i), it holds that the mapping

Roxr— X (x) =X;_(x) —i—a(X,l_(x), AZ,]) eR
has a C'-modification. Write
Yo =0 Xr,(x) = {1+ Va(X;_(x), AZy)} Yo

Then, the R-valued process {Y;; t € [0, 71]} satisfies the Eq. (7.6). Moreover, it is
routine work to check that sup, ., Y[l € (., L”(, P) foreachu € [0, T'], via
the study in (i).

As before, iterating the procedure (see Exercise 7.2.6) stated above enables us to
check the conclusion. (]

Exercise 7.2.8 Note that it is important in the above result that the derivative of a
with respect to x is a bounded function. Add assumptions for the case that a(x, z) =
a(x)z in the spirit of Exercise 7.2.6.

Hypothesis 7.2.9

inf inf |14 Va(y, 2)| > 0. (7.9)
yeR zeRy

O

Proposition 7.2.10 (Invertibility of Y) Assume that the coefficients b and a of the
Eq. (7.3) satisfy Hypotheses 7.2.2 and 7.2.9.

(a) Foreacht € [0, T], the R-valued random variable Y, is invertible almost surely.
(b) The R-valued process {¢, :== Y, "' t € [0, T1} satisfies a linear stochastic dif-
ferential equation of the form:

t
o=1- [ &vbx)ds

0

+/ 6o [(1+ Va(X,—, 2) ™' = 1} A (dz, ds)
[—1,11x[0,7]

+/ G- {(1+ Va(X,—, )™ — 1} A (dz, ds)
[—1,1]1x[0,7]

+/ & {(1+ Va(X,, )™ =1+ Va(X,, 2)} A (dz, ds).
[—1,1]1x[0,¢]

(7.10)
(c) Forany p > 1, sup,_y [15:]| € L7 (2, P).
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Proof Our argument is based upon [27]. Let {¢; ; ¢t € [0, T]} be the R-valued process
determined by the Eq. (7.10). From the It6 formula, we can easily obtain ¢, ¥; = 1,
which implies the invertibility of the R-valued process {Y;; ¢ € [0, T']}. The last
assertion can be proved similarly to Proposition7.2.7. (]

7.3 Remark

Here, we shall give a remark on the higher-order moments for the process X.

Proposition 7.3.1 Suppose Hypothesis7.1.3. If sup,.y Z; € L?(Q,P) for some
po > 1, then sup, | X,| € LP(Q2,P) forany 1 < p < po.

Proof Recall the sequence {t,; n € Z.} of {#;};>0-stopping times introduced in
the proof of Proposition7.1.4, again.
(i) Since

t
X; :x—i—f b(Xs)ds—i—/ a(X,_,z) N (dz, ds)
0 [—1,11x[0,]

for 0 <t < 1, Proposition 7.1.2, the Holder inequality and Hypothesis 7.1.3 lead us
to see that

t
]E|:sup |X‘Y|p] §C|x|p+Cf E[ sup (1+|XS|”)] du
0

S<INT| S<UNT|

for any p > 2. Then, we can get

IE|: sup |X5|”} <(1+Clx|"+CT)exp[CT]

s<T ATy

from the Gronwall inequality, so sup |X;| € LP(2, P). The estimate in the case
s<T ATy
of I < p < 2 can be justified via the Jensen inequality.

(i) Since X, = X;,_ + a(Xn_, AZTI), we can get

E [sumx,w} <E [sup|xf|”} +E[IX (@))7]

<7 t<11

<CE [sup |X,|”] + CE[|a(Xs-, AZ,,)|"]

1<T]

<CE |:sup |X,|P} + C sup sup [[3,a(y, D) E[|AZ,,|"]

1<t yeR zeRy

from the mean value theorem. Then, the assertion for 1 < p < pg can be checked
from the study in (i) and Hypothesis7.1.3.
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As usual, an iterative procedure leads us to the conclusion. (]

Exercise 7.3.2 Use Proposition7.1.2 in order to find conditions as in Hypothe-
sis7.1.3, which ensures that the condition sup,_, Z; € L7°(€2, PP) for some py > 1
is satisfied. In particular, test your result with the Lévy measures given in Examples
3.3.10,4.1.20, 5.1.10, 5.1.11 and 5.1.19.



Part 11
Densities of Jump SDEs



Chapter 8 )
OverVieW %f:je;zhefgr

8.1 Introduction

We learn early in any probability theory course that in order to compute any significant
quantity we need to have information regarding the distribution function of random
variables. This issue appears not only in applied problems where actual computation
needs to be carried out but also in theoretical problems where qualitative information
of the distribution function is needed.

We also learn how to obtain the probability distribution of a function of a vector of
random variables using the change of variables theorem. The main topic of discussion
in this second part is the existence, regularity between other properties of densities
for random variables that are generated by an infinite number of independent random
variables. This is the case of a functional of the solution of a stochastic differential
equation.

We plan to discuss one of the possible methods to attack this problem which for
us was very intuitive and simple to explain to early graduate students. We hope that
this will be so for other younger generations as this was our main motivation to write
this part of the book.!

Therefore we do not strive for a wide generality but rather to find simple examples
and situations where one may explain the techniques simply. It is up to the user
to devise the corresponding result that will suit their application. Also many of
the techniques given here can be combined to obtain a very powerful and flexible
result. We try only to explain the basic set-up of each method, leaving the possible
combination or further extension of various methodologies to the user.

Therefore we do not develop so deeply a general theory to deal with random
variables on an infinite-dimensional space but rather concentrate on the case of
stochastic equations and try in that setting to describe the basic method and its uses.
We will not explore the full power of each method and its variants. This will be

IClearly there are many other ways to deal with the present problem. Notably, there are the analytical
methods and most distinguishably methods developed in the partial differential equation literature.
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determined by each particular example, although we may give some comments in
the remarks.

It should be clear from the present text that it cannot be a replacement for any of
the authoritative and complete treatises on the topic: [9, 30, 46] etc. The approach,
which is based on starting with finite-dimensional integration by parts formula and
then extending the formula to infinite dimensions, is easily stated but it takes some
work to carry it out in general. We explain it heuristically in the next section.

8.2 Explaining the Methods in Few Words

Learning the properties of the density function of the real random variable X can be
done using E[G (X)] for a variety of functions G. For example, if G(y) = 1(y < x)
then we obtain that E[1(X < x)] is the distribution function of X and therefore the
existence of densities is related to the existence of the derivative of E[1(X < x)]
with respect to x. An alternative way to obtain the same result is through the use
of the so-called integration by parts (IBP) formula. To explain this method, suppose
that X has finite moments.” Then an IBP formula for (X, Y) makes it possible to
write E[G'(X)Y] = E[G(X)H] for a function G € Cll, (R; R) and a suitable random
variable H with finite moments which is independent of G.*> Using this formula for
Y = 1 and using an approximation of the indicator function of an interval instead of
f’ one can prove the existence of the density of X.* In fact, one may also understand
this property by taking limits, and we see that the IBP formula leads to the formula
E[1(X < x)] =E[(x — X)H], where

0 (x=<0),

=10 w0

In fact, if we apply the IBP formula k times we may also obtain E[1(X < x)] =

vk
E [ S k)!()* Hk] for an appropriate random variable H; which is obtained by iteration.’

This property will imply that the density of X is k times differentiable. In fact, one
may also obtain upper bounds for the density of X and its derivatives easily using
Markov-type inequalities.

With this short discussion we would like to convince the reader of the central
role that is played by the IBP formula. In general, any IBP formula is based on a
parallel finite-dimensional formula. It is one of the goals of this text to prove that

2That is, E[| X |”] < oo for all p > 0.

3Note that the indicator function used for the distribution function can also be written with G( y) =
1(y — x < 0) and therefore 9, E[G(X)] = —E[G'(X)].

4More exactly, one proves the absolute continuity of the probability measure induced by X. For
details, see Lemma 2.1.1 in [46].

SChanging the values of ¥ being used. In fact, in the last step one uses ¥ = Hi_1.
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this is so. Therefore the infinite-dimensional formulas will be obtained as limits of
the respective finite-dimensional formulas.

In order to carry out this project, one needs first the theorem that assures that
the random variable X can be expanded in terms of finite-dimensional random vari-
ables. In the set-up of Wiener functionals (that is, random variables that arise due
to the Wiener process and their combinations thereof), this theorem is the 1t6 chaos
expansion which can be interpreted as some form of Fourier series decomposition.
In the set-up of jump processes, this expansion is naturally provided by the com-
pound Poisson process approximation described in the previous chapter. This is the
approach that will be explained in the next few chapters.

Clearly this is but one option of analysis. Changing the expansion used will result
in a different infinite-dimensional analysis technique. As far as we know, this set-
up has been pioneered by Norris [45] and later explained in [6] and applied to the
Boltzmann equation in [7].

Still, in the finite-dimensional case, there are still many different variations (good
and bad) that are possible which again will lead to different formulations, and these
variations are what we now try to explain in heuristic terms.

The first step is to recognize that any IBP formula is a weak-type problem. That
is, that the problem can be represented as an expectation. In general, any expectation
is represented using functionals of random variables. Changing the random variables
used for the representation and/or the functionals used will imply a new structure for
the same quantity. This will in turn lead to a new representation and therefore to a
different IBP formula. The main question is how to obtain different representation
formulas which will lead to different IBP formulas and how to recognize the role
and advantage of each representation.

In particular, studying finite-dimensional models will allow us to see more clearly
the use and role of each representation and the possible advantages and disadvantages
of each method.

Although there is not a unique way to obtain all possible representations, we list
some of the possible methods to obtain them.

a. Write a “natural” finite-dimensional approximation and carry out a direct IBP
formula with respect to any fixed random variable in the problem with smooth density.
Usually these formulas are unstable if the random variable in question only affects
the final result in an infinitesimal way as it is the case of diffusions.

b. Given a. with respect to a range of single infinitesimal random variables, find
a way of putting them together in a stable manner. Here we describe a summation
method which may stabilize the final formula.

c. Do a change of variables before carrying out the IBP. Then return the change
back. Another form of the same procedure is as follows. Carry out a parametric
infinitesimal change of measure in the finite-dimensional integrals and then differ-
entiate with respect to the parameter. Return to the original model and then represent
it back as an expectation. This formulation goes better with the original ideas of
Bismut of using a change of measure (Girsanov theorem).

This formula is related to a “torsion”-type formula which is interesting when
the change of variables involves many variables at once. In fact, we claim that the
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approach presented here allows the user to see the effect of such a method on the
density of the basic random variable clearly.

d. Representations can be further localized by using convolutions of expressing
random variables as the sum of two independent random variables, one comprising
the regular part and another expressing the irregular part of the density. Then the IBP
is carried with respect to the regular part (when possible).

e. Representations can also be obtained by randomization. One clear example of
this is the subordination of Brownian motion to study Lévy processes.

Finally, we would not like to make a long appeal to the applicability of the results,
justbriefly stating that in our experience the understanding of the behavior of densities
has aided in various theoretical/applied problems.



Chapter 9 ®)
Techniques to Study the Density oo

In the previous chapters we started studying the density of some Lévy processes
using some ad-hoc techniques (see e.g. Exercises 4.1.23 and 5.1.17). In order to
study densities of random variables there are many different techniques. We will
briefly describe some of them in this chapter. Most of these techniques are analytic
in nature and they give a different range of results. We concentrate here on the
multi-dimensional results, while in Chap. 1 some basic results were discussed in the
one-dimensional case.

The first result, which is the most classical for undergraduate students, is the
derivative of the distribution function.

Theorem 9.0.1 Let X be an R?-valued random vector with distribution function
Fx(x) :=P(X < x).'If fx := 0,4 Fx exists a.e., then for any bounded continuous
function g, we have

.....

E[g(X)] = [ng(x)fx(X)dx- 9.1

Exercise 9.0.2 Prove the above statement using the classical approximation argu-
ment for the definition of Riemann integrals.

Sometimes there are situations when in order to characterize the density function of
a random vector one tries to directly obtain Eq. (9.1), which is the reason why it is
used as a definition.

Definition 9.0.3 We say that the random vector X has a density function if, for any
bounded and continuous function g : R¢ — R, there exists an integrable function
fx : R? — [0, 0o) such that

Elg(X)] = /R 800 fx(d.

Here (X <x}={X; <x;;i=1,...,d)}.
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Exercise 9.0.4 Show that if the random vector X has a density function fx then
fR(, fr(x)dx = 1. Also show that the above definition implies that (9.1) is also valid
for bounded measurable functions g : RY — R.

A variation of Theorem 9.0.1 is given through the concept of the Radon-Nikodym
derivative. In order to continue with the discussion, we will extend the notation of
distribution function Fy into the measure Fx (dx) = Px(dx), which can be obtained
using the Carathéodory extension theorem. That is:

Theorem 9.0.5 Let Fx(x) = P(X < x). Then F is afunction of bounded variation.
Furthermore, if Fx is absolutely continuous with respect to the Lebesgue measure
on RY then X has a density function. This density is the Radon—Nikodym derivative
of Fx with respect to the Lebesgue measure.

For basic facts and proofs of the above statements, see your favorite book on measure
theory. For example, see Chap.7 in [50].

Problem 9.0.6 This exercise gives you a method to obtain inequalities for densities.
Given a fixed real random variable X. Assume that there exists a function H €
L'(R, R ) such that for any bounded measurable function f > 0, one has

E[£(X)] < / FOHO)y.

Prove that X has a density and that its density py (x) satisfies the inequality px (x) <
H(x), a.e. — x with respect to the Lebesgue measure.

9.1 On an Approximation Argument

There are various ways of measuring the regularity of the density of a real random
variable X. One of these ways is the integration by parts formula as described in
the introduction to Chap. 8. In that case and in other situations, approximations are
needed.

The first technique is to use approximations of the so-called Dirac delta Schwartz
distribution functions. Rather than giving a general account of Schwartz distributions,
we will give some examples. Recall that the convolution of two functions f and g is
given by

fxglx) = / f(egkx —2)dz.

-2
Define ¢, (z) := \/2#7“(%,

Lemma 9.1.1 Let f € C)(R?) then

lim ¢, + £ (0) = lim / % fdz = f(0).

1
V2ma
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Proof The proof can be obtained if we just consider the behavior of f around zero
and away from zero. In fact, for given & > 0 there exists § > Osuch thatforall |z| < §
then | f(z) — f(0)| < e. Then we have

1 Jz12 1 JzI2
T2 dz— (0 T — £(0)d
'/ me f(@dz— f(0)] < /35«» me (f(2) — f(Q0))dz
1 Iz2
20 fllso T d
+ 2| £l /Ba(oy ’_Znae z

N
lzI7

e 2dz.

1
< 2
<420l f o T

If we let a — O then the region of integration of the second integral will vanish.

1 L

Furthermore, due to the integrability of the function n¢ P ,one obtains that the
second term goes to zero, which gives that

. 1 _ k2
lm / ot @z O s

for any ¢ > 0. Therefore taking ¢ — 0 the result follows.

Exercise 9.1.2 The above result is in fact the beginning of a deep theory related to
Schwartz distributions and their approximation. We will not discuss these matters
fully but just give a few exercises that hint at some results that one can obtain.

For example, here we generalize the above result using a general kernel function
instead of a Gaussian one. That is, let g : R — R, be an integrable function with
[ g(z)dz = 1. Prove that

lim / ag(za™)f(2)dz = £(0)

for f € CS(R”’).

Exercise 9.1.3 The following generalization deals with the case that f is not contin-
uous. Suppose that f : R — [—1, 1]is a cadlag function” and that g satisfies besides
the hypotheses in Exercise 9.1.2 that g(z) = g(—z) for all z € R. Prove that

lim lg <Z —x> f(2)dz = w

al0 J a a 2

In particular, note that in this result the value of the function f at the point x is
completely irrelevant, because the Lebesgue measure of the point x is zero.

2That is, both side limits exist at any point.
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Exercise 9.1.4 This exercise tries to show that even when the symmetry of g is not
assumed, one can still compute the above limits. Let# > O and f : R — [—1, 1] be
a cadlag function. Prove that

lim /.5 f(s) \/Z_e_%ds=C|f(0+),

=0+ SN 2ms

lim [ f(s)———e " 5ds = Cy f(0—).

=0-Jp SN/ 2ms

Find the values of C and C,.
For a hint, see Chap. 14.

Remark 9.1.5 All exercises above have generalizations in the multi-dimensional
case. We leave the interested reader to try to foresee these extensions.

Now we try to point out the relation of the above results with the notion of weak
convergence of probability laws.

Lemma 9.1.6 Let Z, ~ N(0, a) be a one-dimensional Gaussian random variable
with mean zero and variance a. Let X be a d-dimensional random vector with
continuous density function independent of Z,,. Then one has that for f € M},(R)

lalfg Elf(Zs + X1 = E[f(X)].

Proof There are two ways of proving this fact. From the analytical point of view one
may rewrite the expectation as follows, using Fubini’s theorem:

1
V2ma

22

e f dw f(w) px (w — ).
R

212
e_% px(x)dxdz

E[f(Za + X)] =f fz+x)
]Rz
1
V2ma

Here pyx stands for the density function of the random variable X. Now note that due
to the boundedness of f that z — fR fw)px(w — z)dw is a continuous function
due to the dominated convergence theorem.? Therefore

= | dz
R

laiﬂ}E[f(Za + X)) = /Rf(W)Px(W)dW = E[f(X)].

Exercise 9.1.7 Prove that the characteristic function of Z, + X converges to the
characteristic function of X. Use this result to prove

E%E[f(z" + X)) =E[f(X)]

3Prove this. Hint: Recall the proof of Lemma 9.1.1.
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for f € CO(R?). Essentially this proves that the convergence of characteristic func-
tions implies that certain expectations with respect to these laws converge.

Exercise 9.1.8 Prove that the density of Z, 4+ X in the above lemma is given by the
convolution ¢, * px.

9.2 Using Characteristic Functions

Another method to study the densities of random vectors is through the use of
characteristic functions (Fourier transforms). In this case, one needs to use the
inverse Fourier transform or the characteristic function of the random variable X
as ¢(0) = px(0) := Elexp(if - X)] forall 6 € R?.

We start with a simple exercise:

Exercise 9.2.1 One learns in most basic probability courses that for a random vector
X ~ N(0, A) its characteristic function is given by

6% A6

@(0) = exp(— )-
Prove this fact.

Hint: First prove it in the one-dimensional case. Then prove it when A is a diagonal
matrix and finally in the general case when A is a positive definite matrix.

For a hint, see Chap. 14.

Theorem 9.2.2 (Lévy’s inversion theorem) Let (£2, %, P) be any probability space,
X be an R?-valued random vector defined on that space and ¢(0) = E[e!X)] be
its characteristic function. If ¢ € L' (RY), then fx, the density function of the law of
X, exists and is continuous. Moreover, for any x in R4, we have

1 .
fx(x) = o /Rd " g6)deb.

The following corollary of Theorem 9.2.2 gives us a more precise criterion for the
regularity of the density.

Corollary 9.2.3 Let X be a random vector under the same setting as in Theorem
9.2.2 and ¢ be its characteristic function. Assume that there exists a constant . > (
such that

/ lp()]10]*d6 < +oo.
]Rd

Then the density function of the law of X exists and it belongs to the set C*.

Here we also give the proof of Theorem 9.2.2 in the particular case of the above
corollary.
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Proof Applying Fubini to the following integral and Exercise 9.2.1, we obtain for
anya > 0

012

. 1 92 . 1
—i{0,y) 3 — i(60,x—y) -
/e Y o )d/2 2 @(0)do —/Px(dx)/e Y (Zyra)d/ze 2w df
X*Vzll
=/Px(dx)e—‘ i

Note that the above integral is finite due to the Gaussian term in the integral. Fur-
thermore the last term corresponds to the density of X + Z, where Z ~ N(0, al).
This result already proves that if two random vectors have the same characteristic
function then their distribution functions are the same. In fact, using Lemma 9.1.6
we obtain this result if these two random vectors have a continuous density.

In order to obtain further information from the above equality we need to first
obtain an alternative expression for the distribution function of X. This is obtained
by integrating the above formula with respect to y € A(w) := {z € RY w; —h; <
zi <w,i=1,...,d},w; e R,h; >0,i € {l,...d}. Doing so, one obtains

i 1 o2
—i(0,y) _b2
/Aw/ O i = ¢©)dody

d
2
=/ FX(dx)(j)d/z [ [@(w; — xpa) — @ ((w; — hj — x)a)). 9.2)
j=1
Multiplying the above equality by (5%)%* and taking the limit as a 1 co, we obtain
using the dominated convergence theorem

710 jwj—hj) i&,'Wj 1

Fy(dx) = 1 -5 0@)do.
/A(w) x(dx) 1m/1'[ i€ L e

From here, one obtains that if two random vectors have the same characteristic
functions then their distribution functions are the same.
If € L'(R?) then we have

1 d
dF h; 0)|do.
|/A(W) ()] < (Qn)dg i [ 100

Therefore the absolute continuity of the distribution function Fy is proven* and
therefore the density of X exists. Furthermore the density can be expressed as

4Try to prove this in detail.
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fx(w) = / e Oy 0)de.

2m)¢

We leave as an exercise to prove that the above function is continuous in w. In a
similar fashion, one also obtains the expression for the derivatives as

du fx(w) = / (=i0)*e M (0)de,

(2 @)t

(—i0)* : ]_[(

for any multi-index o with |a| = A. To discuss fractional orders A € (0, 1), one
considers

Few) — fr(w) = / (7O _ =09 (0)df.

2m)¢

Now note that the following inequalities are satisfied”:

le 10w 1] < [0, w — W) A2 < Cl{B,w — W)

From here the Holder property of fx follows.

Exercise 9.2.4 Use the proof of the above result to prove that if X,, n € N, X
are random vectors such that their characteristic functions belong and converge in
L' (R?) then their density functions converge pointwise.

Problem 9.2.5 Here, we consider some further properties that one can deduce from
characteristic functions, as well as an important counterexample.

1.

Suppose that the characteristic function of a real-valued random variable X satis-
fies that | ()| < W Prove that the density function of X exists and is bounded.
Note that this result could also give you an extension of Corollary 9.2.3.

. Prove that if furthermore the derivative of ¢(0) exists and satisfies the inequality

lo'(0)] < ﬁ then the density function satisfies the inequality fx(x) < %Ix\
State and prove similar results for the derivatives of fy.

. For ¢ > 0 and xo € R fixed, consider the real valued random variable X such

2 ..
thatP(X € A) =e1l(xg € A)+ (1 —¢) fA %dx. Prove that the characteristic
function associated with X, ¢x(8), does not converge to zero as 6 1 oo.

Exercise 9.2.6 (Tail estimates) Let X be a real random variable. Suppose that its
characteristic function admits an analytic extension® and it satisfies:

SProve this using the fact that | sin(x)| < |x| for values of x close to zero.

OThis is a strong restriction. For example, note that e~ does not satisfy this condition. Still a
good approximation will satisfy this condition.
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1. Forany R > Oandanyn € R, |¢p(£R +in)| < CR™¢,forsomeC > Oande > 0.
2. Foranya > 0and 5 € R,

lp@ +in)| <Fi(n,a) for 0] < a,
lp@ +in)| <F»(0,a) for |0] > a.

Prove that the density satisfies the following upper bound for any n > O and a > 0:

fx(x) < Ce™ <2aF1(n, a) +/ F (0, a)d@) , x>0.
R

\[—a,a]

Note that once this result is proven one can optimize on 7 and a as functions of x in
order to obtain an upper bound for the density. The case x < 0 follows similarly.
For a hint, see Chap. 14.

Problem 9.2.7 Use the Laplace transform to find conditions under which
~1
E [((W;’o)2 +W)?) } < o0,

where t,s > 0, Wi, i = 0, 1 are independent Wiener processes and Y?, i = 0, 1 are
independent gamma processes with parameter a, that is, a Lévy process with Lévy
measure v(dz) = “—dz. If you do not know much about Wiener processes consider

the same problem for Wy, Z Z./Y;, where Z is a standard Gaussian random variable.
Hint: Use the identity [, e ™**dA = x~! forx > 0.

An extension of the previous results which demands that the characteristic function
be in L2(R?) rather than in L' (R?) is as follows.

Lemma 9.2.8 Let X be a random vector such that its characteristic function satisfies
that px € L2(RY). Then X has a density.

Proof We leave the details to the reader, just mentioning the main points of the proof.

Recall that in the proof of Corollary 9.2.3, we have used the random variable X" =

X + Z, where Z, is an r.v. independent of X with mean zero and variance

n~! which follows a Gaussian law. Furthermore, by the Plancherel equality we

have that if f, denotes the density of X" then f fnz(x)dx =Cy f lox(0)[>d6 <

Ca4 [ 1ox(0)?d =: C < co.Due to the weak compactness of the balls of L?(R?, dx),
we may extract a subsequence n; and find a function f € L2(R¢, dx) such that f,,

converges weakly in L2(R¢, dx) to f. But, on the other hand, Fy.(dx) = f,(x)dx

tends weakly (in the sense of measures) to Py = Fyx. As a consequence, Fy(dx) is

nothing but f(x) dx.
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Exercise 9.2.9 Another way of proving the above result is to use (1.1). That is,
let g € L2(R) prove that E[g(Z))] = fﬁ(g)(@)E[eier"]dG, where .7 (g)(0) =
ﬁ Jz &) e~%% dz. Finally, prove that if E[eiezr" ] is square integrable as a func-
tion of @ then the law of Z" is absolutely continuous with respect to the Lebesgue
measure.

According to [20] this lemma is optimal in the sense that px € L? with p > 2
does not imply that X has a density, quoting [33] for counterexamples.

Our next result explains a basic technique which uses approximations in order to
prove the regularity of the density of X. This idea will resurface in Example 10.4.5.

Theorem 9.2.10 Let {X, },en be a sequence of random variables approximating X
in the following sense: For some C > 0, r > 0 and s > 0,

lpx, (0) — @x(0)| < Cl6]'n"".
Also assume that the density of X, has the following asymptotic regularity property

foru > 0andk > 0, |px, (0)] < Then we have that the asymptotic regularity
property for X is

Cn"
(1+16D*-

C
lox (@) = ———=-
(1 +16]) 57

.  ks— . .
Therefore if a = =* — 1 > O then the density of X exists and belongs to the class

C** (R, R) forany e > 0.

Proof To obtain the estimate on |¢x(0)| we just need to consider the following
inequality:

lox (@)] < lox, (0) — ox ()] + lox, ()]
< clorn— 4+ —<"
n —_—.
B (L +0D*
Now, one chooses 7 in an asymptotic optimal way asn = |||/ (1 4 |9[)K/ 6+ |,
From the resulting inequality one proves that gy € L*(R?) by performing an appro-
priate change of variables to cylindrical coordinates.

Exercise 9.2.11 Find acounterexample to Theorem 9.2.10. That s, define a sequence
of random variables X,, with smooth density such that the sequence converges to X
almost surely and the limit random variable does not admit a density.

Conversely, give an example of a sequence of random variables X, such that they
do not admit a density but in the limit have a smooth density. For this, it may be
helpful to recall 3 in Exercise 9.2.5.

The following localization argument will also be of constant use.
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Lemma 9.2.12 For § > 0, let f5 : Ry +— [0, 1], be a function vanishing on [0, 8],
strictly positive on (8, 00) and globally Lipschitz continuous (with Lipschitz constant
1). Consider the random variable X and its associated distribution function Fy
and a function o : R — R,. Assume that for each § > 0, the measure Fs(dx) =
fs(o(x)) Fx(dx) has a density. Thus, X has a density on {x € R, o(x) > 0}.

Proof We prove the absolute continuity property. Let A C R be a Borel set with
Lebesgue measure 0. We have to prove that Px(A N {o > 0}) = 0. For each § > 0,
the measures 1, (x)~s) Fx(dx) and Fs(dx) are absolutely continuous with respect to
each other. By assumption, F5(A) = 0 for each § > 0, whence Px(A N {o > §}) =
0. Hence, Px(A N{o > 0}) =limg_o Px(AN{o > 6}) = 0.

Another criterion for proving that the density belongs to a Besov space is the
criterion given by [21] (for a proof, see this reference). The spaces By ., s > 0, can
be defined as follows. Let f : R — R. For x, h € R? set (A} f)(x) = f(x +h) —
f(x). Then, forany n € N, n > 2, let

(AR ) = (4,457 ) ) = Z( " ’(.)f(X+jh)-

For any 0 < s < n, we define the norm

A8, = I+ sup A I1AG fllzr
<1

Note that the operators A}, are higher-order difference operators and the above norms
measures the functions and weak derivatives in the L'-sense. But one allows for
some explosions which are not so strong in the sense that they do not make the above
integral infinite.

It can be proved that for two distinct n, n” > s the norms obtained using n or n’ are
equivalent. Then we define By  to be the set of L'-functions with || f|| By < 0.
‘We refer the reader to [56] for more details.

Exercise 9.2.13 Prove thatif we denote by C¢ the set of Holder continuous functions
of degree o with compact support, then this space is included in its corresponding
Besov space (BY ). That is, Besov spaces are a weaker version of Holder spaces.

The next lemma establishes a criterion on the existence of densities.

Lemma 9.2.14 Let X be a random variable. Assume that there exist0 < o <a < 1,
n € Nand a constant C,, such that for all ¢ € Cj, and all h € R with |h| < 1,

‘/RAW(y)Fx(dy) < Culglicg1nl*. (9.3)

Then X has a density with respect to the Lebesgue measure, and this density belongs
to the Besov space By J(R).
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9.3 An Application for Stable Laws and a Probabilistic
Representation

We have studied in Sect. 5.6 and in particular, in Exercise 5.6.4 that the characteristic
function for a stable law is given by ¢(0) = E[¢/?%] = e~ C«"1" for a suitable con-
stant C,. This example, which is different from the Gaussian case (note that the fact
that the characteristic function is a one-to-one transformation follows from Lévy’s
inversion theorem, Theorem 9.2.2) will be a first example for which we can apply all
our results of this section. In particular, ¢ € L'(R) and therefore the density function
of Z, exists and due to the symmetry of the characteristic function, this density can
be written as

fz,(x) = lRe /oo e”‘go(é)d@ = l /oo cos(Ox)p(0)do.
s 0 T Jo

From Corollary 9.2.3 we obtain that the density function of Z, is infinitely differ-
entiable.

Exercise 9.3.1 Use the method described in Exercise 9.2.6 to obtain an upper bound
for the density of a stable-like process. In fact, consider

i0x . dx
@) =exp|t e —-1- z@x)—] .
=1,1] | [ 1+

Prove that this function has an analytic extension. Prove that its density exists and is
smooth. Find an upper bound for its density using the technique explained in Exercise
9.2.6.

Without loss of generality, we assume that x > 0, « € (0, 2). In the present case,

note that
Ox dx
lp(0)| = exp (—2:/ sin® <—> —) .
[=1,1] 2 ) |x|ite

Note that the function sin has an analytic extension which still satisfies that for |6|
in any bounded set there exists a constant C > 0 which depends on this set such that

. ([ 0x <C |6x|
sin [ — —_—
2 - 2

Then we have that using the Cauchy integral theorem as in Exercise 9.2.6 that we
have to estimate (we use the same notation as in the hint for Exercise 9.2.6)

e’ (/ e dg —i—/ e"'elud9> <e ™ (2ae‘”"a + Ce‘”“‘ala|l_‘)‘) .
B B
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The last estimate follows by using L’Hopital rule for

fye a1

im—=2—— = —,
atoo el |q|l-2 g

Finally, try to optimize on the values of a and r in order to find an explicit upper
bound.



Chapter 10 ®)
Basic Ideas for Integration by Parts oo
Formulas

As explained in Sect. 8.2, the goal of this second part is to show how to obtain integra-
tion by parts (IBP) formulas for random variables which are obtained through systems
based on an infinite sequence of independent random variables. In this chapter, we
will show a few basic ideas of how this can be done for stochastic difference equa-
tions generated by a finite number of input noises which have smooth densities. We
will revisit different methods to deal with this problem which lead to techniques
used in the setting of continuously varying stochastic equations with jumps which
may depend on an infinite number of random variables. This idea, which appears in
various other fields in different forms and levels of difficulty, was developed by Paul
Malliavin in the eighties within the context of hypoelliptic operators in stochastic
analysis on the Wiener space. For this reason, it is known as Malliavin calculus.

10.1 Basic Set-Up

In this section we will consider the following simple difference equation:
X1 =X+ AX)Zy, k=0, ...,n—1. (10.1)

Here, Xo=x € R, A:R - R, Z :=(Zy, ..., Z,—1) is a random vector composed
of i.i.d. real-valued random variables. Suppose that Z, has a density function of the
form %% g(ﬁ), where g is a one-dimensional C§°(R) density function,' o > % and
A==,

n

IThis restriction is tailor-made in order to fit ¢!

particular, one may simplify the set-up to o = % and g(x) = ﬁ exp(—%) (the density of a

stable distributions as our main example. In

standard normal random variable).
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Exercise 10.1.1 Prove by induction that foreachk = 1, ..., n, there exists a function
it RF — R such that X; = fi(Zo, ..., Zi1).2

Exercise 10.1.2 1. Find the conditional density of X;,; given Xj.
2. Prove that regardless of the regularity of the function A, this conditional density
is a smooth function if A satisfies for some positive constants ¢, C that0 < ¢ <
|[A(x)| < C for any x € R.

The above exercise is important to understand the goal of the following chapters. In
fact, the question we will address is if these regularity properties are satisfied as A =
% — 0. In particular, one is willing to accept some additional conditions on A. Note
that in the multi-dimensional case A somehow replaces the concept of the covariance
matrix in the particular case that Z; is a standard Gaussian random variable. Therefore
the requirement that 0 < ¢ < |A(x)| < C states that the covariance matrix is non-
degenerate.’

If you have some experience with difference equations you will realize that these
are approximations of ordinary differential equations in the case that one considers
Yi+1 = Yk + B(yx) A. The limiting ordinary differential equation y; = B(y;) has a
unique solution if B is a Lipschitz function.

One of the surprising results for younger students is that in fact the regularity
of the noise term Z; may imply that the limit of the sequence {X,}, for X;,; =
Xi + B(Xi)A + A(Xy)Zr, k =0, ..., n — 1 may exist and the limiting equation may
have a unique solution even in cases where B does not satisfy the Lipschitz condition.*

Problem 10.1.3 1. Prove that y, = yo + Y./—y B(yi)A.

2. Ifyouknow the generalization of the Ascoli—Arzela theorem for cadlag functions?
you may also use it to prove that the functions f,(t) = w, t € [kA, (k+ 1) A),
k=0,..,n—1and f,(1) = y, converge uniformly to a continuous limit if B is
bounded.

3. Furthermore, suppose that B is a continuous function. Use the above result and
prove that the limit of f, satisfies the equation

f@® =)’o+/0 B(f(s))ds.

4. Use Gronwall’s lemma to prove that there is a unique solution to the above
equation if we further assume that B is Lipschitz.

2In the continuous time setting this property corresponds to the adaptedness of the solution of Eq.
(10.1).

3The concept that replaces this quantity in Malliavin Calculus is usually called the Malliavin (or
stochastic) covariance matrix.

4This result requires much more knowledge than we give in this text and we therefore do not pursue
it. This topic of research is commonly known as “regularization by noise”.

5See for example, [11] on the space D[0, 1].
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10.1.1 The Unstable IBP Formula

Definition 10.1.4 Given a function G € C L' (R; R). If there exists an integrable ran-
dom variable H (i.e., E[|H|] < o0) such that

E[G'(X.)] = ~E[G(X,)H] (10.2)

then we say that X, satisfies an IBP formula (for G with weight H).

Exercise 10.1.5 For n = 1 provide enough conditions on g so that one has an

IBP formula. In particular, prove that H = g’g ™! A)E;(;)XA% Y(A(Xo)A%)~!. Apply this

result in the case that g is the density of a standard Gaussian random variable. Find
an IBP formula for the second derivative. That is, E[G"(X,)] = E[G(X,) H].

Remark 10.1.6 As we will soon see, there is no uniqueness of the representation of
H in (10.2). In fact, any random variable H' such that the conditional expectations
E [H |X,1] =K [H ! X,l] will satisfy this property. This (advantageous) property is
related with the fact that one may enlarge the probability space so that the conditional
expectation of H with respectto X, remains unchanged. As a disadvantageous aspect
of this fact, it is mathematically clear that enlarging the space will only increase the
variance of H. For a precise statement see Exercise 10.1.7.

Exercise 10.1.7 Suppose that G € CLI. (R; R) and that X, satisfies an IBP formula
for G with weight H which is a function of X,, alone. Prove that any random variable
H'suchthatE [H |Xn] =E [H’ | Xn] is also a weight for the IBP formula. Also prove
that Var[H] < Var[H'].

Problem 10.1.8 In this exercise, consider G € C} (R; R). Then one can prove
the following two IBP formulas, E [G/(X)] =-E[G(X)H;],i=1,2 for X =
maxgp<s<i W,,® where W is a Brownian motion.

1. Suppose that supp(G) < (0, c0), then the IBP formula is valid with —H; = X.
2. In the general case, i.e. G € C/(R;R) but G(0) # 0 prove by computing
E [G(X) H,] that the IBP formula is satisfied with

1 1
—H, = 2py UNWN+D1 X < —
=2 v e (g <x < 1)

1 1
—N(N—I)I(N<X<N_1)}+X.

Here N is a discrete random variable independent of W with distribution function
{pn; n € N} with p, > 0 foralln € N.

OIf one prefers to put this in the framework of (10.1) then take n =1, X¢o =0 and Zy =
maxo<s<1 Ws = X1.
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Problem 10.1.9 Another way of obtaining an IBP formula in Problem 10.1.8 is using
the reflection principle for Brownian motion as follows. Prove that the following IBP
formula is satisfied: E[G'(|W;|) sgn(W)] = E[G(|W;|)W;].

Problem 10.1.10 Give an IBP formula for G € Cg ([0, 00); R) for X = (W) and
G (0) = 0 in the following cases:

1. o(x) = |x|.
2. Fora # 0 and B8 # 0 consider:

ax ifx >0,
px) = .
Bx ifx <O0.
3. For¢(x) = x? the following additional condition is needed G (u) = o(u) asu —
0.

Problem 10.1.11 The following result which will be assumed through this exercise
is a result used for simulation of stable laws and is called the Chambers—Mallows—
Stuck simulation method. For simplicity we assume that @ € (0, 1) U (1, 2), let W
be an exponential random variable of mean 1 and U be a (—%, %)—uniform I.V.
independent of W. Then the following random variable follows an a-stable law

_sin@U) (cos((1—a)U) +
~ cosl/e(U) w '

That is, the characteristic function of Z is given by E[¢!??] = 717", Use this result

to find an IBP formula for E[G’(Z)] under appropriate conditions on the function G.

The above exercises show the range of possibilities when performing integration
by parts formulas when one random variable is involved.

We would like to deal with the system (10.1), which is a composition of a large
number of random variables {Z;};. Still, we will start with the most simple cases, as
in Exercise 10.1.5, in order to try to develop a general theory. For this, we will need
the concept of stochastic derivatives.

Definition 10.1.12 LetY = U(Z) where U : R” — RFisa C' function. We define
the stochastic derivative as the random vector (9yY, ..., 9,—1Y), where ;Y :=
3:U(Z). In this sense, we will say that the random variable Y is a C' random
variable. Similarly, we may say that a random variable is C bl, C f, etc.

We say that the random variable Y is uniformly elliptic with respect to Z; if there
exists a positive constant ¢y such that 9;Y > ¢ a.s.

Remark 10.1.13 (i) The uniform ellipticity condition just states that the function U
transfers all the variability of the random variable Z if all other variables are left

"This is a way of hiding the boundary terms that appeared in the previous exercise.
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fixed. In particular, if Z; has a density then U will “transfer” this density to the
density of Y. As a typical example of non-uniformly elliptic random variable,
consider the case that U is constant in some part of the support of Z.

(i) We remark that the above definition of differentiability depends on the basic
random variable(s) Z used in the representation of the random variable Y. It may
be true that a representation of the random variable Y may not be differentiable
with respect to Z but differentiable with respect to a different representation
using a different random variable Z,. It is not difficult to think of an example.

Exercise 10.1.14 Let Z,, Z,, Z5 three independent standard normal random vari-
ables. Define X := 1(Z, € A)Z, + 1(Z, € A°)Z; for any measurable set A. Prove
that X is not differentiable with respect to Z;. Still, the law of X corresponds to a
standard Gaussian law and therefore it has a smooth density.

Exercise 10.1.15 Recall the basic set-up (10.1). Prove that 9; X, = A(Xy) ]_[;'.;,1“

(1 4+ A(X;)Z;). In particular, note that 9, X; = 0if j < k3

Theorem 10.1.16 Suppose that A € C*(R; R, satisfying that A(x) > ¢y > 0 and
|A'(x)Zi| < ¢1 < 1 for all x € R. Furthermore suppose that (log g)/(%) is inte-
grable. Then X, satisfies the IBP formula with weight

1

yTh (10.3)

-1 —1 ’ Zy
H = 0 (5 X,)™ + (0 X,)” (logg) (F)

Remark 10.1.17 The above formula is called unstable IBP because H usually does
not converge (say, in law) as A — 0.? The concept of non-degeneracy appears here
as one needs that (3, X,,) " has to be well defined.

Proof of Theorem 10.1.16 The idea of the proof is straightforward. Just write the
expectation in (10.2) as an integral and carry out an IBP with respect to the density
of the random variable Z;. We just give the main idea here, leaving the details
to the reader. First, it is clear by induction that X, is a C?>(R"; R) function of Z.
Furthermore, we have for k < n that X,, is uniformly elliptic with respect to Z;. In
fact,

n—1
WXy =AX0) [[ A+4(X)Z) = el =)' > 0. (10.4)
j=k+1

Here, we interpret the product as 1 if k = n — 1. Similarly, 3 X,, < Co(1 4 ¢;)" !
with Cp := sup, |A(x)|. Then we compute the IBP, using a conditional expectation

8Note that this property is related to the so-called adaptedness condition of X. In short, as X j only
depends on the values of Zy, ..., Z;_1, then oy X; = 0if j < k.

9Exercise: Think of an example. Actually it is much harder to think of an example where this
formula converges.
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with respect to Z; and the independence of the random variables Z;, j =1, ..., n as
follows:

E[G'(X)] = E[G' (X)X, 0 X) "] 10
= E[%{GX)} @ X)™']

%/RE[ak{c<xn)}(akxn)”lzk:z]8(%)dz

1 / _ Z
- = RE[(G(XnNzk:.) @ @X0 |, ] ¢ (55) az
= —E[G(X,)H].

In order to obtain the last step one needs to carry out the classical IBP formula taking
into account that the boundary terms will cancel as G € C, Cl, lim, . g (ﬁ) =0
and the assumed hypotheses on A. Finally the formula is obtained by converting the
resulting expression into an expectation.

Remark 10.1.18 The interpretation of (10.3) is clear. The second term corresponds
to the derivative of the density g in the integration by parts formula. The first term is
a compensation term which appears because f’(X,) does not correspond exactly to
a stochastic derivative.

Exercise 10.1.19 Prove thatin the particular case thatk = n — 1in Theorem 10.1.16
then the restriction |A’(x) Z;| < ¢; < 1isnotneeded. Therefore in this particular case
the result applies in the case that g is the standard Gaussian density.

Exercise 10.1.20 As the derivative A’ is bounded in Theorem 10.1.16, then the
restriction |A’(x)Z;| < ¢; < 11in Theorem 10.1.16 implies that the random variable
Z; should take values on a bounded set. This is a restrictive condition.

