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Abstract

In this paper, we derive a new approach to approximate solutions of stochastic dif-
ferential equations in point of view of stochastic analysis on time scales. We will prove
that the solutions of stochastic dynamic equations on time scales {T),}>%, converges
in the mean-square to the solution of stochastic dynamic equations on time scale T
provided T, tends to T. Further, the optimal rate of convergence can be recovered if
the drift and diffusion coefficients are Lipchitz in both variables ¢ and x. This work can
be considered as a generalization of the Euler-Maruyama approximation for solutions
of stochastic differential equations.

1 Introduction

Stochastic differential equations (SDEs) play an important role of investigation in many sci-
entific disciplines, for instance in physics, chemistry, biology, and economics, etc. Therefore,
finding solutions of SDEs is important on both in theory and practice. Unfortunately, for
almost SDEs we can not find the explicit solutions. This leads to research numerical methods
for solving its approximation solutions which has attracted a good deal of attention from
researchers in recent years (see, e.g. [8, 9, 15, 16]).

In this paper we will study this on the general contex by using stochatisc analysis on
time scales which is an nonempty closed subset of the real numbers (see, e.g. [3, 5, 19, 20]).
Recently, the stochastic dynamic equations on time scales have studied in [6, 7, 17, 18]. The
problem is considered as approximating the solution of stochastic dynamic equation on a
time scale T by the solutions of stochastic dynamic equations on another time scales T,
which converge to T. In the case of deterministic dynamic equations, we have studied the
similar problem in [10, 11, 12].

Fix a € R. Denote by T(a) the set of all time scales S with a € S. We endow T with a
Hausdorff distance

dp(S1,S2) = max{sup inf |t; — ts|; sup ing |t1 — ta| }. (1.1)
c
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Let (Q,F,{F:}i=q,P) be a probability space satisfying usual conditions. i.e., F is P
complete and the filtration {F;}i>, is right continuous. Let M be a F;—square martingale
defined on [a, 00).

For any time scale S € T(a), the restriction of M in S is a square martingale. Therefore,
we can consider the stochastic dynamic equation of It type on time scale S (see [6])

{d%(t) = f(t,z(t_))dVt + g(t, z(t_)dVM(t), t€ [a,00)s, 12)

z(a) =&,

where f,g:[0,00) x R? — R® are two measurable functions.

The existence and uniqueness of solution for the equation (1.2) can be founded in [6].

When S = R, this equation becomes a stochastic differential equation and if S = hZ then
it is a stochastic difference equation.

The aim of this paper is to consider the convergence of solutions for stochastic dynamic
equations on time scales. Precisely,

e Let {T,}hen C T(a) be a sequence of time scales. Suppose that {T, },en converges
to the time scale T in Hausdorff distance dg. Let x,(-) (resp. z(-)) be the solution of
(1.2) with S = T,, (resp. with S = T.

e Under which conditions, z,(t) — () when n — oc.
e Can we estimate the rate of convergence

There is two natural questions arise that:
-The solution of equation (?7) converges to the solution of equation (1.2) or not as H —
lim T, =T?

n—oo

The aim of this paper is to answer two above questions. In particular cases, T = [a, b],
T, = {t;,;i = 0,n} is a partition of [a,b] and M (t) is a Brownian motion, we obtain the
convergence of the Euler-Maruyama approximation which is a most well known method for
SDEs (see [14]).

The organization of the paper is as follows. In Section 2, we survey some basic notions
and properties of analysis on time scales. In Section 3, we study the convergence of solutions
of stochastic dynamic equations on time scales. The main results of the paper are derived
here. Section 4 is concerned with the convergence of the Euler-Maruyama method and some
special examples to illustrate results. The last section deals with some conclusions.

2 Preliminaries

This section surveys some basic notions on the theory of the analysis on time scales intro-
duced by Stefan Hilger 1988 [13].

A time scales is a nonempty closed subset of the real numbers R, and we usually denote
it by the symbol T. We assume throughout the paper that a time scales T is endowed with
the topology induced by the standard topology on R. We define the forward jump operator



and the backward jump operator o,p : T — T by o(t) = inf{s € T : s > t} (supplemented
by inf() = supT) and p(t) = sup{s € T : s < t} (supplemented by sup@) = inf T). The
backward graininess is given by v(t) =t — p(t). A point t € T is said to be right-dense if
o(t) =t, right-scattered if o(t) > t, left-dense if p(t) = t, left-scattered if p(t) < t and isolated
if ¢ is right-scattered and left-scattered. For every a,b € R, a < b, by [a, b]T, (a,b]T, [a,b)r,
we mean the sets {t € T:a <t < b}, {t€T:a<t<b},{t€T:a<t<b}, respectively.
For a € T, denote T(a) ={x € T: z > a}.

