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To our families 



Preface 

This book has been designed for a final year undergraduate course in stochastic 
processes. It will also be suitable for mathematics undergraduates and others 
with interest in probability and stochastic processes, who wish to study on their 
own. 

The main prerequisite is probability theory: probability measures, random 
variables, expectation, independence, conditional probability, and the laws of 
large numbers. The only other prerequisite is calculus. This covers limits, series, 
the notion of continuity, differentiation and the Riemann integral. Familiarity 
with the Lebesgue integral would be a bonus. A certain level of fundamental 
mathematical experience, such as elementary set theory, is assumed implicitly. 

Throughout the book the exposition is interlaced with numerous exercises, 
which form an integral part of the course. Complete solutions are provided at 
the end of each chapter. Also, each exercise is accompanied by a hint to guide 
the reader in an informal manner. This feature will be particularly useful for 
self-study and may be of help in tutorials. It also presents a challenge for the 
lecturer to involve the students as active participants in the course. 

A brief introduction to probability is presented in the first chapter. This is 
mainly to fix terminology and notation, and to provide a survey of the results 
which will be required later on. However, conditional expectation is treated in 
detail in the second chapter, including exercises designed to develop the nec­
essary skills and intuition. The reader is strongly encouraged to work through 
them prior to embarking on the rest of this course. This is because conditional 
expectation is a key tool for stochastic processes, which often presents some 
difficulty to the beginner. 

Chapter 3 is about martingales in discrete time. We study the basic prop­
erties, but also some more advanced ones like stopping times and the Optional 
Stopping Theorem. In Chapter 4 we continue with martingales by presenting 

vii 
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Doob's inequalities and convergence results. Chapter 5 is devoted to time­
homogenous Markov chains with emphasis on their ergodic properties. Some 
important results are presented without proof, but with a lot of applications. 
However, Markov chains with a finite state space are treated in full detail. 
Chapter 6 deals with stochastic processes in continuous time. Much emphasis 
is put on two important examples, the Poisson and Wiener processes. Various 
properties of these are presented, including the behaviour of sample paths and 
the Doob maximal inequality. The last chapter is devoted to the Ito stochastic 
integral. This is carefully introduced and explained. We prove a stochastic ver­
sion of the chain rule known as the Ito formula, and conclude with examples 
and the theory of stochastic differential equations. 

It is a pleasure to thank Andrew Carroll for his careful reading of the final 
draft of this book. His many comments and suggestions have been invaluable 
to us. We are also indebted to our students who took the Stochastic Analysis 
course at the University of Hull. Their feedback was instrumental in our choice 
of the topics covered and in adjusting the level of exercises to make them 
challenging yet accessible enough to final year undergraduates. 

As this book is going into its 3rd printing, we would like to thank our 
students and readers for their support and feedback. In particular, we wish 
to express our gratitude to Iaonnis Emmanouil of the University of Athens 
and to Brett T. Reynolds and Chris N. Reynolds of the University of Wales 
in Swansea for their extensive and meticulous lists of remarks and valuable 
suggestions, which helped us to improve the current version of Basic Stochastic 
Processes. 

We would greatly appreciate further feedback from our readers, who are 
invited to visit the Web Page http://www.hull.ac . uk/php/mastz/bsp . html 
for more information and to check the latest corrections in the book. 

Zdzislaw Brzezniak and Tomasz Zastawniak 
Kingston upon Hull, June 2000 
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1 
Review of Probability 

In this chapter we shall recall some basic notions and facts from probability 
theory. Here is a short list of what needs to be reviewed: 

1) Probability spaces, O'-fields and measures; 

2) Random variables and their distributions; 

3) Expectation and variance; 

4) The O'-field generated by a random variable; 

5) Independence, conditional probability. 

The reader is advised to consult a book on probability for more information. 

1.1 Events and Probability 

Definition 1.1 

Let [} be a non-empty set. A O'-field F on [} is a family of subsets of [} such 
that 

1) the empty set 0 belongs to F; 

2) if A belongs to F, then so does the complement [} \ A; 

1 
Z. Brzeźniak et al., Basic Stochastic  Processes
© Springer-Verlag London Limited 1999



2 Basic Stochastic Processes 

3) if Ai, A2, ... is a sequence of sets in F, then their union Ai U A2 U ... also 
belongs to :F. 

Example 1.1 

Throughout this course ~ will denote the set of real numbers. The family of 
Borel sets F = B(~) is a 17-field on ~. We recall that B(~) is the smallest 
17-field containing all intervals in R 

Definition 1.2 

Let F be a 17-field on D. A probability measure P is a function 

P : F ~ [0,1] 

such that 

1) P(D) = 1; 

2) if Ai, A2 , .•• are pairwise disjoint sets (that is, Ai n Aj = 0 for i :f j) 
belonging to F, then 

The triple (D,F,P) is called a probability space. The sets belonging to F 
are called events. An event A is said to occur almo,~t surely (a.s.) whenever 
P(A) = 1. 

Example 1.2 

We take the unit interval D = [0,1] with the 17-field F = B([O, 1]) of Borel 
sets Be [0,1], and Lebesgue measure P = Leb on [0,1]. Then (D,F,P) is a 
probability space. Recall that Leb is the unique measure defined on Borel sets 
such that 

Leb[a, b] = b - a 

for any interval [a, b]. (In fact Leb can be extended to a larger 17-field, but we 
shall need Borel sets only.) 

Exercise 1.1 

Show that if Ai, A2 , ••. is an expanding sequence of events, that is, 
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then 

Similarly, if AI, A 2 , ... is a contracting sequence of events, that is, 

then 
P (AI n A2 n ... ) = lim P (An) . 

n-+oo 

Hint Write Al U A2 U ... as the union of a sequence of disjoint events: start with 
AI, then add a disjoint set to obtain Al U A2, then add a disjoint set again to obtain 
Al U A2 U A 3 , and so on. Now that you have a sequence of disjoint sets, you can use 
the definition of a probability measure. To deal with the product Al n A2 n ... write 
it as a union of some events with the aid of De Morgan's law. 

Lemma 1.1 (Borel-Cantelli) 

Let AI, A2, ... be a sequence of events such that P (Ad + P (A2) + ... < 00 

and let Bn = An U An+l U··· . Then P (BI n B2 n ... ) = o. 

Exercise 1.2 

Prove the Borel-Cantelli lemma above. 

Hint BI, B2, ... is a contracting sequence of events. 

1.2 Random Variables 

Definition 1.3 

If F is a a-field on il, then a function ~ : il -t lR is said to be F-measurable if 

{~ E B} E F 

for every Borel set B E B(lR). If (il,F,P) is a probability space, then such a 
function ~ is called a random variable. 

Remark 1.1 

A short-hand notation for events such as {~ E B} will be used to avoid clutter. 
To be precise, we should write 

{w E il : ~ (w) E B} 
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in place of {~ E B}. Incidentally, {~ E B} is just a convenient way of writing 
the inverse image ~-1 (B) of a set. 

Definition 1.4 

The a-field a (~) generated by a random variable ~ : n -t IR consists of all sets 
of the form {~ E B}, where B is a Borel set in III 

Definition 1.5 

The a-field a {~i : i E I} generated by a family {~i : i E I} of random variables 
is defined to be the smallest a-field containing all events of the form {~i E B}, 
where B is a Borel set in IR and i E I. 

Exercise 1.3 

We call I : IR -t IR a Borel function if the inverse image 1-1 (B) of any Borel 
set B in IR is a Borel set. Show that if I is a Borel function and ~ is a random 
variable, then the composition I (~) is a (~)-measurable. 

Hint Consider the event {f (e) E B}, where B is an arbitrary Borel set. Can this 
event be written as {e E A} for some Borel set A? 

Lemma 1.2 (Doob-Dynkin) 

Let ~ be a random variable. Then each a (~)-measurable random variable 7] can 
be written as 

7]=f(~) 

for some Borel function f : IR -t lit 

The proof of this highly non-trivial result will be omitted. 

Definition 1.6 

Every random variable ~ : n -t IR gives rise to a probability measure 

Pe(B) = P{~ E B} 

on IR defined on the a-field of Borel sets B E 8(IR). We call Pe the distribution 
of ~. The function Fe : IR -t [0,1] defined by 

Fe(x) = P{~ $ x} 

is called the distribution function of ~. 
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Exercise 1.4 

Show that the distribution function F{ is non-decreasing, right-continuous, and 

lim F{ (x) = 0, lim F{ (x) = l. 
x~-oo X~+OO 

Hint For example, to verify right-continuity show that Fe(xn) -t F{(x) for any de­
creasing sequence Xn such that Xn -t x. You may find the results of Exercise 1.1 
useful. 

Definition 1.7 

If there is a Borel function I{ : IR -t IR such that for any Borel set B c IR 

p {~ E B} = ~ Idx) dx, 

then ~ is said to be a random variable with absolutely continuous distribution 
and Ie is called the density of f If there is a (finite or infinite) sequence of 
pairwise distinct real numbers Xl, X2, .•. such that for any Borel set B C IR 

P{~EB}= L P{~=Xi}, 
x;EB 

then ~ is said to have discrete distribution with values Xl, X2, • •• and mass 
P{~ = Xi} at Xi. 

Exercise 1.5 

Suppose that ~ has continuous distribution with density Ie- Show that 

d 
dxFe (x) = h (x) 

if Ie is continuous at x. 

Hint Express F{ (x) as an integral of /{. 

Exercise 1.6 

Show that if ~ has discrete distribution with values Xl, X2, . .• , then Fe is 
constant on each interval {s, t] not containing any of the Xi'S and has jumps of 
size P {~ = Xi} at each Xi. 

Hint The increment F{ (t) - F{ (s) is equal to the total mass of the Xi'S that belong 
to the interval [8, t). 
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Definition 1.8 

The joint distribution of several random variables 6, ... ,~n is a probability 
measure P~l ""'~n on IRn such that 

for any Borel set B in IRn. If there is a Borel function f~l, .... {n : IRn -+ IR such 
that 

P {(6, ... ,~n) E B} = L iel .... ,{n (Xl, ... ,Xn) dX1 ... dXn 

for any Borel set B in IRn , then f~l .... '~n is called the joint density of 6,···, ~n. 

Definition 1.9 

A random variable ~ : n -+ IR is said to be integrable if 

1n1~1 dP < 00. 

Then 

E(~) = In ~ dP 

exists and is called the expectation of ~. The family of integrable random vari­
ables ~ : n -+ IR will be denoted by L1 or, in case of possible ambiguity, by 
L 1(n,F,p). 

Example 1.3 

The indicator function lA of a set A is equal to 1 on A and 0 on the complement 
n \ A of A. For any event A 

E (lA) = ilA dP = P (A) . 

We say that 'TI : n -+ IR is a step function if 

n 

'TI = I: 'TIilA" 
i=l 

where 'TIl, ... ,'TIn are real numbers and A l , ... ,An are pairwise disjoint events. 
Then 
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Exercise 1. 7 

Show that for any Borel function h : IR ~ IR such that h (~) is integrable 

E(h(~)) = L h(x) dP{ (x). 

Hint First verify the equality for step functions h : JR --+ JR, then for non-negative ones 
by approximating them by step functions, and finally for arbitrary Borel functions by 
splitting them into positive and negative parts. 

In particular, Exercise 1. 7 implies that if , has an absolutely continuous 
distribution with density h, then 

1+00 
E (h (~)) = -00 h (x) fdx) dx. 

If, has a discrete distribution with (finitely or infinitely many) pairwise distinct 
values Xl, X2, ••. , then 

E(h(~)) = Lh(Xi)P{~=Xi}. 
i 

Definition 1.10 

A random variable, : n ~ IR is called square integrable if 

ll~12 dP < 00. 

Then the variance of , can be defined by 

var(') = In (~ -E(~))2 dP. 

The family of square integrable random variables ~ : n ~ IR will be denoted 
by £2(n, F, P) or, if no ambiguity is possible, simply by £2. 

Remark 1.2 

The result in Exercise 1.8 below shows that we may write E(~) in the definition 
of variance. 

Exercise 1.8 

Show that if ~ is a square integrable random variable, then it is integrable. 
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Hint Use the Schwarz inequality 

(1.1) 

with an appropriately chosen 1]. 

Exercise 1.9 

Show that if 1] : n -t [0, 00) is a non-negative square integrable random vari­
able, then 

E(1]2) = 2100 
tP(1] > t) dt. 

Hint Express E(1]2) in terms ofthe distribution function FT/(t) of 1] and then integrate 
by parts. 

1.3 Conditional Probability and Independence 

Definition 1.11 

For any events A, B E F such that P (B) :f: ° the conditional probability of A 
given B is defined by 

Exercise 1.10 

P(AIB) = p(AnB) 
P(B) . 

Prove the total probability formula 

for any event A E :F and any sequence of pairwise disjoint events BI , B2 , ... E :F 
such that BI U B2 U ... = nand P(Bn) :f: ° for any n. 

Hint A = (A n Bd U (A n B 2 ) U .... 

Definition 1.12 

Two events A, B E F are called independent if 

P(A n B) = P(A)P(B). 

In general, we say that n events AI, ... ,An E :F are independent if 
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for any indices 1 ~ i 1 < h < ... < ik ~ n. 

Exercise 1.11 

Let P (B) :f O. Show that A and B are independent events if and only if 
P (AlB) = P (A). 

Hint If P (B) ::j:. 0, then you can divide by it. 

Definition 1.13 

Two random variables ~ and TI are called independent if for any Borel sets 
A, B E B (JR) the two events 

{~E A} and {TI E B} 

are independent. We say that n random variables 6, ... , en are independent if 
for any Borel sets B 1, •.. , Bn E B (JR) the events 

are independent. In general, a (finite or infinite) family of random variables 
is said to be independent if any finite number of random variables from this 
family are independent. 

Proposition 1.1 

If two integrable random variables e, TI : {} -t JR are independent, then they are 
uncorrelated, i.e. 

provided that the product eTl is also integrable. If 6, ... , en {} -t IR are 
independent integrable random variables, then 

provided that the product 66 ... en is also integrable. 

Definition 1.14 

Two a-fields 9 and 'Ii contained in F are called independent if any two events 

A E 9 and BE 'Ii 
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are independent. Similarly, any finite number of CT-fields (h, ... , On contained 
in :F are independent if any n events 

are independent. In general, a (finite or infinite) family of CT-fields is said to be 
independent if any finite number of them are independent. 

Exercise 1.12 

Show that two random variables ~ and 1] are independent if and only if the 
CT-fields CT (~) and CT (1]) generated by them are independent. 

Hint The events in CT ({) and a (1]) are of the form {{ E A}, and {1] E B}, where A 
and B are Borel sets. 

Sometimes it is convenient to talk of independence for a combination of 
random variables and CT-fields. 

Definition 1.15 

We say that a random variable ~ is independent of aCT-field 0 if the CT-fields 

CT(~) and 0 

are independent. This can be extended to any (finite or infinite) family con­
sisting of random variables or CT-fields or a combination of them both. Namely, 
such a family is called independent if for any finite number of random variables 
6, ... '~m and CT-fields 01, ... , On from this family the CT-fields 

CT (6) , ... ,CT (~m) ,01, . .. ,On 

are independent. 

1.4 Solutions 

Solution 1.1 

If A1 C A2 C ... , then 
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where the sets AI, A2 \ AI, A3 \ A2l ... are pairwise disjoint. Therefore, by the 
definition of probability measure 

P(A1 UA2 U···) = P(AIU(A2\Al)U(A3\A2)U···) 

= P (Ad + P (A2 \ Ad + P (A3 \ Az) + ... 
= lim P (An). 

n-HXl 

The last equality holds because the partial sums in the series above are 

P (Ad + P (Az \ Ad + ... + P (An \ An-d = P (AI U ... U An) 

= P(An). 

If Al :J Az :J ... , then the equality 

P (AI n A2 n ... ) = lim P (An) 
n~oo 

follows by taking the complements of An and applying De Morgan's law 

Solution 1.2 

Since Bn is a contracting sequence of events, the results of Exercise 1.1 imply 
that 

p(B I nB2 n···) = lim P(Bn ) 
n~oo 

= lim P(An UAn+1 U···) 
n~oo 

::; lim (P (An) + P (An+d + ... ) 
n~oo 

= o. 

The last equality holds because the series L:~=1 P (An) is convergent. The 
inequality above holds by the subadditivity property 

P (An U An+! U···) ::; P (An) + P (An+d + ... 

It follows that P (Bl n B2 n···) = o. 

Solution 1.3 

If B is a Borel set in 1R and I : 1R 4- 1R is a Borel function, then 1--1 (B) is also 
a Borel set. Therefore 

{J (~) E B} = {~ E I-I (B)} 

belongs to the (J-field (J (~) generated by ~. It follows that the composition I (~) 
is (J (O-measurable. 
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Solution 1.4 

If x::; y, then {~ ::; x} C {~ ::; y}, so 

Fdx) = P {~ ::; x} ::; P {~ ::; y} = Fdy). 

This means that F( is non-decreasing. 
Next, we take any sequence Xl ~ X2 ~ ••• and put 

Then the events 

lim xn = x. 
n~oo 

form a contracting sequence with intersection 

It follows by Exercise 1.1 that 

This proves that F( is right-continuous. 
Since the events 

{~ ::; -I} :) {~ ::; -2} :) ... 

form a contracting sequence with intersection 0 and 

form an expanding sequence with union fJ, it follows by Exercise 1.1 that 

lim F( (x) = lim F( (-n) = lim P{~::; -n} = P(0) = 0, 
x~-oo n~oo n~oo 

lim F( (x) = lim F( (n) = lim P {~ ::; n} = P (fJ) = 1, 
x~oo n~oo n~oo 

since F( is non-decreasing. 

Solution 1.5 

If ~ has a density h, then the distribution function F( can be written as 

Therefore, if h is continuous at x, then F( is differentiable at x and 

d 
dx F( (x) = h (x). 
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Solution 1.6 

If s < t are real numbers such that Xi ~ (s, t] for any i, then 

F{(t) - Fds) = P{~ ~ t} - P{~ ~ s} = P{~ E (s,t]) = 0, 

i.e. F{(s) = Fdt). Because F{ is non-decreasing, this means that F{ is constant 
on (s, t]. To show that F{ has a jump of size P{~ = Xi} at each Xi, we compute 

lim Fdt) - lim Fds) = lim P{~ ~ t} - lim P{~ ~ s} 
t'\,x; 8/,X; t'\,x; 8/,X; 

= P{~ ~ Xi} - P{~ < Xi} = P{~ = Xi}' 

Solution 1.7 

If h is a step function, 

i=l 

where hI, ... ,hn are real numbers and AI, ... ,An are pairwise disjoint Borel 
sets covering JR, then 

n n 

E (h (~)) = L hiE (lA. (~)) = L hiP {~E Ai} 
i=l i=l 

Next, any non-negative Borel function h can be approximated by a non­
decreasing sequence of step functions. For such an h the result follows by the 
monotone convergence of integrals. Finally, this implies the desired equality 
for all Borel functions h, since each can be split into its positive and negative 
parts, h = h+ - h-, where h+, h- ~ O. 