Using an approximation argument, give the alternative condition to the condition
|A’(x)Zi| < c¢1 < 1 so that under moment conditions on 1 + A’(X})Z; the IBP for-
mula for X,, (10.3) is valid. Still, the basic example of Z; distributed according to
the standard Gaussian distribution cannot be handled in general.

Exercise 10.1.21 Obtain the same result as in Theorem 10.1.16, using instead the
following idea: Define H¢ :R — {0} - R for any parameter £ > 0 as Hé(z) =
zexp(£z~1). This is a sequence of smooth space transformations satisfying the fol-
lowing conditions:

H' @)|,_y=2 0H@|,_,=1 %&H®@|_,=1
Consider E [G(X,,) F(Z)] for an appropriate functional F' and use the above space

transformation H* for values of £ close to zero to carry out an integration by parts
in order to prove Theorem 10.1.16.'° This idea will be used in Sect. 10.3.

10Hint: After carrying out the appropriate change of variables, differentiate the formula with respect
to £ and evaluate it for £ = 0.
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Exercise 10.1.22 In this exercise, we will analyze an example with a two-
dimensional noise. Here, Z; is a two-dimensional random vector such that it has den-
sity given by A’lg(j—z, \/LZ)’ x,y € Rfor g € C§°. Furthermore, the probabilistic
model is given by X, = X; + (A(Xy), Zx) where A : R — R? with A;(x) # 0
and A(x) # Oforallx € R. The goal is to find various integration by parts formulas
for E[G'(Xi41)] for G € C!.

1. Use integration by parts formulas in one dimension in order to obtain two inte-
gration by parts formulas based on each component of g.

2. Use the divergence theorem'! in order to obtain an integration by parts formula
using the two variables in g.

3. Propose a way to do this integration by parts weakening the condition that A (x) #
0Oand A,(x) £ O forall x € R.

For a hint, see Chap. 14.

Exercise 10.1.23 Obtain the integration by parts formula in the following two-
dimensional case: Y = U(Z', Z?) where the random vector (Z!, Z?) has a joint
smooth density g(x;,x;) on a compact domain D with smooth boundary with
g vanishing at dD. Obtain the integration by parts formula using each coor-
dinate separately and then using both coordinates. This is of course related to
Green’s/Stokes/Divergence theorem as in Exercise 10.1.22.

Exercise 10.1.24 In this exercise, we will try to state a way to bring all problems of
integration by parts to the Gaussian law.

1. Let U be a random variable with density function g € C* with support equal
to R. Find the density of F(U) where F is a strictly increasing differentiable
function so that F(R) = R.

2. Find an explicit example so that F'(U) is a standard Gaussian random variable.

Using this idea with the proof of Theorem 10.1.16 allows the use of Gaussian random
variables for Z;.
For a hint, see Chap. 14.

Exercise 10.1.25 Note that the previous set-up is modeled after the case when the
Z is standard normal random variable and therefore o« = % Obtain a result similar
to Theorem 10.1.16 in the case that the density of Zj is of the type ﬁ g(57) for some
a > 1 and g € C.'? Recall that an extension argument as in Exercise 10.1.20 will
have to be used.

1T Also known as Gauss’s theorem or Ostrogradsky’s theorem.

12This example corresponds to o~ ! -stable process. For example, & = 1 corresponds to the Cauchy

process for which g(x) = m, x eR.
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10.2 Stability by Summation

From the result in Theorem 10.1.16 we see that we have n — 1 IBP formulas for each
k=1,...,n — 1. All these formulas will be unstable (that is, H will blow up) in the
case that we want to take limits.

In order to stabilize these formulas we need to collect these n — 1 formulas and
somehow add them (although see Remark 10.2.5 for other possibilities). Intuitively
we would like to obtain formulas such that in the eventual case that we want to take
limits as n — oo (or equivalently A — 0) the IBP formula will remain stable. The
stability of the formula can be obtained in a number of ways. One of them uses a
summation argument as we explain in the following theorem.

Theorem 10.2.1 Suppose that A € C*(R; R..) satisfying that A(x) > ¢y > 0 and
|A"(x)Zr| < c1 < 1 forall x € R and any k = 1, .., n. For any auxiliary sequence
of Cg bounded random variables ay, k = 1, ..., n — 1 such that a;, > co and under
the same conditions as in Theorem 10.1.16 we have that an IBP for X,, is valid with

-1

n

1 n—1
H = {Bk ay Zajf)an
0 j=0

~
Il

B (10.6)
n—1

A Zi 1
+ | ax Zajajxn (logg) <F)F}

j=0
Proof The proof follows the same lines as in the proof of Theorem 10.1.16 with one
clear difference. Note in particular that H is well defined as

n—1
> a9 X, = ey (= (1—cp)").
Jj=0

In step (10.5), we carry out the calculation as follows:

n—1
“o @k X
E[G'(X,)] =E [G/(xn),’j-?”} (10.7)
j=0@;0;Xn
_ ”—IE G/(X ) a0k Xn
= p) —k Ok
k=0 Z’}:(l) a;jdj Xy
n—1 1 [ n—1 -1 z
:HF/RE G (Xn))ax ;)ajajx,, g(ﬁ)dz
B = Zk=z
B -1
n—1 1 , n—1 z
=2 ga LB (6Cwlz=) @) ax | 3o a0, X ¢(55) e
k=0 j=0 p
L -
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=-E[G(X,)H].

Remark 10.2.2 Why do we call the above formula a stable formula? In fact, if ¢, =
O (A) then most sums in (10.6) can be interpreted as Riemann sums (and therefore
they are approximations to Lebesgue integrals) with the exception of the last sum.
For this last term we hope that!?

o

o ),<ﬁ)i_ 0z (@=1.
K088\ o ) pe = 0(2) (@# ).

This will lead to the idea that the last term should converge to a stochastic integral
(or the so-called Skorohod integral). In fact, as an exercise, verify that if g(x) =
\/%7 exp(—x—;) and a; = A then the above property is satisfied.

Exercise 10.2.3 In the spirit of Example 10.1.25 (try first, for example Cauchy or
gamma increments) and find a; so that the integration by parts formula is stable by
summation.

Exercise 10.2.4 Suppose that g(x) = 27! 1(—1,1)(x). Clearly this function does not
satisfy the basic hypothesis g¢ € C§°(R) stated right after (10.1). In order to carry out
the integration by parts formula, one can use the following localization argument.

Repeat the arguments in Theorem 10.2.1 using instead Z';;(l) a;d;X,, the function

Z?;(l) a;jd; X, ¥ (Z;) for y € C*(R; [0, 1]) such that yr(x) = 0 for x in a neighbor-
hood of x = —1, 1. State appropriate conditions for the calculations to be satisfied.

Using this argument one can obtain a stable integration by parts formula without
boundary terms.

10.2.1 Example: Diffusion Case

Here we will not touch various delicate issues such as the necessary weak convergence
arguments and we will only give an idea of how the application of Theorem 10.2.1
leads to the usual IBP formula. In this case one lets 2 = C ([0, T']) and on this space
we have a family of random variables Z; ~ N (0, A) with A = % Then X,, — Y7
in LP(£2) for any p € N, where Y is the solution of the one-dimensional stochastic
differential equation (SDE)

t
Y, = x +/ A(Y)dW,.
0

3How to resolve the issue that Z appears in the denominator will be further discussed in Example
10.3.4.
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In this case, g(x) = \/%7 exp (—"—;) Therefore (log g)’(x) = —x and takinga; = A

we have as promised that
A Ze ) 1
ar(logg) | — | — = —Z.
A2 A2

Furthermore, for any sequence k = k,, such that 7 € [TTI‘, @), we have that

n—1

WXy =AX) [] A +4X)NZ))
j=k+1

T 1 T
— A(Y)exp ( / AW, - 5 / A’(des) = 0,Yr.
t t

Therefore the limit formula for H (where we have slightly abused the notation under-
standing that d; is a linear operator) is

T T -1 T -1
H = / Js <</ 8;Y(T)dt> )ds + (/ 3;Y(T)dt) Wr.
0 0 0

In fact, 9; above is the well-known stochastic derivative (a.k.a. Skorohod derivative)
of Malliavin calculus. The random variable H is sometimes called the Malliavin
weight. For more details, see any standard reference on the topic.

Remark 10.2.5 Note that this is not the only way of performing the IBP; we remark
that there is a way of obtaining stability using an argument based on products. The
idea is based on the parametrix method of partial differential equations. As this
method is complicated to introduce here we just mention it in passing, giving as Ref.
[42] or [58].

10.3 The Change of Variables Method

Another method to obtain an IBP formula which is different from the previous one
is obtained through a change of variables. This is somewhat the discrete equivalent
version of the Bismut method for the IBP which is based on Girsanov’s formula.
As we will see later, this point of view is interesting as the conditions under which
each version of the IBP formula will be valid are different as we only require that
the finite-dimensional formula converges.
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Theorem 10.3.1 Let HS : R — R for £ > 0 be a sequence of C,l—smooth space
transformations'* satisfying the following conditions:

H' @|,_y=2 &H@|,_,=1

Define h(z) := 0; H*(z) |E:O' For a sequence of real numbers {a};_, we have that
the following IBP for X, is valid with either

H = 3 {0 X)) ' h(Z) ™"} h(Z) (10.8)
+ (O X)) h(Zi) ! {(1ogg)’ (%) h(AZj) +h’(zk)},
or
n—1 n—1 !
H=Y" {ak a | Y a0 Xh(zp) | | hezo (10.9)
k=0 =0

-1

= Z\ h(Z
+la | D a;9;X.h(Z)) {(logg)/<A—];> (Aak)+h/(Zk)} }

=0
Here we assume that the random variables above have finite expectation.

Proof We proceed as follows: we consider a general expectation E [G (X,,) F(Z)],
we rewrite it as an integral with respect to Z;, we perform the change of variables
z = H¥(u), and then we differentiate with respect to & = 0 in order to obtain an IBP.
This gives

Hg(u)> 3, HE ()
du.
AY AY

E[G(X)F(2)] = /

| E[GOWF@lzmrw] g (

Differentiating the above expression with respect to £ and taking & = 0, we obtain

E [0{G (Xn) F(2)}h(Zi)]

Z\ h(Zy) (10.10)

=—FE |:G(Xn)F(Z) {(log g)/ (F) T + h’(Zk)” .

Therefore if we choose F(Z) = (3 X,,)”'h(Z;)~" we obtain the unstable IBP.
Now we remark that the above argument also applies if

141n particular, our definition of “space transformation” includes the property that the transformation
is one-to-one and that the inverse is differentiable.
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—1
n—1
F(Z) = F(Z) = a Zajajx,,h(z,)
Jj=0

and also if we sum (10.10) with respect to k. Therefore we have that due to the
property ZZ;(I) o X,h(Zy)Fr(Z) = 1 we obtain the corresponding stable formula
(10.9).

E[G'(X,)] =E [G’(x,»

"o Ak Xah(Zy)
> pa;d; Xuh(Z))
n—1

= ZakE[akG(Xn)Fk(Z)h(Zk)] (10.11)
k=0

n—1

= Z ax {E [0 (G (X)) Fl(Z)h(Z1)] = E[(G (X)) Fi(Z2))h(Z)1} -
k=0

From here the result follows.

Remark 10.3.2 Some remarks about the change of variables method are in order.

®

(i)

(iii)

(iv)

)

The interpretation of the restrictions should be clear. Note that the conditions
H:(2)| o =zand 9 H £(2)| ¢—o = | are needed so that after differentiation we
return to the original model. After careful consideration of a slightly modified
model one can see that the condition 9, H® (z) | fm0 = 1 can be dispensed with
(this is an exercise for the reader).

Note the differences between the formulas (10.3) and (10.8). In fact, 1 = 1 gives
(10.3). The appearance of the last term is due to the space twist deformation.
This reveals the geometric nature of the Girsanov formula.

The fact that the term (log g)’ (%) % + h'(Z;) appears in (10.9) will be very
important later. In fact, this way of writing the formula allows us to control
degeneration behavior of the first term by choosing an appropriate 4. Such
analysis is not easy to see in the general formulations of Malliavin calculus for
jump processes.

Using a function H® which may depend on all the coordinates of Z (or even
two of them) leads to interesting IBP formulas. Again the present form of the
formula allows the understanding of the role of the change of variables.

If one compares the statement of Theorem 10.2.1 and Theorem 10.3.1, one
realizes that the fact that H is integrable is related with the ellipticity of A. In
particular, using the notation introduced in the proof of Theorem 10.3.1, the
conditions in Theorem 10.2.1 are related to F, k_l.

Exercise 10.3.3 Prove that the formula (10.8) can also be obtained by a simpler
argument using the classical change of variables and integration by parts formula.
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Example 10.3.4 Consider the density function g(x) = $x~!/? for x € (0, 1]."% Sup-

pose that we can apply the result (10.6). Then in the weight H, the term (log g)’ (%)
= —ZA—Zi which leads to instabilities of the IBP formula in the form of integrabil-
ity problems. In fact, it is clear that E[(Z;)~!] = oco. Therefore the result in (10.6)
cannot be satisfied in general.

Instead, consider H? (z) = zexp(£z), z € [0, 1]. Then h(x) = x? and the condi-

tions of Theorem 10.3.1 are satisfied. Then, in this case

o e\ M Ze) |, _3
(logg) (F) T T =52k

Therefore this will lead to a stable IBP formula in the sense that the previous inte-
grability problem has been resolved. Furthermore, the sum appearing in (10.9) may
now lead to a stochastic integral when limits are taken. This kind of problem typi-
cally appears in stable-like densities. Note that the above function H¢ is not the only
one that will achieve the same goal. In fact, H¢ (z) = z(1 + &) will also achieve the
same goal. In general, one may consider the following differential equation for a
sufficiently regular function v = v, 4 and C = Cy a:

h(x) .,
C—= + () =v(0). (10.12)

Then the general solution is of the form
h(x) =x—°€ /xcv(x)dx. (10.13)

The exact initial conditions and the function G are to be chosen by the user in
order to establish the desired regularity properties. In particular, if one desires that
h(0) = h(1) = 0. For example, if v(x) = a + bx then the parameters a and b should
: a b
satisfy 57 + #55 = 0. . N
In fact, most of the hypotheses in Theorem 10.3.1 are local conditions around

£=0.

This example shows the flexibility of the change of variables method. We will see
more of this in Example 10.4.5. In fact, it is this flexibility in the choice of # which
will allow different goals in different problems. We will use a particular choice of &
in order to analyze the Boltzmann equation in Chap. 13 later on.

Example 10.3.5 In this example, we discuss an application of the above change of
variables in a two-dimensional setting. For this discussion, one needs to reconsider
the generalization of the IBP formula to two dimensions, as it has been carried out
in Exercises 10.1.22 and 10.1.23.

I5Note that this example does not satisfy our hypothesis of smoothness of g in x = 0, 1, stated after
(10.1), therefore some modifications will be needed. More discussion appears in Sect. 9.1.
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For example, consider the set-up of Exercise 10.1.23. Carry out the change of
variables (x1, xo) = h(zy, z2). Find the corresponding IBP formula as in Theorem
10.3.1. Discuss the possible optimality considerations for /.

As the set-up may be rather vague for the reader, we develop this example further.
For this, let X = U(Z', Z?) with (Z', Z?) a two-dimensional random vector with
smooth density g : R> — R,.. Again let us assume the existence of the sequence of
smooth space transformations H £(z1, z2). Then as in the proof of Theorem 10.3.1
we have

BIGOOF@) = [ | GUG152) Flst,x)gon, ) d

= [, GO 1z P 2 HE a1 22 g a1, 220 o

Here Jy¢ stands for the Jacobian associated with H*. Differentiating with respect to
& and taking £ = 0, we obtain

E [0 {G(X)F(Z)}] = —E[G(X)F(Z) {V(log g) (Z) h(Z) + Jx(2)}] .

The main advantage of the above formula is the fact that now there are two func-
tional parameters & = (hy, hy) in the problem that could be chosen depending on
the objective of the problem. In particular, one can combine the correlation effects
between the components of Z.

Note that from the above IBP formulas, as well as in order to obtain an IBP formula
for E[G™ (X)] in inductive form it is much better to provide a general integration by
parts formula for E[G’(X) F (X)] for a function F with enough regularity conditions.
There is another method to obtain a change of variables formula which also implies
the change of probabilistic model which introduces also the motivation of the next
section.

10.4 IBP with Change of Weak Representation Formula

In probability theory an expectation can be expressed in different forms using dif-
ferent random variables. Each expression will bring a different integration by parts
formula. This technique is ad-hoc at the present moment and therefore we present it
through some examples.

Specifically, in this section we want to discuss how the IBP formula depends on
the representation formula used for X,, as a function of other random variables. A
very simple example of this is given in Problem 10.1.11. Furthermore, the formula
described in Theorem 10.3.1 is one formula of this type. The change of variables
used corresponds to writing X, as a function of (H*)™'(Z), k=0, ...,n — 1.
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e Analternative probabilistic representation can be obtained by rewriting Z; = Z +
Z?, where (Z ,{ ),{:(l)zn is a sequence of independent random variables. Then we can
obtain an IBP formula based on (Zé, s Zrll_l). This method is sometimes called
partial Malliavin calculus. Here we prefer to call it “alternative representation by
convolution”, the reason being that in the analytical sense the sum of random
variables is represented by a convolution. .

e Another representation can be obtained by randomization. That is, let (&} )ﬁi(l)’z
be a sequence of i.i.d. Bernoulli random variables such that Z; = &, Z} + ¢} Z}.
We call this “alternative representation by sum”.

10.4.1 The Plain Change of Variables Formula

This is the most straightforward version of the formula, although there is a change
in the representation of the model.

Theorem 10.4.1 Let h be a strictly increasing C g -function. Define the random vari-
ables Uy = h(Zy). Suppose the same conditions as in Theorem 10.1.16, where the
conditions on the density g are replaced by the corresponding density of Uy given

by §(x) = g (’1"0‘)) (' (h~" (x)))~". Then we have the IBP formula

All
H = (33X ™ + X, log @) (WD) (10.14)

Here . X denotes the stochastic derivative of the random variable X when written as
a functional of the i.i.d. sequence of random variables U := {Uy; k =0, ...,n — 1}.

Proof As the proof is similar to the proof of Theorem 10.1.16 we only give a sketch.

We perform the change x = h(z), defining Uy := h(Z;):

E[G'(X,)] = /R E[ék{G(Xm(éan)—l\U }é(x)dx

k=X

/R E [(G(xnm:)’(x) x|
~E[G(X,)H].

i|§ (x)dx

Remark 10.4.2 (i) Weremark that writing the term ék ( ék X)) implies the assump-
tion that ék X, can be written as a non-zero functional of U which is differentiable
and integrable.

(i) The formula (10.14) is not so different from (10.3). It is just that the basic
random variables are different. This introduces a change in the expression for
H that has to be clearly understood. In particular, the behavior of the logarithmic
derivative of g will become important.
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We finish this section with the corresponding stabilization formula.

Theorem 10.4.3 For any auxiliary sequence of A-uniformly elliptic C é—bounded
randomvariables ay, k = 1, ..., n — 1'° and under the same conditions as in Theorem
10.4.1 we have that the IBP formula is valid with

-1

=

—1 n—1
H:Z{Bk ax a;diX,
k=0 j=0

B (10.15)

n—1
+a [ D a0, (logé)/(Uk)}.
j=0

Exercise 10.4.4 Here, we introduce a second idea in order to deal with boundary
effects in the density g. Assume the same setting as in Exercise 10.2.4. First define
the change of variables 7z = tan(%) so that the uniform density on [—1, 1] is now
replaced by a Cauchy density which has support on R. Prove that the model defined
in (10.1) with Z; ~ U[—1, 1] is now equivalent in law to the model where Z; are
i.i.d. r.v.s with Cauchy distribution. In general, for this method to be successful, it
requires that the random variable X,, has a particular behavior when U = —1, 1.

10.4.2 The Change of Representation Argument by Sum
and Convolution

In this section we will put some techniques together in order to describe how to carry
out an integration by parts formula for stable-like random variables Z;. The main
feature in this section is that the integration by parts will be carried out with respect
to the laws of the small jumps. This will introduce further problems for which the
solution is briefly described here. Most of these techniques will be used later on in
Chap. 13.

Example 10.4.5 First, we will represent a stable law as Z; = skZ,i + (1 - sk)Z,f
such that Z; will represent the jumps in the interval (¢, 1) and Z{ will represent the
rest of the other jumps. This example has a deep relation with the Boltzmann equation
to be treated later in Chap. 13 and it was introduced in [7]. In that case the densitly
function of Z] is given by f;(x) = C;'x‘(”"") 1 <x<Dforc <(1+o) =,
a € (0,2) and C; := 57271 > 1. The desired change of variables is given by the
function A= (z) = (¢~ — az)~«. In this case h(x) = " forx € (¢, 1), @ €
(0, 2). Now, we let {(&, Z,}); k=0,...,n— 1} be a sequence of i.i.d. vectors such

16 A means that the requirement is related to the representation of X, using the new random variables
U.
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that & is a Bernoulli r.v. with parameter p = p({, A) = C; A < 1'7 independent of
Z ,1 Zz ,1 has as density the function f; .18 The goal here is to find an IBP formula for
X, (¢) that will be stable as ¢ — 0 and A — 0. In order to explain things slowly, we
give first the change of probabilistic representation:

1
E[G’(Xn)] = C{_IA/‘ E[G,(Xn)’ Z]i =x, & = 1] x—(1+0t)dx
¢
+E[G'(X,)| & = 0] (1 = C A).

Now using the change of variables x = i) =™ - az)’ﬁ, for z € [0, C¢].
Then we obtain that as f; Y)W () = C;l,lg

1
Cfl/{ E[G'(X»)| Z; = x, & = 1]x~T¥dx

Ce (10.16)
= C;l/(; E[G'(X)|h(Z) =z, & = 1] dz.

Therefore we can use instead of the random variables Z ,1 a sequence of i.i.d. r.v.
s Uy := h(Z}) which are uniformly distributed on [0, C,]. Finally, the probabilistic
model representation can be changed accordingly. We leave the rest of the proba-
bilistic description to the reader as a non-trivial exercise. This idea in order to obtain
an integration by parts formula is interesting as the density f; around zero blows up
with a higher degree each time a derivative is taken for ¢ ~ 0. This new representa-
tion allows the exchange of this blow-up behavior with a stretching of the region of
integration.?”

Now another problem appears: the density of U does not vanish at the endpoints
of the support. This can be solved with a well-known localization technique which is
just an alternative representation by sum.?! Or one may improve the approximation
technique as follows: Let ¢, 1 (x) be a C2° function which satisfies

17This is a condition on A.

18Note that the set-up is slightly different from the one given in Sect. 10.1 with respect to the form
of the density of Zj.

19We see here the differential equation related to the change of variable quoted in Remark 10.3.2(iii).
That is, the last term in (10.14) vanishes. Otherwise if such a change is not used, one would obtain
a term of the order —1. Compare this with Example 10.3.4.

20That is, C; — o0 as { — 0. Clearly this can be done only in the case that & = 1. But this can
be done often if we choose ¢ as an appropriate function of A so that P(ex = 1) is close to one.

21See Exercise 10.4.7.



190 10 Basic Ideas for Integration by Parts Formulas

0 (x <0,
increasing (¢ < x < 27),

oen () = {1 2 <x<1-20),
decreasing (1 —¢ <x < 1),
0 1 <x.

Explicit functions of this type can be obtained using the function exp(—%). One can
now modify (10.16) as follows:

1
C;‘/ E[G'(X)| Z{ = x, & = 1] x~ ¥ (x)dx
¢

= / E[G'(X)|h(Z)) = z. &1 = 1] ge1 (h(2))dz.
R

The final argument will depend on estimates of the error as { becomes closer to zero.
Therefore the above argument is an approximation argument which could lead to an
exact IBP by using techniques similar to Problem 10.1.8. Otherwise one may also
use the approximation result in Theorem 9.1.10.

An important remark on this method: We do not need to express the first expecta-
tion on the same original variables as the one used in the first set-up problem. Also
we may use the function ¢, 1 (h(z)) to construct a new random variable with smooth
density and bounded support.

In some way, these ideas have a deep link with the stratification method described
in [19]. Some of these ideas will be put to work in the case of the Boltzmann equation
in Chap. 13, so if you want some hints for the solutions to the proposed exercises
just read that chapter.

Exercise 10.4.6 (Continuation of Example 10.4.5) Propose an alternative to the
method proposed previously in the light of Example 10.3.4. In fact, let us for the
sake of argument assume that A = 1. Then as stated previously, any acceptable
change of variables will lead to the formula (10.12) and its corresponding general
solution (10.13). Propose some alternative change of variables.

Exercise 10.4.7 This exercise shows how to perform an IBP formula when the
random variables are defined on a close interval, and is another variant for Problem
10.1.8. Find an alternative density function g(x) in order to replace f; such that it
satisfies the following conditions

e g(x) 1(x ¢ (¢, 1)) =0.
e g(x) = Cx~*® for x in a interval on length of at least (1 — ¢)/2.
e g is a smooth function with bounded derivatives.

This new density can be used instead of f; in order to obtain similar results. The
difference is that the above density function will not generate boundary terms when
performing integration by parts.

For a hint, see Chap. 14.
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10.5 The Case of Jump Processes

So far, our goal has been to obtain an IBP formula of the type E[G'(X)] =
—E[G(X)H]. In the case that X is a random variable which depends on jump
processes the goal of obtaining the IBP may be too difficult sometimes, and there-
fore one may reduce expectations and obtain the IBP formula for a particular type of
functions G. For example, if G(x) = ¢'%% then an IBP formula could help in order
to determine the existence and regularity of the density of the random variable X, as
explained in Chap. 9.

In this section, we will introduce some simple methods that will be later exploited
for studying the density of jump-driven stochastic differential equations.

To start, we have to simply recognize that in comparison with the Gaussian situa-
tion there may be cases where one may not deal with the case of Poisson processes in
the same fashion as in Theorem 10.1.16 and its stable extension Theorem 10.2.1. The
first reason for this is that as we know the Poisson process does not have a density.
In fact, recall from Proposition 2.1.16 that if {N,; ¢ > 0} be a Poisson process of
parameter A > 0, then we have that &, is a discrete random variable and its law is
given by

—At(y £\k
PN, = k) = % k € N*,
On the other hand, we have also seen that in Proposition 6.3.1 and Exercise 6.3.2,
that in the case of a compound Poisson process with jumps, densities may exist away
from zero if the Lévy measure is absolutely continuous and finite.

Following Picard’s approach [47], we will try to concentrate first on a very par-
ticular integration by parts formula that essentially applies only to the case of the
characteristic function.

Exercise 10.5.1 Using the explicit characteristic function of a Gaussian random
variable, prove that the Wiener process at time ¢ > 0, denoted by W,, satisfies the
IBP formula for the function ¢* with weight H = t~'W,,

tE[i0e™] = E[Y W,].

On the other hand, use the explicit form of the characteristic function of the com-
pound/simple Poisson process to show that the above equality is not satisfied in
general if we replace W by a simple or compound Poisson process. For more infor-
mation, see Theorem 10.5.2.

For a hint, see Chap. 14.

In fact, a different version of the above formula which may still be used as an IBP
formula is the following partial result.

Theorem 10.5.2 Let Z;, = ZINZ’] Y; be a compound Poisson process where Y; are
i.i.d. random variables with a C}(R) density function g. Define h(z) = 9, log(g(z))
and assume that fol [ h(z)N (dz,ds) = YNV h(Y:) € L'(£2). Then the following
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“modified” IBP formula for e'%? is satisfied:
1
E[i0e"“ N,1(N, > 0)] = —E[e"“r[ /h(z)JV(dz,ds)l(N, > 0)].
0

Here we recall the reader that A (dz, ds) stands for the Poisson random measure
associated to Z.

Remark 10.5.3 1. The reason why the above is called a modified IBP formula is

because one has ¢’?* on the right-hand side of the above equation and its derivative
ife'” on the left-hand side. It is a modified formula because it is not satisfied on
the whole probability space but on the set { N, > 0} with some special weights
(r.v.s) multiplying the particular exponential functions.
Note that in the case of NV, = 0 there is no density and therefore the IBP formula
cannot be expected to hold in the form above. This remark is also related to the
fact that the reasonable way to make out of this a fully fledged IBP formula is
to take a sequence of Poisson processes with parameter A converging to infinity
so that P(Ny = 0) = e *T — 0.

2. From the above formula one also understands that the factor that appears in the
IBP formula is due to the logarithmic derivative of the density of the jumps.
Therefore one should understand why in exercise 10.5.1 the IBP formulas for the
Wiener and compound Poisson process do not have the same form. Similarly, we
will also see that in many cases the logarithmic derivative of the density of jumps
is not integrable. In that case we may use the technique explained in Theorem
10.3.1.

3. There are two reasons why the exponential functions are used in this section. The
first is that obtaining IBP formulas for exponential functions may indicate that
these formulas may be valid in general if one understands the series development
of Fourier expansions. The other reason is that the study of the density of a random
variable is done through the study of its characteristic function.

Proof We start by computing

E[eiGZ,f /h(z)ﬂ(dz,ds)l(Nz > 0)]
0

0 k k
=Y PN, =k Y _E[] [ h)]
k=1

=1 j=1

oo k k
Y PN, =k Y | []EL1 | Ele ™ h(x]
k=1 =1\ j=1

J#
—i0E[e""? N, 1(N, > 0)].
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Note that in the last step, we have used that for h(z) = 9, log(g(z)), we obtain
using the IBP formula on the distribution of the jump size that E[eYh(Y)] =
[ € h(y)g(y)dy = —i0E[e!®T]. This is the reason for the last equality if one uses
the independence of the jump sizes {Y;; i € N}.

Exercise 10.5.4 Find conditions on /4 so that f h(z)v(dz) = 0. Therefore the for-
mula in Theorem 10.5.2 can now be written in the form

E[i0e'%% N, 1(N, > 0)] = —E[¢?% / / h(z) A (dz, ds)L(N, > 0)].
0

In general, this will imply that conditions of the function 4 can be weakened.

Exercise 10.5.5 Propose the same result for kth-order derivatives. That is, find the
proper function Ay, such that one can prove the equality

E[(0)*e'’% N, 1(N, > 0)] = (—l)kIE[eiOZ’/ /hk(z)JV(dz,ds)l(N, > 0)].
0

Analyze the proper conditions that should be required for g in order for the formula
to be valid.??
For a hint, see Chap. 14.

Exercise 10.5.6 Here, we present a different way of obtaining a similar result.
Prove that in the case of second-order derivatives, there exists 4 such that the
following formula is satisfied:

E[(i0)%¢'°% N,(N, — D1(N, > 0)]

:—E[eiez’/ //S/h(z)ﬂ(dz,du)h(w)ﬂ/(dw, ds)1(N, > 0)].
0 0

Consider if the above formulation can be generalized for kth-order derivatives.

10.5.1 The Picard Method

In this section we want to treat briefly the example of a Lévy process which has a
smooth law, although the corresponding Lévy measure is not absolutely continuous
with respect to the Lebesgue measure. For this, recall Exercises 4.1.23, 5.1.17 and
5.1.19.

We will not go deeply into the full details and power of this method and we refer
the reader to the associated literature in [47] or [31].

The first important point in this section is that we will give up on the idea of
obtaining a clean and clear IBP formula like the ones stated in the previous section.

22Hint: Do not forget the boundary conditions for the integrals of /y, at £00.
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On the other hand, this section is modeled through Exercise 5.1.19 where a sequence
of point masses in a discrete-type Lévy measure will generate an infinite differentiable
density. As we have always started with Lévy measures with densities, we will take
a sequence of approximations to a discrete measure.

In order to describe an IBP formula for the particular case of characteristic func-
tions, we will first generalize Theorem 10.5.2 to the case of sums of compound Pois-
son processes. That is, let Zr” = Z?:w Zf, where {Z;i = —n, ...,n}isa sequence
of independent compound Poisson processes with parameters A;, g;, i = —n, ..., 1,
where g; are the corresponding Lévy densities which have disjoint supports. N°
denotes the corresponding jump counting process for Z, N," := Y -, N}. For sim-
plicity, we assume that 1y = O so that there are only an even number of compound
Poisson processes being considered. Then in this case we also have the following
result. Its proof is a direct application of Theorem 10.5.2 once one knows that the
Lévy measure associated with Z” is Y higi(2)dz.

Theorem 10.5.7 Let h(z) = d;log(}_'__, 1:igi(z)) be such that fotfh(z)JV
(dz, ds) is integrable. Then the modified integration by parts formula for €% is
satisfied:

7 = = i07n ! =
E[i8e% N"1(N" > 0)] = —E[¢/%% / /h(z)JV(dz, ds)1(N;' > 0)].
0

Exercise 10.5.8 State a condition that assures that fot [ h(z)A (dz, ds) is inte-
grable. As stated in Exercise 10.5.4, find formulas like the one above which require
conditions on the integrability of | [ h(z)-# (dz, ds).

For a hint, see Chap. 14.

Exercise 10.5.9 Think of a situation in Theorem 10.5.7 related to Exercise 5.1.19
where fot [ h(z)4 (dz, ds) does not converge weakly as n — oo.

From this exercise, one understands that the previous formula, which is a
multiplicative-type IBP formula (this is the reason for the appearance of the log-
arithm in the definition of /) cannot be extended to a general situation. In exchange,
one can add formulas of the above type. This is the direction we will take in what
follows. We have to note that the complication in the current setting is that we will
give up on the idea of a perfect IBP formula and just obtain an approximative formula
which is based not on the jump size as in Theorem 10.5.7 but on the structure of the
underlying Poisson processes.

Lemma 10.5.10 The Poisson process N satisfies the following approximative inte-
gration by parts formula for '* is valid for any 6 € R and t > 0:

@ — DE[Yar = B[V N,).

Proof The proof is a simple calculation which is based on the following equality:
kP(N; = k) =P(N, =k — 1)At.
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Note that if one interprets that ¢’ — 1 ~ i@ then the above formula is some type of
IBP formula. In the next result, we will “mount” the jump structure onto the above
approximative IBP formula.

Theorem 10.5.11 Letw : R — R be a measurable function so that
t —_—
/ /|W(Z)|</V(dz,ds) < 0o0.
0

As before assume that Z;’ =YY" Zi then the following “modified” IBP formula
for %% is satisfied:

/ f @ — Dw(2) ¥ (dz, ds)E[e"Z ] = E[e!?Z f / W@z, ds))
0 0
(10.17)

Remark 10.5.12 The reason why the above formula is a modified IBP formula should
be clear. On the left side, one does not obtain i@ but ¢* — 1, which is an approxi-
mation of {0z but it is further integrated with respect to the compensator of .4 Still,
many things remain unclear with this formula at this point.

For example, does it really provide an IBP formula, in order to obtain the necessary
decreasing property of the characteristic function as |9| — 00??* Before discussing
this more in detail, let us provide the proof of the theorem.

Proof In fact, it is just a matter of direct calculation. We will do the proof in the

. N} . .
particular case of Z! = Y, 7, Yl.1 and leave the rest of the details of the proof in the
general case for the reader.

Bl [ [ @z ds)) = 30 BN = I BLE T D L w(r lk
0

k=1

=Y PNy = At Ele " DB w(r )]
=0

k
—F |:ei92'] f / ei9zw(z)ﬁ(dz,ds)].
0

Note that in the second equality we have used the identity P(N} = k) = ATI’IP’(N} =
k — 1) together with a change of variables in the sum.

To finish the proof one just needs to subtract E [eiezrl] fot f w(z)ﬁdz, ds) < oo

from both sides of the above equality.

Note that in the above result we have a compensated Poisson random measure integral
on the right-hand side of (10.17) and on the left-hand side the compensator. For this

23Recall the result in Exercise 1.1.11.
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reason, some people say that the IBP formula (10.17) is based on a duality formula
for Poisson processes. But note that this feature is linked strongly with the fact that
one uses the exponential function. It is also a formula that only uses the structure of
the Poisson process and not of the jumps as stated in the next exercise.

Exercise 10.5.13 Prove the full statement of Theorem 10.5.11. Note that the proof
of this result does not depend on the particular form of the Lévy measure Y - A;g;
(z)dz. This form will be used in the next Example 10.5.16.

Exercise 10.5.14 State and prove an extension of Theorem 10.5.11 for functions
w(s, z) which are continuous with respect to the time variable s. Hint: First prove an
statement similar to the one in Theorem 10.5.11 for simple functions with respect to
the time variable and then take limits.

Exercise 10.5.15 Use the following martingale-type argument in order to prove
Lemma 10.5.10. Define u(t — s, x) := E[ ¢!’ | N; = x]. Use Itd’s formula for u (t —
r, N,),r € [0, t]in order to obtain the result. Note that the introduction of the function
u is crucial for the argument to work. If one applies directly the Itd formula to ¢!V N,
the time variable on '™ will start to change dynamically in the interval [0, ¢] which
will not allow us to recover the same function as stated in Lemma 10.5.10.

We will now move forward towards proving a result similar to the one in Exercise
4.1.23 and 5.1.19 using the technique presented in Theorem 10.5.11.

Rather than dealing with a general situation, we will show the strategy in a simpler
example with a weaker result.

Example 10.5.16 Consider the following particular example: We define for A; = 1,
Jj =0, ..., n the sequence of functions for x € (—1, 1) and « € (0, 2),

85(x) 1= La-ien 55y (x) x| 71F,

. —(1
g_j(x) = 1(_27j’_27<j+1))(x)|x| ( +a).

For @ € (0, 2) and ¢ € (0, «/2), prove that there exists a constant C independent of
n such that for all 9 € R

|E[e"% (10.18)

s+
14 (0«2

Here Z stands for the Lévy process with Lévy measure givenby v(dx) = 11 lx“iﬁ

whose construction was given in Chap. 5 as the compensated limit of Z”. Using
Lemma 9.1.8, prove that the above inequality implies that for « > 1 a density fpr Z;
exists.

Proof We apply Theorem 10.5.11 for the function w(z) = |z|" 1=1.1)(2), r > —1.
We leave for the reader to check that the conditions in Theorem 10.5.11 are satisfied.
First, we will find a lower bound for
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t 1
/ f (€% — D)|z|" N (dz, ds).
0 —1

Due to the symmetry of the sequence g; and the fact that the sine function is an odd
function, we have as in Exercise 4.1.23,
b lsin’ ()
—F=—dz
y—mt) |Z|ot+1—r

I, = =2t

/ / (€% — D)|z|" N (dz, ds)
0

2719 )
P / Isin*@)]
2

—wg |u]etlT

Now for any fixed |6]| > 1, we have

0/2 | ci2
lim 1, > 2’—“|9|“—’z/ Isin @l
0

N—> 00 |u|u¢+17r

Note that the above integral is finite in the neighborhood of zero if » > o — 2 because
| sin(u)| < |ul. It will also be integrable at oo if @ > r because the sin function is
bounded.

Next, we need to find an upper bound for the right-hand side of (10.17). To do
this, is enough to use Proposition 7.1.2 (the Burkholder—Davis—Gundy inequality)

in order to obtain that for » > /2
1/2
] <ct (f |z|2’1"‘dz) < 0.
[-1,1]

E[/ fw(z)f(dz,ds)
0

Of all three restrictions for r the most restrictive is the last one, which leads to the
inequality

g7 C
E i0Z; < .
R T

jiﬁn J!, xg;(x)dx = 0 and that as
shown in Chap. 5, the process Z,” = Z,” —t Zji’in fjl xgj(x)dx converges a.s. to
the Lévy process Z. The existence of the density then follows by Lemma 9.1.8 as

the characteristic function of Z is square integrable in 6 € R.

The inequality (10.18) follows by noting that

Remark 10.5.17 (i) Note that in order to obtain the argument in other cases, one
may need to further compensate the integrals appearing in Theorem 10.5.11.
(i) Note also that the argument is somewhat imprecise when one compares the
above with the exact calculation of the characteristic function. This is inherent
to the method.
(iii) In order to obtain further regularity properties of the density of Example 10.5.16
as they were obtained in Exercise 4.1.23, we will need to repeat the procedure
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in Theorem 10.5.11 as needed and the above arguments as much as needed and
then apply Corollary 9.1.3. The advantage of the present method in comparison
to the one used in Example 4.1.23 is that the argument presented here can be
generalized to other situations such as stochastic equations.

Problem 10.5.18 Prove again the result in Exercise 5.1.19 by using the fact that
the proof of Theorem 10.5.11 can also be stated in the setting of Exercise 5.1.19.
In particular, prove the existence of the density of the process defined in Exercise
5.1.19.

Hint: Note the parallel with the argument of Example 10.5.16.

10.5.1.1 The Difference Operator Approach

The plan for future chapters is to give an explanation for Theorem 10.5.7 from the
setting of differential operators on probability spaces.

We will try to briefly explain the result in Theorem 10.5.11 from the point of
view of IBP using difference operators instead of derivative operators. We start with
a trivial exercise about the discrete IBP formula.

Exercise 10.5.19 Let {a,},cn and {b, },c be two sequence of real numbers. Prove
the following discrete IBP formula:

m m

Z(Gk —ar_1)b = — Z(bk — bi_1ag_1 + amby, — agby. (10.19)
=1 =1

Give conditions so that the above formula is also valid for m — oo. Use (10.19)
to prove the classical IBP formula: fab fl(x)gx)dx = — fab g @) fx)dx + f(b)g
(b) — f(a)g(a) for continuous differentiable real-valued functions f and g and
a<b.

The idea of the following result is to modify the proof of Theorem 10.5.2 using
instead the above discrete IBP formula on the law of the Poisson process.

Theorem 10.5.20 Let {a(k)}r>—) be a sequence of real numbers; then we have the
following two IBP formulas for all 9 € R and t > 0 assuming E[|a(N;)|N;] < oo
for the first formula and E[%] < 00 for the second formula:

(€ — DME[ "N a(N,)] =E[e"M b(N))]
b(k) :=a(k — Dk — a(k)At,
"% — DE[Y a(N)] =E[ NtV e(N, + D] — a(0)e™

a(k)
etk) =alk — 1) = = =At.

Proof We will do the first leaving the second for the reader. The proof is just a
rearranging of the expectations expressed as sums as follows:
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(" = DE[Na(N)] =) ™ atk = DP(N; =k — 1) = Y ™ a()P(N; = k).
k=1 k=0
Then one uses that P(N;, =k — 1) = %]P’(N, = k) to obtain the result.
Again, we see in the above formula an approximative IBP formula. We leave as an
exercise for the reader to check that Lemma 10.5.10 follows from the above result.

Exercise 10.5.21 The difference between the results in Theorems 10.5.2/10.5.7 and
10.5.11 is that in the latter one can take limits with respect to n. In fact, one has
to understand that both methodologies are different in nature. In Theorem 10.5.7,
one uses a multiplicative format and an IBP. In the one explained above, which is
additive, one uses a discrete version of the IBP formula. In fact, one just has to recall
that the discrete IBP formula in Exercise 10.5.19 gives that

o o0
D (@ — D p(N, = k) =Y RV k= DP(N; =k — 1) — kP(N; = )}
k=1 k=1

From here, prove that
E['V (¢! — Dar] = E[e""M (N, — 11)].

Find the relation between the above result and the statement of Theorem 10.5.11.

Exercise 10.5.22 Use the general form of Theorem 10.5.20 in order to find an
approximative IBP formula of order two for ¢/%*, that is, a formula of the type

(eiG _ I)ZE[eiQN,] — E[eiGN,H]’

for an appropriate random variable H . Clearly, in order to be able to carry out all these
formulas for processes like Z further non-trivial arguments have to be implemented.
For a hint, see Chap. 14.