A function f defined on T is ld-continuous if it is continuous at every left-dense point
and the right-sided limit exists at every right-dense point. Similarly, one has the notation
of rd-continuous. A function f is called regulated if the right-sided limits exist at all right-
dense points and the left-sided limits exist at all left-dense points. For regulated functions
f defined on T, denote l(ix)r%t f(s) by f(t_). It is easy to see that if ¢ is left-scattered and f

is a continuous function then f(t_) = f(p(t)). Let I = {¢ : ¢ is left-scattered}. Clearly, the
set I of all left-scattered of T is at most countable.

Definition 2.1. (Nabla Derivative) A function f : T — R? is called nabla differentiable at
t if there exists a vector f¥(t) such that for all € >0

1F(p(£)) = f(5) = fY () (p(t) — 5)I| < elp(t) — s
for all s € (t—06,t+8)NT and for some § > 0. The vector f¥(t) is called the nabla derivative
of f att.

If T = R then the nabla derivative is f () from continuous calculus; if T = Z then the
nabla derivative is the backward difference, Vf(t) = f(t) — f(t — 1), from discrete calculus.

Let A be an increasing right continuous function defined on T. Denote by By = {(a, b|t
a,b € T} the family of all left open and right closed interval of T. It is easy to see that
B, is semi-ring of subsets of T. Let m; be the set function defined on By by m4((a,blt) =
A(b) — A( ). It is easy to show that m, is a countably additive measure on By. Then, we
wite pé for the Caratheodory extension of the set function m; associated with the family B;
and call it the Lebesgue-Stieltjes nabla measure associated with A on T. Let f : (a,b]r — R
be an pd-measurable function. Then, the integral of f associated with the measure p4 on
(a,b], denoted by f:f(t)VA(t) is called Lebesgue-Stieltjes nabla integral. If A(t) =t for

all £ € T then ué is Lebesgue nabla measure and fab f(t)Vt is Lebesgue nabla integral. For
details, we can refer to [4].

Now, we fix a M = {M;}+>, € Mo (the set of the square integrable martingales defined on
the probability space (2, F, {F: }ier, P)) with the characteristic (M); (see [5]). A function
f defined on (a,b]r is called simple if there exist a partition 7 of [a,b]r : a = a < t; <

. < t, = b and bounded random variables {f;} such that f; is F;,_, measurable for all
1=1,2,...n and

- Z JiXi 4 (t), t € (a,blr. (2.1)

For a simple function f in (2.1), we deﬁne the stochastic nabla integral

/f )V M (t Zfz (My, — M, ).



In general, let f be a real-valued predictable function such that fab |f(H)|*V(M); < co. Then,
there exists a sequence of simple functions {f,} such that

b
tiw B [ 170~ (0T (M), o

The stochastic nabla integral will be defined by

n—o0

/f HVM(#) = lim fn() M), (2.2)

This integral is independent on choosing of sequences { f,}. For details, we refer interested
readers to [5].

Let p be a regulated function defined on T. Then the exponential function e,(T;t, a)
defined by [2, Definition 1.38, pp. 10] is a solution of the initial value problem

y¥ () =p(t-)y(t-), y(a) =1, t € T(a),
(see [6]). It is easy to see that
y(t) = exp {/ hliil{g) MVS} :

In(1 + hp(s)) .

Since the function is decreasing in h > 0 for any p to be positively regressive,

it follows that when T; C Ty we have
0 < ey(Ty;t,a) < ep(To,t,a), Vt € Ti(a). (2.3)

For other properties of exponential function e,(T;t, s), the interested reader can see [1, 2.
The following lemma is a type of the Gronwall inequality which will be used in next section.

Lemma 2.2 ([6]). Let u(t) be a regulated function and ug, o« € Ry . Then, the inequality

¢
u(t) < up+ a/ u(s—)Vrs forall te T(a),

implies
u(t) < wpeq(T;t,a)  for all t € T(a).

