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Preface

This book has been designed for a final year undergraduate course in stochastic
processes. It will also be suitable for mathematics undergraduates and others
with interest in probability and stochastic processes, who wish to study on their
own.

The main prerequisite is probability theory: probability measures, random
variables, expectation, independence, conditional probability, and the laws of
large numbers. The only other prerequisite is calculus. This covers limits, series,
the notion of continuity, differentiation and the Riemann integral. Familiarity
with the Lebesgue integral would be a bonus. A certain level of fundamental
mathematical experience, such as elementary set theory, is assumed implicitly.

Throughout the book the exposition is interlaced with numerous exercises,
which form an integral part of the course. Complete solutions are provided at
the end of each chapter. Also, each exercise is accompanied by a hint to guide
the reader in an informal manner. This feature will be particularly useful for
self-study and may be of help in tutorials. It also presents a challenge for the
lecturer to involve the students as active participants in the course.

A brief introduction to probability is presented in the first chapter. This is
mainly to fix terminology and notation, and to provide a survey of the results
which will be required later on. However, conditional expectation is treated in
detail in the second chapter, including exercises designed to develop the nec-
essary skills and intuition. The reader is strongly encouraged to work through
them prior to embarking on the rest of this course. This is because conditional
expectation is a key tool for stochastic processes, which often presents some
difficulty to the beginner.

Chapter 3 is about martingales in discrete time. We study the basic prop-
erties, but also some more advanced ones like stopping times and the Optional
Stopping Theorem. In Chapter 4 we continue with martingales by presenting

vii



viii Preface

Doob’s inequalities and convergence results. Chapter 5 is devoted to time-
homogenous Markov chains with emphasis on their ergodic properties. Some
important results are presented without proof, but with a lot of applications.
However, Markov chains with a finite state space are treated in full detail.
Chapter 6 deals with stochastic processes in continuous time. Much emphasis
is put on two important examples, the Poisson and Wiener processes. Various
properties of these are presented, including the behaviour of sample paths and
the Doob maximal inequality. The last chapter is devoted to the It6 stochastic
integral. This is carefully introduced and explained. We prove a stochastic ver-
sion of the chain rule known as the It6 formula, and conclude with examples
and the theory of stochastic differential equations.

It is a pleasure to thank Andrew Carroll for his careful reading of the final
draft of this book. His many comments and suggestions have been invaluable
to us. We are also indebted to our students who took the Stochastic Analysis
course at the University of Hull. Their feedback was instrumental in our choice
of the topics covered and in adjusting the level of exercises to make them
challenging yet accessible enough to final year undergraduates.

As this book is going into its 3rd printing, we would like to thank our
students and readers for their support and feedback. In particular, we wish
to express our gratitude to Iaonnis Emmanouil of the University of Athens
and to Brett T. Reynolds and Chris N. Reynolds of the University of Wales
in Swansea for their extensive and meticulous lists of remarks and valuable
suggestions, which helped us to improve the current version of Basic Stochastic
Processes.

We would greatly appreciate further feedback from our readers, who are
invited to visit the Web Page http://www.hull.ac.uk/php/mastz/bsp.html
for more information and to check the latest corrections in the book.

Zdzistaw Brzezniak and Tomasz Zastawniak
Kingston upon Hull, June 2000
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1

Review of Probability

In this chapter we shall recall some basic notions and facts from probability
theory. Here is a short list of what needs to be reviewed:

1) Probability spaces, o-fields and measures;
2) Random variables and their distributions;
3) Expectation and variance;

4) The o-field generated by a random variable;
5) Independence, conditional probability.

The reader is advised to consult a book on probability for more information.

1.1 Events and Probability

Definition 1.1

Let 2 be a non-empty set. A o-field F on {2 is a family of subsets of {2 such
that

1) the empty set @ belongs to F;
2) if A belongs to F, then so does the complement {2 \ 4;

1
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2 Basic Stochastic Processes

3) if Ay, A,,. .. is a sequence of sets in F, then their union 4; U Ay U--- also
belongs to F.

Example 1.1

Throughout this course R will denote the set of real numbers. The family of
Borel sets F = B(R) is a o-field on R. We recall that B(R) is the smallest
o-field containing all intervals in R.

Definition 1.2
Let F be a o-field on §2. A probability measure P is a function
P:F—][0,1]
such that
1) P(2)=1;

2) if A1, As,... are pairwise disjoint sets (that is, 4; N A; = @ for i # j)
belonging to F, then

P(AUAU---) = P(A1) + P (Ag) + - .

The triple (£2,F,P) is called a probability space. The sets belonging to F
are called events. An event A is said to occur almost surely (a.s.) whenever
P(A) =1.

Example 1.2

We take the unit interval 2 = [0,1] with the o-field F = B([0,1]) of Borel
sets B C [0,1], and Lebesgue measure P = Leb on [0,1]. Then (£2, F,P) is a
probability space. Recall that Leb is the unique measure defined on Borel sets
such that

Lebla,b) =b-a
for any interval [a,b]. (In fact Leb can be extended to a larger o-field, but we

shall need Borel sets only.)

Exercise 1.1

Show that if A, As,... is an ezpanding sequence of events, that is,

A1CA2C"',
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then
P(A;UA2U--)= lim P(A,).
n—oo

Similarly, if A1, A, ... is a contracting sequence of events, that is,
A1 DA D,
then
P(A10A2ﬂ"') = lim P(An)
n—00

Hint Write A1 U A2 U --- as the union of a sequence of disjoint events: start with
A1, then add a disjoint set to obtain A; U A,, then add a disjoint set again to obtain
A1 U A2 U A;, and so on. Now that you have a sequence of disjoint sets, you can use
the definition of a probability measure. To deal with the product A; N A2 N - - write
it as a union of some events with the aid of De Morgan’s law.

Lemma 1.1 (Borel-Cantelli)
Let A;, A2,... be a sequence of events such that P (4;) + P(A2) + -+ < o0

and let B, = A,UA,+1U--- . Then P(BiNByN---) =0.

Exercise 1.2

Prove the Borel-Cantelli lemma, above.

Hint Bi, Bas,... is a contracting sequence of events.

1.2 Random Variables

Definition 1.3
If F is a o-field on {2, then a function £ : 2 — R is said to be F-measurable if
{¢eB}erF

for every Borel set B € B(R). If (12, F, P) is a probability space, then such a
function £ is called a random variable.

Remark 1.1

A short-hand notation for events such as {£ € B} will be used to avoid clutter.
To be precise, we should write

{weN:&(w) e B}
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in place of {¢ € B}. Incidentally, {¢ € B} is just a convenient way of writing
the inverse image ¢! (B) of a set.

Definition 1.4

The o-field o (£) generated by a random variable £ : 2 — R consists of all sets
of the form {£ € B}, where B is a Borel set in R.

Definition 1.5

The o-field 0 {¢; : 1 € I} generated by a family {¢; : ¢ € I'} of random variables
is defined to be the smallest o-field containing all events of the form {¢; € B},
where B is a Borel set in R and 7 € I.

Exercise 1.3

We call f: R — R a Borel function if the inverse image f~! (B) of any Borel
set B in R is a Borel set. Show that if f is a Borel function and £ is a random
variable, then the composition f (£) is o (£)-measurable.

Hint Consider the event {f (¢) € B}, where B is an arbitrary Borel set. Can this
event be written as {{ € A} for some Borel set A?

Lemma 1.2 (Doob-Dynkin)

Let £ be a random variable. Then each ¢ (£)-measurable random variable 77 can
be written as

n=f(£)

for some Borel function f: R - R.

The proof of this highly non-trivial result will be omitted.

Definition 1.6
Every random variable £ : 2 — R gives rise to a probability measure
P¢(B) = P{¢ € B}

on R defined on the o-field of Borel sets B € B(R). We call P; the distribution
of €. The function F¢ : R — [0, 1] defined by

Fe(z) =P{( <z}

is called the distribution function of &.
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Exercise 1.4

Show that the distribution function Fg is non-decreasing, right-continuous, and

zll){l:loo Fg (IL‘) =0, z-!-l)gloo Fg ((L‘) =1,

Hint For example, to verify right-continuity show that F¢(z,) — F¢(z) for any de-
creasing sequence z, such that £, — z. You may find the results of Exercise 1.1
useful.

Definition 1.7

If there is a Borel function f; : R — R such that for any Borel set B C R

P{{EB}=/Bfg(m) dz,

then £ is said to be a random variable with absolutely continuous distribution
and f; is called the density of £. If there is a (finite or infinite) sequence of
pairwise distinct real numbers x4, Z3, ... such that for any Borel set B C R

P{¢eB}= Y P{t=az},

z;EB
then ¢ is said to have discrete distribution with values z1,z3,... and mass
P {¢ = z;} at z;.
Exercise 1.5

Suppose that £ has continuous distribution with density f¢. Show that

2 B@) = %)

if f¢ is continuous at z.

Hint Express F¢ (z) as an integral of f;.

Exercise 1.6

Show that if £ has discrete distribution with values z,,zs,... , then Fe is
constant on each interval (s, t] not containing any of the z;’s and has jumps of
size P {¢ = z;} at each z;.

Hint The increment F¢ (t) — F (s) is equal to the total mass of the x;’s that belong
to the interval [s,t).
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Definition 1.8

The joint distribution of several random variables &;,...,&, is a probability
measure P, . ¢ on R" such that

PE;,,,,,{,ﬂ (B) = P{(&laafﬂ) € B}

for any Borel set B in R". If there is a Borel function f¢, . ¢, : R® = R such
that

P{(&,...,&) € B} = /Bfgl’""g" (z1,...,2n) dz1 -~ dTn

for any Borel set B in R", then f, . .. is called the joint density of &1, . .., &n.

Definition 1.9
A random variable £ : 2 = R is said to be integrable if
/ IE] dP < co.
Q
Then
B = [ ¢ap
7]

exists and is called the ezpectation of €. The family of integrable random vari-
ables £ : 2 — R will be denoted by L! or, in case of possible ambiguity, by
L'(2,F,P).

Example 1.3

The indicator function 14 of a set A is equal to 1 on A and 0 on the complement
2\ A of A. For any event A

E(14) =/ 14dP = P (A).
Q
We say that n: 2 = R is a step function if
n
n= Z nila;,
i=1

where m1,...,n, are real numbers and A4,, ..., A, are pairwise disjoint events.

Then N N
E@m) = /nnsz Zm/Qu,. P = 1P (4).
i=1 i=1
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Exercise 1.7

Show that for any Borel function & : R = R such that h (£) is integrable
E((©)= [ hE) dr @),

Hint First verify the equality for step functions h : R — R, then for non-negative ones
by approximating them by step functions, and finally for arbitrary Borel functions by
splitting them into positive and negative parts.

In particular, Exercise 1.7 implies that if £ has an absolutely continuous
distribution with density f, then

+o0
E(h(e) = / h(z) fe () de.

—00

If € has a discrete distribution with (finitely or infinitely many) pairwise distinct
values z1,zsg,..., then

E(h(€) =Y hlz) P{g =},

Definition 1.10

A random variable £ : 2 — R is called square integrable if

/ €2 dP < co.
9]

Then the variance of £ can be defined by

var() = [ (¢ - B(©)* dP.
The family of square integrable random variables £ : 2 — R will be denoted
by L2(£2, F, P) or, if no ambiguity is possible, simply by L2.
Remark 1.2

The result in Exercise 1.8 below shows that we may write E(£) in the definition
of variance.

Exercise 1.8

Show that if £ is a square integrable random variable, then it is integrable.



8 Basic Stochastic Processes

Hint Use the Schwarz inequality
[EEn) <E(E)E(n°) (L.1)

with an appropriately chosen 7).

Exercise 1.9

Show that if 7 : £2 = [0,00) is a non-negative square integrable random vari-
able, then

E(n*) =2 /0 ” tP(n > t)dt.

Hint Express E(n?) in terms of the distribution function F,(t) of 7 and then integrate
by parts.

1.3 Conditional Probability and Independence

Definition 1.11

For any events A, B € F such that P (B) # 0 the conditional probability of A

given B is defined by P(ANB)
n
P(AIB) = 5.

Exercise 1.10

Prove the total probability formula
P(A) = P(A|B1)P(B1) + P(A|B2)P(By) + - -

for any event A € F and any sequence of pairwise disjoint events By, By, ... € F
such that B, UBy U --- = 2 and P(B,) # 0 for any n.

Hint A=(ANB)U(ANB)U---.

Definition 1.12
Two events A, B € F are called independent if
P(AN B) = P(A)P(B).
In general, we say that n events A,,..., A, € F are independent if

P(A; N A, N0+ N Ay) = P(Ai)P(A,) -+ P(Ay,)
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for any indices 1 <43 <ia3 < -+ < i < n.

Exercise 1.11

Let P(B) # 0. Show that A and B are independent events if and only if
P (A|B) = P(4A).

Hint If P (B) # 0, then you can divide by it.

Definition 1.13

Two random variables £ and 7 are called independent if for any Borel sets
A, B € B(R) the two events

{¢eA} and {neB}

are independent. We say that n random variables &, ..., &, are independent if
for any Borel sets By,..., B, € B(R) the events

{fleBl}v"'v{ﬁnEBn}

are independent. In general, a (finite or infinite) family of random variables
is said to be independent if any finite number of random variables from this
family are independent.

Proposition 1.1

If two integrable random variables £, : 2 =+ R are independent, then they are
uncorrelated, i.e.

E(&n) = E(§)E(n),

provided that the product £n is also integrable. If &,...,&, : 2 — R are
independent integrable random variables, then

Ei& &) =E&)E(&) - E(),
provided that the product & &, - - - &, is also integrable.

Definition 1.14
Two o-fields G and H contained in F are called independent if any two events

AeG and BeH
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are independent. Similarly, any finite number of o-fields Gi,...,G, contained
in F are independent if any n events

AL €G,..., A €G,

are independent. In general, a (finite or infinite) family of o-fields is said to be
independent if any finite number of them are independent.

Exercise 1.12

Show that two random variables £ and 7 are independent if and only if the
o-fields o (€) and o (1) generated by them are independent.

Hint The events in o () and o (n) are of the form {£ € A}, and {5 € B}, where A
and B are Borel sets.

Sometimes it is convenient to talk of independence for a combination of
random variables and o-fields.

Definition 1.15
We say that a random variable ¢ is independent of a o-field G if the o-fields
o0(§) and G

are independent. This can be extended to any (finite or infinite) family con-
sisting of random variables or o-fields or a combination of them both. Namely,
such a family is called independent if for any finite number of random variables
&,...,&m and o-fields Gy, ..., G, from this family the o-fields

0'(61),---,0'(577;),gl,---,gn

are independent.

1.4 Solutions

Solution 1.1
If A, CAyC---, then

A1UA2U'“=A1U(A2\A1)U(A3\A2)U"' s
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where the sets A1, Az \ A1, Az \ 42,. .. are pairwise disjoint. Therefore, by the
definition of probability measure

P(AlUAQU"') = P(A1U(A2\A1)U(A3\A2)U“')

P(A1)+P(Ay\A) +P(A3\ A2) + -+
= lim P(A4,).

n—00

The last equality holds because the partial sums in the series above are

P (A1) + P(A2\ A1)+ -+ P(An\ An-1) = P(A1U---UA,)
= P(An).

If Ay D A2 D -+, then the equality
P(A1 ﬂAzﬂ"') = lim P(An)
n—o0
follows by taking the complements of 4,, and applying De Morgan’s law
2\ (A1NANn--)=(Q\A)UR\A)U--- .
Solution 1.2

Since By, is a contracting sequence of events, the results of Exercise 1.1 imply
that

1l

P(BiNnByN--) lim P(B,)

n—oo

= lim P(ApUAniU--)

n—oo
Jim (P (An) + P (Ang1) +--7)
0.

IN

The last equality holds because the series > oo, P(A,) is convergent. The
inequality above holds by the subadditivity property

P(AnUAn.HU"')SP(A,L)+P(A”+1)+... .
It follows that P(ByNByN--) =0.

Solution 1.3

If B is a Borel set in R and f : R — R is a Borel function, then f=! (B) is also
a Borel set. Therefore

{f©eB}={¢cef'(B)}

belongs to the o-field o (£) generated by ¢. It follows that the composition f (£)
is o (£)-measurable.
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Solution 1.4
If z <y, then {{ <z} C{¢ <y}, 50
Fe(z)=P{{ <z} <P{{<y}=F(y).

This means that Fy is non-decreasing.
Next, we take any sequence z; > z3 > - - - and put

lim z, = z.
n—o0

Then the events
<m}o{é<z:2} D

form a contracting sequence with intersection
{{<r}={<n}in{{<z}n .
It follows by Exercise 1.1 that
Fe(s) = P{¢ <3} = lim P{£ <an} = lim F (zn).

This proves that Fg is right-continuous.
Since the events
{¢<-1}o{<-2}>-

form a contracting sequence with intersection @ and
{e<1}c{e<nc--
form an expanding sequence with union 2, it follows by Exercise 1.1 that
lim Fe(z) = lim F(-n) = lim P{£<~n}=P(0) =0,

lim F¢(z) = lim F¢(n) =nan;oP{£5n} =P()=1,

00 n—o00

since Fy is non-decreasing.

Solution 1.5

If ¢ has a density fe, then the distribution function F; can be written as

T
Fe@=Pi<a)= [ fwa
—00
Therefore, if f¢ is continuous at z, then Fy is differentiable at z and

2@ =@
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Solution 1.6
If s < t are real numbers such that z; ¢ (s,t] for any ¢, then
F(t) - Fe(s) = P{{ <t} - P{{ < s} = P{{ € (s,8]} = 0,

i.e. F¢(s) = F¢(t). Because F; is non-decreasing, this means that F; is constant
on (s,t]. To show that F; has a jump of size P{{ = z;} at each z;, we compute

Ap 0 - I R6) = g Ple<a - g PlE<s)
= P{¢<m} - P{{ <=z} = P{{ ==},
Solution 1.7

If h is a step function,
n
h=Y hila,,
i=1

where hy,...,h, are real numbers and Ay,..., A, are pairwise disjoint Borel
sets covering R, then

E(h ZhE 14, (6)) = ZhP{geA}

i=1
thg Z/ h(z) dP; (z) = /hm)dPg(z)

Next, any non-negative Borel function h can be approximated by a non-
decreasing sequence of step functions. For such an h the result follows by the
monotone convergence of integrals. Finally, this implies the desired equality
for all Borel functions k, since each can be split into its positive and negative
parts, h = h* — h~, where ht,h~ > 0.

Solution 1.8

By the Schwarz inequality (1.1) with 5 = 1, if £ is square integrable, then
[B(EDF = [EQED < E(1*) E(€%) = E(€) < oo,

i.e. £ is integrable.

Solution 1.9
Let F(t) = P {n <t} be the distribution function of 7. Then

E(p?) = /0 2dF(2).
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Since P(n > t) = 1 — F(t), we need to show that

/oo £ dF(t) = 2/°°t(1 _F(Q)) dt (1.2)
0 0

First, let us establish a version of (1.2) with oo replaced by a finite number a.
Integrating by parts, we obtain

/a t2dF(t) = /a t2d(F(t) - 1)

0 0

2(F(t) - 1)|, -2 /0 t(F(t) — 1)dt
= —a*(1 - F(a)) +2/at(1 — F(t))dt. (1.3)
0

We see that (1.2) follows from (1.3), provided that
a®*(1-F(a)) -0, asa— oco. (1.4)
But
0<a?(1-F(a)) =a’P(n>a) < (n+1)’P(n > n) < 4n’P(n > n),
where n is the integer part of a, and
2y —
E(n*) = kZ:__O/{kSnSk+1} 172dP < 00.

Hence,

n2P(nZn)§/ n%zpzi/ n’dP — 0 (1.5)

{nzn} ken  {k<n<k+1}

as n — oo, which proves (1.4).

Solution 1.10

Since By UBy U -+ = {2,
A=AN(BiUByU---)=(ANB)U(ANB)U--+ ,

where
(ANB)N(ANB;)=AN(B;NB;)=ANnDd=0.

By countable additivity
P(4)

P((ANB)U(ANB)U---)
P(ANB))+P(ANBy)+ -
P(A|B,) P(B,) + P(A|By) P(By) + -~ .
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Solution 1.11
If P(B) #0, then A and B are independent if and only if

P(ANB)
P (B)

In turn, this equality holds if and only if P (4) = P (A|B).

P(A) =

Solution 1.12
The o-fields o (£) and o (77) consist, respectively, of events of the form
{¢€ A} and {ne B},

where A and B are Borel sets in R. Therefore, o (¢) and o (1) are independent
if and only if the events {¢€ € A}, and {n € B} are independent for any Borel
sets A and B, which in turn is equivalent to £ and 7 being independent.



2

Conditional Expectation

Conditional expectation is a crucial tool in the study of stochastic processes.
It is therefore important to develop the necessary intuition behind this notion,
the definition of which may appear somewhat abstract at first. This chapter is
designed to help the beginner by leading him or her step by step through several
special cases, which become increasingly involved, culminating at the general
definition of conditional expectation. Many varied examples and exercises are
provided to aid the reader’s understanding.

2.1 Conditioning on an Event

The first and simplest case to consider is that of the conditional expectation
E (¢|B) of a random variable £ given an event B.

Definition 2.1

For any integrable random variable £ and any event B € F such that P(B) # 0
the conditional ezpectation of £ given B is defined by

E(¢|B) = % /B ¢ dP.

17
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Example 2.1

Three coins, 10p, 20p and 50p are tossed. The values of those coins that land
heads up are added to work out the total amount £. What is the expected total
amount £ given that two coins have landed heads up?

Let B denote the event that two coins have landed heads up. We want to
find E (¢€|B). Clearly, B consists of three elements,

B = {HHT,HTH, THH},

each having the same probability §. (Here H stands for heads and T for tails.)
The corresponding values of £ are

¢(HHT) = 10 + 20 = 30,
¢(HTH) = 10 + 50 = 60,
¢(THH) = 20 + 50 = 70.

Therefore

_ 1 _ 130 60 70\ _.a1
E(§|B)_P(B)/B§dP—%<8+8+8>—533.

Exercise 2.1
Show that E (£|2) = E(&).

Hint The definition of E () involves an integral and so does the definition of E (¢|42).
How are these integrals related?
Exercise 2.2

Show that if
1 forwe A

1A(w)={ 0 forwgA
(the indicator function of A), then
E(14|B) = P(A|B),
where

palB) = ZANB) (1;4(2 )B)

is the conditional probability of A given B.

Hint Write [, 1a dP as P(AN B).
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2.2 Conditioning on a Discrete Random
Variable

The next step towards the general definition of conditional expectation involves
conditioning by a discrete random variable n with possible values y,ys, . .. such
that P {n = y,} # 0 for each n. Finding out the value of  amounts to finding
out which of the events { = y,} has occurred or not. Conditioning by 7 should
therefore be the same as conditioning by the events {n = y,}. Because we do
not know in advance which of these events will occur, we need to consider all
possibilities, involving a sequence of conditional expectations

E@{n=u}),E¢{n=y},....

A convenient way of doing this is to construct a new discrete random variable
constant and equal to E (€| {n = y,}) on each of the sets {n = y,}. This leads
us to the next definition.

Definition 2.2

Let £ be an integrable random variable and let 7 be a discrete random variable
as above. Then the conditional ezpectation of ¢ given 7 is defined to be a random
variable E(£|n) such that

E@¢n)(w) =E@¢{n=yn}) ifnw)=yn

foranyn=1,2,....

Example 2.2

Three coins, 10p, 20p and 50p are tossed as in Example 2.1. What is the
conditional expectation E (¢|n) of the total amount £ shown by the three coins
given the total amount n shown by the 10p and 20p coins only?

Clearly, 7 is a discrete random variable with four possible values: 0, 10, 20
and 30. We find the four corresponding conditional expectations in a similar
way as in Example 2.1:

E{{n=0})=25  E(¢{n=10}) = 35,
E(¢l{n=20}) =45, E(¢l{n=230}) = 55.
Therefore
25 if n(w) =0,
_ ) 3 ifpw) =10,
E(¢ln) (@) = 45 if n(w) = 20,

55 if p(w) = 30.
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Example 2.3

Take 2 = [0,1] with the o-field of Borel sets and P the Lebesgue measure on
[0,1]). We shall find E(|n) for

2 ifze},?),
0 ifze(d1]

(z) =222, (2) =

{ 1 ifzeloi],

Clearly, n is discrete with three possible values 1,2, 0. The corresponding events
are

For z € [0, §]

Forz e (3,2

2

1 [ 14
E(€ln)(x) = E(¢)(3,2)) = §/§ 22dr = =.
And for z € (%, 1]
1 [t 38
Elgh(e) = Blel1) = £ /a 22z = .

The graph of E(¢|n) is shown in Figure 2.1 together with those of ¢ and 7.

Exercise 2.3
Show that if 7 is a constant function, then E(£|n) is constant and equal to

E(¢).

Hint The event { = c} must be @ or £ for any c € R.

Exercise 2.4

Show th
ow that B(Lul1 _ [ P(A)B) fweB
allp)(w) = { P(AIN\B) ifw¢B

for any B such that 1 # P(B) # 0.
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AS A" 2 Eléin)
21 2 — 21 | i

1t 11— 14

T S R
1z 0 1z 0 1z

2|

Figure 2.1. The graph of E ({|n) in Example 2.3

Hint How many different values does 1p take? What are the sets on which these
values are taken?

Exercise 2.5

Assuming that 7 is a discrete random variable, show that
E(E(&|n)) = E(§).

Hint Observe that

/B B(éln) dP = /B ¢dp

for any event B on which 7 is constant. The desired equality can be obtained by
covering {2 by countably many disjoint events of this kind.

Proposition 2.1

If £ is an integrable random variable and 7 is a discrete random variable, then

1) E(¢|n) is o (n)-measurable;
2) For any A € o (n)
/ E(é|y) dP = / ¢dP. 2.1)
A A

Proof

Suppose that 1 has pairwise distinct values ¥1,¥s,... . Then the events

{77=y1},{77=y2},...
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are pairwise disjoint and cover 2. The o-field o (n) is generated by these events,
in fact every A € o (n) is a countable union of sets of the form {n = y, }. Because
E (&|n) is constant on each of these sets, it must be o (17)-measurable.

For each n we have

/ E(€ln)dP = / E(€] {n = yn}) dP
{7I=yn} {7I=31n}

_ / ¢dP.
{Tl=yn}

Since each A € o(n) is a countable union of sets of the form {n = y,}, which
are pairwise disjoint, it follows that

[ Emap= [ ear,

as required. OO

2.3 Conditioning on an Arbitrary Random
Variable

Properties 1) and 2) in Proposition 2.1 provide the key to the definition of the
conditional expectation given an arbitrary random variable 7.

Definition 2.3

Let ¢ be an integrable random variable and let 5 be an arbitrary random
variable. Then the conditional expectation of ¢ given 0 is defined to be a random
variable E(£|n) such that

1) E (€|n) is o (n)-measurable;
2) For any A € o (n)
| Bemap = [ ea.
A A

Remark 2.1

We can also define the conditional probability of an event A € F given n by
P (Aln) = E(1aln),

where 1,4 is the indicator function of A.
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Do the conditions of Definition 2.3 characterize E (¢|n) uniquely? The
lemma below implies that E (€]n) is defined to within equality on a set of
full measure. Namely,

if ¢ = ¢ as., then E (¢n) = E (¢']n) as. (2.2)

The existence of E (£|n) will be discussed later in this chapter.

Lemma 2.1

Let (12, F, P) be a probability space and let G be a o-field contained in F. If ¢
is a G-measurable random variable and for any B € G

/ £dP =0,
B
then £ =0 a.s.

Proof
Observe that P {{ > €} = 0 for any € > 0 because

0<eP{t>¢e}= edP_<_/ £dP =0.
{¢2¢} {¢2¢}

The last equality holds, since {{ > €} € G. Similarly, P {¢{ < —¢} = 0 for any
€ > 0. As a consequence, .
P{-e<é<e}=1

for any € > 0.
Let us put

A ={-L<e<i}.
Then P (A,) =1 and

{€=0}= ﬁAn.

n=1

Because the A, form a contracting sequence of events, it follows that
P{¢=0}= nlgxgoP(An) =1,

as required. [J
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One difficulty involved in Definition 2.3 is that no explicit formula for E (§|n)
is given. If such a formula is known, then it is usually fairly easy to verify
conditions 1) and 2). But how do you find it in the first place? The examples
and exercises below are designed to show how to tackle this problem in concrete
cases.

Example 2.4

Take 2 = [0, 1] with the o-field of Borel sets and P the Lebesgue measure on
[0, 1]. We shall find E(£|n) for

2 ifzel0}),
¢ ifzel}1]

Here 7 is no longer discrete and the general Definition 2.3 should be used.
First we need to describe the o-field o(n). For any Borel set B C [3,1] we
have
B={neB}eo(n)
and
[0,3)UB={neB}U{n=2}eo(n).

In fact sets of these two kinds exhaust all elements of o (). The inverse image
{n € C} of any Borel set C C R is of the first kind if 2 ¢ C and of the second
kind if 2 € C.

If E(£|n) is to be & (n)-measurable, it must be constant on [0, %) because 7
is. If for any z € [0, 1)

E(eln)(z) = E(ED, 1))
1
“P@&»Aﬁﬂﬂm

1

3
/ 222 dz
0

D] = rop=| -

then

/ Emmmm=/ () ds,
0,1) 1)

D) 0»5
i.e. condition 2) of Definition 2.3 will be satisfied for A = [0, ).
Moreover, if E(¢|n) = € on [}, 1], then of course

/Emwwm=/«mm
B B
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for any Borel set B C [1,1].
Therefore, we have found that

if z €[0,3),

1
E(&Jn) () :{ 202 ifze (311

Because every element of o(7) is of the form B or [0, 3) U B, where B C [},1]
is a Borel set, it follows immediately that conditions 1) and 2) of Definition 2.3
are satisfied. The graph of E(£|n) is presented in Figure 2.2 along with those
of € and 1.

X K 2B
2} = 2

1 Ty

= i
0 1 Z 0 1 7z

Figure 2.2. The graph of F (£¢|n) in Example 2.4

Exercise 2.6

Let £2 = [0,1] with Lebesgue measure as in Example 2.4. Find the conditional
expectation E (&|n) if

£(x) = 222, nz)=1-|2z-1].

Hint First describe the o-field generated by 7. Observe that 7 is symmetric about —;—
What does it tell you about the sets in o (7)? What does it tell you about E (¢|n) if it
is to be o (n)-measurable? Does it need to be symmetric as well? For any A in o (5)

try to transform f 4 §dP to make the integrand symmetric.

Exercise 2.7

Let 2 be the unit square [0,1] x [0, 1] with the o-field of Borel sets and P the
Lebesgue measure on [0, 1] x [0, 1]. Suppose that £ and 7 are random variables
on {2 with joint density

ff»ﬂ(way) =T +y
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for any z,y € [0,1], and f¢,(z,y) = 0 otherwise. Show that

243

E(¢&n) = 3760

Hint 1t suffices (why?) to show that for any Borel set B

/ £dP=/ gigﬂdp.
{(7€B) {nepy T 0N

Try to express each side of this equality as an integral over the square [0,1] x {0, 1]
using the joint density f¢,(z,y).
Exercise 2.8

Let {2 be the unit square [0, 1] x [0, 1] with Lebesgue measure as in Exercise 2.7.
Find E (¢]n) if £ and 7 are random variables on {2 with joint density

3
fen(zy) = 5 (=* + %)
for any z,y € [0,1], and f¢ ,(z,y) = 0 otherwise.

Hint This is slightly harder than Exercise 2.7 because here we have to derive a formula
for the conditional expectation. Study the solution to Exercise 2.7 to find a way of
obtaining such a formula.

Exercise 2.9

Let {2 be the unit disc {(z,y) : 2% + y? < 1} with the o-field of Borel sets and
P the Lebesgue measure on the disc normalized so that P (£2) =1, i.e.

P(A) = %/Adxdy

for any Borel set A C f2. Suppose that £ and 7 are the projections onto the z
and y axes,

f(zy)=2  n(zy) =y
for any (z,y) € £2. Find E (£2|n).

Hint What is the joint density of £ and n? Use this density to transform the integral

/ ¢2dp
{n€B}

for an arbitrary Borel set B so that the integrand becomes a function of . How is
this function of 7 related to E (¢%|n)?



2. Conditional Expectation 27

2.4 Conditioning on a o-Field

We are now in a position to make the final step towards the general definition
of conditional expectation. It is based on the observation that E (£|n) depends
only on the o-field o () generated by 7, rather than on the actual values of 7.

Proposition 2.2
If o(n) = o(n'), then E(£|n) = E(&|n') a.s. (Compare this with (2.2).)

Proof

This is an immediate consequence of Lemma 2.1. O

Because of Proposition 2.2 it is reasonable to talk of conditional expectation
given a o-field. The definition below differs from Definition 2.3 only by using an
arbitrary o-field G in place of a o-field o () generated by a random variable 7.

Definition 2.4

Let £ be an integrable random variable on a probability space (£2, F, P), and
let G be a o-field contained in F. Then the conditional ezpectation of ¢ given
G is defined to be a random variable E (£|G) such that

1) E(£|G) is G-measurable;
2) Forany A€ g
/ E(£[G)dP = / ¢ dP. (2.3)
A A

Remark 2.2

The conditional probability of an event A € F given a o-field G can be defined
by
P (A|G) = E(14l9),

where 14 is the indicator function of A.

The notion of conditional expectation with respect to a o-field extends
conditioning on a random variable 7 in the sense that

E(Elo(n) = E(¢€n),
where o(7) is the o-field generated by 7.
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Proposition 2.3

E(&|G) exists and is unique in the sense that if £ = £’ a.s., then E(¢|G) =
E(£'|G) as.

Proof

Existence and uniqueness follow, respectively, from Theorem 2.1 below and
Lemma 2.1. O

Theorem 2.1 (Radon—Nikodym)

Let (£2,F,P) be a probability space and let G be a o-field contained in F.
Then for any random variable £ there exists a G-measurable random variable

¢ such that
/AEdP=/ACdP

The Radon-Nikodym theorem is important from a theoretical point of view.
However, in practice there are usually other ways of establishing the existence
of conditional expectation, for example, by finding an explicit formula, as in
the examples and exercises in the previous section. The proof of the Radon—
Nikodym theorem is beyond the scope of this course and is omitted.

for each A € G.

Exercise 2.10
Show that if G = {0, 2}, then E(¢|G) = E(€) ass.

Hint What random variables are G-measurable if G = {§, 2}?

Exercise 2.11

Show that if ¢ is G-measurable, then E(¢|G) = € a.s.

Hint The conditions of Definition 2.4 are trivially satisfied by £ if £ is G-measurable.
Exercise 2.12

Show that if B € G, then
E(E(£19)|B) = E(£]B).

Hint The conditional expectation on either side of the equality involves an integral
over B. How are these integrals related to one another?
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2.5 General Properties

Proposition 2.4

Conditional expectation has the following properties:

1) E(a€ + b(|G) = aE(¢|G) + bE((|G) (linearity);
2) E(E(|9)) = E(&);
3) E(&€|G) = EE(C|G) if € is G-measurable (taking out what is known);

4) E(¢|G) = E(€) if £ is independent of G (an independent condition drops
out);

5) E(E(&|G)|H) = E(&|H) if H C G (tower property);
6) If £ > 0, then E(£|G) > 0 (positivity).

Here a,b are arbitrary real numbers, £, ( are integrable random variables on a
probability space (12, F, P) and G, H are o-fields on {2 contained in F. In 3) we
also assume that the product £( is integrable. All equalities and the inequalities
in 6) hold P-a.s.

Proof
1) For any B€ G

I

/B (aE(€l6) + bE((|G)) dP = a /B E(€|6)dP + b /B E((lg) dP

I
o
N
ey
+
<o
c
U
"o

By uniqueness this proves the desired equality.

2) This follows by putting A = §2 in (2.3). Also, 2) is a special case of 5)
when H = {0, 2}.

3) We first verify the result for £ = 14, where A € G. In this case

/ 14E(n|G) dP = / E(n|G) dP
B ANB

= / ndP
ANB

= / 14ndP
B



30 Basic Stochastic Processes

for any B € G, which implies that
14E(n|G) = E(1an|G)

by uniqueness. In a similar way we obtain the result if £ is a G-measurable step

function,
m
6 = Z a; ]'Aj’
Jj=1
where A; € G for j = 1,...,m. Finally, the result in the general case follows

by approximating £ by G-measurable step functions.