Exercise 10.5.23 Use the generalization of Exercise 10.5.15 to prove the following
approximative IBP formula for ¢/%~:

(" — I)E[eieN'/ /w(s,z),/ﬂdz,ds)] =E[e"*"Nf/ /w(s,z)j(dz,ds)]-
0 0

Here w is a bounded predictable random process and .4 is the Poisson random
measure associated with N, s € [0, T]. Apply this result for a particular type of
process w, which is a stochastic integral, in order to obtain the result of Exercise
10.5.22.

For a hint, see Chap. 14.

From the above relation we also see that a stochastic integral appears on the right
side and a Lebesgue integral appears on the left together with the approximative
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derivative term e’ — 1. This structure resembles the structure of the classical IBP
formula in the following way.

If the derivative operator is defined for functions f € C.(R) as Df (x) = f'(x),
then the IBP formula can be rewritten as

(Df. g) =—(f. Dg),

(o) = / F)g()dx,

Therefore in the language of operator theory it means that D* = — D, where D*
stands for the adjoint operator. In the same way, one may reinterpret heuristically the
result in Exercise 10.5.23 in similar terms as follows:

D(eiON;) :z(eie _ 1)€i9N,

D* (w) :=/0 /w(s,z)ﬁ(dz,ds)

(F,g)=E [/ F/g(z,S)«/V(dz,dS)]
0

In the case of Theorem 10.5.2, we have
D(eiGN,) —ihei?N
t
D* (1) :=/ /h(Z)JV(dz,dS)
0

(F,g):=E |:F/ /g(z, $) N (dz,ds) 1(N, > O)] )
0

In the above sense, IBP formulas are linked to the dual operator of a derivative (or
difference) operator. This issues will appear again and may become more clear in
Chap. 12.

Some conclusions: In this chapter, we tried to briefly give different techniques that
may be used in various problems when one wants to perform an IBP. It is our purpose
to show that very basic techniques can solve a wide range of complicated problems.
This is not by far a complete list and we encourage the reader to keep adding items
to this list. The main characteristics, requirements and goals that can be achieved
should be clear for each method before proceeding. We also hope that it is clear
that approximation procedures are always needed such as in the case that we are
considering difference equations as an approximation for continuous time models.
Also that the blow-up of Lévy measures near zero has forced us in the last example
to approximate the jump model using cutoff functions.
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As we will see in further chapters the above techniques will allow us obtain
IBP formulas for complex models. Still, the method will fall short in providing
upper/lower bounds for densities between other properties. This remains an open
problem from the point of view of the previously described methods. In some cases
an analytical method will provide these bounds.
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Sensitivity Formulas ez

In many applied problems, one needs to compute expectations of a function of a
random variable which are obtained through a certain theoretical development. This
is the case of E[G(Z;)], where Z is a Lévy process with Lévy measure v which may
depend on various parameters. Similarly, G is a real-valued bounded measurable
function which may also depend on some parameters and is not necessarily smooth.
For many stability reasons one may be interested in having explicit expressions for
the partial derivatives of the previous expectation with respect to the parameters in the
model. These quantities are called “Greeks” in finance but they may have different
names in other fields.

In this chapter, we provide some examples of how to compute these quantities
in the case that G is not necessarily differentiable. This problem is clearly related
to the smoothness of the density of the random variable Z, because E[G(Z,)] =
[ G(z)u(dz), where 11 denotes the law of Z, which depends on the Lévy measure.
In particular, we are interested in formulas of the type dE[G (Z;)] = E[G(Z;) H] for
some appropriate random variable H and where the derivative is taken with respect to
some parameter in Z or in the function G. At the beginning we will consider formulas
of the type E[G'(Z,)Y] = E[G (Y;) H] for some appropriate random variable Y. This
will show how to carry out the first step of the procedure which involves the integration
by parts (IBP) formula. In a second step, we will show how to obtain formulas for
E[G'(Z,)] by using some sort of inversion procedure with respect to Y. In that step
we will need to prove that the inverse moments of Y are finite. For this, it is useful
to recall the calculations in (10.5). The final formulas which may be amenable to
computation through Monte Carlo simulation are obtained using the IBP formula.
The ideas introduced here will serve the reader as a guide for the method to be
introduced in the next chapter. These are based on ideas previously explained in
Exercise 10.1.21 and in Sects. 10.3 and 10.4.
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11.1 Models Driven by Gamma Processes

Let T, a and b be positive constants, and Z = {Z, ; ¢ € [0, T]} the gamma process
with the parameters (a, b) whose Lévy measure is given in the form:

a -
v(dz) = f(2)dz == - e P 1,20 dz.

Denote by .4'(ds, dz) the Poisson random measure on [0, T'] x (0, co) with the
intensity measure .4 (ds, dz) := ds v(dz). Then, for each ¢ € [0, T'], the random
variable Z, has the gamma distribution with the characteristic function

E[exp(i 0 Z,)] = exp [tfoo (e'9% —1) v(dz)i| = (1 - %) , (11L.1)

0

and the density of Z, is given in closed form:

at

—— i e 1 ). 112
F(m))’ e (v>0) (11.2)

i) =

Problem 11.1.1 Prove (11.1). Using the Taylor series expansion for the complex
exponential.

The Lévy—It6 decomposition (i.e. Theorem 4.1.9) leads us to see that Z; can be
expressed as

Z, = / z A (ds, dz).
(0,00)x[0,¢]

That is, Z is an increasing process of bounded variation in compact intervals.
Let Sy > 0, p € R and ¢ € R be constants. We shall introduce the simple asset
price models S = {S;; ¢ € [0, T']} given by

S; = So exp(p Z; + ct).

We are not going to give here all the motivations for this financial model. We just note
that S is positive, it always jumps on the same direction (e.g. if p > 0 then it always
increases when it jumps) and it has a continuous part which is always monotone
depending on the sign of c. Then we have the following IBP formula.

Theorem 11.1.2 For G € C!(R), it holds that

E[G'(S) Si p Z, | = E[G(S) (b Z, — at)]. (11.3)

Proof For 0 < & < 1, we shall introduce the new process Z° = {Z¢; 1 € [0, T}
defined by
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7 = / 2 @D (ds, dz).
(0,00) x[0,1]

Moreover, the marginal Z; can be also expressed as
0 (N =0),

Z&‘ — NIF
B DR AN AEN)
k=1

where N® = {N; ; t € [0, T]}is the Poisson process with the parameter A, := v({z €
0,00); z > 5}), and {Y} ; k € N} are i.i.d.r.v.s, independent of N¢, with the com-
mon law 1

P[Y{ € dg] = =22 v(d2) (=2 vi(da)

&€

which is independent of the process N¢. For £ < b, define the function H? :
(0, 00) = (0, 00) by
bz

§ -
H>(z) .= b—f

(11.4)

Define the new processes Z*¢ = {Zf’ég t € [0, T]} and §&¢ = {Sf’é; t € [0, T]}
by

z% = / HE(2) /@ (ds, dz),
(0,00)x[0,¢]
SEE = 8, exp (o Z55 + ct).

Let G € CC'_ (R). Note that then E[|G(S7)|”] < oo for all p > 1 and ¢ > 0. Define
the derivative operator D as

1
= —G(S)SEpZE.

D(G(S9)) = 3% (G(S)) >

£=0

It should be clear here that Z®¢ is an ad-hoc perturbation of the jump structure of
the process Z¢. Therefore the above definition is a directional derivative. From the
definition of the derivative, we have

1
E[D(G(S))] = 4 E[G'(S)) S} p 2] 1ne=)]

Nf Nf Nf
1 , t t t
= ?]E |:G (SO expipZYﬁ—{—ct}) So exp{pZYi—l—ct} 0 ZYJfI(Nle)

j=1 j=1 k=1
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P[Nf = N] & [+oo
=Z¥Z[ ve (dzp)
0
N=1 k=1
XE{G/(SOeXpIpZY}?—}—pzk—kct}) Soexp{pzxf—l—pzk—%—ct} pzkj|
j#k J#k

P[NE = N| &
oy =N

N>1 k=1

An application of the divergence formula (or simply “the IBP formula™) gives

. * 2 f(zx) e
Ik,Nz/ )\—dzﬂE 0, 1G | So exp pZYj+pzk+ct
3 3 J#k
+oo
_ P zx J(zk)
=|E| G| Soexp pZYj+pzk+ct ”
J#k e
o0 9, (z Z
—/ E| G| Soexp pZYf—f-pzk—f-ct Mdzk
¢ Jj#k €
= Liyi+iino
By differentiation of z; f(zx), we have
[o¢]
I,f,N,2=/ E| G| Sexp pZY;+pzk+ct bz | ve(dzy)
0 J#k
N
=E|G| Syexp pZYf—i—ct by
j=1
As for I,f,N,l, we have
aebe
~G (S explpe+ct)) (N =1,
I? ’
kN1 = ae-bE
-E[G|S Y¢ t N >2).
0 exp ,OZ Ttpetc ka (N=2)

J#k

Thus, we obtain

1
—E[G') 87 p 7]
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1 —be
=~ PN = 1] G Sy explpe er) =
1 N i ae’¢
—?Z}P’[Nsz]ZE G | So exp ,oZYf—i—,oe-{-ct .
N>2 k=1 | j#k €
1 N [ N
—i—?Z}P’[Nf:N]ZE G [ So exp pZY_f—i—ct bY¢
N1 k=1 | j=1
—be
_ ¢ ]P’[Nf:l]G(So exp{pe+ct})
bXe
ae’ =
— D NP[N;=N]E|G|Soexp{p ) ¥Yi+pe+ct
€ N>2 j=1
+E[G(S)) Z]]
— —%t e P[N? = 0] G (S) expipe +cr))
at al
—Ze_}”‘"ZIP[Nsz]E G | Sy exp pZYf—i—pe—l—ct
N=>1 j=1
+E[G(S)) Z]]
- _%’ e R[G(S )] + E[G(S7) Z°].
Taking the limit as ¢ |, 0 leads us to obtain that
1 t
—E[G'(5) 85 p 2] = =T E[G(SH] +EG(S) Z1].
The proof is complete. O

Remark 11.1.3 (i) Note that there is an important step in the penultimate last step
of the above proof where one uses a regenerative property of the Poisson distri-
bution. Thatis, ;' N P[Nf = N] =P[Nf =N —1].

(i) Inthe IBP formula (11.3), the term —atE[G(St)] appears due to the fact that the
jumps are strictly positive. That is, this term corresponds to boundary terms in
the IBP formula. On the other hand, the expression b E[G(S;) Z, ] corresponds
to integral term in the classical IBP formula.

Problem 11.1.4 1. Prove the formula (11.3) directly, by using the closed form
(11.2) of the density, and the divergence formula.'
2. Find an IBP formula for E[G/(S,)] ifat > land G € C!.

1Still, as we will find out later the above methodology is far more general as in many cases explicit
densities cannot be obtained.
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3. Find a formula for 9,E[G(S;)] for a function G which is measurable and
bounded.

Problem 11.1.5 In this exercise, we will perform the IBP with the same transfor-
mation as in Theorem 11.1.2 but in an order that is closer to the argument in Exercise
10.1.21. Consider the transformation in (11.4). Rather than performing the IBP on
the noise appearing in S¢ perform a similar calculation using the process S*¢. Once
the IBP is obtained take £ = 0. Compare the formula obtained with the one in (11.3).
Note that the reason why both results coincide is because 9, H¢ (z) is a constant fo
any & > 0.

Problem 11.1.6 Using the function H¢ (z) := ze %% obtainaresultsimilarto (11.3).
Note that in that formula the process Z is now replaced by the power process which
is the limit as ¢ — 0 of

Ve = f 7y EH (s, dz).
(0,00)x[0.1]

The idea presented in this section of performing IBP with respect to the law of
the jump size will be the main idea in the next chapter.

11.2 Stable Processes

In this section, we will give an IBP formula for general stable processes based on the
structure of gamma processes described in the previous section. We start by giving a
general definition for stable processes that includes the ones considered in previous
chapters. Particular cases of stable process have already been discussed in Chaps. 4
and 5.

Let0 <o <2, —1<B<1,0 >0and y € R. We say that the Lévy process
7z = {Z, D> 0} is a S, (o, B, y)-stable process if its characteristic function is of
the form:

. Tay
—5710]" (1 —isgn(6) B tan 7) Yiyo @#0),

—d| (1 +isgn(0) B % 1n|9|> +iy0 (x=1).

(11.5)
The parameters (y, o, f) represent the “mean”, “variability" and “asymmetry”
parameters. Notice that as stated previously, the theoretical mean or variance of
Z, may not exist for stable random variables. In particular, for the case § =y =0
gives the stable process introduced in Chaps. 4 (for « € (0, 1)) and 5.
On the other hand, the characteristic function of the process Z can be parametrized
in an alternative form, based upon the analytic viewpoint, as explained in [61]. For
this, define

% In E[exp (i 0 Z,)] =
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K@) — {(x O<a<l),
a—2 (Il<a<?2),
and define
T
1. tan — 1),
b= 7K@ arctan (,3 an > ) (¢ #1) (11.6)
B (=1,
( a2
o1+ B tan —) (ax #1),
n=119, 2 (11.7)
— (x=1).
T
Then, we can get
1 i —05'10]% exp (—i sgn(®) B2 M) +iyt (a#1),
—In E[exp (lGZ;)] = - 2
t —02|9|(7+isgn(9),32 1n|9|>—|—iy0 @=1).

(11.8)
We remark that expressions (11.5) and (11.8) are equal, although the parametrization
is different.

11.2.1 Alternative Probabilistic Representation for Stable
Random Variables

Now, we shall describe an alternative probabilistic representation for S, (o, 8, y)-
stable processes. This representation will help us provide an integration by parts
formula as explained in Exercise 10.1.11. In this section we will use an associated
jump structure using gamma processes. The main reason for this choice is that, as
explained previously, the mean or variance of Z; may not exist and therefore using
Z, in the integration by parts formula may not be possible.

Let V be a uniformly random variable on ( —n/2, w/ 2), and E a standard expo-
nential random variable (i.e. E[E] = 1) independent of V.

Theorem 11.2.1 The following representations are valid for fixed t > 0:

1/2a
Ve o (1 + B tan? (”7“)) UE 00/ 4yt (@#1),

2
to;(U—ﬁlnE)—i—yt (a=1),

1EN

Z, (11.9)

where py = Bo 1 K(a)/ Q) for o # 1 and
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Sin(“(v—"'pz)) {cos (1 —a) V —apz)}(l_a)/a (a #1),

U= (cos V)"
(l +,32V) tanV — B, ln(&> (@=1)
2 %—i—ﬂzv .

For a proof see (3.2) in Theorem 3.1 in [59], where the case of o, = 1 and y =0
is discussed. Heuristically speaking, the above representation is obtained using an
alternative integral representation of the Lévy characteristic exponent in the spirit of
Exercise 4.1.22.

Using the above probabilistic representation, we will introduce an alternative
jump structure representation that will produce an IBP formula. Before doing this,
for comparison purposes, we recall the notation for the standard construction of
stable processes used in Chap. 5.

Leta € (0, 1) U (1, 2).2 We shall consider two independent Lévy processes Z_ =
{Z,,, D> O} and Z, = {Z+,, D> O} with the characteristic functions

1
— lnE[exp (i Z_,,)] = —o” 0| (1 +isgn(d) tan %) , (11.10)
1 ) i T
— lnE[exp (i 0 z+,,)] = —o%|0]" (1 — i sgn(0) tan T> : (11.11)
where C_, C; > 0 are constants, and

T ol

o_ = (-C_ I'(—a) cos 7) ,
1/a

o4 = (—C+ I'(—a) cos %) .

The processes Z . are S, (01, 1, 0)-stable processes without a Gaussian component,
respectively. Note that they correspond to the positive and negative jumps of the
process Z. Moreover, their corresponding Lévy measures v_(dz) and v, (dz) are
given by

v_(dz) = Iz 1(—0,0)(2) dz,

C
vy(dz) = ﬁ 1(0,4+00) (2) dz.

Write

1/a
o= (o +Oﬁ)l/a = {—(C_ + C,) I'(—a) cos era} ,

2As is usually the case. The case o = 1 has to be dealt with separately due to the difference in
representations.
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c,—C_

P=csc

Then, the process Z = {Z, =Zi,+Z_ 5t > 0} isalsoan S, (o, B, 0)-stable pro-
cess such that the characteristic function of the marginal Z, is

1 . 1 . 1 :
- In E[exp (io Zt)] =— In E[exp (io Z,,,)] +—1In E[exp (i6 Z+,,)]

C_I'(—a) (cos %) 16|* (1 + i sgn(f) tan %)
+CyIMN(—w) (COS 7'[_) 101 ( —isgn(9) tan T[Ta)

= —o% |g]" (1 _ i sgn(0) B tan T“) . (11.12)

Now we consider the jump structure which arises from the exponential random
variables in the representation of Theorem 11.2.1. Define

sin ((V- + p-))

U_ = W {cos (1 —a) V_ — txp_)}(lfa)/a ,
cos V_

v o S fos (1 v )
cos V.

where V_, V, are independent uniformly random variables on (— /2, /2),
E_, E, are independent standard exponential random variables independent of
V_, V,,and

T T
p_ ;= arctan (— tan T) /(x, P4 = arctan (tan T) /(x.

Consider the processes Z; = {Zi,t ; t > 0} given by

1/2a
7 =1V (1 + tan? (”2“)) U g~k (11.13)

1/2a e
7o =1 (l—l—tan (”2“)) U, E;00% (11.14)

It is clear that the processes Zi are independent. As seen in (11.9), we see that for
every t > 0

<L 5 £ 5
Zoy=2Z_y, Zyi =2y,

Then, we can conclude that Z[ = ZJF,, — Z,,, has the same 1a~w of Z, foreacht > 0.
Note that only the marginal laws (that is for fixed 7) of Z and Z are equal. In fact, it is
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easy to see that 7 is always differentiable with respect to ¢ > 0. This construction
of Z will be used when computing sensibilities.

11.2.2 Sensitivity Analysis on Stable Processes

Now, we shall study the sensitivity analysis for the S, (o, +1, 0)-stable process intro-
duced in the previous subsection. As stated previously, due to issues of existence of
moments we will consider the case | < o < 2.

In order to avoid lengthy expressions, we shall write

Ty 1/2a
ail:_t (1+tan ( 5 )) Uy,
Zi,l = &i,t y(ail)/a, Z[y,z = Zi,t —+ Zi,t'

Denote by .#"* two independent Poisson random measures associated with gamma
processes on £(0, co) with parameter values a = b = 1. Define

E_= —f z A" (dz,ds), Ey = / z AT (dz, ds),
(—00,0)x[0,1] (0,00)x[0,1]
Z:Eit = 6i,t (E:t)(a_l)/a = Zﬂ:,t, ZtEﬂEJr = Z*,t + Z+,t = Zt~

For 0 < ¢ < 1, recall that .# % denotes the Poisson random measure associated
with the jumps that are larger/smaller than +e:

Ef = —[ 2N (dz, ds), E° ::/ 7 A (dz, ds),
(—00,0)x[0,1] (0,00)x[0,1]
~ - _ ~ES ~ ~ ~ ..,EE ,Eé‘
th,z =04y (Ei)(a l)m( = Zi,it)’ Z; = Zi,t + Zi,r( =27 +)'

We remark that the random variables E can be expressed as

Ni
& __ § : &
E:l: - Z:i:,k’
k=1

where N% are the Poisson random variables with the parameter A%, and {Z% , ; k €
N} are i.i.d.r.v.s, which are also independent of N, with the common law

oo 1.
P27 ede] = =52 ! f(2)dz, P[Z%, edz] = % f(@)dz,
- +

where
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f@) =€ (z € (—00,0)U (0, 00)),

A = f7 f@dz(=e*), 2% :=/ f@dz(=e7%).

Theorem 11.2.2 For G € C1(R), it holds that

11.15
po— ( )

E[G'(Z)Z]=E |:{G(Z,) O (ZE-+E - 2)} .

Proof Note thatas o € (1, 2) we have that E[|G(Z,)| |E— + E.|]] < 002 Write § =
(a — 1)/a. For £ € R with |&] < 1, we shall define H® (z) = z/(1 — £), as seen in
the proof of Theorem 11.1.2. Define by

B = — / HE(2) 4 @7 (dz, ds),
(—00,0)x[0,1]

ESf = / HE(2) 4P (dz, ds),
(0,00)x[0,1]

~ SEY | SEY ~E°* EY*
75 =70, v 25 (=20 ).

Since 9 E¥; = Ef and

D(G(Z)) = 3:(G(Z)|,_o = G'(ZD) 8: 27|,y = 8§ G'(Z)) Z,

we see that

E[D(G(Z))] =8 E[G(Z{) Z° , A =1 + 8 E[G(Z)) Z , Lwe =)
=I+1.

Now, we shall focus on the study of /5 only, because /] can be computed similarly.
We remark that

15 =0 [G(Z5, + 0 (ED*) 61 (B Livgan |

M2

83 P[N: = NTE[G(Z2, +60, (X 250)" ) 6va (X0 25)')

=
Il

1

I
Nk

P[N{ = N|

=
Il

1

3In the case that G € C,l recall, for example, Exercise 5.1.13. Since E[Ef_] = fooo PlE; >
A1/P]dx, all we have to check is PIE; > A1/P]as A — oo, which can be seen in [36]. We can also
obtain the pth moment on E_.
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Zi,/}

N
Z |:8z, {G<Zg—,z + 04 (Zk;&j Zi i+ Zj)6> -

— S =M L

N=1

Since G € C!(R) and zf (z) — Oas |z] — oo, the divergence formula tells us to see
that

1 o0 F]

:)\‘8 / ]E|:87 Z +U+I(Zk7&j +k+ZJ) >—G(O)} Z/f(zj)]dzj
+

! S
AT[E[ ( ¢ (X +k+ZJ)> G(O)}ij(zj)ﬂ

! zj=¢

1 /
AT [ 1ot Zk;éj +k+zj)) G(O)}(ij(z;))]dz,'
+ Je

1
v

+

[{ (Z e+ 0 (X +k+5)> G(O)}8f(8)]

(z) f(Zj))/|zj:z;j ]

- IE[ {G(Zi,t +6 (Li<ksn Zi,k)a) - G(O)} fF(Z5 )
]

Moreover, since (z; f(zj)),iz-—zs = (1 - 2% ) f(Z5 ), we have
J =%+, ’ ’

X XN:E[ {G(Zs_,; +04 (leka Zi,k)a) - G(O)} (- Zi,j):|

j=1

S i NP[NE = N]JE[ {6(2, +6. (D 75, +e)') - G(O)}]

N=1

~E[l6(z2,+2,,) - 6o} (1- E)].

Taking the limit as ¢ |, 0 leads us to get
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lim 15 = ~E [{6Z) - o) (- E9)].

Similarly, we can also derive
lim1f = ~E[{G(Z) - GO} (1 + £9)].
Therefore, we have
E[G'(Z) z:] = E[G'(Z)) Z/]
= lim (15 + 19)
=E [{G(Z) - G(0)}

—E_+E, -2
; .

The proof is complete.

Problem 11.2.3 Prove the formula (11.15) in the above theorem, by using the den-
sities of exponential random variables E, via the usual IBP.

Easily, one can extend the previous result to the case of stable random variables
with non-zero mean. That is, as explained in (11.9), we know that ~Zt Z 6, E+yt,
where G, := t'/% o, U and 0, is the constant given by (11.7). Write Z; := G, y* + y ¢.

Then, we have Z,E Z Z,. Similarly to Theorem 11.2.2, we can also get

Corollary 11.2.4 For G € C/(R), it holds that

(11.16)

. E—1
E[G'(Z)(Z, —y 1] =E [{G(Z,) — Gy n) u] .

a—1

Proof. For0 < ¢ < 1, let N, be the Poisson random variables with the parameter A,
and {Y,f s k> 1} the i.i.d.r.v.s, which are also independent of N, with the common
law
e _ l(zzs)
P[Z} e dz] = == @) dz,

&

where f(z) :=e7* (z > 0), A, 1= f;o f@ dz( = e’g). Write E, := 211:[;1 Z; and
Zf = Zp.

Write § = (o — 1)/«. In the proof of Theorem 11.2.2, we have already studied
that, for & € C/(R),

&

E 1
E[@' (641 (E$)) G (Eif]:JE[{@(@,, (E)") =20} — } (11.17)
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In particular, we shall choose @ (x) = G(x + y t), and replace 6, ; and Ef by o;
and E., in the equation (11.17). Since &, Eg = Zf — y t, we can get

17EN (7€ e E, -1
E[G(Z,)(ZT‘—yt)]:E[{G(Zt)—G(yt)} 5 }

Therefore, we have

E[G'(Z)(Z, —y ] =E[G(Z) (Z, — y 1)]
= 13?3 E[G'(Z}) (Z; —y 1]

, -, E. —1
=lgli101E|:{G(Zt)—G(yt)} ; }

. E-1
=E [{G(Z,) -Gy} T} :

The proof is complete. ]

Problem 11.2.5 Prove the formula (11.16), by using the densities of the exponential
random variable E, via the usual IBP.

A similar idea using subordinated Brownian motions (recall Sect. 5.6) was used
in [35].

11.3 Sensitivity Analysis for Truncated Stable Processes

Letk > 0and 0 < o < 1. The truncated stable process Z = {Z, ; € [0, T} is the
pure-jump Lévy process with the Lévy measure

v(dz) = f(2)dz, f(@) =kz " 1ger<).

Then, the Lévy-Itd decomposition theorem leads us to see that Z, can be expressed
as

Z, :/ 7 A T (dz, ds).
(0,00)x[0,¢]
Let0 <& < 1,and & € R with |£] < 1. Write

= 1o
re :=/ vdo) (= S = 1) v =~ v,

&
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Let
75 = / e NP (dg, ds),
(0,00)x[0,7]

Z0% = / HE (z) 4 (dz, ds),
(0,00)x[0,1]

where . 1) (dz, ds) is the Poisson random measure with the intensity .4 ¢+
(dz, ds) := v(dz) ds, A @D (dz, ds) := A @D (dz, ds) — A ©H(dz, ds). Here,
the transformation function is defined as H* (z) := z exp(£ ¢(z)) with peC'((0, 00))
such that

lp@)| < C(z| A D). (11.18)

We remark that the processes Z¢ = {Zf; ¢ > 0} and Z*% = {Zf’é ; £ >0} can be
expressed as

N;
zi =YY,
k=1
N;
Z;f =) HE(Y)),
k=1

where N® = {Nf ; t > 0} is the Poisson process with the parameter A, and { Y ; k €
N} are the i.i.d.r.v.s, independent of N¥, with the common law P[ Y € dz] = v, (d2).

Theorem 11.3.1 Suppose that ¢(¢) = 0(¢*) as ¢ — 0. Then, for G € CL(R), it
holds that
E [G/(Z,) 29(2) N (dz, ds)}
(0,00)x[0,1]

(11.19)

=-E [G(za (¢ @z —ap@) N (. ds):|

(0,00)x[0,7]
+kto()E[G(Z, + D].

Proof First, note that in this case, E[|G(Z,)|”] < oo, for any p > 0. Furthermore,
since 9g (H* (Z))|E=0 = 7 ¢(2), we see that

Nf
D(G(Z)) = 8(G(Z)|_y = G'(Z)) DY 9(¥).
k=1

Hence, we have evaluating the expectation with respect to N; and conditioning with
respect to all jump sizes except Y}/,
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Né‘
E[D(G(z)))] = |:G (Z%) ZYk go(Yk)l(Na>l)i|
k=1
00 N
=) P[Nf = ]IE|:G( j=1 Y5 Zka(Yk)}
N=1
00 N
= > P[NP = N] D[ (GO Y+ 20}y YE @Y
N=1 k=1
00 N 00
= > P[Nf =N] Z/O E[0{G(Xju Y5 + 20} 2k @(@r)] ve (dzp)
N=1 k=1
00 N
= Y P[Nf=N]> I
N=1 k=1

The divergence formula in the usual sense leads us to get that
o0
If = / E[0, (G, 10 ¥! + 20} 2 0] ve(dzi)
0

! 2k () f (20
= [ Bl G, ) + 0] T

we() fa) !
|: [G(Z j £k , ]%}

k=€

/ [G(Zj;ék : )] M dzi

ONION (e) f(e)
= E[G(Z]#k J Pt 1)] Y )LZC [G(Zj;ék J ] %
. (e @) ]2y
- G(ZlijSN Y/) f(Yk‘c“) :

We remark that reordering the random variables Yj’? and using the relation N ]P[N ;=
N]=xrtP[Nf =N —1],

3 BN =

N=1
N
oy £ 180 £
« ]; {E[G(Zj#k ve+ 0] 2000 BlG(s L vf +o) A7}
— e = 1] {6 225 - 6 20
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+ ) P[Nf =N]
N=2
N
N R AOFACY o 1E9E) fE)
" 1; {E[G(Z#k v+l ke E[G(Ej Y} +e)] T}
— e _ (M w(e) K
=P[Nf = 1] {G(l) ™ G(e) P }
+ ) NP[Nf = N]
N=2
B[O <jn 1 1§ + D] 525 ~ B[O <y ¥ +0)] S
1<j<N-11; ™ 1<j<n-1 Ve o
=B[N} =0] {G(wa)K ~Gle) "’(jj“}
+1 Y P[Nf =N]
N=1
X {E[G(Zlgjgv Y; + 1)] o)k — E[G(ZISjSN y]g 4 8)] 9018(31(}
=t {E[G(ZlgjgNtS Yf + 1)] o)k — E[G(ZlijSNf ng -I-S)] (/7(880316}

—1 {E[G(zf + D] p()ic — E[G(ZE + )] 2% }

80{
— tE[G(Z] + D] (1)K

as ¢ | 0 due to the condition ¢(g) = 0(g%) as ¢ — 0. On the other hand, it holds that

7k 9(2k) f(Zk))/|Zk=Yf
F0H

N (ze e(zk) f(Zk))/|z =¥
=E|GQi<jen: ¥)) Z -

. Y
ZIP’[Nf =N]E GQicjen Y)) Z
k=1

N=1

pa fE)
=E|G(Z) M NP (dz, ds)
(0,00)x[0,1] (@
—E|G(Z) @ @) AN F(dz, ds)
(0,00)x[0,1] f@)

as ¢ | 0. Note that the limit processes are well defined due to the condition that
@ € C'((0, 00)). The proof is complete.

Exercise 11.3.2 Find an example of the function ¢ satisfying the assumptions stated
above.
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The result and the proof in the case of 1 < o < 2 can be done similarly. In fact,
one just needs to change the definitions in the same fashion as in Chaps. 4 and 5.
This is done in the next exercise.

Problem 11.3.3 Inthecase 1 < o < 2, we have the following definitions and prop-
erties:

7, = / 2N T (dz, ds).
(0,00)x[0,7]

Z; :=/ 2 NP (dz, ds),
(0,00)x[0,7]

ze¢ ;:f HE () /@D (dz, ds).
(0,00)x[0,¢]

N

zZi=Yvi— [ e,
k=1 (0,00) x[0,7]
Ny

7 =3 HE)) - / 2 N (dz, ds),

k=1 (0,00)x[0,7]

where N = {Nf > 0} is the Poisson process with the parameter ., and {Y ©s ke
N} are the i.i.d.r.v.s, independent of N*, with the common law ]P’[Y,f € dz] = v (dz).
With the above definitions prove an analogous result as in Theorem 11.3.1.

11.4 Sensitivity Analysis for Tempered Stable Processes

Let a and b be positive constants, and 0 < @ < 2. The tempered stable process
Z = {Zt ; 1 € [0, T]} is the pure-jump Lévy process with the Lévy measure

v(de) = fR)dz, fR)=az """ e 1)
In particular, the case of « = 1/2is called the inverse Gaussian process. Furthermore,

foreacht € [0, T], the marginal Z, has the explicit form of the characteristic function
of

E[exp(i y Z,)] =exp [a I'(—a)t {(b — i)Y — b —aiyb*! 1(1<a<2)}] .

The Lévy-Itd decomposition theorem leads us to see that Z, can be expressed as
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7 = f 2 7 (dz, ds) + / £ 7 (dz, d$) Loean).
(0,00)x[0,7] (0,00)x[0,7]

In this section, we will deduce the sensibility formulas for both cases 0 < o < 1
and 1 < @ < 2 using the above compact notation with indicator functions. Let 0 <
e < 1,and & € R with |£] < 1. Write

) > sy
Ao 1= v(dz), ve(dz) := A_ v(dz).
&

&

Let
Z¢8 = / 2 /P (dz, ds) + / 2 @D (dz, ds) Lg—g-1)
(0,00)x[0,¢] (0,00) x[0,1]
=/ z/V“’”(dz,ds)—/l 2N @D (dz, ds) Lgzgo2).
(0,00) x[0,1] (0,00)x[0,1]
Z[a,é = / HE(Z) e/V(S’-H(dZ, dS) —/ Z«/V(S’-H(dz, dS) 1(1§a<2),
(0,00)x[0,7] (0,00) x[0,1]

where .4 1) (dz, ds) is the Poisson random measure with the intensity

N €D (dz, ds) :=v,(dz) ds,
N @Dz, ds) ==/ @D (dz, ds) — A ©D(dz, ds),

and ¢ € C'((0, 00)) such that
o) < C(lzI A 1), (11.20)

and H?(z) := zexp(£ ¢(z)). We remark that the processes Z° = {Zf ;> 0} and
785 = {Z,E’é D> 0} can be expressed as

Ny
A Z Yi — / 2 AP (dz, ds) L1<a<2)s
— (0,00)x[0,1]
NE
Z75 =Y HY(Y) - / 2 A (dz, ds) Li<a<a).
— (0,00)x[0,]

where N® = {Nf ; t > 0} is the Poisson process with the parameter A, and { Y ; k €
N} are the i.i.d.r.v.s, independent of N¥, with the common law P[ Y € dz] = v, (d2).

Theorem 11.4.1 Suppose that ¢(¢) = o(e%*) and ¢'(¢) = 0@ V") as & — 0.
Then, for G € C Cl (R), it holds that



222 11 Sensitivity Formulas

E [G’(Z,) 29(2) N T (dz, dS)}

(0,00)x[0,7] (11 21)

=E [G(Z,) (¢'(2)z — (o + b2) (2)) A T (dz, ds)] .

(0,00)x[0,7]

Proof The strategy to prove the assertion is almost parallel to Theorem 11.3.1. Also
recall Theorem 11.3.1. We shall focus on the case of 0 < o < 1, only. The proof for
1 < a < 2 can be done similarly. Since

N
D(G(Z)) = 3:(G(Z{"))|,_y = G'(Z]) Y ¥{ p(¥),
k=1

we have

N¢
E[D(G(Z)] =E [G/(Zf) > Vo) 1(Nle>}
k=1

]

N oo
=) PN =N] Z/O E[0z {G (a4 Y5 + 20} 2k 9(zi0) ] ve (dzp)
N k=1

I
=

i
M2

N
P[Nf =N] > If.
k=1

N=1

The divergence formula in the usual sense leads us to get that

o
It :/e E[0:,{G(X Ylf+zk)}]w(kk
M]“zm

k=€

o0 /

Mo(M) f(M)
A

&

eg(e) f(e)
A

&

:A/IIEHOOE[G(Zj#k Yf + M)] E[G(Zj;&k YJ‘.E—i—s)]

(Zk (/J(Zk) f(zk))/|z/(:)"k‘E
FOD

-E |:G(Zlgj§N Y9

Since the function G is bounded and ¢ grows linearly, and

MoM) f(M) _ apM) _y

= — 0
e Ae MY

as M — oo, we see that
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o0 N

. Mo(M) f(M)
D PN =N] ) lim E[G(; . Y+ M) —————=0.
N=1 k=1 €
On the other hand, we remark that due to ¢(g) = o(g%)
= a £(e) f ()
D PN =N] Y E[GE 0 Yf +e)] ———
N=1 k=1 €
ap(e)e
=PIN°=1|G(e) ————
[ t ] (8) )\s o
o —be
ap(e)e
+ ZP ZE G(Zj#k J ] A &Y
N=2 €
cw( )e be
=PIN ' =1|G(e) ———
[ t ] (8) )‘-s o
ind . . ap(e)e
+ ;N]P’[Nt = N|E[G(X oy Y+ )] e

—be
=t P[Nf = 0] G(e) %

o —be
b1 SRV = ME[G(E 7+ 0] 222
N=1

—be
=1E[G(X e V] +0)] %

—be
= tE[G(Z +¢)] —“"’(‘36

— 0
as ¢ | 0. Moreover, using that ¢’ () = O(¢@D") as ¢ — 0, it holds that

i (zx 0(z0) f(z0)

. w=Yf
Y P[Nf = N]E {G(Zm«w ) Z £ }

N=1

N (@) £@0) ],y
=F |:G(Zl<j<N; Z 0 Y

k=
(z0(2) £ ()
(0,00)x[0.1] f@

(z0(2) £ ()
(0,00)x[0,1] f@

=E |:G(Zf) N ED(dz, ds)i|

— E |:G(Z,) AT (dz, ds)]
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as e | 0. Since
(ze() f()

= — b )
7@ 0 (2)z— (¢ +b2) 9(2)

the proof is complete. (I

Exercise 11.4.2 Find an example of the function ¢ satisfying the assumptions stated
above.
For a hint, see Chap. 14.

Exercise 11.4.3 Compute and prove an IBP formula for stable processes with
Lévy measure v(dx) = )%I{DO}, o € (0, 2). That is, use a transformation func-
tion Hé(2) 1=z exp(€ ¢(z)) and find appropriate conditions in order to obtain an
IBP formula.

11.5 Inverting the Stochastic Covariance Matrix

In order to obtain a flexible IBP formula or a proper sensibility formula, we need
to show how to modify all the previous results in order to obtain a formula of the
type E[G'(Z,)Y] = E[G(Z,)H] for a large class of integrable random variable Y
and where H has to be a random variable so that the right-hand side is well defined.

Take as an example the result in Theorem 11.1.2. If we wish to find a sensibility
formula for d.E[G(S;)], where the function G is not necessarily differentiable, we
will need to perform the following steps:

1. Approximate G using functions G, € C! such that G, — G in an appropriate
topology.

2. Compute 9.E[G,(S;)]. This will probably give 3. E[G,(S;)] = E[G/, (S;)S,]t.

3. The problem now is how to apply formula (11.3) here. One idea is to find an
auxiliary function g, € C such that g/ (S;)S; Z, = G/, (S,)S;. For the moment,
let us suppose that such a function exists.* In order to perform this step one can
intuitively see that we will need to prove that Z;! is properly defined in L”.
This is usually called the inverse moment problem or non-degeneracy condition,
among other names in the literature.

4. Now (11.3) can be applied. Finally, we need to prove using a limit procedure
that the formulas obtained converge to 9. E[G(S;)].

Exercise 11.5.1 Let Z = {Z,};>¢ be the gamma process described in Sect. 11.1. Find
conditions on the parameters (a, b, t) so that E[Z, ] < oo for some p > 1, using
the following two methods.

(i) Compute directly via the explicit density function of Z,.

4The existence of such a function can be assured, if one assumes enough conditions on the function
G,.
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(i) Prove the assertion via the Laplace transform of Z;.

Hint: Prove and use the following useful identity for appropriate positive random
variables X: E[X 7] = ﬁp) Jo 0P 'E[e~X]d6.
For a hint, see Chap. 14.

Exercise 11.5.2 Let Z = {Z;},>0 be the stable process with index 0 <« < 2,
described in Sect.11.2. Prove that E[Z, 7] < oo for any p > 1, via the Laplace
transform of Z,.

For a hint, see Chap. 14.

Exercise 11.5.3 Let Z = {Z,},50 be the truncated stable process with the index
0 < o < 2, described in Sect.11.3. Assume that ¢(z) = cz for |z| < 1. Define
I, = f(O,oo)x[().t] 7¢(z) A t(dz, ds). Prove that E[I} 7] < oo for any p > 1, via
the Laplace transform of Z,.

For a hint, see Chap. 14.

Exercise 11.5.4 Let Z = {Z,},>0 be the tempered stable process with the index
0 < o < 2, described in Sect.11.4. Assume that ¢(z) = ¢z for |z|] < 1. Define
I = f(O,oo)x[O,t] z2(z) A *(dz, ds). Prove that E[T "] < oo for some p > 1, via
the Laplace transform of Z;.

For a hint, see Chap. 14.

Let {X; = X{},c0,77 be a process depending on the parameter ¢ € R, which we
have seen in the previous sections, e.g. the geometric gamma process in Sect. 11.1,
the stable process in Sect. 11.2, the truncated stable process in Sect. 11.3, and the
tempered stable process in Sect. 11.4. Suppose that, for each ¢ > 0, the law of X,
has a density py, (c, x) with respect to the Lebesgue measure on R, and the random
variable X, is differentiable with respect to c. As seen in Theorems 11.1.2, 11.2.2,
11.3.1 and 11.4.1 and Corollary 11.2.4, we have already obtained that in some cases
the following result is valid:

E[G'(X) Y, H| =E[G(X,) ©(,, H)] (11.22)

for G € C,} (R), where {Y;}:¢[0,7] is the process associated with the process X such
that the inverse of Y; has a higher-order moment, { H;},¢|o,7] is an auxiliary process
such that H, has a higher-order moment, and {© (Y;, H,)};e[0,77 1s a random variable
depending on Y, and H, such that the right-hand side is well defined.

Theorem 11.5.5 Assume that (11.22) is valid for H, = 9. X, Y,’l. For G € Cg (R),
it holds that

E[G'(X,) 8.X,] = E[G(X,) @(Y,, BT)I(’)] (11.23)

Proof From the equality (11.22), we have
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E[G'(X)) 0. X,] =E [G’(xt) Y, BEYX’}

t

- E[G(X,)@(Y,, 8%’)}

O

Remark 11.5.6 (Negative-order moments) Consider the case of the geometric Lévy
process of the form:
X = Xo exp(p Z, +C1),

where Xy > 0, p > 0, and ¢ € R. For G € C,; (R), we have already obtained the
following formulas:

(1) If Z is the gamma process with the parameters (a, b), then it holds that
E[G/(X,) X:p Zz] =E[GX)(BZ —al)]

in Theorem 11.1.2 of Sect. 11.1.
(ii) If Z is the stable process with the index 1 < o < 2, then it holds that

E[G,(Xt) X p Zt] =E [{G(Xt) — G(XO)} a(-E_+E;— 2)i|

a—1

in Theorem 11.2.2 of Sect. 11.2, where f(, = Xo exp(p Z, +ct).
(iii) If Z is the truncated stable process with the index 0 < o < 2, then it holds that

E[G' (X)X, pT;]=-E [G(Xz) o] (¢ @ z—9@)2%) Nz, dS)}
+kt (1) E[G(Xo exp(p (Z, + 1) +¢1))]

in Theorem 11.3.1 of Sect. 11.3, where
I; =/ 29(2) N T (dz, ds).
(0,00)x[0,7]
Here, we consider
Z, = / 2 N *(dz, ds) ~|—/ 2 N (dz, ds) Lo<a<)-
(0,00)x[0,7]

(0,00)x[0,1]

(iv) If Z is the tempered stable process with the index 0 < o < 2, then it holds that
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E [G/(Xr) X:p Ft]

=E [G(X,) (¢ @z—(@+b2) o) Nz, ds)}

(0,00)x[0,7]

in Theorem 11.4.1 of Sect. 11.4, where
I; =f 79(z) ¥t (dz, ds).
(0,00)x[0,¢]
Here, we consider

Z, Zf Ze/VJr(dZ, ds) +[ Zf/VJr(dZa ds) H(0<oz<l)-
(0,00)x[0,¢] (0,00)x[0,7]

In the formula (11.22), we shall substitute for

Y. H) (BCX, Z;, l/Z,) in the case of (i) and (ii),
(¥, He) = (0.X, I;,1/I3)  in the case of (iii) and (iv),
and the parameter c is either X or p.

