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Abstract

In this paper, we derive a new approach to approximate solutions of stochastic dif-
ferential equations in point of view of stochastic analysis on time scales. We will prove
that the solutions of stochastic dynamic equations on time scales {Tn}∞n=1 converges
in the mean-square to the solution of stochastic dynamic equations on time scale T
provided Tn tends to T. Further, the optimal rate of convergence can be recovered if
the drift and diffusion coefficients are Lipchitz in both variables t and x. This work can
be considered as a generalization of the Euler-Maruyama approximation for solutions
of stochastic differential equations.

1 Introduction

Stochastic differential equations (SDEs) play an important role of investigation in many sci-
entific disciplines, for instance in physics, chemistry, biology, and economics, etc. Therefore,
finding solutions of SDEs is important on both in theory and practice. Unfortunately, for
almost SDEs we can not find the explicit solutions. This leads to research numerical methods
for solving its approximation solutions which has attracted a good deal of attention from
researchers in recent years (see, e.g. [8, 9, 15, 16]).

In this paper we will study this on the general contex by using stochatisc analysis on
time scales which is an nonempty closed subset of the real numbers (see, e.g. [3, 5, 19, 20]).
Recently, the stochastic dynamic equations on time scales have studied in [6, 7, 17, 18]. The
problem is considered as approximating the solution of stochastic dynamic equation on a
time scale T by the solutions of stochastic dynamic equations on another time scales Tn
which converge to T. In the case of deterministic dynamic equations, we have studied the
similar problem in [10, 11, 12].

Fix a ∈ R. Denote by T(a) the set of all time scales S with a ∈ S. We endow T with a
Hausdorff distance

dH(S1,S2) = max{ sup
t2∈S1

inf
t1∈S2
|t1 − t2|; sup

t1∈S1
inf
t2∈S1
|t1 − t2|}. (1.1)
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Let (Ω,F , {Ft}t>a,P) be a probability space satisfying usual conditions. i.e., F is P
complete and the filtration {Ft}t>a is right continuous. Let M be a Ft–square martingale
defined on [a,∞).

For any time scale S ∈ T(a), the restriction of M in S is a square martingale. Therefore,
we can consider the stochastic dynamic equation of Itô type on time scale S (see [6]){

d∇x(t) = f(t, x(t−))d∇t+ g(t, x(t−))d∇M(t), t ∈ [a,∞)S,

x(a) = ξ,
(1.2)

where f, g : [0,∞)× Rd → Rs are two measurable functions.
The existence and uniqueness of solution for the equation (1.2) can be founded in [6].
When S = R, this equation becomes a stochastic differential equation and if S = hZ then

it is a stochastic difference equation.
The aim of this paper is to consider the convergence of solutions for stochastic dynamic

equations on time scales. Precisely,

• Let {Tn}n∈N ⊂ T(a) be a sequence of time scales. Suppose that {Tn}n∈N converges
to the time scale T in Hausdorff distance dH . Let xn(·) (resp. x(·)) be the solution of
(1.2) with S = Tn (resp. with S = T.

• Under which conditions, xn(t)→ x(t) when n→∞.

• Can we estimate the rate of convergence

There is two natural questions arise that:
-The solution of equation (??) converges to the solution of equation (1.2) or not as H −

lim
n→∞

Tn = T?

-?
The aim of this paper is to answer two above questions. In particular cases, T = [a, b],

Tn = {ti, i = 0, n} is a partition of [a, b] and M(t) is a Brownian motion, we obtain the
convergence of the Euler-Maruyama approximation which is a most well known method for
SDEs (see [14]).

The organization of the paper is as follows. In Section 2, we survey some basic notions
and properties of analysis on time scales. In Section 3, we study the convergence of solutions
of stochastic dynamic equations on time scales. The main results of the paper are derived
here. Section 4 is concerned with the convergence of the Euler-Maruyama method and some
special examples to illustrate results. The last section deals with some conclusions.

2 Preliminaries

This section surveys some basic notions on the theory of the analysis on time scales intro-
duced by Stefan Hilger 1988 [13].

A time scales is a nonempty closed subset of the real numbers R, and we usually denote
it by the symbol T. We assume throughout the paper that a time scales T is endowed with
the topology induced by the standard topology on R. We define the forward jump operator
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and the backward jump operator σ, ρ : T → T by σ(t) = inf{s ∈ T : s > t} (supplemented
by inf ∅ = supT) and ρ(t) = sup{s ∈ T : s < t} (supplemented by sup ∅ = inf T). The
backward graininess is given by ν(t) = t − ρ(t). A point t ∈ T is said to be right-dense if
σ(t) = t, right-scattered if σ(t) > t, left-dense if ρ(t) = t, left-scattered if ρ(t) < t and isolated
if t is right-scattered and left-scattered. For every a, b ∈ R, a < b, by [a, b]T, (a, b]T, [a, b)T,
we mean the sets {t ∈ T : a 6 t 6 b}, {t ∈ T : a < t 6 b}, {t ∈ T : a 6 t < b}, respectively.
For a ∈ T, denote T(a) = {x ∈ T : x > a}.