4) Since € is independent of G, the random variables ¢ and 1p are inde-
pendent for any B € G. It follows by Proposition 1.1 (independent random
variables are uncorrelated) that

/B E(€)dP = E(§)E(lp)

i
hs
ey
—_
&

I
&
78 %
I
2

which proves the assertion.
5) By Definition 2.4

/B E(¢|6)dP = /B ¢dP

for every B € G, and

/ E(|H)dP = / ¢dP
B B
for every B € H. Because H C G it follows that

/ E(€|G) dP = / E(¢|H) dP
B B
for every B € H. Applying Definition 2.4 once again, we obtain
E(E(¢|9)H) = E(¢H).
6) For any n we put
1
Ay = {E(sug) < ——} .
n
Then A, € G. If £ > 0 a.s., then

1
o< [ ¢ap= [ B9 ap<-1P (4,
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which means that P (A,) = 0. Because

{El9) <0} = 4n

n=1

it follows that
P{E(£lG) <0} =0,

completing the proof. O

The next theorem, which will be stated without proof, involves the notion
of a convex function, such as max (1,z) or €™, for example. In this course the
theorem will be used mainly for |z|, which is also a convex function. In general,
we call a function ¢ : R = R convez if for any z,y € R and any A € [0,1]

pAz+(1-Ny) <Ap(@)+(1=-Ne(y).

This condition means that the graph of ¢ lies below the cord connecting the
points with coordinates (z, ¢ (z)) and (y, ¢ (y)).

Theorem 2.2 (Jensen’s Inequality)

Let ¢ : R = R be a convex function and let £ be an integrable random variable
on a probability space (2, F, P) such that ¢ (£) is also integrable. Then

p(E(£l9) <E(p()]9) as.

for any o-field G on {2 contained in F.

2.6 Various Exercises on Conditional
Expectation

Exercise 2.13

Mrs. Jones has made a steak and kidney pie for her two sons. Eating more
than a half of it will give indigestion to anyone. While she is away having tea
with a neighbour, the older son helps himself to a piece of the pie. Then the
younger son comes and has a piece of what is left by his brother. We assume
that the size of each of the two pieces eaten by Mrs. Jones’ sons is random and
uniformly distributed over what is currently available. What is the expected
size of the remaining piece given that neither son gets indigestion?
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Hint All possible outcomes can be represented by pairs of numbers, the portions of
the pie consumed by the two sons. Therefore §2 can be chosen as a subset of the
plane. Observe that the older son is restricted only by the size of the pie, while the
younger one is restricted by what is left by his brother. This will determine the shape
of f2. Next introduce a probability measure on 2 consistent with the conditions of
the exercise. This can be done by means of a suitable density over £2. Now you are in
a position to compute the probability that neither son will get indigestion. What is
the corresponding subset of £27 Finally, define a random variable on 2 representing
the portion of the pie left by the sons and compute the conditional expectation.

Exercise 2.14

As a probability space take 2 = [0,1) with the o-field of Borel sets and the
Lebesgue measure on [0, 1). Find E (¢|n) if

2z for0<z <,
2—-1 fori<z<l

£ (x) = 227, n(w)={

Hint What do events in o () look like? What do o (n)-measurable random variables
look like? If you devise a neat way of describing these, it will make the task of
finding E (£}n7) much easier. You will need to transform the integrals in condition 2)
of Definition 2.3 to find a formula for the conditional expectation.

Exercise 2.15

Take {2 = [0, 1] with the o-field of Borel sets and P the Lebesgue measure on
[0,1]. Let

n(z) = z(1 - 2)
for = € [0, 1]. Show that

() +§(1 - z)

Blgn)(@) = 2222

for any z € [0,1].

Hint Observe that 77 (z) = (1 — z). What does it tell you about the o-field generated
by n? Is 1 (¢ (z) + £ (1 — z)) measurable with respect to this o-field? If so, it remains
to verify condition 2) of Definition 2.3.

Exercise 2.16
Let &, 7 be integrable random variables with joint density f¢ ,(z,y). Show that

f]R z ffﬂ](z’ 77) dz
f]R fE,TI(za 77) dfl) '

Hint Study the solutions to Exercises 2.7 and 2.8.

E(ln) =
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Remark 2.3
If we put b @)
— 6,77 z’ y
ffnfl (x|y) fr) (y) ]
where

fo ) = /R fe(®,y) do

is the density of 5, then by the result in Exercise 2.16

E(gln) = /R 2 e (aln) da.

We call f¢ ,(z|y) the conditional density of £ given 1.

Exercise 2.17

Consider L? (F) = L? (2, F, P) as a Hilbert space with scalar product
L2 (F)x L*(F) 3 (6,¢) —» B(&) € R

Show that if £ is a random variable in L2 (F) and G is a o-field contained in
F, then E(£|G) is the orthogonal projection of £ onto the subspace L? (G) in
L? (F) consisting of G-measurable random variables.

Hint Observe that condition 2) of Definition 2.4 means that £ — E(£|G) is orthogonal
(in the sense of the scalar product above) to the indicator function 14 for any A € G.

2.7 Solutions

Solution 2.1
Since P (f2) =1 and [, £dP = E (§),

E(€0) = ﬁfowﬂ(a.

Solution 2.2
By Definition 2.1

E(14|B) F(IE‘)/BL‘ dP
1
= PB) Jars ™
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_ P(AnB)
~ P(B)
= P(A|B).
Solution 2.3
Since 7 is constant, it has only one value ¢ € R, for which
{n=c}=1.

Therefore E (£|n) is constant and equal to

E¢m(w) =E(¢l{n=c}) = E(¢|2) =E(¢)

for each w € 2. The last equality has been verified in Exercise 2.1.

Solution 2.4

The indicator function 1g takes two values 1 and 0. The sets on which these
values are taken are

{is=1}=B, {lp=0}=0\B.

Thus, for w € B
E(1al18)(w) = E(14|B) = P(A|B),

as in Exercise 2.2. Similarly, for w € 2\ B
E(14|18)(w) = E(14|2\ B) = P(A|2\ B).
Solution 2.5

First we observe that

/E§|B )dP = /( /gdP) dP = /gdP (2.4)

for any event B.

Since 7 is discrete, it has countably many values y;,ys2,... . We can as-
sume that these values are pairwise distinct, i.e. y; # y; if i # j. The sets
{n=wn},{n=y2},... are then pairwise disjoint and they cover the whole
space {2. Therefore, by (2.4)

E(E(€ln) = /ﬂ E(¢ln) dP
= E =UYn dP
> /{M} (€ {1 = ya})
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B zn: /{n=yu} i

/n ¢dP
E(9).

Solution 2.6

First we need to describe the o-field o (n) generated by 7. Observe that 7 is
symmetric about 1,

n(@)=nl-x)

for any z € [0,1]. We claim that o (1) consists of all Borel sets A C [0,1]
symmetric about %, i.e. such that

A=1-A. (2.5)
Indeed, if A is such a set, then A = {n € B}, where
B={2z:z€ An0, 3]}

is a Borel set, so A € g(n). On the other hand, if A € o (n), then there is a
Borel set B in R such that A = {n € B}. Then

zt€eA & n(z)eB
& n(l-z)€eB
&S 1-z€ A,

so A satisfies (2.5).
We are ready to find E (¢|n). If it is to be o (n)-measurable, it must be
symmetric about %, ie.

E (¢n) (z) = E (€ln) (1 - =)

for any z € [0,1]. For any A € o () we shall transform the integral below so
as to make the integrand symmetric about %:

/2m2dw = /x2da:+/a:2dx
A A A
= /a:2dw+/ (1—:0)2 dz
A 1-A

=/Aa:2da:+/A(1—z)2dm
- L(m2+(1—m)2) de.
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R A7 2 E(€ln)

21 27 2

11 11 1\/

— — —-—-’L——p—}
0 1 0 1 Z 0 1 T

Figure 2.3. The graph of E (¢|n) in Exercise 2.6

It follows that

E(¢n) (z) =2 + (1-2)°.
The graphs of €, n and E (£|n) are shown in Figure 2.3.
Solution 2.7

Since
{neB}=[0,1]xB

for any Borel set B, we have

/{neg}fdP = /B_/Rxf&n(z’!/) dz dy
- ./{9 (/[o,l}z(x+y) d‘”) dy
= /B (% + %y) dy

2+ 3 / /‘ 2+ 3y
——dP = —_— z,y)dz d;
-/{nEB} 3+ 61’) BJR 3+ Gy fE,r]( y) y

2+ 3y /
= —_— z+y)dzr | d
B3+6y([o,11( v) ) v

1 1
= /;('3:4-—2-1]) dy.

Because each event in o () is of the form {n € B} for some Borel set B, this
means that condition 2) of Definition 2.3 is satisfied. The random variable %f%fl’

and
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is o (n)-measurable, so condition 1) holds too. It follows that

2+3
B = 5ron

Solution 2.8

We are looking for a Borel function F : R — R such that for any Borel set B

/ ¢dP = F(n) dP. (2.6)
{neB} {neB}

Then E (¢|n) = F (n) by Definition 2.3.

We shall transform both integrals above using the joint density fe , (z,y)
in much the same way as in the solution to Exercise 2.7, except that here we
do not know the exact form of F (y). Namely,

/{nEB}EdP - /B/Rmfﬁm(m’y) dz dy
- g/B (/[0,1]””(902 +97) dz) dy
STIRER
/{nEB}F(n) b = /B/)};F(y) fen(z,y) dzdy

- g/BF(y) (/[0,11 & +) dx) dy
- g/BF(y) (%+y2) dy.

Then, (2.6) will hold for any Borel set B if

and

1+3v’ 3+6y?

F(y) = %+y2 T 441292
It follows that 34 62
BEm =F0) = {0

Solution 2.9

We are looking for a Borel function F : R — R such that for any Borel set
BCR

/ £2dP = F (n) dP. (2.7)
{neB} {neB}
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Then, by Definition 2.3 we shall have E (£2|n) = F ().

Let us transform both sides of (2.7). To do so we observe that the ran-
dom variables £ and n have uniform joint distribution over the unit disc
2 = {(z,y) : % + y® < 1}, with density

fen(z,y) ==

if 22 + y? < 1, and f¢ , (z,y) = 0 otherwise. It follows that

| ear =//$2f£,n($,y) dz dy
{neB}
= // z? dz dy
1 —-y?

_ _\3/2
—377/3(1 y?)" " dy

// ¥) fen (2,y) dzdy
= ;/BF(y)/_\;‘/T_”;dm

=ZLqu—)W@

and

il

/ F(n) dP
{neB}

T

If (2.7) is to be satisfied for all Borel sets B, then

F)=3(1-v).
This means that
E (&n) (z,y) = F (n(z,y)) = F ()

for any (z,y) in f2.

I

LW =

(1-9¢%)

Solution 2.10

If G = {0, 2}, then any constant random variable is G-measurable. Since

/QfdP=E(€)=/QE(€)dP
/gdP 0= /E

it follows that E(£|G) = E(£) a.s., as required.

and
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Solution 2.11

Because the trivial identity

Agdp:LgdP

holds for any A € G and § is G-measurable, it follows that F(£|G) = € a.s.

Solution 2.12
By Definition 2.3

| B ap= [ cap,

since B € G. It follows that

E(E(€]9)|B) F(%; /B E(€|G) dP

1
P—w—)/ﬁ‘“’
E (¢|B).

I

i

Solution 2.13

The whole pie will be represented by the interval [0,1]. Let = € [0, 1] be the
portion consumed by the older son. Then [0,1 — z] will be available to the
younger one, who takes a portion of size y € [0,1 — z]. The set of all possible
outcomes is

2 ={(z,y): 2,y 20,z +y <1},

The event that neither of Mrs. Jones’ sons will get indigestion is

A={(x,y)€0:z,y<%}.

These sets are shown in Figure 2.4. If z is uniformly distributed over [0, 1] and
y is uniformly distributed over [0,1 — z], then the probability measure P over
2 with density

f@y) =1—

will describe the joint distribution of outcomes (z,y), see Figure 2.5.
Now we are in a position to compute

P(4) = /A f(z,y) do dy

[ e
0 0 1-2

In V2.
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o=

v

Figure 2.4. The sets 2 and A in Exer-
cise 2.13

(z,y)

— ;'\.., I
Q
8

Figure 2.5. The density f(z,y) in Exer-
cise 2.13

The random variable
E(l’,y) =].—£L'—y

defined on {2 represents the size of the portion left by Mrs. Jones’ sons. Finally,
we find that

E(€|4) = / (1-2z—y) f(z,y) dzdy
_ - - 3/
h ln\/_/ / dwdy
ln\/_
T Ind

Solution 2.14

The o-field o (1) generated by 7 consists of sets of the form BU (B + 1) for
some Borel set B C [0, ). Thus, we are looking for a o (1)-measurable random
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variable ¢ such that for each Borel set B C [0, %)

/B PNCES /B PRLCE (2.8)

Then E (€]n) = ¢ by Definition 2.3.
Transforming the integral on the left-hand side, we obtain

/ E(z) dz = / 222 dx +/ 222 dx
BU(B+1%) B B+1

= / 2:1:2d:1:+/ 2(:1:-!-%)2 dz
B B
z/ (2 + (= +3)°) da.
B
For ¢ to be o (n)-measurable it must satisfy

C(x)=((z+1) (2.9)

for each z € [0, 1). Then

/BU(B+%)C($) dP = /BC(E) d:v+/B+%((:t;) dz
=AC($)dx+[B((x+%)dz

=/BC(:v)dz+/l‘3((m)dz

= 2/ {(z) d=.
B
If (2.8) is to hold for any Borel set B C [0, }), then

((.'1:):.'1:2—1-(:z:+%)2

for each z € [0, 1). The values of { (z) for z € [%, 1) can be obtained from (2.9).
It follows that

2+ (x+1)? for0<z<i,
(m—%)2+x2 fori <z <1l

E (&ln) (z) = ((2) ={

The graphs of £, n and E (¢|n) are shown in Figure 2.6.



42 Basic Stochastic Processes

N A" AE(ﬂ:W)

1z ol 1 =

Figure 2.6. The graph of E (¢]n) in Exercise 2.14

2|

Solution 2.15

Since n(z) = n(1 — z), the o-field o(n) consists of Borel sets B C [0, 1] such
that
B=1-B,

where 1 — B = {1 -z : z € B}. For any such B

/Bﬁ(z)dz = %/Bf(z)dz+%/35(z)d:v
=—1-/£(a:)dz+l/ (1 —-z)dx
= /{ Ydz + = /&1—:1:

/E(m tél-a)

Because § (£ () + £ (1 — z)) is o ()-measurable, it follows that

E(t) (z) = {2123

I

Solution 2.16
We are looking for a Borel function F (y) such that

/ £dP = F(n) dP
{n€B} {neB}

for any Borel set B in R. Because F (1) is o (n)-measurable and each event
in o (1) can be written as {n € B} for some Borel set B, this will mean that

E(&n) = F(n).
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Let us transform the two integrals above using the joint density of £ and #:

-/{neB}EdP = /B/R“”fe,n (z,y) dxdy

- /B(/szg,,,(z,y) da:) dy

/{neB} (n) dP = / / Y) fen (z,y) drdy
= /BF(y) (/ng,n (z,y) dz) dy.

If these two integrals are to be equal for each Borel set B, then

fofE,n (z,y) dz
f]R fﬁ,n (-’L',y) dIL' '

and

F(y)=

It follows that

Jr® fen (z,m) dz

E(n)=F(n) = e Ton @) o

Solution 2.17

We denote by ¢ the orthogonal projection of ¢ onto the subspace L? (G) C
L? (F) consisting of G-measurable random variables. Thus, £ — { is orthogonal
to L?(G), that is,

E[(¢ -] =0

for each v € L?(G). But for any A € G the indicator function 14 belongs to
L*(G), so

E[(§ - ¢)1a] = 0.
Therefore

| ¢ap = Be10) = BqLa) = [ cap
A A
for any A € G. This means that ( = E(£|G).
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Martingales in Discrete Time

3.1 Sequences of Random Variables

A sequence £;,&s, ... of random variables is typically used as a mathematical
model of the outcomes of a series of random phenomena, such as coin tosses
or the value of the FTSE All-Share Index at the London Stock Exchange on
consecutive business days. The random variables in such a sequence are indexed
by whole numbers, which are customarily referred to as discrete time. It is
important to understand that these whole numbers are not necessarily related
to the physical time when the events modelled by the sequence actually occur.
Discrete time is used to keep track of the order of events, which may or may
not be evenly spaced in physical time. For example, the share index is recorded
only on business days, but not on Saturdays, Sundays or any other holidays.
Rather than tossing a coin repeatedly, we may as well toss 100 coins at a time
and count the outcomes.

Definition 3.1

The sequence of numbers & (w),& (w),... for any fixed w € (2 is called a
sample path.

A sample path for a sequence of coin tosses is presented in Figure 3.1 (+1
stands for heads and —1 for tails). Figure 3.2 shows the sample path of the
FTSE All-Share Index up to 1997. Strictly speaking the pictures should con-
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] i .
UL |

Figure 3.1. Sample path for a sequence of coin tosses

A
180
140
100
1991 1993 1995 1997
Figure 3.2. Sample path representing the FTSE All-Share Index up to 1997
sist of dots, representing the values & (w),& (w),..., but it is customary to

connect them by a broken line for illustration purposes.

3.2 Filtrations

As the time n increases, so does our knowledge about what has happened in
the past. This can be modelled by a filtration as defined below.

Definition 3.2
A sequence of o-fields Fj, Fs,... on £2 such that

FicFC---CF
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is called a filtration.

Here F,, represents our knowledge at time n. It contains all events A such
that at time n it is possible to decide whether A has occurred or not. As n
increases, there will be more such events A, i.e. the family F,, representing our
knowledge will become larger. (The longer you live the wiser you become!)

Example 3.1

For a sequence &, &2, ... of coin tosses we take JF, to be the o-field generated
by 61)""677.7
fn =U(£la""§n)'
Let
A = {the first 5 tosses produce at least 2 heads} .

At discrete time n = 5, i.e. once the coin has been tossed five times, it will be
possible to decide whether A has occurred or not. This means that A € F;.
However, at n = 4 it is not always possible to tell if A has occurred or not. If
the outcomes of the first four tosses are, say,

tails, tails, heads, tails,

then the event A remains undecided. We will have to toss the coin once more
to see what happens. Therefore A ¢ Fj.

This example illustrates another relevant issue. Suppose that the outcomes
of the first four coin tosses are

tails, heads, tails, heads.

In this case it is possible to tell that A has occurred already at n = 4, whatever
the outcome of the fifth toss will be. It does not mean, however, that A belongs
to F4. The point is that for A to belong to F; it must be possible to tell whether
A has occurred or not after the first four tosses, no matter what the first four
outcomes are. This is clearly not so in the example in hand.

Exercise 3.1

Let &1,&2,. .. be a sequence of coin tosses and let F,, be the o-field generated
by &1,...,&. For each of the following events find the smallest n such that the
event belongs to F,:

A = {the first occurrence of heads is preceeded by no more than 10 tails},

B = {there is at least 1 head in the sequence £,&,,. ..},

C = {the first 100 tosses produce the same outcome},

D = {there are no more than 2 heads and 2 tails among the first 5 tosses}.
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Hint To find the smallest element in a set of numbers you need to make sure that
the set is non-empty in the first place.

Suppose that &,&3, ... is a sequence of random variables and F1, F, ... is
a filtration. A priori, they may have nothing in common. However, in practice
the filtration will usually contain the knowledge accumulated by observing the
outcomes of the random sequence, as in Example 3.1. The condition in the def-
inition below means that F, contains everything that can be learned from the
values of £, . ..,&,. In general, it may and often does contain more information.

Definition 3.3

We say that a sequence of random variables &;,&;, ... is adapted to a filtration
Fi, Fa,...if &, is F,-measurable for eachn =1,2,....

Example 3.2

If 7, = o(&,...,&) is the o-field generated by &1,...,&,, then &,6,,... is
adapted to Fy,Fo,... .

Exercise 3.2

Show that

]:n = U(fh--wén)
is the smallest filtration such that the sequence &,&;,... is adapted to Fi,
Fa,... . That is to say, if Gy, G, ... is another filtration such that &,&,,... is

adapted to G1,Gs,... , then F,, C G, for each n.

Hint For o(£1,...,&n) to be contained in G, you need to show that &1,...,&, are
Gn-measurable.

3.3 Martingales

The concept of a martingale has its origin in gambling, namely, it describes
a fair game of chance, which will be discussed in detail in the next section.
Similarly, the notions of submartingale and supermartingale defined below are
related to favourable and unfavourable games of chance. Some aspects of gam-
bling are inherent in the mathematics of finance, in particular, the theory of
financial derivatives such as options. Not surprisingly, martingales play a cru-
cial role there. In fact, martingales reach well beyond game theory and appear
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in various areas of modern probability and stochastic analysis, notably, in dif-
fusion theory. First of all, let us introduce the basic definitions and properties
in the case of discrete time.

Definition 3.4

A sequence &1,&;, ... of random variables is called a martingale with respect to
a filtration Fy, Fy,... if

1) &, is integrable for each n =1,2,...;
2) &,&2,... is adapted to Fy, Fa,... ;
3) E(¢p41|Fn) =&, as. foreachn=1,2,....

Example 3.3

Let n;,72,... be a sequence of independent integrable random variables such
that E(n,) =0foralln=1,2,.... We put

én =m+-+1n,
‘7:'" = U(nl""ann)'

Then &, is adapted to the filtration F,, and it is integrable because

E(|énl) = E(Im + -+ +mnl)
< E(lmp + -+ E(lnal)
< 00.
Moreover,
E(n1lFn) = E(n41|Fn) + E(&n|Fn)

E(ny1) + én
= f’n)
since 7p41 is independent of F, (‘and independent condition drops out’) and

&n is Fn-measurable (‘taking out what is known’). This means that ¢, is a
martingale with respect to F,.

Example 3.4

Let ¢ be an integrable random variable and let F;, 73, ... be a filtration. We
put

§n = E(§|Fn)
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forn=1,2,....
Then &, is F,-measurable,

which implies that
E(l&a)) < E(E(E] |72)) = E(|¢]) < oo,

and
E(&n+1|1Fn) = E(E(€|Fn41)|Fn) = E(€|Fn) = n,

since Fp, C Fn+1 (the tower property of conditional expectation). Therefore &,
is a martingale with respect to F,.

Exercise 3.3

Show that if &, is a martingale with respect to F,, then

E()=E(&) ="

Hint What is the expectation of E(€n+41|Fn)?

Exercise 3.4

Suppose that &, is a martingale with respect to a filtration F,. Show that &,
is a martingale with respect to the filtration

Gn=0(&,...,6n)

Hint Observe that G, C F, and use the tower property of conditional expectation.

Exercise 3.5

Let &, be a symmetric random walk, that is,

n=m+ -+,

where 71,72,... is a sequence of independent identically distributed random

variables such that I
P{n, =1} =P{n, = -1} = 3

(a sequence of coin tosses, for example). Show that £2 — n is a martingale with
respect to the filtration
Frn=0(M,... 1)
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Hint You want to transform E (£24, — (n+ 1)|F,) to obtain £2 — n. Write

€:+1 = (§n +7ln+1)2

Mot1 + Mns16n + €2

and observe that &, is F,-measurable, while 7,4+ is independent of F5,. To transform
the conditional expectation you can ‘take out what is known’ and use the fact that

‘an independent condition drops out’. Do not forget to verify that £2 — n is integrable
and adapted to F,.

Exercise 3.6

Let &, be a symmetric random walk and F, the filtration defined in Exer-
cise 3.5. Show that

(n = (—1)" cos(m&n)

is a martingale with respect to J,.

Hint You want to transform E((—1)"*! cos(m€s+1)|Fn) to obtain (—1)" cos(m&n).
Use a similar argument as in Exercise 3.5 to achieve this. But, first of all, make sure
that ¢, is integrable and adapted to F,.

Definition 3.5

We say that &,&s, ... is a supermartingale (submartingale) with respect to a
filtration Fy, Fa, ... if

1) &, is integrable for each n =1,2,...;
2) £1,6&,,. .. is adapted to Fy, Fa, ... ;
3) E(én+1|Fn) < & (respectively, E(€nt1|Fn) > &n) a.s. foreachn =1,2,....

Exercise 3.7

Let &, be a sequence of square integrable random variables. Show that if £, is
a martingale with respect to a filtration F,,, then £2 is a submartingale with
respect to the same filtration.

Hint Use Jensen’s inequality with convex function ¢ (x) = z2.

3.4 Games of Chance

Suppose that you take part in a game such as the roulette, for example. Let
M1,72,-.. be a sequence of integrable random variables, where 7, are your
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winnings (or losses) per unit stake in game n. If your stake in each game is
one, then your total winnings after n games will be

bn=m et

We take the filtration
Frn=0(m,..., M)
and also put & = 0 and Fy = {0, 12} for notational simplicity.
If n — 1 rounds of the game have been played so far, your accumulated
knowledge will be represented by the o-field F,_;. The game is fair if

E(Enlfn—l) =&n-1,

that is, you expect that your fortune at step n will on average be the same as
at step n — 1. The game will be favourable to you if

E(én|Fn-1) 2 én-1,
and unfavourable to you if

E(én|Fn-1) < €

for n = 1,2,... . This corresponds to &, being, respectively, a martingale, a
submartingale, or a supermartingale with respect to F,, see Definitions 3.4
and 3.5.

Suppose that you can vary the stake to be a;, in game n. (In particular, aj,
may be zero if you refrain from playing the nth game; it may even be negative if
you own the casino and can accept other people’s bets.) When the time comes
to decide your stake o, you will know the outcomes of the first n — 1 games.
Therefore it is reasonable to assume that ay, is F,_;-measurable, where F,,_;
represents your knowledge accumulated up to and including game n — 1. In
particular, since nothing is known before the first game, we take Fo = {0, 2}.

Definition 3.6

A gambling strategy ay,as,... (with respect to a filtration Fy,7,,...) is a
sequence of random variables such that a,, is F,_;-measurable for each n =
1,2,..., where Fo = {8, 2}. (Outside the context of gambling such a sequence
of random variables o, is called previsible.)

If you follow a strategy ai,as, ... , then your total winnings after n games
will be

G = 1M+ + Qalin
al(gl_€O)+"'+an(6n"€n-—1)'
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We also put {p = 0 for convenience.

The following proposition has important consequences for gamblers. It
means that a fair game will always turn into a fair one, no matter which gam-
bling strategy is used. If one is not in a position to wager negative sums of
money (e.g. to run a casino), it will be impossible to turn an unfavourable
game into a favourable one or vice versa. You cannot beat the system! The
boundedness of the sequence a,, means that your available capital is bounded
and so is your credit limit.

Proposition 3.1
Let a;,ay,... be a gambling strategy.

1) If o, az,... is a bounded sequence and &, &;, &2, . . . is a martingale, then
0,¢1,€2, . .. is a martingale (a fair game turns into a fair one no matter
what you do);

2) If @y, @, ... is anon-negative bounded sequence and &, &1, &2, . . . is a super-
martingale, then (p,(1, (2, ... is a supermartingale (an unfavourable game
turns into an unfavourable one).

3) If a1, aq,... is a non-negative bounded sequence and &, &1, &2, . . . is a sub-
martingale, then (o, (1,2, ... is a submartingale (a favourable game turns
into a favourable one).

Proof

Because a,, and (,-; are F,_;-measurable, we can take them out of the ex-
pectation conditioned on F,,_; (‘taking out what is known’, Proposition 2.4).
Thus, we obtain

E(Cn’]:n—l) = E(Cn—l +a, (fn - fn-—l) l]: —1)
Cn—1 + an (E (§n|Fn-1) — &n-1) .

I

If £, is a martingale, then

an (E (én|Fn-1) = €n-1) =0,

which proves assertion 1). If £, is a supermartingale and o, > 0, then
on (E (én|Fn-1) = €n-1) <0,

proving assertion 2). Finally, assertion 3) follows because

an (E (Enlfn—l) - gn—l) >0

if &, is a submartingale and a,, > 0. O
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3.5 Stopping Times

In roulette and many other games of chance one usually has the option to quit
at any time. The number of rounds played before quitting the game will be
denoted by 7. It can be fixed, say, to be 7 = 10 if one decides in advance
to stop playing after 10 rounds, no matter what happens. But in general the
decision whether to quit or not will be made after each round depending on
the knowledge accumulated so far. Therefore 7 is assumed to be a random
variable with values in the set {1,2,...} U{oo}. Infinity is included to cover the
theoretical possibility (and a dream scenario of some casinos) that the game
never stops. At each step n one should be able to decide whether to stop playing
or not, i.e. whether or not 7 = n. Therefore the event that 7 = n should be
in the o-field F, representing our knowledge at time n. This gives rise to the
following definition.

Definition 3.7

A random variable 7 with values in the set {1,2,...}U{oo} is called a stopping
time (with respect to a filtration F,,) if for eachn = 1,2,...

{r=n}e€F,.

Exercise 3.8
Show that the following conditions are equivalent:
1) {r<n} e F,foreachn=12,...;

2) {r=n}eFrforeachn=1,2,....

Hint Can you express {r < n} in terms of the events {r = k}, where k = 1,...,n?
Can you express {7 = n} in terms of the events {r < k}, where k= 1,...,n?
Example 3.5 (First hitting time)

Suppose that a coin is tossed repeatedly and you win or lose £1, depending
on which way it lands. Suppose that you start the game with, say, £5 in your
pocket and decide to play until you have £10 or you lose everything. If &, is
the amount you have at step n, then the time when you stop the game is

r=min{n : &, =10 or 0},

and is called the first hitting time (of 10 or 0 by the random sequence &,). It
is a stopping time in the sense of Definition 3.7 with respect to the filtration
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Fn=0(&,...,&). This is because
{r=n}={0<& <10}N---N{0 < &1 < 10} N {&, =10 or 0}.

Now each of the sets on the right-hand side belongs to F,, so their intersection
does too. This proves that

{‘r=n}E.7:n

for each n, so 7 is a stopping time.

Exercise 3.9

Let &, be a sequence of random variables adapted to a filtration F,, and let
B C R be a Borel set. Show that the time of first entry of &, into B,

T =min{n: &, € B}
is a stopping time.

Hint Example 3.5 covers the case when B = (—o0,0]U[10, o0). Extend the argument
to an arbitrary Borel set B.

Let &, be a sequence of random variables adapted to a filtration F,, and
let 7 be a stopping time (with respect to the same filtration). Suppose that
€n represents your winnings (or losses) after n rounds of a game. If you decide
to quit after 7 rounds, then your total winnings will be ;. In this case your
winnings after n rounds will in fact be &, A,. Here a A b denotes the smaller of
two numbers a and b,

aAb=min(a,b).

Definition 3.8

We call {-1n the sequence stopped at 7. It is often denoted by ¢7. Thus, for
each w e N2

E:z(w) = €T(w)/\n(w)'
Exercise 3.10

Show that if &, is a sequence of random variables adapted to a filtration F,,
then so is the sequence &; an.

Hint For any Borel set B express {{-an € B} in terms of the events {{; € B} and
{r =k}, wherek=1,...,n.
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We already know that it is impossible to turn a fair game into an unfair
one, an unfavourable game into a favourable one, or vice versa using a gambling
strategy. The next proposition shows that this cannot be achieved using a
stopping time either (essentially, because stopping is also a gambling strategy).

Proposition 3.2
Let 7 be a stopping time.

1) If £, is a martingale, then so is & ap.-

2) If &, is a supermartingale, then so is & an-

3) If &, is a submartingale, then so is &-ap.

Proof

This is in fact a consequence of Proposition 3.1. Given a stopping time 7, we

put
1 if T > n,
Qn = .
0 if 7 <n.

We claim that a, is a gambling strategy (that is, a, is F—1-measurable). This
is because the inverse image {a,, € B} of any Borel set B C R is equal to

0e Fr_1

if 0,1¢ B, or to
Qefn—l

if 0,1 € B, or to
{an=1}={r>n}={r>n-1} € Fo
if1e Band0¢ B, orto
{an=0}={r<n}={r<n-1} € Fr
if 1 ¢ B and 0 € B. For this gambling strategy
bean=01 (&1 — &)+ +an(bn—&n-1)-

Therefore Proposition 3.1 implies assertions 1), 2) and 3) above. O
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Example 3.6

(You could try to beat the system if you had unlimited capital and unlimited
time.) The following gambling strategy is called ‘the martingale’. (Do not con-
fuse this with the general definition of a martingale earlier in this section.)
Suppose a coin is flipped repeatedly. Let us denote the outcomes by 71,72, . .. ,
which can take values +1 (heads) or —1 (tails). You wager £1 on heads. If you
win, you quit. If you lose, you double the stake and play again. If you win this
time round, you quit. Otherwise you double the stake once more, and so on.
Thus, your gambling strategy is

o = 211—1 if 1’1 = .. = T’n_l = tails,
"7 10 otherwise.

Let us put
Ca=m+2p+--+ 2",

and consider the stopping time
7 = min {n : 7, = heads} .

Then (;an will be your winnings after n rounds. It is a martingale (check it!).

It can be shown that P {r < co} =1 (heads will eventually appear in the
sequence 11,7z, . . . with probability one). Therefore it makes sense to consider
¢r. This would be your total winnings if you were able to continue to play the
game no matter how long it takes for the first heads to appear. It would require
unlimited time and capital. If you could afford these, you would be bound to
win eventually because (; = 1 identically, since

—1=-2—...—2"1pom =

for any n.

Exercise 3.11

Show that if a gambler plays ‘the martingale’, his expected loss just before the
ultimate win is infinite, that is,

E ((r-1) = —oco.

Hint What is the probability that the game will terminate at step n, i.e. that r = n?
If r = n, what is {;—1 equal to? This will give you all possible values of ;-1 and
their probabilities. Now compute the expectation of {,_;.
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3.6 Optional Stopping Theorem

If &, is a martingale, then, in particular,

E(fn) = E(fl)

for each n. Example 3.6 shows that E(£;) is not necessarily equal to E(;) for
a stopping time 7. However, if the equality

E(¢:) = E(&)

does hold, it can be very useful. The Optional Stopping Theorem provides
sufficient conditions for this to happen.

Theorem 3.1 (Optional Stopping Theorem)

Let £, be a martingale and 7 a stopping time with respect to a filtration F,,
such that the following conditions hold:

1) 7 < ¢ as.,
2) &, is integrable,
3) E(nl{r>n)) 2 0asn — oo.

Then
E(&) = E(&).

Proof

Because
& =&ant (€T - fn) 1{r>n},
it follows that

E(&) = E(§ran) + E(Erl{r>n}) - E(£n1{1->n})~

Since & an is a martingale by Proposition 3.2, the first term on the right-hand
side is equal to

E(&ran) = E(&1).

The last term tends to zero by assumption 3). The middle term

E:1rsn)) = ) E(&klgr=ry)
=n+1
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tends to zero as n — oo because the series
o0
E&) =Y E(&l{=i})
k=1

is convergent by 2). It follows that E(¢;) = E(&;), as required. O

Example 3.7 (Expectation of the first hitting time for a random walk)

Let &, be a symmetric random walk as in Exercise 3.5 and let K be a positive
integer. We define the first hitting time (of £K by &) to be

T=min{n: || = K}.

By Exercise 3.9 7 is a stopping time. By Exercise 3.5 we know that £2 —n is a
martingale. If the Optional Stopping Theorem can be applied, then

E-1)=E(¢-1)=0.
This allows us to find the expectation
E(r) = B() = K*,

since |¢;]| = K.

Let us verify conditions 1)-3) of the Optional Stopping Theorem.

1) We shall show that P{r =00} = 0. To this end we shall estimate
P{r > 2Kn}. We can think of 2Kn tosses of a coin as n sequences of 2K
tosses. A necessary condition for 7 > 2Kn is that no one of these n sequences
contains heads only. Therefore

P{r>2Kn}< (1—%) -0

as n — oo. Because {T > 2Kn} for n = 1,2,... is a contracting sequence of
sets (i.e. {7 > 2Kn} D {7 > 2K (n + 1)}), it follows that

p (ﬁ {r> 2Kn})

n=1

= lim P{r>2Kn} =0,

P {r = o0}

completing the argument.
2) We need to show that

B (|2 - 7)) < .
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Indeed,

E(r) = ZnP{'r =n}

oo 2K

=Y > (2Kn+k)P{r =2Kn+#k}
n=0 k=1
oo 2K

> Y 2K (n+1)P{r>2Kn)}

n=0 k=1

< 4K2i(n+l) (1—521,?)71

n=0

IN

< 00,

since the series )~ | (n + 1) g™ is convergent for any q € (—1,1). Here we have
recycled the estimate for P {r > 2Kn} used in 2). Moreover, £2 = K2, so

E(lg-7|) < E(E&)+E(7)
= K%+ E(1)

< 0.

IN

3) Since €2 < K? on {r > n},
E(&1¢rsny) SK*P{r>n} >0
as n — oo. Moreover,
E (nl{r5ny) S E(tl{r5ny) = 0

as n — oo. Convergence to 0 holds because E (1) < oo by 2) and {r > n} is
a contracting sequence of sets with intersection {7 = oo} of measure zero. It
follows that

E((& - n) Lzsn) =0,

as required.