In order to obtain such a formula we need to perform again similar procedures
as in previous theorems but with specific test functions g. Just to consider one
specific example, consider the case of a tempered stable process and the sensi-
bility 9. E[G(cZ,)] = E[G'(cZ,)Z,]. In order to deal with this problem we will
need to enlarge the dimension of the process and consider d.E[g(cX;, I})] for
g(x,y) = p~'G(x)y~!. The procedure is parallel to the one carried in the proof
of Theorem 11.4.1, just longer because of the amount of terms. Clearly when doing
this, one will need an argument to prove that E[I}, "] for integer values of p > 1.

Then, our purpose is to study the higher-order moments of 1/Z, and 1/I7;. In
the case of Z;, this has been studied in Exercises 11.5.1-11.5.4. The study of the
inverse moments for I'; requires a careful choice of the deformation function H ) =
zexp(£¢(z)). Again, we remark that this is linked to the decrease of the Laplace
transform of I7.

Exercise 11.5.7 Find proper conditions on ¢ so that the inverse moments of I; =
f((),oo)x[(),t] z9(2) AT (dz, ds), are finite.
For a hint, see Chap. 14.

11.6 Sensitivity for Non-smooth Test Functions

Now, we shall study a sensitivity formula of E[G (X¢)] with respect to the parameter
¢ for a function G which is not necessarily differentiable. Instead of giving a general
theory we consider the particular case of an indicator function. In what follows, we
may simplify the notation as X, = X7 if the meaning is clear.
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Theorem 11.6.1 Define the following class of test functions:

m
FR)=1{G = Zak Grllg s meN, ap €R, G € Cc(R), Ag: aninterval of R ¢ .
k=1

Suppose that for any compact set K,

supE[ @,(Y, %)H < 00.

cekK

Then, for G € §(R), it holds that

0.(EIG(X))) = E[G(X) ©,(. a;(,)] (11.24)

Proof ForG € C Cl (R), we can check the sensitivity formula (11.24) directly, because

aC(E[G(Xt)]) = ]E[G/(X,) 3ch]
— E[G(X,) o, (Y, a;(,)]

The strategy to remove the regularity conditions on G and to extend to the class §(R)
can be found in e.g. [54].

(1) For G € C.(R), we can find the sequence {G, ; n € N} in CC1 (R) such that
G, — Glloo = 0asn — oo, where

l¢lloo = sup |e(2)].
T

tel[0,T]

Then, for each compact set K C R, we have

|E[Gr(X)] — E[G(X)]| < 1Gn — Gllco.

e (516, X)) ~ E[G X 0, (v. %) | = sup B (1. %) ] 16, = e,

sup
cekK

which tend to 0 as n — oco. Hence, we can get the formula (11.24) for G € C.(R).
(i) Let G € C,(R)’ and fix 0 < & < 1. Then, there exists the sequence {G, ; n €
N} of continuous functions defined by

G, (x) = Gx) xe[-n+en—e¢g),
" o (x € (—o00, —n — el U [n + ¢, 00)),

SIf Z, has a second-order moment for each ¢ € [0, T'], the function G € Cj,(R) can be extended to
the continuous function with linear growth order.
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and G,(x) €[0,G(x)] for each x e (—n —e&,—n+¢€)U (n —¢e,n +¢]. Here,
[0, —1] should be understood as [—1, O]. Then, it is clear that

Gy € C(R), sup |Gyl = Gl

neN

The dominated convergence theorem enables us to see that
[ELG(X)] — ELGa(X)]| — 0
as n — 00. Moreover, since

E[1G. (X)) — G(X)I*] < E[IG,(X)I* Lix,1=n—s)
<G| P[IXt| >n—e]l — 0

as n — 0o, we have, for each compact set K C R, that

sup |2 (ELG»(X)]) ~E[G(X) /(7. |
gl 5] et - oot

by the Cauchy—Schwarz inequality, which tends to 0 as n — oo. Therefore, we can
get the formula (11.24) for G € C(R).
Finally, we compute the derivative

E[G(x;‘+h)]h— E[G(X)] E[G x) O<Y a;()]‘

E[G,(X;*)] = E[G.(X)]
h

<2h7'1G, — Gl +‘ E[Gx)e,(r, 8;()]‘

From here, one chooses n large enough in order to achieve the proof of convergence.
(>iii) Let —o0 < a < b < 00, and write

1 1
af=a+—, b¥=b+-
n n

for n € N. Now, we shall consider the case of G = [, ;.® Then, we can find a
sequence {G,, ; n € N} of continuous functions such that

G () = G(x) (x €(af, b)),
o (x € (—o0,a; 1U[bS, 00)),

6We can discuss the case of [a, b), (a, b) and [a, b] similarly.
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and G, (x) € [0, G(x)] forx € (a,,a;) U (b, , bl).Itis trivial that

Gn € Cb(R)’ sup ”Gn”oo =< 1.
neN

The dominated convergence theorem implies that
|E[G,(X)] —E[G(X)]| — 0
as n — 0o. Moreover, for each compact set K € R, we see that

sup E[IGn (X)) — G(X)?] = sngJEUGn(xz) —G(XI% Xp € (ay ,a;) U by, b)]
ce ce

<4 sup P[X; € (ay ,a;")] +4 sup P[X; € (b, b;)]

cek cek
a;f byt
= 4/ sup px,(c, x)dx +/ sup py, (c, x)dx,
a, cekK b, cekK

which tends to 0 asn — 00, because the Lebesgue measures of the intervals (a;,, a;F
and (b, , b,J{) converges to 0 as n — oo. Hence, we have

3 (E[G (X)) — E[G(Xr) O(Y ax)]‘

su
ot Y
8. X\ 1271/2
< swpk[|0, (v, =) [T supE[1G, (X)) - G(x0PP]
cek cek

from the Cauchy—Schwarz inequality, which tends to 0 as n — oo.
As in (ii), we need to compute

‘E[G(XW)] —HEEN _wloex e, (v )]‘

h
< 2h7 ' sup E[|G,(X9) — G(x9)1*]'"?
cekK
E[G, (X)) — E[GA(X0)] 9. X,
+ ' ; ~E[Gx)0,(r. - )]‘ .

Therefore, we can get the formula (11.24) for G = I, 4.
(iv) Finally, from the studies in (ii) and (iii) stated above, we can get the formula
(11.24) for G € F(R).



Chapter 12
Integration by Parts: Norris Method i

In this chapter, we extend the method of analysis introduced in Chap. 11 to a general
framework. This method was essentially introduced by Norris to obtain an integration
by parts (IBP) formula for jump-driven stochastic differential equations. We focus
our study on the directional derivative of the jump measure which respect to the
direction of the Girsanov transformation. We first generalize the method in order to
consider random variables on Poisson spaces and then show in various examples how
the right choice of direction of integration is an important element of this formula.

12.1 Introduction

In the recent past, various efforts to develop IBP formulas on Poisson spaces have
appeared. Among them, one may mention [9, 1214, 38, 47] between others. Most
of these methods are designed to obtain the regularity of the laws of solutions of
stochastic differential equations driven by jump processes and at the same time
they try to strive for as much generality as possible. This generalization feature,
which may be very appealing from a mathematical point of view, has hampered the
development of various other applications which may use differential techniques on
the Poisson space. In particular, taking into consideration that most models where
this differential theory may be applied have a specific compensator, one may believe
that further developments on studies of upper and lower bounds for densities, studies
on the support of the law and various other expansion techniques for functionals on
Poisson space should have mushroomed after the discovery of these methods.

Still, this is not the case. Most probably this is due to the lack of adaptability of
the method to explicit models. In this chapter, we reconsider the approach introduced
in [45] which was designed with explicit compensators in mind. In particular, Norris
considers directional derivatives with respect to the underlying Lévy measure, which
provides an IBP formula where the interaction of the direction and the measure is
© Springer Nature Singapore Pte Ltd. 2019 231
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extremely clear. This allows for a better choice of direction when considering explicit
problems. We reintroduce the methodology of Norris in a general set-up, compare it
with the Girsanov transform method of Bismut and then apply it in various applied
problems which indicate clearly that this explicit IBP formula may be helpful in
order to obtain various properties of the density of a random variable on Poisson
spaces.

Let us explain our approach in a simpler example. Let X be a one-dimensional
random variable with density function g and let G € C bl (R). Using a change of
variable one has that

E[G(X)]=E[G(H*(X))g(H*(X)d,H*(X)g~' (X)]. (12.1)

Here we suppose for simplicity that g(x) > 0 for all x € R and that H¢ is a one-to-
one differentiable transformation. Now if we differentiate the right-hand side with
respect to &, evaluating this derivative with respect to £ = 0 and under the hypothesis
that H® (x) = x we obtain the following IBP formula:

E |:G/(X)8§H€(X)‘s:0} =B [G(X) {3x In(g(X)) + 9 ln(ayHg(X))Lo” '

Some comments are in order at this point:

(a) In order to consider such a proper IBP formula, we will have to assume that
the boundary terms in the IBP formula do not contribute to the final result. We
further have to modify the argument in order to obtain E [G’(X )@] on the left
side of the above equation, where @ is any random variable which is a function
of X. We also have to reproduce this argument in infinite dimensions.

(b) In the general setting the “density function” g becomes the Radon—Nikodym
derivative of the Lévy measure and therefore is not a probability density func-
tion anymore. For this reason, we take the approach of approximating the Lévy
process using compound Poisson processes.

(c) In the above argument, one clearly sees the change of measure in the term
g(H!(X))d,H®(X)g~'(X) and the change of the size of the jump. The differ-
entiation of the change of measure term gives rise to the dual operator. Therefore
it is natural to discuss how to obtain this result using infinite-dimensional change
of measure results. We will then see that the conditions required for the trans-
formation function H¢ will slightly differ if one considers a different approach.
This is the case with the use of Girsanov’s theorem/Escher transform. Still when
applying the Girsanov method, one does the change of measure so as to recover
a copy of the original process. In our case, this may not be so as the jump size
is being changed in (12.1). Furthermore, we have preferred the approximation
approach because this point of view provides a general definition of derivative
and adjoint operator that allows a general IBP formula.

(d) One may consider that our approach is a space—time deformation approach which
is not the same as Picard’s approach (see [47]) or the lent particle method of
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Bouleau—Denis (see [14] or [13]). It may have a link with the approach in [9],
but in that case it seems that there is no space deformation like the one proposed
here (this needs to be reviewed again!). In our approach the deformation is not
performed on path space but on the jump laws themselves. In that sense one may
consider the approach presented here a weak form of infinite-dimensional IBP
with deformation in jump size.

(e) The main advantage of the current approach is its simplicity, adaptability to
various situations and that it is easy to interpret. On the other hand, one may
claim that this approach is restrictive to absolutely continuous Lévy measures
but we believe that it can be enlarged to situations similar to Exercise 5.1.19.

The spirit of this chapter is somewhat independent from the first part of this book.
In fact, we will assume some generalizations which had not been carried out here
but which we hope the reader can foresee easily.

In this chapter we use the following standard notation. Set Z, = N U {0}. Norms
of vectors are usually denoted by | - | and norms of matrices by || - ||. All vectors are
considered as line vectors and the derivative of a function f : R* — R? is considered
as a b x a-valued matrix. For a given vector x = (xi, ..., x,), we write by x;_,, =
(xj, ..., X))t

12.2  Set-Up

In this section, we shall introduce the notation, the framework, and some well-known
facts, which will be used throughout the chapter. Let (§2, %, P) be our underlying
probability space. Let E = [Ep denote the associated expectation and L7 (£2 ; R)-lim
will denote the limit in p-norm.

Let v(dz) be a measure on Rf := R™\{0} which satisfies

/ (IzI* A 1) v(dz) < +o0.
Ry

Let Z = {Z,; t > 0} be the m-dimensional Lévy process with the associated Lévy—
Khintchine representation of the form:

% In Ep[ exp(i 6 - Z,)]
(12.2)

. lo* 6] . .
=if-y— > + {exp(z@-z)—1—19~z1§1(z)}v(dz)
Ry

IWe hope that the context will not bring any confusion with the matrix notation or the dependence
of constants with respect to certain parameters.



234 12 Integration by Parts: Norris Method

for6 € R™,wherey € R" ando € R” @ R™ suchthato o™ is non-negative definite.
Then Z is the Lévy process associated with the triplet (y, o, v) and v is called its
associated Lévy measure.

The Lévy-Itd decomposition theorem tells us that Z also has the following rep-
resentation:

Zi=yt+oW, +/ 2 N (dz, ds) +/ z A (dz,ds), (12.3)

By x[0,1] BEx[0,1]
where W = {W,; t > 0} is the m-dimensional Brownian motion with W, =0,
N (dz,dz) = jj{t €eds; 0£ 272, —Z,_ € dz}2 is the Poisson random measure on
Ry x Ry with the intensity measure ff(dz, ds) :=dsv(dz), and j(dz, ds) :=
AN (dz,ds) — A (dz,ds) is the compensated Poisson random measure (cf. [51]).
Here #(A) denotes the cardinality of the set A. Let %, =(),_,0(Zs; s <t +¢)

be the right-continuous completed filtration generated by Z. In this chapter, we will
consider the following simplifying situation:

Hypothesis 12.2.1 o =0, y = 1 and the Lévy measure v has a density. That is,
v(dz) = f(z) dz for some function f : Ry — R satisfying that f(0) = 0 and

/ (P ADF@dz <00, | F2)dz = oo,
RY

m
RO

Letb e C}° (Rd ; Rd) and a € C}° (Rd x Ry ; Rd) with the invertibility condi-
tion:

inf inf |1, 4+ Va(y,z)| > 0. (12.4)
yeR? zeRy
Here, I; € R? @ R? is the identity matrix, the norm || - || is® in the matrix sense,

and Va(y, z) is the derivative with respectto y € R4, while the derivative in z € Ry
is denoted by da(y, z). For x € R, we shall introduce the R?-valued process X =
{X,; t = 0} determined by the stochastic differential equation of the form:

t
X, =x +/ b(X,) ds +[ a(Xs_, z) N (dz,ds)
0 By x[0,1] (12.5)

+ / a(X,—,z) A (dz,ds).
B x[0,]

In this section, we will let Hypothesis 7.2.2 stand without any further mention.*

2Clearly, this definition is formal. Try to write the exact definition.
3Recall that as all matrix norms are equivalent, you can pick the one you like best.

“Note that the current set-up is not totally covered by the results of Part I of this book. If you
prefer you may think instead of the above general setting that the Lévy measure corresponds to the
tempered Lévy measure introduced in Sect. 11.4.
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Exercise 12.2.2 Give an example to show that under the condition that ng, f@dz <
oo then the law of X, does not have a density.?
For a hint, see Chap. 14.

Under our situation, there exists a unique solution such that the mapping RY >
x —> X,(x) € R? has a C'-modification (cf. [2] or Chap.7). Moreover, we see
that the first-order derivative process ¥ = {Y; = Y;(x) := 9, X,(x); t > 0} valued
in RY @ R? satisfies the linear stochastic differential equation of the form:

t
Y, =1, +[ Vb(X,) Y, ds
0
+ \/‘_ Va (Xsf’ Z) YS* j(dz, dS) (126)
By x[0,1]

+ / Va(X;—,z) Ys— N (dz,ds).
B¢ x[0,1]

Recalling Proposition 3.6.8 may be of help.

Problem 12.2.3 Prove that in the one-dimensional case, one can write the solution
of the above equation for Y explicitly.

From condition (12.4), the process ¥ = {Y, ; ¢ > 0} is invertible a.s. in the sense
that for each ¢t > 0, the matrix inverse of Y; exists. Moreover, the inverse process
Y-l = {Yfl J > O} also satisfies the linear stochastic differential equation of the
form:

t
Yy '=1 —f Y. Vb(X,) ds
0
[ vt (Ve 2) - ) Az ds)
B x[0,t]
+/_ Y (4 Va(Xo.2) ' = 1) ¥ @z, ds)
BEx[0,1]

+f v {(Id + Va(X,, z))’1 —I; + Va(X;, z)} N (dz, ds).
B x[0,¢]

(12.7)

Recall that the main idea to obtain an IBP formula is to approximate the solu-

tion of (12.5), using compound Poisson processes. Therefore, we shall define the

corresponding approximation sequence of the R?-valued process X = {X,; t > 0}

determined by Eq. (12.5). Let ¢ > 0 be sufficiently small, and 7 > 0 be fixed. Recall
that

re=v(lz Ry Izl > ¢)), fild) = % Lz, veldz) = fe(2)dz. (12.8)

51t “almost” does have a density.
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We remark that v, (dz) is the probability measure on Rf'. Define the approximation
process

Zf:/_ ) zj(dz,ds)-i-/_ z N (dz, ds).
(B1NBE) x[0,1] B{ x[0,1]

Define the associated sequence of (.%;)-stopping times {r,f ke Z+} by 15 =0,
and

r,f:inf{t>r,f_l;f J/(dz,ds)#O}AT

BSx (1:[7] 1]

for k € N. These stopping times are the times where the process Z¢ jumps and their
successive differences form a sequence of independent X.-exponentially distributed
random variables. We denote by N° = {NtE ; 1t e|O0, T]}, the Poisson process with
intensity A, defined using this sequence of jump times.

We denote the set of jump sizes associated with the process Z° in [0, T'] as
Y = {Y,f ; keN },6 which is a sequence of independent and identically distributed
R{'-valued random variables with the law v;(dz), which are also independent of the
process N¢. Therefore we can rewrite the R™-valued process Z° = {Zf ; t e, T]}

as
0 (NF =0),

NS

ZE — t
D - EY Lgy=n) (N > 0),

k=1

which is a compound Poisson process. Now using arguments similar to Chap. 5, one
obtains the following result.

Lemma 12.2.4 For each O <t < T, the law of Z} converges weakly to the one of
Z;ase | 0.

Proof The assertion is obvious, because one can explicitly compute the characteristic
function of Z; and then prove the convergence of its characteristic function towards
the corresponding one for Z,.

We shall introduce the R?-valued process X® = {X7; t € [0, T']} defined by

t

x +f ag(X5)ds O<t<rt),
0
Xe =Xy +a(Xy YY) =1, keN),

t
Xﬁ; + / ao(X)ds (t7 <t <tg,,),

Tk

SWe hope that this notation for the jump size random variables which has been used from the start
will not confuse the reader with the derivative of the flow. The context should make clear which
object we are referring to in each case.
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where do(x) = b(x) — [,

&

<‘Z|§l a(x5 Z) U(dZ). Deﬁne

t

K(x) =x +al(x,2), Fs,r(x)=x+/ ao(Fyu(x)) du.

s

Then, we have

e Y; Y; Y
X, =Fg 0K NoFy o oKWroFg o _o---0K'oFy_(x)

=@, n(x; Y y: Tioy) (12.9)

for Ty <t < T3, where as explained previously, we use the notation Y{_ , =
(Yf,...,Yg)and t{ \ = (7f,.... T5)

From here, we see that the approximating stochastic process X° is generated by an
iterative functional which depends on the jump sizes and the jump times associated
with the process Z€. Therefore a general theory of IBP can be developed using this
approximation as the main axis. This is done in Sect. 12.4.

We also remark that the above construction has the characteristics of a strong
convergence construction (i.e. almost sure convergence). One can easily change the
set-up to a weak convergence structure (i.e. convergence in law) and then the IBP
formula to follow in that case would also be some type of weak IBP formula.

Exercise 12.2.5 Prove that the explicit stochastic process X° defined above is the
unique solution of the stochastic differential equation

t
Xf:x+/ b(X¢) ds+/_ ) a(Xt_,z) /9 (dz, ds)
0 (BiNB)x[0,1]

+ / a(X:_,z) /@ (dz, ds).
B¢ x[0,¢]

12.3 Hypotheses

In this section, we introduce our hypotheses in order to be able to carry the IBP. We
recall that we always assume Hypothesis 12.2.1.

Hypothesis 12.3.1 / |z|” f(z) dz < oo forany p > 2.
By

Clearly this hypothesis is needed in order to have all necessary moment conditions.
The following hypothesis determines the direction of derivation in the IBP formula.

Hypothesis 12.3.2 Let £ € R" be in a sufficiently small neighborhood around the
origin (without loss of generality, we may assume that [§| <1 or0 <& < 1), and
HE () : R — R{ be a mapping with Hs(z)|$:0 = zand BZHS(Z)E:O =1I,forz e



238 12 Integration by Parts: Norris Method

Supp[v]. Define 2 : 2’ x R — Rf @ R* by h(z) = (8§)QH‘§(Z) = BgHS(z)‘SZO,
z € Supp[v].

We will call the random function H?, the deformation/transformation function,
We have chosen this name as this function deforms/transforms r.v.s through the
function, H¢ (YY) and therefore the differential calculus is carried through these new
r.v.s instead of ¥;’. Asymptotically, as & — O they are equivalent in law but the IBP
in each case will lead to different formulas. The following hypothesis will also be
essential for the integrability of the duality formula.

Hypothesis 12.3.3 Assume that

divih
/ |h(2)|v(dz) < +o0, M v(dz) < +00.
Ry Ry f(@)
Remark 12.3.4 The condition
divih
lh(z)| + M < C(|Z|2 Al
f (@)

is a sufficient condition for Hypothesis 12.3.3 to hold.

We will introduce some examples satisfying the the above conditions in
Sect. 12.6.3. Unless explicitly stated, we assume the above hypotheses throughout
the rest of the chapter.

The idea of the method is to change the jumps of the driving process Z from being
of size z into size H*(z). Once this change is done one performs IBP with respect
to the new jump size and take limits as £ — 0. Therefore this method introduces a
new parameter represented by A (z) which can be chosen depending on the model.
Another interpretation of this method is that the change of jump size implies that
the law of the process Z is being changed according to a change of jump law. This
method can be studied using Girsanov’s theorem, which is done in Sect. 12.6.1. Still,
the intuitive understanding given here can help devise a proper method to develop
an IBP formula in particular situations.

12.4 Variational Calculus on the Poisson Space

In this section, we shall introduce the general framework of the stochastic calculus on
the Poisson space. Recall that for simplicity, we will assume that the Lévy process Z
does not have a Brownian component. The general case follows in a similar fashion by
replacing all expectations with conditional expectations with respect to the Brownian
path.

Let 0 <& <1 be sufficiently small, and T > 0 fixed. Let U, = Bg = {y €
Ry [yl > e } , and let AU, be its boundary, n(y) the outer normal unit vector at
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y € 0U, and o (dy) the surface measure on dU,. As seen before, we shall recall the
notation
f(@)

&

re = v(Uy), ve(dz) = 1y, (z) dz.

Denote by 7° = {r,f ; keN } a sequence of R, -valued random variables such that
their successive differences {r,f -7, keN } are independent A.-exponential ran-
dom variables, where 7y = 0. Let Y* = { Y7, keN } be a sequence of independent
and identically distributed R’ -valued random variables with the law v, (dz). Write

Nt = Z Lio,71(),

keN

that is, N¢ is the Poisson random variable with intensity A, 7. Recall the mapping
HE : Ry — R§' as introduced in Sect.12.3 for £ € R* near the origin, and write
HS(Y®) = {H*(Y{); k € N}. We shall use the notation

Yy = (Yf, ..., ¥5.,0,0,...),
Yo = (Vi oo Yo 2 Yo oo, Y5 0,0,..0), 1< <N°,
Ty = (7f, .o T, 0,0,..0).

We remark that the random variable Y7, . is (Rf)™ = U2, (R")/-valued, while
tf ye is the RY = J3Z, (R4)/-valued one.

Rather than giving a topology to these infinite-dimensional spaces we will only
restrict their properties to each corresponding finite-dimensional space.

In fact, we define the space Cp°((Rf)>; R?) as the space of all functions f :
(R)>* — R such that this function restricted to each (Rf')/ = (Rf')/ x []= 110},

denoted by f| (ny+ elongs to the space C°((RgH? ; R?) and for any multi-index
0

a = (o, ..., ty), m € Nwith o® = max;—;,__, o,
o0
Ou [ |
> 18 g oo f,’R’ le _ 0. (12.10)
— Jj!
j=a

Definition 12.4.1 Denote by .7, (R?) the set of R?-valued random variables X which
can be written as smooth functions of (Y¢; t¢). That is,

X = ®(Y1€—>N" Tf—)N‘)’
where @ : (Rf')® x RY — R? is bounded such that @(-; t) € Cgo((]Rg’)oo; Rd)

uniformly for t € [0, T]>.
Furthermore they satisfy the following property:

D (Vi yerrs tionett) Lrcoizne sy =2 (Y{ yes ti, ye)-
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Here, t’i_> ¢ has the same components as t;_, y:;1 except for the component i which
is deleted from the vector t;_, ye 1.

Notice in particular that the function @ introduced above when restricted to (Rf )/,
J € N, is a smooth function with at most linear growth order at infinity. This space
characterizes all random variables which can be written as smooth functions of the
random variables associated with the jump size and jump times of the process Z°.

The second property states that given the function representation of X, one jump
size is replaced by zero; it is as if that jump did not happen. Sometimes in order to
stress the dependence of X on &, we will prefer to use the notation X¢ € .7, (R9).

Exercise 12.4.2 Prove that for 0 < gy < &; then .7, (R?) C .7, (R?) and that X ¢
defined in Exercise 12.2.5 is an element of .7, (R%).

Proposition 12.4.3 Let p > 2,¢ > 0and N € Z,. Then, it holds that
(R c LP(2; RY) c L*(2; RY).

Proof The set of inclusions is clear; because of Hypothesis 12.3.1 and the definition
of Lévy measure, we have that:

|zI? v(dz) ~|—/ 1z]? v(dz) < +oo.

By

In fact, under the above conditions, we can check easily that for fixed ¢ > 0 and
p=2

E[|Y¢17] = v(dz) < 400,

—SAg

oo =1,k €
E[(r,f)p]zfo sPHELAk (k—l)'ds < 400.

The proof is complete.

Definition 12.4.4 For z = {zj; j € N} € RF)*® and X°® € Z,(R?), define the
stochastic derivative operator D,X® = {D,, X¢; j € N} by

e,(j.§) . ; &
b x- (@)of@ (i w)) = =N,
! 0 (j = Ne+1),
where Yfijﬁ) = (Yf, .. Y5, Hé(z;), Y Tl e Y, 0,0, ..). When N¢ =

0, the above sum is deﬁned as zero. Moreover, deﬁne D; = Dy;.

We remark that D, X* is the R?*“_yalued random variable. The meaning of the
above definition of the derivative is as follows. One introduces a deformation function
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H¢ which will tangentially (¢ = 0) determine the derivative of X¢. The derivative
operator is well defined and the chain rule for it are straightforward properties. In
fact, for 1 < j < N¢,

D.,(G(X) = (9), |G (2 (P90 i)}

= (VO (V7R s Tiy)) ()| 2 (757 )]
= (Vo) (xX*) D, X* (12.11)

for G € C'(R?; R), where X>\) = @(Yfij},g; ¥ v ) and Yo, = yEuo),

Exercise 12.4.5 Rewrite Zy; 1 D;jX? as an integral with respect to the Poisson ran-
dom measure. In particular, in the case of the solution to the equation in Exercise
12.2.5, find the linear equation satisfied by D, X7 (j € N, 1 € [0, T]).

For a hint, see Chap. 14.

Definition 12.4.6 Let ©° € .7, (R") be expressed as ©° = A(Y{_ . T y: )
where A : (Rf)™ x R?® — R* is bounded such that @(-; t) € C;°((Rg)™; R*)
for given t € R Define the operator § by

5(6°) = NZ div{hn(z;) £(z;) ©¢(z;))

=1 f(Zj) Z/:Y;'
N . ' e
- (v div{h(z)) £ )} o -3 u(D;0°),
j=1 f(ZJ) Z/'=Y7 j=1

where ©¢(z;) 1= A(Y," 55 ©f_ y.).j € N. When f(¥¢) = 0, the first term within
the above sum is defined as zero. Moreover, if N¢ = 0, then the above two sums in
the right-hand side are also defined as zero.’

We remark that § (©®?) is a R-valued random variable.

Exercise 12.4.7 Rewrite the first sum in the definition § (®*) using an integral with
respect to the corresponding Poisson random measure.
For a hint, see Chap. 14.

Exercise 12.4.8 Once Exercise 12.4.7 is understood, the proof of the following
lemma (recall Chap.4 and Hypothesis 12.3.3) is straightforward.

Lemma 12.4.9 The following sequence of random variables:

/ With@ QY 4z an, e e 1)
U, x[0,T]

f@

7This sum convention is used from now on.
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is uniformly integrable, and converges in L' (§2) and its limitas ¢ — 0 has as average

divih() £(2))
T ———v(d2).
/I;g o 9

Note that the definitions of D and § depend on the deformation function H¢. In
order to find the relation between the operators D and §, we shall introduce some
notation. Let X € .7, (RY) and ® € .7, (R*). Then, the random variables X and ©
can be rewritten as:

X' =@(Yyes Tinn), O° =AYy Tpe),

where @ : (Rf)* x R — R and A : (RG> x R¥ — R* are bounded such that
D(-;t) € C?((Rg’)(’o; Rd) and @(-; t) € Cgo((Rg’)oo; R”) for given t € RY.
Then, we have:
Lemma 12.4.10 Let0 < ¢ < 1, X* € Z.(RY) and ©° € .7, (R"). For G € C}(R?;
R), it holds that

-
E| ) D; (G(X)) 0°(Y)) | = E[G(X)8(0)] + E[Z:(G(X?), ©°)],
j=1
: (12.12)

where

N€

Z(G(X); OF) = Z/B n(z;)* h(z;) f)(\z") G(e(Vi: i)
j=1 70U ‘
x A(YP Rt tilye) o(dz)).

That is, D and § are approximately the adjoint® of each other if we interpret %,
as a residue and use the following inner product definition:

NS
(D(G(X?)), 0°) = > D;(G(X)) O°(Y).

j=1

We remark that D; X® = 0 for j > N°. Putting this together with the chain rule in
(12.11), we have that the above statement is an approximate IBP formula.

Proof Forz = {Zj; j€ N} € (Ry)>, define

D, X" = (ag)o{q>(yf§f;,i); flgNS)} = (rE9) ).

The chain rule tells us that for @¢ = A(Y{_ y.; tf_ y.), one has

81t may be helpful to recall the discussion at the end of Chap. 10.
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N
Y D; (G(X) O°(Y))
Jj=1
-
=E| ) D;(GX)) O°(Y)) sy
j=1
-
=E Z(VG)(XS)D XE O (Y 1yes)
_]_1
-
=E| Y [(VGo®) W; AJ(Y{_ ye: Tf_no) Lovesy)
j=1

Il
,MZ

[[(VG o P) W, A](Y1—>N TN 1(NE=N)]

=
v
v
~
i

Il
,MZ

[ vtz E[[9G 0 @) w; AT 71 T

=
v
Z
I

Il
~

e,N-
N>1

We remark that the above integrals and the ones to follow from now on are all
well defined due to Hypothesis 12.3.3. In fact, recall that

(85)0{(1) fijNé)’ T1—>N)} = 3z/q)( 1:(]1\)% Tl—>N)h(Zj)
() .
= \I/j (Yl£—>jN ’ tlgﬁN)'

Then, using Fubini’s theorem and the definition of v,, we have
N
Ly = Z/vg(dzj)E[(VGoqﬁ)( Yoy tiy) 0, @ (Y0 s til ) hiz))
x AR i) 1<N6=N>]
N .
_ ZE[[vg(dzj)E)zj{G(dﬁ(Yff[\),; i) e
Jj=1
x A(Yf_()’,\),, T1»N) 1(N€=N)]

N
= ZE[[U dz; divzf{G(qj(Yfi’&’ HN)) h(zj) f(zj
j=1 ‘

é‘
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() .
x AV THN)} 1(N€=N)}

N
S RO T

j=1

x div,, {h(zl f(Zj

&,(J)
A(Yl—>N’ TN } 1(N€ N):|
=ilg N1 +[s,N,2o

In the fourth equality, we have used the product rule for the divergence operator. That
is,

(Yf;()jlzl ; tls—>N) }

P (Z’ AR Ty

div, |G (@ ({55 oy )h(z,
= 8Zf{G( ( 18—(>jlzl’ )
&, f(z &, j &
+G(<p( 1&13/7 TN )dlvz {h(zj — A(YI*(;II\)/; Tl—>N)}'

Furthermore, we can get

N
Leno = —Z/ deq)E[G(@(Yfij[\),; T18—>N))
j=1
dive, 1) @) A(YER s 7))
&) " ”)}
- —E[G(@(Yf_w; )

N divz/{h(z,-) f@) AP ffézv)}
f(Zj)

X

X

l(NS—N)iI .

j=1 zj=Yj

On the other hand, the divergence formula leads us to see that
N
Lni= ZE[/ dz; divzj{G(q>(ij)V, rHN))
j=1 B
S (z G
X h(zj) === A(Yfi’fv: 718»1\/)} Line=n)

N
- ZE[/&U n(zj)*G<<p( Y Ti)
j=1 ¢
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x h(z b f(Z]

A(Ylg—%s T, y) 0 (dz)) Lo N)]
Therefore, we have

e
Y D (G(X%)) O°(Y)

j=1
NE
= E[Z/ n(zj)*G<(P Yy THNe))
‘o Jou.
(z;) j
x h(z;) fk—] AV R T ) o(dz)) 1(Nle>}

_ E[G(@(Yf_),\,g ; rf_)Ns))

o divfa) e A )|
) =1 f(Zj)
=E[%.(G(X*); ©°)] + E[G(X*) 8(@)].

1<Nle>]

—VyE
Z,'—YI-

The proof is complete.

Lemma 12.4.11 Under the same hypotheses as in Lemma 12.4.10, it holds that

E[Z:(G(X°); ©°)] =T V() E[G(X) ©°] + o(1)

(12.13)

/ div{h(z) f(2)}
. f @)

as & — 0.

Proof Since P[N® = N] = (% T)" e /N! for N > 0, we have

E[%.(G(X*); ©°)]

= >N =]

N>1

N
x E Zfa n(z;)" h(z; )f(zf) [(Go®) A](Y s i y) oz N =N

(}\4 T)N—l

(N = D!

—)\ETJ

N>1

Recalling the result in Proposition2.1.21, each term can be computed as follows:
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T N
Jox = Z/EU "EhED TG

N!
x [(G o @) A] (Y7 t1_>N)0(dz])i| Zwdtion.

We will replace in the above expression [(G o @) A](Yf’_(f[\), ; tiny) with [(G o
D) A]( 18 LC?, N PN N)| If we denote the new expression obtained after this sub-

stitution by J N We have by the definition of the class .7, (R?)

0
JE,N

T
: / n(2)* h(z) £(2)o(dz)
AU,

N

N!
XZ/ E[[(GO@)A](YIS_)N_I, t1_>N)i|Wdt1_>N
j=1 n<.<tj<.<ty<T

/ n(2)* hz) f(2)o(d2)
AU,

(N —1)!
X / E[ [(G °o®) A](YI(E%Nfl ; tHN*I) ]Wdtl%/vl'
h<..<ty_<T

Hence, we can conclude the result once we prove that the following difference
converges to zero:

A =E / n(z:)*h(z;) f(z;
[ oy, i) fzp)
) _ &(Jj) . .
x ([G o @) A7 R tiw) =[G o @) A7 R ], _oi tiew)) o(dzj)].

This term can be bounded using the mean value theorem as follows:

A= E[/ n(z)" hz)) £ (3, [(G o @) A (Y1 tHN)zjo(dzﬂ}

AU,
=o0(1)

as & — 0, where the random variable §; € [0, 1]. The reasons for the convergence are

because G € Cg(Rd s R),D(5 t) € Cl‘fo((Rg’)oo ; Rd),A( t) € C"O((R’”)oo ”)
which satisfy (12.10) uniformly for t € [0, T]°°. Therefore, we obtain that

E[%.(G(X*); ©°)] =T v(d2) E[G(X®) ©°] + o(1)

/ div{h(z) f(2)}
\ f@

as ¢ — 0. The proof is complete.



12.4  Variational Calculus on the Poisson Space 247

Corollary 12.4.12 Under the same hypotheses as in Lemma 12.4.10, it holds that

e
E|Y D;(G(X%) 6°(Ys) :IE[G(XS)S(@S)]+0(1) (12.14)

Jj=1
as € — 0, where

5(©°) = —f WA SO) 0 an o
U.x[0.7] f @

(12.15)
- f tr(D.0°) A (dz, dt).
U.x[0,T]

Next, we move towards the generalization of the stochastic derivative to its pos-
sible domain by a limit procedure.

Definition 12.4.13 Let p > 1 and [ € Z... For an R?-valued random variable X €
U0<s§1 %(Rd), define

1 X\lLr 2 maey (I=0),

11| ! v
pl = P kv P
(nan,,(Q;Rl,) + Y D XN o misrnen (I eN),
k=1

where DX = Zf’; , D; X is givenin Definition 12.4.4 as the R¢ ® R"-valued random
variable, and D¥X = ZIIV:, D;(D*"'X) is defined inductively. Denote by D,, ; (RY)
the completion of U0<351 7, (R?) with respect to the norm || - || Pl

Exercise 12.4.14 Let X € D, ;(RY). For any given sequence &, — 0 in (0, 1],

prove that there exists a sequence of random variables X, € .7, (R?) such that

lim, . | X, — X[ ,; = 0. In the case that X is a bounded random variable, one

can choose the sequence of r.v.s in such a way that they are uniformly bounded.
For a hint, see Chap. 14.

Definition 12.4.15 Forg > 1,/ € Z, and ® € D, ;(IR"), define the R-valued ran-
dom variables §(©) and §(©) by

5©) = —/ W@ O} 42 ane
Ry x[0.7] f (@)

- / tr(D.O) A (dz, dr)
R x[0,T]

3(0) = —/ divih() / @)} N (dz,dr) ©
Ry (0,7} f@
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— / tr(DZ@)) N (dz,dt).
R x[0,T1]

We remark that as explained in Lemma 12.4.9, the right-hand side with stochastic
integral in §(®) exists as an L'(£2, R)-random variable, due to Hypothesis 12.3.3.
Also D,® denotes the stochastic derivative defined in Definition 12.4.4. There-
fore the above definition includes the fact that the following L'(£2, R) limit exists:
lime o [y 0.7 tr(D.0°) A (dz, dt) =: ngx[O’T] tr(D.O) A (dz, d1).

Exercise 12.4.16 Prove that the above definitions extend the previous definitions of
D in Definition 12.4.1, § in Definition 12.4.6, and § in Corollary 12.4.12.

Exercise 12.4.17 Assume that ® is a bounded random variable. Furthermore,
assume that the uniformly bounded sequence of r.v.s {®,; n € N } satisfies that
|©, — O@]1,1 — 0asn — oco. Prove that the sequence {6(®,); n € N} converges
in L'(£2; R) to

5(0) = —/ div{r@) @} N (dz,dt) ©
Ry x[0.7] @)

- / tr(D.O) A (dz, d1).
R x[0,T1]

Exercise 12.4.18 Assume that @ is a bounded random variable. Prove that if we

div{h;ilif(z)} v(dz) < C and © € D, ;(R") , then we have

further assume that ng
that §(®) € Lz(.Q; R) and

18(O) | 22:r) < € (1+VC)IO2,1-

Furthermore prove the stability of the definition in the following sense. Let { ®,; ne
N} C Upep) LR with |©, — Ol 1 — 0asn — 00.Thend(O) = L*(2; R)-
1im,,_, o 8(©,). Give the proper assumptions in order to extend this result to conver-
gence in the space L9 (£2; R), ¢ > 2. Also give a similar result for §.

Theorem 12.4.19 Let p, g > 2 such that 1/p +1/q = 1. Let X € D, | (RY), and
O € D, 1 (R*) be bounded. Then, for G € C Cl (R?; R), it holds that
D (G(X)) = VG(X) DX,
E[D(G(X)) 6] =E[G(X)S(@)]. (12.16)
Taking into consideration Exercises 12.4.7, 12.4.17 and (12.16), one may some-

times state, loosely speaking, that the dual operator associated with the derivative
operator is the stochastic integral.

Proof The first assertion is clear via the limiting procedure in the definition of
D, (R%). Now, we shall prove the second assertion. From Proposition 12.4.3, we
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can find the sequence { X, ; n € N} inJ,_,., -7:(RY) such that || X, — X, — 0
as n — oo. Since X, € U0<£<1 Z,(R?) for each n € N, there exists 0 < &, < 1
such that X, € ., (R%). For sufficiently large n € N, we can assume without loss
of generality that 0 < ¢, < 1 and &, — 0 as n — 00. On the other hand, due to
Exercise 12.4.14, as ® € D, ;(R"), we can find a uniformly bounded sequence
{©,: n e N} C .7, (RY) such that |©, — O|;,; = Oasn — oo.

From Corollary 12.4.12, one obtains that

E[D(G(X,) 0,] =E[G(X,) 8O0 ] +0(D).

Using the uniform boundedness of ®,, and taking the limit as n — oo (recall Exercise
12.4.17) enable us to see that

E[D(G(X))©] = lim E[D(G(X,)) 6,]
= lim {E [G(Xn) S(@n)] + 0(1)}
—E [G(X)S(@))] .

The proof is complete.

The following remarks point towards possible extensions of the above construction
which uses approximation techniques in order to obtain IBP formulas.

Remark 12.4.20 (i) The case of unbounded @ can be also studied under stronger
conditions. See Exercise 12.4.21.

(i) The construction we have given here is a pathwise type of construction towards
the IBP formula. It should be clear that there is the option of introducing a weak
type formulation using weak convergence, instead of L” (£2; R?)-convergence.

(iii) Similarly, the fact that the Lévy measure v is absolutely continuous with respect
to the Lebesgue measure in Hypothesis 12.2.1 can be weakened by using proper
approximating structures.

(iv) The appearance of the term w in §(©) and §(©) will be extremely
important in the discussion that follows. In particular, we will observe that a
good definition of 4 will allow the control of g as can be seen from Exercise
12.4.23.

(v) Clearly the duality formula in (12.16) leads to an IBP formula due to the chain
rule (12.11). See Exercise 12.4.22.

(vi) In the light of the results in Sect. 11.5, the requirement on the inverse moments
of the so-called stochastic covariance matrix is currently hidden in the condition
that ® € D, (R).

(vii) Note that the use of § instead of 8 can help change Hypothesis12.3.3,

o aiv{no s} [

i) v(dz) < +oofromi = 1lintoi = 2.
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Exercise 12.4.21 Assume the condition in Exercise 12.4.18. Prove that in that case
one can prove the result in Theorem 12.4.19 without the assumption of boundedness
of ®.

Exercise 12.4.22 The following is a first simple application of the IBP formula
in the one-dimensional case (d = m = u = 1). Consider any Lévy measure satis-
fying the hypotheses stated in Sect.12.3 with the deformation function H®(z) =
ze™5%. The goal of the following calculations is to provide an IBP formula for
X = f(o,l]x(o,l]ze/‘/(dz’ds)-

1. Use the duality formula in (12.16) to prove the following IBP formula, assuming
necessary conditions on X, @ and G so that the formula is valid:

E[G'(X)©] =E[GX)§((DX)™" ©)]

2. Use this result in order to prove the following IBP for the characteristic function
of X:

i0E[X] = E[“* §((DX)1)].
For a hint, see Chap. 14.