3 Main results
Let {T; T, }nen C T(a) be a sequence of time scales satisfying

H—1lmT,=T.

n—oo

We define the time scale

=Jm.yr (3.1)

neN

4



Let M be a square integrable martingale defined on T and denote by (M), the quadratic
variation of M. Suppose that (M), is absolutely continuous with respect to Lebesgue measure
on T. That is, there exists a progressively measurable process N, t > 0 such that

t s A~
M), = / N,V'r, Vv teT. (3.2)

Further, assume that N bounded on T by a constant h, i.e.,
P{sup N; < i} = 1. (3.3)

teT

Denote by p, (resp. o,) the backward jump (resp. forward jump) operator on the time
scale T,. For any t € T, there exists a unique s € T,, say s = vIT(¢), such that either
s=tort¢c (pu(s),s). It is easy to check that the function 4% (¢) is rd-continuous on T.
Also, there exists ¢} = t¥(t) € T,, satisfying

|t —t:| =d(t,T,) =inf{|t —s| : s € T, }. (3.4)
We choose t, = y0In(¢) if [t — yTT(¢)| = d(¢, T,), otherwise t* = p, (y5T(¢)).

Fixbe Tandlet f: TxR? — R? and g : T x RY — R be two Borel functions satisfying
the conditions

Assumption 3.1. (Lipschitz condition) There exist a positive constant K(b) such that for
all (t,z) € [a, bz x R?

1£(t 2) = F&)I* V llg(tz) — gt y)II* < K|z —yl|*. (3.5)

Assumption 3.2. (Linear growth rate condition) There exist a positive constant K = K (b)
such that for all (t,x) € [a, bl x R

1F 21V llg(t 2)l* < K(1+ [|l=[]*). (3.6)

Assumption 3.3. (Uniform continuty condition) The function f(-,z) and g(-,z) are con-
tinuous on [a, b=, uniformly in x € RY.

On time scale T,,, we consider the stochastic dynamic equation

{dVTn:cn(t) = f(t,x,(t_))dVnt + g(t, xp(t_))dV™=M(t), t € T,(a), (3.7)
z(a) = &,
respectively on the time scale T,
{dw )= F(t,a(t)d™ ¢+ g(t,2(t))dTM(D), ¢ € Ta), 38)
z(a) =&, '

where ¢ is an F,-random variable and E ||€||* < co. Under the assumptions 3.1 and 3.2, the
equation (3.7) ), has a a unique solution z,,(-) on [a, b%|t,. That is, f(-, z,(-—)) is V-integrable
on [a,b|T, ; Efb lg(s, 2, (5_)||> Vt < 0o and
t
§+/ f(s,zn(s VTns—i—/ g(s,2,(s-))Vr, M(s),t € T,(a) (3.9)
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Respectively, the equation (3.8) has a unique solution z(-)

t
f—l—/ f(s, (s Vqrs—i-/ g(s,z(s_))VrM(s),t € T(a). (3.10)
Further, for any a < b € T by (2.3) we have
E( sup ||xn(t)||2> < (14 3E€)en (T; a,T) (3.11)
te[a,b]']rn
IE( sup ||a:(t)||2) < (1+3E)en(T;a,T), (3.12)
te[a,bh‘

where a = 3K (b — a + 4h) (see: [6] for details).
In order to transform a function defined on T,, to a function defined on every time scale
T we

fn(t,x) = f(PT (1), 2); galt,x) = g(v" " (), ) t € Tyo € RY, (3.13)
ha(t, ) = || f(t,2) = fult,2) [ + [lg(t, 2) — gu(t, )| (3.14)
T,(t) = 2(y"" (1)), teT. (3.15)

To study the convergence of the solution sequence z,(t) of the IVPs (3.7) when T, tends
to T, first assume that T,, C T. By the definition of Lebesgue nabla integral and stochastic
nabla integral on time scales, we have

/ﬂw@»%ﬁZ/ﬁ@%@»W&
and . .
/g@w@»va@=/ZMa@@»vwﬂw
for any t € T,, (see, e.g. [4, 5]).