A function f defined on T is ld-continuous if it is continuous at every left-dense point
and the right-sided limit exists at every right-dense point. Similarly, one has the notation
of rd-continuous. A function f is called regulated if the right-sided limits exist at all right-
dense points and the left-sided limits exist at all left-dense points. For regulated functions
f defined on T, denote lim

σ(s)↑t
f(s) by f(t−). It is easy to see that if t is left-scattered and f

is a continuous function then f(t−) = f(ρ(t)). Let I = {t : t is left-scattered}. Clearly, the
set I of all left-scattered of T is at most countable.

Definition 2.1. (Nabla Derivative) A function f : T → Rd is called nabla differentiable at
t if there exists a vector f∇(t) such that for all ε > 0

‖f(ρ(t))− f(s)− f∇(t)(ρ(t)− s)‖ 6 ε|ρ(t)− s|

for all s ∈ (t−δ, t+δ)∩T and for some δ > 0. The vector f∇(t) is called the nabla derivative
of f at t.

If T = R then the nabla derivative is f
′
(t) from continuous calculus; if T = Z then the

nabla derivative is the backward difference, ∇f(t) = f(t)− f(t− 1), from discrete calculus.
Let A be an increasing right continuous function defined on T. Denote by B1 = {(a, b]T :

a, b ∈ T} the family of all left open and right closed interval of T. It is easy to see that
B1 is semi-ring of subsets of T. Let m1 be the set function defined on B1 by m1((a, b]T) =
A(b) − A(a). It is easy to show that m1 is a countably additive measure on B1. Then, we
wite µA∇ for the Caratheodory extension of the set function m1 associated with the family B1
and call it the Lebesgue-Stieltjes nabla measure associated with A on T. Let f : (a, b]T → R
be an µA∇-measurable function. Then, the integral of f associated with the measure µA∇ on

(a, b], denoted by
∫ b
a
f(t)∇A(t) is called Lebesgue-Stieltjes nabla integral. If A(t) = t for

all t ∈ T then µA∇ is Lebesgue nabla measure and
∫ b
a
f(t)∇t is Lebesgue nabla integral. For

details, we can refer to [4].
Now, we fix a M = {Mt}t>a ∈M2 (the set of the square integrable martingales defined on

the probability space (Ω,F , {Ft}t∈T,P)) with the characteristic 〈M〉t (see [5]). A function
f defined on (a, b]T is called simple if there exist a partition π of [a, b]T : a = a < t1 <
. . . < tn = b and bounded random variables {fi} such that fi is Fti−1

measurable for all
i = 1, 2, . . . n and

f(t) =
n∑
i=1

fiχ(ti−1,ti](t), t ∈ (a, b]T. (2.1)

For a simple function f in (2.1), we define the stochastic nabla integral∫ b

a

f(t)∇M(t) =
n∑
i=1

fi(Mti −Mti−1
).
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In general, let f be a real-valued predictable function such that
∫ b
a
|f(t)|2∇〈M〉t <∞. Then,

there exists a sequence of simple functions {fn} such that

lim
n→∞

E
∫ b

a

|f(t)− fn(t)|2∇〈M〉t = 0.

The stochastic nabla integral will be defined by∫ b

a

f(t)∇M(t) = lim
n→∞

∫ b

a

fn(t)∇M(t). (2.2)

This integral is independent on choosing of sequences {fn}. For details, we refer interested
readers to [5].

Let p be a regulated function defined on T. Then the exponential function ep(T; t, a)
defined by [2, Definition 1.38, pp. 10] is a solution of the initial value problem

y∇(t) = p(t−)y(t−), y(a) = 1, t ∈ T(a),

(see [6]). It is easy to see that

y(t) = exp

{∫ t

a

lim
h↓ν(s)

ln(1 + hp(s))

h
∇s
}
.

Since the function
ln(1 + hp(s))

h
is decreasing in h > 0 for any p to be positively regressive,

it follows that when T1 ⊂ T2 we have

0 < ep(T1; t, a) < ep(T2, t, a), ∀t ∈ T1(a). (2.3)

For other properties of exponential function ep(T; t, s), the interested reader can see [1, 2].
The following lemma is a type of the Gronwall inequality which will be used in next section.

Lemma 2.2 ([6]). Let u(t) be a regulated function and u0, α ∈ R+. Then, the inequality

u(t) 6 u0 + α

∫ t

a

u(s−)∇Ts for all t ∈ T(a),

implies
u(t) 6 u0eα(T; t, a) for all t ∈ T(a).

3 Main results

Let {T;Tn}n∈N ⊂ T(a) be a sequence of time scales satisfying

H − lim
n→∞

Tn = T.