Exercise 3.12

Let &, be a symmetric random walk and F,, the filtration defined in Exer-
cise 3.5. Denote by 7 the smallest n such that |£,| = K as in Example 3.7.
Verify that

Cn = (=1)" cos|m (&n + K))

is a martingale (see Exercise 3.6). Then show that (, and 7 satisfy the con-
ditions of the Optional Stopping Theorem and apply the theorem to find
E[(-1)"].
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Hint The equality (- = (—1)7 is a key to computing E [(—1)"] with the aid of the
Optimal Stopping Theorem. The first two conditions of this theorem are either obvious
in the case in hand or have been verified elsewhere in this chapter. To make sure that
condition 3) holds it may be helpful to show that

|E(Grlir>ny)| € P{r > n}.

Use Jensen’s inequality with convex function ¢ () = |z| to estimate the left-hand
side. Do not forget to verify that ¢, is a martingale in the first place.

3.7 Solutions

Solution 3.1

A belongs to Fii1, but not to F10. The smallest n is 11.

B does not belong to F,, for any n. There is no smallest n such that B € F,,.
C belongs to Figo, but not to Fgg. The smallest n is 100.

Since D = §, it belongs to F, for each n =1,2,... . Here the smallest n is 1.

Solution 3.2

Because the sequence of random variables &1, &3, ... is adapted to the filtration
G1,Go, ..., it follows that &, is G,-measurable for each n. But

GiCcGC--,
so &1,...,&n are G,-measurable for each n. As a consequence,
Fn=0(,-.-,&) CGn
for each n.
Solution 3.3
Taking the expectation on both sides of the equality
n = E(&n+1|Fn),

we obtain
E(&n) = E(E(&nt11Fn)) = E(én+1)

for each n. This proves the claim.

Solution 3.4

The random variables &, are integrable because £, is a martingale with respect
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to F,. Since G, is the o-field generated by &,...,&,, it follows that &, is
adapted to G,. Finally, since G,, C F,,

= E(E(§n+1]Fn)|Gn)
= E(fn+1|gn)

by the tower property of conditional expectation (Proposition 2.4). This proves
that &, is a martingale with respect to G,.

Solution 3.5

Because
G=n=(n+-+n.)" —n

is a function of 7;,..., 7y, it is measurable with respect to the o-field F,, gen-
erated by 71,...,7n, i.e. £2 —n is adapted to F,. Since

nl =1Im + -+ 00| <Iml+-- | =n,

it follows that
E(|€2 —n|) <E(E)+n <n’+n < oo,

so &2 — n is integrable for each n. Because
Eni1 = Mhpr + 2apabn + €7,

where &, and &2 are F,,-measurable and 7,4, is independent of F,,, we can use
Proposition 2.4 (‘taking out what is known’ and ‘independent condition drops
out’) to obtain

B 111Fn)

EMZ 11Fn) + 2E(ns16alFn) + E(E2|Fn)
EM241) + 2%6nE(fnt) + €2
1+4¢€2.

This implies that
By —n~1F) =& —n,

so £€2 — n is a martingale.
n

Solution 3.6

Being a function of §,, the random variable ¢, is F,-measurable for each n,



3. Martingales in Discrete Time 63

since &, is. Because |(,| < 1, it is clear that (, is integrable. Because 7, is
independent of F,, and &, is F,-measurable, it follows that

E(Cn+1|fn) =FE ((_1)n+1 COS[W(fn + 7’n+1)]|fn)
= (=1)"" E (cos (7€) cos (Tnny1) | Fn)
~(~1)™1E (sin (7€n) sin (w1hn41) | F)
= (=1)™*" cos (n¢n) E (cos (m7n41))
—(=1)"*'sin (7&,) E (sin (7n41))
= (=1)" cos (m¢z)
= Cna

using the formula
cos (@ + B) = cosacos § — sinasin .

To compute E (cos (77n+1)) and E (sin (77p41)) observe that 7,41 = 1 or —1
and

cosm = cos(—7) = —1,
sinm = sin(—7) =0.
It follows that (, is a martingale with respect to the filtration F,.

Solution 3.7

If ¢, is adapted to F,, then so is £2. Since &, = E (&n+1]Fn) for each n and
¢ (z) = z? is a convex function, we can apply Jensen’s inequality (Theorem 2.2)
to obtain

& =B (&nlF)l’ < E (&%)
for each n. This means that £2 is a submartingale with respect to Fj.
Solution 3.8
1)=2). If 7 has property 1), then
{r<n}ern

and

$0
{r=n}={r<n}\{r<n-1}€eF..
2)=>1). If 7 has property 2), then
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for each k = 1,...,n. Therefore

{TSTL}:{TZI}U"‘U{TZTL}e}-n-

Solution 3.9
If
r=min{n:§&, € B},

then for any n
{r=n}={&¢B}n---N{é-1 ¢ B}N {4 € B}.

Because B is a Borel set, each of the sets on the right-hand side belongs to the
o-field F, = o (&,...,£,), and their intersection does too. This proves that
{r =n} € F, for each n, so 7 is a stopping time.

Solution 3.10
Let B C R be a Borel set. We can write

n

{&ram€BY={&n€Bir>n}u ) (& € Bir =k},

k=1

where
{neB,7>n}={n € B}n{r>n}eF,

and foreach k =1,...,n
{ék € B,r=k}={& € B}n{r=k} € Fr C F,.
It follows that for each n

{é“r/\n E B} G fn,
as required.

Solution 3.11

The probability that ‘the martingale’ terminates at step n is
1
P{r=n}= o

(n — 1 tails followed by heads at step n). Therefore
oo
Cn—lP {T = n}
n=1
= 1
Z(-l—z--.-—zw)-ﬁ

n=1
00

E(Cr-—l)

_ gn=1 -1
= o = —00.

n=1
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Solution 3.12

The proof that (, is a martingale is almost the same as in Exercise 3.6. We
need to verify that ¢, and 7 satisfy conditions 1)-3) of the Optional Stopping
Theorem.

Condition 1) has in fact been verified in Example 3.7.

Condition 2) holds because |(;| < 1, so E(|{;|) <1< co.

To verify condition 3) observe that |(,| < 1 for all n, so

IE(Cn1{~r>n})l < E(|<n|1{7>n})

< E(l{r>n})
P{r >n}.

1l

The family of events {7 > n},n = 1,2,... is a contracting one with intersection
{r = oo}. It follows that

|E(¢al{rsny)| < P{r > n} \  P{r = o0}

as n — 0o. But
P{r=0}=0

by 1), completing the proof.
The Optional Stopping Theorem implies that

E(¢)=E(Q)

Because ¢, = K or — K, we have
¢r= (=17 cos[m(K +¢&)] = (-1)".

Let us compute

E(G)

——-;— (cos[m (1 + K)] + cos[r (-1 + K)])
cos (1K) = (-1)¥.

I

It follows that
E[(-1)7] = (-D)*.
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Martingale Inequalities and Convergence

Results on the convergence of martingales provide an insight into their structure
and have a multitude of applications. They also provide an important inter-
pretation of martingales. Namely, it turns out that a large class of martingales
can be represented in the form

n = E({|Fn), (4.1)

where £ = lim, &, is an integrable random variable and F;, F3,... is the filtra-
tion generated by £1,&s,. .. , see Theorem 4.4 below. This makes it possible to
think of &,&,... as the results of a series of imperfect observations of some
random quantity €. As n increases, the accumulated knowledge F, about &
increases and &, becomes a better approximation, approaching the observed
quantity £ in the limit.

We shall begin with a few classical inequalities for martingales, known as
the Doob inequalities. They provide the tools we shall need to study the con-
vergence of martingales and, later on, the properties of stochastic integrals.
Then we shall present a classical result known as Doob’s Martingale Conver-
gence Theorem, which provides the limit lim, &, of a martingale. However,
Doob’s theorem has one inconvenient feature. It guarantees only that &, con-
verges a.s., even though the limit is known to be an integrable random variable.
However, to obtain (4.1) we need convergence in L', which gives rise to a condi-
tion called uniform integrability. This condition and its consequences, including
(4.3), will be studied in the second section. Finally, as an example of an appli-
cation reaching beyond the theory of martingales, we present an elegant proof
of Kolmogorov’s 0-1 law.

67

7. Brzezniak et al., Basic Stochastic Processes
© Springer-Verlag London Limited 1999



68 Basic Stochastic Processes

4.1 Doob’s Martingale Inequalities

Proposition 4.1 (Doob’s maximal inequality)

Suppose that &,,n € N, is a non-negative submartingale (with respect to a
filtration F,). Then for any XA > 0

ol (mf Z A) <E (60 fmasscn 021}

where 14 is the characteristic function of a set A.

Proof

We put & = max & for brevity. For A > 0 let us define
sn

r=min{k <n:§& > A},

if there is a k < n such that § > A, and 7 = n otherwise. Then 7 is a stopping
time such that 7 < n a.s. Since &, is a submartingale,

E(&) 2 E(&).

But
E(¢:) = E (& 1igson)) + E (& lges<ny) -

Observe that if £, > A, then §{; > A. Moreover, if £, < A, then 7 = n, and so
& = &,. Therefore

E(&n) 2 E(&) 2 AP (&, 2 M) + E (balgezcny) »
It follows that
AP (& 2 X) S E(6n) — E (€nlezcn)) = E (€alfes>ay) 5

completing the proof. O

Theorem 4.1 (Doob'’s maximal L? inequality)

If é,n € N, is a non-negative square integrable submartingale (with respect
to a filtration F,,), then

2
< 4B 4.2)

E lrgggfk
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Proof

Put £ = maxi<, &. By Exercise 1.9, Proposition 4.1, the Fubini theorem and
finally the Cauchy-Schwarz inequality

Elg)

I

o0 (o o]
2 / tP (€, > 1) dt < 2 / E (gnlges ) ot
1]

0
oo &
2 (/ g,,dp)dt=2/§n(/ dt)dP
o \Jg2n 2 \Jo

2 [ erap =286 <2 (Eleal)” (1) "

Il

. 2} 1/2
Dividing by (E [&x ) , we get (4.2). 0

The proof of Doob’s Convergence Theorem in the next section hinges on an
inequality involving the number of upcrossings.

Definition 4.1

Given an adapted sequence of random variables &1, &, . .. and two real numbers
a < b, we define a gambling strategy a;, a2, ... by putting

a1=0
and forn=1,2,...

1 ifap,=0and &, <a,
opy1=¢ 1 ifa, =1and &, <b,
0 otherwise.

It will be called the upcrossings strategy. Each k = 1,2, ... such that a; = 1
and ax+1 = 0 will be called an upcrossing of the interval [a, b]. The upcrossings
form a (finite or infinite) increasing sequence

U <ug <--- .

The number of upcrossings made up to time n, that is, the largest k such that
ux, < n will be denoted by Un[a, b} (we put Uy[a, b] = 0 if no such k exists).

‘The meaning of the above definition is this. Initially, we refrain from playing
the game and wait until £, becomes less than a. As soon as this happens, we
start playing unit stakes at each round of the game and continue until &,
becomes greater than b. At this stage we refrain from playing again, wait until
&n becomes less than a, and so on. The strategy a,, is defined in such a way
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that a, = 0 whenever we refrain from playing the nth game, and a, = 1
otherwise. During each run of consecutive games with a;,, = 1 the process &,
crosses the interval [a, b], starting below a and finishing above b. This is what
is meant by an upcrossing. Observe that each upcrossing will increase our total
winnings by at least b — a. For convenience, we identify each upcrossing with
its last step k, such that ar = 1 and o441 = 0. A typical sample path of the
upcrossings strategy is shown in Figure 4.1.

Exercise 4.1

Verify that the upcrossings strategy a,, is indeed a gambling strategy.

Hint You want to prove that o, is F,—1-measurable for each n. Since the upcrossings
strategy is defined by induction, a proof by induction on n may be your best bet.

Lemma 4.1 (Upcrossings Inequality)
If &,&,,. .. is a supermartingale and a < b, then
(b= a)E(Un[a,b]) < E((¢n — a)").

By z~ we denote the negative part of a real number z, i.e. = = max {0, —z}.

Proof

Let
t=0a1(&r—&)+ - +an(én —&u-1)

be the total winnings at step n = 1,2,. .. if the upcrossings strategy is followed,

see Figure 4.1. It will be convenient to put (o = 0. By Proposition 3.1 (one

cannot beat the system using a gambling strategy) ¢, is a supermartingale.
Let us fix an n and put k& = Uy[a, b], so that

O<us<us <+ <up <n
Clearly, each upcrossing increases the total winnings by b — a,
Cui = Cuiey 2b—a
fori=1,...,k. (We put uo = 0 for simplicity.) Moreover,
Cn—Cu 2= (6o —a)™.

It follows that
Cn 2 (b— a)Un[a, b] - (n—a)” .
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n A

Figure 4.1. Typical paths of £», an and (,; upcrossings are indicated by bold lines

taking the expectation on both sides, we get
E(() 2 (b — a)E(Un[a, b]) — E((éx — a)").
But ¢, is a supermartingale, so
0=E(G) 2 E (),

which proves the Upcrossings Inequality. O

4.2 Doob’s Martingale Convergence Theorem

Theorem 4.2 (Doob's Martingale Convergence Theorem)

Suppose that &;,&2,... is a supermartingale (with respect to a filtration
F1,Fz,...) such that .
sup E (|€n]) < oo.
n

Then there is an integrable random variable £ such that

nll)ngo & =€ as.
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Remark 4.1

In particular, the theorem is valid for martingales because every martingale is a
supermartingale. It is also valid for submartingales, since £, is a submartingale
if and only if —&, is a supermartingale.

Remark 4.2

Observe that even though all the &, as well as the limit £ are integrable random
variables, it is claimed only that &, trends to £ a.s. Note that no convergence
in L! is asserted.

Proof (of Doob’s Martingale Convergence Theorem)
By the Upcrossings Inequality

E(&-07) M

EUilat) s ——L < 218 <o,

where
M =sup E (|&n]) < 0.

Since Up[a, b] is a non-decreasing sequence, it follows that

. o M + |a|
E (nlgr;o Unla, b]) = lim E(Uala,b)) < 5= < oo.
This implies that
P{T}er;oUn[a, b < oo} =1
for any a < b. Since the set of all pairs of rational numbers a < b is countable,
the event

A= N {nlim Unla,b] < oo} (4.3)
a<b rational ®

has probability 1. (The intersection of countably many events has probability 1
if each of these events has probability 1.)
We claim that the sequence &, converges a.s. to a limit £. Consider the set

B= {limninf & < limsupé&,} C 2
n

on which the sequence &, fails to converge. Then for any w € B there are
rational numbers a, b such that

lirr%inf €n(w) < a < b < limsup &, (w),
n
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implying that lim,_,o Uy[a, b}(w) = co. This means that B and the event A in
(4.3) are disjoint, so P(B) = 0, since P(A) = 1, which proves the claim.

It remains to show that the limit £ is an integrable random variable. By
Fatou’s lemma

E(|¢D)

E (limninf |§,,|)
liminf E ()
SI;pE (I€n]) < oo.

IN

A

This completes the proof. O

Exercise 4.2

Show that if &, is a non-negative supermartingale, then it converges a.s. to an
integrable random variable.

Hint To appliy Doob’s Theorem all you need to verify is that the sequence &, is
bounded in L', i.e. the supremum of E (|£x]) is less than oo.

4.3 Uniform Integrability and L' Convergence
of Martingales

The conditions of Doob’s theorem imply pointwise (a.s.) convergence of martin-
gales. In this section we shall study convergence in L!. To this end we introduce
a stronger condition called uniform integrability. Proposition 4.2 shows that it
is a necessary condition for L' convergence. In Theorem 4.2 we prove that uni-
form integrability is in fact sufficient for a martingale to converge in L!. This
enables us to show that each integrable martingale is of the form E (£|F,). As
an application we give a martingale proof of Kolmogorov’s 0-1 law.

Exercise 4.3

Show that a random variable £ is integrable if and only if for every € > 0 there
exists an M > 0 such that

/ lE] dP < e.
Uel>a)

Hint Split 2 into two sets: {|¢| > M} and {|¢| < M}. The integrals of |£| over these
sets must add up to E (|£|). As M increases, one of the integrals increases, while the
other one decreases. Investigate their limits as M — co.
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Thus, for any sequence &, of integrable random variables and any € > 0
there is a sequence of numbers M,, > 0 such that

/ 6 dP <.
{lén|>Mn}

If the M,, are independent of n, then we say that the sequence &, is uniformly
integrable.

Definition 4.2

A sequence &,&, ... of random variables is called uniformly integrable if for
every € > 0 there exists an M > 0 such that

/ €] dP <€
{lén|>M}

foralln=1,2,....

Exercise 4.4

Let 2 = [0,1] with the o-field of Borel sets and Lebesgue measure. Take
&n =nlo1)-

Show that the sequence &1, &2, . .. is not uniformly integrable.

Hint What is the integral of ¢, over {£&, > M} if n > M?

Proposition 4.2

Uniform integrability is a necessary condition for a sequence &;,&;,. .. of inte-
grable random variables to converge in L?.

Lemma 4.2

If ¢ is integrable, then for every & > 0 there is a § > 0 such that

P(4) <6=>/|§|dP<e.
A

Proof (of Lemma 4.2)
Let € > 0. Since £ is integrable, by Exercise 4.3 there is an M > 0 such that

/ l¢| dP < <.
{l&l>M)} 2
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Now

dP = dP dP
/A ¢ /A"W{IEISM} el ar /AF‘{I£I>M} i

< /MdP+/ €| dP
A el M)

< MP(A)+

DO ™

Let § = 537. Then

g

P(4) <a=>/ €]dP <,
A

as required. O

Exercise 4.5

Let ¢ be an integrable random variable and F;, F3,... a filtration. Show that
E (¢|F,) is a uniformly integrable martingale.

Hint Use Lemma 4.2.

Proof (of Proposition 4.2)
Suppose that &, = € in L, i.e. E|¢, — €] — 0. We take any € > 0. There is an
integer N such that .

nZNﬁElfn—£|<2

By Lemma 4.2 there is a § > 0 such that
P(A)<6=>/A|£| dP<§.
Taking a smaller § > 0 if necessary, we also have
P(A4) <t5=>/Al§n| dP<e forn=1,...,N.

We claim that there is an M > 0 such that
P{lé|l > M} <6

for all n. Indeed, since

B> [

|€n|dP > M P {|&,] > M},
{léa|>M}

it suffices to take

1
M = 5 sup B ([éa]).
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(Because the sequence &, convergesin L, it is bounded in L!, so the supremum
is < 00.)
Now, since P {|&,| > M} < 4,

/ €l dP < / €| dP + / 6w — £ dP
{lenl>M} {l&n|>M} {{€a|>M}

< / I€|dP + E (|6, - £)
{l&n1>M}

<€+€_‘E
2 27 7

for any n > N and

/ lEal dP <€
{léal>M}

for any n =1,..., N, completing the proof. O

Exercise 4.6

Show that a uniformly integrable sequence of random variables is bounded in
L ie.
sup E (J€n]) < o0.
n

Hint Write E (|€.|) as the sum of the integrals of |£,| over {|£.] > M} and {|¢.] < M}.

Exercise 4.6 implies that each uniformly integrable martingale satisfies the
conditions of Doob’s theorem. Therefore it converges a.s. to an integrable ran-
dom variable. We shall show that in fact it converges in L!.

Theorem 4.3

Every uniformly integrable supermartingale (submartingale) £, convergesin L!.

Proof

By Exercise 4.6 the sequence &, is bounded in L}, so it satisfies the conditions
of Theorem 4.2 (Doob’s Martingale Convergence Theorem). Therefore, there is
an integrable random variable £ such that &, — £ a.s. We can assume without
loss of generality that £ = 0 (since £, — £ can be taken in place of &,). That is
to say,

P{lim¢, =0} =1.
It follows that &, — 0 in probability, i.e. for any ¢ > 0

P{|t,| >e} =0
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as n — oo. This is because by Fatou’s lemma
limsup P {|£,| > ¢} < P <lim sup {|é-] > s})
n n

< ({10}

IA

Let € > 0. By uniform integrability there is an M > 0 such that

| kldps s
{1€n 1> M} 3

for all n. Since &, — 0 in probability, there is an integer NV such that if n > N,

then
€

Pliel> 5} < 5ip

We can assume without loss of generality that M > £. Then

[ lelaps [ 6ol dP
{1€n|>M} {M2lea1>5}

+/{%Zlﬁnl} el P
+ MP{leal > 5} + 5P {5 2 16l }

E (&)

N A
™ol m

for all n > N. This proves that E (|£,]) — 0, that is, £, = 0in L. O

Theorem 4.4

Let £, be a uniformly integrable martingale. Then

n =E(El-7:n),

where & = lim,, £, is the limit of £, in L' and F,, = o (&, . .., &,) is the filtration
generated by &,.

Proof

For any m > n
E(émlfn) = &n,

/AfmdP=/A§ndP.

i.e. for any A € F,
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Let n be an arbitrary integer and let A € F,,. For any m > n

[ -9 dP[ = |[ -9 dP{
< /Alsm ~¢lap
< B(fm —€) » 0

as m — oo. It follows that

/Agndpz/AgdP

for any A € Fp,,s0 &, = E(¢|F,). O

Exercise 4.7

Show that if &, is a martingale and &, — @ in L! for some a € R, then
&, = a as. for each n.

Hint Apply Theorem 4.4.

Theorem 4.5 (Kolmogorov's 0-1 Law)

Let 71,72,... be a sequence of independent random variables. We define the
tail o-field
T=T:NnTaN...,

where T, = ¢ (9, Mn41,...). Then
P(A)=0or1
forany A € T.

Proof
Take any A € T and define
€n = E(14|%4),

where F, = o (m,...,n,). By Exercise 4.5 £, is a uniformly integrable mar-
tingale, so &, — £ in L. By Theorem 4.4

E (€| Fs) = E(1alF»)
for all n. Both £ = lim, £, and 14 are measurable with respect to the o-field

foo=0(771a772,---)-
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The family G consisting of all sets B € F such that [ £dP = [p14dPisao-
field containing F; UFaU- - . As a result, G contains the o-field F, generated
by the family F; UF, U - - . By Lemma 2.1 it follows that £ = 14 a.s.

Since 7, is a sequence of independent random variables, the o-fields F,
and Tp41 are independent. Because 7 C Tp41, the o-fields F, and T are
independent. Being 7-measurable, 14 is therefore independent of F,, for any
n. This means that

€n = E(La|Fn) = E(14) = P(4) as.
Therefore the limit lim,_, o &, = £ is also constant and equal to P(A) a.s. This
means that P(4) =14 a.s.,,so P(A)=0o0r 1.0
Exercise 4.8

Show that if A, € o (£,) for each n, then the events

limsup 4, = ﬂ U A;

j21i2j

limninf A, = U m A;

j21i2j

and

belong to the tail o-field 7.

Hint You need to write limsup,, A and liminf, A, in terms of A, Ax+1,... for any
k, that is, to show that limsup,, A» and liminf, A, will not be affected if any finite
number of sets are removed from the sequence A,, Ay, ... .

Exercise 4.9

Use Kolmogorov’s 0-1 law to show that in a sequence of coin tosses there are
a.s. infinitely many heads.

Hint Show that the event

{n1,m2, ... contains infinitely many heads}

belongs to the o-field 7. Can the probability of this event be 07 The probability of
the event

{m,m2,... contains infinitely many tails}

should be the same. Can both probabilities be equal to 0?7 Can you simultaneously
have finitely many heads and finitely many tails in the sequence n1,7%2,... ?
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4.4 Solutions

Solution 4.1

Because a; = 0 is constant, it is Fy = {0, £2}-measurable. Suppose that o, is
Fn-1-measurable for some n =1,2,.... Then

{an =0s£n <a}U{an =1’€ﬂ <b} € Fa

because F,-1 C F, and &, is F,-measurable. This means that

an+1 = 1o, =06, <a}U{an=16.<b}

is F,-measurable. By induction it follows that o, is F,_;-measurable for each
n=1,2,...,50 aj,ay,... is a gambling strategy.

Solution 4.2

For a non-negative supermartingale
sup E (|€a|) = sup E (§n) < E (&) = E (|&1]) < o0,
n n

since

E(én) < E(&)

for each n = 1,2,... . Thus Doob’s Martingale Convergence Theorem implies
that &, converges a.s. to an integrable limit.

Solution 4.3
Necessity. Suppose that £ is integrable. It follows that
P { || < 00} =1.

The sequence of random variables || 1{j¢|>a} indexed by M = 1,2, ... is mono-
tone and
€] 1{|£|>M} NO asM -

on the set {|£| < o0}, i.e. a.s. By the monotone convergence theorem for inte-
grals

/ €] dP N\, 0 as M — .
{le1>M)

It follows that for every € > 0 there exists an M > 0 such that

/ |€] dP < €.
{lgl>M}
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Sufficiency. Take € = 1. There exists an M > 0 such that

/ |€] dP < 1.
{lgl>M}

Then
E(lg) = /n €| dP

- / i€l dP + / €| dP
{l¢|>M} {l¢I<m}
< 1+ MP{jg| < M)

<14+ M<oo.

Solution 4.4
For any M > 0 and any n > M we have
(01%) = {gn > M},

/ {ndP=/ ndP = 1.
{&.>M} (0.%)

This means that there is no M > 0 such that for all n

/ £.dP < .
{en>M} 2

The sequence &, is not uniformly integrable.

SO

Solution 4.5

In Example 3.4 it was verified that &, = E(¢|F,) is a martingale. Let £ > 0.
By Lemma 4.2 there is a § > 0 such that

P(A) < ﬁ/ [€]dP < e.
A
By Jensen’s inequality |£,] < E(|¢||FR) a-s., so
E(¢]) > E(|¢al) >
J

If we take M > E(|{])/9, then
P{l¢n] > M} < 6.
Since {|¢n] > M} € F,, it follows that

/ €l dP < / E(l¢] |F2) dP = f €dP <,
{leal>M} {leni>M} {lénl>M}

proving that &, = E(¢|F,) is a uniformly integrable sequence.

} lénl dP > M P{|¢n| > M}.

n|Z
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Solution 4.6

Because &, is a uniformly integrable sequence, there is an M > 0 such that for

all n
/ |én|dP < 1.
{[&n1>M}

It follows that

E (&) = n|dP + | dP
(1Ea]) /{ - /{ ol
< 1+ MP{jt,] < M}

<1+M<x '

for all n, proving that &, is a bounded sequence in L!.

Solution 4.7

By Theorem 4.4, £, = E (a|F,) a.s. But E (a|F,) = a a.s., which proves that
&, =a a.s.

Solution 4.8

Observe that
limsup 4, = ﬂ U A;

jZ2kizj

for any k. Since

Ai€ea(&)C T
for every ¢ > k, it follows that

limsup 4,, = ﬂ UAi €Tk

izki2j

for every k. Therefore
supA, €T.

The argument for liminf,, A, is similar.

Solution 4.9

Let n1,72,... be a sequence of coin tosses, i.e. independent random variables
with values +1, —1 (heads or tails) taken with probability % each. Consider the
following event:

A = {m1,72,... contains infinitely many heads} .
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This event belongs to the tail o-field 7 because
A = limsup A,,
n

where
A = {nn = heads} € o ()

(see Exercise 4.8). Thus, by Kolmogorov’s 0-1 law P(A) = 0 or 1. However, it
cannot be 0 because the event

B = {m,m2, ... contains infinitely many tails}

has the same probability by symmetry and 2 = AUB (there must be infinitely
many heads or infinitely many tails).
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Markov Chains

This chapter is concerned with an interesting class of sequences of random
variables taking values in a finite or countable set, called the state space, and
satisfying the so-called Markov property. One of the simplest examples is pro-
vided by a symmetric random walk £, with values in the set, of integers Z. If £,
is equal to some ¢ € Z at time n, then in the next time instance n+1 it will jump
either to i + 1, with probability %, or to ¢ — 1, also with probability . What
makes this model interesting is that the value of £,41 at time n + 1 depends
on the past only through the value at time n. This is the Markov property
characterizing Markov chains. There are numerous examples of Markov chains,
with a multitude of applications.

From the mathematical point of view, Markov chains are both simple and
difficult. Their definition and basic properties do not involve any complicated
notions or sophisticated mathematics. Yet, any deeper understanding of Markov
chains requires quite advanced tools. For example, this is so for problems related
to the long-time behaviour of Markov processes. In this chapter we shall try
to maintain a balance between the accessibility of exposition and the depth of
mathematical results. Various concepts will be introduced. In particular, we
shall discuss the classification of states and its relevance to the asymptotic
behaviour of transition probabilities. This will turn out to be closely linked to
ergodicity and the existence and uniqueness of invariant measures.

85
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5.1 First Examples and Definitions

Example 5.1

In some homes the use of the telephone can become quite a sensitive issue.
Suppose that if the phone is free during some period of time, say the nth
minute, then with probability p, where 0 < p < 1, it will be busy during the
next minute. If the phone has been busy during the nth minute, it will become
free during the next minute with probability ¢, where 0 < ¢ < 1. Assume that
the phone is free in the Oth minute. We would like to answer the following two
questions.

1) What is the probability z, that the telephone will be free in the nth
minute?

2) What is lim,_, o0 Ty, if it exists?

Denote by A, the event that the phone is free during the nth minute and let
B, = 2\ A, be its complement, i.e. the event that the phone is busy during
the nth minute. The conditions of the example give us

P(Bn11l4s) = p, (5.1)

P(Ant1|Bn) = g, (5.2)
We also assume that P(A4q) = 1, i.e. zop = 1. Using this notation, we have
Tn = P(Ay). Then the total probability formula, see Exercise 1.10, together
with (5.1)-(5.2) imply that

Tn+1 = P(Any1)
= P(An+1|4n)P(4s) + P(An+1|Bn)P(By)

= (1-p)Tn+q(l-2s) =g+ (1 —-p—q)Tn. (5.3)

It’s a bit tricky to find an explicit formula for z,. To do so we suppose first
that the sequence {z,} is convergent, i.e.

nll’ngo Tn =Z. (5.4)

The elementary properties of limits and equation (5.3), i.e. zn41 = ¢+ (1-p—
q)Ty, yield
=g+ (1-p-q)z. (5.5)

The unique solution to the last equation is

q
= —-, 5.6
P (5.6)
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In particular,

q q
=q+{(1—p—-q)——v-. 5.7
7ip ¢ (1-p q)q 7 (5.7)
Subtracting (5.7) from (5.3), we infer that
q q
- —(1=p- - } 5.8
Tn+l q+p (1-p-9q) (xn q+p) (5.8)

Thus, {z. — -} is a geometric sequence and therefore, for all n € N,

q n q
Ty — ——=(1~-p-— -2 ).
" T (1-p-9q (wo q+p>

Hence, by taking into account the initial condition zg = 1, we have

q q
Tpn = ——+|(2g——— | (1-p—9q)"
R G A
q p

= —— 4+ _(1—p—q)". 5.9
P +p( pP-4q) (5.9)
Let us point out that although we have used the assumption (5.4) to derive
(5.8), the proof of the latter is now complete. Indeed, having proven (5.9), we
can show that the assumption (5.4) is indeed satisfied. This is because the
conditions 0 < p,q < 1 imply that [l —p—g¢| < 1,andso (1-p—¢q)" = 0 as
n — 0o. Thus, (5.4) holds. This provides an answer to the second part of the
example, i.e. lim, ,o0 Tp = ;5_—‘1.

The following exercise is a modification of the last example.

Exercise 5.1

In the framework of Example 5.1, let y, denote the probability that the tele-
phone is busy in the nth minute. Supposing that y = 1, find an explicit formula
for y,, and, if it exists, lim,, o0 Yn.

Hint This exercise can be solved directly by repeating the above argument, or indi-
rectly by using some of the results in Example 5.1.

Remark 5.1

The formulae (5.3) and (5.64) can be written collectively in a compact form by
using vector and matrix notation. First of all, since z,, + y, = 1, we get

Tnt1 = (1= Dp)Tn + q¥n,
Yn+1 = PTn+ (1 = Q)Yn.



88 Basic Stochastic Processes

Hence, the matrix version takes the form
[wn—i-l:l:[l—p q ][wn]
Ynt1 p l1-q]|¥n
The situation described in Example 5.1 is quite typical. Often the proba-
bility of a certain event at time n + 1 depends only on what happens at time

n, but not further into the past. Example 5.1 provides us with a simple case of
a Markov chain. See also the following definition and exercises.

Definition 5.1

Suppose that S is a finite or a countable set. Suppose also that a probability
space ({2, F, P) is given. An S-valued sequence of random variables £, n € N,
is called an S-valued Markov chain or a Markov chain on S if for all n € N and
allse S
P(&nv1 = sléo, .., &n) = P(&ny1 = s/6n). (5.10)

Here P(&,+1 = s|€,) is the conditional probability of the event {£,+1 = s} with
respect to random variable &, or equivalently, with respect to the o-field o(&n)
generated by &,. Similarly, P(&,+1 = s|éo, ..., &) is the conditional probability
of {&n+1 = s} with respect to the o-field o (&, - - -, &,) generated by the random
variables &, -, &n.

Property (5.10) will usually be referred to as the Markov property of the
Markov chain &,, n € N. The set S is called the state space and the elements
of S are called states.

Proposition 5.1

The model in Example 5.1 and Exercise 5.1 is a Markov chain.

Proof

Let S = {0,1}, where 0 and 1 represent the states of the phone being free or
busy. First we need to construct an appropriate probability space. Let 2 be
the set of all sequences wg, wy, ... with values in S. Let uo be any probability
measure on S. For example, y = dy corresponds to the case when the phone
is free at time 0. We shall define P by induction. For any S-valued sequence
S0, 81,... we put

P{w e 2: wo =50}) = po({s0}) (5.11)

and

P{lwe R :wi=s; i=0,---,n+1}) (5.12)
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= p(snt1lsn)P({w € 2 :w; =55, 1=0,---,n}),
where p(s|r) are the entries of the 2 x 2 matrix
[p(OIO) p(0[1) ] _ [ 1-p ¢ ]
p(110) p(1]1) p l-g¢
It seems reasonable to expect P to be a probability measure (with respect to
the trivial o-field of all subsets of 2). Take this for granted, check only that
P(2)=1.
How would you define the process &,, n € N? We shall do it in the standard
way, i.e.
én(w) =wp, weE (5.13)
First we shall show that the transition probabilities of £, are what they should
be, i.e.
P(€n+1 = 1|€n = 0) =D (514)
Pln+1 = 06n=1)=g¢. (5.15)
The definition of conditional probability yields
P(€n+1 = la én = 0)

Pty =1n = 0) = —=Fr— 0)

Next, the definition of P gives

Pln+1=1, & =0)
= P({w € n L Wnp =07wn+1 = 1})
= Z Plwe R:wi=s;,1=0,--,n 1, wyp = 0,wpt1 = 1})

30»“'»37;—165

Z pP{we N:w;i=s4,i1=0,---,n—-1, w, =0})

30)"‘»571—165
= pP(fn = O)a

by (5.12). We have proven (5.14). Moreover, (5.15) follows by the same argu-
ment. A similar line of reasoning shows that &, is indeed a Markov chain. For
this we need to verify that for any n € N and any sg,s1,-+,8p41 € S

Il

P(€n+1 = Sn+1 |£O =80, aén = S'n) = P(én—}-l = 5n+1|§n = Sn)-

We have

P(& = 80,1 &n = Sn,€ng1 = Snt1)

= P{lweR:w =s;,i=0-,n+1})

= p(sn+1|sn)P{w € 2:w; =54,i=0,---,n})
P(sn+1l8n)P(o = 50, +,€n = 85)
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which, in view of the definition of conditional probability, gives

P(&n+1 = Snt1/6o = 50, +, &n = $n) = P(Sn+15n).

On the other hand, by an easy generalization of (5.14) and (5.15)
P(&nt1 = snt1lén = 8n) = P(Snt1/8n),
which proves (5.10). O

In Example 5.1 the transition probabilities from state ¢ to state j do not
depend on the time n. This is an important class of Markov chains.

Definition 5.2

An S-valued Markov chain &,, n € N, is called time-homogeneous or homoge-
neous if for alln € Nand all 4,5 € S

P(€ns1 = jlén = 1) = P(& = jl6 = 9). (5.16)

The number P(§; = j|¢ = i) is denoted by p(j|i) and called the transition
probability from state i to state j. The matrix P = [p(jlé)]; ;cs is called the
transition matriz of the chain &,.

Exercise 5.2

In the discussion so far we have seen an example of a transition matrix, P =

[ l1-p ¢
p 1-gq

to 1. Prove that this is true in general.

] . Obviously the sum of the entries in each column of P is equal

Hint Remember that P(2|A) = 1 for any event A.