Lemma 3.1. Let x,(t),n = 1,2,... be solutions of the (3.7) and x(t) be the solution of the
(3.8). Assume that T,, C T. Then, we have

E|z(t) — z.(t)])* < 6" exs(T;t,a), t € [a,b]r, (3.16)
and for all t € [a,b]r,
El|z(t) — z,(t5)))? < 26 exs(T; 2, a) + 20y (dg (T, T,) + h)dp (T, Ty). (3.17)

where K is defined by (3.5), tf is given by (3.4), f = 4(b—a+ h) and

557 = BB [ (IF(s:2(5-)) = Fuls. Tl DI+ g 5v0(5-) = guls: Tl ) ) Vs, (3.15)

and
[y = 2K[1 + (1 4 3EE?)e,(T; b, a)]. (3.19)
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Proof. For any t € [a, b|r,, we have

E||lx(t) *)])? <2EH/fs:r; ))Vrs — /fs:c VTS

+2EH/ )V M (s /g(s, (5)) Vi, M(s )HZ. (3.20)

It is seen that

E'/:ﬂs, Vs /tf
<2EH/} ) Vs /f

+2EH/t(f( (5)) ~F(s,an(5)) Vs

/ 1 (. SO)2 Vs + 200 — )KE [ Ja(s-) — 2a(s_)|2 Vi,
’ (3.21)
H/ )V M (s /g(s,xn(s_))VTnM(s)H
<2EH/ o(s, 2(s _))VTM(S)—/ o5, 2n(5_)) Vi, M(s)
+2EH/ (s, 2(s 5.))) Vo M(s)
< 2HE / 1905, 2(52)) — gu(5. Ful52)) |2 Ve (M) + KE / (s NPV, (M),
T2 [ gt 0(5-) - ga(s.Tals )P Vs 20KE / l(s) — u(s )| V5.
’ ’ (3.22)
By substituting (3.21) and (3.22) in to (3.20), we obtain
Ella(t) - za(8)] < 60 + BK / Ella(s_) — za(s_) |2V, s (3.23)

From (3.23), using Gronwall-Bellman inequality in Lemma 2.2 and (2.3) obtain (3.16).
If t € T then

Ellz(t) — za(t)I* < 2El|l2(t) — 2(6)[* + 2E[J2(t;) — 2a(t)]1%. (3.24)
We have
s <] s ol s o
STyt =t |+ h)|t—t:| <Ty(du(T,T,)+ h)du(T,T,). (3.25)
Combining (3.24), (3.25) and using (3.16) obtain (3.17). The proof is complete. O
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Lemma 3.2. Assume that T,, C T. For each ¢ and b € T(a), there exists 0 = 0(e,T) such
that if dg(T,T,) < 6 then

(T, T,), (3.26)

(n) . KF(,_ b—a
5 < e(b a)+4ﬁ<2Fb+—K 2K)

where 6\ is defined by (3.18).

Proof. By Assumption 3.3, for each ¢, there exists § = d(¢) such that if ¢1, ¢y € [a,b]r with
|t; — to] < 0 and = € R? then

1 £t ) = Flt )| + llg(ts, @) — gt 0)| < o2 (3.27)

26"

Let Ty = (b — a + h)T,. Choose 6 = (e, b) = mm{_— 6}. If 4™ (t) — ¢t < 0 then

I'yK 3
E|jx(t) — 27 (1))
A (1) ’
/t f(s,2(5)) Vrs

< 2RO+ h) [1+ (14 3E)en(T; b,a)] (W™ (1) — 1) < Tf < ——. (3.28)

2

< 2E +2E

AT (t)
/t 9(s,2(5_)) V= M(s)

8Kp
We see that the number of values s € [a, b]r, and
{teT:pu(s) <t<s,s—t=0}#0,
is less than or equal to [25%]. Assume that these values are s; < sy < ... < s, with r < [%2].

In case dy (T, T,) < 6, we see that if ¢ € T such that p,(s;) <t < s;, 5, —t > 0 then

Let
T = max{t eT: pn(sz) <t < 8,8 —t2 9}

It is clear 7; — p,(s;) < dy(T,T,). It is implied from (3.5) and (3.18) that

61()n) ’ 2 ~ 2

B [ (17(sa(50) = (s Tals DI + (s 2(5.) = (s, Fol5 D) Vs

<2E [ (If(s,(50)) = F(s,Fals DIP + 1/ (5. Fals5)) = FO (), Fuls))|?) Vs
ab

+ 28 [ (lg(sva(s-)) = g5, Tals DI+ lg(s,Tals-) = 907 (5). Bl ) ) Vs

< 4K]E/ |z(s-) —'a?n(s)HQVqrs—l—QE/ hi(s,Zn(s-))Vrs (3.29)