Solution 1.8 

By the Schwarz inequality (1.1) with 1/ = 1, if ~ is square integrable, then 

i.e. ~ is integrable. 

Solution 1. 9 

Let F(t) = P {1/ ~ t} be the distribution function of 1/. Then 

E(1/2 ) = LX> t2dF(t). 
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Since P(TJ > t) = 1 - F(t), we need to show that 

1000 t2 dF(t) = 21000 t (1 - F(t)) dt (1.2) 

First, let us establish a version of (1.2) with 00 replaced by a finite number a. 
Integrating by parts, we obtain 

loa t2 dF(t) = loa t2 d(F(t) - 1) 

= t2 (F(t) -1)1~ - 2 loa t(F(t) -l)dt 

= -a2 (1 - F(a)) + 2 loa t(l - F(t))dt. (1.3) 

We see that (1.2) follows from (1.3), provided that 

a2 (1- F(a)) -+ 0, as a -+ 00. (1.4) 

But 

where n is the integer part of a, and 

Hence, 

n2 P (TJ 2 n)::; r TJ2 dP = f r TJ2 dP -+ 0 (1.5) 
i{1)?n} k=n i{kS,1)<k+l} 

as n -+ 00, which proves (1.4). 

Solution 1.10 

Since Bl U B2 U··· = il, 

A = An (Bl U B2 u .. ·) = (A n Bd U (A n B2) U .. · , 

where 
(A n B i ) n (A n B j ) = An (Bi n B j ) = An 0 = 0. 

By countable additivity 

P(A) = p((AnB l )u(AnB2 )u",) 

= P (A n Bd + P (A n B 2 ) + ... 
= P (AIBl) P(Bd + P (AIB2) P(B2) + ... 
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Solution 1.11 

If P (B) :/; 0, then A and B are independent if and only if 

P (A) = P (A n B) 
P(B) . 

In turn, this equality holds if and only if P (A) = P (AlB) . 

Solution 1.12 

The O"-fields 0" (~) and 0" (7]) consist, respectively, of events of the form 

{~E A} and {7] E B}, 

15 

where A and B are Borel sets in JR. Therefore, 0" (~) and 0" (7]) are independent 
if and only if the events {~ E A}, and {7] E B} are independent for any Borel 
sets A and B, which in turn is equivalent to ~ and 7] being independent. 



2 
Conditional Expectation 

Conditional expectation is a crucial tool in the study of stochastic processes. 
It is therefore important to develop the necessary intuition behind this notion, 
the definition of which may appear somewhat abstract at first. This chapter is 
designed to help the beginner by leading him or her step by step through several 
special cases, which become increasingly involved, culminating at the general 
definition of conditional expectation. Many varied examples and exercises are 
provided to aid the reader's understanding. 

2.1 Conditioning on an Event 

The first and simplest case to consider is that of the conditional expectation 
E WB) of a random variable, given an event B. 

Definition 2.1 

For any integrable random variable, and any event BE F such that P(B) -::f 0 
the conditional expectation of , given B is defined by 

EWB) = ptB) 1 ' dP. 

17 
Z. Brzeźniak et al., Basic Stochastic  Processes
© Springer-Verlag London Limited 1999
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Example 2.1 

Three coins, lOp, 20p and 50p are tossed. The values of those coins that land 
heads up are added to work out the total amount ~. What is the expected total 
amount ~ given that two coins have landed heads up? 

Let B denote the event that two coins have landed heads up. We want to 
find E WB). Clearly, B consists of three elements, 

B = {HHT, HTH, THH} , 

each having the same probability k. (Here H stands for heads and T for tails.) 
The corresponding values of ~ are 

Therefore 

Exercise 2.1 

~(HHT) 

~(HTH) 

10 + 20 = 30, 

10 + 50 = 60, 

~(THH) = 20 + 50 = 70. 

Show that E WD) = E(~). 

Hint The definition of E (0 involves an integral and so does the definition of E Wr.?). 
How are these integrals related? 

Exercise 2.2 

Show that if 

lA(W) = { ~ for W E A 
for W ~ A 

(the indicator function of A), then 

where 

E(lAIB) = P(AIB), 

P(AIB) = P(A n B) 
P(B) 

is the conditional probability of A given B. 

Hint Write IB lA dP as P(A n B). 
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2.2 Conditioning on a Discrete Random 
Variable 

19 

The next step towards the general definition of conditional expectation involves 
conditioning by a discrete random variable 'f/ with possible values Yl, Y2, ... such 
that P {'f/ = Yn} -=1= 0 for each n. Finding out the value of 'f/ amounts to finding 
out which of the events {'f/ = Yn} has occurred or not. Conditioning by 'f/ should 
therefore be the same as conditioning by the events {'f/ = Yn}. Because we do 
not know in advance which of these events will occur, we need to consider all 
possibilities, involving a sequence of conditional expectations 

A convenient way of doing this is to construct a new discrete random variable 
constant and equal to E W {'f/ = Yn}) on each of the sets {'f/ = Yn}. This leads 
us to the next definition. 

Definition 2.2 

Let ~ be an integrable random variable and let 'f/ be a discrete random variable 
as above. Then the conditional expectation of ~ given 'f/ is defined to be a random 
variable E(~I'f/) such that 

EW'f/)(w) = E(~I {'f/ = Yn}) if 'f/(w) = Yn 

for any n = 1,2, .... 

Example 2.2 

Three coins, lOp, 20p and 50p are tossed as in Example 2.1. What is the 
conditional expectation E (~I1J) of the total amount ~ shown by the three coins 
given the total amount 1J shown by the lOp and 20p coins only? 

Clearly, 1J is a discrete random variable with four possible values: 0, 10, 20 
and 30. We find the four corresponding conditional expectations in a similar 
way as in Example 2.1: 

Therefore 

E(~I {'f/ = O}) = 25, 
EW {'f/ = 20}) = 45, 

{ 

25 
35 

EW'f/) (w) = 45 

55 

EW {'f/ = 1O}) = 35, 
E W {'f/ = 30}) = 55. 

if 'f/(w) = 0, 
if 'f/(w) = 10, 
if 'f/(w) = 20, 
if 'f/(w) = 30. 
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Example 2.3 

Take n = [0,1] with the a-field of Borel sets and P the Lebesgue measure on 
[0,1]. We shall find E(~17J) for 

if x E [0, H 
ifxE(t,~), 
ifxE(~,11· 

Clearly, 71 is discrete with three possible values 1,2, O. The corresponding events 
are 

For x E [0, t] 

{7J = I} = [0, H 
{7J=2} = (t,~), 

{7J = O} = (~, 1]. 

2 

E(~17J)(x) = E(~I(~, ~)) = i ~3 2x2dx = ~~. 
3 it 

And for x E (~, 1] 

1 ~l 38 E(~17J)(x) = E(~I(~, 1]) = I 2 2x2 dx = 27· 
3 3 

The graph of E(~17J) is shown in Figure 2.1 together with those of ~ and 71. 

Exercise 2.3 

Show that if 71 is a constant function, then E({17J) is constant and equal to 
E(~). 

Hint The event {1J = c} must be 0 or n for any c E lR. 

Exercise 2.4 

Show that 

{ P(AIB) 
E(1AI1B)(W) = P(AID \ B) 

for any B such that 1 :j:. P(B) :j:. O. 

ifw E B 
ifw f/: B 
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2 2 2 

1 1 1 

o 1 X o 1 X o 
Figure 2.1. The graph of E ({111) in Example 2.3 

: 
.: 

,'; 

" : . : 

21 

'+ : . 
: I' . 
~' 

.~ 
.: 

; ,': 

T 
~/ 

1 X 

Hint How many different values does 18 take? What are the sets on which these 
values are taken? 

Exercise 2.5 

Assuming that .,., is a discrete random variable, show that 

Hint Observe that 

Is E({ll1)dP = Is (dP 

for any event B on which 11 is constant. The desired equality can be obtained by 
covering n by countably many disjoint events of this kind. 

Proposition 2.1 

If ~ is an integrable random variable and 11 is a discrete random variable, then 

1) E (~I.,.,) is 0' (.,.,)-measurable; 

2) For any A E 0' (.,.,) 

(2.1) 

Proof 

Suppose that.,., has pairwise distinct values Yl, Y2, .... Then the events 
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are pairwise disjoint and cover fl. The a-field a (1]) is generated by these events, 
in fact every A E a (1]) is a countable union of sets of the form {1] = Yn}. Because 
E (~I1]) is constant on each of these sets, it must be a (1])-measurable. 

For each n we have 

1 E(~I1])dP = 1 E(~I{1]=Yn})dP 
{1J=Yn} {1J=Yn} 

= [ ~dP. 
J{1J=Yn} 

Since each A E a( 1]) is a countable union of sets of the form {1] = Yn}, which 
are pairwise disjoint, it follows that 

i EW1])dP = i ~dP, 
as required. 0 

2.3 Conditioning on an Arbitrary Random 
Variable 

Properties 1) and 2) in Proposition 2.1 provide the key to the definition of the 
conditional expectation given an arbitrary random variable 'fl. 

Definition 2.3 

Let ~ be an integrable random variable and let TJ be an arbitrary random 
variable. Then the conditional expectation of ~ given TJ is defined to be a random 
variable EWTJ) such that 

1) E (~ITJ) is a (1])-measurablej 

2) For any A E a (1]) 

Remark 2.1 

We can also define the conditional probability of an event A E :F given TJ by 

where lA is the indicator function of A. 
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Do the conditions of Definition 2.3 characterize E W7]) uniquely? The 
lemma below implies that E W7]) is defined to within equality on a set of 
full measure. Namely, 

if ( = ( a.s., then E ((17]) = E ((17]) a.s. (2.2) 

The existence of E ((17]) will be discussed later in this chapter. 

Lemma 2.1 

Let (n, F, P) be a probability space and let 9 be a a-field contained in F. If ( 
is a g-measurable random variable and for any BEg 

l ~dP=O, 
then ~ = 0 a.s. 

Proof 

Observe that P {~ ~ c} = 0 for any c > 0 because 

o :S cP {~ ~ c} = { c dP:S { ~ dP = O. 
i{f?c} i{{?e} 

The last equality holds, since {~ ~ c} E g. Similarly, P {~ ~ -c} = 0 for any 
c > O. As a consequence, 

P { -c < ~ < c} = 1 

for any c > O. 
Let us put 

Then P (An) = 1 and 
00 

n=l 

Because the An form a contracting sequence of events, it follows that 

P{~ = O} = lim P(An) = 1, 
n-too 

as required. 0 
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One difficulty involved in Definition 2.3 is that no explicit formula for E (~I1]) 
is given. If such a formula is known, then it is usually fairly easy to verify 
conditions 1) and 2). But how do you find it in the first place? The examples 
and exercises below are designed to show how to tackle this problem in concrete 
cases. 

Example 2.4 

Take n = [0,1] with the a-field of Borel sets and P the Lebesgue measure on 
[0,1]. We shall find E(~I1]) for 

1](X) = { ~ ifxE[O,!), 
if x E [!, 1]. 

Here 1] is no longer discrete and the general Definition 2.3 should be used. 
First we need to describe the a-field 0'(1]). For any Borel set B C [!, 1] we 

have 
B = {1] E B} E 0'(1]) 

and 
[O,!) u B = {1] E B} U {1] = 2} E 0' (1]). 

In fact sets Qf these two kinds exhaust all elements of 0' C,,). The inverse image 
{1] E C} of any Borel set C C IR is of the first kind if 2 ~ C and of the second 
kind if 2 E C. 

If EC~I77) is to be 0' (77)-measurable, it must be constant on [O,!) because 77 
is. If for any x E [0, ~ ) 

then 

E(~I1])(x) = E(~I[O,!)) 

= =-1-;-1:-:- { ~(x)dx 
P([O, 2)) l[o,!) 

= i (! 2X2 dx 
"2 lo 
1 
6' 

11 E(~I1])(x) dx = 11 ~(x) dx, 
[0'2) [0'2) 

i.e. condition 2) of Definition 2.3 will be satisfied for A = [0, !). 
Moreover, if ECel77) = ~ on [!, 1], then of course 

1 E(~I1])(x) dx = 1 ~(x) dx 



2. Conditional Expectation 

for any Borel set B c [~, 1]. 
Therefore, we have found that 

if x E [0, ~), 
if x E [~, 1]. 

25 

Because every element of a( TJ) is of the form B or [0, ~ ) U B, where B C [~, 1] 
is a Borel set, it follows immediately that conditions 1) and 2) of Definition 2.3 
are satisfied. The graph of E(~ITJ) is presented in Figure 2.2 along with those 
of ~ and TJ. 

E(~I1J ) 

2 2 2 

1 1 V' 1 

0 1 x 0 1 x 0 1 x 

Figure 2.2. The graph of E W1/) in Example 2.4 

Exercise 2.6 

Let [} = [0,1] with Lebesgue measure as in Example 2.4. Find the conditional 
expectation E (~ITJ) if 

TJ(X) = 1 - 12x - 11. 

Hint First describe the a-field generated by 1/. Observe that 1/ is symmetric about ~. 
What does it tell you about the sets in (]' (1/)? What does it tell you about E W1/) if it 
is to be a (1/)-measurable? Does it need to be symmetric as well? For any A in (]' (1/) 
try to transform fA e dP to make the integrand symmetric. 

Exercise 2.7 

Let [) be the unit square [0,1] x [0,1] with the a-field of Borel sets and P the 
Lebesgue measure on [0,1] x [0,1]. Suppose that ~ and TJ are random variables 
on [} with joint density 

ie,'I/(x, y) = x + y 
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for any x, y E [0,1]' and f~,,.,(x, y) = ° otherwise. Show that 

E(~I7J) = ~:~~. 
Hint It suffices (why?) to show that for any Borel set B 

r ~ dP = r 2 + 317 dP. 
J{1)EB} J{1)EB} 3 + 617 

Try to express each side of this equality as an integral over the square [0,1] x [0,1] 
using the joint density h 1) (x, y). 

Exercise 2.8 

Let 0 be the unit square [0, 1J x [0, 1J with Lebesgue measure as in Exercise 2.7. 
Find E (~I7J) if ~ and 7J are random variables on 0 with joint density 

3 (2 2) h,.,(x, y) = 2" x + y 

for any x, y E [0,1], and f~,,.,(x, y) = ° otherwise. 

Hint This is slightly harder than Exercise 2.7 because here we have to derive a formula 
for the conditional expectation. Study the solution to Exercise 2.7 to find a way of 
obtaining such a formula. 

Exercise 2.9 

Let 0 be the unit disc {(x, y) : x2 + y2 ~ 1} with the O"-field of Borel sets and 
P the Lebesgue measure on the disc normalized so that P (0) = 1, i.e. 

P (A) = ~ J i dx dy 

for any Borel set A c O. Suppose that ~ and TJ are the projections onto the x 
and y axes, 

~(x,y)=x, 

for any (x, y) E O. Find E (el7J)' 

7J (x,y) = y 

Hint What is the joint density of ~ and 17? Use this density to transform the integral 

j edP 
{1)EB} 

for an arbitrary Borel set B so that the integrand becomes a function of 17. How is 
this function of 17 related to E (e 117) ? 
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2.4 Conditioning on a 0"-Field 

We are now in a position to make the final step towards the general definition 
of conditional expectation. It is based on the observation that E (~I1]) depends 
only on the a-field 0' (1]) generated by 1], rather than on the actual values of 1]. 

Proposition 2.2 

If 0'(1]) = 0'(1]'), then E(~I1]) = E(~I1]') a.s. (Compare this with (2.2).) 

Proof 

This is an immediate consequence of Lemma 2.1. 0 

Because of Proposition 2.2 it is reasonable to talk of conditional expectation 
given a a-field. The definition below differs from Definition 2.3 only by using an 
arbitrary a-field Q in place of a a-field 0' (1]) generated by a random variable 1]. 

Definition 2.4 

Let ~ be an integrable random variable on a probability space (n, F, P), and 
let Q be a a-field contained in F. Then the conditional expectation of ~ given 
9 is defined to be a random variable E ((IQ) such that 

1) E(~IQ) is Q-measurable; 

2) For any A E Q i E(~lg) dP = i ~ dP. (2.3) 

Remark 2.2 

The conditional probability of an event A E :F given a a-field Q can be defined 
by 

where lA is the indicator function of A. 

The notion of conditional expectation with respect to a a-field extends 
conditioning on a random variable 1] in the sense that 

where 0'(1]) is the a-field generated by 1]. 
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Proposition 2.3 

E(~IQ) exists and is unique in the sense that if ~ = e a.s., then E(~IQ) 
E(elQ) a.s. 

Proof 

Existence and uniqueness follow, respectively, from Theorem 2.1 below and 
Lemma 2.1. 0 

Theorem 2.1 (Radon-Nikodym) 

Let ({l, F, P) be a probability space and let Q be a a-field contained in F. 
Then for any random variable ~ there exists a Q-measurable random variable 
( such that 

for each A E Q. 

The Radon-Nikodym theorem is important from a theoretical point of view. 
However, in practice there are usually other ways of establishing the existence 
of conditional expectation, for example, by finding an explicit formula, as in 
the examples and exercises in the previous section. The proof of the Radon­
Nikodym theorem is beyond the scope of this course and is omitted. 

Exercise 2.10 

Show that if Q = {0, a}, then E(~IQ) = E(~) a.s. 

Hint What random variables are 9-measurable if 9 = {0, !t}? 

Exercise 2.11 

Show that if ~ is Q-measurable, then E(~IQ) = ~ a.s. 

Hint The conditions of Definition 2.4 are trivially satisfied by ~ if ~ is 9-measurable. 

Exercise 2.12 

Show that if B E Q, then 

E (E WQ) IB) = E WB) . 

Hint The conditional expectation on either side of the equality involves an integral 
over B. How are these integrals related to one another? 
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2.5 General Properties 

Proposition 2.4 

Conditional expectation has the following properties: 

1) E(a~ + b(19) = aE(~I9) + bE((I9) (linearity); 

2) E(E(~19)) = E(~); 

3) E(~(19) = ~E((I9) if ~ is 9-measurable (taking out what is known); 

4) E(~I9) = E(~) if ~ is independent of 9 (an independent condition drops 
out); 

5) E(EW9)I1l) = E(~I1l) if 1l c 9 (tower property); 

6) If ~ ~ 0, then E(~I9) ~ 0 (positivity). 