Exercise 12.4.23 Recall Theorem 10.5.11. Compare the formulation with the one in
this section in the one-dimensional case. In particular, provide an example of the Lévy
measure which is supported on the whole real line so that the deformation function
H?(z) = z e~ %% satisfies the hypotheses in Sect. 12.3. Provide an IBP formula in
the particular case of characteristic functions. Think of other possible deformation
functions which may achieve the same goal for other Lévy measures. For example,
try Hé(z) = ze ¥V and state some minimal conditions on the function . Also
see Sect. 12.6.3 later.

Exercise 12.4.24 Reconsider the above proofs from the beginning of Sect.12.4
changing (12.8) under the following set-up:

() = %f@ 0(d2) = £(2) dz.

Here, ¢, € C;°(R™) is a positive function such that

@) = 0 (zl =9,
T (2 = 200,
Furthermore, A, is determined so that f, is a density function. In particular, prove

that through the above approximation, one can also obtain a result similar to Theo-
rem 12.4.19.
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Now, we shall study the higher-order IBP formula in our framework. Let G €
Ccx (Rd ; R) and X € D, >(R). Then, as seen in Theorem 12.4.19, we have

D(G(X)) = VG(X) DX.

Assume thatd = u so that DX takes values in R? ® R?. Suppose that (DX) ! is well
defined. Foreachk =1, ...,d, denote by e, = (0,...,0,1,0,..., O)* € R the k-
th unit vector. For Z € D, | (R), Theorem 12.4.19 yields that under the assumption
that §((DX)'ex Z) € L'(£2),

E[0:G(X) Z] = E[D(G(X)) (DX) "¢, Z]
= E[G(X)S((DX)—lek Z)].

Forn € N, leti,...,i, € Nand define ®;, _; (Z) by
S V_l i Z =1 )

Oi,..i,(Z) = ~( lel ) (n )

S(V_ ei,l,1@i1$,,,,inil(z)) (n > 2)

Then, iterative applications of Theorem 12.4.19 enable us to see that under a finite
moment hypothesis on &;,_; (Z) for all finite indices (i1, . .., i),

.....

E[0;, -+ 9,G(X) Z] = K[, -+ 0;,G(X) ©,(Z)]
= E[3i3 ce ai,lG(X) @il.iz(z)]

= ]E[Bin G(X) @il,...,i,hl (Z)]

Therefore we obtain the following result.

Theorem 12.4.25 Let d =u, and p, q > 2 such that 1/p+1/q =1. Let X €
]D)p,nH(Rd) and Z € D, ,(R) such that &, _; (Z) e L'(2) . Then for G e C°
(Rd ; R), it holds that

.....

AAAAA

properties of (DX)~!, or in other words, on the fact that det(DX) ™! € ﬂp>l LP(82).
This has already been discussed in Sect. 11.5.

Exercise 12.4.26 Write the details of the proof of the above theorem. In particu-
lar, prove that (DX);1 € ﬂp>1 LP(82) for any i, j = 1, ..., d if one assumes that
det(DX) ! € ﬂp>1 L7 (£2).
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12.5 Approximation of SDEs

In this section, we apply the above methodology to obtain an IBP in the classical
situation of stochastic differential equations with jump components. We will use
many ideas exposed already in Chap.7. Although those ideas were carried out in
one dimension, the multi-dimensional extension is straightforward.9 Therefore, we
will always assume Hypothesis 7.2.2 which implies Hypothesis 7.1.3. Furthermore,
adding to the hypotheses in Sect. 12.3, we will also assume:

Hypothesis 12.5.1 sup[/_ }Hé(z) —z|2v(dz) +/_ |H$(z)|pv(dz)} < 00
ger UJB, B¢
for some open set F' C R* including the origin and angf p=>2.

This hypothesis will be used in order to define the approximations to the solutions
of stochastic differential equations and their stochastic derivatives.

Remark 12.5.2 Let F C R" be an open set including the origin. The condition

sup |Hé(z) — Z| <C(zlA D
EeF
is a sufficient condition for Hypothesis 12.5.1 to be satisfied, because of Hypothe-
sis 12.3.1.
Hypothesis 12.5.3 Let F C R* be an open set including the origin. Assume that
H? (z) is once differentiable with respect to £ € R* for all z € R{', and that we have,
foranya, b € F,
2
[ @b, @ = @), @) v + [ |0, 5@ = @), o @)vaa)
1 1
<Cla— b
fork =0, 1.

This hypothesis will be used in Lemma 12.5.6 in order to obtain the necessary con-
tinuity properties of the derivative flow. Recall that we are assuming Hypothesis 7.2.2
and that the stochastic differential equation of interest is

t
X, =x —I—/ b(X,) ds —I—/_ a(XS_, z) N (dz,ds)
0

B x[0,t]

+/_ a(Xs-,z) Az, ds).
BEx[0.1]

9We assume that the reader can extrapolate the conditions in Chap. 7 to the multi-dimensional case,
otherwise they may also assume that the current chapter applies for the cased = m = u = 1.



12.5 Approximation of SDEs 253

Also note that due to Hypothesis 12.3.1 and the definition of Lévy measure, we have
that for any p > 2,

= | l2Pv@a) + [ [z17v(dz) < oo.
B B

Define

BSx[0,1]

Zt = t—i—/_ ) zi(dz,ds)+/ 2N (dz, ds),
(BiNBE)x[0,1]

and let X* be the solution associated with the Poisson random measure generated by
Z¢ (see Exercise 12.2.5).

Lemma 12.5.4 Under Hypothesis7.2.2, we have for p > 2

IE[ sup |X; — X,|p] —0
0<t<T

as e — 0.

Proof For the proof, one applies strategies which have already been used previously.
Using Hypothesis 7.1.3, together with the Burkholder—Davis—Gundy inequality (see
Proposition 7.1.2) and Gronwall-type estimates, one obtains the following uniformly
estimate in L? (§2) for the process X°:

sup IE[ sup |X§|”] < C@x.T.n). (12.18)

0<e<l 0<s<T

Similarly, if one considers the difference between the processes X° and X, the
difference satisfies

t
X, - X; =f {b(x,) — b(XD)} ds

0

+ /- i} {a(Xs,, 7) —a(X;_, Z)} «/V(dz,ds)
(B1NBE)x[0,7]

+ / a(X,_, z) N (dz, ds)
B, x[0,1]

+/. la(X,—,2) —a(X;_, 2)} AN (dz, ds).
BEx[0,1]

A similar argument to (12.18), leads to the estimate

E[ sup ‘Xf - Xs‘p] <C(x,T,np) / |z|? v(dz).
B.

0<s<T

Therefore the conclusion follows.
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In a complete analogous way, one defines the transformed/deformed approxima-
tion processes. For sufficiently small £ € R?, such that Hypothesis 12.5.1 is satisfied,
let X¢ = {Xf ;> 0} be the R¢-valued process determined by the stochastic dif-
ferential equation of the form:

X; =x+/ b(x%) ds+f a(X;_, H () N (dz. ds)
0

B x[0,7]

+ / a(X;_, H*(2)) A (dz, ds).
B x[0,1]

As in the proof of Lemma 12.5.4, we can then define the process X*¢ which neglects
all jumps less than ¢. Then, as before we define

z5¢ = t+/7 ) HE(2) f(dz,dS)+[ H*(2) A (dz, ds).
(BiNB)x[0,1]

BEx[0,1]

Therefore, the proof of the convergence of the sequence of processes X*¢ towards
X% ase¢ — 0is done as in Lemma 12.5.4, because due to Hypothesis 12.5.1, we have
forp > 2
= | |H @ vd2) + [ [H ()" v(dz) < 0.
B B

Lemma 12.5.5 Under Hypotheses 7.2.2 and 12.5.1, we have for p > 2

E[ sup |X;° — X,E|p] -0

0<t<T

as ¢ — 0. Furthermore, we have X* ’z;':o = X.

Now, we shall discuss the differentiability of the process X¢ with respect to the
parameter &.

Lemma 12.5.6 Under Hypotheses 7.22, 12.5.1 and 12.5.3, the R?-valued process
Xt = {X,E ; 1t €0, T]} is differentiable in & a.s., and the RY%4 yalued derivative
process {Vf = Bng ; tel0, T]} satisfies the equation:

A :[ da(X:_, HE (2)) 0 HE (2) N (dz, ds)
B x[0,1]
+ f da(X:_, H (2)) 8: HE (2) A (dz, ds)
B¢ x[0,1]
‘ (12.19)
+ f Vb(X$) VEds + / Va(X5_, H (2)) Vi A (dz, ds)
0 By x[0,1]

+ / Va(X;_, H*(2)) V. A (dz, ds).
B x[0,7]
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Proof This result is a direct consequence of the Kolmogorov continuity criterion
for random fields. One can also adapt the set-up in Theorem 2.3 of [27] by setting
the first component of the stochastic differential equation as the constant £ and the
Lévy process as a process concentrated in the functions of the type a (x, H¢ (z)) with
measure v(dz).

Similarly, we can obtain the differentiability of the process X¢*¢ with respect to
the parameter &.

Lemma 12.5.7 Under Hypotheses 7.2.2, 12.5.1 and 12.5.3, the R?-valued process
X6¢ = {Xf’s it [0, T]} is differentiable in £ a.s., and the R™"-valued derivative

process {Vf"5 = Bng’s ; 1 € [0, T]} satisfies the equation:
AR / da(X:", HE (2)) 9 HE (2) A (dz, ds)
(BiNBE)x[0,1]
+ / da(X5°, HE (2)) 9: HE (2) A (dz, ds)
BEx[0,1]
t
+ / Vb(X5*) V€ ds (12.20)
0
+ / Va(X5F, HE (2)) VE® N (dz, ds)
(BiNBS)x[0,1]
+ / Va(X{f, H (2) V¥ A (dz, ds).
BEx[0.,1]
As in Lemmas 12.5.4 and 12.5.5, we have:

Lemma 12.5.8 Under Hypotheses 7.2.2, 12.5.1 and 12.5.3, we have for p > 2

]E[ sup |V,8’$—Vf|p]—>0, as s — 0.

0<t<T

Let C; < C; be two positive constants, and & € C)° (RY @ R¥; [0, 1]) such that

1 (ldetV] € (Cy, Cy))

B(V) = {
0 (JdetV] ¢ (Cy/2,2C).

Then, we can get a similar assertion to Theorem 12.4.19. Recall that we are assuming
the hypotheses in Sect. 12.3, as well as Hypotheses 7.2.2, 12.5.1 and 12.5.3.

Theorem 12.5.9 Letd =uand G € C Ll (R?: R). Assume that

/.

2

div{h(z) f(2)}

div{h(z) f(2)}
d - - 7
7@ ‘ v( z)+/m

f(@)

v(dz) < oo,
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and E (Vr) VT_l e Dy, (R4*4). Then, it holds that
E[VG(Xr) E(Vr)] = IE[G(XT) 5(2(vr) v;‘)]. (12.21)

Exercise 12.5.10 Prove Theorem 12.5.9.

Clearly, one may write other versions of this result. In this case we have localized
the IBP formula on the set where the inverse of the matrix Vr is well defined.

12.6 Relation with Bismut’s Approach

In this section, we compare the previous approach with a method based on the
Girsanov theorem, which is a change of measure approach used in the most classical
forms of the IBP formula. This approach is also known as Bismut’s approach in the
literature. We have discussed the Girsanov change of measure in the simple setting
of Poisson processes on Exercise 2.1.40.

12.6.1 Girsanov Transformations

Now, we discuss the IBP formula in the light of infinite-dimensional measure trans-
formations, better known as the Girsanov theorems. The statements which follow in
this subsection are based upon [40]. See also Theorems 33.1 and 33.2 in [51]. The
following lemma is a form of the martingale representation theorem. That is, we state
that a martingale can be expressed using stochastic integrals.

Lemma 12.6.1 (cf. [39]-Theorem 2.1, [40]-Theorem 6.1) Let {c; ; t € [0, T]} be
a positive local martingale with oy = 1. Then, there exists a unique R-valued pre-
dictable process {g(t, z);te€l0,T], z € Rg’} satisfying

/_ lg(t, 2)> A (dz, dt) < oo, as.,
B1x[0.T]
/ (exp[g(t, )] —1) N (dz,dt) < 0o, as.,
BSx[0,T]
such that if we define

X, :==exp |:/ g(s,z)j(dz,dS)+/ g(s,2) A (dz,ds)

B x[0,1] BSx[0,1]

_ me o (exp[g(s.2)] —1—g(s,2) 15 (2)) N (dz, ds)j| ’

then we have that o, = X, forallt > 0.
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From the above lemma, we may use the notation o; = o, (g).

Exercise 12.6.2 Prove that the process on the right-hand side (in the definition of
X;) introduced in Lemma 12.6.1 is a local martingale.
For a hint, see Chap. 14.

Exercise 12.6.3 This exercise is a preparation for the next lemma. Let a7 be an .%7-
measurable, positive random variable such that E[a7] = 1. Define Q(A) := E[1407]
forany A € Zr.

1. Prove that Q is a measure on (£2, .%7).

2. Prove that Q is absolutely continuous with respect to IP.

3. Suppose that o} ! is integrable. Then, prove that P is absolutely continuous with
respect to Q.

4. Under all the above conditions, prove the following conditional formula:

JEQ[Y|,?S] = IE[Y aﬂﬁx] a;l,

which is usually called the Bayes formula.

For a hint, see Chap. 14.

Lemma 12.6.4 (cf. [39]-Theorem 2.3) Define a new probability measure QQ on
(2, Fr) by
dQ
Ty =ar,
dP |z,

where the coefficient g satisfies the conditions stated in Lemma 12.6.1. Then, we have
that:

(i) The random measure N (dz, ds) given by
ﬁ(dz, ds) = AN (dz,ds) — exp [g(s, z)] JT/\(dz, ds)

is a martingale measure with _respect to Q. Moreover, the stochastic integral
with respect to the measure A 8(dz, ds) is well defined as a local martingale
under Q.

(it) Suppose that g is a deterministic function. Then, the random measure /" is still
a Poisson random measure under Q with intensity measure exp [g(t, z)] N
(dz, dt).

Proof (1) We remark that
da, = / a,— {explg(t, 2)] — 1} N (dz,dt).
R

Define
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= / ¢(s.2) N ¥ (dz, ds),
R x[0,7]
where {(p(s, z);s€[0,T], z€ Rg‘} is a predictable process with
/ (s, 2)* exp [g(t.2)] N (dz, ds) < 00, as.
R x[0,7]
Using the It6 formula (Theorem 5.3.17), one has
dI) = f o [Ii-{exp e, 0] = 1} +exp[e(t, D] 0t )] A (dz, db).
Ry

Then, the process I = {F, ;te|0, T]} is a local martingale under the measure Q
due to Bayes formula.

(ii) Suppose that the function g is deterrr/li\nistic. LetleN, yi,...,y >0 and
U,...,U € %(Rg’) be disjoint such that </V(Uk x [0, t]) < 00. Define

I
A, = exp [—/ > vy, (2) A (dz, ds)i| .
w101 1=y
Then, the It6 formula (Theorem 5.3.17) gives that
l
dA, = f Al {exp |:— Zyk lyk(z)j| — 1} A (dz, dt).
Ry k=1

Again, the Itd formula (Theorem 5.3.17) yields that

1
d(o; Ar) = / o A {eXp [g(t, SEDYE luk(Z)] - 1} N (dz, dt)
Ry

k=1

!
—i—/ o A, {exp |:— Zyk 1Uk(z):| — 1} exp [g(1, 2)] N (dz,dt).
R

k=1

Thus, we can obtain the following linear equation:

A u'Au
]E[a' ’9}}=1+/ E[“ ﬁ]
A Ry x(s.] L Os As

A Ay
l —_—
x {eXp [— > wly, (Z)] - 1} exp [g(u, 2)] A (dz, du),
k=1

which can be solved explicitly as follows:
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l
o; A
E[— %}=exp[/ exp| =Y wly )| -1
R x (s,1] =1

oy Ay
x exp [g(u, 2)] N (dz, du):|,

— exp [i - |

= Uex(s.t]

exp [g(u, 2)] A (dz, du):| .

In the light of Lemma 12.6.4, we can see, by comparing with (12.1), that we have
only accomplished the change of the compensating measure or frequency of jumps.
In fact, the new process does not necessarily have the same laws as the original one.
We will now change the size of the jump. This will be done in the next subsection.

Exercise 12.6.5 Under the setting of Lemma 12.6.4, find the characteristic function
associated with

Z, = / 72 N (dz, ds) +/ 2 N (dz,ds)

By x[0,f] B x[0,¢]

under the measure Q. Prove that Z is a Lévy process and find its associated Lévy
measure. This result is also known as the Esscher transform.
For a hint, see Chap. 14.

12.6.2 Changing the Jump Size

In this subsection, we achieve the invariance principle that appears in (12.1) in order
to obtain the integration by parts formula. In the remainder of this subsection, we
suppose that:

Hypothesis 12.6.6 The mapping H¢ satisfies the following conditions:
(i) H® e C'(Supp[v]; R™) is a one-to-one differentiable mapping for || < 1 with
H(z) = z, v-ae.
(ii) We assume thatdet 3, H (z) > 0, v-a.e. Define the random measure .44 (dz, ds)
by
f @(s,2) N (dz, ds) = f o(s. H*(2)) A (dz. ds),
R x[0,1]

Ry x[0,1]

and write forz € {y e R?; f(3) >0} C {y e R": f(H!(y)) > 0},

f(H%(2)

&
7® det 0, H®(2).

K (z) =

Note that the assumption stated above implies that k% (z) > 0, v-a.e.
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(iii)) There exists a positive constant C independent of & such that |In k()| <
C (lz] A1) and [k (z) — 1 — Ink®(2) Lz<p)| < C (2> A 1), v-ace.

Then, under the assumption (iii) in Hypothesis 12.6.6, we can define the new
probability measure QQ¢, via the Radon—-Nikodym derivative, by

aQ

o = ar(Ink%)

F1

BEx[0,T]

= exp[ f Inké(z) A (dz, ds) + / Inké (z) A (dz, ds)
B x[0,T]
—/ () — 1 —Ink*(2) lg](z)}ﬁdz,ds)}.
RY x[0,T]

Then, we have the following result.

Lemma 12.6.7 Assume that g =1Ink® satisfies the conditions stated in
Lemma 12.6.1. Then, the process {M,E =, (Ink¥); t € [0, T]} is an {Z:}iei0.11-
square integrable martingale under P. Furthermore, A ¢ (dz, ds) is a Poisson ran-
dom measure with intensity v(dz) ds under Q.

Proof The first assertion, as in the proof of Lemma 12.6.4, is a direct consequence
of the It6 formula (Theorem 5.3.17). In fact, the It formula (Theorem 5.3.17) leads
us to

aMf = | ME (K@) — 1) A (dz, dn)

B

+ | My (K@) —1) {4z, dr) — N (dz,dD)},

B;

which tells us that the process M* is an {.%,},c0.7)-square integrable martingale
under P.
Letyi, ...,y > 0,and Uy, ..., U € Z(RY) be disjoint. Define

1
éoté = exp |:—/ Zyk 1y, (Hf(z)) N (dz, ds)i| .
R,

5 x10.1] ko

As in the proof of Lemma 12.6.4 (ii), we have
[Mf &

”]
Mg

tTMEsE
=1+/]E[ : 5/ K (2)
s M; & IRy
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!
X {exp|: Z IUk H (2) :| }v(dz) Fy

k=1

t 5
=1+/ |: '2 / (H*(2))

X {exp|: Z IUk Hé(z) :| — l}dHS(Z)

%i| du
k=

Ny
=1+(/81{exp[—;yklw(z):|—1}V(d1))£ ]EI:Mng

Lo ME&E
:1+<;(6 "o _ )V(Uk))/ [Mfgf S}du,

which can be solved explicitly as

i| exp |:(t—s)2 e — V(Uk)j|

k=1

%} du

MEEF
E[M%@f

Therefore, 4% (dz, ds) is the Poisson random measure with the intensity v(dz) ds,
with respect to the measure Q;. The proof is complete.

Theorem 12.6.8 Assume that d = u and that there exist positive constants C and §
such that, for all |&| < 8, k® is differentiable in & with

|0 kS (2)| < C (2l A D), [9:k°(2) = 3 Ink¥(2) 15,(2)| < C (Jz* A D).
Moreover, suppose that {8g (E(V;f) (Vf)*l); &l < 8} is a uniformly integrable
family of r.v.s. Then, for G € CL(R?; R), it holds that

E[VG(X7) (V)] = E[G(X7) I'’],
. _ -1
r* = —di {2(vi) (vi) " mi}| .
£=0
Proof From Lemma12.6.7, we have

E[G(X5) 2(Vf) (Vi) M5 | =E[G(xp) v v '] (12.22)

The assertion follows by taking the divergence in £ in (12.22) and then evaluating it
for§ =0.

Remark 12.6.9 We remark that
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£=0

_ (8$M§ H) 2vn vt dive (2(v5) (vi) '} |

Using an argument similar to Lemma 12.5.6 for derivatives of flows, we can take the
derivative at £ = 0 of M;, which gives

£ — § d
My, _o = fRwa . %k (2)],_o A (dz, ds).
B xI0,

Since the derivative of the determinant function can be computed explicitly, we have

&
_0f(2) h(z)
 f@
(@) h(2)
 f@
_div{r(2) f(2)}
B f@

det 9. H® (z)} ‘
£=0

+ 9 {det 8. H* (2)}

£=0

+ (divh)(2)

and

ae {2(v) ()} _, = /R o ] D.(2 V) Vi) ¥ (e an

from the definition of the operator D, we have

o _f W SO} 500 (v v
RY x[0,T] f(@)

_/ w| D:(2(vr) Vi) | A @z, )
Ry x[0,T]
=52V V).

Remark 12.6.10 Clearly a comparison of both methods is in order. In doing so, the
reader will see that the conditions are almost the same except for some technical
conditions that apply to each method.
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12.6.3 Construction of Deformation Functions and Explicit
Examples

We will build functions H¢, k® so that they satisfy the conditions stated for each
method. Recall that the required hypotheses related to the deformation functions
were:

1. Norris approach: Hypothesis 12.3.2, and 12.3.3 or the condition in Remark 12.3.4,
the ones in Exercises 12.4.18 and 12.5.1, or the one in Remark 12.5.2 and finally
Hypothesis 12.5.3.

2. Bismut approach: Hypothesis 12.6.6.

On the other hand, we always assume that Hypothesis 12.3.1 is satisfied.

Example 12.6.11 (Gamma processes) Let Z be the gamma process with the param-
eters (a, b) introduced in Sect.11.1. Now, we shall choose H®(z) = bz/(b — &),
where £ € R such that £ < b. Then, the measure change is the Esscher transform:

dQ
dP

w@&)_(b

—aT
%:Mwmaﬂ_b—Q exp(& Z1).

Moreover, all the conditions listed in Sect. 12.3 can be checked easily. In fact, the
Hypotheses 12.2.1 and 12.3.1 are clear, because

1
/ v(dz)z/ ie‘bza’z:oo,
Ry 0o %

1 00 a a
/ (|z|2 A 1) v(dz) = / azexp(—bz)dz + / —edz<a+ —e?,
Ry 0 1 Z b

o0
/ lz|Pv(dz) =f az’ " exp(—bz)dz < ba—pl“(p)
|z]>1 1

for p>0. Since h(z) =d:H"(2)|,_,=2z/b, we have div{h(2) f(2)} = —a

exp(—bz). So, we can check the Hypotheses 12.3.2 and 12.3.3. Infact, 9. H (z) ‘s:o =
1, and

* a a
h(z)| v(dz) =f —edz= —,
[ ol = [ 5 =
divih(z) f(2) +oo a
/ M v(dz) = / a exp(—bz)dz = —.
Ro f @) 0 b
We proceed with Hypothesis 12.5.1. Let F be an open neighborhood in R including
the origin with a radius smaller than b. The condition in Hypothesis 12.5.1 can be
checked easily, because
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2 sl
sup/ |H5(z) — z|2v(dz) sup( § ) / azexp(—bz)dz < C — >
lzl<1 b—§ b

EeF

HE@)| v(dz) = p/mf”“d 2
EZE—/lz>1| @[ vidz) sup(b 5) 4t = (P).

The condition in Hypothesis 12.5.3 is checked similarly.

Now in order to check the conditions on the Bismut method, we use the same
deformation function which gives thatIn k* (z) = —zb& /(b — &). Then, all conditions
in Hypothesis 12.6.6 can be verified easily.

Example 12.6.12 (Variance gamma processes) Let Z be the variance gamma pro-
cess with the parameters (a,,, a, by, bn), where a,, a,, b, and b, are positive
constants. The Lévy measure is

v(d2) = | exp(=by2) Lo.400(2) + 5 exp(bi2) 1o ()] d.

Similarly to Example 12.6.11, we can prove all the conditions in Sects. 12.2, 12.3,
12.5 and 12.6, by choosing

HE(7) = b,z/(b, —§) forz >0,
byz/(b, — &) forz <0,

where & € R such that§ < b, A b),.

Example 12.6.13 (Tempered stable processes) Let Z be the tempered stable process
with the parameters (a, b, «), where a and b are positive constants, and 0 < o < 2,
introduced in Sect. 11.4. The Lévy measure is

v(dz) = —— exp(—b2) 1(0,+00)(2) dz.

Let ¢ € C'((0, +00) ; R) such that

lp@)| < C(zZP A D), 9@ <C(zl A1), (12.23)
For example, the function ¢(z) = 1 — exp(—z?) satisfies the above conditions. Let

H*(z) = z exp (& ¢(2)). Then, all the conditions listed in Sect. 12.3 can be checked
easily. In fact, the Lévy measure v(dz) satisfies the following conditions:

1
a_ -b
V(dZ)Z/ e %dz =00
-A\{O 0 ZI—HX

2 ! b *  la b a a _p
f (Izl Al)v(dz)z/ az! Zdz—l—/ TiT¥ ez < + ,
Ro 0 1 2—« b
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I'(p—a)

1
Py(dz) = p—o— b2 dz <
»/|Z|>1 jelPvida) ./1 s exp(~bz)dz bpP—¢

for p > «. Since h(z) = 0 Hé(2) |E=O = ¢(z) z, the conditions (12.23) on the func-
tion ¢(z) enable us to check Hypotheses 12.3.2 and 12.3.3 as follows: In fact, since
BZHE(Z)LE:O = land div{h(z) f(2)}/f(2) = 2¢'(z) — @ ¢(z) — bz ¢(z), we have

f Ih(2)| v(dz) = fooa@szczz
Ry 0 bl

® C((2Al 1 —b
</ age’bzdzfaC( ¢ )
0

- z¥ 33—« b
foo divir@ f@} v(dz) = / l¢'(2)z —ap() —bo) 7] —e iz
0 f@ Ry
<Ca(l+4+2w) (L-l-d)
b

Let F be an open neighborhood in R around 0. Then, to verify Hypothesis 12.5.1,
we have

sup | |H(z) — z|2v(dz) < sup { exp(C||) + 1}2 / az' e P dz

§eF JRy EeF 0
< sup { exp(Cl&) + 1} b2 - I'2—a),
EeF

sup/ |H§(z)|pu(dz) < sup e>CFl / az' e " dz
§€F Jz|>1 teF 0

< sup ] p— F(2 — o).
EeF b2~

Finally, the verification of Hypothesis 12.5.3 is trivial.
For the application of the Bismut method, note that

K@) = e OO 1 20/()), € > 0.

We leave the rest of the verification as an exercise.

Example 12.6.14 (CGMY processes, cf. [17, 36]) Let Z be the CGMY process,
that is, the Lévy process without a Gaussian component, with the parameters
(a,,, an by, by, ap, a,), where a,, a,b,, b, are positive constants, and
0 < ap, o, < 2. Its Lévy measure is

a
v(dz):{ R |1+a exp(bu2) 1(o0)(2) | dz
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Let H¥(z) = z exp (£ ¢(2)), where ¢ € C(Ro; R) such that |¢(2)| < C (|z]* A 1)
and |¢'(z)| < C (|z| A1), e.g. ¢(z) = 1 — exp(—|z|?) satisfies the conditions stated
above. Then, we can prove all the conditions in Sects. 12.2, 12.3, 12.5 and 12.6,
similarly to Example 12.6.13.

Exercise 12.6.15 Let Z be the truncated stable process with the parameters (k, «),
where « is a positive constant, and 0 < « < 2. The Lévy measure is

v(dz) 1(0 1](2) dz.

Use again H®(z) = z exp (E (p(z)) as a deformation. Find the appropriate conditions
for ¢ in order to verify all conditions for the Norris method and Bismut method to
be applicable.

Similarly, study the case of

vd2) = | 5 Ton@ + i oo @ dz,

where k, and «,, be positive constants, and 0 < o, o, < 2.
For a hint, see Chap. 14.

Remark 12.6.16 Let Z be the stable process with the parameters (k, o), where « is
the positive constants, and 0 < « < 2. The Lévy measure is

v(d2) = 75 Lo.400) (2) dz.

Unfortunately, the Lévy measure v(dz) does not satisfy Hypothesis12.3.1 in
Sect. 12.3, because the integral

o0
/ 1z|” v(dz) =/ k2Pl dz
lz|>1 1

is finite only for 0 < p < @ < 2.
Similarly, the Lévy measure

V() = { e Lo @)+ i Lewn ()] d

| |l+ot
of the pure-jump Lévy process Z does not satisfy the condition introduced in

Sect.12.3, where «, and «, are positive constants, and 0 < «,, o, < 2. In fact,
the integral

+o00 —1
/ Iz|P v(dz) = / Kp P~ gy +f Kk |z|P7V dz
lz|>1 1 —00
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is finite only for 0 < p < o) A, < 2.

The main problem is the existence of moments. Still, if one considers the fact that
h appears in the definition of the dual operator § and in DX as stated in Exercise
12.4.5, one sees that the Norris or Bismut method can still work with a proper choice
of the function ¢ under the deformation function H¢(z) = zef¢@. Since this is a
long subject, we do not discuss it here. This shows that the method has a versatility
when choosing the function ¢. In particular, it may also lead to local minimization
arguments once the performance criteria is established.

Problem 12.6.17 Repeat the same steps taken through this chapter to build an IBP
formula for an stable process. Some important points to consider are:

1. How to build the approximation Z° to a one-dimensional stable process Z so as
to have all moment conditions for Z?, although this property will disappear in the
limit.

2. Find a deformation function that may lead to an integration by parts formula.
One may consider the deformation H®(z) = zef¢® with ¢(z) = 0(|z|) as 7|
approaches zero with p > « and ¢(z) = O(|z|?) as |z| approaches infinity with
p<a.

3. Take the limit as in Theorem 12.4.19 and obtain the IBP formula. Find an appro-
priate hypothesis for the random variable @ in order for the formula to be valid.

4. Define (DZ)~! and try to use a method like that in Sect. 11.5 in order to prove
that its moments are finite.

Remark 12.6.18 One may consider a similar deformation on the time variables. We
leave this for the interested student or researcher. See for example, [22].



Chapter 13 ®)
A Non-linear Example: The Boltzmann Gzt
Equation

The purpose of this chapter is to show an application of the concepts of integration
by parts introduced so far in an explicit example. With this motivation in mind,
we have chosen as a model the Boltzmann equation. The Boltzmann equation is a
non-linear equation related to the density of particles within the gas. We consider an
imaginary situation where particles collide in a medium and we observe a section
of it, say R%. These particles collide at a certain angle # and velocity v, which
generates a certain force within a gas. The Boltzmann equation main quantity of
interest, f;(v), describes the density of particles traveling at speed v at time ¢ > 0
supposing an initial distribution f;. We assume that these densities are equal all over
the section and therefore independent of the position within the section. The feature
of interest to be proven here is that even if fj is a degenerate law in the sense that
it may be concentrated at some points, the noise in the corresponding equation will
imply that for any > O f, will be a well-defined function with some regularity. The
presentation format in this section follows closely the one presented in [7] with some
simplifications. This field of research is growing very quickly and therefore even at
the present time the results presented here may be outdated. Still, our intention is to
provide an explicit example of application of the method presented in the previous
chapter. For the same reason, not all proofs are provided and some facts are relegated
to exercises with some hints given in Chap. 14.

13.1 Two-Dimensional Homogeneous Boltzmann Equations

In this section, we provide the basics of the Boltzmann equation needed in order to
proceed without going into too many (interesting) physical and mathematical details.
In particular, our physical explanations below are just in order to give a very loose
idea of the physical set-up without claiming exactness.
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Fix T >0,0<y <1 and 0 < o < 1 throughout the chapter. Define b(0) :=
|6]~'~*. In what follows, f;(v) denotes the density of particles with velocity v at
time ¢ > 0. Also let IT :=[—n/2, w/2] and A(0) := (Ry — I)/2, where [ is the
identity matrix and Ry is the two-dimensional rotation (particle collision) matrix of
angle 6 so that:

e | IR
R0:<cos0 Sme),A(G)=§<COSQ 1 s1n9>.

sinf cos6 sinf cos6 — 1

Consider the two-dimensional spatially homogeneous gas modeled by the Boltzmann
equation:

af;(v) , ,
fi0) / f { £ L) = fi0) fi(v)} B(lv —vil,0)dv,db,  (13.1)
8t I JR2
where B(|v — vi|, 0) = |[v — v4|” b(8) describes the cross-section physical structure
in terms of the angle, 0 and speed change, |[v — v,|, and
Vi=v+A@) (v—w), Vv,=v.—A®O) (v —w).

The family of finite measures { fi;0<t< T} is called a weak solution of (13.1),
if it satisfies

d
d—/ w<v)ﬁ<dv>=// f (W (v + AO) 0 — ) — p )
[ RZ I RZ R2
X B(|v — v, 0) fi(dv) fi(dv,)db

for any ¢ € (0, T] and any globally Lipschitz continuous function v : R*> — R.

Loosely speaking, Eq.(13.1) describes the time evolution of a gas due to the
collision of particles which is given by the integral operator on the right side of (13.1).
In this right side, the difference f;(v') f,(v,) — fi(v) fi(vs) describes essentially the
change of density due to the result of the collision of particles. Some of them are lost
as they gain other speeds and others are added as they achieve a certain speed. The
function B describes the interaction between the particles, such as the strength of the
collision. For more details and the exact physical meaning of the various terms, we
refer the reader to [1, 57].

From the mathematical viewpoint, notice that the equation described in (13.1)
is non-linear in f;. In fact, it is linear in this variable on the left-hand side of the
equation and quadratic on the right-hand side of the equation. This issue provokes
additional problems that did not appear in the case of the approximation of stochastic
equations treated in Sect. 12.5 which may be considered as a linear equation as the
coefficients of the equation were Lipschitz functions.

Moreover, if we assume the principles of conservation of mass, momentum and
kinetic energy hold, then the following restrictions are imposed onto the solution of
(13.1):
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/ fi(dv) = / foldv),
R2? R2
/vﬁ(dw:/ v foldv),
Rz Rz
/|v|2f,<dv>=/ v fodv).
R? R?

Without loss of generality, we shall suppose that (5, fo(dv) = 1 and [, v fo(dv) =
0. Furthermore, we will suppose that fj is not a Dirac mass. In fact, we will sup-
pose the slightly stronger condition fR2 [v|?> fo(dv) > 0. In fact, the conservation of
momentum and kinetic energy is only heuristic in the above understanding of weak
solutions. They are obtained by choosing the appropriate function .

Exercise 13.1.1 Prove that in the case that there is an x € R? such that fy({x}) = 1
then the solution to (13.1) is the trivial solution. That is, one needs at least two
different speeds in the gas in order to create a non-trivial solution.

The goal of the line of research we intend to introduce here is to prove that even in
the case that f;, does not have a smooth density, the collision strength characterized by
B implies the existence of a somewhat smooth density for f;, foranyz > 0, € (0, 1)
and y € (0, 1]. A number of these cases have an associated physical interpretation.
We refer the reader again to [57] for further explanation and we just remark that there
are the following cases in R*: for y = (s —5)/(s — 1) and a = 2/(s — 1),

s > 5 is called the hard potential case,

s = 5 is called the Maxwellian potential,

7/3 < s < 5is called the moderate soft potential case,
2 < s < 7/3 is called the very soft potential case,

s = 2 is called the Coulomb potential,

where s is the parameter that characterizes the force exerted between particles, that
is, two particles separated by a distance r in R? exert each other a force of the order
r~* (which is expressed by B in (13.1)).

As it seems to be a matter of opinion, technique, taste and goal as to which case is
the hardest to treat mathematically, we refrain from commenting on this matter and
proceed with the main matter of discussion.

Recall that according to our notation, vectors x are always column vectors and with
matrix norm ||A|| := sup,,,_; |Ax|. For a sequence of fixed real numbers {x;};cn, we
write x| = (x1, ..., xx) € Rfandx) = (X1 j-1, 4, x-i+l_>k)‘a:x- with a certain
abuse of notation. In particular, this notation allows us to understand tjhe VeCtor X|_x
as a function of its j-th variable when all other components are left fixed. Also, we
use the following convention: 22=1 x = 0.

In this chapter many constants will appear. They are generically positive and
denoted by C. Sometimes we will write explicitly the dependence of these constants
on parameters. As usual, the exact value may change from one line to the next.
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In order to reduce long expressions within the proofs we will shorten the length of
the notation. In particular, we will denote the norm for a random matrix X in L?(£2)
indistinctly as || X, = | X|lzr(2)-

As we will use various different probabilistic representations for the approxima-
tion of (13.1), each one of them needs an appropriate filtration. We leave their proper
definition as a task to the reader.

13.2 Stochastic Representation

Let V, be an R2-valued random variable with law fo(dv). Consider the R2-valued
process V = {V, ;0<r< T} with marginal laws given by {f;; 0 <t < T} deter-
mined by the stochastic differential equation:

w=v0+/ // /OOA(O) (Vi =) Lo (Ve —vI")dot',  (13.2)
0 JmoJR2JO

whered AV = A (ds, d6, dv, du) is the Poisson random measure over [0, T] x IT x
R? x [0, oo) with the intensity measure

dN = N (ds,do,dv,du) = ds b(0)do f,(dv)du,

independent of V. This means that the space of jumps is a subset of R*.

Exercise 13.2.1 Show that the total mass of the compensator is infinite. That is,
ff([O, T] x A x R? x B) = oo if either A C IT includes a neighborhood of 0 or
B C [0, 00) is a set of infinite measure. This implies that the construction of the
above Poisson random measure has to be understood as the limit of Poisson random
measures as done in e.g. Corollary 4.1.6 and Exercise 5.4.1 or 7.1.1.

Exercise 13.2.2 Prove thatif V is a solution for (13.2) then E[V,] = E[V,] = 0 and
E[|V;|*] = E[|V,]?] > O forall t > 0.

For a hint, see Chap. 14.

It is known that there exists a unique strong solution to the Eq. (13.2) such that the
probability law of V; is f;(dv) (cf. [7]-Proposition 2.1-(i), [55]-Theorems 4.1 and
4.2). In particular, we note that this is an infinite activity driving process, because
f(f b(8)dO = oo for any ¢ > 0. The reason why the stochastic integral in (13.2) is
well defined in the variable 6 is due to the behavior of A. In fact, A;;(8) b(0) =
0(01“")8,-j + 00 % as0 — 0fori, j e{l, 2},a €(0,1). As for the variable u,
in order to understand why the stochastic integral is well defined, one has to prove
that the moments of the variable | V,_ — v|” are bounded. In fact, even its exponential
moments are bounded as stated in Theorem 13.2.3.

With all these preparatory results one can tackle the study of the existence of the
density for the measures f; for r > 0.

The sources of problems from the point of view of the Malliavin calculus for jump
processes are:
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1. The coefficient A(8) (x — y) 1ju.00)(|Ix — y|”) is a non-smooth function of x €
R?, y € R? and u € [0, 00).

2. The compensator of the driving Poisson measure depends on f; which is already
the law associated with the solution process V;.

3. b(#) and its derivatives explode as & — 0 at a rate of at least |6+,

The objective here is therefore to deal with each of these problems. In short,
the solution for the first problem is to change the stochastic representation so as to
obtain a smoother version, even if this demands the use of an approximation and
Theorem 9.1.10. For the second, we will perform a conditional form of the Malliavin
calculus where the component related to f; in the compensator is conditioned, and
therefore this will not be the noise which will generate the integration by parts for-
mula. For the third problem, we will use the Norris approach with the corresponding
analysis of what is the proper direction of differentiation (i.e. the choice of H®) to
be able to obtain the best result possible within this methodology.

The fact that we are using an approximation instead of the solution V; itself will be
later solved by using an alternative technique where, on the one hand, one measures
the regularity of the approximating law and on the other one measures the rate of
convergence of the approximation to the solution of (13.2). Finally, we will apply
Theorem9.1.10. This will lead to an estimate of the characteristic function of V;
which will finally lead to the main result. These techniques of integration by parts
with respect to the jump size were briefly sketched in Chap. 10, Exercise 10.4.5.

We shall start with a moment estimate.

Theorem 13.2.3 (cf. [7]-Theorem 1.2, [25]-Corollary 2.3) Suppose that there exists
y <& < 2with

/RZ exp (IvI°) fo(dv) < oc.

Then, there exists a unique weak solution for (13.1) such that for all 0 < k < 6, it
holds that

sup f exp (|v|”)f,(dv) < 0.
R2

0<t<T

Note that the above conclusion has its equivalent in terms of V as follows:

sup E[exp (|V,|K)] < 00.

0<t<T

From now on, we assume that the hypothesis of the above theorem is satisfied,
and § is therefore fixed through the rest of the chapter, which depends only on y.

Exercise 13.2.4 In this exercise we will try to discuss a much simpler model which
may help us understand some part of the structure of (13.2). Consider

t [e¢}
Z = Zo +/ / / 0 1y.00)(X).N (ds, d6, du).
0 JI1J0
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Here X is a positive random variable with finite non-zero expectation independent
of the Poisson random measure .4~ which has as a compensator .4 (ds, df, du) :=
dsb(0)dfdu. Compute the characteristic function of Z; and discuss the properties
of the law of Z, using the results in Chap.9.

Furthermore, discuss a similar problem when one considers instead

t o0
Z, = Z, +/ f f 0 1100y ()N (ds, d6, dur).
0 7J0

Also notice the similarities and differences of (13.2) with the setting in Exercise
4.2.4.

For a hint, see Chap. 14.

13.3 Approximation to the Process V

In this section, we describe the approximation procedure that is used in order to carry
out the integration by parts (IBP). For this, we will use the parameter of approximation
¢ > 0. This parameter will be used for the approximation of the domain of the stable
law as was done in Chap. 5. It will also be used to control the range of possible values
for u. Now we proceed to define the functions used for the approximation.

Define
x(u—2)/¢) i
£

)

e (u) := / {(zVv2e)AT,)
R

where x : R — [0, 0o) is a smooth and even function supported in (—1, 1) with
Je x(@dz =1,"and I'. = (log(e™"))™ with 1 < no < 1/y. We remark that I, —
oo as e — 0.

Exercise 13.3.1 Prove that the first derivative of the function ¢, is uniformly
bounded for & € (0, e~*). Furthermore prove that ¢, is an increasing function which
satisfies the following properties:

2¢ (u <eg),
¢:m)=Ju @Be<ux<Il;—-1),
Iy (u>TI;+1).

Moreover, check that the inequality 3¢ < I', — 1 is satisfied for ¢ € (0, e

The next approximation function y,. is used for the variable 6. It is defined as
follows: For 0 < & < 1/2,let x, € C;°(IT; [0, 1]) be a function which satisfies that
Xe(0) = 1fore?m < |0| <mw/2,a > 0andthat x.(6) = Ofor || < e“m /2. We also
define I1, := [—¢%m /2, ¢%m /2], and A.(0) := A(O) x.(0).