Definition 5.3
A = [aji]i jes is called a stochastic matriz if

1) aj >0, for all ¢, € S;

2) the sum of the entries in each column is 1, i.e. EjES aj; =1foranyi € S.

A is called a double stochastic matriz if both A and its transpose A? are stochas-
tic matrices.
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Proposition 5.2

Show that a stochastic matrix is doubly stochastic if and only if the sum of the
entries in each row is 1,i.e. } ;. ga;; =1 for any j € S.

Proof

Put A* = [b;;]. Then, by the definition of the transposed matrix, b;; = aj;.
Therefore, A? is a stochastic matrix if and only if

Y au=) by=1,
i i
completing the proof. O

Exercise 5.3

Show that if P = [pj];es is a stochastic matrix, then any natural power P™ of
P is a stochastic matrix. Is the corresponding result true for a double stochastic
matrix?

Hint Show that if A and B are two stochastic matrices, then so is BA. For the second
problem, recall that (BA)! = A*B?.

Exercise 5.4

1-—-
Let P = [ L ] Show that
p 1
p2 [ 1+p*~2p+pg  29-pg-¢ ]
2p-pg—-p* 1+¢*-20+pg
Hint This is just simple matrix multiplication.

We see that there is a problem with finding higher powers of the matrix P.
When multiplying P? by P, P%, and so on, we obtain more and more compli-
cated expressions.

Definition 5.4

The n-step transition matriz of a Markov chain &, with transition probabilities
p(jli), 7,1 € S is the matrix P, with entries

Pa(ili) = P(&n = jlo = i) (5.17)
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Exercise 5.5

Find an exact formula for P, for the matrix P from Exercise 5.4.

Hint Put £, = P(£n, = 0]&o = 0) and y, = P(£&n = 1}€o = 1). Is it correct to suppose
that pn(0]|0) = z, and pa(1]1) = ya? If yes, you may be able use Example 5.1 and
Exercise 5.1.

Exercise 5.6

You may suspect that P, equals P", the nth power of the matrix P. This holds
for n = 1. Check if it is true for n = 2. If this is the case, try to prove that
P, =P" forallneN.

Hint Once again, this is an exercise in matrix multiplication.

The following is a generalization of Exercise 5.6.

Proposition 5.3 (Chapman-Kolmogorov equation)

Suppose that &,, n € N, is an S-valued Markov chain with n-step transition
probabilities p,(j|¢). Then for all k,n € N

Pr+k(il1) = Y p(ils)pr(sli), 4,5 € S. (5.18)
SES

Exercise 5.7

Prove Proposition 5.3.

Hint pn1k(j|i) are the entries of the matrix P, = P"tk,

Proof (of Proposition 5.3)

Let P and P, be, respectively, the transition probability matrix and the n-step
transition probability matrix. Since p,(j|) are the entries of P,, we only need
to show that P, = P" for all n € N. This can be done by induction. The
assertion is clearly true for n = 1. Suppose that P,, = P". Then, for i,j € S,
by the total probability formula and the Markov property (5.10)

P(&ns1 = jléo = 1)
Y Pléntr = jléo = i,6n = 8)P(&n = slé0 = 1)

s€S

= Y P(éns1 = jlén = 8)P(&n = sléo =1)

seS

Il

pn+1(.7',i)
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= > p(jls)pa(sli),

sES

which proves that P,+; = PP,. O

Exercise 5.8 (random walk)

Suppose that S = Z. Let n,, n > 1 be a sequence of independent identically
distributed random variables with P(m = 1) =pand P(m = —-1) =¢=1-p.
Define ¢, = Y i, n; for n > 1 and & = 0. Show that &, is a Markov chain
with transition probabilities

Y if j=1¢+1,
p(ly =4 ¢ if j=i-1,
0, otherwise.

&€n, n > 0, is called a random walk starting at 0. Replacing & = 0 with & =1,
we get a random walk starting at <.

Hint €nt1 = €n + Nn+1. Are €, and 7,41 independent?

Exercise 5.9
For the random walk &, defined in Exercise 5.8 prove that
. . n ntj—i n—j+i
P(&n = jléo =1) = (n+z~_i)p =gt (5.19)
2

if n+ j —1 is an even non-negative integer, and P(§, = j|§o = 1) = 0 otherwise.

Hint Use induction. Note that (n+"§-.-)p"'+‘L‘é_‘ equals 0if |j — i >n+1.

Proposition 5.4

For all p € (0,1)
P(tn =il€0 =4) = 0, asn — 0. (5.20)

Proof

To begin with, we shall consider the case p # -;— When j = i, formula (5.19)
becomes ap!
GRE(pg)*, if n=2k,

21
0, if n is odd. (5:21)

P(€n=i!€0=i)={
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Then, denoting a; = %’%)%(pq)k, we have

41 (2k + 1)(2k +2)
a s (k+1)2

Hence, ar — 0. Thus, P(§ = i|ép = i) — 0. The result follows, since
P(&ok41 =il§o=1)=0-0.

This argument does not work for p = -;— because 4pg = 1. In this case we
shall need the Stirling formulal

— 4pg < 1.

k
k!~ V2rk (g) , a8 k — oo. (5.22)

Here we use the standard convention: a,, ~ b, whenever %f —1asn — oo.
By (5.22)

Vark (2k\** ez %

W ok (?) (7) o
1
= ——0, as k—o0.
vk

Let us note that the second method works in the first case too. However, in the
first case there is no need for anything as sophisticated as the Stirling formula.
O

Proposition 5.5

The probability that the random walk &, ever returns to the starting point is

1-|p—gql|

Proof

Suppose that §& = 0 and denote by fo(n) the probability that the process
returns to 0 at time n for the first time, i.e.

fo(n) =P(§n =0,& 750,1': L-yn— 1)
If also po(n) = P (&, = 0) for any n € N, then we can prove that
[o <] [o o] [e.9]
Y po(m) = po(n) Y foln). (5.23)
n=1 n=0 n=1

! See, for example, E.C. Titchmarsh, The Theory of Functions, Oxford University
Press, Oxford, 1978.
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Since all the numbers involved are non-negative, in order to prove (5.23) we
need only to show that

po(n) = Z fo(k)po(n — k) for n > 1.
k=1

The total probability formula and the Markov property (5.10) yield

pU(n) = P(fnzoafk=0a€i7£017:=1""7k—1)

M £

P(6k201£i¢0ai=1""ak_l)

=
Il
-

XP(én:OKk=Oa€i¢03i=1a"'ak_1)

P(&kzoaélaéoa,":lvak_l)P(£n=O‘£k=0)

kol
:IIM:
A

= fo(k)po(n — k).
k=1

Having proved (5.23). we are going to make use of it. First we notice that the
probability that the process will ever return to 0 equals y_- | fo(n). Next, from
(5.23) we infer that

PAn>1:£,=0) = Y fo(n)
n=1
oo -1 0o -1
=1- (ZPO(")) =1- (ZPO(2k))
n=0 k=0
Since po(2k) = %i—f)%(pq)k and
= (2k
> (2 )z‘k = (1 -42)"'? |z| < 1, (5.24)
k 4
k=0
it follows, that for p # 1/2
PEn21:6,=0)=1-(1-4pg)'/?=1-|p—¢, (5.25)

since, recalling that ¢ =1 —p, we have 1 —4pg=1—-4p+4p? = (1 -2p)? =
(¢ - p)*

The case p = 1/2 is more delicate and we shall not pursue this topic here.
Let us only remark that the case p = 1/2 needs a special treatment as in
Proposition 5.4. O
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Exercise 5.10
Prove formula (5.24).

Hint Use the Taylor formula to expand the right-hand side of (5.24) into a power
series.

Exercise 5.11 (branching process)

On the island Elschenbieden there lives an almost extinct species called Vugiel.
Vugiel’s males can produce zero, one, two, - - - male offspring with probability
Do, D1, P2, - - - respectively, where p; > 0and Y 0 p; = 1. A challenging problem
would be to find the Vugiel’s chances of survival assuming that each individual
lives exactly one year. At this moment, we ask you only to rewrite the problem
in the language of Markov chains.

Hint The number of descendants of each male has the same distribution.

Exercise 5.12

Consider the following two cases:

1) In Exercise 5.11 suppose that

Pm = CDP"‘(I -p)N ™

for some p € (0,1) and N € N*, where N* = {1,2,3,---}. (Note that
Pm =0 if m > N.) Show that

p(ili) = (’j)p’ (1= p)Ni-i, (5.26)

Deduce that, in particular, p(j|i) = 0 if j > Ni.
2) Suppose that

ATy
DPm = 7"1-!6 , meg N,
for some A > 0. In other words, assume that each X; has the Poisson
distribution with mean A. Show that
oy (M)
p(li) = =

e ™M, j,i>0. (5.27)

Hint If X, has the binomial distribution P(X; = m) = (Z)pm(l -p)""™ meN,
then there exists a finite sequence 7, --,n% of independent identically distributed
random variables such that P(n} =1)=p,P(nj =0)=1-pand X; =9 + --- +
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7y = m. Hence, X1 + -~ + X; = Z Z 7s, i.e. the sum of Ni independent
identically distributed random variables thh &1stribution as above. Hence we infer
(5.26).

Proposition 5.6

The probability of survival in Exercise 5.12, part 2) equals 0if A < 1, and 1 —#*
if A > 1, where k is the initial Vugiel population and # € (0, 1) is a solution to

r=elm" DA (5.28)

Proof

We denote by ¢(i), i € N the probability of dying out subject to the condition
o = i. Hence, if A = {¢&, =0 for n € N}, then

¢(i) = P (Al§o =1). (5.29)

Obviously, ¢(0) = 1 and the total probability formula together with the Markov
property (5.10) imply that for each i € N

¢) = ZP(AMO =i,& =) P& =jlé =)

=0

ZP(AI& =) P (& = jléo =)

P“/]8 Il

#(3)p(jli).

j=
Therefore, the sequence ¢(2), ¢ € N is bounded (by 1 from above and by 0 from
below) and satisfies the following system of equations

#(@) = > o()p(ili), i €N, (5.30)
j=0
$(0) =

So far, we have not used any particular distribution of X;. From now on, we
shall assume that the X; have the Poisson distribution. Hence, by Exercise 5.12,

p(jli) = %ﬁe‘“‘. It is not an easy problem to find a solution to (5.30), even in
this special case. ¢(z) is the probability that the population will die out, subject
to the condition that initially there were ¢ individuals. Since we assume that
reproduction of different individuals is independent, it is reasonable to make
the following Ansatz:

o(i) = Alp(1)), i €N, (5.31)
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for some A > 0. Although it is possible to prove this Ansatz, we shall not
do so here. Note that the boundary condition ¢(0) = 1 implies that A = 1.
Substituting (5.31) (with A =1 and r := ¢(1)) into (5.30), we get

. O GA) .
rto= ZTJ (l]') e—z/\
=0

s | . o
= ¢ E ﬁ(ir)\)J = g el
§=0

Hence, r should satisfy

r=er"VA, (5.32)
Since the function g(r) = e("™~D* r € [0,1], is convex, there exist at most
two solutions to the equation (5.32). Obviously, one of them is r = 1. A bit of
analysis, not included here, shows the following:

1) If A <1, then the only solution to (5.32) in [0,1] is 7 = 1.

2) If A > 1, then there exists a second solution # € (0,1) of the equation
(5.32).

In case 1) the situation is simple. We have ¢(i) = 1 for all i, and thus the
probability of extinction is 1 for any initial number of individuals. Case 2) is
slightly more involved. The first question we need to address is which of the
two solutions of (5.32) gives the correct value of ¢(1)? Recall that py = %e"‘.
Define

o0 ok
F(z) = Zpk;z;k = Z F—e_kzk = e/\me——/\, lz] < 1. (5.33)
k=0 k=0

Since P(& = 0] = 1) = po and

Pl =06 =1) = ) P(&L=0[&=i)P& =il =1)

i=0

= Z(po)ipi = F(po) = F(F(0)),

=0

we guess that the following holds:
P(&, = 06 = 1) = F(M(0), (5.34)

where F(™ is the n-fold composition of F. To prove (5.34) it is enough to prove
it for n, while assuming it holds for n — 1. We have

P =0l =1) =) P& =0&=i)P&=il&=1)

i=0
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=Y piP (bn1 =0l =)

i=0

= 3 pi[P(n-1 = 0l& = 1]

=0
= S [Fe0)] = FEOD(0) = FO(0)
i=0

Since the event {{, = 0} is contained in events {{,4+; = 0} for all n € N, we
have

#(1) = P{&, =0, for some n € N§ =1}

lim P {€, =0j¢o = 1)

by the Lebesgue monotone convergence theorem. Therefore, we infer that

o(1) = lim F(0).

n—o00
With F©)(z) = z we only need to show that
FM™(0)<# neN. (5.35)

Indeed, once the inequality (5.35) is proven, we infer that ¢(1) < # and thus
#(1) = 7. We shall prove (5.35) by induction. It is obviously valid for n = 0, so
we need to study the inductive step. We have

F™Q)=F (F("””(O)) < F() = #,

since F' is increasing. We conclude that in the case A > 1 the population will
become extinct with positive probability.

In the simplest example of the binomial distribution case, i.e. when N =1,
equations (5.30) become

oSy (D i — i
¢(Z)—j2=:0¢(9)<j)p’(l Py, ieN
Since ¢(0) = 1, ¢(1) satisfies
¢(1) =q+¢(1)p

with ¢ = 1 — p. Hence, trivially, ¢(1) = 1. Then, by induction, one proves that
#(i) = 1. Therefore, whatever the initial number of individuals, extinction of
the species is certain. [
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Remark 5.2

The method presented in the last solution works for any distribution of the
variables X;. It turns out that the mean value A of X; plays the same role as
above. One can show that if A < 1, then the population will become extinct
with probability 1, while for A > 1 the probability of extinction is larger than
0 and smaller than 1.

Exercise 5.13

On the, now familiar, island of Elschenbieden the question of survival of the
Vugiel is a hot political issue. The (human) population of the island is N. Those
who believe that action should be taken in order to help the animals preach
their conviction quite convincingly. For if a supporter discusses the issue with a
non-supporter, the latter will change his mind with probability one. However,
they do so only in face-to-face encounters. Suppose that the probability of an
encounter of exactly one pair of humans during one day is p and that with
probability g this pair is a supporter—non-supporter one. Write down a Markov
chain model of this situation. Neglect the probability of two or more encounters
during one day.

Hint On each day the number of supporters can either increase by 1 or remain un-
changed. What is the probability of the former?

Exercise 5.14 (queuing model)

A car wash machine can serve at most one customer at a time. With probability
P, 0 < p < 1, the machine can finish serving a customer in a unit time. If this
happens, the next waiting car (if any) can be served at the beginning of the
next unit of time. During the time interval between the nth and (n + 1)st unit
of time the number of cars arriving has the Poisson distribution with parameter
A > 0. Let &, denote the number of cars being served or waiting to be served
at the beginning of unit n. Show that &,, n € N, is a Markov chain and find
its transition probabilities.

Hint Let Z,, n = 0,1,2,--- be a sequence of independent identically distributed
random variables, each having the Poisson distribution with parameter A. Then £, 41—
&n — Zn equals —1 or 0.

Remark 5.3

In the last model we are interested in the behaviour of &, for large values of n.
In particular, it is interesting to determine whether the limit of &, or that of E£,,
(as n — oo) exists. In Exercise 5.36 we shall find conditions which guarantee
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the existence of a unique invariant measure and imply that the Markov chain
in question is ergodic.

5.2 Classification of States

In what follows we fix an S-valued Markov chain with transition matrix P =
[p(4]?)];,5es, where S is a non-empty and at most countable set.

Definition 5.5

A state 1 is called.recurrent if the process &, will eventually return to ¢ given
that it starts at 7, i.e.

P(&, =1 for somen > 1|§ =1) = 1. (5.36)

If the condition (5.36) is not satisfied, then the state ¢ is called transient.

Theorem 5.1

Show that for a random walk on Z with parameter p € (0,1), the state 0 is
recurrent if and only if p = 1/2. Show that the same holds if 0 is replaced by
any other state i € Z.

Proof

We know from (5.25) that P(&, = i for some n > 1| = i) = 1 — |p — g for
anyi € Z.0
Definition 5.6

We say that a state i communicates with a state j if with positive probability
the chain will visit the state j having started at i, i.e.

P(&, = j for some n > 0|§ = i) > 0. (5.37)

If i communicates with j, then we shall write i — j. We say that the state i
intercommunicates with a state j, and write 1 ¢ j,if 1 = j and j — 4.

Exercise 5.15
Show that i — j if and only if px(j|i) > 0 for some k > 1.
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Hint Recall that px(j]i) = P(& = jléo = 1).

Exercise 5.16

Show that

1) i &1,

2) if i & j then j ¢ 7 and

3)ifie j,jo ktheni o k.

In other words, show that < is an equivalence relation on S.

Hint 1) and 2) are obvious. For 3) use the Chapman-Kolmogorov equations.

Exercise 5.17
For |z| < 1 and j,i € S define

Pji(z) = Y pa(ili)z™, (5.38)
n=0

Fii(z) = ) faljli)a™, (5.39)
n=1

where f,(j|i) = P(é, = ,& #j,k =1,---,n— 1| = i). Show that the power
series in (5.38)—(5.39) are absolutely convergent for [z| < 1 and that

Pji(z) = Fji(z)Pyj(z), if j#4, (5.40)
Pi(z) = 1+ Fy(z)Ps(z). (5.41)

Hint Note that [p,(j|¢)| < 1, so the radius of convergence of the power series (5.38)
is > 1.

Exercise 5.18
Show that lim, ~ Pj;(x) = Yoo, pa(jlj) and limg x Fjj(z) = Yoo o fn(ili)-

Hint Apply Abel’s lemma?®: If a; > 0 for all k£ > 0 and limsup,_, ., {/|ak| < 1, then
limg 1 Yoo akz® = Y32 ak, no matter whether this sum is finite or infinite.

2 For example, see: W. Rudin, Principles of Mathematical Analysis, McGraw—Hill
Book Company, New York 1976.
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Exercise 5.19

Show that a state j is recurrent if and only if ), pn(j|j) = oo. Deduce that
the state j is transient if and only if

> pa(ils) < 0. (5.42)

Show that if j is transient, then for each i € S

> pn(jli) < oo. (5.43)

Hint If j is recurrent, then Fj;j(x) — ). fa(jlj) = 1 as z ~ 1. Use (5.41) in
conjunction with Abel’s Lemma.

Exercise 5.20

. . .. . 1-
For a Markov chain ¢, with transition matrix P = [ » p l{ . ] show that
both states are recurrent.

Hint Use Exercise 5.19 and 5.5.

One may suspect that if the state space S is finite, then there must exist
at least one recurrent state. For otherwise, if all states were transient and
S ={1,2,---, N}, then with positive probability a chain starting from 1 would
visit 1 only a finite number of times. Thus, after visiting that state for the
last time, the chain would move to a different state, say 45, in which it would
stay for a finite time only with positive probability. Thus, in finite time, with
positive probability, the chain will never return to states 1 and 4,. By induction,
in finite time, with positive probability, the chain will never return to any of
the states. This is impossible. The following exercise will give precision to this
argument.

Exercise 5.21

Show that if &, is a Markov chain with finite state space S, then there exists
at least one recurrent state i € S.

Hint Argue by contradiction and use (5.43).

The following result is quoted here for reference. The proof is surprisingly
difficult and falls beyond the scope of this book.
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Theorem 5.2

A state j € S is recurrent if and only if
P(¢, = j for infinitely many n|é = j) =1,
and is transient if and only if

P(¢, = j for infinitely many n|é = j) = 0.

Definition 5.7

For an S-valued Markov chain &,, n € N, a state 1 € S is called null-recurrent
if it is recurrent and its mean recurrence time m; defined by

(e o]

m; =Y nfa(ili) (5.44)

n=0

equals co. A state i € S is called positive-recurrent if it is recurrent and its
mean recurrence time m; is finite.

Remark 5.4

One can show that a recurrent state 7 is null-recurrent if and only if p,(i]i) — 0.

We already know that for a random walk on Z the state 0 is recurrent if and
only if p = 1/2, i.e. if and only if the random walk is symmetric. In the following
problem we shall try to answer if 0 is a null-recurrent or positive-recurrent state
(when p = 1/2).

Exercise 5.22

Consider a symmetric random walk on Z. Show that 0 is a null-recurrent state.
Can you deduce whether other states are positive-recurrent or null-recurrent?

Hint State 0 is null-recurrent if and only if zn nf.(0]0) = co. As in Exercise 5.18,
>, nfn(0]0) = lim; = Fyo(z), where Fyo is defined by (5.39).

Exercise 5.23

For the Markov chain &, from Exercise 5.20 show that not only are all states
recurrent, but they are positive-recurrent.

Hint Calculate f»(0]0) directly.
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The last two exercises suggest that the type of a state ¢ € S, i.e. whether
it is transient, null-recurrent or positive-recurrent is invariant under the equiv-
alence +. We shall investigate this question in more detail below, but even
before doing so we need one more notion: that of a periodic state.

Definition 5.8

Suppose that &,, n € N, is a Markov chain on a state space S. Let i € S. We
say that i is a periodic state if and only if the greatest common divisor (gcd)
of all n € N*, where N* = {1,2,3,- -}, such that p,(i]i) > 0 is > 2. Otherwise,
the state 7 is called aperiodic. In both cases, the gecd is denoted by d(i) and is
called the period of the state i. Thus, i is periodic if and only if d(i) > 2. A
state ¢ which is positive recurrent and aperiodic is called ergodic.

Exercise 5.24

Is this claim that pg(;)(ili) > 0 true or not?

Hint Think of a Markov chain in which it is possible to return to the starting point
by two different routes. One route with four steps, the other one with six steps.

One of the by-products of the following exercise is another example of the
type asked for in Exercise 5.24.

Exercise 5.25

Consider a Markov chain on S = {1,2} with transition probability matrix

[0 1/2
P= [ 1 1/2
Find d(1) and d(2).

]. This chain can also be described by the graph in Figure 5.1.

1/2

172 Figure 5.1. Transition probabilities of the
Markov chain in Exercise 5.25

Hint Calculate P? and P3. This can be done in two different ways: either algebraically
or, probabilistically.
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Proposition 5.7
Suppose that i,j € S and 7 ¢ j. Show that

1) ¢ is transient if and only if j is;

2) i is recurrent if and only if j is;

3) i is null-recurrent if and only if j is;

4) 1 is positive-recurrent if and only if j is;

5) 1 is periodic if and only if j is, in which case d(i) = d(j);

)

6) i is ergodic if and only if j is.

Proof

It is enough to show properties 1), 4) and 5). Since ¢ <> j one can find n,m € N
such that pm,(j)i) > 0 and p,(i|j) > 0. Hence € := pn(j|i)pn(ilj) is positive.
Let us take £ € N. Then by the Chapman-Kolmogorov equations

Pratrn(Gli) = Y Pm(il9)PR(sIT)Pa(rld) = pm (ili)pk (ili)pa(ild) = epr(ili).

r,s€S

By symmetry

Prktm(ili) = Y Palils)Pr(sir)pm (rl6) > pa(ls)pe(315)Pm (ili) = epr(il3)-
r,8€S

Hence, the series ), px(ili) and 3", px(j|j) are simultaneously convergent or
divergent. Hence 1) follows in view of Exercise 5.19.
To prove 5) it is enough to show that

d(i) < d(j)-
Using the first inequality derived above, we have
Prtk+m (2]2) 2 epi(jl7)
for all k € N. From this inequality we can draw two conclusions:
(a) d(i)|n + m, since by taking k = 0 we get pnim(ili) > 0;
(b) if pi(jl4) > O, then Prtirm(ili) > 0.

From (a) and (b) we can see that d(i)|k provided that pi(j|7) > 0. This proves
what is required. O
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Exercise 5.26

Show that the following modification of 2) above is true: If  is recurrent and
t — j, then j — 7. Deduce that if 7 is recurrent and 7 — j, then j is recurrent
and j © 1.

Hint Is it possible for a chain starting from ¢ to visit j and then never return to :?
Is such a situation possible when i is a recurrent state?

The following result describes how the state space S can be partitioned into
a countable sum of classes. One of these classes consists of all transient states.
Each of the other class consists of interconnecting recurrent states. If the chain
enters one of the classes of second type, it will never leave it. However, if the
chain enters the class of transient states, it will eventually leave it (and so never
return to it). We begin with a definition.

Definition 5.9
Suppose that &,, n € N, is a Markov chain on a countable state space S.

1) A set C C S is called closed if once the chain enters C it will never leave
it, i.e.

P (& € S\ C for some k > n|é, € C) = 0. (5.45)

2) A set C C S is called irreducible if any two elements 4, j of C intercommu-
nicate, i.e. for all i,j € C there exists an n € N such that p,(j}i) > 0.

Theorem 5.3
Suppose that &,, n € N, is a Markov chain on a countable state space S. Then
N
S=Tu|JC;, (disjoint sum), (5.46)
j=1

where T is the set of all transient states in S and each Cj is a closed irreducible
set of recurrent states.

Exercise 5.27

Suppose that &,, n € N, is a Markov chain on a countable state space S. Show
that a set C' C S is closed if and only if p(j]i) =0 for alli € C and j € S\ C.

Hint One implication is trivial. For the other one use the countable additivity of the
measure P.
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Proof (of Theorem 5.3)

Let R = S\ T denote the set of all recurrent states. If ¢ < j, then both ¢
and j belong either to T or to R. It follows that the interconnection relation
« restricted to R is an equivalence relation as well. Therefore, R = Ujvzl Cj,
Cj = [s;], s; € R. Here N denotes the number of different equivalent classes.
Since by definition each Cj is an irreducible set, we only need to show that it
is closed. But this follows from Exercise 5.26. Indeed, if i € C and i — j, then
i+ j,andsoj € Cy. O

5.3 Long-Time Behaviour of Markov Chains:
General Case

For convenience we shall denote the countable state space S by {1,2,3,--}
when S is an infinite set and by {1,2,---,n} when S is finite.

Proposition 5.8

Let P = [p(j|7)] be the transition matrix of a Markov chain with state space S.
Suppose that for all 7,7 € S

lim_po(jli) =: 7. (5.47)
(In particular, the limit is independent of i.) Then
1) Zj T <1

2) Xip(ili)m: = mj;
3) either 3-.m; =1,orm; =0forall j € S.

Proof

To begin with, let us assume that S is finite with m elements. Using the
Chapman-Kolmogorov equations (5.18), we have

m m
Yom=) m= Zgi_{gopn(jli)
j€S j=1 j=1
m
= Jim D paCil) = Jim 1=1,

j=1



5. Markov Chains 109

since 3772, pn(jlé) = 1 for any n € N (see Exercise 5.2). This proves 1) and 3)
simultaneously. Moreover, it shows that the second alternative in 3) can never
occur. To prove 2) we argue in a similar way. Let us fix j € S and (an auxiliary)
k € S. Then,

ZP(j|i)7f¢

=1

I

;nli_{go p(3li)Pn(ilk)

m
Jim ;p(jli)pn(ilk) = lim pay1(ilk) = mj,

since Y_'w p(j|i)pn(ilk) = Pn+1(j]k) by the Chapman-Kolmogorov equations.

When the set S is infinite, we cannot just repeat the above argument. The
reason is quite simple: in general the two operations lim and ) cannot be
interchanged. They can when the sum is finite, and we used this fact above.
But if S is infinite, then the situation is more subtle. One possible solution of
the difficulty is contained in the following version of the Fatou lemma.

Lemma 5.1 (Fatou)
Suppose that aj(n) > 0 for j,n € N. Then

Z limninf aj(n) < liminf Z aj(n). (5.48)
i "
Moreover, if a;j(n) < b; for j,n € N and Zj b; < oo, then

lim sup Z aj(n) < Z limsup a;(n). (5.49)

Using the fact that for a convergent sequence lim and liminf coincide, by
the Fatou lemma we have

[s.°] (e ]
dom =Y m=y_ lim pa(jli)
j=1

JjES j=1

IA

oo
hnr{l-ylolglepn(”z) = llnrr_x’loréfl =1

J'—:
since, as before, 3°32, pn(jli) = 1 for any n € N. This proves 1). A similar
argument shows 2). Indeed, with j € S and k € S fixed, by the Chapman-
Kolmogorov equations and the Fatou lemma we have

o oo
;P(Jh)m = ;angop(]h)pn(qk)



110 Basic Stochastic Processes

< liminf 3 p(jli)pa(ilk) = liminf pos1 (1K) = 7.

=1

To complete the proof of 2) suppose that for some k& € S

Zp(k}i)m- < T,

i=1

Then, since ) jes T = 3 j#k ™) + 7k, by the part of 2) already proven we have

Yomo> Y (Zp(jli)m) + > plkli)mi
Jj=1 i

J#k \ i

= ZZPU”)M = Zzp(jli)m
J=1 1 i=1 j

=) m (Zp(jli)) =S m
=1 j i=1

We used the fact that Z;x’ p(j|t) = 1 together with (5.65). This contradiction
proves 2).
In order to verify 3) observe that by iterating 2) we obtain

Y palili)mi = 7;.
i
Hence,
mj = lim > pa(jli)m:
i
;nl_i_{réopn(j’i)"ri = Zi:ﬂ'jﬂ'i =m; ;7{'7:_

Therefore, the product 7; (3, 7; — 1) is equal to 0 for all j € S. As a result, 3)
follows. Indeed, if >, m; # 1, then m; =0 for all j € S. O

Definition 5.10

A probability measure g := Zje s 105 is an invariant measure of a Markov
chain &,, n € N, with transition probability matrix P = [p(j|¢)] if for all n € N
andallj €S

Y palili)ps = -

i€S
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Exercise 5.28

Under the assumptions of Proposition 5.8 show that if ) jes™i = 1, then
p =3 ;csm;0; is the unique invariant measure of our Markov chain. Here §;
is the Dirac delta measure at j.

Hint p is an invariant measure of a Markov chain £,, n € N, if and only if for each
n € N, the distribution of £, equals y, provided the same holds for &.

Exercise 5.29
Show that if 7; = 0 for all j € S, then there is no invariant measure.

Hint Look closely at the uniqueness part of the solution to Exercise 5.28.

The following exercise shows that a unique invariant measure may exist,
even though the condition (5.47) is not satisfied.
Exercise 5.30

Find all invariant measures for a Markov chain whose graph is given in Fig-
ure 5.2.

Figure 5.2. Transition probabilities of the
Markov chain in Exercise 5.30

Hint Find the transition probability matrix P and solve the vector equation Pr = 7
for m = (m1, m2), subject to the condition 7 + w2 = 1.

We shall study some general properties of invariant measures. Above we
have seen examples of Markov chains with a unique invariant measure. In what
follows we shall investigate the structure of the set of all invariant measures.

Exercise 5.31

Show that if 4 and v are invariant measures and 8 € [0,1], then (1 — 6)u + v
is also an invariant measure.

Hint Apply the definition of an invariant measure.
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Exercise 5.32

Show that if p is an invariant measure of a Markov chain &,, n € N with state
space S, then supp 4 C S\T, where T denotes (as usual) the set of all transient
states.

Hint If j is a transient state, then p,(j|¢) > 0 for alli € S.

The above result shows that there is a close relationship between invariant
measures and recurrent states. Below we shall present without proof a couple
of results on the existence of such measures and their properties.

Theorem 5.4

Suppose that &,, n € N, is a Markov chain on a state space S = T U C, where
T is the set of all transient states and C is a closed irreducible set of recurrent
states.® Then there exists an invariant measure if and only if each element of C
is positive-recurrent. Moreover, if this is the case, then the invariant measure
is unique and it is given by p = 3, p;0;, where
_ 1
Hi = E

with m; being the mean recurrence time of the state i, see (5.44).

Note, that by Exercise 5.32, the unique invariant measure in Theorem 5.4
is supported by C.

Remark 5.5

fC= U;.v=1 Cj, where each Cj is a closed irreducible set of recurrent states,
then the above result holds, except for the uniqueness part. In fact, if each
element of some C} is positive-recurrent, then there exists a invariant measure
uj supported by C;. Moreover, p; is the unique invariant measure with support
in Cj. In the special case when each element of C is positive-recurrent, every
invariant measure p is a convex combination of the invariant measures p;,
jef{1,---,N}.

Theorem 5.5

Suppose that &,, n € N, is a Markov chain with state space S. Let j € S be a
recurrent state.

? Hence in the decomposition (5.46) the number N of different classes of recurrent
states is equal to 1.
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1) If j is aperiodic, then

1
pn(ili) = —. (5.50)
Moreover, for any i € S,
F.
putili) » 20, (5.51)
m;

where Fj;(1) is the probability that the chain will ever visit state j if it
starts at ¢, see (5.39), and where m; is the mean recurrence time of state j,
see (5.44);

2) If j is a periodic state of period d > 2, then

. d
pnd(jlj) — m; (5.52)

Exercise 5.33

Suppose that &,, n € N, is a Markov chain with state space S. Let j € S be a
transient state. Show that for any i € S

pn(jli) = 0. (5.53)

Hint Use Exercise 5.19.

Definition 5.11

A Markov chain &,, n € N, with state space S is called ergodic if each i € S is
ergodic, i.e. each state ¢ € S is positive, recurrent and aperiodic.

Exercise 5.34

Show that if &,, n € N, is an ergodic irreducible Markov chain with state
space S, then p,(j|¢) = 7; as n — oo for any j,i € S, where 7 = Y, m;d; is
the unique invariant ineasure.

Hint Use Theorem 5.5. You may assume as a known fact that if j is recurrent and
i ¢ j, then Fj;(1) = L.

Exercise 5.35

Use the last result to investigate whether the random walk on Z has an invariant
measure.

Hint Use Exercise 5.9.
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Below we shall see that a converse result to Theorem 5.5 is also true.

Theorem 5.6

Suppose that &,, n € N, is an irreducible aperiodic Markov chain with state
space S. Then &,, n € N, is ergodic if and only if it has a unique invariant
measure.

Proof

The ‘if’ part is proved in Exercise 5.34. We shall deal with the ‘only if’ part.
Suppose that 7 = 3> m;d; is the unique invariant measure of the chain. Then
w; > 0 for some j € S. Recall that due to Theorem 5.5 and the Exercise 5.33,
limy, 00 pn(j]2) exists for all 4,5 € S.

Since ), pn(jli)m; = 7;, by the Fatou lemma (inequality (5.49))

Z Jim p, (jli)ms > liﬂsotép an(jli)m = 7;.
1 1

Hence, there exists an i € S such that lim, e pn(jli)m; > 0. Therefore
limy 00 pn(jli) > 0, which in view of Theorem 5.5 implies that m; < oo.
Thus, j is an ergodic state and, since the chain is irreducible, all states are
ergodic as well. O

Exercise 5.36

Prove that if there exists an invariant measure for the Markov chain in Exer-
cise 5.14, then X := Z?;o Jjg; < 1. Assuming that the converse is also true,
conclude that the chain is ergodic if and only if ' < 1. Show that if such an
invariant measure exists, then it is unique.

Hint Suppose that m = 3 ;d; is an invariant measure. Write down an infinite
system of linear equations for 7;. If you don’t know how to follow, look at the solution.

5.4 Long-Time Behaviour of Markov Chains
with Finite State Space
As we have seen above, the existence of the 7; plays a very important role

in the study of invariant measures. In what follows we shall investigate this
question in the case when the state space S is finite.



5. Markov Chains 115

Theorem 5.7

Suppose that S is finite and the transition matrix P = [p(j|¢)] of a Markov
chain on S satisfies the condition

Ing € NIe > 0:pp(jli) > ¢, i, €S. (5.54)

Then, the following limit exists for all ¢,j € S and is independent of i:

Tlim_pa(jli) = 7. (5.55)
The numbers 7; satisfy
m;>0,j€S and Y mi=1. (5.56)
Jj€S

Conversely, if a sequence of numbers 7;, j € S satisfies conditions (5.55)~(5.56),
then assumption (5.54) is also satisfied.

Proof

Denote the matrix P = [p,,(j]i)] by Q = [g(j]¢)]. Then the process nx = kg,
k € N, is a Markov chain on S with transition probability matrix @ satisfying
(5.54) with ng equal to 1. Note that pi,, (j|i) = qx(jli) due to the Chapman-
Kolmogorov equations. Suppose that the properties (5.55)—(5.56) hold true
for Q. In particular, limg_,o0 Pin, (j]¢) = m; exists and is independent of i. We
claim that they are also true for the original matrix P. Obviously, one only
needs to check condition (5.55). The Chapman-Kolmogorov equations (and
the fact that S is finite) imply that for any r = 1,--- ,ng — 1

Pkno+r(Jjli) = Zpkno(jls)pr(sli) - Z”jpr(sli)

SES s€S

mj Zpr(sh') = ;.

sES

Therefore, by a simple result in calculus, according to which, if for a sequence
an, n € N, there exists a natural number ng such that for eachr € {0,1,---,np—
1} the limit limg_,o0 Ggng+r €xists and is r-independent, then the sequence a,
is convergent to the common limit of those subsequences, we infer that (5.55)
is satisfied.