We define the time scale

T̂ =
⋃
n∈N

Tn
⋃

T. (3.1)
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Let M be a square integrable martingale defined on T̂ and denote by 〈M〉t the quadratic
variation ofM . Suppose that 〈M〉t is absolutely continuous with respect to Lebesgue measure

on T̂. That is, there exists a progressively measurable process Nt, t > 0 such that

〈M〉t =

∫ t

a

Nτ∇T̂τ, ∀ t ∈ T̂. (3.2)

Further, assume that N bounded on T̂ by a constant ~, i.e.,

P{sup
t∈T̂

Nt 6 ~} = 1. (3.3)

Denote by ρn (resp. σn) the backward jump (resp. forward jump) operator on the time
scale Tn. For any t ∈ T, there exists a unique s ∈ Tn, say s = γT,Tn(t), such that either
s = t or t ∈ (ρn(s), s). It is easy to check that the function γT,Tn(t) is rd-continuous on T.
Also, there exists t∗n = t∗n(t) ∈ Tn satisfying

|t− t∗n| = d(t,Tn) = inf{|t− s| : s ∈ Tn}. (3.4)

We choose t∗n = γT,Tn(t) if |t− γT,Tn(t)| = d(t,Tn), otherwise t∗n = ρn(γT,Tn(t)).

Fix b ∈ T and let f : T̂×Rd → Rd and g : T̂×Rd → Rd be two Borel functions satisfying
the conditions

Assumption 3.1. (Lipschitz condition) There exist a positive constant K(b) such that for
all (t, x) ∈ [a, b]T̂ × Rd

‖f(t, x)− f(t, y)‖2 ∨ ‖g(t, x)− g(t, y)‖2 6 K‖x− y‖2. (3.5)

Assumption 3.2. (Linear growth rate condition) There exist a positive constant K = K(b)
such that for all (t, x) ∈ [a, b]T̂ × Rd

‖f(t, x)‖2 ∨ ‖g(t, x)‖2 6 K(1 + ‖x‖2). (3.6)

Assumption 3.3. (Uniform continuty condition) The function f(·, x) and g(·, x) are con-
tinuous on [a, b]T̂, uniformly in x ∈ Rd.

On time scale Tn, we consider the stochastic dynamic equation{
d∇Tnxn(t) = f(t, xn(t−))d∇Tn t+ g(t, xn(t−))d∇TnM(t), t ∈ Tn(a),

x(a) = ξ,
(3.7)

respectively on the time scale T,{
d∇x(t) = f(t, x(t−))d∇Tt+ g(t, x(t−))d∇TM(t), t ∈ T(a),

x(a) = ξ,
(3.8)

where ξ is an Fa-random variable and E ‖ξ‖2 <∞. Under the assumptions 3.1 and 3.2, the
equation (3.7) ), has a a unique solution xn(·) on [a, b∗n]Tn . That is, f(·, xn(·−)) is∇-integrable

on [a, b]Tn ; E
∫ b
a
‖g(s, xn(s−)‖2∇t <∞ and

xn(t) = ξ +

∫ t

a

f(s, xn(s−))∇Tns+

∫ t

a

g(s, xn(s−))∇TnM(s), t ∈ Tn(a) (3.9)
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Respectively, the equation (3.8) has a unique solution x(·)

x(t) = ξ +

∫ t

a

f(s, x(s−))∇Ts+

∫ t

a

g(s, x(s−))∇TM(s), t ∈ T(a). (3.10)

Further, for any a < b ∈ T̂ by (2.3) we have

E
(

sup
t∈[a,b]Tn

‖xn(t)‖2
)
6 (1 + 3Eξ2)eα(T̂; a, T ) (3.11)

E
(

sup
t∈[a,b]T

‖x(t)‖2
)
6 (1 + 3Eξ2)eα(T̂; a, T ), (3.12)

where α = 3K(b− a+ 4~) (see: [6] for details).
In order to transform a function defined on Tn to a function defined on every time scale

T we

fn(t, x) = f(γT,Tn(t), x); gn(t, x) = g(γT,Tn(t), x) t ∈ T;x ∈ Rd, (3.13)

hn(t, x) = ‖f(t, x)− fn(t, x)‖2 + ‖g(t, x)− gn(t, x)‖2 (3.14)

x̃n(t) = x(γT,Tn(t)), t ∈ T. (3.15)

To study the convergence of the solution sequence xn(t) of the IVPs (3.7) when Tn tends
to T, first assume that Tn ⊂ T. By the definition of Lebesgue nabla integral and stochastic
nabla integral on time scales, we have∫ t

a

f(s, x(s−))∇Tns =

∫ t

a

fn(s, x̃n(s−))∇Ts,

and ∫ t

a

g(s, x(s−))∇TnM(s) =

∫ t

a

gn(s, x̃n(s−))∇TM(s),

for any t ∈ Tn (see, e.g. [4, 5]).