Here a, b are arbitrary real numbers, ~,( are integrable random variables on a 
probability space (fl, F, P) and 9, 1l are a-fields on fl contained in :F. In 3) we 
also assume that the product ~( is integrable. All equalities and the inequalities 
in 6) hold P-a.s. 

Proof 

1) For any B E 9 

L (aE(~I9) + bE((19)) dP = a L E(~I9) dP + b L E((19) dP 

= al~dP+bl(dP 

= L (a~ + b() dP. 

By uniqueness this proves the desired equality. 
2) This follows by putting A = il in (2.3). Also, 2) is a special case of 5) 

when 1l = {0, il}. 
3) We first verify the result for ~ = lA, where A E 9. In this case 
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for any B E Q, which implies that 

by uniqueness. In a similar way we obtain the result if ~ is a Q-measurable step 
function, 

m 

~ = Laj lAj, 
j=l 

where Aj E Q for j = 1, ... ,m. Finally, the result in the general case follows 
by approximating ~ by Q-measurable step functions. 

4) Since ~ is independent of Q, the random variables ~ and IB are inde­
pendent for any B E Q. It follows by Proposition 1.1 (independent random 
variables are uncorrelated) that 

1 E(~) dP = E(~)E(IB) 
= E(~IB) 

= 1 ~dP, 
which proves the assertion. 

5) By Definition 2.4 

Is E(~IQ)dP = Is ~dP 
for every B E Q, and 

Is E(~I1£) dP = 1 ~ dP 

for every B E 1£. Because 1£ c Q it follows that 

Is E(ejQ) dP = L E(~I1£) dP 

for every B E 1£. Applying Definition 2.4 once again, we obtain 

E(E(~IQ)I1£) = E(~I1£) . 

6) For any n we put 

Then An E Q. If ~ ~ 0 a.s., then 
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which means that P (An) = O. Because 

00 

{E(~I9) < O} = U An 
n=l 

it follows that 
P{E(~19) < O} = 0, 

completing the proof. 0 

The next theorem, which will be stated without proof, involves the notion 
of a convex function, such as max(l,x) or e-x , for example. In this course the 
theorem will be used mainly for lxi, which is also a convex function. In general, 
we call a function <p : IR -+ IR convex if for any x, y E IR and any>. E [0,1] 

<p (>'x + (1 - >.) y) ::; >.<p (x) + (1 - >.) <p (y). 

This condition means that the graph of <p lies below the cord connecting the 
points with coordinates (x, <p (x)) and (y, <p (y)). 

Theorem 2.2 (Jensen's Inequality) 

Let <p : IR -+ IR be a convex function and let ~ be an integrable random variable 
on a probability space (fl, F, P) such that <p (~) is also integrable. Then 

<p(EW9))::; E(<p(~) 19) a.s. 

for any (I-field 9 on fl contained in F. 

2.6 Various Exercises on Conditional 
Expectation 

Exercise 2.13 

Mrs. Jones has made a steak and kidney pie for her two sons. Eating more 
than a half of it will give indigestion to anyone. While she is away having tea 
with a neighbour, the older son helps himself to a piece of the pie. Then the 
younger son comes and has a piece of what is left by his brother. We assume 
that the size of each of the two pieces eaten by Mrs. Jones' sons is random and 
uniformly distributed over what is currently available. What is the expected 
size of the remaining piece given that neither son gets indigestion? 
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Hint All possible outcomes can be represented by pairs of numbers, the portions of 
the pie consumed by the two sons. Therefore il can be chosen as a subset of the 
plane. Observe that the older son is restricted only by the size of the pie, while the 
younger one is restricted by what is left by his brother. This will determine the shape 
of il. Next introduce a probability measure on il consistent with the conditions of 
the exercise. This can be done by means of a suitable density over il. Now you are in 
a position to compute the probability that neither son will get indigestion. What is 
the corresponding subset of il? Finally, define a random variable on il representing 
the portion of the pie left by the sons and compute the conditional expectation. 

Exercise 2.14 

As a probability space take n = [0,1) with the a-field of Borel sets and the 
Lebesgue measure on [0,1). Find E (~I17) if 

{ 
2x 

17 (x) = 2x _ 1 
for ° ~ x < ~, 
for ~ ~ x < 1. 

Hint What do events in a (17) look like? What do a (17)-measurable random variables 
look like? If you devise a neat way of describing these, it will make the task of 
finding E (~I17) much easier. You will need to transform the integrals in condition 2) 
of Definition 2.3 to find a formula for the conditional expectation. 

Exercise 2.15 

Take n = [0, 1] with the a-field of Borel sets and P the Lebesgue measure on 
[0,1]. Let 

for x E [0,1]. Show that 

for any x E [0,1]. 

17(X) = x(l - x) 

E(~I17)(X) = ~(x) + ~(1 - x) 
2 

Hint Observe that 1] (x) = 1] (1 - x). What does it tell you about the a-field generated 
by 1]? Is t (~(x) + ~ (1 - x)) measurable with respect to this a-field? If so, it remains 
to verify condition 2) of Definition 2.3. 

Exercise 2.16 

Let ~,17 be integrable random variables with joint density k'1(x, V). Show that 

Hint Study the solutions to Exercises 2.7 and 2.8. 
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Remark 2.3 

If we put 
I (xly) = /(,1/(x, y) 
JE,1/ 11/(Y) , 

where 

11/ (y) = l /(,1/(x, y) dx 

is the density of 'f/, then by the result in Exercise 2.16 

E W'f/) = l x 1~,1/ (xl'f/) dx. 

We call 1~,1/ (xly) the conditional density of ~ given 'f/. 

Exercise 2.17 

Consider L2 (F) = L2 ({},F,P) as a Hilbert space with scalar product 

L2 (F) X L2 (F) 3 (~, () t-+ E(~() E III 

Show that if ~ is a random variable in L2 (.1") and Q is a a-field contained in 
F, then E(~IQ) is the orthogonal projection of ~ onto the subspace L2 (Q) in 
L2 (F) consisting of Q-measurable random variables. 

Hint Observe that condition 2) of Definition 2.4 means that e - E(elQ) is orthogonal 
(in the sense of the scalar product above) to the indicator function lA for any A E g. 

2.7 Solutions 

Solution 2.1 

Since P (n) = 1 and In ~ dP = E (~), 

Solution 2.2 

By Definition 2.1 

E(~ln) = ptn) L ~dP = E(~). 

E(IAIB) = p(IB) hlA dP 

= _1_ r dP 
P(B) JAnB 
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Solution 2.3 

P(A n B) 
P(B) 

= P(AIB). 

Basic Stochastic Processes 

Since TJ is constant, it has only one value c E JR, for which 

{TJ=c}=D. 

Therefore E (~ITJ) is constant and equal to 

E(~lrl)(W) = E(~I {TJ = c}) = E(~ID) = E(~) 

for each wED. The last equality has been verified in Exercise 2.1. 

Solution 2.4 

The indicator function IB takes two values 1 and O. The sets on which these 
values are taken are 

{IB = I} = B, {IB = O} = 0 \ B. 

Thus, for wEB 

as in Exercise 2.2. Similarly, for wED \ B 

Solution 2.5 

First we observe that 

l E(~IB) dP = l (P(~) 1 ~ dP) dP = l ~ dP (2.4) 

for any event B. 
Since TJ is discrete, it has count ably many values Yl, Y2, .... We can as­

sume that these values are pairwise distinct, i.e. Yi f= Yj if i f= j. The sets 
{TJ = Yl} , {TJ = Y2} , ... are then pairwise disjoint and they cover the whole 
space D. Therefore, by (2.4) 

E(E(~ITJ)) = In E(~ITJ) dP 

= L 1 E(~I {TJ = Yn})dP 
n {'1=Vn} 



2. Conditional Expectation 

Solution 2.6 

=2:{ ~dP 
n hf/=Yn} 

= l~dP 
= E(~). 
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First we need to describe the a-field 0' (71) generated by 71. Observe that 71 is 
symmetric about ~, 

71(x)=71(l-x) 

for any x E [0,1]. We claim that 0' (71) consists of all Borel sets A c [0,1] 
symmetric about ~, i.e. such that 

A = 1- A. (2.5) 

Indeed, if A is such a set, then A = {71 E B}, where 

B = {2x : x E An [O,~]} 

is a Borel set, so A E 0'(71). On the other hand, if A E 0' (71), then there is a 
Borel set B in ~ such that A = {71 E B}. Then 

x E A {::} 71 (x) E B 

{::}71(l-x)EB 

{::} 1 - x E A, 

so A satisfies (2.5). 
We are ready to find E ({I71). If it is to be 0' (1])-measurable, it must be 

symmetric about ~, i.e. 

E (~I1]) (x) = E (~I71) (1 - x) 

for any x E [0,1]. For any A E 0' (1]) we shall transform the integral below so 
as to make the integrand symmetric about ~: 

i 2X2 dx = i x2 dx + i x2 dx 

= { x2 dx + { (1 - x)2 dx 
JA JI-A 

= i x2 dx + i (1 - X)2 dx 

= i(x2 +(1-x)2)dX. 
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2 2 2 

1 1 1 

o 1 X o 1 X 0 

Figure 2.3. The graph of E <e(11) in Exercise 2.6 

It follows that 
E (~I1]) (x) = x2 + (1 - x)2 . 

The graphs of ~, 1] and E W1]) are shown in Figure 2.3. 

Solution 2.7 

Since 
{1] E B} = [0,1] x B 

for any Borel set B, we have 

and 

r ~dP = r r xh.,,,(x,y)dxdy 
i{"EB} iBiR 

= { (r X(X+Y)dX) dy 
iB i[O,1] 

= L (~+~Y) dy 

1 2 + 31] 112 + 3y -3 6 dP = -3 6 h.,,,(x,y)dxdy 
{"EB} + 1] B R + y 

E(elrJ) 

" , , , 

= r 32 + 63y (r (x + y) dX) dy 
iB + Y 1[0,1] 

= L (~+~Y) dy. 

. 

1 X 

Because each event in (1 (1]) is of the form {1] E B} for some Borel set B, this 
means that condition 2) of Definition 2.3 is satisfied. The random variable it:g 
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is a (1])-measurable, so condition 1) holds too. It follows that 

E (~I ) = 2 + 31] . 
1] 3 + 61] 

Solution 2.8 
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We are looking for a Borel function F : ffi. -T ffi. such that for any Borel set B 

r ~ dP = r F (1]) dP. (2.6) 
J{I7EB} J{I7EB} 

Then E (~I1]) = F (1]) by Definition 2.3. 
We shall transform both integrals above using the joint density f~'17 (x,y) 

in much the same way as in the solution to Exercise 2.7, except that here we 
do not know the exact form of F (y). Namely, 

r ~dP = r r xf~'I7(x,y)dxdy 
J {I7EB} J B JR. 

= ~ r (r x (x2 + y2) dX) dy 
JB J[O,l) 

= ~ r (! + !y2) dy 
2 JB 4 2 

and 

r F(1]) dP = r r F(y) ie.17(X, y) dxdy 
J{I7EB} J B JR. 

= ~ r F (y) (r (x2 + y2) dX) dy 
JB J[O,l) 

= ~ 1 F(y) (~+y2) dy. 

Then, (2.6) will hold for any Borel set B if 

1+ 12 36 2 
F ( ) = 4" :iY = + y . 

It follows that 

Solution 2.9 

y ~ + y2 4 + 12y2 

3 + 61]2 
E (~I1]) = F (1]) = 4 + 121]2' 

We are looking for a Borel function F : ffi. -T ffi. such that for any Borel set 
Bcffi. 

(2.7) 
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Then, by Definition 2.3 we shall have E (eITJ) = F (TJ). 
Let us transform both sides of (2.7). To do so we observe that the ran­

dom variables ~ and TJ have uniform joint distribution over the unit disc 
il = {(x, y) : x2 + y2 ~ I}, with density 

1 
!~,T/ (x,y) = -

7r 

if x2 + y2 ~ 1, and !~,T/ (x,y) = 0 otherwise. It follows that 

and 

{ edP= {{x2!e.T/(x,y)dxdy 
i{T/EB} i B iIR 

111Jl-Y2 - x2 dxdy 
7r B _\!I_ y 2 

~ { (1- y2)3/2 dy 
37r iB 

{ F(TJ)dP= {{F(y)!f.,T/(x,y)dxdy 
i{T/EB} iBiIR 

.!. { F (y) jv'1-y2 dx dy 
7r i B -v'1-y2 

~ { F (y) (1 - y2)1/2 dy. 
7r iB 

If (2.7) is to be satisfied for all Borel sets B, then 

1 
F (y) = 3 (1 - y2) . 

This means that 

1 
E (eITJ) (x, y) = F (TJ (x, y)) = F (y) = 3 (1 - y2) 

for any (x, y) in il. 

Solution 2.10 

If Q = {0, il}, then any constant random variable is Q-measurable. Since 

In ~dP = E(~) = In E(~) dP 

and h ~ dP = 0 = h E (~) dP, 

it follows that E(~IQ) = E(~) a.s., as required. 
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Solution 2.11 

Because the trivial identity 

i ~dP= i ~dP 
holds for any A E g and ~ is g-measurable, it follows that EWm = ~ a.s. 

Solution 2.12 

By Definition 2.3 l EWg) dP = l ~dP, 
since BEg. It follows that 

Solution 2.13 

E (E (~Ig) IB) = P ~B) l E wm dP 

= P~B) L ~dP 
= EWB). 
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The whole pie will be represented by the interval [0,1]. Let x E [0,1] be the 
portion consumed by the older son. Then [0, 1 - x] will be available to the 
younger one, who takes a portion of size y E [0, 1 - x]. The set of all possible 
outcomes is 

n = {(x,y): x,y ~ O,x + y ~ I}. 

The event that neither of Mrs. Jones' sons will get indigestion is 

A = {(X,y) En: x,y < ~}. 
These sets are shown in Figure 2.4. If x is uniformly distributed over [0,1] and 
y is uniformly distributed over [0,1 - x], then the probability measure P over 
n with density 

1 
!(x,y) = -1 --x 

will describe the joint distribution of outcomes (x, y), see Figure 2.5. 
Now we are in a position to compute 

peA) = i lex, y) dx dy 

1111. 1 = 2 2 -l- dxdy 
o 0 - x 

= InV2. 
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y 

1 

t+------'Io.. 

o ~ 
2 

The random variable 

1 x 

Basic Stochastic Processes 

Figure 2.4. The sets {l and A in Exer­
cise 2.13 

Figure 2.5. The density f (x, y) in Exer­
cise 2.13 

~(x,y)=l-x-y 

defined on n represents the size of the portion left by Mrs. Jones' sons. Finally, 
we find that 

Solution 2.14 

E(elA) = ptA) i (1 - x - y) f(x,y) dxdy 

_1_ [ t [ t 1 - x - Y dx dy 
In V2 10 10 1 - x 
1-lnV2 

= 
In4 

The a-field a (11) generated by 11 consists of sets of the form B U (B + ~) for 
some Borel set B c [0, ~). Thus, we are looking for a a (11)-measurable random 
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variable ( such that for each Borel set B C [0, ~ ) 

r ~(x)dx= r ((x)dx. 
1Bu(B+!) 1Bu(B+!) 

Then E (~I7J) = ( by Definition 2.3. 
Transforming the integral on the left-hand side, we obtain 

r I ~ (x) dx = j 2X2 dx + j 1 2x2 dx 
1Bu(B+ 2 ) B B+2 

= L 2x2 dx + L 2 (x + ~) 2 dx 

= 2 L (X2 + (x + ~) 2) dx. 

For ( to be (1 (17)-measurable it must satisfy 

((x)=((x+~) 

for each x E [0, ~). Then 

r ((x) dP = r ((x) dx + r ((x) dx 
1Bu(B+~) 1B 1B+~ 

= L ((x) dx+ L ((x+~) dx 

= L ((x) dx+ L ((x) dx 

= 2 L ((x) dx. 

If (2.8) is to hold for any Borel set B C [0, ~), then 

((x) = x2 + (x + !)2 
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(2.8) 

(2.9) 

for each x E [0, !). The values of ((x) for x E [~, 1) can be obtained from (2.9). 
It follows that 

E(~I7J) (x) = ((x) = 2 2 { 
X2 + (x + 1)2 
(x -~) + x2 

for ° ~ x < ~, 
for ~ ~ x < 1. 

The graphs of ~, 7J and E (~I7J) are shown in Figure 2.6. 
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Figure 2.6. The graph of E Wry) in Exercise 2.14 

Solution 2.15 

Since 7J(x) = 7](1 - x), the a-field a(7]) consists of Borel sets B C [0,1] such 
that 

B=l-B, 

where 1 - B = {I -:z: : x E B}. For any such B 

L ~(x) dx = ~ L ~(x) dx + ~ L ~(x) dx 

= ~ h e(x) dx + ~ 1-B e(1- x) dx 

= ~ h e(x) dx + ~ h e(l - x) dx 

= (e(x) + e(1- x) d 
iB 2 x. 

Because! (e (x) + ~ (1 - x)) is a (7])-measurable, it follows that 

E W7]) (x) = ~(x) + ~(1 - x) . 
2 

Solution 2.16 

We are looking for a Borel function F (y) such that 

( ~dP = r F(7]) dP 
i{1JEB} i{1JEB} 

for any Borel set B in JR. Because F (7]) is a (7])-measurable and each event 
in a (T}) can be written as {1] E B} for some Borel set B, this will mean that 
E (~I1]) = F (1]) . 
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Let us transform the two integrals above using the joint density of ~ and TJ: 

and 

r F(TJ) dP = r r F(y) /{,1/(x,y) dxdy 
i{1/EB} iB i)R 

= hF(Y) (kff.,1/(X,y) dX) dy. 

If these two integrals are to be equal for each Borel set B, then 

It follows that 

Solution 2.17 

We denote by ( the orthogonal projection of ~ onto the subspace L2 (9) C 

L2 (F) consisting of 9-measurable random variables. Thus, ~ - ( is orthogonal 
to L2 (9), that is, 

E((~ - (h] = 0 

for each 'Y E L2 (9). But for any A E 9 the indicator function lA belongs to 
L2 (9), so 

Therefore 

j. ~ dP = E(OA) = E((lA) = ! (dP 
A A 

for any A E 9. This means that (= EW9). 
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Martingales in Discrete Time 

3.1 Sequences of Random Variables 

A sequence 6, 6, ... of random variables is typically used as a mathematical 
model of the outcomes of a series of random phenomena, such as coin tosses 
or the value of the FTSE All-Share Index at the London Stock Exchange on 
consecutive business days. The random variables in such a sequence are indexed 
by whole numbers, which are customarily referred to as discrete time. It is 
important to understand that these whole numbers are not necessarily related 
to the physical time when the events modelled by the sequence actually occur. 
Discrete time is used to keep track of the order of events, which mayor may 
not be evenly spaced in physical time. For example, the share index is recorded 
only on business daYH, but not on Saturdays, Sundays or any other holidays. 
Rather than tossing a coin repeatedly, we may as well toss 100 coins at a time 
and count the outcomes. 