In what follows we shall assume that (5.54) holds with ng = 1. Let us put
po(jli) = dj; and for j € S

ma(j) = riréigpn(jli)
Mn(j) = Igleagcpn(jli)
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Observe that Mp(j) = 1 and mg(j) = 0 for all j € S. From the Chapman-
Kolmogorov equations it follows that the sequence M, (j), n € N, is decreasing,
while the sequence m,(j), n € N, is increasing. Indeed, since ), p(k|i) = 1,

Pn+1 (]l’l) = Z pn(jlk)p(kl’l)
kEeS

min pn (j|k) > p(kli)
kes
min pa(jlk) = ma(j)-

v

Hence, by taking the minimum over all ¢ € S, we arrive at
mn+l(j) = miinpn-i-l(jli) > ma(f).

Similarly,

pn+1(j'i)

> p(ilk)p(kli)

keS

maxpa G1k) 3 p(kl0)
keS

mkaxPn(jlk) = Mn(.?)

IA

Hence, by taking the maximum over all i € S, we obtain
Mn+1(j) = ml',clxpn+1(]'|i) < Mn(])

Since My, (j) > mn(j). the sequences M,,(j) and m,,(j) are bounded from below
and from above, respectively. As a consequence, they both have limits. To show
that the limits coincide we shall prove that

Jim (Mn(7) = ma(5)) = 0. (5.57)
For n > 0 we have
Pr+1(ili) = Y pa(ils)p(sle) (5.58)
seS
= Y palils) [p(sl) — epa(sli)] + € Y palils)pn(sls)
sES sES
= Y palils) [p(s]i) — epn(sli)] + ep2n(ils)
sES

by the Chapman-Kolmogorov equations. The expression in square brackets is
> 0. Indeed, by assumption (5.54), p(s|¢) > € and p,(s|j) < 1. Therefore,
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v

Pas1(j1i) 2 minpa(ils) D [p(sli) - epalsli)] +epan(ili)  (5.59)
s€S

(1 - e)mn(j) + epan(ili).

By taking the minimum over i € S, we arrive at

mnt1(5) 2 (1 - €)mn(5) + epan(4l3). (5.60)

Recycling the above argument, we obtain a similar inequality for the sequence
Mn(j):

Mny1(5) < (1 - €)Mn(j) + epaa(ili)- (5.61)
Thus, by subtracting (5.60) from (5.61) we get
Mn11(5) = Mas1(§) < (1 =€) (Mn(j) — ma(5)) - (5.62)

Hence, by induction
Mn(]) - mn(]) S (1 - 5)na neN

This proves (5.57). Denote by n; the common limit of M, (j) and m,(5). Then
(5.55) follows from (5.57). Indeed, if 7,j € S, then

To prove that m; > 0 let us recall that m,(j) is an increasing sequence and
my(j) > € by (5.54). We infer that 7; > ¢. O

Exercise 5.37
Show that p,(jli) = 7; at an exponential rate.

Hint Recall that m,(j) < m; < My (j) and use (5.62).

The above proves the following important result.

Theorem 5.8

Suppose that the transition matrix P = [p(j|i)] of a Markov chain ¢,, n € N,
satisfies assumption (5.54). Show that there exists a unique invariant measure
u. Moreover, for some A > 0,and a < 1

|pn(jli) — 7| < Aa®, i,j€ S,neN (5.63)
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Proof (of the converse part of Theorem 5.7)
Put

1
E=—minmw;.
2 5 7

Since pn(j|i) — =; for all ¢,j € S, there is an ng € N, such that p(j|i) > € for
all for k > np and (i, j) € S2. Putting k = ng proves that (5.54) is satisfied.

Let us observe that we have used only two facts: 7; > 0 for all j € S, and
Pn(jli) = m; foralli,j€ S.0

Exercise 5.38

Investigate the existence and uniqueness of an invariant measure for the Markov
chain in Proposition 5.1.

Hint Are the assumptions of Theorem 5.7 satisfied?

Remark 5.6

The solution to Exercise 5.38 allows us to find the unique invariant measure by
direct methods, i.e. by solving the linear equations (5.79)—(5.80).

Exercise 5.39

Find the invariant measure from Exercise 5.38 by calculating the limits (5.55).

Hint Refer to Solution 5.5.

Exercise 5.40

Ian plays a fair game of dice. After the nth roll of a die he writes down the
maximum outcome &, obtained so far. Show that £, is a Markov chain and find
its transition probabilities.

Hint &n41 = max{{n, Xn+1}, where X} is the outcome of the kth roll.

Exercise 5.41

Analyse the Markov chain described in Exercise 5.40, but with fair die replaced
by a fair pyramid.

Hint A pyramid has four faces only.
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Exercise 5.42

Suppose that a > 1 is a natural number. Consider a random walk on S =
{0,1,---,a} with absorbing barriers at 0 and a, and with probability p of
moving to the right and probability ¢ = 1 — p of moving to the left from any
of the states 1,...,a — 1. Hence, our random walk is a Markov chain with
transition probabilities

if 1<i<a-1,j=1+1,
if 1<i<a-1,5=1-1,
if i=j=0 ori=j=a,
otherwise.

p(jli) =

O =3

Find, (a) all invariant measures (there may be just one), (b) the probability of
hitting the right-hand barrier prior to hitting the left-hand one.

Hint For (a) recall Exercise 5.30 and for (b) Exercise 5.12.

5.5 Solutions

Solution 5.1

First we give a direct solution. With A, and B,, being the events that the phone
is free or busy in the nth minute, we have y, = P(B,). The total probability
formula then yields, for n € N,

P(By+y1) = P(Bny1|An)P(Ay) + P(Bp41|Br)P(By)
ie.
Yns1 =P+ (1 =p = Q)¥Yn. (5.64)

As before, assuming for the time being that y = lim, y, exists, we find that
y=p+(1-p—q)y, and so y = ;2. In particular, ;2= =p+ (1 -p—q);%;.
Subtracting the last equality from (5.64), we see that {y, — ;i—q} is a geometric

sequence, so that y, — £~ = (yo - ;i—q) (1-p—q)™. Since yo = 1, some simple

p+q
algebra leads to the formula
p q
=——+—(1-p-¢" neN
b= v T rrd )
The last formula can be used to prove that the lim,, y, exists and is equal to

2
rt+q



120 Basic Stochastic Processes

Another approach is to use the results of Example 5.1. Since z¢g = 1 — yo,
by (5.8) we have

q q n
n n — (1} q ( )

which agrees with the first method of solution.
Solution 5.2

We have to show that 3.5 p(jli) =1 for every i € S. We have

Y p(ili) = > P& =jléo =)

jes jes
= P (Ujes{ = j}|o =1) = P(& € S|é =1)
= P(g =1) =1

Solution 5.3

Suppose that A = [aj;]jics and B = [bj;];,ics are two stochastic matrices. If
C = BA, then ¢j; = ), bjrar;. Hence, for any i € S

(5] -5(50)

j %
= Z (Z bjlc) Qki = Zaki =1,
E \ j %

where the last two equalities hold because B and A are stochastic matrices.
We have used the well-known fact that

DD e =) ay, (5.65)
) i i

for any non-negative double sequence (a;;){5-, (see, for example, Rudin’s book
cited in the hint to Exercise 5.18). The above argument implies that P? is a
stochastic matrix. The desired result follows by induction.

To prove that P™ is a double stochastic matrix whenever P is, it is enough
to observe that AB is a double stochastic matrix if A and B are. The latter
follows because (AB)! = Bt At.
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Solution 5.4

Some simple algebra gives
P2 [ (1-p)A-p)+gp (1-pg+g(l-q) ]
p(l-p)+(1-qp pg+(1-9g)(1-g)
_ [ 1+p*~2p+pg  20-pg—¢° ] '
-pg-p* 144" -29+pq
Solution 5.5
Put z, = P(&, = 0| = 0) and y, = P(&, = 1| = 1). We have calculated
the formulae for z,, and y, in Example 5.1 and Exercise 5.1. Since also

p p

1- = £ __F Q1_p=g"
Tn a+p q+p( D Q)’

q q
logy, = ——— — 2 (1 —p—=¢g)"
Un = 5 q+p( p—q)",

we arrive at the following formula for the n-step transition matrix:

q+p q+p q+p q+p

R L L e Y

P, = (5.66)

Ht&El-p-q9" L -L(1l-p-g" ]
a+p
Solution 5.6

Simplifying, we have

g+p q+p 9 g+p q+p 9
wr—rel-r-0° H+i50-p-9)

. [—“—4“—”—(1—1%902 J———L(l-p—q)zl
2:

qt+p q+p
_ [1119—2p+1+p2 —(g-2+p)gq ]

-(@—2+p)p ¢*-2¢+gp+1

which, in view of the formula in Exercise 5.4, proves that P, = P2.

We shall use induction to prove that P, = P™ for all n € N. We already
know that the assertion true for n» = 1 (and also for n = 2). Suppose that
P, = P™. Then some simple, but tedious algebra gives

Pn+1 ___PPn
_ [1—p g ]l§+;&(1—p—q)n s~ as(l-p-a”
n n
p 1-g¢ atp q+p(1_p_’q) q+p+q_-%5(1‘p_q)
—_ — +1 _ o +1
(g o]
n n
q+p_q+p(1—p—q) q+p+q+p(1_p_Q)

= Ppy1.
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Solution 5.7

Recall that P**+* = PP, Since p,,y+(j|i) are the entries of the matrix P, ; =
Pntk = pn Pk we obtain (5.18) directly from the definition of the product of
two matrices.

Solution 5.8

Since the 7n; are independent, £, and 7,4 are also independent. Therefore,

P (&ny1 = sléo =50, &n = 8n)
= P (& + g1 = s|éo = 50,1 €n = 8n)
= P(Tln+1=3“Sn|50:30,"',€n=3n)

= P(Mnt1 =5~ 84).
Similarly,

P(En—i—l = slgn = Sn) = P(En + M1 = Slén = sn)
= P(Nnt1 = 8 — 8n|én = 8n)

= P(nt1=5-35).

Solution 5.9

Step 1. For n = 1 the right-hand side of (5.19) is equal to 0 unless |j —i| < 1
and 1+ j — 7 is even. This is only possible when j =i+ 1orj =7 —1.In
the former case the right-hand side equals p, and in the latter it equals g. This
proves (5.19) for n = 1.

Step 2. Suppose that (5.19) is true for some n. We will use the following
version of the total probability formula. If H; € F, P(H; N H;) = 0 for i # j,
and P(J; H;) =1, then

P(AIC) =) P(A|C N H;)P(H;|C). (5.67)

Then the Markov property and (5.67) imply that

P(ént1 = j|§0 =1)

P(&nt1 =jléo = i,6n = j — D)P(&n = j — 1]& = 4)
+P(nv1 = jléo =i,6n =+ 1)P(&n = j + 1|&0 = i)
Plpt1=jl€n =7 - 1)P(ln =3 - 1|éo = 1)
+P(nt1 =l =7 + D)P(§n = j + L& =1)

n ntj—1—i n—j+l4i n ntjtl-i n—j—1+4i
= Plotj—1-¢ P 2 @ 2 9\ ntj+1-i |P q
2 2

I
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n n ntldj—i ntl—j+i
= [\ no14j—i ) T\ nt1tj—i | [P 2 @ 2
2 2

n+1 ndlij—i n4l—jti
ntlyj—i P2 ¢ .
2

Solution 5.10
Denote the right-hand side of (5.24) by h(z). It follows by induction that

0 () = B! 12 1
Y (z) = o (1 - 4z) , |a:|<4.

On the other hand, h is analyt.ic and

Solution 5.11

We shall translate the problem into the Markov chain language. Denote by S
the set of all natural numbers N = {0,1,2,---}. Let &, denote the number of
males in the nth year (or generation), where the present year is called year 0. If
& =i, i.e. there are exactly 7 males in year n, then the probability that there
will be j males in the next year is given by

P (fnt1 = jlén =) = P(Xy + -~ Xi =), (5.68)

where (Xx)32, is a sequence of independent identically distributed random
variables with common distribution

P(X;=m)=pn, meN.
Hence &,, n > 0 is a Markov chain on S with transition probabilities
p(jli) = P(X1 + -+ Xi = j). (5.69)

Notice that p(0|0) = 1, i.e. if £, = 0, then &, = 0 for all m > n. Dying out
means that eventually &, = 0, starting from some n € N. Once this happens,
&, will stay at O forever.

Solution 5.12

We shall only deal with part 2), as in part 1) there is nothing to show. Suppose
that & = i. Then § = X; + --- X;, where X; are independent identically
distributed Poisson random variables with parameter A. Since the sum of such
random variables has the Poisson distribution with parameter i), (5.27) follows
readily.
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Solution 5.13

Let &, denote the number of supporters at the end of day n. Then &,4+1 — &, is
equal to 1 or 0 and

Pq, ifj=1+41,
pll) =4 1-pg, ifj=1, (5.70)
0, otherwise.

Thus &, is a Markov chain on a state space S = N with transition probabilities
p(j|%) given by (5.70).

Solution 5.14

We shall use the notation introduced in the hint. Observe that &,41 — &, — Z,
equals —1 or 0. The latter case occurs with probability p, i.e. when the car
served at the beginning of the nth time interval was finished by the end of the
nth time interval. The former case occurs with probability 1 — p. Therefore

P ) ) /\j—i+1 -\ ] /\j—i a
(€nt1 = jlén = 1) =PGoir +( _p)(j—-—i)!e
for i > 1,5 > i — 1. On the other hand, if j > 0, then
. Mo
P(ént1 =3l =0) = 7{6 A
Thus, &, is a Markov chain with transition probabilities
qj, ifi=0,j€N,
p(l) =94 @iy, 21,5201, (5.71)
0, otherwise,
where g, = ),‘c—’;e‘)‘ and
! Dk, if k= 07
= . 5.72
O { (1-p)ae-1 +pgx, if k21 (5.72)

The transition probability matrix of our chain takes the form

QOQ(IJOO
@ g ¢ O

@ ¢ ¢ g O

% q
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Solution 5.15

If pi(jli) > 0, then P(&, = j for somen > 0| = 1) > px(jli) > 0. If pe(jli) = 0
for all £ > 1, then

P(& = j for some n > 0¢o = i) < ) P(én = jléo =) = Y _ pa(jli) = 0.
n=1

n=1
Solution 5.16

Since P(& = i|§ = i) = 1, it follows that i +» ¢, which proves 1). Assertion 2) is
obvious. To prove 3) we proceed as follows. From the solution to Exercise 5.15
we can find n,m > 1 such that p,(j|¢) > 0 and p,,(k|j) > 0. Hence, the
Chapman-Kolmogorov equations yield

Pm+n(kli) = me(kls)pn(sli) 2 pm(klj)pn(]'z) > 0.
seS

Solution 5.17

Since |pn(j7)| £ 1 and |fo(j]7)] < 1 for all n € N, the radii of convergence of
both power series are > 1. To prove the equalities (5.40)—(5.41) we shall show
that for n > 1 and any ¢,j € S,

pa(ili) = fe(i1i)Pm-k(413)- (5.73)

k=1

By total probability formula and the Markov property
pr(jli) = P(&n = jléo = 1)

Pln =5, =56 #5,1 <1< k- 1]§ =1)

P =5, #5,1<1<k—1}§ =1)

s I

-~
1
-

XP(n=jllk =5,6 #5,1<1<k—-1)

fr(Gl0)P(&n = j1&k = J)

I
NE

=
.'_I.

Fe(G19)pn-r(5]4)-

I
M=

=
1l
-

Solution 5.18

Since 0 < pn(jli) < 1 and 0 < fo(j]i) < 1, the result follows readily from
Abel’s lemma.
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Solution 5.19

Only the case of a recurrent state needs to be studied. Suppose that j is recur-
rent. Then Y o, fa(j|j) = 1. Hence, by Exercise 5.18, Fj;(z) M lasz /1.
Thus P;j;(z) = (1 — Fj;(z))™! = oo as z 7 1, and so, again by Exercise 5.18,
Yoo 1 Pn(jlj) = oo. Conversely, suppose that Y oo pn(jlj) = oo. Then, by
Exercise 5.18, P;j(z) =— o0 as z /' 1. Thus, Fjj(z) =1 — (Pjj(z))™! —» 1 as
z /1. Hence, Y oo, fa(jlj) = 1, which proves that j is recurrent.

To prove (5.43) we use (5.73) to get

(o] oo n—1
Y opa(1) = YN oGl Gil)

n=0 n=0 k=0
=) Fm(ili)pe(ili)

k=0 m=1

ZPI:(JL? Z m (419)
< S mlili).
k=0

This implies (5.43) when j is transient.

Solution 5.20

We shall show that the state 0 is recurrent. The other case can be treated in
a similar way. From Exercise 5.8 we have p,(0|0) = L + 2-(1-p—q)".
Thus p,(0]0) — 5 L - >0, and so > meo Pn(0]0) = 0o, which proves that Oisa

recurrent state.

Solution 5.21

Suppose each j € S is transient. Then by (5.43) Y, pa(jli) < oo for all
i € 5. Let us fix i € S. Then we would have 3. s 3" pa(jli) < oo,
since S is finite. However, this is 1mposs1ble because Yies Lome1 Pulili) =

En-‘l Zjespn(]lz) - E 1 =
Solution 5.22

Let us begin with a brief remark concerning the last part of the problem. Since
the random walk is ‘space homogenous’, i.e. p(j|¢) = p(j—%|0), it should be quite
obvious, at least intuitively, that either all states are positive-recurrent or all
states are null-recurrent. One can prove this rigorously without any particular
difficulty. First, observe (and prove by induction) that p,(j]i) = pan(j — 7]0).
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Second, observe that the same holds for f,, i.e. fo(j|i) = fn(j —]0). Hence, in
particular, m; = my.
To show that 0 is null-recurrent let us recall some useful tools:

oo
Py(z) = ) pa(0j0)z”, -1<z<1,

n=0

o0
Fyo(z) = Y fa(0]0)z", -1<z< 1.
n=1

Since, see Exercise 5.9,

pu00) = (%)

k ) 4
o) 2% 2\ k _
Poo(z) = Z(k) (%) = (1-2?) 2
k=0

Then, using (5.41), we infer that Foo(z) = 1 — (1 —22)!/2. Since Fjy(z) 7 oo as
z /1 and Fjy(z) = Y oo, nfn(0]0)z™ by using Abel’s lemma (compare with
Exercise 5.18), we infer that Y o nf,(0]0) = co. This shows that mo = oo
and thus 0 is null-recurrent.

Solution 5.23

We know that 0 is a recurrent state. From definition
fn(010) = p(0[1)p(1]1)"~*p(1]0) = pg(1 — ¢)" 2.

Since |1 — ¢| < 1, we infer that Y o”  nfa(0{0) = Yoo pg(l — ¢)""2 < ooc.
Hence mo < oo and 0 is positive-recurrent. The same proof works for state 1.

Solution 5.24

Consider a Markov chainon S = {1, 2, - -, 9} with transition probabilities given
by the graph in Figure 5.3. Then, obviously, p4(1|]1) = 1/2 and pe(1]1) = 1/2,

Figure 5.3. Transition probabil-
ities of the Markov chain in Exer-
cise 5.24

but px(1]1) =0 if k£ <6 and k ¢ {4,6}. Hence d(1) = 2, but py(1|1) = 0.
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Solution 5.25

We begin with finding P, = P? in an algebraic way, i.e. by multiplying the
matrix P by itself. We have

2|0 1/2 0 1/2 ] _
r=r=|1 ][0 e =]

Alternatively, P, can be found by observing that the only way one can get from
1 to 1 in two steps is to move from 1 to 2 (with probability 1) and then from 2
to 1 (with probability 1/2). Hence, the probability p2(1|1) of going from 1 to 1
in two steps equals 1/2. Analogously, we calculate p2(1|2) by observing that in
order to move from 1 to 2 in two steps one needs first to move from 1 to 2 (with
probability 1) and then stay at 2 (with probability 1/2). Hence, p2(1]2) = 1/2.
The remaining two elements of the matrix P, can be found by repeating the
above argument, or, simply by adding the rows so that they equal 1. In the
latter method we use the fact that P; is a stochastic matrix, see Exercise 5.3.
The graph representing P, is shown in Figure 5.4.

(SIS
o =

1/2

1/2 3/4

Figure 5.4. Two-step transition

1/4
/ probabilities in Exercise 5.25

Using any of the methods presented above, we obtain

|

Therefore, p;(1/1) = 0, p2(1|]1) = 1/2 and ps(1]1) = 1/4. Hence d(1) = 1
(although p; (1|]1) = 0). Since p;(2|2) = 1/2 > 0, it follows that d(2) = 1.

Solution 5.26

Suppose that & = i. Denote by 7 the minimum positive time when the chain
enters state k, i.e.

|

FNTRFNTN
ojeroojeo

7 = min{n > 1:§&, = k}.
Then, P{r; < 7} =: ¢ > 0ifi - jand ¢ # j. If § = 4, then it would
be impossible to return to ¢ with probability at least ¢ > 0. But this cannot
happen as i is a recurrent state. Indeed,
1 =P(ri<o0)=P(r; <oolrj <) P(15 <5)
+P(ri <oolrj 27)P(r; > 7).
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The second term on the right-hand side is < 1 — ¢ < 1, while the first factor in
the first term is equal to 0 (since ¢ + j). This is a contradiction. The second
part is obvious.

Solution 5.27

As observed in the hint, we only need to show that (5.45) holds when p(j|i) = 0
for i € C and j € S\ C. We begin with the following simple observation. If
(2, F, P) is a probability space and A, € F, n € N, then P(|J,, An) = 0 if and
only if P(A,) = 0 for each n € N. Hence (5.45) holds if and only if for each
k>n
P& e S\ClEneC)=0. (5.74)

In fact, the above holds if and only if it holds for ¥ = n + 1. Indeed, suppose
that for each n € N

P(éns1 € S\Clgn € C) = 0. (5.75)
Let us take n € N. We shall prove by induction on k& > n that (5.74) holds. This
is so for k = n and k = n + 1. Suppose that (5.74) holds for some k > n + 1.
We shall verify that it holds for k£ + 1. By the total probability formula (5.67)
and the Markov property (5.10)

P (&+1 € S\Clén € C)
=P (k+1 €S\ Clén € C,& € C) P(& € Clén € C)
+P(6r+1 € S\Clén € C,6 € S\C) P(& € S\ Cln € C)
= P(&+1 € S\ C|& € C) P(& € Clén € C)
+ P (&1 € S\ Cl& € S\C) P(§ € S\ Clén € O).
By the induction hypothesis P(&; € S\C|¢, € C) = 0 and by (5.75) (applied to
k rather than n) P (k41 € S\ C|& € C) = 0. Thus, P (&k41 € S\ C|&, € C) =
0, which proves (5.74).
The time-homogeneity of the chain implies that (5.75) is equivalent to (5.74)

for n = 0. Since P is a countably additive measure and S is a countable set,
the latter holds if and only if p(jli) =0 fori € C and j € S\ C.

Solution 5.28

Property 2) in Proposition 5.8 implies that yu is an invariant measure. Therefore
it remains to prove uniqueness. Suppose that v = Z‘J’f’__l g;0; is an invariant
measure. It is sufficient then to show that 7; = ¢; for all j € S.

Since 0 < pn(jli)gi < ¢ for all 4,5 € S and ) ,¢; = 1 < oo, Lebesgue’s
dominated convergence theorem yields

oo
g = an(ﬂi)(h‘ - Zﬂ'j‘h' = mj.
i=1 i
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It follows that u = v.

Solution 5.29

We shall argue as in the uniqueness part of Solution 5.28. If v = E;f__l g;0; is
an invariant measure, then by Lebesgue’s dominated convergence theorem

o0
g =Y pa(ili)a = Y _ migi =0.
i=1 i
Hence v = 0, which contradicts the assumption that v is a probability measure.

Solution 5.30

Obviously, P = [ (1) 0 ] . Therefore equation Pr = m becomes
T = T,
g = Ty.

The only solution of this system subject to the condition 7; + 7 = 1is m; =
o = 1/2

Solution 5.31
Put p =3, gmidiand v =3, o vid;. Then, for any j € Sandn € N

D a(li) (1= )i +63) = (1-6) > pulili)ps + 0 pa(ili)ws
i€S i€S i€S
= (1-8)p; +0v; =[(1-0)u+6v);.
Solution 5.32

Put g = )7, g pid;. Then, for any j € T

i =Y pa(ili)mi =0
i€S

by the Lebesgue dominated convergence theorem. Indeed, by Exercise 5.19
Pn(jli) = 0 for all i € S, and p,(j}é)us < pi, where 3 p; < 0.

Solution 5.33

Since j is transient in view of (5.43), from Exercise 5.19 we readily get (5.53).

Solution 5.34

By Theorem 5.5 p,,(j|i) = m% foralli,j € S. Put m; = ij, j € S. We need to
show that
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1) m =3, m;d; is an invariant measure of the chain &, n € N,
2) w is the unique invariant measure.

Part 1) will follow from Proposition 5.8 as soon as we can show that 7; > 0 for
at least one j € S. But if j € S, then j is positive-recurrent and thus m; < oo.
Part 2) follows from Exercise 5.28.

Solution 5.35

Let us fix i,j € Z. First suppose that j — i = 2a € 2Z. Then par41(j|i) = 0 for
all k € N, and also pax(j|i) = 0 if k < |a|. Moreover, if k > |a|, then

a2k k+a k—a _ Qa 2k k_k
pzk(JIz)-(k+a)p q —(q kta)? L

Since ( 2k ) < (2k'°), it follows that

k+a
p\* (2k
< (2 k k
par(jli) < <q> (k)pq -0

by Proposition 5.4. We have therefore proven that 7; is well defined and that
m; = 0 for all j € Z. Hence, we infer that no invariant measure exists.

Solution 5.36

Suppose that 7 = Z;io 7;0; is an invariant measure of our Markov chain.
Then ), p(j|i)m; = =; for all j € S = N. Using the exact form of the transition
probability matrix in the solution to Exercise 5.14, we see that the sequence
of non-negative numbers (7;)32, solves the following infinite system of linear
equations:

gomo + gom1 = mo
Q170 + 171 + goT2 = m
/ / ) (5.76)
G2To + @am1 + ¢ T2 + gpT3 = W2
i.e.
k+1
qrTo + Zq;cﬂ—ﬂj =7, k€N
i=1

Multiplying the kth equation in (5.76) by z*, k > 0, and summing all of them
up we obtain

moQ(z) + g? i?‘f‘j.’l}j =1II(z), |z| <1, (5.77)
j=1
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where for |z| < 1,

o0
= Zﬂ'jll!",
j=0
oo
=Y g,
j=0
oo
— !l
“E:%z-
j=0

Since Y772, w27 = II(z) — mo, we see that IT, @ and G satisfy the functional
equation
G(z) — zQ(z)
= g ol 1. .
(@) =m0 5 ="t ol < (5.78)

Since all the coefficients 7; in the power series defining II are non-negative,
Abel’s lemma implies that

oo

Z = llm II(x).

It is possible to use (5.78) to calculate this limit. However, there is still some
work be done. We have to use ’'Hospital’s rule. Since G(z) — z — 0, G(z) —
zQ(z) = 0,G'(z) — 1 = X — 1 and (G(z) — zQ(z))' = X — X =1 (all limits
are for z /1), we obtain (recall that X' = lim, ~ G'(z))

1) if X' # 1, then II(z) —» wo—*l;’\—,\—,*—,
2) if X =1, then II(z) — oc.
In case 1) 51% > 1, since mp < 1. It follows that 1—_’\7 >0, and so X' < 1.
Moreover, in this case

1-X
I-XN+ X
The above argument shows that if there exists an invariant measure, then it is
unique.

Now suppose that an invariant measure exists (and then it is unique). Since

our chain is irreducible and aperiodic (check this!), it follows from Theorem 5.6
that the Markov chain &, is ergodic. Therefore, by Theorem 5.5, for any j € N

g =

pn(jlj) = 7, asn — oo.
Since Fj;(1) = 1, it also follows that

pn(jli) = mj, asn — .
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Solution 5.37

We begin with the case ng = 1. Then M,(j) — m,(j) < (1 — &)™ from (5.62).
It follows that

mn(]) <7< Mn(])a
mn(j) < pn(ili) < Mn(j),
and we infer that |p,(j|i) — 7;| < (1 — €)™, n € N. Suppose that ng > 2. Then

foranyr=1,---,ng—1

|Pkng+r(i1) = m3] = 1> Pino (G19)Pr (s16) = > m5pr(sli)

SES SES

<Y Ikno (ils) = mspe(sli)
sES

< max |prng (jl8) — 151 Y pr(sli) < (1 — €)™
s€S ses

Solution 5.38

The transition probability matrix P takes the form [ 1;1) l—q—q ] Since

all four numbers p,q,1 — p,1 — g are strictly positive, the assumption (5.54)
is satisfied, and so the limits #; = lim, p,(j]i) exist and are i-independent.
Hence, the unique invariant measure of the corresponding Markov chain is
equal to modo + m10;. (Recall that S = {0,1} in this example.) We need to find
the values ;. One way of finding them is to use the definition. As in Hint 5.28,
the vector ™ = (o, m;) solves the following linear equation in matrix form:
s m =R 679
p l-qgj|lm m
mo+m = 1. (5.80)

Some elementary algebra allows us to find the unique solution to the above

problem:
q p
e = ——, W = —. 5.81
pP+yq p+q ( )
Hence, Fi—q-éo + 55_116’ is the unique invariant measure of the Markov chain.

Solution 5.39
From (5.66) we infer that

q p n q
pn(0l0) = —+ —(1—-p- - —,
n(0]0) P q+p( pP—q) P
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P p n p
pa(lf0) = — - —(1A-p-¢)" = —,
n(1(0) pa qup( ) .

q q n q
pa(O]1) = —— — L (1-p—g" » ——
W0 = - —p—gr s L

p q n p
pa(l) = 22—+ L q-p-gn - 2.
n(1]1) pa q+p( ) e

Hence mp = q—_'q_; and 7 = E%p' This is in agreement with the previous solution.

Solution 5.40

Suppose that &, = ¢. Then the value of &+, depends entirely on the outcome of
the next roll of a die, say X, 41, and the value of £,,. Since it depends on the past
only through the value of &,, intuitively we can see that we are dealing with a
Markov chain. To define &, in a precise way consider a sequence of independent
identically distributed random variables X,, n = 1,2,3,--- such that P(X; =
i)=1/6foralli =1,2,---,6. Then, putting {541 = max{&,, Xn+1}, we can see
immediately that P({nq1 = tnt1/é0 = t0,,&n = in) = P(€nt1 = tnt1lén =
in) and

P(§n+1 = ]l{n =1) P(£n+1 = ]'fn = i7Xn+1 < Z)P(Xn+1 S 7‘)

+P(§n+1 = ]lén = i»XrH-l > i)P(XrH-l > Z)

N L G T TN G U
=5 1 ifj=14, +— 8_’ 'f'<‘,
0 ifj<i BRIzt
Loifj>i,
=< & ifj=i,
0 ifj<i
Thus,
Looifji>i,
p(l) =< § ifj=4,
0 ifj<i.
It follows that _ i}
$+ 00000
L-1-3 9 0 0
pP=1| 6 6 &8
§ 55800
1 1 1 1 5 g
6 6 6 6 6
11 1 1 1 4
L 6 6 6 6 6 ..

Solution 5.41

The graph of the chain is given in Figure 5.5. The transition matrix is



5. Markov Chains 135

Figure 5.5. Transition probabil-
ities of the Markov chain in Exer-

cise 5.41
1000
12 ¢g ¢
P=‘11‘113
111
i 1 11

Either from the graph or from the matrix we can see that i — j if and only if
i < j. The state ¢ = 1 is transient. Indeed, p(1|1) = 1/4 and p,(1|1) = (1/4)"
by induction. Therefore, ", pn(1|1) < co and 1 is transient by Exercise 5.19.
The same argument shows that the states 2 and 3 are also transient. On the
other hand, p(4|4) = 1, and so 4 is a positive-recurrent state. (As we know,
that there should be at least one positive-recurrent state.)

We shall find invariant measures by solving the system of four linear equa-
tions Pmr = m for m = (m,mq,73,74), subject to the condition m; + my +
w3 + m4 = 1. Some elementary linear algebra shows that the only solution is
my = mp = w3 = 0, m4 = 1. Thus, the unique invariant measure is 7 = d4.

The invariant measure can also be found by invoking Theorem 5.4. In our
case C = {4}, and so there is exactly one class of recurrent sets. Moreover, as
we have seen before, 4 is positive-recurrent. Therefore, there exists a unique
invariant measure. Since its support is contained in C, we infer that 7= = 4.

Solution 5.42

The graph representing the Markov chain for a = 4 is presented in Figure 5.6.
Obviously, i« = j for i € S\ {0,a} =: S and j € S. Moreover, 0 — j if and
only if j = 0 and @ — j if and only if j = a. Since p(0|0) = p(ala) = 1,
both states 0 and a are positive-recurrent. All other states are transient. For

o
if i € S were recurrent, ¢ would be intercommunicating with 0 because i — 0,
by Exercise 5.26. This is impossible. Therefore, by Remark 5.5 there exist an
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Figure 5.6. Transition probabil-
ities of the Markov chain in Exer-
cise 5.42

infinite number of invariant measures: p = (1 — 6)d + 64,, where 8 € [0, 1].
Indeed, 4, is the only probability measure with support in the singleton {a}.
It is possible to verify this with bare hands. Next, let ¢(i) denote the probabil-
ity that the investigated Markov chain ¢, hits the right-hand barrier prior to
hitting the left-hand one. Once &, hits the left barrier it will never leave it, so
@(7) is actually the probability that &, hits a. Put

A={3neN:¢&, =a}.

Then, by the total probability formula and the Markov property of £,, we have
for1<i<a-1

¢(i) = P(AlSo =1i) =Y P(Alé = i,& = j)P(&1 = jléo = i)
7=0

> P(Al& = §)P(& = jléo =)

j=0

= D 8P = jléo =1) =pd(i+1) +q¢(i — 1).

j=0

Il
e |l

Obviously,
$(0) = 0,
= 1.

Therefore, the sequence (4(i));_, satisfies

¢(i) = pp(i+1)+g¢(i — 1), 1<i<a-1, (5.82)
6(0) = 0, ¢(a) = 1.

Since p + ¢ = 1, equations (5.82) can be rewritten as follows:

plo(i +1) — ¢(i)) = q[o(i) —d(i—1)], 1<i<a-—1.



5. Markov Chains 137

Hence,

i+ 1 - 000 = (2) =
where z = ¢(1) — ¢(0) is to be determined. Using the boundary condition
#(a) = 1, we can easily find that

a—1

1=¢(a) = ) ($(i +1) - (i)
i=0
(&) -1

T

Here we assume that p # g. The case p = ¢ = 1/2 can be treated in a similar
way. In fact the latter is easier. It follows that

41
P

and therefore
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Stochastic Processes in Continuous Time

6.1 General Notions

The following definitions are straightforward extensions of those introduced
earlier for sequences of random variables, the underlying idea being that of a
family of random variables depending on time.

Definition 6.1

A stochastic process is a family of random variables £(t) parametrized by ¢t € T,
where T C R. When T = {1,2,...}, we shall say that £(t) is a stochastic process
in discrete time (i.e. a sequence of random variables). When T is an interval
in R (typically T = [0,00)), we shall say that £(t) is a stochastic process in
continuous time.

For every w € {2 the function

T3tr E(t,w)
is called a path (or sample path) of £(t).

Definition 6.2

A family F; of o-fields on {2 parametrized by t € T, where T C R, is called a
filtration if

for any s,t € T such that s < ¢.
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Definition 6.3

A stochastic process &(t) parametrized by t € T is called a martingale (sub-
martingale, supermartingale) with respect to a filtration F; if

1) £(t) is integrable for each t € T}

2) &(t) is Fi-measurable for each t € T (in which case we say that £(t) is
adapted to F);

3) &(s) = E (&(t)|Fs) (respectively, < or >) for every s,t € T such that s < ¢.

In earlier chapters we have seen various stochastic processes, in particular,
martingales in discrete time such as the symmetric random walk, for example.
In what follows we shall study in some detail two processes in continuous time,
namely, the Poisson process and Brownian motion.

6.2 Poisson Process

6.2.1 Exponential Distribution and Lack of Memory

Definition 6.4

We say that a random variable 7 has the exponential distribution of rate A > 0
if

P{n>t}=e™
for all t > 0.