Lemma 3.1. Let xn(t), n = 1, 2, . . . be solutions of the (3.7) and x(t) be the solution of the
(3.8). Assume that Tn ⊂ T. Then, we have

E‖x(t)− xn(t)‖2 6 δ
(n)
b eKβ(T; t, a), t ∈ [a, b]Tn , (3.16)

and for all t ∈ [a, b]T,

E‖x(t)− xn(t∗n)‖2 6 2δ
(n)
b eKβ(T; t∗n, a) + 2Γb(dH(T,Tn) + ~)dH(T,Tn). (3.17)

where K is defined by (3.5), t∗n is given by (3.4), β = 4(b− a+ ~) and

δ
(n)
b = βE

∫ b

a

(
‖f(s, x(s−))−fn(s, x̃n(s−))‖2 +‖g(s, x(s−))−gn(s, x̃n(s−))‖2

)
∇Ts. (3.18)

and
Γb = 2K[1 + (1 + 3Eξ2)eα(T; b, a)]. (3.19)

6



Proof. For any t ∈ [a, b]Tn , we have

E‖x(t)− xn(t)‖2 6 2E
∥∥∥∥∫ t

a

f(s, x(s−))∇Ts−
∫ t

a

f(s, xn(s−))∇Tns

∥∥∥∥2
+ 2E

∥∥∥∥∫ t

a

g(s, x(s−))∇TM(s)−
∫ t

a

g(s, xn(s−))∇TnM(s)

∥∥∥∥2 . (3.20)

It is seen that

E
∥∥∥∥∫ t

a

f(s, x(s−))∇Ts−
∫ t

a

f(s, xn(s−))∇Tns

∥∥∥∥2
62E

∥∥∥∥∫ t

a

f(s, x(s−))∇Ts−
∫ t

a

f(s, x(s−))∇Tns

∥∥∥∥2+ 2E
∥∥∥∥∫ t

a

(f(s, x(s−))−f(s, xn(s−)))∇Tns

∥∥∥∥2
62(b− a)E

∫ t

a

‖f(s, x(s−))−fn(s, x̃n(s−))‖2∇Ts+ 2(b− a)KE
∫ t

a

‖x(s−)− xn(s−)‖2∇Tns,

(3.21)

and

E
∥∥∥∥∫ t

a

g(s, x(s−))∇TM(s)−
∫ t

a

g(s, xn(s−))∇TnM(s)

∥∥∥∥2
6 2E

∥∥∥∥∫ t

a

g(s, x(s−))∇TM(s)−
∫ t

a

g(s, xn(s−))∇TnM(s)

∥∥∥∥2
+ 2E

∥∥∥∥∫ t

a

(g(s, x(s−))− g(s, xn(s−)))∇TnM(s)

∥∥∥∥2
6 2~E

∫ t

a

‖g(s, x(s−))− gn(s, x̃n(s−))‖2∇T〈M〉s +KE
∫ t

a

‖x(s−)− xn(s−)‖2∇Tn〈M〉s
(3.2) and (3.3)

6 2~E
∫ t

a

‖g(s, x(s−))− gn(s, x̃n(s−))‖2∇Ts+2~KE
∫ t

a

‖x(s−)− xn(s−)‖2∇Tns.

(3.22)

By substituting (3.21) and (3.22) in to (3.20), we obtain

E‖x(t)− xn(t)‖2 6 δ
(n)
b + βK

∫ t

a

E‖x(s−)− xn(s−)‖2∇Tns. (3.23)

From (3.23), using Gronwall-Bellman inequality in Lemma 2.2 and (2.3) obtain (3.16).
If t ∈ T then

E‖x(t)− xn(t∗n)‖2 6 2E‖x(t)− x(t∗n)‖2 + 2E‖x(t∗n)− xn(t∗n)‖2. (3.24)

We have

E‖x(t)− x(t∗n)‖2 6 2E
∥∥∥∥∫ t

t∗n

f(x(s−))∇Ts

∥∥∥∥2 + 2E
∥∥∥∥∫ t

t∗n

g(x(s−))∇TM(s)

∥∥∥∥2
6 Γb(|t− t∗n|+ ~)|t− t∗n| 6 Γb(dH(T,Tn) + ~)dH(T,Tn). (3.25)

Combining (3.24), (3.25) and using (3.16) obtain (3.17). The proof is complete.
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Lemma 3.2. Assume that Tn ⊂ T. For each ε and b ∈ T(a), there exists θ = θ(ε, T ) such
that if dH(T,Tn) < θ then

δ
(n)
b 6 ε(b− a) + 4β

(
2Γb +

KΓb

K
− 2K

)b− a
θ

dH(T,Tn), (3.26)

where δ
(n)
b is defined by (3.18).