!One such function is the renormalization of the function exp { -1/ 2= 1)}.
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Exercise 13.3.2 Using a similar construction as in the statement before Exercise
13.3.1, we will use from now on the explicit function

6]
x:(0) = Ce™* / exp (—8“p|x — 8"7[/2|_p) exp (—8”p|x — 8”71|_p) dx
i /2

for |0] € (¢“m/2, ¢m) and p > 1. Find the value of C which depends on p so that
the properties stated above are satisfied. Prove that | Xs(k) (0)| < Ce~%. Therefore
choosing the value of p the rate of explosion of these derivatives may be somewhat
controlled. To standardize the calculation we will assume from now on that p = 1.

The first approximation is defined as follows:

t 2ry
Vf=vo+///f AeO) (VE. =) Loy (:(VE —])7) dN.
0 I JR?2JO

Note that as 0 < ¢.(x)” < I then A.(0) (x — ¥) Lj.00) (¢6(|x - y|)”) =0ifu >
I7 or O e IT,. The choice of 2I') may seem arbitrary here but, as we will see, it is
important to choose a value strictly larger than I',’. For more details on this see the
proof of Lemma 13.6.17 where this fact is used in the proof.

For fixed ¢ > 0, note that the above stochastic equation has a structure like that
of a compound Poisson process (but it is not a compound Poisson process!).

Exercise 13.3.3 Consider the Poisson random measure defined as
NE = 11’7S(|9|)1[0,21;V](M)</V7

where [T, := IT N i =[—n/2, —em/2) U (e“m /2, m /2]. Prove that this Poisson
random measure corresponds to a time non-homogeneous Poisson process (see
Sect. 5.5) with parameter A, () := f: e~ Iy fot fs(R?)ds. Clearly, this pa-
rameter depends on the law of V and it explodes as ¢ | 0. Furthermore prove that

00 (1) t e J
POV =V =Y ° j‘ {]E[/O () (1_%—)/‘)')]/)613“ .

Jj=0

Note that this result implies that the law of V; has at least a point mass, although
the probability of this point mass will eventually disappear as & | 0.> On the other
hand, the analysis of V* is easier than its limit process.

The main goal of the calculations to follow is to prove that on a large part of the
sample space, the law of V¢ admits a density. Clearly, this may not be enough as
there are trivial counterexamples of sequences of random variables which admit a
density but whose limit does not have a density (recall Exercises 9.1.5 and 9.1.11).

2 A harder exercise/problem is to give an upper bound for P(V{ = Vp). To answer this question, it
requires all calculations to follow.
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As stated in Theorem 9.1.10, this problem can be circumvented if the rate of conver-
gence of characteristic functions of the approximating sequence can be appropriately
controlled. Before discussing this, we need to have an estimate on the moments of
the approximating process.

Using the same non-trivial arguments as in Proposition 2.1 in [7] one can prove
the following properties for the above approximation:

Proposition 13.3.4 Assume the same conditions as in Theorem 13.2.3. For ¢ suffi-
ciently small and with « as in Theorem 13.2.3, we have

E| sup (V" +€"") | < oo.
1€[0.7}

Furthermore for any B € («, 1] and ¥ > 0 such that B — o > F,

sup E[|V, - ;|| = coetbre.
t€l0,T]

Here a is the parameter used in the definition of I1.

Therefore the above result shows that the approximation process V¢ converges to
the process V in the above sense. In particular, the marginal laws converge. This is
the first step towards the use of Theorem9.1.10.

Exercise 13.3.5 Suppose that 79y < 1. Prove that for any n > 1 there exists k €
(0, e~ such that if ¢ € (0, k) then exp(CTY) < Cro.n,y € ". Similarly, prove that

_1
foranyn > landno& > 1thenexp(—CT¥) < e"fore < ¢~ (€)™ Furthermore,
use Proposition 13.3.4 to prove that for ¢ small enough and p > 0, one has that for
0<a<b<T,

b
/ /E[Wf —v|?1fs(dv)ds > 0.

For a hint, see Chap. 14.

Exercise 13.3.6 Prove the following inequality for the difference between the char-
acteristic functions of V* and V;:

Vi -V, .
lov,(0) — v ()| <E [2 sin’ <; (T)) + |sin (¢ (Vf — w))|] :

Use the inequality |sin(x)| < |x|* A 1 for any a € [0, 1] in order to prove the first
hypothesis in Theorem9.1.10.

When using Theorem9.1.10, one may be worried about the fact that the random
variable V¢ has a discrete mass. But, as stated in Exercise 13.3.3 this is a problem
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of no significant importance as the size of the probability mass is small. Explaining
this is the purpose of the following exercise.

Exercise 13.3.7 Let X" be a sequence of random variables which satisfies the prop-
erties stated in Theorem 9.1.10 except that the asymptotic regularity property is re-
placed by: For u > 0 and k > 0,

0x,0) — 92, 0)] = ——.

Pte) = o= e

where P(X,, = 0) = Cn~% witha > 0. Prove a conclusion similar to Theorem9.1.10
which will now depend on the value of a.

Now, in order to control the term f;(dv) we will use the following change of
probabilistic representation which already appeared in Exercise 10.4.4 and Example
10.4.5. That is, from the Skorokhod representation theorem (cf. [7]-Sect. 3, [18]), we
can find a measurable mapping v, : [0, 1] — R? such that, for all ¥, : R?> — [0, 00),

1
/1; i) fildn) = /0 V(v (0)) dp. (133)

This change of variable allows the reduction of the approximation process into an-
other one, where the jump structure on the non-linear term, f,(v), is easier to deal
with. But now the representation is not an almost sure equivalent representation of
the approximation process V¢ but a weak representation in the sense that the laws of
the solution processes will remain the same, as will be proven in Proposition 13.3.9.

Now we define the approximation process V= {\_/t( = ‘7,8) ;0<t < T} to be
the solution to the stochastic differential equation:

B t 1 poo _ _
Vi=W +/ / / / Ae(0) (Vs— —vs(0)) L[y, 00) (¢8(‘VS— - VS(P)Dy)dt/VE
0 JI1rJo Jo
(13.4)

t 1 p2ry B _
=V0+/0 f fO/O Ae(0) (Vs— = vs(0)) L[y 00) (b (IVs— — vs(p))Y )dAN°.

Here, #°(ds, d0, dp, du) denotes a Poisson random measure with compensator
given by

ﬁ(ds, do,dp, du) = dsb(0) 15 (0)d0dp 10517 (u)du.
Note that the interval I7, := IT N g =[—n/2, —en/2) U (e“m /2, /2] does
not contain a neighborhood of zero.

Now the above Poisson random measure has a compensator with finite total mass
given for fixed & € (0, e™*) (in order to assure that I, > 1) by

AT = H°([0,T] x [T, x [0, 1] x [0,2I)]) < o0.



278 13 A Non-linear Example: The Boltzmann Equation

2+a

Exercise 13.3.8 Prove that A, = 2

— (e — DIV

We also perform the same change of space on the Poisson random measure .4
which will now have jumps supported on I7 x [0, 1] x R,.

In fact, the Eq.(13.4) can be solved using the explicit techniques explained in

Chap. 3. That is, the solution can be explicitly written as

Ny

Vi=Vo+ Y Ac0) (Vi — v, (0)) Lw,.00 ($e(IVr, — v, (p)])) . (13.5)

j=1

Here N°¢ is the corresponding Poisson process which counts the jumps with a
rate parameter A,T with corresponding jump times T; = Tf, Jj € N such that
T;11 — T, is a sequence of i.i.d exponentially distributed r.v.s with parameter A.
Similarly, (6;, p;, U;) = (9;:, pj, Uj*?) is an i.i.d. sequence of random vectors in
I, x [0, 1] x [0, 2171 which are independent between themselves and the Pois-
son process and which have as a density the renormalization of the function
b(0) 17, x0.11x10.2r71(0, o, ).
One can now prove the following result which we leave as an exercise.

Proposition 13.?.9 The law of the process {V?; t € [0, T1} is the same as the law
of the process {V,; t € [0, T1}.

Our efforts now will be concentrated on obtaining an integration by parts formula
for V. We remark here that the Eq. (13.5) does not have the same structure as arandom
equation driven by a compound Poisson process due to the term vz, in Eq.(13.5).

Denote by {Tx( = Tf) ; k € Z,.} the sequence of (.%)-stopping times which are
defined by

T() = 0,

' 1 por?
Tk:=inf{t>Tk_1;f //f dJV;éO}/\T (k e N).
Ty Y11, Jo Jo

Let N® = {Nf ;0<t< T} be a Poisson process with the rate A, and {(Qk, x> Uk)
( = (6}, p;, U,f)) i ke N} a family of I, x [0, 1] x [0, 2T} ]-valued, independent
and identically distributed random variables with the common law

P[0 € d6, px € dp, Uy € du] = b(©®) 15, j0.11x102r71©0, 0, wdO dp du [,

(13.6)
which are also independent of the process N°. Then, we have

t 1 pory _ ~
‘7[=V0+/ / // A6(6) (Voe = va(0) Turoo) (@ (Ve — va(0))7) N
0 JI, JO 0
N

=Vo+ ) Ac(0k) Vi, —v1(00) Ly00) (9 1V, — i (0))7). (13.7)
k=1
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Note that in the above expression, we have rewritten the stochastic equation in the
most simple notation associated with equations driven by compound Poisson pro-
cesses. Then, for any Borel measurable function F' : R? — R, we see that for any

N e N
IE[F(‘_/TN)|‘_/TN4 s TN*I, TN]
=E [F<VTN71 + A (0) (Vi — vy (o))

x Ly +o0) (@ (I Vry_, — vy (/ON)\)V)) ‘VTN,I s In-1, TN]

1 ptoo _ _
= [ [ (7 400 (7, =0, 0) N (007, = v, 1))

b(0)
X {1[0,¢5(\VTN,1—VTN(mM(”)+1[¢g<|VTN,1—vTN<p>|>V,2F!1(”)} 5, 40 dpdu

1
= /_ / F(VTN,] + A (0) (VTN—I — VIy (p))>
& O

% dod
x e (|Vry ., — vry (0)])7 b(6) Tﬂ

1

1 -
- W/o oe (| Vry_, —vTN(p)l)Vdp}

+ F(Vry_,) !1

1
:/ / d6 dp F(\_/TN_I +A0) (Vry_, —vTN(p))>
7J0

% {‘f’s(\‘_’mq —vry (0)])” b(O)

15 (0
- 7,0

| o
+ (1 — 577 [, #(lvn —er<p>l)Vdp> e (?) ”("“”5(9)}
1
::/ / F(‘_/T,\F1 + A (0) (VTN,I —vTN(p))>qS(TN,‘_/TNfl,O,p)deP
mmJo

by using, in that order, (13.7) in the first equality, (13.6) in the second equality, the
explicit integral on u and the definition of A, in the third equality, and yx.(0) =0
for 6 € I, in the fourth equality, where x € C*°(R; [0, 1]) is a function such that
Supp[x] C IT and

/ x(©)b(0)do = 1. (13.8)
7

In the last equality stated above, we have defined for ¢ € [0, T] and w € R?,

e (Iw — ve(p)])” b(O)
Ae

1 ! 1 Vdr) e % 0 b©) 17 (0
+< _W/(; o (Iw — v (r)]) V)S X(g—a) 0)117,(0).
(13.9)

qe(t,w, 0, p) = 17,(0)
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Then, it is easy to see that for fixed (¢, w)

1
/ [ qE(tﬂeri p)dedp
mmJo

1 1
=7f_ f e (Iw = vi(0)])" b(O) dp d6
e JIT, JO

1 1 1 vy v - o) do
+/,7( _2r;/0¢g(|w—v,(p)l) p)s X(;) ©)

=1.

Thatis, g.(¢t,w, 8, p) d6 d,o_ is a probability measure on IT x [0, 1], which represents
the conditional density of V7, conditioned on Vr,_,, Ty_1, Tn.

Remark 13.3.10 This step is so important in the construction that some comments
are in order.

®

(i)

(iii)

(iv)

v)

Note that this step is a change of probabilistic representation for the process V.
In fact, the randomness of the random variable Uy has been integrated into the
representation for g,.

The above fact has allowed us to have some regularity in the problem. The
indicator function is no longer part of the model and therefore the possibility
of an IBP formula appears.

The newly introduced function y serves as a parameter that needs to be chosen
later but also it may help us to build an IBP formula with no boundary conditions
due to the restriction that Supp[x] C I71. Note that the integrability condition
(13.8) is used in order to have that g, is a density function.

Note that the density function ¢, is not continuous at § = ¢ /2. Therefore
we will need a localization procedure later on to avoid boundary effects when
using the IBP formula. For this, recall Exercise 10.1.8.

Note that in the construction of g, there has been an exchange of “noise” in the
sense that the probability that 1jy, ) (¢s(| Vry, — V1, (,oN)|)y) = 0 has been
exchanged by the probability that |0y| < ¢“m/2. This is a crucial point of the
method.

This change of probabilistic representation creates a change of dynamics. Fol-
lowing this dynamics, we can construct a new process V which is going to be
equivalent in the sense of probability law to the process V. That is, construct a
sequence of [T x [0, 1]-valued random variables {(ék, o) ke N}, and the process
V= {\7[(: \7f); 0<t< T} such that
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Vo =V,
Vi="Vp (1 €Tk, Tesn)).
Vi, = Vi, + Ac i) (Vi — vy, (Brrn)) (13.10)

P [§k+1 €db, Py € d,0|‘7Tk, T, Tk+l] = qe (Ti+1, Vi, 0, p)do dp.

We remark that in this new sequence of jumps 6 can now take values close to zero.
Still, due to the fact that A,(0) = 0, if |#| < &*7/2 then V = V in law. Therefore
studying the density of V or V are equivalent and the latter will be the model for
which we will apply the integration by parts formula. In particular, all moments
estimates for V are applicable to V without any further mention.

In the following exercise, we give the explicit construction of the r.v.s to be used
from now on.

Exercise 13.3.11 Define an r.v. p;,; which has a mixed law. First, it takes values in
the interval (0, 1] with density given by

¢ (Iw —vi(p)])”
21}’” )

Second, pr4 takes the value zero with probability

1 ! y
I_W/o Ge(Iw — vi(r))” dr.

Conditioned on the value of gy € (0, 1], the r.v. 5k+1 is defined with the density
ZAL*"Vb(@)l 7. (0). On the other hand, if p;1; = O then the density for 5k+1 is given by

0
e x (s_“> b(0)17,00).

Prove that this definition gives an r.v. (§k+1, Pr+1) with the law g, (¢, w, -, -). It is
important to note that in the above construction there is dependence between the
value of pr4; and the value of 6, although in the case that 6;,; = O there is no

effect on the functional F(VTM + A.0) (V. — vTN(p))>.

Define by induction the functions .7 : R? x ([0, 00) x IT x [0, 1])k - R2(k e
Z) by
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Ho(v) =v,
A (v, (11,01, p1)) = V) + A () (H4(v) — vi, (p1)),
A1 (v, (1,0, p)ioirt) = H (v, (2,60, p)ior)

+ Ac@rn) (A (v, (1.6, p)11) = Vi, ()

fork € N, where we recall the notation (7, 6, ,o)]_ﬂ( = ((t1, 01, p1), - .., (t, Ok, P1)).
Then, one proves by induction that

Vrk = %(Vo, (T,0, ,5)1—>k),

where (T, 0, £)1- (= (Ti—ks 015, ,51—>k)> = ((T1, 61, p1), - ... (Tx, Ok, o).
For any Borel measurable bounded function F : R? — R, we have

E[F ()] = e B[ F (A (Vo (T.6. 1))

>
N=0
= Z N e e E[E[F(%N(Vo, (T, é, ﬁ)1_>N))|V0, T1_>N]]
N=0 ’
>

N
tA
( 8) e_ms'/ del»N/ dpl»N
N! nN [O.I]N

X E[F(%N(Vo, (T.6. p)1-n)) gn(Vo. (T. 6, ,O)HN)],
where d0,_, y = d0;...d6Oy and similarly for dp;_, y. Furthermore,

gN(VOa (Ta 97 p)l—)N)

N
= qs(Tl, I (Vo), 01, ,01> Hqs (Tk, H—1(Vo, (T, 6, p)1i-1), bk, ,0k>-

k=2

13.4 IBP Formula

Obtaining the IBP formula is a long process as explained in Sect. 12.5.

In the first step, we will study the derivative process of V and its inverse similarly
to how they were studied in Lemma 12.5.6 for the SDE case. We define the process
Y = {)7,(: ?f) 0<tr< T} as the R? ® R2-valued process given by
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Ny

Yo=1+)Y Ac@) Y,
k=1

which can be solved explicitly as

N¢

t

Y, =[]+ AB).
k=1
Write Z, = 17[’1. Then, we have:
Proposition 13.4.1 It holds that sup,_,_, 7 |Y; Z|l < 1 a.s.

Exercise 13.4.2 Prove Proposition 13.4.1. For a hint, just compute as explicitly as
possible |1 + A(9)].
For a hint, see Chap. 14.

Exercise 13.4.3 Prove that the product of the matrices I + A, @) and I + A, (0 i)
for k # j commute. Therefore the order in which the product in the explicit expres-
sion of Y is written is irrelevant.

Proposition 13.4.4 For all~ t € [0, T, the R?> @ R*-valued random matrix f’, is in-
vertible a.s. Furthermore, Z; satisfies the following estimate for any p > 1:

E[ sup IIZIIP] <exp[CprI)] (13.11)
t€[0,T]

Proof Since E[ N/ ] =t A, < 0o, we have

cosf —1\? sin 6\ 2
A = det (1 + AE(O)) = (l + x:(0) —) + <Xs(9) —)

2 2
1 —cos@ 2> 14cosf 1
5 (xe(0) = 1)+ =5
for 6 € I1. Then, since we have
Ny
det ¥, = [ [ det (I + A:(B0) = 27,
k=1

Y is invertible a.s.

On the other hand, for 6 € IT we have
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|1+ 4.0) 7|

cosf —1 sin 6 2
114+ %0) ———  x:0) .
= sup |— . .y
(x,y)*€B;(0) A —%:(0) sin 1+ x.(6) cos 6 1
2 2
=l§—§1+92§e92.
A 7 1+cosf

. 2 2
Exercise 13.4.5 Prove that Treosd = 1+ 6-for6 e Il.

Here note that due to Remark 13.3.10-(v), ]Vf < N; corresponds to the number

of jumps which have |0;| > &7 /2. The difference here is that N* is not a Poisson
process. From here, we obtain

Nf N
127 =TT +A:@0) ™ < exp| 3 (6)°
k=1 k=1

Moreover, since

N 1 1 por? B
S @0 L /O /| /0 fo 6P Lo (6 (Vs — s (@)I))dot,  (13.12)
k=1 3

it holds that, for p > 0,
i
E | exp (PZ(Qk)2>
k=1
T 1 p2ry _
=E[6XP (I’/ /f/ |9|21[u,oo>(¢s(|V_—vs(p)l)y)de/Vﬂ
o Ji,Jo Jo
T 1 p2ry
§E|:exp (p/ f / / |9|2d/>]
o Jm.Jo Jo

= exp (21‘1 T[_ (e — 1) () d9>
11,

3

<exp(CprIY). (13.13)

Note that in the above we have used the Laplace transform associated with a com-
pound Poisson process (see Theorem 3.1.2). Therefore, we can get
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]E|: sup ||Z,||”:| <E exp( Z@) <exp(CprIY).

te[0,T]

The proof is complete.

Exercise 13.4.6 Note that the bound obtained in (13.11) explodes as ¢ | O as ex-
plained in Exercise 13.3.5. This is due to the second inequality in (13.13). Also this
estimate is bad enough so that in many estimates to follow one does not strive for
the optimal bounds due to the bound in (13.11).

On the other hand, use (13.12) and Proposition 13.3.4 to prove that for p = 1,

P
sup E Zékz < oo.
e€(0,e7)
Discuss a strategy to prove the above statement for the case p = 2.

Now we introduce the rest of the ingredients in order to differentiate the process V.
Here, it may be good for the reader to recall the set-up in Sect. 12.3. For each k ¢ N
and &£ € R? with & <1, define?

6®.p) (= (0,05 Vi, Ty, ) = AL ©) (T, = v (0)) 9(0)2,

where ¢ € C*° (Ro R+) is an even function and it satisfies that forn = 0, ..., r and
B=>0

™ (©) = 0(01°™") (18] = 0), lp@®) =o(1) (18] — 7/2). (13.14)

Exercise 13.4.7 Prove the existence of such a function ¢. The value of 8 and r will
be determined by the application. For example, prove that

N
swp E| Y (@0 9'@) | < oo

ge(0,e74) k=1

ifdp —2 —a > 0.
For a hint, see Chap. 14.
We remark that as requested in Hypothesis 12.3.2, we have H, ko @,p) =6.Let

hi(0., p) = (de)oHy (0. p) = 0 £(6. p)*,

3 Although it will not be used directly in this chapter, the relation with the previous chapter is given
through the deformation H,f ®, p) (z Hks (9, 0, VT,H, Ti—1, Tk)) =0 exp (& - €0, p)).
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where (85)0 denotes the partial derivative at & = 0. Let j < k, and write 9~1(J_)> K=
(élﬁj,l, 0;, 9~j+1ﬁk), 0; € I1. Now we define

Vil = Vi) = A (Vo. (1.6, p)1)

— Vkal + Aa(gk)(‘;TkTI — V1 (ﬁk)) (] =k),
Vi 4+ Ac@0) (Ve = v (p)) (1 <j<k—1).

That is, VTk = VT(: )(5 ;). With this definition, we can compute the derivative which
gives

~ () ka ZT, Af/(ej) (‘7Tj,l — VTj(ﬁj)) 1< J <k—1),
89j VTAJ = Agl(ek) (VTk—l - VTk(ﬁk)) (] — k), (1315)
0 G > k).

Exercise 13.4.8 Prove the following properties:

(i) Prove by induction the equality (13.15) and 8, V; ¢*(6;) = Y1, Z1,€;(6;, ;).
(ii) Note that contrary to the behavior of A, A%, k € N does not converge to A®)
uniformly in 0 as ¢ |, 0in general. On the other hand, note that using the explicit

function x. in Exercise 13.3.2, one obtains that A.’(#) is uniformly bounded as
e | 0. In general, prove that A% (6), k € N is bounded by Ce~.

For a hint, see Chap. 14.

Definition 13.4.9 Assume that V, is a random variable which depends on the jumps
] i, J < N/ which correspond to the density ¢, in the sense that it is adapted to the fil-
tration associated with the present setting, #; = %7 = o (N:;s <t) Vo (Zy,Zy) v
a(ék, Pr; k < Nf). Here (Z 1, Zz)* is a two-dimensional normal vector with mean
vector 0 and covariance matrix I, such that they are independent of all the random
variables introduced before. These normal vectors will appear later in (13.16).

We define the stochastic derivative of any such random variable V, with respect

to the j-jump as
DV = (99,)4,Vs-

Here we assume that V; can be written as a differentiable function of élﬁ ronNf =k
for each k € N.

We also remark that according to this definition D); 6, = 0 for J # k, although the
law of 6 depends on VTH.

Exercise 13.4.10 Prove the following assertions about the stochastic derivative:

(i) Note that (13.15) gives D; V. From this expression, use Propositions 13.4.1,
13.4.4 and 13.3.4 to obtain an upper bound for the L”-norm of D;V; on the
set Nf > j.
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(i) Compute D;, Dsz, =D; D ‘7, and Df(/l

(iii) State and prove the fact that the stochastic derivative satisfies the usual prop-
erties of a differential operator such as the chain rule, product rule, etc.

(iv) Prove that for N° > k andr € N, D}Y, = ¥, Zg, A”)(6) Yy, . Find explicit
formulas for Dj]...DjAY, and Dj,...Dij, when N} > ji > jio1 > ... > ji.
Then try to consider the case N7 > ji > ji—1 > ... > ji.

(v) Prove that for Nf > ji > jx—1 > ... > j1 > 1,

IDj,...D; Vil < C |V, - —vr, (5;)].
(vi) Provethatfor0 <s <7 <Tand N/ > ji > jx-1 > ... > j1 > N{ > 1,
ID),...D,Y: Z| < C.

Here C is a constant which is independent of ¢, s, t and j, ..., ji. In the case
that j; < N{ then the above derivative equals zero. We remark that this bound
is not necessarily true in the case that N > ji > ji—1 > ... > ji.

(vii) Prove thatfor N} > ji > jx—1 > ...> ji > N >1and/;, ...,k €N,

||D§.‘l...Dl]§)~’, 7| < C gttt

Here C is a constant which is independent of ¢, s, t, ji, ..., jr and [1, ..., .
(viii) Use (vi) and (vii) to prove that

I Ik Y7 —a(li+...+, % ~
1D} .. Dy Vil < Ce~ = v —vp, (55)].

For a hint, see Chap. 14.

As explained in Exercise 13.3.3, the random processes V¢ or similarly V or V do
not have densities because there is a non-zero probability that there will be no jump
or that all jumps in the variable 6 fall in value where |#| < % /2. As that probability
is small, we will define a further approximation so that there will always be a smooth
density for the random variable under consideration.

We shall prepare the process X° = { X:ste|0, T]} defined as

X; = ue(t) (2) (13.16)

where* 0 < & < 1, u.(t) = 1 (¢°7)**27%, and (Z,, Z,)" is a two-dimensional nor-
mal vector with mean vector 0 and covariance matrix /I, such that they are indepen-
dent of all the random variables introduced before. Here, I, € R? ® R? is the identity
matrix.

“4The reason for this choice of u, appears in the study of the finiteness of the inverse moments of
the determinant of the Malliavin covariance matrix in (13.27).
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Since V,(= V) = Vp = V, on the event {7} > t}, no regularization phenomena
will occur. In order to avoid such degenerate situation, instead of considering the
density of V, we will consider the density of X S+ v,.

Furthermore, in order to obtain a stable IBP formula, we will apply the idea
introduced in Theorem 10.2.1.

Define for z = (z1, zZ)* e R? with |z| < 1, the following positive definite matri-
ces:

Crs = @)0(X{ +ue(t) 2) = ue(t) I,
N§
Co =) DiVip@)* (D V1)
k=1
N
=Y ¥, Zy e O, p) (Vi Zr, 6B o))" (13.17)
k=1

Now, we define the Malliavin covariance matrix as C ;= C 1+ C~'2,,, which is
always invertible for ¢ > 0. The random matrix C, can be regarded as the Malliavin
covariance matrix for X} + f/t In particular, as explained in Exercises 13.4.7 and
13.4.8, the above sum may not converge as ¢ | 0 unless one requires that’ ¢(0)* =
0O(|6]) or 48 > «. On the other hand, note that the addition of the vector X¢ has
been used here in order to ensure the existence of the inverse of the matrix C.

The final ingredient for the IBP formula is an additional smooth random variable
in order to deduce an IBP formula for E[dF (X{ + V) G,]. Recall that this was
explained just before Sect. 10.4 and it has appeared as the random variable ® in
Theorem 12.4.19. Let G, be a smooth random process in the sense that under N/ =
k then there exists a bounded smooth random function with bounded derivatives
Gi(w, ) : ITF — R which is independent of all ] i, j > k, but may depend on all
the other first k-jumps such as p;, j < k, X} and denote Gt = Gy (élﬁk).

Now we have all the ingredients to start computing and finding bounds for the
IBP formula. For this, let F € C!(R?; R). We divide the calculation into parts:

E[VF(X{ +V,) G/ ] =E[VF(X{ +V,)C1,C; ' G,]
+ ]E[VF(XtE + ‘7[) 62,1‘ é;l Gt]
=: Ll + L2.
Consider the set {N; = N}, N € N and recall that éfk)N = (9~|_>k_1,0k, ék+l—>N)

—

and similarly define ,5}]2,\, = (P1>k—1+ Pk» Pk+1—nN) and

1;;1;) _ 1_[ (I 4+ A.0)) (I + Ac(6).

1<j=N, j#k

5The reason for the power 4 will be clear later in Exercise 13.7.3-(iii).
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Exercise 13.4.11 Prove that I + A.(6) commutes with the matrix I + A.(0;) for
any 6,0, € I1.

Denote by C’(k) (or G( )) the random matrix where the random variable 6 has been
replaced by the real variable 6; in C t (G,, respectlvely) as in the definition of V®.
Moreover, we shall use the notation V," 7™ ¢! and G~ in the sense that
the components {Gk ;1 <k < N}inthe random Varlables V,, Ct and G, are replaced
by the real variables {6y ; 1 < k < N}, inthe set {N; = N} for N € N.

Since

(1—=Nf)

‘7[ - %Nf(v()v (T7 és 15)1—>Nf)a ‘7[ - %Vf(v()’ (T7 95 ﬁ)l—)N,‘)

the IBP formula in the usual sense implies that

_ . L /2
x 9@)* (35, V)" (CP) ™ G gw (Vo (T,6® ’p)l_’N)]ezo }

[ee) N N
tAg _ i
BB e | R
’ k=1

N=0

s ) e~ o =0
x (0" (9, Vz(k)) (C;k)) l G gv(Vo. (T, oW, p)l%N):I ' :|

Op=—7/2
= (t
-2

N=0

)‘8

et Z/ dekE[ (X6+<%’§V(Vo (T.0%, p)1- ))

N!
agk{ ©0)* (36, V) () 'GW gy (Vo (T,@U‘),ﬁ)HN)}}
gN(VO’ (Tv é(k)7 15)1~>N) .
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On the other hand, in a similar fashion we have for L, that using the IBP formula
with respect to Gaussian laws and the fact that F € C! (Rz ; R).

LI =E[VF(X; + V) ut) L C ' G, |

=F / VF(,/ug(t)(x,y)*jLV, S(I)IZ ( )d dyéflé,:|
LJRR?
x

_E f F(\/ug(t)(x,y)*—f-f/,)( y) Xp( +y’ )dxdy\/ug(t)é Gt]
| JR2 27[ 2
=E[F(X] + V) (21, 22) Va0 €1 G

Exercise 13.4.12 Prove that the boundary terms do not give any extra terms. That
is,

[F(Xf +%\’(V0’ (T1—>N’0~1(k—)>1v’ /5§k—)>N ))
Qk—ﬂ/z

O =

% 900" (2, V) (E0) 7 G g (T Vi, 00 1) |,
[ AW, T 605 50))
=0

X 90(9k)4(30k ‘N/z(k))* (ér(k))_] G;k) qs (i Vi, 6, 'Ok)]e /2 =0
=—T

In order to prove this recall that, as explained in Remark 13.3.10, the density g is
discontinuous atf = +¢&“m /2, therefore the above expression has to actually be eval-
uated at the intervals [—x /2, —&%m /2], [—&%m /2, 0], [0, e%m /2] and [e7 /2, 7t /2].
In each boundary, terms cancel because of the properties of the localization func-
tions ¢, x. (recall the explicit calculation of 9y, 17t(k) in (13.15)) and the invariance of
(Vo (Tion. 6,2 . 512, y)) when 6] < e°7/2.

It is instructive to compare this fact with the handling of the term Z%. in
Lemmal2.4.1.

From all the above arguments we obtain the following result.

Theorem 13.4.13 (First-order IBP formula) For F € C}(R*; R), it holds that
E[VF(X; + V) G| =E[F(X; + V) [(x*+V,G)], (13.18)

where the random variable T (X F4V, G) is assumed to be integrable and defined
by
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F,(XE + ‘7, G) = (Zl, Zz) ét_l é, Vg (t)
Ne Dk{<p(ék)4 (DeVi) Gt Gy g (Voo (T 6, ,5)1%,,8)}
k=1 ng(V(), (T’ 55 ﬁ)l—)Nf)

Remark 13.4.14 In Theorem 13.4.13 the notation I:, (Xg + \7, é) is not being used
in the sense of function but to denote the dependence of the random variable on the
random vector (X “+V, G). Sometimes in order to shorten the length of the equation

we shall let 1:t = 1:t (X £+ \7, G) We call this random variable the Malliavin weight
in what follows.

13.5 Negative-Order Integrability of Malliavin Weight

In Theorem 13.4.13 of the previous section, we have provided a first IBP formula
assuming that the random variable f,(X ‘v, G) is integrable. In order to prove
that this property is satisfied and find upper estimates one needs to break the analysis
into various parts. The first one considers the estimates for det(é,) as this is an
important component of C L

First of all, we shall introduce:

Exercise 13.5.1 Forany p > 1 and all non-negative definite, symmetric matrix A €
RY ® R4, it holds that

r d
dd@”—”/zﬁ < /d Ix[4CP~V exp[ — x - Ax]dx. (13.19)
R

Prove also the following property for a non-negative definite symmetric matrix A:
det(A)™" < A1 (A) ™ = sup{|Ax]; x| = 1}7.

Here A;(A) denotes the smallest eigenvalue of A.
For a hint, see Chap. 14.

Using this result, we have the following upper estimate on the negative-order
moment of the determinant of C,.

Lemma 13.5.2 Forany 8 >0, p > 1and0 <t < T, it holds that
E[(det C)™"] < Cpaps exp[Cpr IY].
Proof From Proposition 13.4.4, we have

E[et )] <E[1Z/1™] < E| sup 1Z1* ] < exp[Cpur 7]

0<t<T
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Therefore as C 1.r and Cﬂ'zyl are non-negative definite then

E[(det €,)"7] < E[(det ¥,)"*"]"* E[(det(Z, C, Z1))*"]"*
Cor I S s e _op1l)/2
< exp E[(det(Z, C, Z;) ]~ (13.20)
Moreover, since ||Y;|| < 1 from Proposition 13.4.1, we have
ue() | ZFEP = ue () V11712 61 = ue(0) |6 (13.21)

Thus, in order to estimate the second term in the product on the right-hand side
of (13.20), we use Exercise 13.5.1 in order to obtain

NE P
If =E | det | uc(t) Z, Z; + > Zr, [ 41Ok pr) Z5,
k=1
) y
_ . ~ < 2
<, [ 61 exp d w1 ZiER — 3 (e Zn 6 ) | | de
R k=1
N
<, [ 61 exp d e I8P = 30 (6 Zn o) | .
Rz

k=1

(13.22)
Hence, we have only to consider the upper estimate of
Ny

If¢:=E |exp{— Z (&- Zr, (G, ,5k))2
=1

LetO # X € R%and 0 #£& e R2. We remark that det( + A(6)) = (1 + cos 0)/2
and

(I +4®) "' A'®)

cosf+1 sinf sind cos@
1 et 277 _ _
— 2 2
~det(I + A(9)) _S%HQ COSg—f-l cost  sinf
2 2 2 2
sin 6
1 | —V——— —1
- 14 cosf .
) sin @
1

" 1+cosf’
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1 sin I+ R(z/2)
= — —_—— T s
2 1+ cos@

and that

[g-d+a0)~'AO X}

—i{ BLLUSSN % 2))(}2

4 _1—|—c0s95. §- R/

1 sing\? 2 5, 2siné

=7 {<1+C050> E-X)"+E R/ X) = g (6 0 (S'R(H/Z)X)}~

As (- X)? + (£ - R(w/2)X)? = |£]%|X|? then we have that either

£ X\ 1 £ X\ 1
(£ 2o ta (Erapt)=d.
&l 1X| 2 €] |X| 2

Further, define <7 (£, X) as the subset of & € IT such that the following inequality is

satisfied:
() (- rorm ) o
S 2 —— - R(x/2) — | sinf < 0.
&l 1X] 1§ |X]

Note that @7 (&, X) is either [—Z, 0] or [0, Z] depending on the sign of (§ - X)(§ -
R(7/2)X). Then, we have that for 60 € o7 (&, X):

{s (1+A(9))“A’(9)x}2— ! SN0 X 4+g. R/ X 2
T4 1 + cos6
XZ 2 : 29
ZI [= €] min sin o
8 (14 cos®)
XZ 2
Zl [= €] «in2 g
32
X2 2 02
ZI I=1&1° 101 , (13.23)
128

becaused € I1,0 < cosf < 1,sin28/4 =(1—cos20)/8 <1/4 <1,and|sinf| >
161/2.

Exercise 13.5.3 Prove that | sinf| > |0|/2 for 0 € II.

On the other hand, since x.(f) =1 for 6 € M with € := 2_1/"8, and Propo-
sition 13.4.1 yields that |£|* < |Z;_ £|*, we see that for & 1= ITe N .o/ (€ - Zy,_,,

Vi, —vi (),
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N¢

t

> (5 - Zr, 4B, ,5k))2

k=1

N? ~ o _ ~ _ )
=3 (& Zn, (1+ A.G0) " A/ @0 (V. , —vi,(30) 9(60)°)

k=1

N? _ o _ _ B 5 _
=3 (6 Zn, (1 4+ AG) A @0 (W, — v (50) 9@0°) 17, G

k=1

5 ) o i
_Z|s 7l 1V, = vi, (0P| @0 182 1@

> |§0(91<)| 16612 17 Ly.o0) (1 Vi, — v1, (B0

_|5|2 ////“”1 OO
128 o

X Lju00) (9 (I Ve = vs(0)D”) L 000 (| Vi = vs(0)|) dt’

2.2 pt L prd _
> 18l ’0/ / / / 1, OO 101 1y 0 (1Vs — vy (0)]) dA. (13.24)
128 Jo Ja. Jo Jo

Here we have used (13.23) in the third inequality, and (13.21) in the fourth inequality;
the sixth inequality holds because of ¢, ( Ve — vy (,0)|) > roon |Vs_ — vy(p)| > 1o
for sufficiently small ¢ > 0.

The constantry > 01is chosen according to the following probability concentration
result in Lemma4.9 of [7].

Lemma 13.5.4 There exists ro > 0 and qo > 0 such that for any w € R? and any
t €0, T], we have

Jilv; v = wl| = ro}) = qo.
This result is based on the fact that the variance f [v|? fi(dv) = ¢ > 0 and the weak

continuity of f;.
Define

t 1 rg _
L= / / / / L OO 107 100 (1T — vs (o)) dN
0 I1; JO 0

Let x > 0 be a constant. Then, we have:

Exercise 13.5.5 Use Lemma 13.5.4 in order to prove that for any § > 0 we have
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E[e 5] <exp {—trg 9 / (1 — e ") po)do | . (13.25)
;

Here IT. = IT: N [—(1 — &")7/2, (1 — &')7 /2] for some 0 < & < 1 which can be
chosen as small as required independently of the rest of the problem variables. Here
it is good to recall the techniques introduced in Sect. 11.5 and in particular Exer-
cise 11.5.1.

For a hint, see Chap. 14.

In particular, taking x = |£|? rg /128 in Exercise 13.5.5 yields that

2.2 cle2r2
E [exp[ - |$1|2g0 L,]] < exp {—trg . /H (1 . e—TJ’W"“) b(@)d@}.

é

Now we apply the change of variables |0]*#*2 = u so that we obtain for /77 =
[(e“m)**2, (1 — &")m/2)*+2]

SRR

clerd d
<exp|—tr] qO/_ﬁ (1 . e—Tx““) —“} (13.26)
I1;

1% ,ﬁ du
SCXP —tro qo (1—6‘ 128 H—T
()2 <u<((1—¢)m/2)*+2, [E|2ux=1 U~ 442

o2

2ty qo (1 - e‘ﬁ) . 5 o
—exp{ - (wmwAEWH—C——f))
x(l—¢)

o

(13.27)

Now, recall that u, () = t (7 )**+2 For |£]| > (%)~ ?A+D it is easy to see
thatif 48 + 2 — o > 0 then

ue(t) €7 =t (e“m)PH2 g 2 > 1 |g |7

The reason for the above choice of u, (¢) is clear in the following estimate for (13.22).
In fact, using (13.24) and (13.27) one obtains that

2
If < Cp/ (£ [4P—2 =1 DIE]
R2
cr2
0

2tryq0 1] —e 128 o o
X exp { —— ( ){(s“nr“Msvﬂﬂ—(Z)} ds

o a(l—2¢')
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2
—c f (£ 4P =21 DIE]
" Jig1=eamy-26-

Crz

2trgq0 (l—eim) o 2 o
- B+ [ — d
x exp - P — (2 ) 1 ae
+C, / (£ [4P—2 s DI
&= (emr)=2A=1
(7r2
2trgq0 (1—67%) ) o
a —
X exp y — o {(8 T[) — (m) } dé
L‘r%
C 4p=2 2 rg 1 (1 _e_ﬁ) 2541 2 : d
< —
=, [ 12 exp q ) | [
+Cp/ |g|4P =21 617!
R2
L‘r%
2trgq0 (l—e_m) 2 o
x exp { — )™ - —— dg
o (1l —¢')

2r§ 40 erg 2\
<C 07 1 —e 128 = ¢
<cpep] 22 ( ) (25)
2r) ord
x |:1 +exp{— 0 90 (1 —e—n%) (gaﬂ)—al}:|
o
2rV cr2 e
x/ g% exp[—{( 0.9 (1—612%))/\1}t|§|2/3“i|d§
R2 o
AV
=C 0 l—e | ——) ¢
p{ o ( ) (25
2r) ord
x [1 +exp{— 0 90 (1 —e‘12%> (ean)_at”
o
y ) _4p@B+D
2w (2 1 2r cr o 4p (2 1
X n(ﬂ+)|:t{< 0 40 (1_612%>>/\1” F<M>
o o a

=<C4p,api-

The constant C~‘4, p.a,8,; May be defined by just replacing

2 Y or2 7‘1
1+ exp {—M (1 — e1208> (8“71) t}

o
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by 2 so that the constant is independent of €.

Exercise 13.5.6 Obtain the last equality by evaluating the integral using cylindrical
coordinates.

Hence, the conclusion of Lemma 13.5.2 follows from (13.20) and

&
N; 1

7 % ~ *1/0 = Tk —2p 2 N%
IEI[{ det (ua(t) 202043 Zn 1 616 ) ZTk>} ] < Ciapapi
k=1

Remark 13.5.7 The following remarks are made in order to understand two impor-
tant points in the proof.

1. We note that the proof of the finiteness of the determinant of the Malliavin
covariance matrix in Lemma 13.5.2 uses not only the stable noise but also the
Gaussian noise X° in order to obtain the result.

2. We also remark that one important step is the use of the change of variables
u = 0P . Let § > 0. This gives for a positive constant ¢

g do 7! du
1— 7Cxeﬂ) — -1 / ] — g cxu .
/5 < ¢ fl+a p 6 ( ¢ ) ults

That is, the fact that 8 may be large does not change the stable property of the

underlying jump measure, although it reduces its index from « to %

13.6 Upper Estimate of Malliavin Weight

The estimate obtained in Lemma 13.5.2 is crucial in the estimates for the character-
istic function. We now go on to a more routine but important calculation in order to
bound all the rest of the terms that appear in the weight I:t(X 4V, G) of Theo-
rem 13.4.13. In fact, the goal of this section is to prove Proposition 13.6.18. This will
be done in parts.

This section is technical and it is therefore important to find the right notation for
norms.

Definition 13.6.1 We will extend the notion of norms of random matrices to stochas-
tic processes as follows. Let W be any jointly measurable cadlag matrix-valued
stochastic process on the time interval [0, ¢] such that it only changes values with
each jump of the process N¢. Then we define (extend) the norm for p, g > 1:

1
e pla /P

IWipg =E| [ D W
k=1
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Clearly, this norm depends on ¢ and ¢ > 0 (which are supposed to be fixed) and no

confusion should arise with || X||, = [| X||zr(e) as X is a random matrix in the latter.
In particular, one should be careful with |W||, which corresponds to the norm of
a stochastic process and || W, ,,1 = [IW;ll, = |W;|lL»(2) Which corresponds to the

norm of a random matrix.