Definition 3.1 

The sequence of numbers ~l (w), 6 (w), ... for any fixed w E fI is called a 
sample path. 

A sample path for a sequence of coin tosses is presented in Figure 3.1 (+ 1 
stands for heads and -1 for tails). Figure 3.2 shows the sample path of the 
FTSE All-Share Index up to 1997. Strictly speaking the pictures should con-

Z. Brzeźniak et al., Basic Stochastic  Processes
© Springer-Verlag London Limited 1999
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Figure 3.1. Sample path for a sequence of coin tosses 
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Figure 3.2. Sample path representing the FTSE All-Share Index up to 1997 

sist of dots, representing the values 6 (w) ,6 (w) , ... , but it is customary to 
connect them by a broken line for illustration purposes. 

3.2 Filtrations 

As the time n increases, so does our knowledge about what has happened in 
the past. This can be modelled by a filtration as defined below. 

Definition 3.2 

A sequence of a-fields :h, :F2, ... on n such that 

:F1 C :F2 C ... c :F 
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is called a filtration. 

Here Fn represents our knowledge at time n. It contains all events A such 
that at time n it is possible to decide whether A has occurred or not. As n 
increases, there will be more such events A, i.e. the family Fn representing our 
knowledge will become larger. (The longer you live the wiser you become!) 

Example 3.1 

For a sequence ~1' 6, ... of coin tosses we take Fn to be the a-field generated 
by6,···,~n, 

Let 
A = {the first 5 tosses produce at least 2 heads} . 

At discrete time n = 5, i.e. once the coin has been tossed five times, it will be 
possible to decide whether A has occurred or not. This means that A E F5. 
However, at n = 4 it is not always possible to tell if A has occurred or not. If 
the outcomes of the first four tosses are, say, 

tails, tails, heads, tails, 

then the event A remains undecided. We will have to toss the coin once more 
to see what happens. Therefore A ¢ F4' 

This example illustrates another relevant issue. Suppose that the outcomes 
of the first four coin t.osses are 

tails, heads, tails, heads. 

In this case it is possible to tell that A has occurred already at n = 4, whatever 
the outcome of the fifth toss will be. It does not mean, however, that A belongs 
to F4. The point is that for A to belong to F4 it must be possible to tell whether 
A has occurred or not after the first four tosses, no matter what the first four 
outcomes are. This is clearly not so in the example in hand. 

Exercise 3.1 

Let 6, ~2' ... be a sequence of coin tosses and let Fn be the a-field generated 
by 6, ... , ~n' For each of the following events find the smallest n such that the 
event belongs to F n: 
A = {the first occurrence of heads is preceeded by no more than 10 tails}, 
B = {there is at least 1 head in the sequence ~1' 6, ... }, 
C = {the first 100 tosses produce the same outcome}, 
D = {there are no more than 2 heads and 2 tails among the first 5 tosses}. 
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Hint To find the smallest element in a set of numbers you need to make sure that 
the set is non-empty in the first place. 

Suppose that ~1' 6, ... is a sequence of random variables and F 1 , F2 , ..• is 
a filtration. A priori, they may have nothing in common. However, in practice 
the filtration will usually contain the knowledge accumulated by observing the 
outcomes of the random sequence, as in Example 3.1. The condition in the def­
inition below means that Fn contains everything that can be learned from the 
values of 6, ... , ~n' In general, it may and often does contain more information. 

Definition 3.3 

We say that a sequence of random variables 6,6, ... is adapted to a filtration 
:Ii, F2,'" if ~n is Fn-measurable for each n = 1,2, ... . 

Example 3.2 

IT Fn = u(6""'~n) is the u-field generated by 6'''',~n' then 6,6, ... is 
adapted to F 1 , F 2 , • •• • 

Exercise 3.2 

Show that 

Fn = U(~1'·'.,~n) 

is the smallest filtration such that the sequence ~1' 6, . .. is adapted to F1 , 

F2, .... That is to say, if 91,92, ... is another filtration such that 6,6, ... is 
adapted to 91,92, ... , then Fn C 9n for each n. 

Hint For 0"(6, . .. , ~n) to be contained in {In you need to show that ~l, ... , ~n are 
{In -measurable. 

3.3 Martingales 

The concept of a martingale has its origin in gambling, namely, it describes 
a fair game of chance, which will be discussed in detail in the next section. 
Similarly, the notions of submartingale and supermartingale defined below are 
related to favourable and unfavourable games of chance. Some aspects of gam­
bling are inherent in the mathematics of finance, in particular, the theory of 
financial derivatives such as options. Not surprisingly, martingales playa cru­
cial role there. In fact, martingales reach well beyond game theory and appear 
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in various areas of modern probability and stochastic analysis, notably, in dif­
fusion theory. First of all, let us introduce the basic definitions and properties 
in the case of discrete time. 

Definition 3.4 

A sequence ~1' 6, ... of random variables is called a martingale with respect to 
a filtration :Ii, F2 , ••• if 

1) ~n is integrable for each n = 1,2, ... ; 

2) 6'~2'''' is adapted to F 1,F2 , ... ; 

3) E(~n+1IFn) = ~n a.s. for each n = 1,2, .... 

Example 3.3 

Let "11, "12, ... be a sequence of independent integrable random variables such 
that E("1n) = 0 for all n = 1,2, .... We put 

~n = "11 + ... +"1n, 

Fn = a("11,···,"1n)' 

Then ~n is adapted to the filtration Fn, and it is integrable because 

Moreover, 

E(I~nD = E(l171 + ... + 17nD 

< E(I171 I) + ... + E(I17nl) 

< 00. 

E(~n+1IFn) = E(17n+1IFn) + E(~nIFn) 
E(17n+1) + ~n 

= ~n, 

since 17n+l is independent of Fn ('and independent condition drops out') and 
~n is Fn-measurable ('taking out what is known'). This means that ~n is a 
martingale with respect to Fn. 

Example 3.4 

Let ~ be an integrable random variable and let F 1 , F2 , .•• be a filtration. We 
put 
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for n = 1,2, .... 
Then ~n is Tn-measurable, 

which implies that 

and 

since Tn C Tn+1 (the tower property of conditional expectation). Therefore ~n 
is a martingale with respect to Tn. 

Exercise 3.3 

Show that if ~n is a martingale with respect to Tn, then 

E(6) = E(6) = ... 

Hint What is the expectation of E(~n+lIFn)? 

Exercise 3.4 

Suppose that ~n is a martingale with respect to a filtration Tn. Show that ~n 
is a martingale with respect to the filtration 

Hint Observe that {In C Fn and use the tower property of conditional expectation. 

Exercise 3.5 

Let ~n be a symmetric random walk, that is, 

~n = 771 + ... + 77n, 

where 771,772, ... is a sequence of independent identically distributed random 
variables such that 

1 
P{77n = I} = P{77n = -I} = 2 

(a sequence of coin tosses, for example). Show that ~; - n is a martingale with 
respect to the filtration 
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Hint You want to transform E (e;+l - (n + 1) IFn) to obtain e; - n. Write 

e;+1 = (en + "7n+d 2 
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and observe that en is Fn-measurable, while "7n+l is independent of Fn. To transform 
the conditional expectation you can 'take out what is known' and use the fact that 
'an independent condition drops out'. Do not forget to verify that e~ -n is integrable 
and adapted to Fn. 

Exercise 3.6 

Let €n be a symmetric random walk and Tn the filtration defined in Exer­
cise 3.5. Show that 

(n = (-l)ncos(7r~n) 

is a martingale with respect to Tn. 

Hint You want to transform E((-lt+1 cos(7r€n+dIFn) to obtain (-ltcos(-Il"€n). 
Use a similar argument as in Exercise 3.5 to achieve this. But, first of all, make sure 
that (n is integrable and adapted to Fn. 

Definition 3.5 

We say that 6,6, ... is a supermartingale (submartingale) with respect to a 
filtration T 1 , T2, ... if 

1) €n is integrable for each n = 1,2, ... ; 

2) 6, 6, ... is adapted to T 1 , T2, . .. ; 

3) E(~n+lIFn) :s ~n (respectively, E(~nH IFn) ~ ~n) a.s. for each n = 1,2, .... 

Exercise 3.7 

Let €n be a sequence of square integrable random variables. Show that if ~n is 
a martingale with respect to a filtration Tn, then ~; is a submartingale with 
respect to the same filtration. 

Hint Use Jensen's inequality with convex function rp(x) = x 2 • 

3.4 Games of Chance 

Suppose that you take part in a game such as the roulette, for example. Let 
"71, "72, ... be a sequence of integrable random variables, where "7n are your 
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winnings (or losses) per unit stake in game n. If your stake in each game is 
one, then your total winnings after n games will be 

~n = 111 + ... + l1n· 

We take the filtration 
JCn =a(111,···,l1n) 

and also put ~o = 0 and JCo = {0, n} for notational simplicity. 
If n - 1 rounds of the game have been played so far, your accumulated 

knowledge will be represented by the a-field JCn- 1 • The game is fair if 

E(~nIJCn-d = ~n-1' 

that is, you expect that your fortune at step n will on average be the same as 
at step n - 1. The game will be favourable to you if 

and unfavourable to you if 

for n = 1,2, .... This corresponds to ~n being, respectively, a martingale, a 
submartingale, or a supermartingale with respect to JCn , see Definitions 3.4 
and 3.5. 

Suppose that you can vary the stake to be an in game n. (In particular, an 

may be zero if you refrain from playing the nth game; it may even be negative if 
you own the casino and can accept other people's bets.) When the time comes 
to decide your stake an, you will know the outcomes of the first n - 1 games. 
Therefore it is reasonable to assume that an is JCn_1-measurable, where JCn - 1 

represents your knowledge accumulated up to and including game n - 1. In 
particular, since nothing is known before the first game, we take JCO = {0, n}. 

Definition 3.6 

A gambling strategy a1, a2, . .. (with respect to a filtration ;:1, JC2 , .•. ) is a 
sequence of random variables such that an is JCn_1-measurable for each n = 
1,2, ... , where JCo = {0, n}. (Outside the context of gambling such a sequence 
of random variables an is called previsible.) 

If you follow a strategy a1, a2, ... , then your total winnings after n games 
will be 

(n = a1111 + ... + anl1n 

= a1 (6 - ~o) + ... + an (~n - ~n-t) . 
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We also put (0 = 0 for convenience. 
The following proposition has important consequences for gamblers. It 

means that a fair game will always turn into a fair one, no matter which gam­
bling strategy is used. If one is not in a position to wager negative sums of 
money (e.g. to run a casino), it will be impossible to turn an unfavourable 
game into a favourable one or vice versa. You cannot beat the system! The 
boundedness of the sequence an means that your available capital is bounded 
and so is your credit limit. 

Proposition 3.1 

Let al, a2, ... be a gambling strategy. 

1) If ai, a2, ... is a bounded sequence and ~o, 6 , ~2' ... is a martingale, then 
(0, (1, (2, ... is a martingale (a fair game turns into a fair one no matter 
what you do); 

2} If a1, a2, ... is a non-negative bounded sequence and ~o, 6,6, ... is a super­
martingale, then (0, (1, (2, ... is a supermartingale (an unfavourable game 
turns into an unfavourable one). 

3} If al,a2, ... is a non-negative bounded sequence and ~0'~1,6, ... is a sub­
martingale, then (0, (1, (2,' .. is a submartingale (a favourable game turns 
into a favourable one). 

Proof 

Because an and (n-l are Fn _ 1-measurable, we can take them out of the ex­
pectation conditioned on F n - l ('taking out what is known', Proposition 2.4). 
Thus, we obtain 

E «(nIFn-d = E «(n-l + an (~n - ~n-d IFn- l ) 

= (n-l + an (E (~nIFn-l) - ~n-l)' 

If ~n is a martingale, then 

which proves assertion 1). If ~n is a supermartingale and an ~ 0, then 

proving assertion 2). Finally, assertion 3} follows because 

if 'n is a submartingale and an ~ O. 0 
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3.5 Stopping Times 

In roulette and many other games of chance one usually has the option to quit 
at any time. The number of rounds played before quitting the game will be 
denoted by 7. It can be fixed, say, to be 7 = 10 if one decides in advance 
to stop playing after 10 rounds, no matter what happens. But in general the 
decision whether to quit or not will be made after each round depending on 
the knowledge accumulated so far. Therefore 7 is assumed to be a random 
variable with values in the set {I, 2, ... } U {oo}. Infinity is included to cover the 
theoretical possibility (and a dream scenario of some casinos) that the game 
never stops. At each step n one should be able to decide whether to stop playing 
or not, i.e. whether or not 7 = n. Therefore the event that 7 = n should be 
in the a-field Fn representing our knowledge at time n. This gives rise to the 
following definition. 

Definition 3.7 

A random variable 7 with values in the set {I, 2, ... } U {oo} is called a stopping 
time (with respect to a filtration Fn) if for each n = 1,2, ... 

{7=n}EFn . 

Exercise 3.8 

Show that the following conditions are equivalent: 

1) {7 s:; n} E Fn for each n = 1,2, ... ; 

2) {7=n}EFn foreachn=I,2, ... . 

Hint Can you express {T $ n} in terms of the events {T = k}, where k = 1, ... , n? 
Can you express {T = n} in terms of the events {T $ k}, where k = 1, ... , n? 

Example 3.5 (First hitting time) 

Suppose that a coin is tossed repeatedly and you win or lose £1, depending 
on which way it lands. Suppose that you start the game with, say, £5 in your 
pocket and decide to play until you have £10 or you lose everything. If ~n is 
the amount you have at step n, then the time when you stop the game is 

7 = min {n : ~n = 10 or O}, 

and is called the first hitting time (of 10 or 0 by the random sequence ~n). It 
is a stopping time in the sense of Definition 3.7 with respect to the filtration 
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Fn = a (6, ... ,'n). This is because 

{r = n} = {O < 6 < 1O} n .. · n {O < 'n-l < lO} n {'n = 10 or O}. 

Now each of the sets on the right-hand side belongs to Fn , so their intersection 
does too. This proves that 

{r = n} E Fn 

for each n, so r is a stopping time. 

Exercise 3.9 

Let 'n be a sequence of random variables adapted to a filtration Fn and let 
Be IR be a Borel set. Show that the time of first entry of 'n into B, 

r = min {n : 'n E B} 

is a stopping time. 

Hint Example 3.5 covers the case when B = (-00,0] U [10,00). Extend the argument 
to an arbitrary Borel set B. 

Let 'n be a sequence of random variables adapted to a filtration Fn and 
let r be a stopping time (with respect to the same filtration). Suppose that 'n represents your winnings (or losses) after n rounds of a game. If you decide 
to quit after r rounds, then your total winnings will be 'T' In this case your 
winnings after n rounds will in fact be ~Ti\n. Here a 1\ b denotes the smaller of 
two numbers a and b, 

al\b=min(a,b). 

Definition 3.8 

We call ~Ti\n the sequence stopped at T. It is often denoted by ~;.. Thus, for 
eachwED 

Exercise 3.10 

Show that if ~n is a sequence of random variables adapted to a filtration Fn , 

then so is the sequence ~Ti\n. 

Hint For any Borel set B express {eTi\n E B} in terms of the events {ek E B} and 
{T = k}, where k = 1, ... , n. 
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We already know that it is impossible to turn a fair game into an unfair 
one, an unfavourable game into a favourable one, or vice versa using a gambling 
strategy. The next proposition shows that this cannot be achieved using a 
stopping time either (essentially, because stopping is also a gambling strategy). 

Proposition 3.2 

Let T be a stopping time. 

1) If 'n is a martingale, then so is 'TAn. 

2) If 'n is a supermartingale, then so is 'TAn. 

3) If 'n is a submartingale, then so is 'TAn. 

Proof 

This is in fact a consequence of Proposition 3.1. Given a stopping time T, we 
put 

if T ~ n, 
if T < n. 

We claim that O::n is a gambling strategy (that is, O::n is .rn_1-measurable). This 
is because the inverse image {O::n E B} of any Borel set B c lR is equal to 

o E .rn-l 

if 0, 1 tf. B, or to 
[l E .rn-1 

if 0, 1 E B, or to 

{O::n = I} = {T ~ n} = {T > n - I} E .rn-1 

if 1 E Band 0 tf. B, or to 

{O::n = O} = {T < n} = {T ~ n - I} E .rn-1 

if 1 tf. Band 0 E B. For this gambling strategy 

'TAn = 0::1 (6 - '0) + ... + O::n ('n - 'n-1). 

Therefore Proposition 3.1 implies assertions 1), 2) and 3) above. 0 
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Example 3.6 

(You could try to beat the system if you had unlimited capital and unlimited 
time.) The following gambling strategy is called 'the martingale'. (Do not con­
fuse this with the general definition of a martingale earlier in this section.) 
Suppose a coin is flipped repeatedly. Let us denote the outcomes by 1/1, 1/2, ... , 
which can take values +1 (heads) or -1 (tails). You wager £1 on heads. If you 
win, you quit. If you lose, you double the stake and play again. If you win this 
time round, you quit. Otherwise you double the stake once more, and so on. 
Thus, your gambling strategy is 

Let us put 

if 1/1 = ... = 1/n-1 = tails, 
otherwise. 

(n = 1/1 + 21/2 + ... + 2n- 11/n 

and consider the stopping time 

r = min {n : 1/n = heads}. 

Then (TAn will be your winnings after n rounds. It is a martingale (check it!). 
It can be shown that P {r < oo} = 1 (heads will eventually appear i!l the 

sequence 1/1,1/2, ... with probability one). Therefore it makes sense to consider 
(T' This would be your total winnings if you were able to continue to play the 
game no matter how long it takes for the first heads to appear. It would require 
unlimited time and capital. If you could afford these, you would be bound to 
win eventually because (T = 1 identically, since 

-1 - 2 - ... - 2n - 1 + 2n = 1 

for any n. 

Exercise 3.11 

Show that if a gambler plays 'the martingale', his expected loss just before the 
ultimate win is infinit.e, that is, 

Hint What is the probability that the game will terminate at step n, i.e. that r = n? 
If r = n, what is (r-l equal to? This will give you all possible values of (r-l and 
their probabilities. Now compute the expectation of (r-l. 
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3.6 Optional Stopping Theorem 

If ~n is a martingale, then, in particular, 

for each n. Example 3.6 shows that E(~T) is not necessarily equal to E(6) for 
a stopping time T. However, if the equality 

does hold, it can be very useful. The Optional Stopping Theorem provides 
sufficient conditions for this to happen. 