Proof. By Assumption 3.3, for each ε, there exists δ = δ(ε) such that if t1, t2 ∈ [a, b]T with
|t1 − t2| < δ and x ∈ Rd then

‖f(t1, x)− f(t2, x)‖2 + ‖g(t1, x)− g(t2, x)‖2 6 ε

2β
. (3.27)

Let Γb = (b− a+ ~)Γb. Choose θ = θ(ε, b) = min
{ ε

8ΓbKβ
, δ
}

. If γT,Tn(t)− t < θ then

E‖x(t)− x(γT,Tn(t))‖2

6 2E

∥∥∥∥∥
∫ γT,Tn (t)

t

f(s, x(s−))∇Ts

∥∥∥∥∥
2

+ 2E

∥∥∥∥∥
∫ γT,Tn (t)

t

g(s, x(s−))∇TM(s)

∥∥∥∥∥
2

6 2K(θ + ~)
[
1 + (1 + 3Eξ2)eα(T; b, a)

]
(γT,Tn(t)− t) < Γbθ 6

ε

8Kβ
. (3.28)

We see that the number of values s ∈ [a, b]Tn and

{t ∈ T : ρn(s) < t < s, s− t > θ} 6= ∅,

is less than or equal to [ b−a
θ

]. Assume that these values are s1 < s2 < . . . < sr with r 6 [ b−a
θ

].
In case dH(T,Tn) < θ, we see that if t ∈ T such that ρn(si) < t < si, si − t > θ then

t− ρn(si) = d(t,Tn) 6 dH(T,Tn).

Let
τi = max{t ∈ T : ρn(si) < t < si, si − t > θ}.

It is clear τi − ρn(si) 6 dH(T,Tn). It is implied from (3.5) and (3.18) that

δ
(n)
b

β
= E

∫ b

a

(
‖f(s, x(s−))− fn(s, x̃n(s−))‖2 + ‖g(s, x(s−))− gn(s, x̃n(s−))‖2

)
∇Ts

6 2E
∫ b

a

(
‖f(s, x(s−))− f(s, x̃n(s−))‖2 + ‖f(s, x̃n(s−))− f(γT,Tn(s), x̃n(s−))‖2

)
∇Ts

+ 2E
∫ b

a

(
‖g(s, x(s−))− g(s, x̃n(s−))‖2 + ‖g(s, x̃n(s−))− g(γT,Tn(s), x̃n(s−))‖2

)
∇Ts

6 4KE
∫ b

a

‖x(s−)− x̃n(s−)‖2∇Ts+ 2E
∫ b

a

hn(s, x̃n(s−))∇Ts (3.29)
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where hn(t, x) is defined by (3.14). We have

E
∫ b

a

hn(s, x̃n(s−))∇Ts = E
∫ ρn(s1)

a

hn(s, x̃n(s−))∇Ts

+
r−1∑
i=1

E
∫ ρn(si+1)∧b

τi∧b
hn(s, x̃n(s−))∇Ts+

r∑
i=1

E
∫ τi∧b

ρn(si)∧b
hn(s, x̃n(s−))∇Ts (3.30)

and

E
∫ b

a

‖x(s−)− x(γT,Tn(s−))‖2∇Ts = E
∫ ρn(s1)

a

‖x(s−)− x(γT,Tn(s−))‖2∇Ts

+
r−1∑
i=1

E
∫ ρn(si+1)∧b

τi∧b
‖x(s−)− x(γT,Tn(s−))‖2∇Ts

+
r∑
i=1

E
∫ τi∧b

ρn(si)∧b
‖x(s−)− x(γT,Tn(s−))‖2∇Ts. (3.31)

For all t ∈ (a, ρn(s1)]
r−1⋃
i=1

(τi, ρn(si+1)] we have

E‖x(t)− x(γT,Tn(t))‖2 6 ε

8Kβ
;

and by (3.27),

Ehn(t, x̃(t−))

= E
(
‖f(t, x̃(t−))− f(γT,Tn(t), x̃(t−))‖2 + ‖g(t, x̃(t−))− g(γT,Tn(t), x̃(t−))‖2

)
6

ε

4β
.

It follows that

E
∫ ρn(s1)

a

‖x(s−)− x(γT,Tn(s−))‖2∇Ts 6
ε

8Kβ
(ρn(s1)− a) 6

ε

8Kβ
(τ1 − a),

E
∫ ρn(si+1)∧b

τi∧b
‖x(s−)− x(γT,Tn(s−))‖2∇Ts 6

ε

8Kβ
(ρn(si+1) ∧ b− τi ∧ b)

6
ε

8Kβ
(τi+1 ∧ b− τi ∧ b),

E
∫ ρn(s1)

a

hn(s, x̃n(s−))∇Ts 6
ε

4β
(ρn(s1)− a) 6

ε

4β
(τ1 − a),

E
∫ ρn(si+1)∧b

τi∧b
hn(s, x̃n(s−))∇Ts 6

ε

4β
(ρn(si+1) ∧ b− τi ∧ b) 6

ε

4β
(τi+1 ∧ b− τi ∧ b),
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On the other hand, for i = 1, 2, ..., r we have

E
∫ τi∧b

ρn(si)∧b
‖x(s−)− x(γT,Tn(s−))‖2∇Ts 6

(Γb

K
− 2
)

(τi ∧ b− ρn(si) ∧ b)

6
(Γb

K
− 2
)
dH(T,Tn).

and by ∫ τi∧b

ρn(si)∧b
Ehn(s, x̃n(s−))∇Ts 6 4Γb(τi ∧ b− ρn(si) ∧ b) 6 4ΓbdH(T,Tn).