We will also use the notation (¢;, DW;) for the process for which its value at Tj
is (go(ék), D W,) considered when N; > k. This notation will always be used with
these norms.

Exercise 13.6.2 Prove that the above definition satisfies the properties of a norm.
Define the Banach space that this norm generates.

Remark 13.6.3 1In this section, it is important to know that the parameters g and r
in ¢ and the function y, can be chosen so that supy.; |A§k) ©)p® (6)| is uniformly
bounded in ¢ for a limited number of values of k, [ € N*. This fact follows from the
property that supy.; |A% (0)6°~!| < C, which is related to Exercise 13.4.8-(ii).

Lemma 13.6.4 Forany p > 1, j € N, m € N* and §j > « it holds that

N

LGym, p) =Y 9@V v (BOI™ | < Cpjmip I

k=1
p

Similarly for 28 — 1)j > «, one has

Ny

2

k=1

N 7 J =~ \|m
0@ 9 @] i G| = Cpimis T

p

Proof We only prove the first assertion, leaving the second as an exercise. Recalling
the arguments in (13.12), we see that

t 1 p2r? . P
wimp<e | ([[ [ wornorar) |
0JI11J0 JO

Then the Burkholder-type inequality in Proposition7.1.2 leads us to see that

I;(j,m, p) <C, (J;(2j,2m, p/2) + J;(j, m, p)),

t 1 p2ry A A\’
Ji(j,m, p) :=E [(/ // / lp@)] |vs (0" de/V) } .
0JmJo Jo

An explicit calculation of the integral involved in the above expression gives
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P
Ji(jom, p) =Cjp V" ( _lp6)1’b(6)db sup / ™ fs (dV)> .
I, s€[0,T]
Therefore the condition 8j — « > 0 is required in order to obtain the finiteness of
the above integral in 6. The last supremum is bounded due to Theorem 13.2.3. The
condition 28j > « appears when one considers the finiteness of J;(2j, 2m, p/2).

Lemma 13.6.5 Let p > 1 and W be any jointly measurable cadlag real-valued
stochastic process such that ||W|2, < 0o and suppose that 28j > a. Then it holds
that

Ny

> Wrle@V v, GO | < IWll2p Cpjumas T -

k=1 »
Similarly, for 228 — 1)j > «, one has

Nf
2 W
k=1

- Y -
0@ 9 @] vt G| < IWlap Cp s T

p

In the particular case that || sup, |Ws|ll2p, < 00, one has the above inequalities for
Bj > aand (2B — 1)j > a andthe norm ||W |2, is replaced by || sup, |W;|ll2, < oc.

The proof of the above result, which follows from Holder’s inequality and
Lemma 13.6.4, is easy and left as an exercise.

Lemma 13.6.6 Forany 28 > « and p > 1, it holds that
(21, 2) €' G, ||p < Cpapr exp[Cpr V]G ”2,;'

Proof This is a direct consequence of an easy application of the Cauchy—Schwarz
inequality. In fact, (Z, Z,)* is a two-dimensional normal vector with the mean vector
0 and the covariance matrix ;. Furthermore using Lemma 13.5.2, one obtains the
other results once one realizes that

C

det C,

1Cellap =

4p

Here C, is the cofactor matrix of C,. As this matrix can be explicitly written so as
to fit the requirements of Lemma 13.6.5 for j = 1 and m = 0, 1, the result follows.
The needed estimates follow from Theorem 13.2.3, Propositions 13.4.1 and 13.4.4.

Another direct application of Lemma 13.6.5 gives the following result.

Lemma 13.6.7 Assume that 2qf8 > o. Then
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”(pt DVr“pq =< Cp,T,a 1—'5},-

Proof Using Exercise 13.4.10-(v), one obtains that

Nf Nf
~ ~ 19 ~ ~ -
Y 0@ DVi| | <Cpar | D 0@ {1Vr | + lvr (B0l}
k=1 k=1
p P

Therefore the result follows from Lemmas 13.6.4 and 13.6.5, and Propositions 13.3.4
and 13.4.1.

Now we start considering all the terms that appear in the second term of I(Xe +
V., G) one by one.

Lemma 13.6.8 Assume that 48 — 1 > «. Then

| Dot (Y.} €16,

ol S Cp,T,ot ng ||él‘_l ||4p ||(~;t ||2p'

Proof The assertion follows from the appropriate use of Holder’s inequality. In fact,
one obtains that

Ny

Y 000 ¢ G DV C7'G| <Cpra
k=1

9, ¢, DV,

o 167 s, 16,
p

Therefore the result follows from Lemma 13.6.7.

Lemma 13.6.9 Suppose that 48 > «. Then

ot (D) 6716,

- -
= Cpra I NG Mlap 1Gell2p-
p,

Proof Since
V0 =1, 25,400 (V. —vi(60)

we see from Remark 13.6.3 and Lemma 13.6.5 that

N
Y 0@t {@2)5 V)
k=1

4p
N .
={> 0@ [Yr Zr A O0) (Vi — v, (ﬁk))}
k=1

4p
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Ny .
> 0@t {4 @0 (T, —vi ()|

k=1

CI’,TJY Fsy

IA

4p

IA

from Theorem 13.2.3, Propositions 13.3.4, 13.4.1 and Lemma 13.6.4.

The proofs of the following lemmas are obtained in a similar fashion, so in each
proof we will only note the particularity of each case, leaving the detailed proofs for
the reader.

Lemma 13.6.10 Suppose that 48 > «. Then

‘%4

Proof Using the product rule for derivatives and (13.15), we have

< Cora IV [C7[3, 1612y

~\ * ~ ~
(DV,) DC' G,
p.1

(395, (C) " = =€ (89,05, CF €7,
(35, Vi =1 Z“”A @) (V2 =1, (57),
(ng)ék ((aej)éj ‘/t(],k)(p(ej) )
Ba)g, (Y Z) AL 0)) 90 (Vi — v, (5)) (G <k =1,
= 1% Z1, B (A @) 900} (Vi —vi(B0) (= b,
Y, Z1, AL 0) 9(0;)* (965, Vi, (= k+1).

Here, we have used the extended notation \7, = ‘7,(j ’k)(é i ék). Therefore using the
explicit expression for C, in (13.17), the above equalities and using the nota-
tion simplification (89,)5/, \7,('i )<p(9~ j)2 = 17, ZTjE j (5 i, p;) and dividing the derivatives
according to the adaptedness of the terms we obtain

Zw(eo ()5, 7°) (@0);,(¢) "6,
»

= — Z (p(ék)4 (ft ZTk Ag’(ék) (‘777(71 — g, (ﬁk)))* 6;1

k=1
k . *
{Z(am (70 20,85, 61 { @05, 7002}
k—1 ) _ . . _ N
)3,V 0 @)% { @05, (10 Z8)0,65. 5
j=1

J
+ 7, 75, 005, (A O 0@} (V= vi,(30) (@), T 0G0}
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+ @3, V9@ [T, 75 @, (A0 0@} (Vo —vr (o) |

Ny

+ 3 T2 ASG) @) (30); VP, @05, 70

¥ } &G

j=k+1
N¢
+ ) (05,06 {Yt Zr, A 07) (0 (30.)5, Vi,
j=k+1

We remark that, for j < k, using Exercise 13.4.3, we obtain

~ ~ ~ o~ ~ _] %4
@)g, (70 20) = 7, Z1, (1 + A.60) ™" A B0,

Therefore the result follows as before after long calculations, as in the proof of

Lemma 13.6.9.

So far no particular localization process G, has been defined. Recall that in The-
orems 12.5.9 and 12.6.8 a localization function = was used in order to control the
degeneration of the Malliavin covariance matrix. We now define a similar localization
for this case. We shall use a non-decreasing smooth function @, : [0, co) — [0, 1]
such that the derivatives of all orders of @, are bounded uniformly for® ¢ € (0, e™%)

and that
0 x=rI:,-1),

P = {1 (=1,

Moreover, we shall introduce a smooth function W : [0, +00) — [0, 1] such that

qJ(X)Z{o (x = 3/4),
1 (x<1/4).

Write N
ENZ@FUVO')_'—Z@F(“;T"')’ GN:W(EN)
k=1

Then, we see that

< > = > < ~
= Gii=06n = Vg o iVa<ny

l[supAE[UJ] ‘vslfl_:s_”
Exercise 13.6.11 Prove the above inequality.

Remark 13.6.12 By the definition of the function W, we have

6Recall that this restriction on & appears due to Exercise 13.3.1.

(13.28)
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sup |‘If(k)(x)’ < Cr 1 4<x<3/4)-

1<k<l

Moreover, by the definition of the function @,, we have

- 1 3 ~
Ty €| —,—|= sup |Vi| e[ -1, 1]
4 4 s€[0,1]

We remark that the function R? 5 x — @, (|x|) € [0, 1] has uniformly bounded
derivatives in €, because @.(|x|) = 0 for |x| < I, — 1.

Lemma 13.6.13 For any k € (0, §) as in Theorem 13.2.3, we have for 2q > «

ller Dét ”p,q = Cp,T Ae ry eXp (_CP,TFEK) .

&

Proof From the definition of W, we have

(k)
|\I—’/(2; )‘ = C1(1/45i,‘“53/4)'

On the other hand, the derivative of > ~¢ will be non-zero only if

sup |VP| e[l —1,I}]

O<s<t

under 1/4 < £% < 3/4. Define &, (x) := ®,(|x|) for x € R2. We remark that on
NS >k

Ny
05, 21" = g, [ @ (Vo) + ) P (V)

j=1

N
=2 PV oy Vy!
j=k
N;
=Y. |, Zn Al @0 (VT —viin) |-
j=k

Hence, we see that as @, has uniformly bounded derivatives then using the same
technique as in the proof of Lemma 13.6.8, we have

DG, = W'(E) Ni@(%) {7, 21, 0. @0 (V. = vn0) |
j=k

Therefore
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N¢

t

2.

k=1

~ ~ |4
@(6k) D G,

Ny

<CN Y

k=1

-~ /o~ -\ 9
¢ (6k) (Vn._, VI QOk))‘ L Supyy, 1731t~ 1,121
The final result follows by using exponential Chebyshev’s inequality. That is,

P[SUP Vil > I, — 1} < exp (=C(I} — I)K)E[Sup eXP(CIVSIK)]-

0<s<t 0<s<t

The above expectation is finite due to the equality in law between V and V and
Proposition 13.3.4.

Lemma 13.6.14 Assume that B > «. Then

(pf (DV,) C~’,_1 Dét

s Cprahe "7 exp[ = C, IY] HC’,‘I H

2p '
Proof Using Holder’s inequality one obtains that
NE .
> 0@ (V) € DiGi| <197 DVilapall € gl DGillapo.
k=1

p

Therefore the proof follows the same pattern as the proof of previous Lemmas 13.6.8
and 13.6.9, and uses Lemmas 13.6.7 and 13.6.13.

Remark 13.6.15 Note that the following bound is also valid:

N
~ ~\* ~ ~ c, ~

> oe@* (DiVi) €7 PG| = Cpra 7 exp[Cpr IV 10 DGilsp2:

k=1

p

Recall that the goal of this long section is to obtain an estimate for moments of
the weight I (X 4V, G) of Theorem 13.4.13. Now we start to study its main term
which is the logarithmic derivative. First, note that

log g: (Vo. (T, 0, p)1—n;) = log g (T1, (Vo). 01, fr)

Nf
+ Zloqu(Tja A1 (Vo, (T, 0, 9)1-j-1), 05, p;),
=2

we can compute that
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oV 1)

= DNf{logqa(TN;‘, A \(Vo, (T, 0, p)1ne—1), One, ﬁzv;‘)},
Dk{ log gn: (Vo, (T, 6, /3)1—>Nf)}
= Dk{ log ge (Ti, -1 (Vo (T, 0, p)1-k-1). bk, )
N
+ Z log g+ (T, -1 (Vo, (T, 0, 9)1--1), 0;, ﬁj)}
j=kt1

for1 < k < Nf — 1. These derivatives will generate a number of terms in the weight
T, (X F4V, G) of Theorem 13.4.13. We analyze them in various parts.

Lemma 13.6.16 Assume that 4 — 1 > «. Then

N? i .
' 5 NE o -~ D T R V- . 0 ,

NGO (DkV,> é16, e (Tie: Vo kNPk)

k=1 qE(Tk, Vkaw Gk» pk)

onatr |6, o,
p p

Proof We remark that x.(6) = 0 for |6| < ¢“m/2 implies that A.(f) = 0 and that
x(©) =0 for |#| > /2. Moreover, we remark that

- ~ 1 - oy
qe (T, Vi_y, Ok, ) = A_ ¢ (IVr_, — v (50)1)" b(6r)
for |6y| > e“m /2. Then, we see that using (13.9) and Proposition 13.4.1 we obtain

(36)5,9¢ (Te- Vi, Ok )
s (Te. Vi, O, pr)

iﬁ 0@ (@05, 7)€ 6,
k=1

14
%90(@/()4 {)7, Zrk A (O <‘7Tk—l _ ka(ﬁk)>}*

k=1

x C;' Gy (955, nqe Tk, Vi, k. pr)

p

&

= H - i¢(§k)4 {I?z Zr, A (O (VTH - VTk(ﬁk))}*
k=1

~ 1~ 14+
-1
X € G Lgzernr)

p
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NP (p(ék)4 . - - * ~ ~
<+ | = {Y, Zr, A0 (VTH —ka(ﬁk))} H I, 16,
o Ok 4p
9B - 16
<+ | =A@ [V —vaol| €7 L, 1G],
P 4p
< Cepar IV |C7' ), 1Gelly,

from Proposition 13.4.1, Theorem 13.2.3, and Lemma 13.6.5 . Note that in the second
equality, we have used that A () = 0 for |#| < e“x/2. The proof is complete.

Lemma 13.6.17 Suppose that 48 > «. Then, it holds that

N? N/ ~, ~ o~
P R A ) WY © S A S 3

Z(p(@k)“ (Dk‘/[) Ct_] Gt Z kq ( JN TJ 1~ j~pj)

k=1 Jj=k+1 Qa(T/» VTj_]s 9]7 pj)

< Cepary e T |CT ], 1Gell,,

Proof Using the definition of g, given in (13.9), we have fork +1 < j < N/,
Dy (lan(Tja VT/,laéj? /5j)>

1 ~ NV A -
=D |In A_¢s(|VT_,-,1 —vr, (B)N) b©G)N 1) 15,6))

&

13111117 yd“““éjbélé
+ Dy | In _21_,5;/ A ¢s(| Tj—l_vTj(r)D N e ;) m. ;)

= Dy (V In¢(1Vr,_, —vr, (ﬁj)|)) 15,0

| 5
+ Dy, (h’l {1 — W/(; ¢5(|VT_,;| - VT_,(V)Dydr}) 1175(91)
VTj_, —vr,(0;)

\Vr,, —vr, ()

=y (ng)(IVr,_, —vr,(5)) - Di{Vr, ., —vr,(5))} 17.8))

1
217 — [ ¢ (1Vr,, — vr,()]) dr

1
Xy fo ¢ (1Vr,_, —vr, (")) (n ) (IVr,_, — v, ()])

VTJ—I —vr; (r)
|VTJ—1 —vr; ()]
=: Kf’j + Kzgj

Di{Vr,_, — vy, (r) }dr 177,(9)
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We remark here that 217 — fol ¢ (IVr,., —vr, (")) dr = I’ which means that the
term in the denominator of K§ j does not vanish.

Now in order to estimate each term in the above expressions, we first note that
from the definition of V in (13.10), we have

ALO) Vi, — v (B0}, (j=k+1),

Di{Vr,, —vr,(5))} = D
Ve —vr () {Yrj]Zi]A;(Qk){VTk,—VTk(ﬁk)}, (k+2<j=<Np).

Since |1+ A. (00| < 1.

E(ék)” <C, ¢ < ¢, < I, and Proposition 13.4.1, we

have
N¢ N¢ ~ ~
' . B 5 5 ' Dpq.(T;, .0, 5
Z(p(ek)4 (Dkvt)* Ct_l Gt Z k4 ( J ~VT/ I~ ]~10/)
k=1 j=k+1 qe(T;. V1, 05, 5))
< Zw(ek) | DV | Z Ki; Zw(é)k)“leVz Z Kj;
j=k+1 4p j=k+1 4

x ||571||4,, [Gl,,

Zw(@w“levf Z DV, —vr, G| €7, 16l
Jj=k+1

4p

Zw(ek) | DV | Z DeVr | 1E7 ], 160,

Jj=k+1 4p

y 2 SN I B . .
o (Z+2) v X 0@t 100 ¥ —vmGol| 1671, 161,

k=1 4p

= Copary e L7 |CT,, 16,

by Theorems 13.2.3, 13.3.4 and Proposition 13.4.4. Here, we have used the upper
estimate of
s 1
|(Tog @) (IVr,, — v, (5)I)| < %
in the third inequality and the techniques used in previous lemmas (such as
Lemma 13.6.7), while the Poisson random variable N; with the parameter At has

the following property:
|| N/ H <Cqaer).
q

Proposition 13.6.18 Assume that 48 — 1 > o and 0 <t < T. Then it holds that
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< Cp,T,a CXP [Cp.T I—:g‘y] <8—ua—l FSZV H G,

f,(X5+I7,G)H
p

, He 7 exp[ -G, 1“;]) :

Proof The proof is a direct consequence of Lemmas 13.5.2, 13.6.6, 13.6.8-13.6.10,
13.6.14, 13.6.16 and 13.6.17. We remark that the condition 0 < & < e¢~* ensures that
I, >1.

13.7 Higher-Order IBP Formula

We can now discuss the higher-order IBP formula, inductively. This is a techni-
cal section which therefore involves a lot of careful calculations which we do not
completely give here for the sake of space and clarity.

For py, p, € Z, and an R-valued process K = {I?, ;0<t< T} with nice prop-
erties, define the operator .ZZ,,], paut DY

jo,o,z(lg) =K,
Zro.(K) = (X +V,K) (1,007,
Zor4(K) =T,(X* +V,K) (0, 1),

jpﬁ*l,pz,t(k) = egl,o,t(gp],pz,t(k))s
jpl,pz-&-l.t(k) = D??(),l,f(jp],pz,t(lg))-

Denote by 0; F (i = 1,2) the partial derivative in the i-th component in the order
they appear in the function F, and write 3 = (9, d2).

Theorem 13.7.1 (Higher-order IBP formula) For F € C° (]R2 ; R), it holds that
B[]0 F)(X; + V) G| =E[F(X; + V) Zp. (@] (1329)

As before (see Theorem 13.4.13) we assume that jpl,pz,,(é) is integrable.
The proof follows from the following exercise:

Exercise 13.7.2 Prove
E[(0] 0 F)(X; + V) G| =E[F(X; + V) Zppos@)] . (1330)

For a hint, see Chap. 14.

Rather than proceeding with these long but instructive calculations, we propose
the following generalization which will help.
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Exercise 13.7.3 In this exercise, we define the Sobolev norms associated with the
derivative we have defined here. Under the setting of Definition 13.4.9, define the
following norm form € N* and p > g > 1:

rla
m

l
Vil =E(>_ | Y [le@ID;...0; Vi

1=0 \ ji<..<ji<Nfi=I

Provide a sufficient hypothesis in order to prove the following properties:

®

(ii)

(iii)

(iv)

v)

Prove that || - ||, 4.» is @ norm and characterize its corresponding Banach
space. In the particular case that m = 0, prove that || V;|l, 4.0 = |Villp,q as
defined in Definition 13.6.1. Note that one can also extend the definition of
the norm for processes as follows:

rlq

Vi

m Ny 1
P =E(Y D0 S Tle@)D, .0, vyl

1=0 \ k=1 ji<..<ji<ki=1

State and prove the coincidence between the above norm and the one defined
in Definition 13.6.1 in the particular case m = 0.
For appropriate random variables X, Y prove that

”D(XY)”p,q = ”Y”Zp”X”Zp,q,l + ”X”Zp”Y”Zp,q,l-

Extend the above inequality for appropriate random processes X and Y.
For appropriate (m, p, g) and smooth random variables (X, Y), there exists
(m, p1,q1, p2, g2) such that

IXY 1l pgm = CIX pr.grmllY [ p2.gzm-

Extend the above result to stochastic processes. In the above inequality and
the inequalities to follow using the norms || - ||, 4,»,» Wwe may have that the
parameters B8 and r in the function ¢ used on the left side may be different
from the those on the right. Still, as their use will be limited to a finite number
of times this will not pose any restrictions later.

Prove that for any appropriate (m, p, g, j) € N*, there exists (p1, g1) such
that

NE

> 0DV, < ClVillpr.grms s

k=1

p.q.m

For any smooth random variable G, which is .%-adapted and appropriate
(m, p,q) € N°, there exists (¢i,s;), i = 1,2 and (p;,r;),i =1, ..., 4 such
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that

15 (X5 4+ V. G)llpgm < CVueOIC sy g0.m 1 Gillsgom
+ ClIVill gy ryms2 1€ s st G et 1@ X 2170 (1A 10170 psr -

Note that in the last term above, there is a slight abuse of notation. The process
being considered there is the one which at each time T} the process has a jump
of size @ X, p1/a (G)(1 + |6¢|"). This will be always well defined if r = m and
B—m>1+a.

(vi) UseExercise 13.4.10 to prove that for appropriate large values of 8 and r which
depend on m, one has || |72 lp.gm < Cl"gc”'”‘”’y. Similarly, prove || C, lpgm <
C I}C""’""V.

(vii) Prove that for the localization function provided in (13.28), one has

= Cpq. Cpam?
”DGt“p,q,m < Cp,q,m)tqumrs pan eXp (_Cp.TFgK) .

Therefore if we choose 0 < ¥y < k < § < 2andnox > 1 then one has that due
to Exercise 13.3.5 and Proposition 13.3.4 that the above is smaller than Ce”
for any n > 1 once ¢ is chosen small enough. A similar conclusion follows
for ||<p,DGt Il p.q,m- Therefore from the above it follows that sup, || G, lp.gm <
Cpgm-
(viii) State and prove a similar result for sup, [[(¢ x,/21 (1 + 16171, lp.g.m-

(ix) Prove the following estimate for appropriate m, p, g, p1, p2, q1 and a positive

constant C:

~—1 Cpgm¥
IC; M pgm < CT """ exp[Cpgm T ]-

(x) Recall that u,(r) =t (¢*7)* 27 and conclude from all the above that if A
and r are chosen appropriately large with G, given by (13.28) then

”fvl(Xé‘ + ‘77 G)”p,q,m < Cp,q,m (1 + Sfm(uuhLl) Facp,q,m}/ exp [Cp,q,m 1")’])

&
For a hint, see Chap. 14.
Following the above exercise and using induction one obtains the following result.

Theorem 13.7.4 (Upper estimate of the higher-order Malliavin weight) For0Q < ¢ <
T,u.(t) =t (e*m)*¥ 2= I, = (log(e~") P withnyy < land0 <y <k <8 <2,
kno > 1 and it holds that if B and r are chosen appropriately large with G, given by
(13.28), one has that there exists a small constant C,, ,, suchthatfor0 <& < Cp, p,
one has

> = _ 1 Cpipr.pY
ngl’pz’t(G)Hp Ecpl’pqu(l + ¢ (p1+p2)(aa+1) I P1-P2D exp [Cpl,pz,P 1‘;)’])
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Rather than carrying out the proof it is a good exercise to try to understand where
each term comes from. In fact, if we compare the above estimate with the one
in Proposition 13.6.18, we see that one of the terms is considered above just as a
constant and we only considered the largest term of the two terms appearing in
Proposition 13.6.18.

Now because we are considering a higher-order IBP formula, this will in-
volve higher-order derivatives. In the above result, they are expressed in the terms
g=(mp@atl) [ e see that the appearance of the power p; + p» is due
to the higher derivatives that imply a larger number of terms which are of the order
of (Nf)P'*P2. Similarly, higher-order derivatives of ¢, imply a larger power of ¢,
appearing in the denominators of the derivatives which lead to e ~”»1+72)_ Note that
higher moments of C ! will always lead to the same estimate exp [C PLpap ng] with

a different constant C,, ,, .

13.8 Decay Order of the Characteristic Function of V;

In this section, rather than using the full result obtained so far we will conclude with
a brief argument in order to show the existence of the density of V;. The method to
be used in order to prove this will be Theorem9.1.10 as explained some lines before
Theorem 13.2.3. B ~
Let¢ € R? with ] > 1,and 0 < ¢ < T. Then, since V; and V; are equivalent in
law, we have
E [exp (i € Vo)]| < [E [exp (75 V)] ~ E[exp (i V)]
+ ‘E [exp (i¢*V,) —expli ¢* (Xi + ~,)}]‘
+ |E[exp{i ¢ (x; +V)} (1= 6|
+ ’E [exp {i c* (Xf + ‘Z)} él]
=L+ 5L+5+ 1.

We now estimate each term. The mean value theorem gives that
|exp (i ;*x) — exp (i {*y)| = |i £*(x —y) exp {i c* (x +6,(y — x))}|
< min (|¢]x — yl],2)
<2l e -yl

where 6, is a [0, 1]-valued random variable and 0 < ,5 < 1. Therefore using this
result, the fact that V Z v and Proposition 13.3.4, we have
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= [Efexp (17 V)] ~ B [exp (127 V7))
<2 P PRIV, — Vi 1F]
< 21-8 CBJI |§|/3 811(/3—06—7)‘
In particula}r, recall that,é € (a, 1]and I', = (log(e~"))™ withngy < 1forany7 > 0
such that 8 —a > 7.

To bound the term I, note that E[|X¢|] < «/2u, (1), therefore from the Cauchy—
Schwarz inequality, we can get, via the mean value theorem, that

b= |E[exp (i ¢7 V) —exp i ¢* (x; + )} |
_ ‘]Eﬂ [i{*Xf exp {i £* (Vi + 65 Xf)}]‘

< ¢IE[1X71]

< V2u.( l¢|
< V2T [¢] (e“m) P20,

where 65 is a [0, 1]-valued random variable.
Since

~ < —_ ~ < ~
l(SuPse[o.T] [Vs|=Te) — 1 -G = l(SuP.\-e[o‘r] |Vs|=Te=1)?

we see that using again Proposition 13.3.4 and exponential Chebyshev’s inequality,
L= ‘E [exp icr(xe+ V)b a- G,)]‘

sP[sup |Vs|zrg—1]

s€[0,¢]

<exp[— (I} - I)K]E[ sup exp(|‘7,|“)]

t€[0,T]

foranyo <k < §and p > 0.

Exercise 13.8.1 Use the arguments in Exercise 13.6.11 to prove that

~ < _ G < -
l(supse[O,TJIVslzre) - 1 Gt - l(SUPselo,zJIVs\zfe—l)'

The upper bound estimate for I, follows; since
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exp (i ¢* (X + Vi) } = (=D [¢172 (87 + 83)" exp {i ¢* (X[ + Vi)
for any p € N, we have
1= |E[exp {i¢* (X7 + V) G, ]

=|¢| 7% ‘IE [(812+822)p exp{i{* (Xf + V[)}ét]

<y <‘Z> [ [oa37 > (exp i ¢* (x; + V))}) G

<C, I {1 et 197 exp[c, FZ]}'

In the fourth inequality of the above estimate of 14, we have used Theorems 13.7.1
and 13.7.4 with the parameter conditions stated in the latter.

Putting all these results together and using Exercise 13.3.5, we obtain the following
estimate on the characteristic function of V;.

Theorem 13.8.2 Let 0 < ¢ < T and assume the parameter conditions in Theorem
13.7.4 and B € («, 1] with B — a > 7 > 0. Then, it holds that for any p € N and
ceR?*with|¢] > 1

IE [exp (i ¢* Vi)]| < Cj 1¢1P 7P~ 4 V2T |¢| () 2/

c (13.31)
+ Cplel 27 (1 + &7t 157 exp [, 17]).

In particular, choose & = ||, where the positive constant b will be given later.
Write

o= {ab(ﬁ—a—f)—,é] A [ab(2,3+1 — %‘) - 1] A{2p — 2pblac + 1) — by} .
(13.32)
Then, since |E [exp (i ¢* V;)]| < 1 for ¢ € R? is trivial, we see from (13.31) that

|E [exp (i ¢* Vi)]| < (CE,T,p,no,n,y Vi) (1 + m)w
for ¢ € R2.

Remark 13.8.3 Some final remarks are in order to understand the range of the results
obtained.

1. Note that each term in the estimate in (13.31) has a meaning. In fact, the first term
corresponds to the approximation error of V; by V. The second corresponds to
the small Gaussian noise term X? and the last term corresponds to the IBP with
respect to the approximation process V;.
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2. If the reader compares the above methodology with the one provided in [7], one
finds that although technically similar, all differences in the results appear due to
the choice of the function ¢. A straightforward comparison is complicated due to
the number of parameters in the problem.

3. Now we will try to explain again the meaning and the restrictions on each pa-
rameter in the above result. First, recall that nyy < 1 is used in order to apply
Exercise 13.3.5.

4. The restriction 8 € (o, 1] with f —a > 7 > 0 appears due to the use of Propo-
sition 13.3.4. Similarly, the restriction 0 < y < k < § < 2 appears in Theo-
rem 13.2.3 and Proposition 13.3.4. We leave to the reader to verify that this set of
restrictions is non-empty.

5. Note that § = B(p) in (13.14), is chosen so that the application of p-th order IBP
formula is possible. Note that we can choose B(p) as large as desired without
changing any of the estimates (except for constants).

6. In order to obtain that the density of V, exists and has certain regularities, let us
consider the following situation: Let L > 0,0 <y < land0 <o < 1/(L + 2).
We shall choose the constants 8, n > 1 (in Exercise 13.3.5), B, p (the number
of IBP formulas), 7, a (parameter of x.) and b (parameter which defines ¢ as a
function of ¢ in the above theorem) so that the following inequalities are satisfied:

L+1 . 2L -2
M<ﬁ§l7 /3>%7
1l—«a 4
LB — —
N ({5 o) y LAB+2—a) vng
2(l—a)f—a(L+1) 2(4B+2—a@L+3)) 2
(13.33)
0<F<,3~—a—72pgp('3_zm
e (B+L)2p+n) y 2(L+1)2p+n)
@p-LYB—-a—-7F)—2pa(B+L) Qp—L)@AB+2—a)—dpa(L+1)
B+ L 2(L+1) 2p—L (13.34)

= < < —.
aB—a—F) a@p+2-a) 2plaa+1)+n

Then, we can get that o > L via easy but tedious computations. In fact, the above
inequalities are obtained from bottom to top. First, one obtains the conditions on
b that ensure that o > L. Then in order for the inequalities for b to be satisfied
we need that both lower bounds be smaller that the upper bound in (13.34) from
which the inequalities for a follow. Similarly, one continues to the top. In the case
of inequalities involving 7 one optimizes in order to find that no restriction on p
appears in (13.33).

(1) If we choose L = 0, then our setting is in the case of o > 0, which implies
that, for any ¢ € (0, T1, f; € H' (R?) for all r < "T_l Here, H (R?) is the
set of probability measures g on R? such that | g|| Hr(R2) < 00, where
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g3 @) = / (1+1¢1?)
R2

One may also check the relation with Corollary 9.1.3.
(i) If we choose L = 1, then o > 1, which implies that, for any ¢ € (0, T], f;
admits an IL.? (R?)-density with respect to the Lebesgue measure on R?.
(iii) If we choose L = 2, then o > 2, which implies that, for any ¢ € (0, T'], f;
has a continuous and bounded density with respect to the Lebesgue measure
on R? (see Theorem9.1.2). In any case, we see that in order to obtain more
regularity we need « to be closer to zero.

g a, é’(C)=/ e'c* g(dx).

R2

7. Note that higher-order IBP formula are needed in order to carry out the above
arguments. Then, the function ¢ (@) has to approach to zero as & — 0 faster (in
polynomial order). On the other hand, as seen in Remark 13.5.7, this fact does not
create a problem in the existence of moments of the determinant of the Malliavin
covariance matrix. This fact was crucial in order to obtain the proof. The above
result it is not optimal and by far there are a number of related issues to be tackled
such as its three-dimensional extension, the regularity properties of the density
and its estimates.



Chapter 14 )
Further Hints for the Exercises Geda

This chapter collects hints to solve various exercises. These solutions are not com-
plete by any means, the given arguments can only be considered at best to be heuristic
and need to be completed by the reader. These are a level above the hints given in
each corresponding exercise which are given because we believe that some of the
exercises may be difficult or even that some misunderstanding may occur.

Hint (Problem 2.1.41) For example, one simple improvement of the result is

log P(N; = x) 1
x—+oo xlog(x)

Using appropriate decreasing properties of P(N; = x) as a function of x, one can
also obtain results for P(N; > x).

Hint (Exercise 3.1.4) For example, one has Y :=1.0_.0 —1Lao__ o. As ND 4
1 2 1 2

N® is a Poisson process, it has its corresponding jump times which we denote by t;,
i € N. Nowwe candefinein generalY; := alr/:f;n’formmekeN + blt/:rku),fbrmmekeN.
Another possibility is Y; := alAzrj —+ blAz,f:b for Z = aN®D + bND . Then to
find the distribution of Y, just note that P(Y, = a) = P(‘[l(l) < rl(z)).

In fact, compute IP’(N,(:)_, — N9 = k) fori = 1,2 by dividing this computation in
cases according to T = rj(.l) for some j ort = 1;2) for some j.

Hint (Exercise 3.1.9) There are two ways of solving the problem. The first and
shorter is to compute the characteristic function. The second, which is longer but
more informative, is to give an explicit construction in the spirit of Theorem 2.1.31.

Hint (Exercise 3.1.11) We discuss only the latter exercises. In order to prove that
N' are independent is useful to compute the characteristic function. In fact, the
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2 j . o .
sum Y. =19 N/ corresponds to a compound Poisson process with jumps of size

2 L .
> i=10jly,ea,. From here, one can compute the characteristic function

2
E | exp iZOjN,j
j=1

and deduce the necessary properties.

Hint (Exercise 3.4.9) For each point t € [0, T), f is right-continuous. Therefore
for fixed ¢ /2, there exists a 5(t) > O suchthatQ < s —t < &(t) implies that | f (s) —
f@®)| < /2. As the interval [0, T] is compact, one has that the interval is covered
by a finite number of intervals (t;, t; + §(i)), i = 1, --- , n for some n € N. Use this
to determine § := min;—;___, 8; which satisfies the properties.

For the second problem, prove that there can only be a finite number of points
where the discontinuity is greater than ¢ € Q. From here the second problem can be
solved.

Hint (Exercise 3.4.28) Just a short note to say that the relation with Exercise 2.1.42
is obtained by taking h and indicator function for the number of jumps.

Hint (Exercise 3.5.7) This exercise may not be considered totally fair to the reader
as it does not state clearly what we mean by generalizing the Ito formula. Here is one
option. Suppose that fo[O,T] lg(z, $)| A (dz,ds) < 0o, a.s. Then one can proceed
by considering the function (g V (—n)) A n instead of g and then try to take limits
with respect to n in the It formula. For this, one will need to suppose some continuity
condition on h.

Hint (Exercise 3.5.9) Clearly if f = 1 the law of N'N? is not the law of a Poisson
process. Therefore the first process is not necessarily a compound Poisson process.
The required construction as iterated integral will require one first to determine
a compound Poisson process which depends on the value of the jump size in one
coordinate. This is easier to understand with discrete distributions. Suppose that Y’
has a discrete distribution concentrated on {aj-; Jj € N}. Then one needs to define

the process Ny(a) := Z,N:' L HX 12 = a}. Prove that this process is a Poisson process.
Use it for the iterated representation. In the literature this procedure is usually called
“thinning”.

Hint (Problem 3.6.12) If we condition on the first jump of N and the value of the
Jjump Y1 we obtain the following equation:

o0

o0 u-+tcr
V() = / drie ™" </ U(u+cr—2z) f(z)dz+ f(z)dz) .
0 0

u+cr

Then one performs the change of variables u + cr = 6 and differentiates with respect
to u. This gives the first result.
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Another way of doing this is to use Ito’s formula to rewrite E[W (S;)] — ¥ (u).
Then one has to prove that this difference is small (i.e. o(t); this requires some long
calculations, try it). To obtain the quoted equation we need to consider

E[¥(S)] — ¥ (u)

= (W u+ct) — Wu)e ™
Ni—s

t u+-cs
+/dﬂf“</ EI¥ @ +cs —y+ Y YD)l —¥w)f(dy
0 0

i=0
+u—wm»hy+m0.
If one considers the first-order terms in the above equation one obtains the result.
To solve this linear equation one may use Laplace transform techniques.

Hint (Problem 3.6.13) First, we prove that ¥ is a continuous function. In fact
Y (u) = P(sup,.g Zs > u), where Z is the associated compound Poisson process.
Conditioning on the first jump we have

Uu) = / dr)he_’\r/ U(2)f(u—2)dz = / V() f(u—z)dz.
0 _

o0 —0Q

Therefore one obtains first that ¥ is continuous. By a similar argument one obtains
also the differentiability of Psi. This argument is essentially the same for the case

c#0Q.

Hint (Exercise 4.1.12) Just use the fact that there is a finite number of jumps larger
than one and the fact that |AZ;|P < |AZ;| for p > 1if |AZ;| < 1.

Hint (Exercise 4.1.21) In fact, first prove that the Laplace transform of a gamma
law with parameters (a, b) is essentially given by

0 /00 ety = (2 a'
@ Jo bto

From Corollary 4.1.13 deduce that the Laplace transform of the gamma process is

given by
o0 —Ax
—0x €
exp <—t/ (e -1 dx) .
0 X

The exponent above can be expanded for |0| < a as —t Z;ozl (_7‘9)” % Finally, find
the values of a and b to match the two Laplace transforms. One may try to do
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the same using characteristic functions.! Although the final result is the same the
solution requires techniques from complex analysis (like the calculation of integrals
using residues and the Cauchy theorem.)
A different methodology which is more model specific goes as follows: Use the
mean value theorem to obtain that
/ / “dve Mdx.

f (679):
Now just use Fubini’s theorem.

Hint (Exercise 4.1.22) Given the approximations used in the definition of Z, one
can use Proposition 3.3.7 in order to show that the characteristic function of W is
given by

a

. oxr 1
E[e'”"] = explct / (€™ —1)—=dx].
R, x!t

From here, using the change of variables z = x" in the above integral one obtains
that the Lévy measure of W is given by —+= 1iz>0y. The other properties of Lévy

processes follow by using the approxzmatzon procedure.
Hint (Exercise 4.1.23) In order to take limits of the characteristic functions one

needs to prove some that one can take the limits inside the integral. For this one
needs to use that for |x| < 1 one has that

e — 1] _ ol
e T e

Similarly for large values of x is enough to use that

|ei0x_1| - 2
|x|1+a — |x|1+a'

Therefore the limit can be taken inside the integrals and the integral is finite. For 2.,
try to use the symmetry properties of the cosine and sine functions.

For 3., we just need to remark that for a particular choice of 0 = kt~"* one
obtains the characteristic function of V 1= t~V/%Z,. Prove that this is independent
of't.

For 4., just prove that the rate of decrease of the characteristic function is faster

than any polynomial. That is, lim supjg _, o (ﬁ@—‘(f) = 0 forany p > 0.

Hint (Exercise 4.1.25) For 3., once 2. is proven one only needs to prove that the
following asymptotic result is satisfied for an infinite number of i of big enough value:

! As you may have noticed the fact that the infinite Taylor series of the considered functions are
equal is not yet enough to say that the functions are equal. There are well-known counterexamples.
You still need to use that the considered functions are analytic.
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(€i,8i-1) io Ct —a —a
A ERE-D((0, 1] x [0, £]) ~ 2/ —27%(1 —27%), a.s.
o

Adding these terms one obtains the result.

Hint (Exercise 4.1.26) According to Corollary 4.1.13 we have the characteristic
function of Z,, therefore the mean and the variance can be computed. For the mar-
tingale property use the fact that the increments of Z are independent.

Hint (Exercise 4.1.27) To prove the blow-up of moments just consider the case of one
Jjump and then compute the respective moment. For finiteness, one needs to consider
all cases for all numbers of jumps using the independence of the jumps.

o=l

Hint (Exercise 4.1.32) The example for f may be f(x) = WI{X#O}; where A > 0
anda € [0, 1).

Hint (Exercise 4.2.6) Just follow the same proof using (k — 1)?|X [(k) — X,(k_])|
instead of | X ,(k) - X ,(k_l) |. Then the fact that the factorial converges to zero faster
than any polynomial can be used in order to obtain the same bounds. Then one
considers k? |X,(l) - X,(kfl) |. Take | — oo and then take the limits with respect to k.
Stirling’s approximation should tell you that the convergence is actually much faster
than a polynomial.

Hint (Exercise 4.2.7) One way to understand why it is important to be careful with
how the statement to be proved is to try to find explicit bounds for E[| X fk) [1fork =1
and k = 2. Depending on how you do it you may end with a mess of expressions or
a neatly written expression which will tell you what to do in general.

The final answer is to consider by induction a bound for E[| X t(k) |1 using Theorem
4.1.38 or other similar results in this section (can you guess these other results?).

For the sake of the argument and to decide how to do the induction, we suppose
momentarily that all expressions to follow are well defined. Then using triangular
inequality, the Lipschitz property of a and Theorem 4.1.7,

E[1xV]] < |x|+/ 1E[|a(x§’<—1>)|]ds+E[/ X Db A (dz, ds)]
0 Rx[0,7]
< |x|(1 + Ct) + |a(0)|r + c/ E[| X% V|1ds
0
+e / ()| f ()dzE / X 4D)as].
R 0

Consider that t € [0, T] and use Gronwall’s inequality. The resulting formula has to
be iterated down to k = 1 or k = 0 (depending on how you have done the first part
of the hint) and this will give you the right hypothesis for the induction procedure.

Hint (Exercise 4.2.15) Define
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Y, = / b(z,s) N (dz,ds).
Rx[0,7]

Note that E[Y;] has already been computed in Theorem4.1.38. Applying It0’s formula
and expectations, we have

BV B = BI [ b s)(be.s) + 20) F(dz. )]
Rx[0,7]

The result follows from here.

Hint (Problem 4.2.16) To expand the solution, one just needs to use the Ito formula
in Theorem 4.2.12 repeatedly. In fact,

X;=x+alx) N (dz,ds) + / (a(X,-) —a(x))zN (dz, ds).
Rx[0,f] Rx[0,¢]

Now

a(Xs-) —a(x) = / {a(Xy— +a(X,)z) —a(X,-)}N (dz, du).
Rx[0,s)

Next, we apply a mean value theorem to obtain
1
a(Xy- +a(X,)z) —a(X,-) = f a' (Xy- +aa(X,-)z)daa(X,-)z.
0

One can do a Taylor expansion of this term. The main term will be a’a(x)z. This will
generate an integral of the type

da(x) / / QN (dzr, du)zaV (dza, ds)
Rx[0,] JRx[O,s)

Then continue doing this expansion.

Hint (Problem 4.2.17) In the case of the expectation of X, obtaining a Taylor
expansion is much simpler because the expectation simplifies the problem structure.
In fact,

EX/]1=x+ a(x)tf f()dz +E [/ (a(X,-) — a(x))zf(z)dzdsi| )
R R

x[0,7]

The term which was analyzed in the hint of Exercise 4.2.16 has now as expectation

2
dat0’ / f 2 f G2 f Gdzdzs,
R JR
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where the last integral becomes % (f]R zf (z)dz)z. A further interesting question is to
analyze what will be the expansion for E[g(X,)], where g € C;°(R).