Theorem 3.1 (Optional Stopping Theorem) 

Let ~n be a martingale and T a stopping time with respect to a filtration Fn 
such that the following conditions hold: 

1) T < 00 a.s., 

2) ~T is integrable, 

3) E(~n1{T>n}) -t 0 as n -t 00. 

Then 

Proof 

Because 

it follows that 

Since ~Tl\n is a martingale by Proposition 3.2, the first term on the right-hand 
side is equal to 

The last term tends to zero by assumption 3). The middle term 

00 

E(~T1{T>n}) = L E(~d{T=k}) 
k=n+l 
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tends to zero as n -+ 00 because the series 
00 

E(~T) = L E(~d{T=k}) 
k=l 

is convergent by 2). It follows that E(~T) = E(6), as required. 0 

Example 3.7 (Expectation of the first hitting time for a random walk) 

Let ~n be a symmetric random walk as in Exercise 3.5 and let K be a positive 
integer. We define the first hitting time (of ±K by ~n) to be 

7=min{n:l~nl=K}. 

By Exercise 3.9 7 is a stopping time. By Exercise 3.5 we know that ~~ - n is a 
martingale. If the Optional Stopping Theorem can be applied, then 

This allows us to find the expectation 

since I~TI = K. 
Let us verify conditions 1)-3) of the Optional Stopping Theorem. 
1) We shall show that P{7 = oo} = O. To this end we shall estimate 

P {7 > 2K n }. We can think of 2K n tosses of a coin as n sequences of 2K 
tosses. A necessary condition for 7 > 2K n is that no one of these n sequences 
contains heads only. Therefore 

P {7 > 2K n} ~ (1 - 2;K ) n -+ 0 
as n -+ 00. Because {7> 2Kn} for n = 1,2, ... is a contracting sequence of 
sets (i.e. {7 > 2Kn} :J {7 > 2K (n + I)}), it follows that 

P { 7 = oo} = P (fl {7 > 2K n} ) 

= lim P {7 > 2Kn} = 0, 
n-+oo 

completing the argument. 
2) We need to show that 

E (Ie - 71) < 00. 
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Indeed, 

00 

E(7) LnP{7=n} 
n=l 
00 2K 

= LL(2Kn+k)P{7=2Kn+k} 
n=Ok=l 

00 2K 
< L L2K(n + I)P{7 > 2Kn} 

n=Ok=l 

00 (1 )n < 4K2 ~ (n + 1) 1- 22K 

< 00, 

since the series I:~=l (n + 1) qn is convergent for any q E (-1, 1). Here we have 
recycled the estimate for P {7 > 2K n} used in 2). Moreover, ~; = K2, so 

E (Ie - 71) :S E (e) + E (7) 

=K2+E(7) 

< 00. 

3) Since ~~ :S K2 on {7 > n}, 

E (~;I{r>n}) :S K 2p{7 > n} -+ 0 

as n -+ 00. Moreover, 

E (nl{r>n}) :S E (71{r>n}) -+ 0 

as n -+ 00. Convergence to 0 holds because E (7) < 00 by 2) and {7 > n} is 
a contracting sequence of sets with intersection {7 = oo} of measure zero. It 
follows that 

as required. 

Exercise 3.12 

Let ~n be a symmetric random walk and Fn the filtration defined in Exer­
cise 3.5. Denote by 7 the smallest n such that I~nl = K as in Example 3.7. 
Verify that 

(n = (-It cos [1l' (~n + K)] 

is a martingale (see Exercise 3.6). Then show that (n and 7 satisfy the con­
ditions of the Optional Stopping Theorem and apply the theorem to find 
E[(-lrJ· 
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Hint The equality (1" = (-1)'" is a key to computing E[(-I)'"] with the aid of the 
Optimal Stopping Theorem. The first two conditions of this theorem are either obvious 
in the case in hand or have been verified elsewhere in this chapter. To make sure that 
condition 3) holds it may be helpful to show that 

Use Jensen's inequality with convex function <p (x) = Ixl to estimate the left-hand 
side. Do not forget to verify that (n is a martingale in the first place. 

3.7 Solutions 

Solution 3.1 

A belongs to F11 , but not to FlO' The smallest n is 11. 
B does not belong to Fn for any n. There is no smallest n such that B E Fn. 
C belongs to FlOO, but not to F99 . The smallest n is 100. 
Since D = 0, it belongs to Fn for each n = 1,2, .... Here the smallest n is 1. 

Solution 3.2 

Because the sequence of random variables 6, 6, ... is adapted to the filtration 
~h, ~h, ... , it follows that ~n is 9n-measurable for each n. But 

so 6, ... ,~n are 9n-measurable for each n. As a consequence, 

for each n. 

Solution 3.3 

Taking the expectation on both sides of the equality 

we obtain 

for each n. This proves the claim. 

Solution 3.4 

The random variables ~n are integrable because ~n is a martingale with respect 



62 Basic Stochastic Processes 

to Fn. Since gn is the l1-field generated by 6, ... , ~n, it follows that ~n is 
adapted to gn. Finally, since gn C Fn, 

~n = E(~nlgn) 

= E(E(~n+1IFn)lgn) 

= E(~n+1lgn) 

by the tower property of conditional expectation (Proposition 2.4). This proves 
that ~n is a martingale with respect to gn. 

Solution 3.5 

Because 
~; - n = ("11 + ... + "1n)2 - n 

is a function of "11, ... , "1n, it is measurable with respect to the l1-field Fn gen­
erated by "11, . .. , "1n, i.e. ~; - n is adapted to Fn. Since 

it follows that 
E(I~; - nl) $ E(~;) + n $ n2 + n < 00, 

so ~; - n is integrable for each n. Because 

~;+1 = "1;+1 + 2"1n+1~n + ~;, 

where ~n and ~; are Fn-measurable and "1n+1 is independent of Fn, we can use 
Proposition 2.4 ('taking out what is known' and 'independent condition drops 
out') to obtain 

E(~;+1IFn) = E("1;+1IFn) + 2E("1n+1~nIFn) + E(~;IFn) 
= E("1;+1) + 2~nE("1n+1) +~; 
= 1 + ~;. 

This implies that 
E(~;+1 - n - IIFn) = ~; - n, 

so ~; - n is a martingale. 

Solution 3.6 

Being a function of ~n, the random variable (n is Fn-measurable for each n, 
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since ~n is. Because I(nl ::; 1, it is clear that (n is integrable. Because "TlnH is 
independent of Fn and ~n is Fn-measurable, it follows that 

E((nHIFn) = E((-lt+lcos[7r(~n+"Tln+dlIFn) 
(_ltH E (cos (7r~n) cos (7r"Tln+d IFn) 

-( _1)n+l E (sin (7r~n) sin (7r"Tln+d IFn) 

= (_I)n+l cos (7r~n) E (cos (7r"Tln+d) 

-( -ltH sin (7r~n) E (sin (7r"TlnH)) 

(-I)ncos(7r~n) 

= (n, 

using the formula 

cos (a + (3) = cos a cos (3 - sin a sin (3. 

To compute E (cos (7r"TlnH)) and E (sin (7r"TlnH)) observe that "TlnH = 1 or -1 
and 

COS7r = cos (-7r) = -1, 

sin7r = sin (-7r) = O. 

It follows that (n is a martingale with respect to the filtration Fn. 

Solution 3.7 

If ~n is adapted to Fn, then so is ~;. Since ~n = E (~nH IFn) for each nand 
'P (x) = x2 is a convex function, we can apply Jensen's inequality (Theorem 2.2) 
to obtain 

~; = [E (~nH IFn)]2 ::; E (~;H IFn) 

for each n. This means that ~; is a submartingale with respect to Fn. 

Solution 3.8 

1)=>2). If r has property 1), then 

{r ::; n} E Fn 

and 

so 
{r = n} = {r ::; n} \ {r ::; n - I} E Fn. 

2)=>1). If r has property 2), then 

{r = k} E Fk C Fn 
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for each k = 1, ... , n. Therefore 

{T ~ n} = {T = I} U··· U {T = n} E :Tn. 

Solution 3.9 

If 

then for any n 

T = min {n : ~n E B}, 

{T = n} = {6 ¢ B} n··· n {~n-l ¢ B} n {~n E B}. 

Because B is a Borel set, each of the sets on the right-hand side belongs to the 
a-field :Tn = a (6, ... , ~n), and their intersection does too. This proves that 
{T = n} E :Tn for each n, so T is a stopping time. 

Solution 3.10 

Let B C IR be a Borel set. We can write 
n 

{~r/\n E B} = {~n E B,T > n} U U {~k E B,T = k}, 
k=l 

where 
{~n E B, T > n} = {~n E B} n {T > n} E :Tn 

and for each k = 1, ... , n 

{~k E B,T = k} = {~k E B} n {T = k} E:Tk C :Tn. 

It follows that for each n 

as required. 

Solution 3.11 

The probability that 'the martingale' terminates at step n is 

1 
P {T = n} = 2n 

(n - 1 tails followed by heads at step n). Therefore 
00 

E((r-l) = L(n-lP{T=n} 
n=l 

00 

'"' ( n-2) 1 = ~ -1 - 2 - ... - 2 2n 
n=l 

00 2n-1 _ 1 
= - L 2n = -00. 

n=l 
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Solution 3.12 

The proof that (n is a martingale is almost the same as in Exercise 3.6. We 
need to verify that (n and r satisfy conditions 1)-3) of the Optional Stopping 
Theorem. 

Condition 1) has in fact been verified in Example 3.7. 
Condition 2) holds because I(rl ~ 1, so E(I(rl) ~ 1 < 00. 

To verify condition 3) observe that I(nl ~ 1 for all n, so 

IE(n1{r>n})1 ~ E(I(nI1{r>n}) 

~ E(l{r>n}) 

= P{r > n}. 

The family of events {r > n}, n = 1,2, ... is a contracting one with intersection 
{r = oo}. It follows that 

IE(n1{r>n})1 ~ P{r > n} \.r P{r = oo} 

as n --+ 00. But 
P{r=oo}=O 

by 1), completing the proof. 
The Optional Stopping Theorem implies that 

Because ~r = K or - K, we have 

Let us compute 

1 
E (t) = -"2 (cos [71" (1 + K)] + cos [71" (-1 + K)]) 

= cos (7I"K) = (_l)K . 

It follows that 
E[(-ln = (_l)K. 



4 
Martingale Inequalities and Convergence 

Results on the convergence of martingales provide an insight into their structure 
and have a multitude of applications. They also provide an important inter­
pretation of martingales. Namely, it turns out that a large class of martingales 
can be represented in the form 

(4.1) 

where ~ = limn ~n is an integrable random variable and ;:1, F 2 , .•. is the filtra­
tion generated by 6,6, ... , see Theorem 4.4 below. This makes it possible to 
think of 6,6, ... as the results of a series of imperfect observations of some 
random quantity ~. As n increases, the accumulated knowledge Fn about ~ 
increases and ~n becomes a better approximation, approaching the observed 
quantity ~ in the limit. 

We shall begin with a few classical inequalities for martingales, known as 
the Doob inequalities. They provide the tools we shall need to study the con­
vergence of martingales and, later on, the properties of stochastic integrals. 
Then we shall present a classical result known as Doob's Martingale Conver­
gence Theorem, which provides the limit limn ~n of a martingale. However, 
Doob's theorem has one inconvenient feature. It guarantees only that ~n con­
verges a.s., even though the limit is known to be an integrable random variable. 
However, to obtain (4.1) we need convergence in £1, which gives rise to a condi­
tion called uniform integrability. This condition and its consequences, including 
(4.3), will be studied in the second section. Finally, as an example of an appli­
cation reaching beyond the theory of martingales, we present an elegant proof 
of Kolmogorov's 0-1 law. 
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4.1 Doob's Martingale Inequalities 

Proposition 4.1 (Doob's maximal inequality) 

Suppose that ~n, n E N, is a non-negative submartingale (with respect to a 
filtration Fn). Then for any A > 0 

AP (Tt:~k 2: A) ~ E (~nl{maxk$n{k~>'})' 
where IA is the chara.cteristic function of a set A. 

Proof 

We put ~~ = max ~k for brevity. For A > 0 let us define 
k:5n 

7 = min {k ~ n : ~k 2: A}, 

if there is a k ~ n such that ~k 2: A, and 7 = n otherwise. Then 7 is a stopping 
time such that 7 ~ n a.s. Since ~n is a submartingale, 

But 

E(fr} = E (~TIW;~>'}) + E (~Tl{{:<>.}). 

Observe that if ~~ 2: A, then ~T 2: A. Moreover, if ~~ < A, then 7 = n, and so 
~T = ~n· Therefore 

It follows that 

completing the proof. 0 

Theorem 4.1 (Doob's maximal L2 inequality) 

If ~n, n E N, is a non-negative square integrable submartingale (with respect 
to a filtration Fn), then 

(4.2) 
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Proof 

Put {~ = maxk:Sn {k. By Exercise 1.9, Proposition 4.1, the Fubini theorem and 
finally the Cauchy-Schwarz inequality 

E 1~~12 = 2100 tP (~~ > t) dt ~ 2100 E (~nl{e:~t}) dt 

= 2 foo ( f ~n dP) dt = 2 f ~n ( fe: dt) dP 10 l{e:~t} in 10 
= 2 L ~n~~dP = 2E(~n~~) ~ 2 (EI~nI2f/2 (EI~~12f/2. 

Dividing by (E 1{~12f/2 , we get (4.2). 0 

The proof of Doob's Convergence Theorem in the next section hinges on an 
inequality involving the number of upcrossings. 

Definition 4.1 

Given an adapted sequence of random variables ~1 , 6, ... and two real numbers 
a < b, we define a gambling strategy aI, a2, ... by putting 

and for n = 1,2, ... 

a1 =0 

if an = 0 and ~n < a, 
if an = 1 and ~n ~ b, 
otherwise. 

It will be called the upcrossings strategy. Each k = 1,2, ... such that ak = 1 
and ak+! = 0 will be called an upcrossing of the interval [a, b]. The upcrossings 
form a (finite or infinite) increasing sequence 

U1 < U2 < ... 

The number of upcrossings made up to time n, that is, the largest k such that 
Uk ~ n will be denoted by Un [a, b] (we put Un [a, b] = 0 if no such k exists). 

The meaning of the above definition is this. Initially, we refrain from playing 
the game and wait until ~n becomes less than a. As soon as this happens, we 
start playing unit stakes at each round of the game and continue until ~n 
becomes greater than b. At this stage we refrain from playing again, wait until 
~n becomes less than a, and so on. The strategy an is defined in such a way 
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that an = 0 whenever we refrain from playing the nth game, and an = 1 
otherwise. During each run of consecutive games with an = 1 the process ~n 
crosses the interval [a, bj, starting below a and finishing above b. This is what 
is meant by an up crossing. Observe that each upcrossing will increase our total 
winnings by at least b - a. For convenience, we identify each upcrossing with 
its last step k, such that ak = 1 and akH = o. A typical sample path of the 
up crossings strategy is shown in Figure 4.1. 

Exercise 4.1 

Verify that the up crossings strategy an is indeed a gambling strategy. 

Hint You want to prove that On is Fn-l-measurable for each n. Since the upcrossings 
strategy is defined by induction, a proof by induction on n may be your best bet. 

Lemma 4.1 (Upcrossings Inequality) 

If 6, ~2, ... is a supermartingale and a < b, then 

By x- we denote the negative part of a real number x, i.e. x- = max {O, -x}. 

Proof 

Let 

be the total winnings at step n = 1,2, ... if the up crossings strategy is followed, 
see Figure 4.1. It will be convenient to put (0 = O. By Proposition 3.1 (one 
cannot beat the system using a gambling strategy) (n is a supermartingale. 

Let us fix an n and put k = Un [a, bj, so that 

o < Ul < U2 < . .. < Uk $ n 

Clearly, each upcrossing increases the total winnings by b - a, 

for i = 1, ... , k. (We put Uo = 0 for simplicity.) Moreover, 

It follows that 
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Figure 4.1. Typical paths of (n, Q n and (n; upcrossings are indicated by bold lines 

taking the expectation on both sides, we get 

But (n is a supermartingale, so 

which proves the Upcrossings Inequality. 0 

4.2 Doob's Martingale Convergence Theorem 

Theorem 4.2 (Ooob's Martingale Convergence Theorem) 

Suppose that 6,6,... is a supermartingale (with respect to a filtration 
:Fl, :F2, ... ) such that 

sup E (I~nl) < 00. 
n 

Then there is an integrable random variable ~ such that 

lim ~n = ~ a.s. 
n-too 



72 Basic Stochastic Processes 

Remark 4.1 

In particular, the theorem is valid for martingales because every martingale is a 
supermartingale. It is also valid for submartingales, since ~n is a submartingale 
if and only if -~n is a supermartingale. 

Remark 4.2 

Observe that even though all the ~n as well as the limit ~ are integrable random 
variables, it is claimed only that ~n trends to ~ a.s. Note that no convergence 
in L1 is asserted. 

Proof (of Doob's Martingale Convergence Theorem) 

By the Up crossings Inequality 

where 
M = sup E (I~nl) < 00. 

n 

Since Un [a, b] is a non-decreasing sequence, it follows that 

E (lim Un[a, bl) = lim E (Un[a, b]) :::; ~ + lal < 00. 
n->oo n->oo - a 

This implies that 

P { lim Un[a, b] < oo} = 1. 
n->oo 

for any a < b. Since the set of all pairs of rational numbers a < b is countable, 
the event 

A = n {;~~ Un[a,b] < oo} (4.3) 
a<b rational 

has probability 1. (The intersection of countably many events has probability 1 
if each of these events has probability 1.) 

We claim that the sequence ~n converges a.s. to a limit ~. Consider the set 

B = {lim inf ~n < lim sup ~n} C {} 
n n 

on which the sequence ~n fails to converge. Then for any wEB there are 
rational numbers a, b such that 

liminf~n(w) < a < b < limsup~n(w), 
n n 
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implying that limn--+ oo Un[a, b](w) = 00. This means that B and the event A in 
(4.3) are disjoint, so PCB) = 0, since peA) = 1, which proves the claim. 

It remains to show that the limit ~ is an integrable random variable. By 
Fatou's lemma 

E (IW = E (limninf I~nl) 
< lim inf E (I~n I) 

n 

< sup E (I~nl) < 00. 
n 

This completes the proof. 0 

Exercise 4.2 

Show that if ~n is a non-negative supermartingale, then it converges a.s. to an 
integrable random variable. 

Hint To appll Doob's Theorem all you need to verify is that the sequence {n is 
bounded in L , i.e. the supremum of E (I{nl) is less than 00. 