For example, the emissions of particles by a sample of radioactive material
(or calls made at a telephone exchange) occur at random times. The probability
that no particle is emitted (no call is made) up to time ¢ is known to decay
exponentially as ¢ increases. That is to say, the time 7 of the first emission has
the exponential distribution, P {n > t} = e~**.

Exercise 6.1

What is the distribution function of a random variable  with exponential
distribution? Does it have a density? If so, find the density.

Hint What is the probability that n > 0? What is the probability that > t for any
given t < 0?7 Can you express the distribution function in terms of P {n > t}? Is the
distribution function differentiable?
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Exercise 6.2

Compute the expectation and variance of a random variable having the expo-
nential distribution.

Hint Use the density found in Exercise 6.1.

Exercise 6.3

Show that a random variable n with exponential distribution satisfies
P{n>t+s}=P{n>t}P{n>s} (6.1)

for any s,t > 0.

Hint When the probabilities are replaced by exponents, the equality should become
obvious.

Exercise 6.4

Show that the equality in Exercise 6.3 is equivalent to
P{n>t+sp>s}=P{n>t} (6.2)

for any s,t > 0.

Hint Recall how to compute conditional probability. Observe that > s + t implies
n>s.

The equality (6.2) (or, equivalently, (6.1)) is known as the lack of memory
property. The odds that no particle will be emitted (no call will be made) in
the next time interval of length ¢ are not affected by the length of time s it has
already taken to wait, given that no emission (no call) has occurred yet.

Exercise 6.5

Show that the exponential distribution is the only probability distribution sat-
isfying the lack of memory property.

Hint The lack of memory property means that g(t) = P { > t} satisfies the func-
tional equation

g(t+s) = g(t)g(s)
for any s,t > 0. Find all non-negative non-increasing solutions of this functional
equation.
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6.2.2 Construction of the Poisson Process

Let n1,72, ... be a sequence of independent random variables, each having the
same exponential distribution of rate A. For example, the times between the
emissions of radioactive particles (or between calls made at a telephone ex-
change) have this property. We put

a=m+-- 40,

which can be thought of as the time of the nth emission (the nth call). We also
put & = 0 for convenience. The number of emissions (calls) up to time ¢ > 0 is
an n such that 41 >t > &,. In other words, the number of emissions (calls)
up to time ¢ > 0 is equal to max{n:t > &, }.

Definition 6.5

We say that N(t), where t > 0, is a Poisson process if

N(t) =max{n:t>&}.

Thus, N(t) can be regarded as the number of particles emitted (calls made)
up to time ¢. It is an example of a stochastic process in continuous time. A
typical path of N(t) is shown in Figure 6.1. It begins at the origin, N(0) = 0
(no particles emitted at time 0), and is right-continuous, non-decreasing and
piecewise constant with jumps of size 1 at the times &,.

3 ‘t N(¢) I

; —

1 e

Oe ic | E ‘ »
L &4 & & & & & t

Figure 6.1. A typical path of N(t) and the jump times £,
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What is the distribution of N(t)? To answer this question we need to recall
the definition of the Poisson distribution.

Definition 6.6

A random variable v has the Poisson distribution with parameter a > 0 if

_aa"
P{I/Zn}Ze a",—J

for any n =0,1,2,....

The probabilities P {v = n} for various values of & are shown in Figure 6.2.

A A A
0.6 0.6 1 0.6
0.4 0.4 0.4 1
0.2 1 0.2 1 0.2

0123 » 012345 m 0123456789 n
a=1/3 a=1 a=3

Figure 6.2. Poisson distribution with parameter a

Proposition 6.1
N(t) has the Poisson distribution with parameter A¢,

P{N(t)=n}= e")‘t%!)—n.

Proof

First of all, observe that

{N(t) <n}={ >t}
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It suffices to compute the probability of this event for any n because
P{N(t)=n} = P{N(t) <n+1} - P{N(t) < n}

P{&nt1 >t} — P{& > t}. (6.3)

We shall prove by induction on n that

i

il

P{gn >ty =e™ Z (M : (6.4)
Forn=1
P& >ty =P{m >t} =

Next, suppose that (6.4) holds for some n. Then, expressing &,+1 as the sum
of the independent random variables £, and 7,1, we compute

P &1 >t} = P&+ o1 > t}
P{nn+1 > t}+P{€n >t —Nnt1,t 2 Nay1 > 0}

t
e_>‘t+/ P{& > t—s}f,,,,+1(s)d3

e—/\t / A(t—s) Z ()‘ (t - s —Asds

k=0

k+1
== —'\t —}‘tzl\ / (t—S) ds

k=0
n k
_ e ()
=Y S
k=0

where f,, . ,(s) is the density of 7,+1. By induction, (6.4) holds for any n. Now
apply (6.3) to complete the proof. O

Il

Exercise 6.6

What is the expectation of N(t)?

Hint What are the possible values of N(t)? What are the corresponding probabilities?
Can you compute the expectation from these? To simplify the result use the Taylor
expansion of e®.

Exercise 6.7
Compute P{N(s) =1,N(t) =2} forany 0 < s < t.

Hint Expfess {N@B)=1,Nt)=2} as {m <s<m+m<t<m+n+n} You
can compute the probability of the latter, since 1, 72,73 are exponentially distributed
and independent.
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6.2.3 Poisson Process Starts from Scratch at Time ¢

Imagine that you are to take part in an experiment to count the emissions of
a radioactive particle. Unfortunately, in the excitement of proving the lack of
memory property you forget about the engagement and arrive late to find that
the experiment has already been running for time ¢ and you have missed the
first N (t) emissions. Determined to make the best of it, you start counting right
away, so at time ¢ + s you will have registered N (¢ + s) — N(t) emissions. It will
now be necessary to discuss N(t + s) — N(t) instead of N(s) in your report.

What are the properties of N(t+s)—N(¢)? Perhaps you can guess something
from the physical picture? After all, a sample of radioactive material will keep
emitting particles no matter whether anyone cares to count them or not. So
the moment when someone starts counting does not seem important. You can
expect N(t + s) — N(t) to behave in a similar way as N(s). And because
radioactive emissions have no memory of the past, N(t + s) — N(t) should be
independent of N(t).

To study this conjecture recall the construction of a Poisson process N (t)
based on a sequence of independent random variables 7,7, . .. , all having the
same exponential distribution. We shall try to represent N(t + s) — N(t) in a
similar way.

Let us put

775 = fN(t)%—l —t, 17:1, EONE4n, M= 2,3a ver

see Figure 6.3. These are the times between the jumps of N(t+s)— N(t). Then
we define

& = ni+-- 5,
Nt(s) = max{n: ¢ < s}.
A N, +1 vtz TInqs
e G 1 CERRER -~ i~ -
I i ! | !
I | ] | t
! ! ool ny o m |
i i - - P~ »r-
! | ! L |
] I ] I | I
[} I ] ] 1 |
i | I ] [} |
Il 1 1 } I n )
£Nt—1 §N, t EN,+1 €N,+2 £N,+3

Figure 6.3. The random variables 7%, 75,75, ...
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Exercise 6.8

Show that
N(s) = N(t +s) — N(¢t).

Hint First show that &, = En(yy4n — ¢

If we can show that n%,nt, ... are independent random variables having the
same exponential distribution as 91,72, ... , it will mean that N(t + s) — N(t)
is a Poisson process with the same probability distribution as N(s). Moreover,
if the !, turn out to be independent of N(t), it will imply that N(t+s) — N(t)
is also independent of N(t).

Before setting about this task beware of one common mistake. It is some-
times claimed that the times ni,né,nt, ... between the jumps of N(t+s)— N(t)
are equal t0 En41 — £ Mnt2,Mnt3, - - . for some n. Hence nt,nh, n, ... are inde-
pendent because the random variables &,11,%n+2, n+3, - - - are. The flaw in this
is that, in fact, nt,ni,nt,. .. are equal to &n41 —t, Mnt2, Mn+s, . - - Only on the set
{N(t) = n}. However, the argument can be saved by conditioning with respect
to N(t). Our task becomes an exercise in computing conditional probabilities.

Exercise 6.9
Show that
P{nj > s|N(t)} = P{m > s}.
Hint It suffices (why?) to verify that
P{nt > s,N(t) = n} = P{m > s} P{N(t) = n}
for any n. To this end, write the sets {N(¢) = n} and {n{ > 5, N(t) = n} in terms of

&» and 7n41, which are independent random variables, and use the lack of memory
property for nn41.

Exercise 6.10
Show that

P{ni > s1,..,mk > sk|N(#)} = P{m > s1} - P{ni > s}
Hint Verify that

P{ni > s1,m5 > sa2,..., 7k > sk, N(t) = n} = P{m > s1} -+ P{m > s }P {N(t) = n}

for any n. This is done in Exercise 6.9 for k = 1.
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Exercise 6.11

From the formula in Exercise 6.10 deduce that the random variables 7}, and
N(t) are independent, and the 7}, have the same probability distribution as 7,,
i.e. exponential with parameter \.

Hint What do you get if you take the expectation on both sides of the equality in
Exercise 6.10?7 Can you deduce the probability distribution of 5%? Can you see that
the 7% are independent?

To prove that the 5}, are independent of N(t) you need to be a little more careful
and integrate over {N(t) = n} instead of taking the expectation.

Because N(t + s) — N(t) can be defined in terms of %, 7%, ... in the same
way the original Poisson process N(t) is defined in terms of 7,%2,... , the
result in Exercise 6.11 proves the theorem below.

Theorem 6.1
For any fixed t > 0
Ni(s)=N(t+s)—N(E), s>0
is a Poisson process independent of N (t) with the same probability law as N(s).
That is to say, for any s,t > 0 the increment N(¢+s) — N(t) is independent

of N(t) and has the same probability distribution as N(s). The assertion can be
generalized to several increments, resulting in the following important theorem.

Theorem 6.2
For any 0 <t; <ty <:--<t, the increments

N(t1), N(t2) = N(t1), N(t3) — N(t2),..., N(tn) — N(ta-1)
are independent and have the same probability distribution as

N(t1). N(t2 —t1), N(t3 = ta), ..., N(tn — tn_1).

Proof
From Theorem 6.1 it follows immediately that each increment N(¢;) — N(t:—1)
has the same distribution as N(t; — t;—1) fori=1,...,n.

It remains to prove independence. This can be done by induction. The case
when n = 2 is covered by Theorem 6.1. Now suppose that independence holds
for n increments of a Poisson process for some n > 2. Take any sequence

0<t <t < Lty St
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By the induction hypothesis
N(tn+1) = N(tn),..., N(t2) — N(t1)
are independent, since they can be regarded as increments of
N%(s) = N(t; + s) = N(t),

which is a Poisson process by Theorem 6.1. By the same theorem these incre-
ments are independent of N(¢;). It follows that the n + 1 random variables

N(tny1) = N(tn),...,N(t2) — N(t1), N(¢1)

are independent, completing the proof. O

Definition 6.7
We say that a stochastic process £(t), where t € T, has independent increments
if

&(t1) — &(to), - -, &(tn) = &(tn—1)

are independent for any to < t; < --- < #,, such that to,t1,...,t, € T.

Definition 6.8

A stochastic process £(t), where t € T, is said to have stationary increments if
for any s,t € T the probability distribution of £(t + h) — &(s + h) is the same
for each h such that s+ h,t+heT.

Theorem 6.2 implies that the Poisson process has stationary independent
increments. The result in the next exercise is also a consequence of Theorem 6.2.

Exercise 6.12

Show that N(t) — At is a martingale with respect to the filtration F; generated
by the family of random variables {N(s) : s € [0,1]}.

Hint Observe that N(1) — N(s) is independent of Fs by Theorem 6.2.

6.2.4 Various Exercises on the Poisson Process

Exercise 6.13

Show that & < & < & < -+ as.
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Hint What is the probability of the event {£{x-1 < &n} = {nn > 0}? What is the
probability of the intersection of all such events?

Exercise 6.14

Show that lim, . & = 00 a.s.

Hint If lim, 00 £n < 00, then the sequence 71,72, ... of independent random vari-
ables, all having the same exponential distribution, must be bounded. What is the
probability that such a sequence is bounded? Begin with computing the probability
P{m <m,...,nn < m} for any fixed m > 0.

Although it is instructive to estimate P {limn— e £~ < 00} in this way, there is a
more elegant argument based on the strong law of large numbers. What does the law
of large numbers tell us about the limit of %}‘— as n — oo?

Exercise 6.15
Show that &, has absolutely continuous distribution with density

At)n-l

t) =\ —/\t(

fn( ) € (n _ 1)!

with parameters n and A. The density f,(¢) of the gamma distribution is shown
in Figure 6.4 forn =2,4and A= 1.

N2

Figure 6.4. Density f,(t) of the
gamma distribution with parame-
tersn=2A=landn=4A=1

Hint Use the formula for P {{, > t} in the proof of Proposition 6.1 to find the dis-
tribution function of £,. Is this function differentiable? What is the derivative?

Exercise 6.16

Prove that
lim N(t) =0 as.
t—o00
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Hint What is the limit of P{N(k) > n} as k = 0o? Can you express {lim;—,oc N(t)
= oo} in terms of the sets {N(k) > n}?

Exercise 6.17
Verify that

P{N(t) is odd} = e *sinh(\¢),
P{N(t) is even} = e~ cosh(\t).

Hint What is the probability that N(t) = 2n + 1?7 Compare this to the n-th term of
the Taylor expansion of sinh A¢t.

Exercise 6.18

Show that Nt
lim —() =X as.
t—oc ¢

if N(t) is a Poisson process with parameter .

Hint N(n) is the sum of independent identically distributed random variables N(1),
N(@2)-N(1),...,N(n) — N(n—1), so the strong law of large numbers can be applied
to obtain the limit of N(n)/n as n — oo. Because N(t) is non-decreasing, the limit
will not be affected if n is replaced by a continuous parameter ¢ > 0.

6.3 Brownian Motion

Imagine a cloud of smoke in completely still air. In time, the cloud will spread
over a large volume, the concentration of smoke varying in a smooth manner.
However, if a single smoke particle is observed, its path turns out to be ex-
tremely rough due to frequent collisions with other particles. This exemplifies
two aspects of the same phenomenon called diffusion: erratic particle trajec-
tories at the microscopic level, giving rise to a very smooth behaviour of the
density of the whole ensemble of particles. The Wiener process W (t) defined
below is a mathematical device designed as a model of the motion of individual
diffusing particles. In particular, its paths exhibit similar erratic behaviour to
the trajectories of real smoke particles. Meanwhile, the density fws) of the
random variable W (t) is very smooth, given by the exponential function

o
=l N

€ y

fwey(z) = s

5
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which is a solution of the diffusion equation

of 18f
dt 20z
and can be interpreted as the density at time ¢ of a cloud of smoke issuing form
single point source at time 0. The Wiener process W (t) is also associated with
the name of the British botanist Robert Brown, who around 1827 observed
the random movement of pollen particles in water. We shall study mainly the
one-dimensional Wiener process, which can be thought of as the projection of
the position of a smoke particle onto one of the axes of a coordinate system.
Apart from describing the motion of diffusing particles, the Wiener process
is widely applied in mathematical models involving various noisy systems, for
example, the behaviour of asset prices at the stock exchange. If the noise in the
system is due to a multitude of independent random changes, then the Central
Limit Theorem predicts that the net result will have the normal distribution, a
property shared by the increments W (t) — W(s) of the Wiener process. This is
one of the main reasons of the widespread use of W(t) in mathematical models.

6.3.1 Definition and Basic Properties

Definition 6.9

The Wiener process (or Brownian motion) is a stochastic process W(t) with
values in R defined for ¢ € [0, 00) such that

1) W(0)=0a.s.;
2) the sample paths t — W (t) are a.s. continuous;

3) for any finite sequence of times 0 < ¢ < --- < t, and Borel sets
Ay,..., A, CR

P{W(t) € Ay,...,W(ta) € Ay}
=/ / p(t1,0,21)p(t2 — t1,21,22) -+
A, An

"'p(tﬂ _tn-l;xn—l,wn) diE]_ diEn,

where

1 (-
p(t,z,y) = ‘/—'2—;6 ¢ (6.5)

defined for any z,y € R and ¢ > 0 is called the transition density.

A typical sample path of the Wiener process is shown in Figure 6.5.



152 Basic Stochastic Processes

AW

Figure 6.5. A typical path of
w(t)

Exercise 6.19

Show that
1 22

fW(t) (fl)) = ﬂﬁe—w

is the probability density of W (t) and find the expectation and variance of W (t).

Hint The density of W(t) can be obtained from condition 3) of Definition 6.9 written
for a single time ¢ and a single Borel set. You will need the formula

+oc0 22
/ e 2dzx=V2r

[s o]

to compute the integrals in the expressions for the expectation and variance.

Remark 6.1
The results of Exercise 6.19 mean that W (t) has the normal distribution with
mean 0 and variance .
Exercise 6.20
Show that
E(W(s)W(t)) = min{s,t}.

Hint The joint density of W(s) and W (¢t} will be needed. It can be found from
condition 3) of Definition 6.9 written for two times s and ¢ and two Borel sets.

Exercise 6.21

Show that
E (|W(t) - W(s)|2) =|t—s|.
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Hint Expand the square and use the formula in Exercise 6.20.

Exercise 6.22
Compute the characteristic function E (exp (iAW (t))) for any X € R.

Hint Use the density of W{(t) found in Exercise 6.19.

Exercise 6.23
Find E (W (t)4).

Hint This can be done, for example, by expressing the expectation in terms of the
density of W (t) and computing the resulting integral, or by computing the fourth
derivative of the characteristic function of W(t) at 0. The second method is more
efficient.

Definition 6.10

We call W(t) = (W'(t),...,W"(t)) an n-dimensional Wiener process if
W1(t),...,Wn(t) are independent R-valued Wiener processes.

Exercise 6.24

For a two-dimensional Wiener process W (t) = (W'(t), W2(t)) find the prob-
ability that |W(t)] < R, where R > 0 and |z| is the Euclidean norm of
z = (z',2?) in R, ie. |z)* = (a:l)2 + (mz)z.

Hint Express the probability in terms of the joint density of W!(t) and W2(¢). In-
dependence means that the joint density of W (t) and W?(t) is the product of their
respective densities, which are known from Exercise 6.19. It is convenient to use polar
coordinates to compute the resulting integral over a disc.

6.3.2 Increments of Brownian Motion

Proposition 6.2

For any 0 < s < t the increment W (¢) — W (s) has the normal distribution with
mean 0 and variance ¢t — s.
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Proof
By condition 3) of Definition 6.9 the joint density of W (s), W (t) is
fW(s),W(t) (.’l?, y) =p (3,0’ .'L‘)p(t - s,z,y) .

Hence, for any Borel set A

P{W(t)-W(s) € A} = p(s,0,z)p(t — s,2,y) drdy
{(z,y):y—zcA}

+00

= / p(S,O,(L‘) (/ p(t_s’mﬂy) dy) dz
—00 {y:y—z€4d}
+00

= / p(s,0,z) (/p(t—s,a:,z+u) du) dz
—00 A

= /_;wp(s,o,m) (/Ap(t——s,O,u) du) dz

+00
= /p(t—S,O,U) dU/ p(S,ny) dz
A

—0Q

= /p(t—s,O,u) du.
A

But f(u) = p(t —s,0,u) is the density of the normal distribution with mean
0 and variance t — s, which proves the claim. O

Corollary 6.1

Proposition 6.2 implies that W (t) has stationary increments.

Proposition 6.3
For any 0 =3 <t; < --- <t, the increments
W(t1) = W(to),...,W(tn) = W(ta-1)

are independent.

Proof

From Proposition 6.2 we know that the increments of W (t) have the normal
distribution. Because normally distributed random variables are independent
if and only if they are uncorrelated, it suffices to verify that

E[(W(u) - W) (W(s) - W(r))] =0
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for any 0 < r < s <t < u. But this follows immediately from Exercise 6.20:

E{(W(u) - W(t) (W(s) - W(r))]

E(W(uW(s)) - E(W()W(r)
—EW(@®W(s)) + E (W)W (r))
=8§—r—8+T

=0,

as required. O

Corollary 6.2

For any 0 < s < t the increment W (t) — W (s) is independent of the o-field

Fe=0{W(r):0<r<s}.

Proof

By Proposition 6.3 the random variables W (t)—W (s) and W (r)-W (0) = W (r)
are independent if 0 < r < s < t. Because the o-field F; is generated by such
W (r), it follows that W (t) — W{s) is independent of F,. O

Exercise 6.25

Show that W (t) is a martingale with respect to the filtration F;.

Hint Take advantage of the fact that W(t) — W(s) is independent of F, if s < t.

Exercise 6.26
Show that |W(t)|2 —t is a martingale with respect to the filtration F;.
Hint Once again, use the fact that W(t) — W(s) is independent of F, if s < £.

Let us state without proof the following useful characterization of the
Wiener process in terms of its increments.

Theorem 6.3

A stochastic process W (t),t > 0, is a Wiener process if and only if the following
conditions hold:

1) W(0) =0 as.;

2) the sample paths ¢ — W (t) are continuous a.s.;
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3) W(t) has stationary independent increments;
4) the increment W (t) — W(s) has the normal distribution with mean 0 and
variance t — s for any 0 < s < t.
Exercise 6.27
Show that for any T > 0
VR)=W(Et+T)-W(T)
is a Wiener process if W(t) is.

Hint Are the increments of V(¢) independent? What is their distribution? Does V (t)
have continuous paths? Is it true that V(0) = 07

The Wiener process can also be characterized by its martingale properties.
The following theorem is also given without proof.

Theorem 6.4 (Lévy's martingale characterization)

Let W(t),t > 0, be a stochastic process and let F; = o(Ws,s < t) be the
filtration generated by it. Then W (t) is a Wiener process if and only if the
following conditions hold:

1) W(0)=0as,;

2) the sample paths t — W(t) are continuous a.s.;

3) W(t) is a martingale with respect to the filtration F;
4) |W(t)|* -t is a martingale with respect to F.

Exercise 6.28
Let ¢ > 0. Show that V(t) = W (c?t) is a Wiener process if W (t) is.

Hint Is V(t) a martingale? With respect to which filtration? Is |V (¢)|* — ¢t a martin-
gale? Are the paths of V(¢) continuous? Is it true that V(0) = 0?

6.3.3 Sample Paths

Let
O=tg <t <--<th =T,
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where .

n T
= —
1 b

n

be a partition of the interval [0, into n equal parts. We denote by
AFW = W(ti,) - W(E)

the corresponding increments of the Wiener process W (t).

Exercise 6.29

Show that .
n—

: npr\2 — : 2

JLn;og(AiW) =T in L°.

Hint You need to show that
n—1 2
. n 2 _
nan;oE (I:E_O (ATW) T:| ) = 0.

Use the independence of increments to simplify the expectation. What are the expec-
tations of ATW, (A?W)? and (A?W)*?

The next theorem on the variation of the paths of W (t) is a consequence of
the result in Exercise 6.29. First, let us recall that the variation of a function
is defined as follows.

Definition 6.11

The wvariation of a function f : [0,T] — R is defined to be

n—1
lim sup Z |f(tivr) — ()],
At—0 i=0

where t = (to,t1,...,%,) is a partition of [0,T],1.e. 0=tg < t;1 <-+- < t, =T,
and where

At = . max lti+1 - ti| .
1=0,...,n~-1

Theorem 6.5

The variation of the paths of W (t) is infinite a.s.
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Proof
Consider the sequence of partitions t"* = (t7,t7,...,t") of [0,T] into n equal
parts. Then

= n—1

; [APW)? < (i:OI.I.l.:i}rclq |A?W|) ; |ArW] .

Since the paths of W (t) are a.s. continuous on [0, T,

lim ( max lA?Wl) =0 as.
n—o00 \i= n—1

0,..,
By Exercise 6.29 there is a subsequence t™* = (tg*,t1'*,...,t7*) of partitions
such that
np—1
lim AMWE =T as.
i 3= lapw

This is because every sequence of random variables convergent in L? has a
subsequence convergent a.s. It follows that

ng—1
lim Z |A*W| =00 a.s.,
k—oo 4
=0
while

T
lim At™ = lim — =0,
k—o00 k—o0 N

which proves the theorem. O

Theorem 6.5 has important consequences for the theory of stochastic inte-
grals presented in the next chapter. This is because an integral of the form

T
/0 £(6) dw (1)

cannot be defined pathwise (that is, separately for each w € £2) as the Riemann—
Stieltjes integral if the paths have infinite variation. It turns out that an intrinsi-
cally stochastic approach will be needed to tackle such integrals, see Chapter 7.

Exercise 6.30
Show that W (t) is a.s. non-differentiable at ¢ = 0.
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Hint By Exercise 6.28 V,(t) = %W(c2t) is a Wiener process for any ¢ > 0. Deduce
that the probability

P{OL > cM for some t € [0, 5]}

is the same for each ¢ > 0. What is the probability that the limit of Mt@l exists as
t 0, then?

Exercise 6.31

Show that for any ¢ > 0 the Wiener process W (t) is a.s. non-differentiable at ¢.

Hint Vi(s) = W(s+1t) — W(t) is a Wiener process for any ¢ > 0.

A weak point in the assertion in Exercise 6.31 is that for each ¢ the event of
measure 1 in which W (t) is non-differentiable at ¢ may turn out to be different
for each ¢ > 0. The theorem below, which is presented without proof, shows
that in fact the same event of measure 1 can be chosen for each ¢ > 0. This is
not a trivial conclusion because the set of ¢ > 0 is uncountable.

Theorem 6.6
With probability 1 the Wiener process W (t) is non-differentiable at any ¢ > 0.

6.3.4 Doob’s Maximal L? Inequality for Brownian Motion

The inequality proved in this section is necessary to study the properties of
stochastic integrals in the next chapter. It can be viewed as an extension of
Doob’s maximal L? inequality in Theorem 4.1 to the case of continuous time.
In fact, in the result below the Wiener process can be replaced by any square
integrable martingale £(t), t > 0 with a.s. continuous paths.

Theorem 6.7 (Doob’s maximal L? inequality)

For any t > 0
E <mgzc |W(s)|2) < AE|W (1)) (6.6)

Proof

For t > 0 and n € N we define
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Then, by Jensen’s inequality, M,k = 0,---,2%, is a non-negative square in-
tegrable submartingale with respect to the filtration F} = F, kt, SO by Theo-
rem 4.1

(s 2P < 4EIME P = 4B WV (O
Since W (t) has a.s. continuous paths,

lim max |M7|* = max|W(s)|* as.
n—00 k<2n s<t

Moreover, since M = M+, the sequence SUPj<an |M 2, n € N, is increasing.
Hence by the Lebesgue monotone convergence theorem max,<; |W(s)|? is an
integrable function and

ST n|2 2
E (rgggcm (®) ) m B (,rggyMkl ) <4EW )P,

=1l
n—o0o

completing the proof. O

6.3.5 Various Exercises on Brownian Motion

Exercise 6.32

Verify that the transition density p(t,z,y) satisfies the diffusion equation

o _10%
ot~ 20y?’

Hint Simply differentiate the expression (6.5) for the transition density.

Exercise 6.33
Show that Z(t) = —W(t) is a Wiener process if W (t) is.

Hint Are the increments of Z(t) independent? How are they distributed? Are the
paths of Z(t) continuous? Is it true that Z(0) = 0?

Exercise 6.34
Show that for any 0 < s < ¢t

P{W(t) € A[W(s)} = /A p(t - 5, W(s),y) dy.
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Hint Write the conditional probability as the conditional expectation of 14(W(t))
given W(s). Compute the conditional expectation by transforming the integral of
14(W(t)) over any event in the o-field generated by W (s). This can be done using
the joint density of W(s) and W (t). Refer to the chapter on conditional expectation
if necessary.

Exercise 6.35

Show that e (Me~% is a martingale. (It is called the ezponential martingale.)

Hint What is the expectation of e =W () for s < t? By independence it is equal

to the conditional expectation of " (=W () given F,. This will give the martingale
condition.

Exercise 6.36
Compute E (W(s)|W(t)) for 0 < s < t.

Hint You want to find a Borel function F such that E (W (s)|W(t)) = F (W(t)), i.e.

/ W (s)dP = / F(W(t)) dP.
{W(t)eA} {w(t)eA}

Either side of this equality can be transformed using the joint density of W(t) and
W(s).

6.4 Solutions

Solution 6.1

Suppose that 7 is a random variable with exponential distribution of rate A.
The distribution function of 7 is

0 ift<O0

= < =1- = ’

Ft)=P{n<t}=1-P{n>t} { 1 — et 1> 0.
Therefore n has density

d 0 <0,
ﬂ”“EFw‘{AfM if¢> 0.

The distribution function F(t) and density f(t) are shown in Figure 6.6.

Solution 6.2

Using the density f(t) = Ae~*® found in Exercise 6.1 and integrating by parts,
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A FO) A f®

[
—> >

-2 0 2 t -2 0 2 t

Figure 6.6. The distribution function F(t) and density f(¢) of a random variable
with exponential distribution of rate A = 2

we obtain
o0 o0 00
Em) = / tf(t)dt = / the M dt = — / tdie—” dt
00 0o 1 o0 1
= —t¢ —At —~At — 0 — 1o _1
= —te Io +/0 e Mdt=0 /\e ‘0 3

In a similar way we compute
E(n*) / ﬁﬂﬂm:/ ﬁwwm=—/'ﬁifﬁm
—00 0 0 dt

_ 2 -t a2 7 _2
= —t% %+2£ te m_0+AL t)dt = =.

It follows that the variance is equal to
var(n) = E () —(Em)’ = 5 - 5 = -

Solution 6.3

By the definition of a random variable with exponential distribution
P{n>s+t}=e o) =g 26X = Pl 5 5} P> t}.

Solution 6.4

By the definition of conditional probability

P{n>t+s,n>s}
P{n>s}

_ P{n>t+s}

T P{n>s}’

since {n > t+s,n> s} = {n>t+s} (because n > s+ t implies that n > s).
Now it is clear that (6.1) is equivalent to (6.2).

P{n>t+sin>s} =
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Solution 6.5

The exponential distribution is the only probability distribution satisfying the
lack of memory property because the only non-negative non-increasing solutions
of the functional equation

gt +s) = g(t)g(s)

are of the form g(t) = a* for some 0 < a < 1.
To verify this observe that [g(m/n)]* = g(m) = [g(1)]™ for any integers m
and n # 0. Let a := g(1). It follows that

g(g) =a? for any g € Q
Since g is non-increasing, 0 < a <1 and

a,tztlnf g(g) > g(t) > sup g(q) = a’,
t<geQ

so indeed

t

g{ty=a" foranyteR

Asaresult, P{n > t} = a for some 0 < a < 1. But the distribution function
of a random variable cannot be constant, so 0 # a # 1. Hence a = e~ for some
A > 0, completing the argument.

Solution 6.6

Since N (t) has the Poisson distribution with parameter At we have E (N(t)) =
At. Indeed

E (N(t)) = z nP {N(t) = n} = Zne—)\t n)
n=0
VN OV VIV
= Ae ’\tz n_l = Me ,\te,\t—At.

Solution 6.7

Using the fact that #;,72,... are independent and exponentially distributed,
we obtain

P{N(s) =1,N(t) = 2}

P{&<s<& <t}
P{m<s<m+m<t<n+mn+n}

8
/ P{s<u+m <t<u+mn+n}le  du
0

s t—u
= / (/ P{t<u+v+mns} )\e"“’dv) e~ Mdu
0 s

—Uu
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Solution 6.8

Since

it follows that

Solution 6.9

s t—u
= / (/ e”w‘“’“)/\e"\”dv) e Mdy
0 s—u

= MeMs(t—s).

&=+,
= En(y+1 —tHON@E 42+ FON(E)+n
= éN(t)+n — L,

Ni(s) = max{n: ¢ < s}
= max{n : {n(y+n <+ 8}
= max{n: & <t+s} - N()

= N(t+s) - N(t).

It is easily verified that

{N(t) =n} = {nn-H > t_En’t _>_ én}

{ﬂf >SwN(t)=n} = {nn-l-i >3+t"‘~fnat2£n}

Since &,,7n41 are independent and 7,4, satisfies the lack of memory property
from Exercise 6.3,

P{n} >s N(t)=n}

P{nn+1 >s+t_§mt26n}

t
=/ P {fjusr > 5+t — u} Py, (du)

—00

t
= P{fn41 > S}/ P{nny1 >t — u} P, (du)
-0

= P{fn41 > 8} P{Npt1 >t — &, t > £n}
= P{nnt1 > s} P{N(t) = n}
P{m > s} P{N(t) =n}.

The last equality holds because 7,41 has the same distribution as 7,. Now
divide both sides by P{N(t) = n} to get

P{n{ > s|N(t) = n} = P{m > s}
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for any n =0,1,2,.... As a result,
P{ni > s|N(8)} = P{m > s}

because N (t) is a discrete random variable with values 0,1,2,... .

Solution 6.10
As in Solution 6.9,
{N(@t) =n} = {Ba1 >t =&t 2 &},
{nt > 51, N@t) =n} = {fa41 > 81 +1 = n,t > &}
and, more generally,
{nt > s1,mb > s9,...,nL > s, N(t) =n}
= {1 > 81+t =&t 2 6} N {Nng2 > 523NN {Dasre > 51}

Since &n,Mn+1,...:Mn+k are independent and 7p42,...,Mn+x have the same
distribution as 79, ..., 7, using Exercise 6.9 we find that

P{nt > s1,m% > s9,...,mk > s, N(t) = n}
= P{fnt1 > 81+t = €ny&n < t}P{nny2 > S2} -+ P{npnyi > sk}
= P{ni > s1,N(t) = n}P{nz > sp}--- P{m > s}
= P{n} > s1IN(t) = n}P{n; > s} --- P{mi > s, }P{N(t) = n}
= P{m > s1}P{n2 > s2}--- P{m > 53 }P{N(t) = n}.

As in Solution 6.9, this implies the desired equality.

Solution 6.11
Take the expectation on both sides of the equality in Exercise 6.10 to find that
P{nf > 31,...,172 > sp}=P{m > s} P{m > sk}
If all the numbers s, except perhaps one are zero, it follows that
P{n}, > sn} = P{n, > sx}, n=1,...,k,

so the random variables !, have the same distribution as 7,. Inserting this
back into the first equality, we obtain

P{ni > s1,...,m5 > sk} = P{nt > s1}--- P{nt > sp},
so the 7!, are independent.

To prove that the !, are independent of N(t) integrate the formula in
Exercise 6.10 over {N(t) = n} and multiply by P{N(t) = n} to get

P{ni > s1,...,m > s, N(t) =n} = P{m > s1}--- P{m > s }P{N(t) =n}.
But P{n!, > sp} = P{nn > sn}, hence N(t) and the 7}, are independent.
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Solution 6.12

We need to verify conditions 1), 2), 3) of Definition 6.3. Clearly, N(¢t) — At is
JFi-measurable. By Exercise 6.6

E(IN@®)]) = E(N(t)) = At < oo,

which means that N(¢) is integrable, and so is N(t) — At.
Theorem 6.2 implies that N (t)—N(s) is independent of F, forany 0 < s < t,
s0

E(N(t) = N(s)|Fs) = E(N(t) = N(s)) = E(N(¢)) = E(N(s)) = Xt — Xs.
It follows that
E (N(t) — Xt|Fs) = E (N(s) = As|Fs) = N(s) = Xs,
completing the proof.

Solution 6.13
Since 1, = &n — &n—1 and P{n, >0} =€ =1,

o0
P{fo<&i <& <} =P(ﬂ{nn>0}> =1
n=1
Here we have used the property that if P(A,) = 1foralln =1,2,..., then
P(ﬂﬁll Ap) = 1.
Solution 6.14
Since -
nlgl;o &n = Z Mn,
n=1
it follows that

{ lim &, < oo} C {m,nz,... is a bounded sequence}
n—o0

= |J Ni{m<m}.

m=1n=1

Let us compute the probability of this event. Because ﬂfﬂ{nn <m}, N =
1,2,... is a contracting sequence of events,

P (ﬁ{nn Sm}> = ,vlgan(
n=1

N

{m < m})

n=1
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N—oo

N
= lim H P{n, <m}
=1

= lim (1-em)"
N—oo

= 0.
It follows that

PCH&&<®)SP(C]ﬁhhSmQ
< EP(ﬂ{nnSm}>
=0,

completing the proof.
While it is instructive to work through the above estimates, there exists a
much more elegant argument. By the strong law of large numbers

& 1
nlgr;o;—x a.s.

Here % is the expectation of each of the independent identically distributed

random variables 7, (see Exercise 6.2). It follows that

lim &, =00 as,
n—o0
as required.

Solution 6.15

In the proof of Proposition 6.1 it was shown that
t
P@>ﬂ—*iﬁ”
for t > 0, see (6.4). Therefore the dlstrlbutlon functlon

F,t)=P{& <t} =1-P{& >t} = —Atz At)

k=n

of &, is differentiable, the density f, of £, being
d
falt) = ZFalt)

YR - (,\t) e
= —)e ’; o T e Z(k_l

™!
(n -1}

= )Xe
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for t > 0, and clearly f,(t) =0 for ¢t <0.