Thus, we obtain

δ
(n)
b 6 ε(τ1 − a) +

r−1∑
i=1

ε(τi+1 ∧ b− τi ∧ b) +
r∑
i=1

4β
(

2Γb +
KΓb

K
− 2K

)
dH(T,Tn)

= ε(b− a) + 4β
(

2Γb +
KΓb

K
− 2K

)
rdH(T,Tn)

6 ε(b− a) + 4β
(

2Γb +
KΓb

K
− 2K

)b− a
θ

dH(T,Tn).

The proof is complete.

We are now derive the convergence theorem for the IVPs (3.8) and (3.7).

Theorem 3.3. Suppose that the sequence of time scales {Tn}∞n=1 satisfy
lim
n→∞

Tn = T. Suppose that assumption 3.1, 3.2 are satisfied. Let xn(t), n = 1, 2, . . . be

solutions of the (3.8) and x(t) be the solution of the (3.7). Then for any T > a, there holds

lim
n→∞

sup
t∈[a,b]T

E|x(t)− xn(t∗n)|2 = 0. (3.32)

where t∗n is defined by (3.4).

Proof. Firstly, we assume that Tn ⊂ T for all n ∈ N. From Lemma 3.1, it follows that

E‖x(t)− xn(t∗n)‖2 6 2δ
(n)
b eβ(Tn; t∗n, a) + 2Γa(dH(T,Tn) + ~)dH(T,Tn),

for all t ∈ [a, b]T. By Lemma 3.2, we get lim
n→∞

δ
(n)
b = 0. Therefore, (3.32) holds. In the general

case, we put
T̂n = Tn ∪ T.

Then, it is easy to see that

dH(T,Tn) = max{dH(T̂n,T), dH(T̂n,Tn)}. (3.33)

Let x̂n(t) is the solution of equation (3.10) on time scale T̂n. For t ∈ T, we have

E‖x(t)− xn(t∗n)‖2 6 2E‖x̂n(t)− x(t)‖2 + 2E‖x̂n(t)− xn(t∗n)‖2.
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By Lemma 3.1, for T ⊂ T̂n and Tn ⊂ T̂n, we imply

E‖x̂n(t)− x(t)‖2 6 δ̂
(n1)
b eβ(T; t, a),

E‖x̂n(t)− xn(t∗n)‖2 6 2̂δ
(n2)
b eβ(Tn; t, a) + 2Γb(dH(T,Tn) + ~)dH(T,Tn),

where

δ̂
(n1)
b = βE

∫ b

a

(
‖f(s, x(s−))− f(γT̂n,T(s), x(γT̂n,T(s−)))‖2

+ ‖g(s, x(s−))− g(γT̂n,T(s), x(γT̂n,T(s−)))‖2
)
∇T̂n

s (3.34)

and

δ̂
(n2)
b = βE

∫ b

a

(
‖f(s, x(s−))− f(γT̂n,Tn(s), x(γT̂n,Tn(s−)))‖2

+ ‖g(s, x(s−))− g(γT̂n,Tn(s), x(γT̂n,Tn(s−)))‖2
)
∇T̂n

s (3.35)

By the similar argument of Lemma 3.2 we can see that δ̂n1 → 0, δ̂n2 → 0 as n → ∞. Thus,
(3.32) holds. The proof is complete.

For estimating the convergent rate, we need the following lemma.

Lemma 3.4 ([10]). Assume that Tn ⊂ T. Then, we have∫ b

a

(s− γT,Tn(s))∇Ts 6 2(b− a)dH(T,Tn).

Assume further that f(t, x), g(t, x) satisfy the Lipschitz condition in both variables t and
x, that is

‖f(t, x)− f(s, y)‖2 ∨ ‖g(t, x)− g(s, y)‖2 6 K(|t− s|2 + ‖x− y‖2), (3.36)

for all s, t ∈ T and x, y ∈ Rd. We now estimate the convergent rate of approximation.