4.3 Uniform Integrability and Ll Convergence 
of Martingales 

The conditions of Doob's theorem imply pointwise (a.s.) convergence of martin­
gales. In this section we shall study convergence in L1. To this end we introduce 
a stronger condition called uniform integrability. Proposition 4.2 shows that it 
is a necessary condition for £1 convergence. In Theorem 4.2 we prove that uni­
form integrability is in fact sufficient for a martingale to converge in L1. This 
enables us to show that each integrable martingale is of the form E (~IFn). As 
an application we give a martingale proof of Kolmogorov's 0-1 law. 

Exercise 4.3 

Show that a random variable ~ is integrable if and only if for every c > 0 there 
exists an M > 0 such that 

{ I~I dP < c. 
J{I{I>M} 

Hint Split {} into two sets: {I{I > M} and {I{I ~ M}. The integrals of I{I over these 
sets must add up to E (I{I). As M increases, one of the integrals increases, while the 
other one decreases. Investigate their limits as M --+ 00. 
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Thus, for any sequence ~n of integrable random variables and any c > 0 
there is a sequence of numbers Mn > 0 such that 

1 I~nl dP < c. 
{lenl>Mn} 

If the Mn are independent of n, then we say that the sequence ~n is uniformly 
integrable. 

Definition 4.2 

A sequence ~l' 6, . .. of random variables is called uniformly integrable if for 
every c > 0 there exists an M > 0 such that 

for all n = 1, 2, . .. . 

Exercise 4.4 

1 I~nl dP < c 
{lenl>M} 

Let il = [0, 1] with the a-field of Borel sets and Lebesgue measure. Take 

~n = n1(o,~)· 

Show that the sequence 6, 6, ... is not uniformly integrable. 

Hint What is the integral of {n over {{n > M} if n > M? 

Proposition 4.2 

Uniform integrability is a necessary condition for a sequence 6,6, ... of inte­
grable random variables to converge in Ll. 

Lemma 4.2 

If ~ is integrable, then for every c > 0 there is a 8 > 0 such that 

P(A) < 8 ===} i I~ I dP < c. 

Proof (of Lemma 4.2) 

Let c > O. Since ~ is integrable, by Exercise 4.3 there is an M > 0 such that 

[ lei dP <~. 
i{lel>M} 
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Now 

! I~I dP = ! I~I dP+! I~I dP 
A An{I€I:S:M} An{I€I>M} 

< ! M dP + r I~I dP 
A i{I€I>M} 

E: 
< MP(A) + 2' 

Let 8 = 2~' Then 

as required. 0 

Exercise 4.5 

Let ~ be an integrable random variable and F 1 , F2 , ... a filtration. Show that 
E (~IFn) is a uniformly integrable martingale. 

Hint Use Lemma 4.2. 

Proof (of Proposition 4.2) 

Suppose that ~n -+ ~ in Ll, i.e. E I~n - ~I -+ O. We take any E: > O. There is an 
integer N such that 

By Lemma 4.2 there is a 8 > 0 such that 

peA) < 8 ==} i lei dP < ~. 
Taking a smaller 8 > 0 if necessary, we also have 

peA) < 6 ==} i I~nl dP < E: for n = 1, ... , N. 

We claim that there is an M > 0 such that 

P{I~nl > M} < 8 

for all n. Indeed, since 

E(Jenl) ~ r lenldP ~ MP{lenl > M}, 
i{l€nl>M} 

it suffices to take 
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(Because the sequence ~n converges in L1, it is bounded in L1, so the supremum 
is < 00.) 

Now, since P {I~nl > M} < 8, 

r I~n I dP < r I~I dP + r I~n - ~I dP 
J {len I>M} J {I~n I>M} J {len I>M} 

< r 1~ldP+E(I~n-W 
J{lenl>M} 
c c 

< 2 + 2 = c. 

for any n > Nand 

r I~nl dP < c 
J{lenl>M} 

for any n = 1, ... , N, completing the proof. 0 

Exercise 4.6 
Show that a uniformly integrable sequence of random variables is bounded in 
L1, i.e. 

sup E (I~nl) < 00. 
n 

Hint Write E (lenD as the sum of the integrals of lenl over {Ienl > M} and {Ienl $ M}. 

Exercise 4.6 implies that each uniformly integrable martingale satisfies the 
conditions of Doob's theorem. Therefore it converges a.s. to an integrable ran­
dom variable. We shall show that in fact it converges in L1. 

Theorem 4.3 

Every uniformly integrable supermartingaIe (submartingale) ~n converges in L1. 

Proof 

By Exercise 4.6 the sequence ~n is bounded in L1, so it satisfies the conditions 
of Theorem 4.2 (Doob's Martingale Convergence Theorem). Therefore, there is 
an integrable random variable ~ such that ~n ~ ~ a.s. We can assume without 
loss of generality that ~ = 0 (since ~n - ~ can be taken in place of ~n). That is 
to say, 

P { li~ ~n = o} = 1. 

It follows that ~n ~ 0 in probability, i.e. for any c > 0 

P{I~nl>c}~O 
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as n ~ 00. This is because by Fatou's lemma 

lim:uPP{I~nl > c} ~ P (lim:uP{I~nl > c}) 

~ P (n \ {li:? ~n = 0 }) 

= o. 

Let c > O. By uniform integrability there is an M > 0 such that 

{ l{nl dP ~ ~ 
J{I~nl>M} 3 
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for all n. Since {n ~ 0 in probability, there is an integer N such that if n > N, 
then 

P {I{nl > i} < 3~' 
We can assume without loss of generality that M > ~. Then 

for all n > N. This proves that E (I{nl) ~ 0, that is, {n ~ 0 in Ll. 0 

Theorem 4.4 

Let {n be a uniformly integrable martingale. Then 

where { = limn {n is the limit of {n in Ll and Tn = U (6, ... , {n) is the filtration 
generated by {n. 

Proof 

For any m > n 

i.e. for any A E Tn i {m dP = i {n dP. 
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Let n be an arbitrary integer and let A E Fn. For any m > n 

iL (~n - ~) dPi = iL (~m -~) dPi 

::; i I~m - ~I dP 

::; E(I~m - W --t 0 

as m --t 00. It follows that 

i ~ndP= i ~dP 
for any A E Fn, so ~n = E (~IFn). 0 

Exercise 4.7 

Show that if ~n is a martingale and ~n --t a in £1 for some a E lR, then 
~n = a a.s. for each n. 

Hint Apply Theorem 4.4. 

Theorem 4.5 (Kolmogorov's 0-1 Law) 

Let 1]1,1]2, ... be a sequence of independent random variables. We define the 
tail a-field 

T= T1 nT2 n ... , 
where Tn = a (1]n, 1]n+1, ... ). Then 

P (A) = 0 or 1 

for any A E T. 

Proof 

Take any A E T and define 

where Fn = a (1]1, ... ,1]n) . By Exercise 4.5 ~n is a uniformly integrable mar­
tingale, so ~n --t ~ in £1. By Theorem 4.4 

for all n. Both ~ = limn ~n and lA are measurable with respect to the a-field 

Foo = a (1]1,1]2, ... ). 
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The family 9 consisting of all sets B E F such that IE ~ dP = IE 1A dP is a a-

field containing F1 U F2 U .... As a result, 9 contains the cr-field F 00 generated 
by the family F1 U F2 U .... By Lemma 2.1 it follows that ~ = 1A a.s. 

Since 1]n is a sequence of independent random variables, the a-fields Fn 
and Tn+! are independent. Because T C Tn+1, the a-fields Fn and Tare 
independent. Being T-measurable, 1A is therefore independent of Fn for any 
n. This means that 

Therefore the limit limn-too ~n = ~ is also constant and equal to P(A) a.s. This 
means that P(A) = 1A a.s., so P(A) = 0 or 1. 0 

Exercise 4.8 

Show that if An E a (~n) for each n, then the events 

and 

belong to the tail a-field T. 

lim sup An = n U Ai 
n 

limninf An = U n Ai 
i2:1 i2:i 

Hint You need to write limsuPn An and liminfn An in terms of Ak, Ak+l, ... for any 
k, that is, to show that limsuPn An and liminfn An will not be affected if any finite 
number of sets are removed from the sequence AI, A2 , •••. 

Exercise 4.9 

Use Kolmogorov's 0-1 law to show that in a sequence of coin tosses there are 
a.s. infinitely many heads. 

Hint Show that the event 

{171,172, ... contains infinitely many heads} 

belongs to the IT-field T. Can the probability of this event be O? The probability of 
the event 

{ 1/1 , 1]2, . .. contains infinitely many tails} 

should be the same. Can both probabilities be equal to O? Can you simultaneously 
have finitely many heads and finitely many tails in the sequence 1]1,1]2, ... ? 
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4.4 Solutions 

Solution 4.1 

Because 01 = 0 is constant, it is Fo = {0, !7}-measurable. Suppose that On is 
F n_1-measurable for some n = 1,2, .... Then 

because Fn- 1 C Fn and ~n is Fn-measurable. This means that 

0n+1 = 1{Ckn=0,en<a}U{Ckn=1,en:$b} 

is Fn-measurable. By induction it follows that On is Fn_1-measurable for each 
n = 1,2, ... , so 01,02, ... is a gambling strategy. 

Solution 4.2 

For a non-negative supermartingale 

sup E (I~nl) = sup E (~n) ~ E (6) = E (161) < 00, 
n n 

since 

for each n = 1,2, .... Thus Doob's Martingale Convergence Theorem implies 
that ~n converges a.s. to an integrable limit. 

Solution 4.3 

Necessity. Suppose that ~ is integrable. It follows that 

The sequence of random variables 1~11{1el>M} indexed by M = 1,2, ... is mono­
tone and 

1~11{1el>M} \t 0 as M -t 00 

on the set {I~I < oo}, i.e. a.s. By the monotone convergence theorem for inte­
grals 

r I~I dP \t 0 as M -t 00. 
i{lel>M} 

It follows that for every c > 0 there exists an M > 0 such that 

r I~I dP < c. 
J{lel>M} 
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Sufficiency. Take E' = 1. There exists an M > 0 such that 

f I~I dP < 1. 
J{I(I>M} 

Then 

E(IW = ll~1 dP 

= r I~I dP + r I~I dP 
J{I(I>M} J{I(I~M} 

< 1 + M P {I~I ~ M} 

< 1 + M < 00. 

Solution 4.4 

For any M > 0 and any n > M we have 

(O,~) = {~n > M}, 

so 
r ~n dP = r n dP = 1. 

J{(n>M} J(O,~) 
This means that there is no M > 0 such that for all n 

r ~ndP < ~. 
J{(n>M} 

The sequence ~n is not uniformly integrable. 

Solution 4.5 

In Example 3.4 it was verified that en = E(eIFn) is a martingale. Let 10 > O. 
By Lemma 4.2 there is a 6 > 0 such that 

P(A) < 6:=:::} i lei dP < e. 

By Jensen's inequality lenl ~ E(leIIFn) a.s., so 

E(IW 2: E(leni) 2: r lenl dP 2: M p{lenl > M}. 
J{I~nl2:M} 

If we take M > E(IW/6, then 

P{I~nl > M} < 6. 

Since {I~nl > M} E Fn , it follows that 

r I~nl dP ~ r E(I~IIFn) dP = r I~I dP < 10, 
J{I~nl>M} J{I(nl>M} J{I(nl>M} 

proving that ~n = E(~IFn) is a uniformly integrable sequence. 
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Solution 4.6 

Because ~n is a uniformly integrable sequence, there is an M > 0 such that for 
all n 

r l~nldP < 1. 
i{lf.nl>M} 

It follows that 

E (I~nj) r I~nl dP + r I~nl dP 
i{l€nl>M} i{l€nl-:::M} 

< l+MP{I~nl~M} 

< l+M<oo 

for all n, proving that ~n is a bounded sequence in Ll. 

Solution 4.7 

By Theorem 4.4, ~n = E (aIFn) a.s. But E (aIFn) = a a.s., which proves that 
~n = a a.s. 

Solution 4.8 

Observe that 

lim sup An = n U Ai 
n i?ki?i 

for any k. Since 

for every i 2: k, it follows that 

lim sup An = n U Ai E Tic 
n i?k i?i 

for every k. Therefore 

supAn E T. 
n 

The argument for lim infn An is similar. 

Solution 4.9 

Let 7]1,7]2, ... be a sequence of coin tosses, i.e. independent random variables 
with values + 1, -1 (heads or tails) taken with probability t each. Consider the 
following event: 

A = {TIl, 7]2, . " contains infinitely many heads} . 
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This event belongs to the tail a-field T because 

where 

A = lim sup An, 
n 

An = {1]n = heads} E a (1]n) 
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(see Exercise 4.8). Thus, by Kolmogorov's 0-1 law P(A) = 0 or 1. However, it 
cannot be 0 because the event 

B = {1]1, 1]2, . •. contains infinitely many tails} 

has the same probability by symmetry and [} = AU B (there must be infinitely 
many heads or infinitely many tails). 



5 
Markov Chains 

This chapter is concerned with an interesting class of sequences of random 
variables taking values in a finite or countable set, called the state space, and 
satisfying the so-called Markov property. One of the simplest examples is pro­
vided by a symmetric random walk en with values in the set of integers Z. If en 
is equal to some i E Z at time n, then in the next time instance n+ 1 it will jump 
either to i + 1, with probability t, or to i-I, also with probability t. What 
makes this model interesting is that the value of en+! at time n + 1 depends 
on the past only through the value at time n. This is the Markov property 
characterizing Markov chains. There are numerous examples of Markov chains, 
with a multitude of applications. 

From the mathematical point of view, Markov chains are both simple and 
difficult. Their definition and basic properties do not involve any complicated 
notions or sophisticated mathematics. Yet, any deeper understanding of Markov 
chains requires quite advanced tools. For example, this is so for problems related 
to the long-time behaviour of Markov processes. In this chapter we shall try 
to maintain a balance between the accessibility of exposition and the depth of 
mathematical results. Various concepts will be introduced. In particular, we 
shall discuss the classification of states and its relevance to the asymptotic 
behaviour of transition probabilities. This will turn out to be closely linked to 
ergodicity and the existence and uniqueness of invariant measures. 

85 
Z. Brzeźniak et al., Basic Stochastic  Processes
© Springer-Verlag London Limited 1999



86 Basic Stochastic Processes 

5.1 First Examples and Definitions 

Example 5.1 

In some homes the use of the telephone can become quite a sensitive issue. 
Suppose that if the phone is free during some period of time, say the nth 
minute, then with probability p, where 0 < p < 1, it will be busy during the 
next minute. If the phone has been busy during the nth minute, it will become 
free during the next minute with probability q, where 0 < q < 1. Assume that 
the phone is free in the Oth minute. We would like to answer the following two 
questions. 

1) What is the probability Xn that the telephone will be free in the nth 
minute? 

2) What is limn --+ oo ;1:n , if it exists? 

Denote by An the event that the phone is free during the nth minute and let 
Bn = n \ An be its complement, i.e. the event that the phone is busy during 
the nth minute. The conditions of the example give us 

P(Bn+1IAn) = p, 

P(An+1IBn) = q, 

(5.1) 

(5.2) 

We also assume that P(Ao) = 1, i.e. Xo = 1. Using this notation, we have 
Xn = P(An). Then the total probability formula, see Exercise 1.10, together 
with (5.1)-(5.2) imply that 

Xn+1 = P(An+1) 

= P(An+1IAn)P(An) + P(An+1IBn)P(Bn) 

= (1 - p)xn + q(1 - xn) = q + (1 - P - q)xn. (5.3) 

It's a bit tricky to find an explicit formula for X n . To do so we suppose first 
that the sequence {x .. } is convergent, i.e. 

lim Xn = X. 
n--+oo 

(5.4) 

The elementary properties of limits and equation (5.3), i.e. Xn+1 = q + (1 - p­
q)xn' yield 

x = q + (1 - p - q)x. 

The unique solution to the last equation is 

q 
X=--. 

q+p 

(5.5) 

(5.6) 
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In particular, 
-q- = q + (1- p-q)-q-. 
q+p q+p 

(5.7) 

Subtracting (5.7) from (5.3), we infer that 

Xn+l - -q- = (1 - p - q) (xn - -q-) . 
q+p q+p 

(5.8) 

Thus, {xn - qtr;} is it geometric sequence and therefore, for all n E N, 

Xn - -q- = (l_p_q)n (xo - -q-). 
q+p q+p 

Hence, by taking into account the initial condition Xo = 1, we have 

Xn = -q- + (xo - -q-) (1- p_ q)n 
q+p q+p 

= _q_+_P_(1_p_q)n. 
q+p q+p 

(5.9) 

Let us point out that although we have used the assumption (5.4) to derive 
(5.8), the proof of the latter is now complete. Indeed, having proven (5.9), we 
can show that the assumption (5.4) is indeed satisfied. This is because the 
conditions 0 < p, q < 1 imply that 11 - p - ql < 1, and so (1 - p - q)n -+ 0 as 
n -+ 00. Thus, (5.4) holds. This provides an answer to the second part of the 

1 . l' -L examp e, I.e. Imn -+oo Xn = p+q' 

The following exercise is a modification of the last example. 

Exercise 5.1 

In the framework of Example 5.1, let Yn denote the probability that the tele­
phone is busy in the nth minute. Supposing that Yo = 1, find an explicit formula 
for Yn and, if it exists, limn -+oo Yn. 

Hint This exercise can be solved directly by repeating the above argument, or indi­
rectly by using some of the results in Example 5.1. 

Remark 5.1 

The formulae {5.3} and {5.64} can be written collectively in a compact form by 
using vector and matrix notation. First of all, since Xn + Yn = 1, we get 

Xn+! = (1 - p)xn + qYn, 

Yn+! = PXn + (1 - q)Yn. 
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Hence, the matrix version takes the form 

[ Xn+l ] = [ 1 - p q ] [ Xn ] . 
Yn+l P 1 - q Yn 

The situation described in Example 5.1 is quite typical. Often the proba­
bility of a certain event at time n + 1 depends only on what happens at time 
n, but not further into the past. Example 5.1 provides us with a simple case of 
a Markov chain. See also the following definition and exercises. 

Definition 5.1 

Suppose that S is a finite or a countable set. Suppose also that a probability 
space (n,F,p) is given. An S-valued sequence ofrandom variables ~n' n E N, 
is called an S-valued Markov chain or a Markov chain on S if for all n E Nand 
allsES 

(5.10) 

Here P(~nH = sl~n) is the conditional probability of the event {~n+l = s} with 
respect to random variable ~n, or equivalently, with respect to the a-field a(~n) 
generated by ~n. Similarly, P(~nH = sl~o, ... , ~n) is the conditional probability 
of {~n+l = s} with respect to the a-field a(~o, ... , ~n) generated by the random 
variables ~o,· .. , ~n. 