where h,(t, x) is defined by (3.14). We have

b Pn(sl)
E/ hn(s,fn(s_))vqrs:E/ hn(8, Tn(s-))Vrs

r—1 pn(8i41)Ab T T: \b
+Z]E/ hn(s,:zn(s_))ws+ZE/ (5, n(5-)) Vs (3.30)
i=1 TiNb i=1 pn(8:)Nb

and
b pn(s1)
E [ fla(s-) ~ 20 (s )Pas =B [ flalso) - a(r" (s )) P

r—1 pn(8i+1)Ab
# 3 [ el ) 07 5 ) 9
=1 T

i \b
T T; \b
EE [ el - 2T )PV, (331)
r—1
For all t € (a, pn(s1)] U (75, pn(Si+1)] we have
i=1
l2(®) =20 I < g5

and by (3.27),

9

Eh,(t,7(t_))
=E E

(F@Ez@) = @), ZE DI+ gt 2(t-) — gy (1), 2(E-)IP) <
It follows that

pn(s1)
B[ (o) = o) Ves € g (pnlsn) — 0) € gl - a),

pn(si+1)/\b T 5 c
E | () — 27" (s_)PVes < = (pu(s01) Ab— 73 A )

b 8Kﬂ
£
< @(Ti—&—l ANb— T; N\ b),
p’ﬂ(sl) . 8 é‘
E / s, als-)) Vs < 5 (mnls0) = ) < 50 - a),

pn(si41)Ab e c
E/ R (8,0 (52))Vrs < —(pn(Six1) NO— T Ab) < — (11 Ab— T A D),
T \b 45 45



On the other hand, for i = 1,2, ...,r we have

E/pn z(s=) = z(v" " (s2))IPVirs < (% - 2) (Ti Ab = pulsi) AD)

n(si)/\b

r
and by

T \b
/ Eh,(s,7n(s-))Vrs <AL (1; Ab— pn(si) A1) < ATydg (T, T,,).
p

n(si)/\b

Thus, we obtain

r—1 r
KT
5" < e(r —a) + A Ab—TAD) Y 4 <2F +Tb—2K>d T, T,
b (11 — a) ;E(TH 7i A'b) 221 Bl 20y = a( )
KT
= e(b—a) + 48 (zrb + ?b - 2K) rdg (T, T,)
KT -
<elb—a)+ 45(2rb pat 2K> b=a T,
K
The proof is complete. O

We are now derive the convergence theorem for the IVPs (3.8) and (3.7).

Theorem 3.3. Suppose that the sequence of time scales {T,}5°, satisfy
lim T,, = T. Suppose that assumption 3.1, 3.2 are satisfied. Let x,(t), n = 1,2,... be

n—oo

solutions of the (3.8) and x(t) be the solution of the (3.7). Then for any T > a, there holds

lim sup E|z(t) — z,(t5)* = 0. (3.32)

n—00 tG[CL,b]T "
where t is defined by (3.4).

Proof. Firstly, we assume that T,, C T for all n € N. From Lemma 3.1, it follows that
E[l(t) — 2n(t3)” < 26, es(Tos @) + 204 (dp (T, T) + h)di (T, T,),

for all t € [a,b]r. By Lemma 3.2, we get lim (Sén) = 0. Therefore, (3.32) holds. In the general

n—oo
case, we put N
T,=T,UT.
Then, it is easy to see that
dy (T, T,) = max{dy(T,,T),dy(T,,T,)}. (3.33)

Let %, (¢) is the solution of equation (3.10) on time scale T,. For ¢ € T, we have

Ellz(t) — za(t)* < 2E[|Z0n(t) — 2(0)|1* + 2E[Z0 () — za(t))[I*.

10



By Lemma 3.1, for T C Tn and T,, C Tn, we imply
E[[Za(t) — 2(8)]* < §"Ves(T;,a),

E||Zn(t) — 20 (t5)])> < 20" es(Tn: t, a) + 20y (dp (T, Ty) + h)dg (T, Ty),

where

5 =68 [ (1565250 — FOT(5),ala ™ s )P
+llg(s,w(5-)) = 97 (), w( (s )IF ) Va5 (3.34)

and

b ~ ~
5% =68 [ (15250 = FOT (9,2 )P
+llgls, 2(5-) = 9 (), 2 (5 )P Va5 (3.35)

By the similar argument of Lemma 3.2 we can see that Sm — O,S\ng — 0 as n — oo. Thus,
(3.32) holds. The proof is complete. O

For estimating the convergent rate, we need the following lemma.