Theorem 3.5. Assume that assumption (3.36) is satisfied. Let xn(t), n = 1, 2, . . . be solu-
tions of the (3.7) and x(t) be the solution of the (3.8). If t ∈ [a, b]T then

E‖x(t)− xn(t∗n)‖2 6 C1dH(T,Tn), (3.37)

where C1 = 8K[(Γb(b−a+~) + b−a)(b−a) + 2Γb(dH(T,Tn) +~)] and t∗n is defined by (3.4).
Moreover, if t ∈ T ∩ Tn : a 6 t < b then

E‖x(t)− xn(t)‖2 6 C2dH(T,Tn),

where C2 = 4Kβ[Γb(b− a+ ~) + b− a](b− a)].
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Proof. Let
T̂n = Tn ∪ T,

and X̂n(t) be the solution of equation (3.7) on the time scale T̂n. It is implied from (2.3)
and Theorem 3.3, for t ∈ [a, b]T, we have

E‖x(t)− xn(t∗n)‖2 6 2E‖x̂n(t)− x(t)‖2 + 2E‖x̂n(t)− xn(t∗n)‖2,
6 (δ̂

(n1)
b + δ̂

(n2)
b )eβ(t−a) + 2Γb(dH(T,Tn) + ~)dH(T,Tn),

where δ̂
(n1)
b , δ̂

(n2)
b are given by (3.34)(3.35). Note that if t ∈ T ∩ Tn : a 6 t 6 b then

E‖x(t)− xn(t)‖2 6 (δ̂
(n1)
b + δ̂

(n2)
b )eβ(t−a).

Since f(t, x), g(t, x) satisfy the Lipschitz condition (3.36),

δ̂
(n1)
b = βE

∫ b

a

‖f(s, x̂n(s))− f(γT̂n,T(s), x̂n(γT̂n,T(s)))‖2∇T̂n
s

+ βE
∫ b

a

‖g(s, x̂n(s))− g(γT̂n,T(s), x̂n(γT̂n,T(s)))‖2∇T̂n
s

6 2KβE
∫ b

a

(|s− γT̂n,T(s)|2 + ‖x̂n(s)− x̂n(γT̂n,T(s))‖2)∇T̂n
s.

We have

E‖x̂n(s)− x̂n(γT̂n,T(s))‖2 6 2E
∥∥∥∫ s

γT̂n,T(s)

f(u, x̂n(u−))∇T̂n
u
∥∥∥2

+ 2E
∥∥∥∫ s

γT̂n,T(s)

g(u, x̂n(u−)∇T̂n
M(u)

∥∥∥2
6 Γb((s− γT̂n,T(s)) + ~)(s− γT̂n,T(s)).

Therefore, by Lemma 3.4, we get

δ̂
(n1)
b 6 2K[Γb(b− a+ ~) + b− a]

∫ b

a

|s− γT̂n,T(s)|∇T̂n
s

6 4Kβ[Γb(b− a+ ~) + b− a](b− a)dH(T̂n,T).

Similarly, we imply that

δ̂
(n2)
b 6 4Kβ[Γb(b− a+ ~) + b− a](b− a)dH(T̂n,Tn).

Thus, we obtain

‖x(t)− xn(t∗n)‖ 6 (δ̂
(n1)
b + δ̂

(n2)
b )eβ(T̂n; t, a) + 2Γb(dH(T,Tn) + ~)dH(T,Tn)

6 8Kβ[Γb(b− a+ ~) + b− a](b− a)dH(T,Tn)

+ 2Γa(dH(T,Tn) + ~)dH(T,Tn) = C1dH(T,Tn),

where C1 = 8K[(Γb(b− a+ ~) + b− a)(b− a) + 2Γb(dH(T,Tn) + ~)]. Similarly, if t ∈ T∩Tn :
a 6 t < b then

‖x(t)− xn(t)‖ 6 C2dH(T,Tn),

where C2 = 4Kβ[Γb(b− a+ ~) + b− a](b− a)]. The proof is complete.
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4 Applications to the Euler-Maruyama method

In this section, we will first show that the convergence of solution of the Euler-Maruyama
method for SDEs is a simple corollary by using results of previous section. After that we
give some examples to illustrate the power of obtained results.

Consider the IVP{
dx(t) = f(t, x(t))dt+ g(t, x(t))dM(t) t ∈ [a, b]

x(a) = x0,
(4.1)

In numerical analysis, approximations to the solution x(t) of (4.1) will be generated at
various values, called mesh points, in the interval [a, b]. For a positive integer n, we select a
subdivision of the interval [a, b]

a = a(n) < t
(n)
1 < · · · < t

(n)
kn−1 < t

(n)
kn

:= b, kn ∈ N. (4.2)

Associating with (4.2), we study a stochastic difference equation, called the Euler-Maruyama
method [8, 14, 15] as follows{

x
(n)
0 = x0,

x
(n)
i = x

(n)
i−1 + f(t

(n)
i−1, x

(n)
i−1)(t

(n)
i − t

(n)
i−1) + g(t

(n)
i−1, x

(n)
i−1)(M(t

(n)
i )−M(t

(n)
i−1)),

(4.3)

for i = 1, 2, . . . , kn. Let T := [a, b] and Tn := {a(n), t(n)1 , . . . , t
(n)
kn−1, t

(n)
kn
}. Then T and Tn

are time scales. Let f̂(t, ·) = f(t−, ·) and ĝ(t, ·) = g(t−, ·). This leads to that we can rewrite
(4.1) and (4.3) as follows

d∇x(t) = f̂(t, x(t−))d∇t+ ĝ(t, x(t−))d∇M(t), t ∈ T, x(a) = x0,

and
d∇nxn(t) = f̂(t, xn(t−))d∇nt+ ĝ(t, xn(t−))d∇nM(t), τ ∈ Tn, xn(a) = x0,

respectively. In this case, it is easy to see that

2dH(T,Tn) = hn := sup
16i6kn

{t(n)i − t
(n)
i−1} for all n ∈ N. (4.4)

Suppose that f(t, x), g(t, x) are continuous and satisfy the Lipschitz conditions

‖f(t, x1)− f(t, x2)‖ 6 k1‖x1 − x2‖, for all t ∈ [a, b],

‖g(t, x1)− g(t, x2)‖ 6 k2‖x1 − x2‖, for all t ∈ [a, b].