Property (5.10) will usually be referred to as the Markov property of the 
Markov chain ~n, n E N. The set S is called the state space and the elements 
of S are called states. 

Proposition 5.1 

The model in Example 5.1 and Exercise 5.1 is a Markov chain. 

Proof 

Let S = {O, I}, where ° and 1 represent the states of the phone being free or 
busy. First we need to construct an appropriate probability space. Let n be 
the set of all sequences Wo, WI, ... with values in S. Let f..to be any probability 
measure on S. For example, f..t = 80 corresponds to the case when the phone 
is free at time 0. We shall define P by induction. For any S-valued sequence 
so, SI, ... we put 

P({W En: Wo = so}) = f..to({so}) (5.11) 

and 

p({WEn:Wi=Si, i=0,···,n+1}) (5.12) 
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= P(Sn+tlsn)P({W E {}: Wi = Si, i = 0,· .. ,n}), 

where p(slr) are the entries of the 2 x 2 matrix 

[ p(OIO) P(OII)] = [ 1 - P q ] 
p(IIO) p(III) p 1 - q . 
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It seems reasonable to expect P to be a probability measure (with respect to 
the trivial a-field of all subsets of {}). Take this for granted, check only that 
P({}) = 1. 

How would you define the process ~n, n E N? We shall do it in the standard 
way, i.e. 

(5.13) 

First we shall show that the transition probabilities of ~n are what they should 
be, i.e. 

P(~nH = II~n = 0) = p, 

P(~nH = Ol~n = 1) = q. 

The definition of conditional probability yields 

P(I: = III: = 0) = P(~n+1 = 1, ~n = 0) 
<"nH <"n P(~n = 0) . 

Next, the definition of P gives 

P(~n+1 = 1, ~n = 0) 

= P({w E {}: Wn = O,WnH = I}) 

(5.14) 

(5.15) 

L P( {w E {}: Wi = si,i = O,···,n -1, Wn = O,WnH = I}) 
SO,"',Sn-l ES 

L pP({wE{}:wi=si,i=O,"',n-l, Wn=O}) 
So,···,Sn-l ES 

= pP(~n = 0), 

by (5.12). We have proven (5.14). Moreover, (5.15) follows by the same argu­
ment. A similar line of reasoning shows that ~n is indeed a Markov chain. For 
this we need to verify that for any n E N and any So, Sl,' .. , Sn+1 E S 

P(~nH = sn+ll~o = So,' .. , ~n = sn) = P(~n+1 = SnH I~n = sn). 

We have 

P(~o = SO,"', ~n = Sn, ~nH = SnH) 
= P( {w E {} : Wi = Si, i = 0, ... , n + I}) 

= p(snHlsn)P({w E {}: Wi = si,i = 0,··· ,n}) 

= p(sn+llsn)P(~O = So, ... , ~n = Sn) 



90 Basic Stochastic Processes 

which, in view of the definition of conditional probability, gives 

On the other hand, by an easy generalization of (5.14) and (5.15) 

P(~n+1 = sn+1l~n = sn) = p{sn+1lsn), 

which proves (5.10). 0 

In Example 5.1 the transition probabilities from state i to state j do not 
depend on the time n. This is an important class of Markov chains. 

Definition 5.2 

An S-valued Markov chain ~n, n E N, is called time-homogeneous or homoge­
neous if for all n E N and all i, j E S 

P(~n+1 = jl~n = i) = P(6 = jl~o = i). (5.16) 

The number P(6 = jl~o = i) is denoted by p(jli) and called the transition 
probability from state i to state j. The matrix P = [p(jli))j,iES is called the 
transition matrix of the chain ~n. 

Exercise 5.2 
In the discussion so far we have seen an example of a transition matrix, P = 

[ 1; P 1 ~ q ]. Obviously the sum of the entries in each column of P is equal 

to 1. Prove that this is true in general. 

Hint Remember that p(nIA) = 1 for any event A. 

Definition 5.3 

A = [ajikjES is called a stochastic matrix if 

1) aji ~ 0, for all i,j E S; 

2) the sum of the entries in each column is 1, i.e. l:jES aji = 1 for any i E S. 

A is called a double stochastic matrix if both A and its transpose At are stochas­
tic matrices. 
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Proposition 5.2 

Show that a stochastic matrix is doubly stochastic if and only if the sum of the 
entries in each row is 1, i.e. l:iES aji = 1 for any j E S. 

Proof 

Put At = [bij ]. Then, by the definition of the transposed matrix, bij = aji. 

Therefore, At is a stochastic matrix if and only if 

L aji = L bij = 1, 
i i 

completing the proof. 0 

Exercise 5.3 

Show that if P = [Pji]j,iES is a stochastic matrix, then any natural power pn of 
p is a stochastic matrix. Is the corresponding result true for a double stochastic 
matrix? 

Hint Show that if A and B are two stochastic matrices, then so is BA. For the second 
problem, recall that (BA)t = At Bt. 

Exercise 5.4 

Let P = [ 1; P 1 ~ q ]. Show that 

p2 = [ 1 + p2 - 2p \pq 2q _ pq _ q2 ] 
2p - pq - P 1 + q2 - 2q + pq . 

Hint This is just simple matrix multiplication. 

We see that there is a problem with finding higher powers of the matrix P. 
When multiplying p 2 by P, p2, and so on, we obtain more and more compli­
cated expressions. 

Definition 5.4 

The n-step transition matrix of a Markov chain ~n with transition probabilities 
p(jli), j, i E S is the matrix Pn with entries 

Pn(jli) = P(~n = jl~o = i). (5.17) 
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Exercise 5.5 

Find an exact formula for Pn for the matrix P from Exercise 5.4. 

Hint Put Xn = P({n = Ol{o = 0) and Yn = P({n = 11{o = 1). Is it correct to suppose 
that Pn(OIO) = Xn and Pn(111) = Yn? If yes, you may be able use Example 5.1 and 
Exercise 5.1. 

Exercise 5.6 

You may suspect that Pn equals pn, the nth power ofthe matrix P. This holds 
for n = 1. Check if it is true for n = 2. If this is the case, try to prove that 
Pn = pn for all n E N. 

Hint Once again, this is an exercise in matrix multiplication. 

The following is a generalization of Exercise 5.6. 

Proposition 5.3 (Chapman-Kolmogorov eql.llation) 

Suppose that ~n, n E N, is an S-valued Markov chain with n-step transition 
probabilities Pn(jli). Then for all k, n E N 

Pn+k(jli) = LPn(jls)Pdsli), i,j E S. (5.18) 
sES 

Exercise 5. 7 

Prove Proposition 5.3. 

Hint pn+k (jli) are the entries of the matrix Pn+k = pn+k. 

Proof (of Proposition 5.3) 

Let P and Pn be, respectively, the transition probability matrix and the n-step 
transition probability matrix. Since Pn(jli) are the entries of Pn, we only need 
to show that Pn = pn for all n E N. This can be done by induction. The 
assertion is clearly true for n = 1. Suppose that Pn = pn. Then, for i,j E S, 
by the total probability formula and the Markov property (5.10) 

Pn+l (jli) = P(~n+1 = jl~o = i) 
I: P(~n+1 = jl~o = i, ~n = S)P(~n = sl~o = i) 
sES 

= L P(~n+l = jl~n = s)P(~n = sl~o = i) 
sES 
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= Lp(jls)Pn(sli), 
sES 

which proves that Pn+1 = PPn. 0 

Exercise 5.8 (random walk) 

Suppose that S = Z. Let 'T/n, n ~ 1 be a sequence of independent identically 
distributed random variables with P{'T/l = 1) = P and P{'T/l = -1) = q = 1- p. 

Define ~n = L~=l 'T/i for n ~ 1 and ~o = O. Show that ~n is a Markov chain 
with transition probabilities 

{ 
p, 

p(jli) = q, 
0, 

if j = i + 1, 
if j = i-I, 
otherwise. 

~n, n ~ 0, is called a random walk starting at o. Replacing ~o = 0 with ~o = i, 
we get a random walk starting at i. 

Hint en+l = en + 71n+l. Are en and 71n+1 independent? 

Exercise 5.9 

For the random walk ~n defined in Exercise 5.8 prove that 

P{~n = jl~o = i) = ( n+i-i)P n+&-i q n-ri (5.19) 

if n + j - i is an even non-negative integer, and P{ ~n = j I~o = i) = 0 otherwise. 

Hint Use induction. Note that (n+&-i)p n+~-i equals 0 if Ii - il ~ n + 1. 

Proposition 5.4 

For all P E (0,1) 

Proof 

P{~n = il~o = i) --t 0, as n --t 00. (5.20) 

To begin with, we shall consider the case p =I t. When j = i, formula (5.19) 
becomes 

P{~n = il~o = i) = (fr)i{pq, { 
(2k)! )k 

0, 

if n = 2k, 
if n is odd. 

(5.21 ) 
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Then, denoting ak = li~IJ (pq)k, we have 

ak+1 _ (2k + 1)(2k + 2) 4 1 
eLk - pq (k + 1)2 -t pq < . 

Hence, ak -t O. Thus, P(6k = il~o = i) -t O. The result follows, since 
P(6k+1 = il~o = i) = 0 -t O. 

This argument does not work for p = ~ because 4pq = 1. In this case we 
shall need the Stirling formula l 

k! '" V27rk ( ~) k, as k -t 00. (5.22) 

Here we use the standard convention: an '" bn whenever ~: -t 1 as n -t 00. 

By (5.22) 

ak '" V47rk (2k)2k (~)2k (pql 
27rk e k 
1 

= CL -t 0, as k -t 00. 
v7rk 

Let us note that the second method works in the first case too. However, in the 
first case there is no need for anything as sophisticated as the Stirling formula. 
o 

Proposition 5.5 

The probability that the random walk ~n ever returns to the starting point is 

1-lp- ql· 

Proof 

Suppose that ~o = 0 and denote by fo(n) the probability that the process 
returns to 0 at time n for the first time, i.e. 

fo(n) = P(~n = O'~i :1= O,i = 1,,,, ,n -I}. 

If also po(n) = P (~n = O) for any n EN, then we can prove that 

00 00 00 

:~:::>o(n) = LPo(n} L fo(n}. (5.23) 
n=l n=O n=l 

1 See, for example, E.C. Titchmarsh, The Theory of Functions, Oxford University 
Press, Oxford, 1978. 
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Since all the numbers involved are non-negative, in order to prove (5.23) we 
need only to show that 

n 

po(n) = L fo (k)po (n - k) for n ~ l. 
k=l 

The total probability formula and the Markov property (5.10) yield 

n 

po(n) = LP(~n=O'~k=O'~if:.O,i=I, ... ,k-I) 
k=l 

n 

LP(~k = O,~i f:. O,i = I,"',k -1) 
k=l 

n 

L P(~k = O'~i f:. O,i = 1"" ,k -I)P(~n = Ol~k = 0) 
k=l 

n 

L fo(k)po(n - k). 
k=l 

Having proved (5.23). we are going to make use of it. First we notice that the 
probability that the process will ever return to 0 equals L~=l fo(n). Next, from 
(5.23) we infer that 

00 

P(3n ~ 1 : ~n = 0) = L fo(n) 
n=l 

S· (k) ~( )k mce Po 2 = (k!)2 pq and 

00 (2k) 1 L k xk = (1 - 4X)-1/2, Ixl < 4' 
k=O 

(5.24) 

it follows, that for p f:. 1/2 

P(3n ~ 1 : ~n = 0) = 1 - (1 - 4pq)1/2 = 1 - Ip - ql, (5.25) 

since, recalling that q = 1 - p, we have 1 - 4pq = 1 - 4p + 4p2 = (1 - 2p)2 = 
(q _ p)2. 

The case p = 1/2 is more delicate and we shall not pursue this topic here. 
Let us only remark that the case p = 1/2 needs a special treatment as in 
Proposition 5.4. 0 
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Exercise 5.10 
Prove formula (5.24). 

Hint Use the Taylor formula to expand the right-hand side of (5.24) into a power 
series. 

Exercise 5.11 (branching process) 

On the island Elschenbieden there lives an almost extinct species called Vugiel. 
Vugiel's males can produce zero, one, two, ... male offspring with probability 
Po, Pl, P2, ... respectively, where Pi ;::: 0 and 2:::0 Pi = 1. A challenging problem 
would be to find the Vugiel's chances of survival assuming that each individual 
lives exactly one year. At this moment, we ask you only to rewrite the problem 
in the language of Markov chains. 

Hint The number of descendants of each male has the same distribution. 

Exercise 5.12 

Consider the following two cases: 

1) In Exercise 5.11 suppose that 

Pm = (:)pm(1- p)N-m. 
for some P E (0,1) and N E N*, where N* = {I, 2, 3, ... }. (Note that 
Pm = 0 if m > N.) Show that 

p(jli) = (~i)pi(l_ p)Ni-i. 

Deduce that, in particular, p(jli) = 0 if j > Ni. 

2) Suppose that 
..\m 

-A lI.T Pm = -, e ,m E !'ii, 
m. 

for some ..\ > o. In other words, assume that each Xj 
distribution with mean ..\. Show that 

( ·1·) (..\i)j -Ai .. 0 P ) Z = -.,-e ,), Z;::: • 
). 

(5.26) 

has the Poisson 

(5.27) 

Hint If Xl has the binomial distribution P(XI = m) = (~)pm(l_ p)N-m, mEN, 
then there exists a finite sequence 17:, ... ,171 of independent identically distributed 
random variables such that P(17] = 1) = p, P(17] = 0) = 1 - p and Xj = rTf. + ... + 
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7]~ = m. Hence, Xl + ... + Xi = L~=l L~=l 7]~, i.e. the sum of Ni independent 
identically distributed random variables with distribution as above. Hence we infer 
(5.26). 

Proposition 5.6 

The probability of survival in Exercise 5.12, part 2) equals 0 if A:S; 1, and 1-fk 
if A > 1, where k is the initial Vugiel population and f E (0,1) is a solution to 

r = e(r-l),\. (5.28) 

Proof 

We denote by ¢(i), i E N the probability of dying out subject to the condition 
~o = i. Hence, if A = {~n = 0 for n EN}, then 

¢(i) = P (AI~o = i). (5.29) 

Obviously, ¢(O) = 1 and the total probability formula together with the Markov 
property (5.10) imply that for each i E N 

00 

¢(i) = LP(AI~o =i,6 =j)P(6 =jl~o =i) 
j=O 
00 

L P (AI~l = j) P (6 = jl~o = i) 
j=O 
00 

= L ¢(j)p(jli). 
j=O 

Therefore, the sequence ¢( i), i E N is bounded (by 1 from above and by 0 from 
below) and satisfies the following system of equations 

00 

¢(i) = L ¢(j)p(jli), i E N, (5.30) 
j=O 

¢(O) = 1. 

So far, we have not used any particular distribution of Xj. From now on, we 
shall assume that the Xj have the Poisson distribution. Hence, by Exercise 5.12, 

p(jli) = (i~?j e-i'\. It is not an easy problem to find a solution to (5.30), even in 
this special case. ¢(i) is the probability that the population will die out, subject 
to the condition that initially there were i individuals. Since we assume that 
reproduction of different individuals is independent, it is reasonable to make 
the following Ansatz: 

¢(i) = A[¢(1)]i, i EN, (5.31) 
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for some A > O. Although it is possible to prove this Ansatz, we shall not 
do so here. Note that the boundary condition ¢(O) = 1 implies that A = 1. 
Substituting (5.31) (with A = 1 and r := ¢(1)) into (5.30), we get 

" Loo " (iA)j _", r' = rJ --e ,,, 
·f 

j=O J. 

"' ~ 1 " "'" , = e-'" ~ 1 (irAF = e-'''e,r". 
j=O J. 

Hence, r should satisfy 
(5.32) 

Since the function g(r) = e(r-l)\ r E [0,1]' is convex, there exist at most 
two solutions to the equation (5.32). Obviously, one of them is r = 1. A bit of 
analysis, not included here, shows the following: 

1) If A ::; 1, then the only solution to (5.32) in [0, 1J is r = 1. 

2) If A > 1, then there exists a second solution f E (0,1) of the equation 
(5.32). 

In case 1) the situation is simple. We have ¢(i) = 1 for all i, and thus the 
probability of extinction is 1 for any initial number of individuals. Case 2) is 
slightly more involved. The first question we need to address is which of the 
two solutions of (5.32) gives the correct value of ¢(1)? Recall that Pk = ~~ e-A• 

Define 
00 00 Ak 

F(x) = LPkXk = L kT e- Axk = eAXe-\ Ixl::; 1. (5.33) 
k=O k=O 

Since P(6 = Ol~o = 1) = Po and 

00 

P(6 = Ol~o = 1) = LP(6 = 016 = i)P(6 = il~o = 1) 
i=O 
00 

= L(PO)ipi = F(po) = F(F(O)), 
i=O 

we guess that the following holds: 

(5.34) 

where F(n) is the n-fold composition of F. To prove (5.34) it is enough to prove 
it for n, while assuming it holds for n - 1. We have 

00 

P (~n = Ol~o = 1) = L P (~n = 016 = i) P (6 = il~o = 1) 
i=O 
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00 

= LPiP (~n-l = Ol~o = i) 
i=O 
00 

= LPi [P(~n-l = Ol~o = 1)]i 
i=O 
00 . 

= LPi [F(n-l) (O)f = F(F(n-l)(o)) = F(n)(o). 
i=O 

Since the event {~n = O} is contained in events {~n+l = O} for all n E N, we 
have 

¢(1) = P {~n = 0, for some n E NI~o = I} 

= lim P{~n = Ol~o = I} 
n-+oo 

by the Lebesgue monotone convergence theorem. Therefore, we infer that 

¢(1) = lim F(n)(o). 
n-+oo 

With F(O) (x) = x we only need to show that 

F(n)(O) :S r, n E N. (5.35) 

Indeed, once the inequality (5.35) is proven, we infer that ¢(1) :S r and thus 
¢(1) = r. We shall prove (5.35) by induction. It is obviously valid for n = 0, so 
we need to study the inductive step. We have 

since F is increasing. We conclude that in the case>. > 1 the population will 
become extinct with positive probability. 

In the simplest example of the binomial distribution case, i.e. when N = 1, 
equations (5.30) become 

¢(i) = t ¢(j) (~)pi (1- p)i-j, i E N. 
j=O J 

Since ¢(O) = 1, ¢(1) satisfies 

¢(1) = q + ¢(l)p 

with q = 1 - p. Hence, trivially, ¢(1) = 1. Then, by induction, one proves that 
¢(i) = 1. Therefore, whatever the initial number of individuals, extinction of 
the species is certain. 0 
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Remark 5.2 

The method presented in the last solution works for any distribution of the 
variables Xj. It turns out that the mean value A of Xl plays the same role as 
above. One can show that if A :S 1, then the population will become extinct 
with probability 1, while for A > 1 the probability of extinction is larger than 
o and smaller than 1. 