Lemma 3.4 ([10]). Assume that T,, C T. Then, we have

/ (5 — 4T (8)) Vs < 2(b — @)y (T, T,).

Assume further that f(¢,x), g(t, z) satisfy the Lipschitz condition in both variables ¢ and
x, that is

1f(t2) = fls, )PV llg(t.2) — g(s, I < K (|t = s[> + = = yl*), (3.36)
for all s,¢ € T and x,y € R?. We now estimate the convergent rate of approximation.

Theorem 3.5. Assume that assumption (3.36) is satisfied. Let z,(t), n =1,2,... be solu-
tions of the (3.7) and x(t) be the solution of the (3.8). Ift € |a,b|r then

El|lz(t) — z,(t;)* < Cidp(T, Ty), (3.37)

where Cy = 8?[(Fb(b— a+h)+b—a)(b—a)+21(dy(T, T,) + k)] and t%, is defined by (3.4).
Moreover, ift e TNT, :a <t <b then

Ellz(t) — za()]|* < Codu (T, Tn),
where Cy = 4?6[1},(() —a+h)+b—al(b—a)l.

11



Proof. Let

A~

T, =T,UT,

and X, (t) be the solution of equation (3.7) on the time scale T,. It is implied from (2.3)
and Theorem 3.3, for t € [a, b]r, we have

Ellz(t) — za(t)I* < 2E[|Za(t) — 21 + 2EZ0(t) — 2a ()],
< (67 4 6N eP=9) 4 o0, (dyy (T, T,) + h)dg (T, Ty),
where 0™, 5" are given by (3.34)(3.35). Note that if t € TNT, : a < ¢ < b then
Blla(t) = a(®)|* < (6 +5;)e ),
Since f(t,x), g(t,x) satisfy the Lipschitz condition (3.36),

1 b & ~
5 = BB [ 15(5.3(s) — 659, 2T )PV, s
+ 98 [ g5, a(5)) — 9657 (5), 2 () Vi, 5

— b - ~
< ZKW/ (Is =™ ()P + 1Za(s) = Ty () [*) Vg, 5.

We have
. 2
E|Za(s) = (3™ (5))]* < 2E|

/7  fwEa )V u

T T(s)
2
+ QJE‘

. ot Eaw) Vs M
ATT()

<Tu((s =7™7(s) + R) (s =" (s)).
Therefore, by Lemma 3.4, we get

_ b N
5 <2F[rb(b—a+h>+b—a]/ s — 4T (5)| Vg s

<AKB[Cy(b — a+ k) +b—a)(b— a)dy(T,, T).
Similarly, we imply that
5" < AKB[Ty(b— a+ h) + b — a)(b— a)dp (T,, T,).
Thus, we obtain
l2(8) = 2a(t)] < (03" + 8" )es(Tni t, @) + 20o(dia (T, T) + h)dy (T, T)
< 8KB[Ty(b—a+h)+b—a](b—a)dy(T,T,)
+ 2T, (dy (T, Ty) + B)dg (T, T,)) = Cidy (T, Ty),

where Cy = 8K[(Ty(b—a+h) +b—a)(b—a) + 2Ts(dg (T, T,) + h)). Similarly, if t € TAT, :
a <t <bthen
l2(t) = 2o ()| < Codp (T, Tn),

where Cy = 4?&[1”;,(6 —a+h)+b—a)(b—a)]. The proof is complete. O
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4 Applications to the Euler-Maruyama method

In this section, we will first show that the convergence of solution of the Euler-Maruyama
method for SDEs is a simple corollary by using results of previous section. After that we

give some examples to illustrate the power of obtained results.
Consider the IVP

{dm(t) = f(t,2(t))dt + g(t, x()dM(t) t € [a,b] 1)

x(a) = xo,

In numerical analysis, approximations to the solution z(¢) of (4.1) will be generated at
various values, called mesh points, in the interval [a, b]. For a positive integer n, we select a
subdivision of the interval [a, 0]

a=a™ <tV <. <tV <t :=b, k, €N (4.2)

Associating with (4.2), we study a stochastic difference equation, called the Euler-Maruyama
method [8, 14, 15] as follows