Then f̂(t, x), ĝ(t, x) also satisfy the Lipschitz conditions

‖f̂(t, x1)− f̂(t, x2)‖ 6 k1‖x1 − x2‖, for all t ∈ [a, b],

‖ĝ(t, x1)− ĝ(t, x2)‖ 6 k2‖x1 − x2‖, for all t ∈ [a, b].
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By Theorem 3.3 and (4.4), we see that xn(t) will mean-square converge to x(t) on [a, b], that
is

lim
n→∞

sup
t∈[a,b]

E|x(t)− xn(t∗n)|2 = 0.

Hence, we obtain the well-known result for the convergence of the Euler-Maruyama method
in numerical analysis [8, 14, 15].

Assume further that f, g satisfy the Lipschitz conditions in both variables with constant
k1, k2. That is,

‖f(t, x1)− f(s, x2)‖ 6 k1(|t− s|+ ‖x1 − x2‖), for all t, s ∈ [a, b], x1, x2 ∈ Rd,

‖g(t, x1)− g(s, x2)‖ 6 k2(|t− s|+ ‖x1 − x2‖), for all t, s ∈ [a, b], x1, x2 ∈ Rd.

Then f̂(t, x), ĝ(t, x) also satisfy the Lipschitz conditions in both variables with constant
k1, k2,

‖f̂(t, x1)− f̂(s, x2)‖ 6 k1(|t− s|+ ‖x1 − x2‖), for all t, s ∈ [a, b], x1, x2 ∈ Rd,

‖ĝ(t, x1)− ĝ(s, x2)‖ 6 k2(|t− s|+ ‖x1 − x2‖), for all t, s ∈ [a, b], x1, x2 ∈ Rd.

By Theorem 3.5, we get an estimation of the convergent rate as well as an error bound for
the Euler-Maruyama method as follows

sup
06i6kn

E‖x(t
(n)
i )− x(n)i ‖ 6 Chn, for all n ∈ N.

We now consider some examples in particular case.

Example 4.1. We now, for all n ∈ N, let

Tn = Pn, 1
n

=
∞⋃
k=0

[
k(n+

1

n
), k(n+

1

n
) + ~

]
.

On Tn, we consider ∇-equation{
d∇nxn(t) = rxn(t−)d∇nt+ px(t−)d∇nW (t) ∀ t ∈ [0, T ]

x(0) = 1,
(4.5)

where r, p are two constants and W = (W (t)) is an one-dimension Brownian motion. From
[6, Example 4.6] implies equation (4.5) has follow solution

X
(n)
t = e

rt+pWt− 1
2
p2[W ]t+

∑
0<s6t

1
2
p2(∇∗Ws)2

×
∏
s6t

(1 + rνn(s) + p∇∗Ws)e
−rνn(s)−p∇∗Ws . (4.6)

By using [20, Theorem 2.1] we have

X
(n)
t = e

2r−p2

2
t+pWt ×

∏
s6t

(1 +
r

n
+ p∇∗Ws)e

p2−2r
2n
−p∇∗Ws . (4.7)
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On T = R+, we consider differential equation{
dx(t) = rx(t)dt+ px(t)dWt ∀ t ∈ [0, T ]

x(0) = 1.
(4.8)

This equation has solution as following

x(t) = e
2r−p2

2
t+pWt .

By calculating, we see that

limE

(∏
s6t

(1 + rνn(s) + p∇∗Ws)−
∏
s6t

(
e

2r−p2

2
νn(s)+p∇∗Ws

))2

= lim
n→∞

{∏
s6t

(
(1 + rνn(s))2 + p2νn(s)

)
− 2

∏
s6t

(
erν(s)

[
1 + rνn(s) + p2νn(t)

])
+
∏
s6t

e(2r+p
2)νn(s)

}
= 0.

This implies that
lim
n→∞

E|X(n)(t)− x(t)|2 = 0.

5 Conclusion

In this paper, we have proved the convergence of solutions of stochastic dynamic equations
on time scales {Tn}∞n=1 when this sequence converges to a time scale T. The convergent
rate of solutions is estimated when the drift and diffussion coefficients satisfies the Lipschitz
condition in both variables. By using these results, the convergence of the Euler-Maruyama
method for SDEs is obtained as a corollary.
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