Solution 6.16

Because N (t) has non-decreasing trajectories

{nm N@t) = oo} = ﬁ G{N(k) > n}.

t—o00
n=1 k=1

Also, {N(k) > n}, k=1,2,... is an expanding sequence of events and
_ e QR
P{N(k)>n} = e Z g
= k)
= l—e“AkZTﬂl as k — oo.

=0

It follows that

k=1
SO o0 o0
P{tlggoN(t) - oo} - P{ﬂ U N ) >n}} =1
n=1 k=1
Solution 6.17
Since
i B e — e~ % _ e p2n+l
sinh(z) = —5—= g) @n+ 1)
e +e T X gn
cosh(z) = 5 = ,;o @2n)!’
we have

P{N(t) is odd} = i P{N(t) =2n+1}

n=0

B o _ (/\t)zn—{-l
=2e At(2n+1)z

= e Msinh(\t),

n=0

P{N(t) is even} = i P{N(t) = 2n}

n=0
s _ (/\t)zn
N ,;)e "

e~ cosh(\t).
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Solution 6.18

We can write
N(n)=N(1)+(N(2)-N(1))+---+(N(n) - N(n - 1)),

where N(1),N(2) — N(1),N(3) — N(2),... is a sequence of independent iden-
tically distributed random variables with expectation

E(N(1)=E(N@2)-NQ1)=E(N@B)-NQ2) ==X
By the strong law of large numbers

lim N(n)

n—oo n
Now, if n <t <n+1, then N(n) < N(t) < N(n + 1) and

N(n) < N(t) < N(n+1)
n+l1—- t — n

=) as. (6.8)

By (6.8) both sides tend to A as n — oo, implying that

lim—]y—t(—Q=/\

t—o00

Solution 6.19
Condition 3) of Definition 6.9 implies that
fwq (z) = p(t,0,2)

is the density of W (t). Therefore, integrating by parts, we can compute the
expectation

+o0
EW(t) = / zp(t,0,z) dz
—00
1 +o0 2
= e % d
Vart J - e “
t +o00 d 22 p
= —— —e 2t dx
Vot J_oo dx
t L2 |00 0
= - 2 =
v 2rt ¢ —00
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and variance
400

E((W(t))z) =/ 22 p(t,0,z) dz

-00

+o00 )
= \/r/ e d
7t

400 d
= :z:—e 2! dx

\/§1r_

t 2

xe';—
\/_
+o00
0+—/ e
V2

We have used the substitution u = % and the formula stated in the hint.

22

% dx

VQT /+oo

Solution 6.20

Suppose that s < t. Condition 3) of Definition 6.9 implies that the joint density
of W(s) and W (t) is

fwywe (@,9) =p(s,0,2)p(t - s,2,y).
It follows that

+o0 p+oo0
E(W(s)W (1) = /_ | p 60,206 5,2,0) dedy

/+°oxp(s,0,x) (/+°°yp(t—s,x,y) dy) dz

—00 —00

+00
= / z’p(s,0,z) dz = s.

-0
This is because by the results of Exercise 6.19

+oo +00
/ yp(t—s,z,y) dy = / (z+u)p(t—s,z,0+u)du

-0 -0

400
= / (z+u) p(t—s,0,u) du

—00

+o00 +00
a:/ p(t—s,0,u) du+/ up(t—s,0,u) du

—00 —00

=z4+0=1z

and
+o00
/ z2p(s,0,z) dr = s.
-0
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It follows that for arbitrary s,t > 0

E(W(s)W(t)) = min{s,t}.
Solution 6.21
Suppose that s < ¢. Then by Exercise 6.20

E (;W(t) - W(s)|2) = E(W(t)?) - 2E (W(s)W(t)) + E (W(s)?)
=t—2s+s=t—s.

In general, for arbitrary s,t > 0
E (lW(t) - W(s)|2) =|t—s|.
Solution 6.22

Using the density fw ) (x) = p(t,0,z) of W(t), we compute

+00
E (exp (AW (1)) = / e¥p (t,0,z) do

— 00
1 too a2
= eMe T dr
27t J— o
1 a2 [T _@oan?
= e” 2 e P dz
V2rt —o0
_aZ
=e Zz.

Solution 6.23

Using the formula for the characteristic function of W (t) found in Exercise 6.22,
we compute

d4

il Elexp (IAW(2)))

E(W(@®)*) =

I
(5]
-

1S

Solution 6.24

Since W(t), W2(t) are independent, their joint density is the product of the
densities of W(t) and W2(t). Therefore

P{W(t) < R} = /{ o PO 0,) dady
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1 2

z 2
= — e drdy
2mt J{jz1<R)

1 R p2w L2
= 5 / / re” % dpdr
o Jo

R
d _:2
——/0 Ee?dr
R2

=1-¢e 2,
We have used the polar coordinates R, p to compute the integral.
Solution 6.25
Forany0<s<t
E(W ()| F)

I

E(W(t) - W(s)|Fs) + E(W(s)|Fs)
E(W(t) - W(s)) + W(s)
= W(s),

since W (t)—W (s) is independent of F; by Corollary 6.2, W (s) is Fs-measurable
and E(W(t)) = E(W(s)) =0.

Solution 6.26

Forany 0 <s <t

E(WtPIF) = E(W(E) - W) 1F) + EQWOW(s)|F)
~E (W(s)*|%,)
= BE(W(t) - W(s)1*) +2W(s)E (W (D7)
W (s)*
= t—s+2W(s)> — W(s)?
= t—s+ W(s)?,

since W (t) — W (s) is independent of F, and has the normal distribution with
mean 0 and variance t — s, W(s) is F,-measurable, and W (t) is a martingale.
It follows that

E(W(t)? - t|F,) =W(s)* —s,

as required.
Solution 6.27
For any 0 <ty < t; < --- < t, the increments
V(tn) = V(tn-1), -+, V(t1) = V(to)
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of V'(t) are independent, since the increments
W(tn + T) - W(tn—l + T)’ Tty W(tl + T) - W(tO + T)

of W(t) are independent. For any 0 < s < ¢ the increment V' (t) — V(s) has the
normal distribution with mean zero and variance t—s, since W (t+71")—W (s+T)
does. Moreover, the paths t — V() = W(t + T) — W(T) are continuous and

V()=W(T)-W(T)=0.
By Theorem 6.3 V'(t) is a Wiener process.

Solution 6.28

It is clear that V(0) = LW (0) = 0 a.s. and the paths t V(t) = 1W(c%t) are
a.s. continuous. We shall verify that V (t) and |V ()|* — t are martmgales with
respect to the filtration

G

o{V(s):0<s<t}

o {W(c®s):0<s<t}
o {W(s):0< s <t}
= Fez.

Indeed, if s < t, then ¢?s < ¢%t, so

E(V(8)|Gs)

E (%W(c%)lfczs)

- %E(W(czt)]]-‘cas)
= —z-W(c2s) =V(s)
and
E(vr-ue.) = & (5 weol - .,
= cle (W] - etiFa,)

= 515 (IW(c2s)|2 - czs)
V() - s,

since W (t) and [W(t)] — t are martingales with respect to the filtration F;. It
follows by Levy’s martingale characterization that V' (t) is a Wiener process.
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Solution 6.29

Since the increments AW are independent and

T 372
E(Aw) =0, E((A1W)") = ~, E (carwy*) = )
it follows that
n-1 2 n—1 T
E E:Uﬂwdz—T} =E z:(uﬂﬂd2—;)]
=0 i=0
n—1 2
:ZE(MWY—%
=0 n
n—1
_ nerd 2T ner2 T2
__Z%P(mﬁm)-u;E«4WQ)+;4
= [3T2 27? Tz] oT?
= 2 - _2- 2 = 0
i—0 n n n n

as n — o0.

Solution 6.30

We claim that, with probability 1, for any positive integer n thereisa t € [0, %
such that Jw—t(t)-l > n. This condition implies that W (t) is not differentiable at
t=0.
Let us put
A, = {lﬂtiﬂ > n for some t € [0, ;1,;]}
By Exercise 6.28

Vi(t) = ;}EW(n“t)

is a Brownian motion for any n. Therefore
|W(1/n4)
P{ 1/n4 >n

v(1/n*
P{j-+/{l4—)l>n}

P{W@)|>1} 51 asn— oo

P (4)

v

Since Aj, Ao, ... is a contracting sequence of events,

P ( Dl An) = lim P(4,) =1,

which proves the claim.
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Solution 6.31

By Exercise 6.27 Vi(s) = W(s +t) — W(t) is a Wiener process for any ¢t > 0.
Therefore, by Exercise 6.30 V;(s) is a.s. non-differentiable at s = 0. But this
implies that W (t) is a.s. non-differentiable at t.

Solution 6.32

Differentiating . ,
(y—=)
p(t,z,y) = \/—e” 7,
2nt
we obtain
i) v —2yx+2% -t
ézp(taxay) = 2t2 p(ta$>y)a
1o} T -
Eiljp(t,:c’y) = —ty-p(t,z,y),
0? y?—2yz+ 2% -t
gy_zp(tamay) = t2 p(t,l',y),
so
o _ 1%
ot~ 20y%’

as required.

Solution 6.33

Clearly, Z(t}) = —~W (¢) has a.s. continuous trajectories and Z(0) = -W(0) =
0 a.s. If W(t) has stationary independent increments, then so does Z(t) =
—W (t). Finally,

Z(t) - Z(s) = — (W(t) — W(s))

has the same distribution as W (t) — W (s), i.e. normal with mean 0 and variance
t — s. By Theorem 6.3 Z(t) is a Wiener process.

Solution 6.34
Let 0 < s < t. Then

/ 1A(W () dP
{W(s)eB}

P{W(s) e B,W(t) € A}

/ / P(S,O#L')P(t—s’%',y) d.’L'dy
BJA

= /B(/Ap(t—s,w,y)dy>p(s,0,w)d$

- /{ e ( /A p(t—s,W(s),y)dy) dP
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for any Borel set B C R. It follows that
P{W(t) € AW(s)} = E (La(W(&)|W(s)) = /A plt - 5, W(s),9) dy.

Solution 6.35

We shall prove that eW(e=3 is a martingale with respect to the filtration F;.
Clearly, it is adapted to the filtration F3, since W(t) is. Let 0 < s < t. Because
W (t) — W(s) is independent of F, and W (s) is F,-measurable,

E (eW(‘)I}'s) - E (eW(t)—W(s)eW(s)l]_—s)
= VO R (eW“)-W(s)g Fs)
= VO E (ewm—wm).

The increment W (t) — W(s) has the normal distribution with mean 0 and
variance ¢ — s, so the expectation of " ()=W(s) ig equal to

+00
E (eW(t)—W(S)) = / e”p(t - 5,0,z)dz

-—00

t—s +00
=eT/ p(t—s,0,z —t)dz

—00

It
Y

It follows that
E (ew(‘)e"%lfs) =eW®et,

It also follows that e" (Ye~% is integrable. Therefore e e~ % is a martingale.

Solution 6.36

Let 0 < s < t. We are looking for a Borel function F such that E (W (s)|W (t)) =
F(W(t)), i.e.

/ W (s)dP = / F(W(t) dP
{W(t)eA} {W(t)eA}

for any Borel set A in R. The integral on the right-hand side can be written as
[ rww) = [ Fepreovdw
{W(t)eA} A

and the integral on the left-hand side as
+00

/{W(t)eA} W(s)dP = /A (/_oo zp(s,0,z)p(t—s,2,y) da:) dy
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using the expression for the joint density of W (s) and W (t) in Solution 6.20.
Let us compute the inner integral:

+oo 00 _
/ zp(s,0,2)p(t — s,z,y)dr = p(t,O,y)/ Tp (s—(—t—s—)i—yz) dx

—00 —o0 t

S
= ;yp(t, 0,9).

(To see that the first equality holds, just use formula (6.5) for p(t, z,y).) There-
fore
/ W(s)dP = / 2yp(t,0,9) dy.
{(W(t)eA} At
It follows that F(y) = £y, i.e.

E(W(s)W (1) = W (2).
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Ité Stochastic Calculus

One of the first applications of the Wiener process was proposed by Bachelier,
who around 1900 wrote a ground-breaking paper on the modelling of asset
prices at the Paris Stock Exchange. Of course Bachelier could not have called
it the Wiener process, but he used what in modern terminology amounts to
W (t) as a description of the market fluctuations affecting the price X(t) of
an asset. Namely, he assumed that infinitesimal price increments dX(t) are
proportional to the increments dW (t) of the Wiener process,

dX(t) = o dW(t),

where o is a positive constant. As a result, an asset with initial price X (0) = z
would be worth
Xt)=xz+oW(t)

at time t. This approach was ahead of Bachelier’s time, but it suffered from
one serious flaw: for any ¢ > 0 the price X(t) can be negative with non-zero
probability. Nevertheless, for short times it works well enough, since the prob-
ability is negligible. But as ¢ increases, so does the probability that X (t) < 0,
and the model departs from reality.

To remedy the flaw it was observed that investors work in terms of their
potential gain or loss dX (t) in proportion to the invested sum X (t). Therefore,
it is in fact the relative price dX(t)/X (¢) of an asset that reacts to the market
fluctuations, i.e. should be proportional to dW (%),

dX(t) = o X (t) AW (2). (7.1)
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What is the precise mathematical meaning of this equality? Formally, it resem-
bles a differential equation, but this immediately leads to a difficulty because
the paths of W (t) are nowhere differentiable. A way around the obstacle was
found by It6 in the 1940s. In his hugely successful theory of stochastic integrals
and stochastic differential equations It6 gave a rigorous meaning to equations
such as (7.1) by writing them as integral equations involving a new kind of
integral. In particular, (7.1) can be written as

t
X =z+a/ X(t)dW (1),
0

where the integral with respect to W (t) on the right-hand side is called the Ité
stochastic integral and will be defined in the next section. While at first sight
one would expect the solution to this equation to be zeW®) in fact it turns

out to be
X(t) = zeWWe 1,

which is the exponential martingale introduced in Exercise 6.35. The intrigu-
ing additional factor e~ % is due to the non-differentiability of the paths of the
Wiener process. Clearly, if z > 0, then X (¢) > 0 for all ¢ > 0, as required in
the model of asset prices. In the following sections we shall learn how to trans-
form and compute stochastic integrals and how to solve stochastic differential
equations.

Throughout this chapter W(t) will denote a Wiener process adapted to a

filtration F; and L? will be the space of square integrable random variables.

7.1 Ito Stochastic Integral: Definition

We shall follow a construction resembling that of the Riemann integral. First,
the integral will be defined for a class of piecewise constant processes called
random step processes. Then it will be extended to a larger class by approxi-
mation.

There are, however, at least two major differences between the Riemann
and It6 integrals. One is the type of convergence. The approximations of the
Riemann integral converge in R, while the It6 integral will be approximated by
sequences of random variables converging in L?. The other difference is this.
The Riemann sums approximating the integral of a function f : [0,7] — R are

of the form
n—1

D st — ty),

j=0
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where 0 = ¢p < t; < --- < t, =T and s; is an aerbitrary point in [t;,¢;41] for
each j. The value of the Riemann integral does not depend on the choice of the
points s; € [t;,tj4+1). In the stochastic case the approximating sums will have
the form

n—1
D Fs5) (Witse1) — W)
§=0

It turns out that the limit of such approximations does depend on the choice of
the intermediate points s; in [t;,t;41]. In the next exercise we take f(t) = W(t)
and consider two different choices of intermediate points.

Exercise 7.1

Let 0 =t <if <---<ip =T, where 7 = 1};—, be a partition of the interval
[0,T) into n equal parts. Find the following limits in L?:

lim ZWt") () - W (D))

n—oo

and

lim Z W(t5) (W(th) - W) -

n—oo

Hint Apply Exercise 6.29. You will need to transform the sums to make this possible.
The identities

alb—a) = (b2—a2)-—-;—(a—b)2,

b(b — a)

NN

may be of help.

The ambiguity resulting from different choices of the intermediate points s;
in each subinterval [t;,¢;+1] can be removed by insisting that the approxima-
tions of the integrand should consist only of processes adapted to the underlying
filtration F;. This amounts to taking s; = t; for each j. The choice is motivated
by the interpretation of F;: the value of the approximation at ¢ may depend
only on what has happened up to time ¢, but not on any future events.

Definition 7.1

We shall call f(t),t > 0 a random step process if there is a finite sequence
of numbers 0 = ¢y < ¢; < ... < t, and square integrable random variables
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70,M1, - - -, In—1 Such that

n—1
f@t) = Z njl[tj,tj+1)(t)1 (7.2)

§=0

where 7); is F;;-measurable for j = 0,1,...,n — 1. The set of random step
processes will be denoted by M3,

Observe that the assumption that the n; are to be F;,-measurable ensures
that f(t) is adapted to the filtration F;. The assumption that the 7; are square
integrable ensures that f(t) is square integrable for each ¢. Also, M3, is a

step
vector space, that is, af + bg € M3, for any f,g € M., and a,b € R.

Definition 7.2

The stochastic integral of a random step process f € M,
defined by

ep Of the form (7.2) is

I(f) = Zm (tir1) = W (). (7.3)

Proposition 7.1

For any random step process f € M, ste the stochastic integral I(f) is a square
integrable random variable, i.e. I(f) € L2, such that

() =& ([ Irof «).

Proof

Let us denote the increment W(t;;1) — W(t;) by A;W and tj;, —t; by 4;t
for brevity. Then

E(AJW) =0 and E (A?W) = Ajt.

First, we shall compute the expectation of

n—-in-1
|I(f)|2 = Z Z’?ﬂ]kA WAW = Z 2A2W+2annkAjWAkW.
=0 k=0 i=0 k<j

Since n; and A;W are independent,
E (nj AW) = E (i) B (A}W) = E (n]) A5t.
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If k < j, then n;ne Ax W and A;W are independent, so
E (nime A;WAW) = E (nyme A W) E (A;W) = 0.

Therefore et
E(II(H)F) =Y B (n}) Ajt
j=0

It follows that I(f) € L2, since ng,71,...,Nn_1 € L2
On the other hand,

n—1n-1

@0 = Z Z ik Lit;85400) (L[t tign) (¢ Z M3 it t500) (E

j=0 k=0

F(/ooo t)|? dt) EE ) A

J=

E(r) =5 ([ 1sor ).

implying that

This means that

as required. O

Exercise 7.2

Verify that for any random step processes f,g € M, step

EUUV@»=E<AwfwMﬂﬁ).

Hint Try to adapt the proof of Proposition 7.1. Use a common partition 0 = ¢p <
t1 < -+ <t in which to represent both f and g in the form (7.2).

Exercise 7.3

Show that I : M3., — L? is a linear map, i.e. for any f,g € M2, and any
a,BER

step

I(af + Bg) = al(f) + BI(g).

Hint As in Exercise 7.2, use a common partition 0 = tg < ¢; < --- < t, in which to
represent both f and g in the form (7.2).
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The stochastic integral I(f) has been defined for any random step process
f e M,?tep. The next, stage is to extend I to a larger class of processes by
approximation. This larger class can be defined as follows.

Definition 7.3

We denote by M? the class of stochastic processes f(t),¢ > 0 such that

E(/Ooolf(t)|2dt) < oo

and there is a sequence fi, f2,... € MSZtep of random step processes such that

oo
lim E < / 1F(t) - fn(t)|2dt> =0. (7.4)
n—oo 0
In this case we shall say that the sequence of random step processes fi, fa,...

approrimates f in M>.

Definition 7.4
We call I(f) € L? the Ité stochastic integral (from 0 to oo) of f € M? if

lim E (|1(f) - I(fa)*) =0 (7.5)

for any sequence fi, fa,... € Ms"’t,ep of random step processes that approximates
f in M2, i.e. such that (7.4) is satisfied. We shall also write

[ swawe
in place of I(f).

Proposition 7.2

For any f € M? the stochastic integral I(f) € L? exists, is unique (as an
element of L2, i.e. to within equality a.s.) and satisfies

B(rr) =5 ([ lrofa). (76)

Proof

It will be convenient to write

nanz=\/E(/O°°tf<t>|2dt) and |l = VE@)
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for any f € M? and 5 € L?. These are norms! in M? and L?, respectively.
Let fi1, f2,... € M2 step D€ @ sequence of random step processes approximat-
ing f € M2, i.e. satistying (7.4), which can be written as

Tim If = fallyz =0.

We claim that I(f1),I(f2),...is a Cauchy sequence in L?. Indeed, for any € > 0
there is an N such that ||f — fal|52 < § for all n > N. By Proposition 7.1

HI(fm) - I(fn)”L2 = ”I(fm - fn)HL2
| fm = Fallpr
1f = Follga + 11F = Fallas
€ €
273
for any m,n > N, which proves the claim.
Because L? with the norm |||, is a complete space (in fact a Hilbert
space), every Cauchy sequence in L? has a limit. It follows that I(f;), I(f2),...
has a limit in L? for any sequence fi, fz, ... of random step processes approxi-
mating f. It remains to show that the limit is the same for all such sequences.
Suppose that fi, f2,... and g;,92,... are two sequences of random step pro-
cesses approximating f. Then the interlaced sequence f1, g1, f2, g2, - . . approxi-
mates f too, so the sequence I(f1),1(g1),I(f2),1(g2),... has a limit in L2. But
then all subsequences of the latter sequence, in particular, I(f;), I(f2),... and

I(91),1(g2), ... have the same limit, which we denote by I(f). We have shown
that

A A

=€

lim [11£) = I(fa)ll 2 = O,

i.e. (7.5) holds for any sequence fi, f2,... of random step processes approxi-
mating f.
Finally, by Proposition 7.1

I (fall2 = [l fllpr2

for each n, since the f, are random step processes. By taking the limit as
n — oo we obtain

Iz = N llpge -
But this is equality (7.6). O

"U'To be pre To be Fremse the norms are defined on classes of functions, respectively, from M?
and L° determined by the relation of equality a.s. However, we shall follow the
custom of identifying such classes with any of their members.
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Exercise 7.4
Show that for any f,g € M?

E(I()I(g) = E ( /0 " f0et) dt) .

Hint Write the left-hand side in terms of E (|I(f) + I(g)I*) and E (|I(f) - I(9)I*),
the right-hand side in terms of E (f,” |£(t) + g(t)|* dt) and E ([ |£(t) — 9(t)I” dt)
and then use (7.6).

Having defined the It6 stochastic integral from 0 to oo, we are now in a
position to consider stochastic integrals over any finite time interval [0, T].

Definition 7.5

For any T > 0 we shall denote by M% the space of all stochastic processes
f(t),t > 0 such that

Ljo,1) feM 2
The It6 stochastic integral (from 0 to T') of f € M2 is defined by
Ir(f) = I (1,1 f) - (7.7)
We shall also write T
| roawe

in place of I7(f).

Exercise 7.5

Show that each random step process f € M2, belongs to M? for any ¢t > 0
and

L(f) = /0 £(s) W (s)

is a martingale.

Hint The stochastic integral of a random step process f is given by the sum (7.3).
What is the conditional expectation of the jth term of this sum given F; if s < t;?
What is it when s > ¢;7

The processes for which the stochastic integral exists have been defined
as those that can be approximated by random step processes. However, it is
not always easy to check whether or not such an approximation exists. For
practical purposes it is important to have a straightforward sufficient condition
for a process to have a stochastic integral. In calculus there is a well-known
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result of this kind: the Riemann integral exists for any continuous function.
Here is a theorem of this kind for the It6 integral.

Theorem 7.1

Let f(t),t > 0 be a stochastic process with a.s. continuous paths adapted to
the filtration F;. Then

1) f € M? i.e. the Itd integral I(f) exists, whenever
00
E ( / | f(t)]zdt) < 00; (7.8)
0

2) f € M2, i.e. the Ité integral I7(f) exists, whenever

T 2
E(/O 0] dt) < co. (7.9)

Proof

1) Suppose that f(t),¢ > 0 is an adapted process with a.s. continuous paths. If
(7.8) holds, then

k
n k<« k+t1 = oot -
folt) = { nfk:l f(s)ds E<t<®lfork=1,2,...,n2 -1, (7.10)

0 otherwise,

is a sequence of random step processes in MZ,,. Observe that for any k =

1,2,...
k1 E 2 k
|7 im0l de=n [, 1w 5/ FOFdt as.  (7.11)
by Jensen’s inequality. We claim that
o0
lim 1f(t) — fa@®)Pdt =0 as.

n—oo 0

This will imply that
o
. . ~
Jim E (/0 |£(2) = fal®)] dt) =0
by the dominated convergence theorem and condition (7.8) because

°° _ 2 *® 2 2
/0 |[f(t) — fa(®)|"dt < 2/0 (lf(t)l +1fn (@) )dt
<4f ol
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The last inequality follows, since

/co |fn(t))? dts/oo IF @) dt as.
0 0

for any n, by taking the sum from k£ = 0 to oo in (7.11).
To verify the claim observe that

[e’s) N [e’s)
/ F() = Fal)2dt = / F(8) = ult) dt + / £() = Ful)) e
0 0 N
N o)
_ 2 2 2
< [C1s- p a2 [ (5007 + alol) a

N \ . ,
< [0 -noPara [ 0P as
0 N-1
The last inequality holds because

[ee}

[oimoras [~ roras [P as
N N-1 N-1
for any n and N, by taking the sum from ¥ = nN to oo in (7.11). The claim

follows because o

lim IF®)Pdt =0 as.

by (7.8) and
N

lim If(t) = fa(®)>dt =0 as.

1—»00 0

for any fixed NV by the continuity of paths of f.

The above means that the sequence fi, fa,... € Msztep approximates f in
the sense of Definition 7.3, so f € M2,

2) If f satisfies (7.9) for some T' > 0, then 1o 1) f satisfies (7.8). Since f is
adapted and has a.s. continuous paths, 1jo 7) f is also adapted and its paths are
a.s. continuous, except perhaps at 7. But the lack of continuity at the single
point T does not affect the argument in 1), so 1jo 1) f € M?. This in turn
implies that f € M2, completing the proof. O

Exercise 7.6
Show that the Wiener process W (t) belongs to M2 for each T > 0.
Hint Apply part 2) of Theorem 7.1.

Exercise 7.7
Show that W (t)? belongs to M2 for each T > 0.
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Hint Once again, apply part 2) of Theorem 7.1.

The next theorem. which we shall state without proof, provides a character-
ization of M2 and M#%, i.e. a necessary and sufficient condition for a stochastic
process f to belong to M2 or M2. It involves the notion of a progressively
measurable process.

Definition 7.6

A stochastic process f(t),t > 0 is called progressively measurable if for any
t>0
(s,w) = f(s,w)

is a measurable function from [0,¢] x {2 with the o-field B[0,t]XF to R. Here
B0, t]xF is the product o-field on [0,t] x 2, that is, the smallest o-field con-
taining all sets of the form A x B, where A C [0,] is a Borel set and B € F.

Theorem 7.2

1) The space M? consists of all progressively measurable stochastic processes

f(t),t > 0 such that
oo
E (/ |f(t)|2dt> < oo.
0
2) The space M2 consists of all progressively measurable stochastic processes

f(t),t > 0 such that
E 2 dt < oo

7.2 Examples

According to Exercise 7.6, the Wiener process W(t) belongs to M2 for any
T > 0. Therefore the stochastic integral in the next exercise exists.

Exercise 7.8

Verify the equality

/T 1 , 1
W(t)dW () = sW(T)* - 5T
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by computing the stochastic integral from the definition, that is, by approxi-
mating the integrand by random step functions.

Hint It is convenient to use a partition of the interval {0, 7] into n equal parts. The
limit of the sums approximating the integral has been found in Exercise 7.1.

Exercise 7.9

Verify the equality

T T
/ tdw(t) = TW(T) - / W(t)dt,
0 0

by computing the stochastic integral from the definition. (The integral on the
right-hand side is understood as a Riemann integral defined pathwise, i.e. sep-
arately for each w € f2.)

Hint You may want to use the same partition of [0,7T] into n equal parts as in
Solution 7.8. The sums approximating the stochastic integral can be transformed
with the aid of the identity

cb—a)=(db—ca)—-b(d-c).

Exercise 7.10
Show that W (¢)? belongs to M2 for each T > 0 and verify the equality

T T
/ W ()2 dW (t) = %W(T)3 _ / W) dt,
0 0
where the integral on the right-hand side is a Riemann integral.

Hint As in the exercises above, it is convenient to use the partition of [0,T] into n
equal parts. The identity

az(b——a)z-;—(bs—aa) —a(b—a)z—%(b—a)s

can be applied to transform the sums approximating the stochastic integral. You may
also need the following identity:

(a®-8%)" = (a-b)* +4(a—b)°b+4(a—b)’b>.

7.3 Properties of the Stochastic Integral

The basic properties of the It6 integral are summarized in the theorem below.
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Theorem 7.3

The following properties hold for any f,g € M?, any o, € R, and any 0 <
s<t

1) linearity

t t t
/ (af(r) + 8g(r)) dW(r) = a [ () W (r) + B / o(r) dW (r);
0 0 0

E (| / ) aw () 2) =F ( / t If(r)|2dr) ;

3) martingale property

2) isometry

E (/Otf(r) W (r)

J-‘s) - /0 "ty aw ().

Proof

1) If f and g belong to M?, then 1j ) f and 1(g 49 belong to M2, so there are
sequences fi, f2,... and g1, 92,...1n Ms"’tep approximating lig ;) f and 1jg 4)g. It
follows that 1y ;) (af + Bg) can be approximated by af; + 8g1, af2 + Bga, . . . .
By Exercise 7.3

I (afn + Bgn) = al(f,) + ﬂI(gn)

for each n. Taking the L? limit on both sides of this equality as n — oo, we
obtain

I (10,4 (af + Bg)) = al(li4 f) + BI(1j0,6)9),
which proves 1).

2) This follows by approximating 10,1y by random step processes in M;"tep
and using Proposition 7.1.

3) If f belongs to M?, then 1jo4 f belongs to M2. Let fi, f2,... be a se-
quence of processes in Msztep approximating 1y ;) f. By Exercise 7.5

E (I (10,0 fn) |Fs) = I (Lj0,6)1n) (7.12)

for each n. By taking the L? limit of both sides of this equality as n — oo, we
shall show that

E(I(lonf)F) =1(1p,9f),
which is what needs to be proved. Indeed, observe that io,)f1,Ljo,5) f2, ... s &
sequence in M2, approximating 1y ) f, so

I(1j0,5)fn) = I (106 f) in L? asn — oo.
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Similarly, 10.4) f1, 1[0,1) f2, - - - is also a sequence in Mftep approximating 1jo ) f,
which implies that

I(Louyfn) = I (Lpo,p)f) inL?asn — oo.
The lemma below implies that
E (I (l[O,t)fn) l]:s) - FE (I (l[o,t)f) |.7:_9) in L2 as n — 09,

completing the proof. O

Lemma 7.1

If £ and &,&, ... are square integrable random variables such that &, — & in
L? as n = oo, then

E(&16) > E(£]G) inL?asn — oo

for any o-field G on {2 contained in F.

Proof
By Jensen’s inequality, see Theorem 2.2,
| (1) - E€I9) = |E (6 - €19)” < B (Ien - €| 9)
which implies that
E (I (&l9) - E@E9)1) < E(E (It - €P|))
E (len - &) >0

asn — oo. O

In the next theorem we consider the stochastic integral fot f(s)dW(s) as a
function of the upper integration limit ¢. Similarly as for the Riemann integral,
it is natural to ask if this is a continuous function of ¢. The answer to this
question involves the notion of a modification of a stochastic process.

Definition 7.7

Let £(t) and ({(t) be stochastic processes defined for ¢t € T, where T' C R. We
say that the processes are modifications (or versions) of one another if

P{et)=¢(t)} =1 forallteT. (7.13)
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Remark 7.1
If T C R is a countable set, then (7.13) is equivalent to the condition
P{@)=((t)forallt €T} =1.

However, this is not necessarily so if T' is uncountable.

The following result is stated without proof.

Theorem 7.4

Let f(s) be a process belonging to M? and let

t
£(t) = /0 £(5) dw (s)

for every t > 0. Then there exists an adapted modification {(t) of £(t) with a.s.
continuous paths. This modification is unique up to equality a.s.

From now on we shall always identify fot f(s) dW(s) with the adapted mod-
ification having a.s. continuous paths. This convention works beautifully to-
gether with Theorem 7.1 whenever there is a need to show that a stochastic
integral can be used as the integrand of another stochastic integral, i.e. belongs
to MZ for T > 0. This is illustrated by the next exercise.

Exercise 7.11
Show that .

€0 = [ weawe)
belongs to M2 for any T > 0.

Hint By Theorem 7.4 £(t) can be identified with an adapted modification having a.s.
continuous trajectories. Because of this, it suffices to verify that £(t) satisfies condition
(7.9) of Theorem 7.1.

7.4 Stochastic Differential and Ité6 Formula

Any continuously differentiable function z(t) such that z(0) = 0 satisfies the
formulae
T

2(T)? = 2 / 2(t) d(2),
0
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z(T)® = 3/T z(t)? dx(t),
0

where dz(t) can simply be understood as a shorthand notation for z'(t) dt, the
integrals on the right-hand side being Riemann integrals. Similar formulae have
been obtained in Exercises 7.8 and 7.10 for the Wiener process:

I

W (T)? /OTdt+2/0T W(t) dW (1),

Il

W(T) = 3 /0 "W di+3 /0 " Weraw ().

Here the stochastic integrals resemble the corresponding expressions for a
smooth function z(t), but there are also the intriguing terms fOT dt and

3 fOT W (t) dt. The formulae for W(T)2 and W (T)? are examples of the much
more general Ité formula, a crucial tool for transforming and computing
stochastic integrals. Terms such as fOT dt and 3 fOT W (t) dt, which have no ana-
logues in the classical calculus of smooth functions, are a feature inherent in
the It6 formula and referred to as the Ité correction. The class of processes
appearing in the It6 formula is defined as follows.

Definition 7.8

A stochastic process £(t),t > 0 is called an Ité process if it has a.s. continuous
paths and can be represented as

£(T) = £(0) + /0 "ot dt + /0 ") dw ) as, (7.14)

where b(t) is a process belonging to M2 for all T > 0 and aft) is a process
adapted to the filtration F; such that

/T la(t)|dt < 00 a.s. (7.15)
0

for all T > 0. The class of all adapted processes a(t) satisfying (7.15) for some
T > 0 will be denoted by L1..

For an It6 process £ it is customary to write (7.14) as
deé(t) = a(t) dt + b(t) dW (t) (7.16)

and to call dé(t) the stochastic differential of £(t). This is known as the Ité
differential notation. It should be emphasized that the stochastic differential
has no well-defined mathematical meaning on its own and should always be
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understood in the context of the rigorous equation (7.14). The It6 differential
notation is an efficient way of writing this equation, rather than an attempt to
give a precise mathematical meaning to the stochastic differential.

Example 7.1
The Wiener process W (t) satisfies

T
W(T) = /0 aw ().

(The right-hand side is the stochastic integral I(f) of the random step process
f = 1jo,7).) This is an equation of the form (7.14) with a(t) = 0 and b(t) =1,
which belong, respectively, to £}. and M2 for any T > 0. It follows that the
Wiener process is an [t6 process.

Example 7.2

Every process of the form

T
&(T) = £(0) + / aft) dt,

where a(t) is a process belonging to £} for any T' > 0, is an Ité process. In
particular, every deterministic process of this form, where a(t) is a deterministic
integrable function, is an It6 process.

Example 7.3

Since a(t) = 1 and b(t) = 2W(t) belong, respectively, to the classes £} and
M2 for each T > 0,

W(T)? = /OT dt + 2/0T W (t) dW (t)

is an Ito process; see Exercise 7.8. The last equation can also be written as
d(W()?) = dt +2W(t) dW (t),

providing a formula for the stochastic differential d (W (t)2) of W (t)2.

Exercise 7.12

Show that W (t)? is an Itd process and find a formula for the stochastic differ-
ential d (W (t)%).
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Hint Refer to Exercise 7.10.

Exercise 7.13

Show that tW (¢) is an It6 process and find a formula for the stochastic differ-
ential d (tW (t)).

Hint Use Exercise 7.9.

The above examples and exercises are particular cases of an extremely im-
portant general formula for transforming stochastic differentials established by
It6. To begin with, we shall state and prove a simplified version of the formula,
followed by the general theorem. The proof of the simplified version captures
the essential ingredients of the somewhat tedious general argument, which will
be omitted. In fact, many of the essential ingredients of the proof are already
present in the examples and exercises considered above.