Hint (Exercise 5.1.9) The topology is determined by the corresponding character-
istic functions and given by the convergence off(|)c|2 AD|fe(x) — f(x)|dx.

Hint (Exercise 5.1.17) In fact, note that the calculation in this case is not so different
to the calculation in Exercise 4.1.23 due to the symmetry of f. This fact is essential
when dealing with the parallel to Exercise 4.1.23.2.

Hint (Exercise 5.1.19) In fact, take ay = 1 and let us suppose that we compensate
the point process so as to obtain a martingale which converges in L*>. Then the
characteristic function for the constructed process at time 1 can be written as

N o (0a:\ (@ —ai—y)
exp| — Z 2 sin > ) e
i=0

a;

The above sum converges because sin” (0%) < 91“”2 and )72, (a;_:lal;l) < fol Xf]ﬁa <
oo fora € (1,2). ’

In order to prove that the density is smooth one needs to prove that the rate of
decrease of the above characteristic function is faster than any polynomial.

In order to do this, one can use the following trick, which is similar to what
happens with integrals. Consider the sequence u; := 6a;. Then we have that the
exponent in the characteristic function is

g = 5 sin? (1 (uj —ui—y)
Z sin (3) T
i=0 i

Now one needs to prove that the sum is non-zero. This will be the case as u; decreases
to zero and its values change from 0 to 6.

Hint (Exercise 5.1.20) This exercise is based on a very well-known result by
Asmussen and Rosiriski [3]. One has to compute the variance of each of the jump
sizes associated with Z*». We first rewrite it in the more convenient form of

Nf”
Zo o=yl = g,

i=1

N/ = / x A D (dx, ds).
Rx[0,t]

Therefore as N/ — oo asn — 00, we can apply the central limit theorem with care
(note that the number of terms is random). Other elements that appear in the proofis
the study of the asymptotic behavior of the moments associated with the jump sizes.
In fact,
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'
— ~ e ¥
)‘Sml _/s X1+D‘ Ep -

n

En 1)
Yi

-2 . .
The moments of order p of are of order "%, With these estimates one can

apply a version of the central limit theorem. Note that the random variables Yl-(g"’l)
also depend on n, therefore the type of central limit theorem is not the most basic
version for i.i.d. rv.s. In particular, note that the mean of the considered r.v.s is zero,
therefore the mean of Y is zero. The asymptotic behavior of the variance should give
the answer for the variance of Y.

Hint (Exercise 5.1.21) We only give a hint for part 2. According to Exercise 5.1.20
we can assume that the small jumps can be approached by a Gaussian random
variable of mean zero. Therefore the probability of being negative is close to 1 /2 For
the jumps bigger than 1, one may consider the probability that no jump bigger than
one occurs which is also strictly positive for any t > 0.

Hint (Exercise 5.1.22) First note that the statement given in words should be
]P’(AZ;for somei € N) =0.

In order to prove this, note that {T;; i € N} is independent of Z*. Then use appro-
priate extensions of Exercise 3.1.11.

Hint (Exercise 5.1.23) This exercise is not as easy as it seems at the beginning. In
order to obtain the characteristic function use calculus of residues from complex
analysis. In order to compute the integrals related to the expression in Theorem 4.1.7
one has to divide this integral in two domains as usual and find the corresponding
expansions in each domain.

Hint (Exercise 5.2.4) (Hint for Sect. 5.2) We will retake the proof at the equation

h(Y{") =h(Yy) + / (R(YP_ 4+ 2) — h(YP) — W (Y )2l <} A ) (dz, ds)
[0,00) x[0,7]

+ / B (YMz /e (dz, ds)
[0,1]1x[0,7]

=1+ J

Clearly the left-hand side converges uniformly in time as n — 00. We need to prove
that the two integrals, 1" and J" on the right-hand side converge also. For this, we
will prove that they are Cauchy sequences in appropriate spaces. Before doing this
we will need to separate the integrals according to the size of the jumps: On the
one hand, the jumps bigger than one and on the other the jumps smaller than one
in absolute value. Here, we give the proof assuming that there are no jumps bigger
than one and leave the case for jumps bigger than one for the reader.

Note also the following estimate using the Taylor expansion formula with integral
remainder
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1
1h(2) = h(z0) — H'(20)(z — 20| = / W (20 + 1(z — 20))(1 — )t (z — 20)?
0

_ I
-2

(z — 20)%

This estimate gives that forn > m

h//
|Itn _Ilm| S || ||00/ |Z|2</V(£"’s’")(dz,ds)
2 [0,1]1x[0,£]
+ | Gum (2, )TN ) (dz, ds)).

[0,1]x[0,]

Here
1
um(zs) = / W'+ Y)Y — BG4 rY ) (0 = ryd.
0

Now one needs to use analytical tools to prove that as

lim sup |¥]! —Y"|=0,

n,M—>00 (10 /]

8n.m(2, 8) also converges uniformly. For J" a similar argument is used but instead of
using convergence of the measures 7>/ " (dz, ds) one needs to use the martingale
estimates and the martingale convergence theorem that already appeared in the
construction of Z. That is, we upper bound the difference J" — J™ as follows:

| / R (YM)z N Enem) (dz, ds)| + | (W' (Y") = B (Y™ )2 N (dz, ds))|.
[0,1]x[0,] [0,1]x[0,2]

In each term, one needs to compute the L*>-norms, prove that they converge to zero
and then apply the same arguments as in proof of Theorem 5.1.5.

Hint (Exercise 5.3.5) For simplicity, let us first assume that g is positive. Now, let
gn be a sequence of simple functions of the type:

gn(z,8) = Z a; j14,.(z,8).

ij=1

Here a; j > 0 and A, ; is a sequence of disjoint measurable sets such that g, 1 g
(a.e.). One further modifies the sequence using g, = gn17>¢,, Where g, isa sequence
of positive real numbers decreasing to zero. The definition of f[o 1x[0.1] 2. (z, s)JV
(dz,ds) = f[O,l]x[O,t] gn(z, s)JV(E")(dz, ds) is clear as this is the definition for
stochastic integrals with respect to compound Poisson processes. Next, one proves
the following L*(2) estimate using Theorem 3.4.31:
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2
E

=/ |g0(z, 8) — gl (2, $)|” A (dz, ds).
[0,11x[0,¢]

/ 8z, s) — g (z.5). (dz, ds)
[0,1]x[0,¢]

Therefore the stochastic integrals converge to what we call the stochastic integral of
g. Furthermore the L*(§2) norm of g is given by

d

Using a similar argument one can prove that any other sequence used will give the
same limit, therefore proving the uniqueness of definition.

2
] = / g (z, )I* N (dz, ds).
[0,1]x[0,7]

/ g(z, s)j(dz, ds)
[0,1]x[0,¢]

Hint (Exercise 5.3.20) First construct a function h, such that it satisfies:
e h,(x) =x for|x| <n.
o |1, (x)| <2|x|for x € R. Furthermore |h,(x)| <2 forx € R —{n, —n}.

Apply It6’s formula to h, (X, — Y,) and apply expectations (you will need to use the
appropriate theorems in order to take expectations in each stochastic integral) in
order to obtain

E[h, (X, — Y]
= f Elhy(Xs— = Ys— + (@(Xs-) —a(Ys-))z) — hp(Xy— — Ys—)]'—/‘?\(dzy ds)
[—1,1]¢x[0,7]

+/ Elhy(Xs— = Ys— + (@(Xs-) —a(Ys-))z) — hp(Xs— — Y5-)
[—1,1]1x[0,7]

— h,(Xs— — Ys_)(a(Xs-) — a(Ys_))z) N (dz, ds).

Now use the Lipschitz properties of h, and a in order to prove that the integrals
above are bounded by

E[h,(X, — ¥)] < C f E[|X,_ — Y,_PllzP 7 (dz. ds).
Rx[0,7]

Now we need to take limits with respect to n using the appropriate limit theorems.
This will give you an inequality for which you can apply Gronwall’s inequality.
For existence, define as in previous chapters, the approximation sequence:

X" =x+ / a(X" )z N (dz, ds)
[—1,1]1x[0,7]

+/ a(X" )z N ) (dz, ds).
[— 1,11 x[0,]
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Prove that the uniform limit of X" exists. For this, one proves that X" is a Cauchy
sequence using the sup norm in compact time intervals. In order to do this one uses
Doob’s inequality for the martingale parts and classical inequalities for the bounded
variation parts. The limit will then be a cadlag process.

To prove that E[X?] one may use the same ideas as in Exercise 5.3.21.

Hint (Exercise 5.3.21) First, one proves that E[X,] = 0.
In order to compute E[X?*] we apply It6’s formula to obtain

E[X?] = x* + / E[X? 1z° f (z)dzds.
[—1,1]x[0,z]

Note that some effort has to be made in order to prove that the martingale term in
the Ito formula has expectation zero. Now one needs to argue that E[ X 52_] =E[X 52]
forall s > 0.

Finally, one just needs to solve a linear equation.

Hint (Exercise 5.3.22) For this exercise it is useful to recall the solution of Exercise
4.1.27. A similar calculation needs to be done here.

Hint (Exercise 5.4.1) In this exercise, clearly question 3 only makes sense if .(A) <
00. Therefore we assume this condition. We realize that A" (A) is a compound
Poisson process with Bernoulli jump increments. In fact, for 1, = A(A,) we have

(o]

n _ At o r enj—r
P(A"(A)=r) =e ]X_;r!(j _r)!k(AﬂAn) A(A N AS)
€7A"tl‘r

_ r t)L(AﬂA:;)
= ——MANA)e .

Therefore A" (A) is a Poisson random variable with parameter L(A N A,)). For the
second statement, this is an issue that has appeared repeatedly through the text. See
for example, Corollary 3.1.3, Proposition 3.1.8 or Corollary 3.3.9. The rest of the
exercise consists in computing characteristic functions.

Hint (Exercise 5.4.2) Note that for Z, := A ([0, t] x R), we have
P(Ty > 1) = P(Z, = 0) = ¢ *10.00xR),

In the case that A([0, 00) x R) = oo then one has that P(T) > t) = 0. That is, a
Jjump occurs immediately after time zero.

Hint (Exercise 5.5.18)

1. First show that A satisfies

t
A =’\°+/ e " dN;. (14.1)
0
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Finally, compute its differential.
2. Define
t
Ve = Ao ~|—/ h(t —s)dNs.
0

Note that the iteration of the formula (14.1) will lead to an application of the
(stochastic) Fubini-type theorem. One will need to use formulas such as

/h(t—s) (/Sh(s—u)kudu> ds:/ h2*(t — ) Ay ds,
0 0 0

fW(t—s) <f h(s-u)d]\?u> ds:/ (¥ % h)(t — 5) dN;.
0 0 0

Then it holds that
t
A,:y,+/ h(t —s)Agds
0
t t
=y,+f h(t—s)ysds—i—/ ¥ (t — ) Ay ds.
0 0

Iterating such a procedure leads us to the conclusion.
3. We have only to take the expectation of (5.11). Note that

Al
1@l =) I = ———.
Z L —|lAlh

n>1
For more information about these processes, one may refer to [16, 23, 28, 29, 32].

Hint (Exercise 5.6.4) First, note that using the change of variables —az = b/u one
obtains an integral of characteristics similar to the original one with the exception
that one obtains an extra term —b/(az*) in the integrand. On the other hand, if in
the integrand, we had the extra term a — % the integral can be computed explicitly.
This gives the result for 1.

For 2., one needs to complete the squares in the exponent of the exponential and
then use the transformation u = s~'/* in order to use the result of 1.

Using Fubini, we just compute

/OO oy
v S).
0 A2ms

In order to do this it is better to compute the Laplace transform of 2. In fact, note that
the differentiation of the above expression with respect to x is related to the function
for which the Laplace transform is computed in 2.

In fact the Laplace transform in 2. is linked with the following density function:
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Here x > 0 is the parameter of the process. This is called the Lévy distribution.

Hint (Exercise 6.2.2) For a non-absolutely continuous measure it is enough to con-
sider a covariance matrix which is a combination of an invertible matrix on a strict
subspace and zero otherwise. The simplest example of such a case is

10
A= .
00
One the other hand, the generated distribution measure is continuous because on
the first component it is absolutely continuous.

Hint (Exercise 7.1.5) A solution is a cddldag stochastic process X adapted to the
filtration generated by the Poisson random measure such that the stochastic inte-
grals in (7.3) are well defined and the equation is satisfied with the property

that E [sup,iTU |X,|2] < o0 for all n e N. Let Y be another solution such that

E [suptiT“ |Yt|2] < 00 for all n € N. Then because Y solves the Eq.(7.5) on the

time interval [0, 1) then by uniqueness of solutions one has that X, =Y, for all
t € [0, 01) a.s. It is not difficult now to prove that the same property is satisfied in
[0, o1]. Now an iteration procedure can be used.

Hint (Exercise 7.2.6) In fact, we have that
E[|Xir0, (¥) = XinogyDI”] < C lx = yI” exp [C T].

Then similarly, we have

E[| X0, (x) — Xoy(0)[?] < 2771C(1 + f l2Pv(d2) Ix — yI? exp[C T].
[—1,1]¢

eAT ()LT)H
n!

In general, note that P(o,, > T > 0,_1) =
and therefore

where A = v([—1, 1]) < oo.

E[|1Xo, (x) = Xo, (MI]

[ee}

<ca +/ 2Py x — 17 exp[CT] S
[—1,1]¢

n=1

T (AT Y (2m)P—!
n! )

Hint (Exercise 9.0.10) This exercise is interesting as in probability theory, one may
think that when building approximations by convolution for the Dirac delta function,
the time variable plays the role of the parameter converging to zero. In this case it
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is the time variable which becomes the variable for the convolution and the space
variable is used for the approximation. In fact, define

1 i

g(S) = ‘8‘3767»‘ .

Thenlet C := fooo g(s)ds < oo. Note that the finiteness follows because the behavior
of g around infinity is of the order s~/ and at zero it is a continuous function. Now,
we build the kernel function g(?—f) z% for z # 0. This is an approximation to the Dirac
delta in the same way that the Gaussian density was an approximation in Lemma
9.0.7. Now it is just a matter of applying the technique used to solve Exercise 9.0.7.
This exercise is related to Exercise 5.6.4.

Hint (Exercise 9.1.1) In the one-dimensional case there are two ways of finding the
characteristic function

© ] 2
) = 2/ e 2 cos(0z)dz.
¢ 0 ~2ma

Prove that ¢'(0) = —0¢(0) is satisfied and solve the ordinary differential equation
with appropriate initial conditions.

Hint (Problem 9.1.5) Note that the density function can be bounded as follows:

1 1
0l = g [ e

From here the result follows. The extension of the corollary is as follows: If ¢(6)
satisfies |p(0)] < H—IGI% for some & > 0 then the density function belongs to C}..
For other bounds, they can be achieved with some additional tricks such as integra-
tion by parts formulas. Note that this exercise was proposed for real-valued random
variables. The multi-dimensional case also follows with the proper changes.
For the last item just note that one can assume without loss of generality that
2
xo = 0 then the characteristic function will be ¢(0) = ¢ + (1 — 8)e‘67, Therefore
as long as ¢ > 0 the characteristic function will not converge to zero as 6 1 oco. This
is a feature of discrete distributions.

Hint (Exercise 9.1.6) In fact, we use complex analysis in order to bound the density
which we already know it exists. By the inversion formula, we have that this density
is given by

1 .
fr0) = / e p(0)do.
T

Suppose without loss of generality that x > 0. Now we will change the domain
of integration using the Cauchy integral theorem. The domain of integration is
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a square composed of Ay :=[—R,R], Ay :={R—in;nel0,r]}, A3 :={—R—
in;ne[0,r]} and Ay := {0 —ir; 0 € [-R, R]} for r > 0. One proves that due to
the hypotheses the integrals over A, and Az converge to zero as R — oo for fixed
r > 0.

Therefore it suffices to compute the integral over Ay4. For this, one uses the hypothe-
ses to obtain

R
‘/ e TN (O — ir)do
—R

< eirx/ lp@ —ir)|do.
BUB,

Here By := [—a, a]l and B, := [—R, R]\B;. The argument now finishes by using the
hypotheses.

Inmany applications calculations of this type work well. One just needs to compute
upper bounds like the functions F) and F, stated in the hypotheses.

Hint (Problem 9.1.7) In fact, using the hint, we have that as
—1 0
042 142 _ _ 042 _ 142
IE[((WYIO) +(Wi)?) ]_/0 E [exp (—2(W0)?) | E [exp (-2%3,)%) | ax
o0
- / Efexp(— YA Z1) [Efexp(—Y 21 Z1)1d2
000
:[ E[(1 4 22Y) " ME[(1 + 227, dA
0 o0
<C +/ ATPE[Y, M E[Y, TdA
C

In the above, we have used the explicit expression for the Laplace transform of the
square of a standard normal, and the expectation of the inverse of a gamma random
variable with rate parameter a and shape parameter t. Finally, one can explicitly
compute

o0
]E[Y;‘]:f 24T (1) e dx < 0.
0

Hint (Problem 10.1.8) The IBP requires a boundary term. In fact, for p(x) :=
x2
e

/‘00 G (x)p(x)dx = G(O)— +/ G(x)xp(x)dx.
0

The discrete part in the formula is designed in order to obtain the boundary terms.
In fact, just note that
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oo
Z(an+1 —ay) =de —a

Defining a, == n(n — )E [1(1 <X < —)G(X)] one obtains the result.

Hint (Problem 10.1.10) We only give the hint for part 2 of the exercise as for part
1 it is similar. In fact, the integral is

2

’ x2 1 o0 , X
/G ((P(x))exp(—?)dx = / G (x) exp(__z)dx
0
2

+6 f G'(x) eXp(_Z,BZ

)dx

This gives the weight H = —a_lgo(Wl)lw(Wlbo — lg_l(/)(Wl)l(p(Wlko- Note that the
case « = —f = 1 corresponds to part I.

For part 3, one has to take into account when doing the IBP that integrals have
to be finite. For this reason, the additional condition on G has been added.

Hint (Problem 10.1.11) In fact, it is enough to write the conditional density of the
random variable Z with respect to U and then perform the IBP. This gives

E[G/(Z)] _E |:/‘°° G (A(U)> e—wdwi|
0 w «
=E Um G (A(Z)) (—wl/"‘ + W) AU —de]
0 W« o

sin(aU) cos((1 — a)U) +*
cost/*(U) '

AU) =

In the above calculation we have to assume that G satisfies the following condition:
Gaw'~ )wl/"‘e_wﬂﬁzgo = 0 and that the final expression is integrable with finite
expectation.

Hint (Exercise 10.1.22) Here as in Theorem 10.1.16, we only show the unstable
formula. One may start using an IBP formula in each direction of Zy, therefore
using only partial derivatives. That is,

E[G'(Xi+1)/ Xi] = E[ f G'(Xx + (A(Xy), a) A~ g((vVA)Ta)dal.

Then one may perform the IBP on any of the two integrals da = dada,.
One may also use the divergence theorem in order to obtain a full two-dimensional
IBP formula. In fact, define the function

1
F(@) = SG(Xi + (AXp), a) A~ (VA ta) (A (X0, A (X)) Th.
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Use this function in the divergence theorem in order to obtain the IBP formula. That

LS,
//V-Fdxdy:O.

An interesting option which will reduce the restrictions on A is the choice
F(a) = G(Xx + (AX0), aD[AXD > A7 g (VA) 'a) (A1 (Xp), A2(X)).

An important remark here is that this formula may also work even if g were a well-
defined function on a domain D with boundary. This is the case for Exercise 10.1.23.

Hint (Exercise 10.1.24) In fact, note that if G denotes the distribution function asso-
ciated with g and @ the distribution function associated with a standard Gaussian
law, we have that F(u) := ®~Y(G()). This idea is commonly used in simulation
methods.

Hint (Exercise 10.4.7) Try to find a function h(x) which is smooth such that it is
constant except for the interval (—¢, €), where it should go from the value zero to one.

In order to achieve this, one may use the function h;(x) = C exp <—m>

Hint (Exercise 10.5.1) In fact, note that for a simple Poisson process with parameter
A, we have

E[i0e"N] =i6 exp(—rt(1 — €'?)),
Ele'M N,] = rte? exp(—rt (1 — €'9)).

Do the same for a compound Poisson process and verify that the equality does not
follow in general.

Hint (Exercise 10.5.5) One just needs to repeat the calculation used in the proof of
Theorem 10.5.2.

Hint (Exercise 10.5.8) Clearly the required condition for integrability is [ |h(z)]
v(dz) < oo. If one uses the fact that [ h(z)v(dz) = 0 for density functions g; such
that g; are integrable then we will have that we will only require the integrability of

! h(z)j(dz, ds). This integrability will be satisfied if [ |h(z)|*v(dz) < oo.
0

Hint (Problem 10.5.18) In fact, in this case, one has for an even function w, f (e —

Dw(z)v(dz) = —4 ZjO:O sinz(%)a"faf*‘ w(a;). Note that the Burkholder-Davis—

|a/|l+ut
Gundy inequalities also apply to this case.

Hint (Exercise 10.5.22) Using a(k) := k — At, one finds that b(k) := k(k — 1) —
2krt + (ht)2. Therefore
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H = ()2 (Ni(N;—1) — 2N, At + (A1)?) .

This is related to the Charlier polynomial of order 2 and as expected is also related
~ ~ 2
to the iterated stochastic integral fot Ns;_dN; = %H .

Hint (Exercise 10.5.23) Apply this result for a particular type of process w, which is
a stochastic integral, in order to obtain the result of Exercise 10.5.22. As suggested
in Exercise 10.5.15, one defines u(t — s, x) := E[ €™ | Ny = x]. Then applying the
It6 formula one has the result, noting that dsu(t — s, x) = —A(e'® — Du(t — s, x).
Finally, take w(s, z) := Ns_ in order to obtain the result in Exercise 10.5.22.

Hint (Problem 11.1.4) Since the marginal Z, has the density (11.2), the divergence
formula yields that

o0
E[G(S) S, p Z,] = / G'(So €+ S0 py p(y) dy
0

at

= /008, {G(S e"”“)} —b ¥ e ™ dy
o UV I (ar)

_ py+ct b at ,—by
= G(Soe ) —F(at) y“@e
at

— /00 G(So ™) b ay (" e_by) dy
o 0 at) >

o0
_ / G(So eperct) ( —at + by) ptz(y) dy
0

—E[G(S) (—at +bZ)]

oo

0

For 2., using the density function the deduction is easier. For example, perform
an IBP on

at

[o¢]
E[G'(SH]= | G'(S t “ate=brgy.
[G'(S))] /0 (Soexp (py +en) s v e dy
In the case that G is not differentiable just use instead
o bat | b
at—1 —by
8,)IE[G(S,)] = 8,0/0 G(Soexp (py + ct))m y e Vdy.

Then perform the change of variables py = u before carrying out the exchange
between derivatives and integrals.

Hint (Problem 11.2.3) Since Z, has the same law of Z,, we have
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E[G'(Z) Z,] = E[G'(Z)) Z/]

= /OO/OO ]E[G/(Z,y‘z) Z,VZ] e Ve tdydz
// [G(Z” (z”. +Z;r)}e‘ye‘zdydz
—// {[ (6@ -6o) y}

+ ]E[aa—z (G(Z;“) - G(O)) zi| } e e dydz

=L+ 1.

Since G € C,l (R) and (y e‘y)/ = (1 — y) e7?, the IBP in the usual sense tells us that

1 o0 o0 o ,
I = _?/ / ]E[{G(Z,“) -G} (ye_y)] e *dydz
0 0
= —i/ / E [{G(Z;V’Z) -GO)}(1- y)] e Ve tdydz
3 Jo Jo
1 -
- ——E[{6Z)-co}(1-E£)).
Similarly, we can get
1 5
h=—-~E[{GZ)- GO} (1-E:)|.

Hence, we can obtain the formula (11.15).

Hint (Problem 11.2.5) Since
17y ~y 1 9 5y
G(Z)(Zi —yn) = 5 5{G(Zt) -Gyn}y
the IBP in the usual sense leads us to see that

E[G(Z)(Z, —y D] =E[G'(ZF) (ZF —y 1]

=/ E[G'(Z})(Z] — y )] e™ dy
—/ [ G(zy>—c<yr>}} e dy

= [Ells@ -6onl] GeY ay
0
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1 [ .
—-5 | 2[le@ -cunl]a-yera
0
. E—1
=E [{G(Z,E) — Gy} T] )

Hint (Exercise 11.4.2) Let p(z) = 1 —exp ( — z"‘“). Then, we can easily check the
conditions mentioned above. In fact, it is clear that |¢(z)| < |z|'** A 1, and that

o k

&

< § :Hs““‘*l)gef—l—w (e \, 0).
k=1

@(e)
Ea

Hint (Exercise 11.5.1) The condition ona, b andt is thatt > 1/aand 1 < p < at.
In fact,

(i) Since the density function of Z, is

at

— at—1 —bz]I
Pz, (2) T an) e 0,00)(2),
we have r
_ t—
Bz "= TPy,
I'(at)

which is bounded for any 1 < p < at.
(ii) In fact, using the method in Exercise 11.1.1, one obtains that

Ele %)= (14+6b7)"

for0 > —b, as explained in (11.1). Now we just need to prove the integrability of
fooo %d@. This quantity is finite if at > p. Note that one of the important
conclusions of this calculation is that the behavior of the Laplace transform
Ele=%%] at 0 — oo determines the behavior of the density of Z; close to zero.
That is,

E[z "] %p) /OOO 0P~ Elexp(—6 Z,)1do

pat 0 Qp—l

= de,
I'(p) Jo (0+b)*

which is bounded for any 1 < p < at.

Hint (Exercise 11.5.2) Since

E[exp(—6 Z,)] = exp(—Cq 1 16]%),



14 Further Hints for the Exercises 337

where C, is a positive constant depending on o, we see that
‘l o0
E[z 7] = —/ 07~ Elexp(—6 Z,)]d6
2] I'(p) Jo P t
1 o )
= — 077" exp(—Cqt160]%) db,
I'(p) /0 P

which is bounded for any p > 1. Note that this result compared with the result for
Exercise 11.5.1 reveals that inverse moments for stable processes are generally better
behaved in comparison with gamma processes.

Hint (Exercise 11.5.3) The It6 formula leads us to see that
t

E[exp(—@ 1",)] =1+ {/ (exp(—@ 2¢(2)) — 1) v(dz)} / E[exp(—@ FS)] ds
0 0

which implies that
E[exp(—& F,)] = exp {—t / (1 —exp(—60z (p(Z))) v(dz)} .
0

Since ¢(2) = cz for |z] < 1, we have

1

fo {l—exp(—ngo(z))}v(dz)=/0 (1 —exp(— GZw(z)))—dZ

1
z/ (1—e)020()

1_ —C
=/<( e )CG
2—«

1+0t

for 0 > 1. Hence, we see that

E[exp(—@ E)] < exp (—% 9)

for 0 > 1, and we can get

E[;"] %p)f 07" E[ exp(—6 I})] d6

f 1 00917*1 exp (_M 9) de,
T'(p) F(p) 2 -«

which is bounded for any p > 1.

I/\

Hint (Exercise 11.5.4) As seen in the previous exercise, we can obtain that
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E[ exp(—6 I7)] = exp {—t / (1 — exp(—0 z9(2))) v(dz)} )
0

Since

o]

/0 (1 — exp(—0 2 p(2))) v(d2) = /0 (1 — exp(—0 2¢(2)))

a

- e—bz dZ
z +a

1
> / (1 —exp(—0z¢(2))) Zlaw e dz
0

1
zefb[ (1—exp(—91(p(z)))zl%dz,
0

the computation in the previous exercise for the truncated stable process helps us to

see that
tae " (1—e ¢ )
0
2—«a

E[exp(—@ F,)] < exp <—
for 0 > 1, because of p(z) = c z for |z| < 1. Then, it holds that

Bl = —— [ 67 Elexp(—6 I})1d6
I'(p) Jo

1 ! 1 * tae’(1—e°
< — 9[}—1d9 4+ —_ 9[}—1 exp (_ ae ( e )C 9) dQ’
I'(p) Jo I'(p) Ji 2 -«

which is bounded for any p > 1.

Hint (Exercise 11.5.7) We will not discuss this in full detail. Instead we will just give
a way to obtain the result in general. First we remark as in Exercises 11.5.3 through
11.5.4 we have that

E[exp(—0 I})] = exp {—t / (1 — exp(—0 z9(2))) v(dz)} )
0

If p(z) > 0is set up such that ¢(z) = O(|z|?) for p > 1 then the exponent fooo (1 -
exp(—0 z<p(z))) v(dz) will be large enough so that the decrease of the Laplace
transform is fast enough. Note that in the case that v has also support on the negative
values of the real line, the sign of ¢ has to be changed.

Hint (Exercise 12.2.2) Infact, when [ f (z)dz < oo, the driving process is the equiv-
alent of a Poisson random measure associated with a compound Poisson process
where the jump size has a density constructed from the renormalization of f. There-
fore, there is always the probability of having no jump, which gives a point mass in
the law of X,. The point mass will be given as a solution to an ordinary differential
equation. On the other hand, if a(x, z) is a function that has a differentiable inverse
in 7 then the conditional density of X, conditioned to a positive number of jumps will
have a density.
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Hint (Exercise 12.4.5) The first part is clear, because

Bf xR,

NS
> DXt = / D.X® ¥ (dz,dt).
j=1

Note that the integrand in this case is not adapted to the underlying filtration.
For the second part, let T; <t < 1} ,. Since the process X* satisfies the equation
in Exercise 12.2.5, one has

. t . )
8, XV =0 a(X5 ) + / Vb(X50) 9, X4 du

T

+ / o Va(XY,2) 8, X5V N (dz, du)
(BINB)x(14.1]

+ / Va(XyY,2) 0, Xy A (dz, du),
By x (1]

which enables us to get the equation for D;, X* = {Dzj X; =0 Xf’(j) h(zj); t >
).

Hint (Exercise 12.4.8) In fact, we will only consider the uniform integrability.

Clearly,
<
U.x[0,T]

divih(z) f(z

/ M N (dz, ds)
U.x[0.T] f@

This last sequence of random variables is increasing in & and it converges in L' (£2)

due to Hypothesis 12.3.3.

div{h(z) f(2)}

N (dz,ds).
G) (dz. ds)

Hint (Exercise 12.4.14) Infact, recall Exercise 12.4.2, and in order to obtain uniform
boundedness it is enough to consider an appropriate localization function and apply
it to the approximating sequence.

Hint (Exercise 12.4.22) In fact, the formula is a direct application of the following
argument using the chain rule and the duality formula:

DG(X) = G (X)DX
DG(X)(DX)"'® = G'(X)6o.

Taking expectations in the above formula we obtain an IBP if we assume that:

1. Ge Ccl, X e Dy (R).

2. (DX)7"is a well-defined r.v.

3. 8((DX)~" ©) exists and is integrable. Note that this condition is hiding a complex
structure which we studied in Theorems 12.4.19 and 12.4.25.
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Hint (Exercise 12.6.2) In fact, using classical stopping time techniques one can
reduce the statement to proving that the process X is a martingale. That is, define

7, = inf {t;/ lg(, Z)IZ«/T/\(dZ,dl) >n

Bix[0,T]
or/ (exp[g(t, 2] —1) N (dz, dt) > n}
B¢ x[0,T]
Then instead of proving that X is a local martingale, one proves that the process

Xint,, t = 0is a martingale. To prove this fact it is enough to apply the Ito formula
10 X nr,-

Hint (Exercise 12.6.3) In fact, we use an alternative form in order to compute Q-
conditional expectations with respect to F,. For this, let f; be %;-measurable and
compute the conditional expectation as follows:

EolYfi] = E[Y fiar] = BIAEYar|Z]] = Eglay' fE[Yar| .

From here the formula follows. The formula can be simplified if we define oy =
Elor | Z].

Hint (Exercise 12.6.5) By using the It6 formula, we can compute

Eg[e'"%] = exp |:i0/_ (explg(s,2)1—1) N (dz, ds)

By x[0,1]

+/ (e — 1 —i6z15,(2)) explg(s, )14 (dz, ds):|.
RY x[0,1]
Hint (Exercise 12.6.15) It is easy to check that

/ v(dz) = 00, / (|z|2 A D v(dz) < o0, . [zIP v(dz) < o0
Ry Ro

By
for any p > 2. As before, ¢ € C! ((0, +00); R) such that
lp@| < CzP A1), 0<l¢'@I<C(zlAD). (14.2)
Since h(z) = 0 H? (z)|§:0 = ¢(z2) z, the condition (14.2) enables us to check that

oo M@ v(dz) =« [y 142 dz < £,

wbarol ey = 3 oo 2wl

K Ck (14a)
Tmdi < 5

I,

Let F be a open neighborhood in R around 0. Then, we have
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1
sup | |H%(z) — z|2 v(dz) < sup |exp (C&) — 1’2 / 21 dz
§eF JRo EeF 0

K
2—«a

= sup |exp (C €) — 1]2
EeF

sup/_ |HE @) v(dz) = 0,
E€F J B

because of 0 < o < 2 and the condition (14.2).
As for the Bismut method, note that

K@) = (1+§2¢/() exp (- a§ ().
Then, all conditions in Hypothesis 12.6.6 can be verified easily.

Hint (Exercise 13.2.2) In fact, just apply expectations (you need to ensure that this
is allowed) to obtain that

E[V,]:E[VOH/ // WE[(VS,—V)W,—v|V]dsb(9)d9fs(dv).
o JoJr 2

As the law of Vi is f;, the result follows by symmetry in the space integrals. In the
case of |V, |? the calculation is similar but a bit longer and also uses the symmetry
inf.

Hint (Exercise 13.2.4) Computing the characteristic function by an approximation
procedure which has already been used for the stable laws, one has (see e.g. Exercise
4.1.23 and Sect. 9.2) forr € R

]E[eirZ,] — E[e”ZO] exp ([E[X]/ (e"e — 1) b(@)d@) .
7

Now the analysis can be completed as in Exercise 4.1.23-(ii). From here follows the
regularity of the law of Z,. In the case of Z' one has

E[eirzr’] — E[eirZo] exp (l‘/ (eire _ 1) b(9)9+d6) .
n

Hint (Exercise 13.3.5) In fact, the inequality exp(CTY) < Cho.n.y " reduces to
Cx?™ <10g(Cyy.y.y) + nx for x =log(e™) > 0. If one defines k = (C}'jno)ﬁ,
then 10g(Cp n.,) = C(1 — yno)k¥™.

For the second assertion, suppose without loss of generality (here we are using
the weak continuity of the processes involved) that [ E[|VE — v|P] f;(dv) = 0 for
s € [a, b]. Then V¢ = v a.s. for v- f; a.e., which is clearly a contradiction.

Hint (Exercise 13.4.2) Since
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cosf — 1 sin @
I+ = -

I+A@®) = sin 6 1_+_cos€—1 ’
2 2

we have

2
I+ A@)IP = sup [T+ A®)) (x,y)*|
(x,y)*eS!

_ (1 n cosf — 1)2+ <sin9)2
2 2
14 cosf
2

A careful modification of the above argument also gives that |1 + A, (0)|| < 1. See
also the solution to Exercise 13.4.8.

Hint (Exercise 13.4.7) It is enough to consider ¢(9) = |0|? exp (—(|9| -5 ’2) .
For the second part recall Exercise 13.4.6.

Hint (Exercise 13.4.8) Since

cosf — 1 sin 0
1+X£(9)T —X:(0) 3
I+ A4.0) = sin 6 cosf —1 |
Xe(0) > 1+XS(Q)T

and 0 < x.(0) < 1, we have

I+ A0 = sup [T+ A.0)) (x, »)*[

(x,y)*eS!
cosf — 1Y) , (sin6\?
= 1+XS(Q)T + x:(0) -
_ 1 —;059 (X€(9) B 1)2 n 1+;:059
- 1 —cos® n 1+ cosf _1
-2 2
Hence, we can get

NP
|70 <1l +A@o] <1.

k=1

In order to prove point 3., we can check inductively that
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(k) / > ~
0V = A0 (Vi — v (5.
and that

0, Vil = (I + Ac(B0) 2y, V|
(I +A.60) (I + AcGr_n) 85, Vy))

k
[T (1 +Ac@)) s, V7"
i=j+1
= Y1, Z1, A 0) (Vr,_, —vr,(5))

forl1 < j <k—1. Since VT({) = Vn Jor j >k, it is trivial to see that 0y, VT(Z) =0.
In order to obtain the estimates is important to use Proposition 13.4.1.

Hint (Exercise 13.4.10) (v) An easy way to see how to compute this derivative is
to first compute D, V,. Then one has to observe that for j > ji, one has D j (\77,.I -
vr;, (0(j1))) = 0. (vi) The reason why the high-order derivatives are not bounded in
the general case N > ji > jx—1 = ... > ji is due to the high-order derivatives of
Ag which then leads to (iv) and Exercise 13.4.8. This issue leads to (vii).

Hint (Exercise 13.6.11) Suppose that |Vy| < I', — 1 for any s € [0, t]. Since

=1 Gy =w(0) =1,

I{SUP;em,q IV,l<le—1

we can get the left-side inequality. On the other hand, suppose that there exists
s € [0, t] satisfying with |Vs| > I, — 1. Then, we see that

} = 07 GN,E 2 07

l{sup.re[(),zj |‘7r‘frf_1

so the left-side inequality holds. Similarly, we can prove easily the right-side inequal-

iry.

Hint (Exercise 13.5.1) (c¢f. [9]-Lemma 7.29) We have only to study the case where
A is a diagonal matrix, because a symmetric matrix in R? ® R? can be diagonalized

via an orthogonal matrix. Denote by A1, ..., Ly the non-negative eigenvalues of the
matrix A.
At the beginning, we shall consider the case where there exists k € {1, ...,d}

such that Ay = 0. Then, one trivially has that

det A =0, |x|[4CP=D exp [ — x - Ax]dx = oo,
R4

which proves the assertion in this case.
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Now, we shall consider the case where all eigenvalues A, (k € {1,...,d}) are
strictly positive. The Jensen inequality enables us to see that

d d

X ++ X
1‘[ Ixp| < <|1|d—|d|) < d~4? x|,
k=1

Then, we have

I'(p)? [‘
(de(tp,i)p - (p) l_[/ e |27~ leXP )»kxk]dxk
k=1

2p—1
=/ (H|xk|> exp[ — x - Ax]dx
R4
k=1
< d_d(z”_l)/Z/ |x|@P—Dd exp [ —Xx- Ax] dx.
Rd
Hint (Exercise 13.5.5) First, note that It6 formula leads us to

1 rl
e ¥l — 1 = [l/ / /0 IM/(@)e—)CL‘*(l _ e—XI¢(9)\4\0\2)
0o Ji; Jo 0

X 1[r0,+oo)(|‘_/f - Vs(p)l) dyv

Take expectations in the above expression, then using the fact that < is either [°7, 3
or [—%, —&“m] and the symmetry of the integrand with respect to 0, we obtain

E[ 7“‘ =1- r / / / e ¥Ls 1 _ e*-’fl‘ﬂ(9)\4\9\2) 1%_(9)

X L 00 (1 Vs = v3(0)]) | ds b(©)d6 dp

t
1 rgf / / E[e—xLx (1 — O 1P
0 = JIR?

X Ly ooy (175 = 1) [ds b(@)d0 £, (dv)
t
L—rg qo/O /H (1 — e *WOrPY | [~*L] ds b(6)dO

t
I—rg qo/ / (1 — =) E [e*E] ds b(©)do,
o Jm;

IA

IA

where qo > 0 is the constant given in Lemma 13.5.4. Note that in the last inequality
we have also used the fact that given the conditions on the function ¢ in (13.14) this
function satisfies |¢(0)| > c|0|F for 6 € I1. for some &' > 0. Then, we see that
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E [e—xL,] < exp {—trg q0 f_
n/

B

(1 —emel?™™) b(@)d@] :

Hint (Exercise 13.7.2) Iterative application of Theorem 13.4.13 enables us to see
that

E[(0]"0f" F)(X; + V) G, ] =E[ (9" "9 F) ) (X; + V1) (1,0 G, |

E (080 F) (X: + V) Z1.0.(6)]

=E[(04°F) (X; + 7)) Zp.04G)]

E [(az”z_lF)(Xf + Vi) jpl.l,,(é)]

=E[F(X{ + 1) Zp ps(G)].

Hint (Exercise 13.7.3) (ii) We will give the idea in the case of random variables X
and Y adapted to %,. In fact, by the product rule one has D(XY) = XDY + X DY,
then by triangle (Minkowski) inequality one obtains

1/p

NE rlq NE rlq
ID(XY)pq <E|IXI7 (ZleY‘f) +E| ¥ (ZIDjXI")

j=1 j=1

1/p

Therefore the result follows from Holder’s inequality.

(iii)
D;,..D;(XY)=> > D,..D,XD,,_,..D,Y.
n=0 r

Here the second sum is taken over all recombinationsr = (r1, ..., 1) of (j1, «..s Ji)-
Therefore by Holder’s inequality, we have

HW VDD (XN [T <{a + D1y IZZHW ) | Dy, X |

n=0 r i=1

x ]_[ 9@, |D,,.,.DY|".

i=n+1

In a similar fashion one obtains that
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! r/q
> T1e@)1D),...0;x 1)
N=..<ji=Nfi=I
1\ P/(qk)
m 1
= Cn Z Z ]_[w(ejf)qllD,-I...Dj/X||q
=0 \ji<..<j=<N; i=1
¥\ P/@k)

m

!
<> > [le@n?ip,...0;v1°

=0 \ji<..5jisNf i=1

Therefore the result follows from summing over | on the left-hand side and using
Holder’s inequality with the appropriate choice of k and k'.

(v) What is important is to understand that in the proof of (iii) it was important
that the terms being considered on the left-hand side are always included on the
right. The same idea solves this exercise.

(vii) If one uses Exercise 13.4.10 together with Exercise 13.4.8-(ii), one sees that
if one takes B = m + 1 and r = m will lead to the estimation of sums of the type
ijl ‘67/- ’p where p > 1. Therefore the bounds will follow from Lemma 13.6.5. This
technique applies to many of the other estimates.

(x) In order to prove this estimate, one has first to use (iii) in order to realize that it
is enough to bound || C‘t lp.q.m and || det((t",)’1 l p».q»,m- But the latter is bounded by

C|l det((?,)’1 | p; and a polynomial function of ||C', l ps.qs,m- From here the estimate
follows using (vii) and Lemma 13.5.2.



Appendix A
Afterword

In this book we have tried to present a guide for students who would like to study
a particular aspect of jump processes which arise through stochastic equations. In
particular, the second part of the book gives hints at how to obtain integration by
parts (IBP) formulas which will lead to the study of densities of random variables
that arise in situations where jump processes are involved.

We have not tried to obtain general results as we believe that the value for the
student is in the method rather than a lengthy detailed proof of a specific result which
the reader can find in the references.

Although the book is not thorough in the many topics that abound the literature
of jump processes, we hope that this effort will open the door to young students.

We also reinforce the statement that the second part of the book is merely an
overview and neither a detailed nor systematic introduction to the subject. For this,
we recommend the reader to look at the books in the references.

There is also a large amount of recent literature hinting at the possibility of using
approximations in clever ways in order to obtain the regularity properties studied in
the second part of the book. For three examples of this, we cite [4, 5, 37]. On the
specific subject of the Boltzmann equation, we suggest the reader to look at [24] for
an alternative method using Lemma 9.1.14.
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