’Ion) - ZBO, (4 3)
e =2 e, 2 = 1)+ g1, 2 () — M@E™)),

for i=1,2,...,k, Let T := [a,b] and T, := {a™ t(n ...,t,(;)fl,t,(c:)}. Then T and T,
are time scales. Let f(¢,-) = f(t_,-) and §(t, ) = g(t_,-). This leads to that we can rewrite
(4.1) and (4.3) as follows

Va(t) = f(t.w(t-)dVt + gt (t-))d M(t), t € T,z(a) = a,

and
AV, (t) = f(t T (t))dV"t + G(t, 2, (t_))dV" M (t), 7 € Ty, ,(a) = o,

respectively. In this case, it is easy to see that

2dy (T, T,) = hy = sup {£™ — ¢!} for all n € N. (4.4)

1<i<kn
Suppose that f(t,z), g(t,z) are continuous and satisfy the Lipschitz conditions
| f(t, 1) — f(t, 22)|| < k1|1 — 2|, for all ¢ € [a,b],

llg(t,x1) — g(t, )| < ka|lxy — 22]|, for all ¢ € [a,b].
Then f(¢, ), §(t, ) also satisfy the Lipschitz conditions

1t 21) = f(t,22) || < R [ley — s, for all ¢ € [a,b)],

1g(t 21) = g(t, w2) || < kaflzy — 25, for all ¢ € [a, b].

13



By Theorem 3.3 and (4.4), we see that x,(t) will mean-square converge to z(t) on [a, b], that
is
lim sup E|z(t) — z,(t5)|* = 0.

N0 tcla,b]

Hence, we obtain the well-known result for the convergence of the Euler-Maruyama method
in numerical analysis [8, 14, 15].

Assume further that f, g satisfy the Lipschitz conditions in both variables with constant
k1, ko. That is,

|f(t,z1) — f(s,x2)|| < ki(|t — s| + ||z1 — 22]|), for all £, s € [a,b], x1, 29 € R?,

lg(t, 1) = g(s, )|l < ko]t — | + ||lz1 — wa]), for all ¢, s € [a,b], x1,22 € RY.

Then f(t,z),§(t,z) also satisfy the Lipschitz conditions in both variables with constant
kla k27

1/t 2) = F(s, )| < ka(jt — | + e — asll), for all t,s € [a,8], @12z € R,

1g(t, 21) = g(s, @)l < ko[t = [ + [lvr — @2]), for all £, 5 € [a,b], 21,22 € R™.

By Theorem 3.5, we get an estimation of the convergent rate as well as an error bound for
the Euler-Maruyama method as follows

sup E||x(t§n)) - $(n)|| < Chy, foralln e N.

1
0<i<kn
We now consider some examples in particular case.

Example 4.1. We now, for all n € N, let

On T,,, we consider V-equation

Fw%@:mm4ﬁw+mwﬂwww vte.T] (4.5)

z(0) =1,

where r, p are two constants and W = (W (¢)) is an one-dimension Brownian motion. From
[6, Example 4.6] implies equation (4.5) has follow solution

rtApWe—3p Wit > 3p2(V*W;)?
Xt(n) = e 2 0Sest 2 « H + 7"l/n + pv W) —rvp(s)—pV* Ws (46)

By using [20, Theorem 2.1] we have

2r7p2
2

x™ = W TTA + - 4 por e oo e, A7
t H( +n+p Je (4.7)

s<t
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On T = R, we consider differential equation

dz(t) = rx(t)dt + px(t)dW, Vit e [0,T]
z(0) = 1.

This equation has solution as following

o(t) = XTI

By calculating, we see that

2
lim E (H (1 +71vn(s) +pV*IW,) — H (627?2 Vn(3)+pV*Ws>>

s<t s<t

= lim {H (1 +71,(5))* + p°vn(s)) — 2 H (e”’(s) [1+ run(s) + p*ra(t)])

n—oo
+11 6(2r+p2>un(s>} —0.

s<t s<t
s<t

This implies that
lim E|X™(t) — z(t)]* = 0.

n—oo

5 Conclusion

In this paper, we have proved the convergence of solutions of stochastic dynamic equations
on time scales {T,}°°, when this sequence converges to a time scale T. The convergent
rate of solutions is estimated when the drift and diffussion coefficients satisfies the Lipschitz
condition in both variables. By using these results, the convergence of the Euler-Maruyama
method for SDEs is obtained as a corollary.
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