Theorem 7.5 (Ité formula, simplified version)

Suppose that F(t,z) is a real-valued function with continuous partial deriva-
tives F{(t,z), F,(t,z) and F.,(t,z) for all t > 0 and z € R. We also assume
that the process F(t, W (t)) belongs to M2 for all T > 0. Then F(t, W (t)) is
an Itd process such that

T 1
FEw) - Fo.wo) = [ (Rewe) + jrLewe) ) a

T
+/ F(t,W(t))dW(t) as. (7.17)
0
In differential notation this formula can be written as

dF(t,W(t)) = (Ft’(i,W(t)) + %F;’z(t,W(t))) dt+ F (t,W(t)) dW (¢). (7.18)

Remark 7.2
Compare the latter with the chain rule
dF(t,z(t)) = F|(t,z(t)) dt + F,(t,z(t)) dz(t).

for a smooth function z(t), where dz(t) is understood as a shorthand notation
for z'(t) dt. The additional term ZF.,(t,W(t))dt in (7.18) is called the Ité
correction.
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Proof

First we shall prove the Itd6 formula under the assumption that F and the
partial derivatives F, and F}/, are bounded by some C > 0.

Consider a partition 0 = t§ < t} < --- < tp = T, where t} = %, of
[0,T] into n equal parts. We shall denote the increments W (t}, ;) — W ()
by AW and t?,; —t7 by A't. We shall also write W/ instead of W (t}) for
brevity. According to the Taylor formula, there is a point Wi" in each interval

[W(¢2), W (t7,,)] and a point 7 in each interval [t7,t7, ] such that

n—1
F(T,W(T)) - FO,W(0)) = Y_ (F(t},,, Wh,) — F(t7, W)
1=0
n—1
=Y (FtP, Why) - n)) + Z F(?,Wh,) - F(t7, W)
i=0
n—1 n—1 ln -1 .
= Y F{(EWh)AM+ Y Fi(tF, WHATW + = 5 > Fr (8, W) (AW
i= =0 i=0
n—1 n—1
= Y F(Wi)AM + 3 Z F, (5, WP AT + ) Fy(tF, W) ATW
=0 i=0 =0

Z (8, W) ((Arw)’ - A?t)

1=0

+5 15~ |Fra e, W) - Fiaer, W) (A7 w2
=0
We shall deal separately with each sum in the last expression, splitting the
proof into several steps.
Step 1. We claim that

n-1
nli_)n;o;F;(f?, s A"t_/ FlW(H)dt as.

This is because the paths of W (t) are a.s. continuous, and F} (¢, z) is continuous
as a function of two variables by assumption. Indeed, every continuous path
of the Wiener process is bounded on [0, T}, i.e. there is an M > 0, which may
depend on the path, such that

W) <M forallte[0,T].

As a continuous function, F}(t,z) is uniformly continuous on the compact set
[0,T] x [-M, M] and W is uniformly continuous on [0, T}]. It follows that

lim suplFt (W) - F{(t,W(t) |—0 a.s.,

n—oo ;¢
)
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where the supremum is taken over all i = 0,...,n—1and t € [t},t},,]. By the
definition of the Riemann integral this proves the claim.
Step 2. This is very similar to Step 1. By continuity

lim sup |Fl, (7, W) - Fin(t, W(1) | =0 as.,
n—o00 it

where the supremum is taken over all i = 0,...,n—1 and t € [t?, 7, ,]. By the
definition of the Riemann integral

n—1 T
. " o(4n ny ARy __ "
T}gxgo ;‘0 F, (W] )Ait_A F (t,W(t))dt as.

Step 3. We shall verify that
T

lim ZF’ (£, WR) AP = / F/(,W()dW () in L.
0

n—o0
=0

If F.(t,z) is bounded by C > 0, then f(t) = F.(t,W(t)) belongs to M% by
Theorem 7.1, and the sequence of random step processes

fn = ZF, Wn)l tEtT) € Mstep
=0

approximates f. Indeed, by continuity

lim |fa(t) = f®)" =0 for any t € [0, T,

Because | f,(t) — f(t)|® < 4C2, it follows that
T
lim / fnlt) - fOPdt =0 as.
n—oo Jq

by Lebesgue’s dominated convergence theorem. But foTl fa(t) — f(t)l2 dt <

4TC?, so
T
lm B ( [ ity - f(t)ﬁdt) =0
n—00 0

again by Lebesgue’s dominated convergence theorem. This shows that f,, ap-
proximates f, which in turn implies that I(f,) tends to I(f) in L2, concluding
Step 3.

Step 4. If F,', is bounded by C > 0, then

n—1
lim > Fo e, W) ((Arw) - A7) =0 in L7,

i=0
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since
2
Z Fro (2, W) ((Apw)” - Ant)
=0

n—1

_ZE

2
= ZEa Fr (&, WD) B |(arw)? - ant

rwe) (2w - age)[

=0
n—1 2 n—1
<’} E I(A?W)Z —an| =200y (Are)?
=0 i=0
n—1 2 2
=2022%=2021_’0 as n — oo.
1=0 n n

The first equality above holds because for any i < j
[F" e, W) ((Qw)? - A?t) Fp e, wp) ((aw)? - A;‘t)]

—E [F;;(tn wr) ((A?W)z - A?t) ", W")] E [(A;‘W)z - A;t]
=0.
This is because the expressions in the last two square brackets are independent

and the last expectation is equal to zero.
Step 5. By a similar continuity argument as in Steps 1 and 2

zz(t?’win) - F;lx(t;l,win) =0 a.S.,

n—oo
where the supremum is taken overall: = 0,1,...,n~—1. Since 21—0 A"W) -
T in L? as n = oo, there is a subsequence ny < ns < ... such that
ng—1
Y (AW ST as.
=0
as k — oo. It follows that
ng—1 _
> (Bt W) - B, W) (AP w?
i=0
ng—1
Fl (67, Wik) — Fi (67, WR) | Y (ABW)? 50 as.
=0

as k — oo.
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In those steps above where L? convergence was obtained, we also have
convergence a.s. by taking a subsequence. This proves the It6 formula (7.17)
under the assumption that the partial derivatives F,(t,z) and F],(t,z) are
bounded. To complete the proof we need to remove this assumption. Let F(t, )
be an arbitrary function satisfying the conditions of Theorem 7.5. For each
positive integer n take a smooth function ¢, from R to {0, 1] such that ¢, (z) =
1 for any z € [-n,n] and p,(z) = 0 for any = ¢ [-n — 1,n + 1]. Then

Fo(t,z) = pp(2)F(t, x)

also satisfies the conditions of Theorem 7.5 and has bounded partial derivatives
(Fp).(t,z) and (F,)" . (t,z) for each n. Therefore, by the first part of the proof

Fu(T,W(T)) ~ Fa(0,W/(0)
T 1 T

= [ (e wey + g we) )a+ [ Eaewo)awe)
0 0

Consider the expanding sequence of events
Ap = { sup |W(t)| < n}.
t€f0,T)

Since F(t,z) = Fu(t.x) for every t € [0,T] and z € [—n,n], it follows that
(7.17) holds on A,. It remains to show that

nll)n(:o P(A,) =1

to prove that (7.17) holds a.s. But the latter is true because of Doob’s maximal
L? inequality, Theorem 6.7, which implies that

n* (1~ P(4q)) = n2P{ sup |W(t)| > n}

telo,T)
2
< E( sup |W(t)|)
t€[0,T]
< AE|W(T) = 4T,

completing the proof. O

Example 7.4

For F(t,z) = z* we have F}(t,z) = 0, F.(t,z) = 2z and F/,(t,z) = 2. The It6
formula gives
d (W (t)?) = dt + 2W (t) dW (¢),

which is the same equality as in Exercise 7.8.
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Example 7.5

For F(t,z) = z® we have F(t,z) = 0, F.(t,z) = 322 and F! (t,z) = 6z. By
the It6 formula we obtain the same equality

d (W(t)®) = 3W(t)dt + 3W () dW (t)

as in Exercise 7.10.

Exercise 7.14 (exponential martingale)

Show that the exponential martingale X (t) = " (e~% is an Itd process and
verify that it satisfies the equation

dX (t) = X(t) dW (t).

Hint Use the It6 formula with F(t,z) = e®e” 3.

As compared with the simplified version just proved, in the general Itd
formula below W (t) will be replaced by an arbitrary Itd process £(t) such that

de(t) = a(t) dt + b(t) dW (t), (7.19)

where a belongs to £; and b to M? for all ¢ > 0. In the general case the proof
will be omitted.

Theorem 7.6 (Itd formula, general case)

Let £(t) be an It6 process as above. Suppose that F(t,z) is a real-valued func-
tion with continuous partial derivatives F}(t,z), F.(t,z) and FY,(t,z) for all
t > 0 and £ € R. We also assume that the process b(t)F.(t,£(t)) belongs to
M2 for all T > 0. Then F(t,£(t)) is an Itd process such that

AFEE0) = (Pl 60) + 0 E0)a0) + R (4 E0) 60 ) ae

+ FL(t, £(t)) b(t) AW (2). (7.20)

A convenient way to remember the It6 formula is to write down the Taylor
expansion for F(t,z) up to the terms with partial derivatives of order two,
substituting &(t) for = and the expression on the right-hand side of (7.19) for
dé(t), and using the so-called It6 multiplication table

dtdt =0, dtdW (t) = 0,
AW(t)dt =0, dW(t)dW () = dt.
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This informal procedure gives

dF = F!dt+ F.d¢ + %Ft’{ dtdt + F!! dtd¢ + %F;', de de
= Fldt+F! (adt +bdW)

%Ft’{ dtdt + F,. dt (adt +bdW) + %F;; (adt+bdW) (adt + bdW)

Fldt+ F. (adt + bdW) + -;-F;;H dt

+

Il

(F; FFla+ %F;’zb2) dt + F'b W,

which is the expression in (7.20). Here we have omitted the arguments (¢, £(t))
and, respectively, (¢) in all functions for brevity.

Exercise 7.15
Applying the Ito formula to F(t,z) = z™, show that

———_—1)W(t)"’2 dt + nW(t)" dW (t) (7.21)

dW(t)" = ”(”2

Hint This is a direct application of the It6 formula, but be careful with the assump-
tions, in particular make sure that nW (t)"~! belongs to M2 for all T > 0.

Exercise 7.16 (Ornstein-Uhlenbeck process)

Suppose that & > 0 and ¢ € R are fixed. Define Y (¢),¢ > 0 to be an adapted
modification of the Itd integral

Y(t) = ge™ /t e** dW (s)
0

with a.s. continuous paths. Show that Y (¢) satisfies

dY (t) = —aY (t) dt + o AW (t)

Hint Y(t) = F(¢,£(t)) with £(t) = afot e**dW (s) and F(t,z) = e™*'z.

7.5 Stochastic Differential Equations

This section will be devoted to stochastic differential equations of the form

d{(t) = F(£(2)) dt + g(£(2)) AW ().
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Solutions will be sought in the class of It processes £(t) with a.s. continuous
paths. As in the theory of ordinary differential equations, we need to specify
an initial condition

£(0) = &o.

Here &, can be a fixed real number or, in general, a random variable. Being an
Itd process, £(t) must be adapted to the filtration F; of W(t), so & must be
Fo-measurable.

Example 7.6
The stochastic differential equation
dX(t) = X(t)dW (t) (7.22)

was used as a motivation for developing It6 stochastic calculus at the beginning
of the present chapter. In Exercise 7.14 it was verified that the exponential
martingale

X(t)=eVWe %

satisfies (7.22). It also satisfies the initial condition X (0) = 1. This is an ex-
ample of a linear stochastic differential equation. For the solution of a general
equation of this type with an arbitrary initial condition, see Exercise 7.20.

Example 7.7

In Exercise 7.16 it was shown that the Ornstein-Uhlenbeck process

t
Y(t) = ae‘“‘/ e** dW (s)
0
satisfies the stochastic differential equation
dY (t) = —aY(t)dt + o dW (t)

with initial condition Y'(0) = 0. This is an example of an inhomogeneous lin-
ear stochastic differential equation. See Exercise 7.17 for a solution with an
arbitrary initial condition.

Definition 7.9

An It process £(t), t > 0 is called a solution of the initial value problem

dé(t) = f(&(1))dt + g(£(t)) AW (2),
£0) = &
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if & is an Fp-measurable random variable, the processes f(£(t)) and g(£(t))
belong, respectively, to £%. and M2, and

T T
ET) = £ + /0 F(E@)) dt + / gE®)aW(t) as.  (1.23)

for all T > 0.

Remark 7.3

In view of this definition, the notion of a stochastic differential equation is
a fiction. In fact, only stochastic integral equations of the form (7.23) have a
rigorous mathematical meaning. However, it proves convenient to use stochastic
differentials informally and talk of stochastic differential equations to draw on
the analogy with ordinary differential equations. This analogy will be employed
to solve some stochastic differential equations later on in this section.

The existence and uniqueness theorem below resembles that in the theory
of ordinary differential equations, where it is also crucial for the right-hand side
of the equation to be Lipschitz continuous as a function of the solution.

Theorem 7.7

Suppose that f and g are Lipschitz continuous functions from R to R, i.e. there
is a constant C > 0 such that for any z,y € R

[f(z) - fy)| < Clz -y,
lg(z) — g9(y)| < Clz —yl.

Moreover, let & be an Fy-measurable square integrable random variable. Then
the initial value problem

dé(t) = f(E(2))dt + g(£(t)) AW (2), (7.24)
£0) = & (7.25)

has a solution &(t),¢ > 0 in the class of It6 processes. The solution is unique in
the sense that if n(t),t > 0 is another It6 process satisfying (7.24) and (7.25),
then the two processes are identical a.s., that is,

P {&(t) =n(¢t) forall t > 0} = 1.
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Proof (outline)

Let us fix T > 0. We are looking for a process £ € M2 such that

£(s) = 6o + /0 CHew)de + /0 ToE®) W () as. (7.26)

for all s € [0,T]. Once we have shown that such a ¢ € M2 exists, to obtain
a solution to the stochastic differential equation (7.24) with initial condition
(7.25) it suffices to take a modification of £ with a.s. continuous paths, which
exists by Theorem 7.4.

To show that a solution to the stochastic integral equation (7.26) exists we
shall employ the Banach fixed point theorem in M2 with the norm

T
lElR = E /0 e ME(H)? de, (7.27)

which turns M% into a complete normed vector space. The number A > 0
should be chosen large enough, see below. To apply the fixed point theorem
define & : M2 — M2 by

2O =6+ [ feyar+ [ ole)aw) (7.28)
for any ¢ € M2 and s € [0,T). We claim that & is a strict contraction, i.e.

12(6) — 2(Ollx < all§ - ClIx (7.29)

for some a < 1 and all {,{ € M2. Then, by the Banach theorem, & has a
unique fixed point £ = $(£). This is the desired solution to (7.26).

It remains to verify that & is indeed a strict contraction. It suffices to show
that the two maps @, and ®,, where

#1() = | Rewyd,  Bae)s) = / g€ dw (p),

are strict contractions with contracting constants a; and a3 such that a; +a; <
1. For @, this follows from the Lipschitz continuity of f. For &, we need to use
the Lipschitz continuity of g and the isometry property of the It6 integral. Let
us mention just one essential step in the latter case. For any ¢,{ € M2

£ <

-8 _ 2

E /0 e /0 10(E®) - (O deds
T s

2 — A8 _ 2

C?E /0 e /0 IE(t) - COI dt ds

2
ds

[182(6) — S2(O)II

9(¢(®))] W (2)

IA
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C2E /0 ' ( /t T ghsen ds) eMIg(t) - C(t)[? dt

c: (T c?
~E /0 e E(t) — COI dt = = llE - ¢l

IN

since ftT e Merds = (1 - e T-1) < 1 Here C is the Lipschitz constant
of g. If A > C?/e, then &, is a strict contraction with contracting constant < e.

There remain some technical points to be settled, but the main idea of the
proof is shown above. [J

Exercise 7.17

Find a solution of the stochastic differential equation
dX(t) = —aX(t)dt + o dW(t)

with initial condition X(0) = z,, where zo is an arbitrary real number. Show
that the solution is unique.

Hint Use the substitution Y (t) = e** X (¢).
A linear stochastic differential equation has the general form
dX(t) =aX(t)dt +bX(t)dW (t), (7.30)

where a and b are real numbers. In particular, for a = 0 and b = 1 we obtain the
stochastic differential equation dX(t) = X(t) dW(t) in Example 7.6. The solu-
tion to the initial value problem for any linear stochastic differential equation
can be found by exploiting the analogy with ordinary differential equations, as
presented in the exercises below.

Exercise 7.18

Suppose that w(t), t > 0is a deterministic real-valued function of class C! such
that w(0) = 0. Solve the ordinary differential equation

dz(t) = az(t) dt + bz (t) dw(t), (7.31)
with initial condition z(0) = z to find that
x(t) = moedtttu(®), (7.32)

(We write dw(t) in place of w'(t) dt to emphasize the analogy with stochastic
differential equations.)
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Hint The variables can be separated:
T ’
—_— = dt.
~ (a + bw (t))

By analogy with the deterministic solution (7.32), let us consider a process
defined by
X(t) = Xoett oW (7.33)

for any t > 0, where W(t) is a Wiener process.

Exercise 7.19

Show that X (¢) defined by (7.33) is a solution of the linear stochastic differential
equation

dX(t) = (a + ~b2_2) X(t)dt +bX (t) dW(t), (7.34)
with initial condition X (0) = Xg.
Hint Use the Ito formula with F(t,z) = e+
Exercise 7.20
Show that the linear stochastic differential equation
dX(t) = aX(t)dt + bX (t) dW(t)

with initial condition X (0) = X, has a unique solution given by

X(t) = Xoe(“‘b’:‘)”"w(‘).
Hint Apply the result of Exercise 7.19 with suitably redefined constants.

Having solved the general linear stochastic differential equation (7.30), let
us consider an example of a non-linear stochastic differential equation. Once
again, we begin with a deterministic problem.

Exercise 7.21

Suppose that w(t), ¢ > 0 is a deterministic real-valued function of class C! such
that w(0) = 0. Solve the ordinary differential equation

dz(t) = 1+ z(t)? dt + /1 + z(t)? dw(t)

with initial condition z(0) = z,.

Hint The variables in this differential equation can be separated.
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Exercise 7.22
Show that the process defined by
X(t) = sinh(C +t + W(t)),

where W (t) is a Wiener process and C' = sinh™! X, is a solution of the stochas-
tic differential equation

¢mn=(«1+xay+%xm)a+(«1+xmﬂdwu)
with initial condition X (0) = X.

Hint Use the It6 formula with F(t,z) = sinh(t + z).

We shall conclude this chapter with an example of a stochastic differen-
tial equation which does not satisfy the assumptions of Theorem 7.7. It turns
out that the solution may fail to exist for all times ¢ > 0. This is a familiar
phenomenon in ordinary differential equations. However, stochastic differential
equations add a new effect, which does not even make sense in the deterministic
case: the maximum time of existence of the solution, called the explosion time
may be a (non-constant) random variable, in fact a stopping time.

Example 7.8

Consider the stochastic differential equation
dX(t) = X(t)%dt + X (t)2dW (t).

Then 1
X0 =
is a solution, which can be verified, at least formally, by using the It6 formula

with F(t,z) = ﬁ The solution X (¢) exists only up to the first hitting time
T=inf{t>0: W(t) =1}
This is the explosion time of X (t). Observe that
th/z‘ri X(t) = o0.

Strictly speaking, the It6 formula stated in Theorem 7.6 does not cover this
case, since F(t,z) = 1—_1_—1 has a singularity at z = 1. Definition 7.9 does not
apply either, as it requires the solution X (¢) to be defined for all ¢ > 0. Suitable
extensions of the It6 formula and the definition of a solution are required to
study stochastic differential equations involving explosions. However, to prevent
an explosion of this book, we have to refer the interested reader to a further
course in stochastic analysis.
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7.6 Solutions

Solution 7.1

Using the first identity in the hint we obtain

3
I
—

Il
N |
‘M

ZWt" (W (t341) = W(ED)) (W (th)? - W(E)?)

j=0 j=0
1"—1 n ny) 2
-5 2 (W) - W)
Jj=0
__1WT2 1n_1wn Wn2
=3 (T) "52( (t51) = W(t]))".
Jj=0
By Exercise 6.29 the limit is
n—1 1 1
- 2
lim JZOW t7) (W(th,) - W) = SW(T)’ - 5T
Similarly, the second identity in the hint enables us to write
=
Z W (t] +1) W(t1+1) W(t?)) = 3 E W(t3+1 ( ) )
j=0
1 ) 2
Z (t51) — W(E))
J
— 1 2 1 &« n ny) 2
= W@+ 53 (Wtha) - WEp)®.
=0
It follows that
n—1 1 1
Jim ZW(tJ_H ) (W(Ei) - W(E) = W (T)* + 5T
=0

Solution 7.2

For any random step processes f,g € M;"tep there is a partition 0 = t5 < ; <
-+ < ty, such that for any ¢t > 0

n-1 n-1
f(t) - Z nJ]'[t,,t,+1)(t) and g(t) - Z CJl[t, t,+1)(t)’
j=0 j=

where 7); and (; are square integrable J; ,-measurable random variables for each
j=0,1,...,n—1. (If the two partitions in the formulae for f and g happen to
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be different, then it is always possible to find a common refinement of the two
partitions.)

As in the proof of Proposition 7.1, we denote the increment W (t;11)—W(t;)
by A;W and tj; —t; by Ajt. Then

n—1n-1
NIg) = Y miGdiW AW
j=0 k=0
n—1
= Y niGIAWE + Y miG AW AW + Y Gmed;W AW,
j=0 i<k i<k

where, by independence,
E (njCj |A1W|2) =E(niG) E (lAJ‘WIZ) = E (n;¢;) 4;t
and

EnjGrA;WAW) = E(n;GpA;W) E(AW) =0
E(GmeA;WALW) = E((mA;W)E(AW) =0

for any j < k. It follows that

n—1
E(I(H)I(9) = ) E (mi¢;) Ast.
=0
Therefore, it suffices to show that
00 n—1
([ roe0a) =X Ewe) A,
Jj=0
but this is true because
n—-1n-1
t)g Z Z M kl[tJ’t.‘H'l 1[tk,tk+1)( )
j=0 k=0
n-—1
= anle[tj,tj+1)(t)‘
Jj=0

Solution 7.3
We shall use a partition 0 = tg < t; < --+ < t,, such that

n—1

f an tJltJ+1) and 9= ZCJ]‘[tJ»tJ+1)’

Jj= Jj=0
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where 7; and (; are square integrable F;;-measurable random variables for each
j=0,1,...,n— 1. (If the two partitions in the formulae for f and g happen
to be different, then it is always possible to find a common refinement of the
two partitions.) The increments W (t;41) — W (t;) will be denoted by A;W for
brevity. Then

n—1

af +8g = Z (amj + BG) 1 t540)
and ~
I(af +Bg) = nz—:l (an; + B¢) AW
e
= a anAjW +8 Z (AW
BN

Solution 7.4

Consider the following scalar products in M? and L?:

<f,g>Mz=E( / oof(t)y(t)dt) and (1,02 = E (C)

for any f,g € M? and n,{ € L% They can be expressed in terms of the
corresponding norms defined in the proof of Proposition 7.2,

(0 = 715+l = 315 = slle
(0. 0z2 = g+l = 7 lln = Gl
Therefore Proposition 7.2 implies that
(I(£): 1(9)) 2 = (f,9)p2 »
which is the same as the equality to be proved.
Solution 7.5

If f € M, is a random step process, then so is 1j 4 f € M3, C M? for any
t > 0. This in turn implies that f € M? for any t > 0.

We shall verify that I;(f) is a martingale with respect to the filtration F;.
Let 0 < s < t and suppose that f € Mftep can be written in the form (7.2),
where

O=to<thi< - <tr=s<th1 < <lp=t<tpt1 < <ty
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Such a partition tg,...,t, can always be obtained by adding the points s and
t if necessary. We shall denote the increment W (t;;1) — W(t;) by 4;W as in
the proof of Proposition 7.1. Then

m—1
logf = Y Ml 4]
j=0
and .
L(f)=I(lpgf) = Y n;4;W,
j=0

which is adapted to F; and square integrable, and so integrable. It remains to
compute

m~—1

E(L(f)|Fs) = E(I(pgf)IFs) = Y E(mjA;WIF,).

j=0
If j < k, then n; and A;W are F,-measurable and
E (nj A;W|Fs) = n; A;W.
If j > k, then F; C F;; and
E(?)jAjWU:s) E (E (7)jAjW|ftj) lfs)
E (n; E (4;W|F) | Fs)
E (n;|Fs) E(A;W) =0,

since 7; is J;;-measurable and A;W is independent of F;,. It follows that

k-1
E(L()Fs) =D 0 AW = I(1p0,qf) = L(f).
j=0

Solution 7.6

By definition, W (¢) is adapted to the filtration F; and has a.s. continuous paths.

Moreover,
E (/0T|W(t)|2 dt) - /OTE(|W(t)|2) dt

T
=/ tdt < oo.
)

By Theorem 7.1 it follows that the Wiener process W belongs to M2.
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Solution 7.7
Since W (t) is adapted to the filtration F;, so is W (t)%. Moreover,

E (/OT W @) dt) = /OTE(IW(t)|4) dt
= /T3t2dt<oo.
0

Theorem 7.1 implies that W (¢)? belongs to M3.

Solution 7.8
We fix T' > 0 and put

f@) =Lpn(OOW().
Then f € M? and
T [}
/ W (8) dW (t) = / FO) AW (D).
0 0

Take 0 = t§ < 1} < --- < % = T, where t? = L, to be a partition of [0, 7]
into n equal parts, and put

n—1
fn = Z W(t?)l[t;‘,t;‘“)
=0
Then the sequence fi, fa,... Msztep approximates f, since
o0 9 nol .l
B[ 10 nora) = X [ B (e -wenr) a
i— 134

i

=Z/ (t—t)d
= 22 =

1T2
= =-— =0 asn = oo.
2n

By Exercise 7.1

n) = Z W) (W) - W) - %W(T)z _ %T
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in L? as n — co. We have found, therefore, that
T 1 , 1
W (t)dW () = =W(T)? — ~T.
| 2 2

Solution 7.9

Let f(t) = t. Then 1p 77f belongs to MZ. We shall use the same partition of
[0,T] into n equal parts as in Solution 7.8. The sequence

fn'—Zt 1t"t"l)E step

approximates 1jo 1) f, since
00 T

E (/O 10,71 (2) = fn(t)|2dt> E (/0 |f(t) - fn(t)lzdt>

n—1

- i

- Z/ It — 72 dt
i=1 Yt
l‘n.—l T3

=32 w

TS
=372 —+0 asn— oo
With the aid of the identity in the hint, we can write the stochastic integral of
fn as

n—1
I(fa) = D7 (W(th) - W(ED))

=0
n-—1 -1
= > (Wt - W) ZW t21) (th1 — 27)
=0 =0
= ZW z+1 z+1 )
=0

It follows that
(f n) — TW / W

in L? as n — oo. Indeed, by the classical inequality lz,_o a;
and by the Cauchy-Schwartz inequality

(

< n Zr—o |a1|

ZW(t,+1 ) (871 - / W (t)dt

=0
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This proves the equality in the exercise.

Solution 7.10

Using the same partition of [0,7] into n equal parts as in Solution 7.8 and
putting

n—1
fa= Z W (t7)* 1y gn

i l+l
i=0

we obtain a sequence fy, fa,... € Msztep of random step processes which ap-
proximates f = 1jo 7)W?. Indeed,

B([ 110~ o ar) = > / B (W - w[") a

=0

- g/t?'“ (3( — 172 +4(t—t§‘)t?) dt
n—1

S ORIGM

= — =0 asn— o
n

The expectation above is computed with the aid of the following formula valid
forany 0 <s<t:

B((we -we)’)

I

E ((Wt - Ws)“) +4E ((Wt —W,)® Ws)
+4E ((Wt —W,)? W})
3(t—s)? +4(t—s)s
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Using the identity in the hint, we can write

n—1
I(fa) = D WE) (W(th) - W(ED)

1
=3 Z (W(th,)® = W)
=0
n—-1 1 n—1 3
= 2 W) (W) - W) = 33 (Wit - W)
i=0 =0
= Z W () (82, — t7)
i=0
n—1 9
—ZWWWW%%WWMW%4M
=0
1 n—1 3
2 Y W) - W)
i=0
The L? limits of the last three sums are
T
lim Z W(tr) (thy —t7) = A W(t)dt
n—1 9
lim ST W) (W) - W) - (2, - 1)] =0
=0
n—1
. n and
nll{rgo Z% (W(tH-l) -W(t; )) =0

Indeed, the first limit is correct because

(e
i

- Z/tr‘ E(W() - W) d
_ /t?+1 E—

= ————)O as n — oo.
2n

(2 (E2yy — £7) / W (t) dt

)

)

> [ e -w) a

i=0
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To the second limit can be verified as follows:
( 2)
9 2
= 5 (i oo - wan - g, -0
-1

= S B B (|oven) - wen)* - (@ - )

=0

-1

YW [(W () - W) - (£~ 17)]

=0

)
= 2Zt? (t?+1"t?)2

=0
= (n—21)T3__)0 as n — 00.

n

Finally, for the third limit we have

2
Z E (W) - wen)°)
6 Z (th - t?)3

-1

T3 673
62 =—-————>0 as n — 00.
=0

n—1

3 (wier,) - wieh)?

1=0

I

It follows that
I(fa) = 3W(T / wit

which proves the formula in the exercise.

Solution 7.11
We shall use part 2) of Theorem 7.1 to verify that

t
£(t) = /0 W (s)dW(s)

belongs to M2 for any T' > 0. By Theorem 7.4 £(t) can be identified with an
adapted modification having a.s. continuous trajectories. It suffices to verify
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that £(t) satisfies condition (7.9). Since the stochastic integral is an isometry,

2 t t $2
E =E/ |W (s)|? dsz/ sds = —.
0 0 2

/t W(s) dW (s)
0

It follows that

E/0T|s(t)|2dt=E/0T

i.e. £(t) satisfies (7.9). As a result, £(t) belongs to M2.

2 T 42 3
dt=/ f—dtzT—<oo,
0o 2

/ “Wis) dw (s) g
0

Solution 7.12
We shall use the equality proved in Exercise 7.10:

T T
3 _ 2
W(T)? = 3/0 W(t)dt +3 /0 W (t)2dW (2).

The process 3W (t) belongs to L} for any T > 0 because it is adapted and
has a.s. continuous paths, so the integral foT |[3W (t)| dt exists and is finite.
By Exercise 7.7 the process 3W (t)? belongs to M2 for any T > 0. It follows
that W(t)? is an It6 process. Moreover, the above equation can be written in
differential form as

dW (t)® = 3W (t) dt + 3W (t)2 dW (t),
which gives a formula for the stochastic differential dW (¢)3.
Solution 7.13
It has been shown in Exercise 7.9 that

TW(T) = /OT W(t)dt + /OTtdW(t).

Since the Wiener process W (t) is adapted and has continuous paths, it belongs
to L%, while the deterministic process f(t) = t belongs to M2 for any T > 0.
It follows that tW (t) is an It6 process with stochastic differential

d(tW(t)) = W(t) dt + ¢ dW (2).
Solution 7.14

For F(t,z) = e®e% the partial derivatives are F!(t,z) = ——%eze‘%, Fl(t,z) =
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ee~% and Fl.(t,z) = e®e™%. Since X(t) = W e~ 2, the Itd formula implies
that

dX(t) = dF(t,W(t))

- (F;(t, W) + SF W(t))) dt + FL(t, W () dW (t)

2 T
(%X(t) + %X(t)) dt + X (t) dW (t)

= X(t)dW(2).

Il

Because of this, to show that X (¢) is an It process we need to verify that
X(t) = e¥®e~% belongs to M2 for any T > 0. Clearly, it is an adapted
process. It was computed in Solution 6.35 that Ee(®) = e%, SO

T T ' T
E/ X (t)|dt = / EeWWe—34t = / dt =T < o0,
0 0 0
which proves that X (¢) belongs to M2.

Solution 7.15

Take F(t,z) = z". Then F}(t,z) = 0, F.(t,z) = nz"~! and F},(t,z) = n(n —
1)z"~2. The derivatives of F(t,z) are obviously continuous, so we only need
to verify that F,(t, W(t)) = nW ()" ! belongs to M2 for T > 0. Clearly, it is
adapted and has a.s. continuous paths. Moreover,

T T T
E/ InW ()| dt=n2/ E|W(t)*"? dt:/ agn_ot" "1 dt < o0,
0 0 0

where a; = 2¥/27~1/2[(&5l) and I'(z) = [;°t*~le ' dt is the Euler gamma
function. It follows by part 2) of Theorem 7.1 that F.(¢t, W(t)) = nW (¢)"~!
belongs to M%. Therefore we can apply the Ité formula to get

n(n

= 1)y (m-2dt + nw ()"1aw (8),

awe") ="

as required.

Solution 7.16

Some elementary calculus shows that F(t,z) = e~ 'z has continuous partial
derivatives such that F}(t,z) = —ae %'z, Fi(t,z) = e~* and F! (t,z) = 0.
Clearly, £(t) = o fot e** dW (s) is an It6 process with

dE(t) = oe®tdW (t).
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Since the function ge®*F!(t,z) is bounded on each set of the form [0,7] x R,
it follows immediately that ge* Fy (¢, £(t)) belongs to M2 for any T > 0. As a
consequence, we can use the Ité formula (the general case in Theorem 7.6) to
get

dY (t) = d(e*€(t))
= —ae~*¢(t) dt + e e dW (1)
= —aY(t)dt + o dW(t),

which proves that Y (¢) satisfies the equality
dY (t) = —aY(t) dt + o dW (2).
Solution 7.17
Take F(t,z) = e**z and consider the process
Y(t) = F(t, X (t)).
Then Y (0) = z¢ and
dY (t) = dF(t,X(t))

(Pt X - aX @R, X0 + 307 Rkt X)) a

I

+aF,(t, X (t)) dW(t)
= (ae*X(t) — ae® X (t))dt + oe* dW (t)
= oe®t dW (t).

by the It6 formula. It follows that
t
Y(t) =20 + a/ e*® dW (s)
0
and

X(t) = e” Y (t)

Il

t
= e“"‘zo+ae“°“/ e** dW (s).
0

Uniqueness follows directly from the above argument, but Theorem 7.7 can
also be used. Namely, the stochastic differential equation

dX(t) = —aX(t) dt + o dW (t)

is of the form (7.24) with f(z) = —az and g(z) = o, which are Lipschitz
continuous functions. Therefore, the solution to the initial value problem must
be unique in the class of It processes with a.s. continuous paths.
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Solution 7.18

According to the theory of ordinary differential equations, (7.31) with initial
condition z(0) = o has a unique solution. If zo = 0, then z(t) = 0 is the
solution. If zo # 0, then

z(t)

—_— t
In - at + w(t)

by integrating the equation in the hint, which implies that
.’l:(t) = moeat+bw(t)_

Solution 7.19

By the It6 formula (verify the assumptions!)

dX(t) = d(Xoeat+bW(t))

2
- (aXoeat+bW(t) + %_Xoeat+bW(t)) dt + bXOeat+bW(t)dW(t)

I

b2
(a + -2—) X (t)dt + bX (t)dW (t).

This proves that X (t) satisfies the stochastic differential equation (7.34). As
regards the initial condition, we have

X(0) = Xoe® WO = Xo.
t=i

Solution 7.20
The stochastic differential equation
dX(t) = aX(t)dt + bX(t) dW(t)

can be written as

2
dX(t) = (c + 92—) X(t)dt + bX (t) dW (1),
where ¢ = a — % By Exercise 7.19 the solution this stochastic differential
equation with initial condition X (0) = Xj is
X(t) = Xoect-H)W(t)

Xoe(a—%z-)t+bw(t)'

The uniqueness of this solution follows immediately from Theorem 7.7.
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Solution 7.21

We can write the ordinary differential equation to be solved in the form

% = (1+w'(t)) dt,
which implies that
sinh ™! z(t) — sinh ™! zo = ¢ + w(t).
Composing the last formula with sinh, we obtain
z(t) = sinh(c + ¢ + w(t)), (7.35)
where ¢ = sinh™! zg.
Solution 7.22
Since F(t,z) = sinh(t + z) satisfies the assumptions of the Ité formula,
dX(t) = dF(t,C + W(t))

(Ft'(t, C+ W)+ %F;’m(t, C+ W(t))) dt

+ F,(t,C + W (t)) dW(2)
(cosh(C +t+W(t) + -;—sinh(C +t+ W(t))) dt

+ cosh(C' +t+ W(t))dW (t)

= (\/I+ sinh?®(C +t + W(t)) + % sinh(C + t + W(t))) dt

+ /1 +sinh?(C + t + W(t)) dW (1)
(\/1 TXE)? + %X(t)) di + (VIF X() aw (0)

The initial condition X (0) = sinh C = X} is also satisfied.
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