Exercise 5.13 

On the, now familiar, island of Elschenbieden the question of survival of the 
Vugiel is a hot political issue. The (human) population of the island is N. Those 
who believe that action should be taken in order to help the animals preach 
their conviction quite convincingly. For if a supporter discusses the issue with a 
non-supporter, the latter will change his mind with probability one. However, 
they do so only in face-to-face encounters. Suppose that the probability of an 
encounter of exactly one pair of humans during one day is p and that with 
probability q this pair is a supporter-non-supporter one. Write down a Markov 
chain model of this situation. Neglect the probability of two or more encounters 
during one day. 

Hint On each day the number of supporters can either increase by 1 or remain un­
changed. What is the probability of the former? 

Exercise 5.14 (queuing model) 

A car wash machine can serve at most one customer at a time. With probability 
p, 0 < p < 1, the machine can finish serving a customer in a unit time. If this 
happens, the next waiting car (if any) can be served at the beginning of the 
next unit of time. During the time interval between the nth and (n + 1)st unit 
of time the number of cars arriving has the Poisson distribution with parameter 
A > O. Let ~n denote the number of cars being served or waiting to be served 
at the beginning of unit n. Show that ~n' n E N, is a Markov chain and find 
its transition probabilities. 

Hint Let Zn, n = 0,1,2"" be a sequence of independent identically distributed 
random variables, each having the Poisson distribution with parameter >.. Then {n+l -
{n - Zn equals -lor O. 

Remark 5.3 

In the last model we are interested in the behaviour of ~n for large values of n. 
In particular, it is interesting to determine whether the limit of ~n or that of ~n 
(as n ~ 00) exists. In Exercise 5.36 we shall find conditions which guarantee 
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the existence of a unique invariant measure and imply that the Markov chain 
in question is ergodic. 

5.2 Classification of States 

In what follows we fix an S-valued Markov chain with transition matrix P = 
[p(jli)]j,iES, where S is a non-empty and at most countable set. 

Definition 5.5 

A state i is called. recurrent if the process ~n will eventually return to i given 
that it starts at i, i.e. 

P{~n = i for some n ~ 11~o = i) = 1. (5.36) 

If the condition (5.36) is not satisfied, then the state i is called transient. 

Theorem 5.1 

Show that for a random walk on Z with parameter P E (O, 1), the state 0 is 
recurrent if and only if p = 1/2. Show that the same holds if 0 is replaced by 
any other state i E Z. 

Proof 

We know from (5.25) that P(~n = i for some n ~ 11~o = i) = 1 - Ip - ql for 
any i E Z. 0 

Definition 5.6 

We say that a state i communicates with a state j if with positive probability 
the chain will visit the state j having started at i, i.e. 

P{~n = j for some n ~ Ol~o = i) > O. (5.37) 

If i communicates with j, then we shall write i -t j. We say that the state i 
intercommunicates with a state j, and write i ++ j, if i -t j and j -t i. 

Exercise 5.15 

Show that i -t j if and only if Pk (j Ii) > 0 for some k ~ 1. 
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Hint Recall that Pk(jli) = P({k = jl{o = i). 

Exercise 5.16 

Show that 

1) i f-t i, 

2) if i f-t j then j f-t i and 

3) if i f-t j, j f-t k then i f-t k. 

In other words, show that f-t is an equivalence relation on S. 

Hint 1) and 2) are obvious. For 3) use the Chapman-Kolmogorov equations. 

Exercise 5.17 

For Ixi < 1 and j, i E S define 

n=O 
00 

Fji(X) = L fn(jli)xn, 
n=l 

(5.38) 

(5.39) 

where fn(jli) = P(~n = j, ~k :j:. j, k = 1"", n -ll~o = i). Show that the power 
series in (5.38)-(5.39) are absolutely convergent for Ixl < 1 and that 

Pji(x) = Fji(x)Pjj(x), if j :j:. i, 

Pii(X) 1 + Fii(X)~i(X). 
(5.40) 

(5.41) 

Hint Note that IPn(jli)1 ~ 1, so the radius of convergence of the power series (5.38) 
is ~ 1. 

Exercise 5.18 

Show that lirnx/'l Pjj(x) = 2:~=oPn(jlj) and lirnx/'l Fjj(x) = L~=o fn(jlj)· 

Hint Apply Abel's lemma2 : If ak ~ 0 for all k ~ 0 and limsuPk-+oo tIi;J ~ 1, then 
limx/"l 2:;;"=0 ak xk = 2:;;"=0 ak, no matter whether this sum is finite or infinite. 

2 For example, see: ~'. Rudin, Principles of Mathematical Analysis, McGraw-Hill 
Book Company, New York 1976. 



5. Markov Chains 103 

Exercise 5.19 

Show that a state j is recurrent if and only if LnPn(jlj) = 00. Deduce that 
the state j is transient if and only if 

(5.42) 
n 

Show that if j is transient, then for each i E S 

(5.43) 
n 

Hint If j is recurrent, then Fjj(x) ~ Ln fnUlj) = 1 as x /' 1. Use (5.41) in 
conjunction with Abel's Lemma. 

Exercise 5.20 

For a Markov chain ~n with transition matrix P = [ ~ - P ~ _ q ] show that 

both states are recurrent. 

Hint Use Exercise 5.19 and 5.5. 

One may suspect that if the state space S is finite, then there must exist 
at least one recurrent state. For otherwise, if all states were transient and 
S = {I, 2"", N}, then with positive probability a chain starting from I would 
visit I only a finite number of times. Thus, after visiting that state for the 
last time, the chain would move to a different state, say i2, in which it would 
stay for a finite time only with positive probability. Thus, in finite time, with 
positive probability, the chain will never return to states 1 and i 2 • By induction, 
in finite time, with positive probability, the chain will never return to any of 
the states. This is impossible. The following exercise will give precision to this 
argument. 

Exercise 5.21 

Show that if ~n is a Markov chain with finite state space S, then there exists 
at least one recurrent state i E S. 

Hint Argue by contradiction and use (5.43). 

The following result is quoted here for reference. The proof is surprisingly 
difficult and falls beyond the scope of this book. 



104 Basic Stochastic Processes 

Theorem 5.2 

A state j E S is recurrent if and only if 

P((fI = j for infinitely many nl~o = j) = 1, 

and is transient if and only if 

P(~n = j for infinitely many nl~o = j) = O. 

Definition 5.7 

For an S-valued Markov chain ~n, n E N, a state i E S is called null-recurrent 
if it is recurrent and its mean recurrence time mi defined by 

00 

mi := L nfn(ili) (5.44) 
n=O 

equals 00. A state i E S is called positive-recurrent if it is recurrent and its 
mean recurrence time mi is finite. 

Remark 5.4 

One can show that a recurrent state i is null-recurrent if and only if Pn (i Ii) --t O. 

We already know that for a random walk on Z the state 0 is recurrent if and 
only if P = 1/2, i.e. if and only if the random walk is symmetric. In the following 
problem we shall try to answer if 0 is a null-recurrent or positive-recurrent state 
(when P = 1/2). 

Exercise 5.22 

Consider a symmetric random walk on Z. Show that 0 is a null-recurrent state. 
Can you deduce whether other states are positive-recurrent or null-recurrent? 

Hint State 0 is null-recurrent if and only if En n/n(OIO) = 00. As in Exercise 5.18, 
En n/n(OIO) = limx/'l F~o(x), where Foo is defined by (5.39). 

Exercise 5.23 

For the Markov chain ~n from Exercise 5.20 show that not only are all states 
recurrent, but they are positive-recurrent. 

Hint Calculate /n(OIO) directly. 
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The last two exercises suggest that the type of a state i E S, i.e. whether 
it is transient, null-recurrent or positive-recurrent is invariant under the equiv­
alence t+. We shall investigate this question in more detail below, but even 
before doing so we need one more notion: that of a periodic state. 

Definition 5.8 

Suppose that ~n, n E N, is a Markov chain on a state space S. Let i E S. We 
say that i is a periodic state if and only if the greatest common divisor (gcd) 
of all n E N* , where N* = {I, 2, 3" .. }, such that Pn(ili) > 0 is ~ 2. Otherwise, 
the state i is called aperiodic. In both cases, the gcd is denoted by d(i) and is 
called the period of the state i. Thus, i is periodic if and only if d(i) ~ 2. A 
state i which is positive recurrent and aperiodic is called ergodic. 

Exercise 5.24 

Is this claim that Pd(i)(ili) > 0 true or not? 

Hint Think of a Markov chain in which it is possible to return to the starting point 
by two different routes. One route with four steps, the other one with six steps. 

One of the by-products of the following exercise is another example of the 
type asked for in Exercise 5.24. 

Exercise 5.25 

Consider a Markov chain on S = {1,2} with transition probability matrix 

p = [~ ~j;]. This chain can also be described by the graph in Figure 5.1. 

Find del) and d(2). 

1 

1/2 

Figure 5.1. Transition probabilities of the 
Markov chain in Exercise 5.25 

Hint Calculate p2 and p3. This can be done in two different ways: either algebraically 
or, probabilistically. 
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Proposition 5.7 

Suppose that i,j E Sand i B j. Show that 

1) i is transient if and only if j is; 

2) i is recurrent if and only if j is; 

3) i is null-recurrent if and only if j is; 

4) i is positive-recurrent if and only if j is; 

5) i is periodic if and only if j is, in which case d(i) = d(j); 

6) i is ergodic if and only if j is. 

Proof 

It is enough to show properties 1),4) and 5). Since i B j one can find n, mEN 
such that Pm(jli) > 0 and Pn(ilj) > O. Hence c := Pm(jli)Pn(ilj) is positive. 
Let us take kEN. Then by the Chapman-Kolmogorov equations 

Pm+k+n(jlj) = L Pm(jIS)Pk(slr)Pn(rlj) 2: Pm (jli)Pk (ili)Pn(i!J) = cPk(ili). 
r,sES 

By symmetry 

Pn+k+m(ili) = L Pn(ils)Pk(slr)Pm(rli) 2: Pn(ilj)Pk(jlj)Pm(jli) = cPk(jlj)· 
r,sES 

Hence, the series ~kPk(ili) and ~kPk(j!J) are simultaneously convergent or 
divergent. Hence 1) follows in view of Exercise 5.19. 

To prove 5) it is enough to show that 

d(i) ~ d(j). 

Using the first inequality derived above, we have 

for all kEN. From this inequality we can draw two conclusions: 

(a) d(i)ln + m, since by taking k = 0 we get Pn+m(ili) > 0; 

(b) if Pk(jlj) > 0, then Pn+k+m(ili) > O. 

From (a) and (b) we ean see that d(i)lk provided that Pk(jlj) > O. This proves 
what is required. 0 
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Exercise 5.26 

Show that the following modification of 2) above is true: If i is recurrent and 
i -+ j, then j -+ i. Deduce that if i is recurrent and i -+ j, then j is recurrent 
and j ++ i. 

Hint Is it possible for a chain starting from i to visit j and then never return to i? 
Is such a situation possible when i is a recurrent state? 

The following result describes how the state space S can be partitioned into 
a countable sum of classes. One of these classes consists of all transient states. 
Each of the other class consists of interconnecting recurrent states. If the chain 
enters one of the classes of second type, it will never leave it. However, if the 
chain enters the class of transient states, it will eventually leave it (and so never 
return to it). We begin with a definition. 

Definition 5.9 

Suppose that ~n' n E N, is a Markov chain on a countable state space S. 

1) A set C C S is called closed if once the chain enters C it will never leave 
it, i.e. 

P (~k E S \ C for some k ~ nl~n E C) = O. (5.45) 

2) A set C C S is called irreducible if any two elements i, j of C intercommu­
nicate, i.e. for all i,j E C there exists an n E N such that Pn(jli) > O. 

Theorem 5.3 

Suppose that ~n' n E N, is a Markov chain on a countable state space S. Then 

N 

S = T U U Cj , (disjoint sum), 
j=l 

(5.46) 

where T is the set of all transient states in S and each Cj is a closed irreducible 
set of recurrent states. 

Exercise 5.27 

Suppose that ~n, n E N, is a Markov chain on a countable state space S. Show 
that a set C C S is closed if and only if p(jli) = 0 for all i E C and j E S \ C. 

Hint One implication is trivial. For the other one use the countable additivity of the 
measure P. 
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Proof (of Theorem 5.3) 

Let R = S \ T denote the set of all recurrent states. If i t+ j, then both i 
and j belong either to T or to R. It follows that the interconnection relation 
t+ restricted to R is an equivalence relation as well. Therefore, R = U7=1 Cj , 

Cj = [Sj]' Sj E R. Here N denotes the number of different equivalent classes. 
Since by definition each Cj is an irreducible set, we only need to show that it 
is closed. But this follows from Exercise 5.26. Indeed, if i E Ck and i -t j, then 
i t+ j, and so j E Ck. 0 

5.3 Long-Time Behaviour of Markov Chains: 
General Case 

For convenience we shall denote the countable state space S by {1, 2, 3, ... } 
when S is an infinite set and by {I, 2, .. " n} when S is finite. 

Proposition 5.8 

Let P = [p(jli)] be the transition matrix of a Markov chain with state space S. 
Suppose that for all i, j E S 

lim Pn(jli) =: 'Trj. 
n-+oo 

(5.47) 

(In particular, the limit is independent of i.) Then 

1) Lj'Trj $ 1; 

2) LiP(jli)'Tri = 'Trj; 

3) either Lj'Trj = 1, or 'Trj = 0 for all j E S. 

Proof 

To begin with, let us assume that S is finite with m elements. Using the 
Chapman-Kolmogorovequations (5.18), we have 

m m 

L'Trj = L'Trj = L nl~~Pn(jli) 
jES j=1 j=1 

m 

lim "Pn(jli) = lim 1 = 1, 
n-+oo ~ n-+oo 

j=1 
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since E;:l Pn(jli) = 1 for any n E N (see Exercise 5.2). This proves 1) and 3) 
simultaneously. Moreover, it shows that the second alternative in 3) can never 
occur. To prove 2) we argue in a similar way. Let us fix j E S and (an auxiliary) 
k E S. Then, 

m 

Lp(jli)7ri 

i=l 

m 

= " lim p(jli)Pn(ilk) Ln-+oo 
i=l 

m 

lim "p(jli)Pn(ilk) = lim Pn+l(jlk) = 7rj, 
n-+oo L n-+oo 

i=l 

since E:'l p(jli)Pn(ilk) = Pn+l (jlk) by the Chapman-Kolmogorov equations. 
When the set S is infinite, we cannot just repeat the above argument. The 

reason is quite simple: in general the two operations lim and E cannot be 
interchanged. They can when the sum is finite, and we used this fact above. 
But if S is infinite, then the situation is more subtle. One possible solution of 
the difficulty is contained in the following version of the Fatou lemma. 

Lemma 5.1 (Fatou) 

Suppose that aj(n) ~ 0 for j, n E N. Then 

Lliminf aj(n) ::; liminf" aj(n). 
n n L 

j j 

Moreover, if aj(n) ::; bj for j,n E Nand Ej bj < 00, then 

lim sup Laj(n) ::; Llimsupaj(n). 
n j j n 

(5.48) 

(5.49) 

Using the fact that for a convergent sequence lim and lim inf coincide, by 
the Fatou lemma we have 

00 00 

= "7rj = " lim Pn(jli) L Ln-+oo 
j=l j=l 

00 

::; lim inf " Pn (j Ii) = lim inf 1 = 1 
n-+oo L n-+oo 

j=l 

since, as before, E~l Pn(jli) = 1 for any n E N. This proves 1). A similar 
argument shows 2). Indeed, with j E S and k E S fixed, by the Chapman­
Kolmogorov equations and the Fatou lemma we have 

00 

Lp(jli)7ri 

i=l 

00 

= " lim p(jli)Pn(ilk) Ln-+oo 
i=l 



110 Basic Stochastic Processes 

00 

::; lim inf "" p(j li)Pn (ilk) = lim inf PnH (jlk) = 1rj. 
n-too ~ n-too 

i=l 

To complete the proof of 2) suppose that for some k E S 

00 

LP(kli)1ri < 1rk· 
i=l 

Then, since LjES 1rj = Lj# 1rj + 1rk, by the part of 2) already proven we have 

00 00 00 00 
= L Lp(jli)1ri = L Lp(jli)1ri 

j=l i i=l j 

00 (00 ) 00 = ~ 1ri ~P(jli) = ~ 1ri· 

We used the fact that Lj p(jli) = 1 together with (5.65). This contradiction 
proves 2). 

In order to verify 3) observe that by iterating 2) we obtain 

LPn(jli)1ri = 1rj. 
i 

Hence, 

L nl~~Pn(jli)1ri = L 1rj 1ri = 1rj L 1ri· 
iii 

Therefore, the product 1rj (Li 1ri - 1) is equal to 0 for all j E S. As a result, 3) 
follows. Indeed, if Li 1ri "11, then 1rj = 0 for all j E S. 0 

Definition 5.10 

A probability measure J-l := LjES J-ljOj is an invariant measure of a Markov 
chain ~n, n E N, with transition probability matrix P = [P(jli)] iffor all n E N 
and all j E S 

LPn(jli)J-li = J-lj. 
iES 
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Exercise 5.28 

Under the assumptions of Proposition 5.8 show that if LjES 1rj = 1, then 
/-l := LjES 1rjdj is the unique invariant measure of our Markov chain. Here dj 
is the Dirac delta measure at j. 

Hint j.L is an invariant measure of a Markov chain en, n E N, if and only if for each 
n E N, the distribution of en equals j.L, provided the same holds for eo. 

Exercise 5.29 

Show that if 1rj = 0 for all j E S, then there is no invariant measure. 

Hint Look closely at the uniqueness part of the solution to Exercise 5.28. 

The following exercise shows that a unique invariant measure may exist, 
even though the condition (5.47) is not satisfied. 

Exercise 5.30 

Find all invariant measures for a Markov chain whose graph is given in Fig­
ure 5.2. 

1 

1 Figure 5.2. Transition probabilities of the 
Markov chain in Exercise 5.30 

Hint Find the transition probability matrix P and solve the vector equation p1f = 1f 

for 1f = (1fl, 1f2), subject to the condition 1fl + 1f2 = l. 

We shall study some general properties of invariant measures. Above we 
have seen examples of Markov chains with a unique invariant measure. In what 
follows we shall investigate the structure of the set of all invariant measures. 

Exercise 5.31 

Show that if /-l and v are invariant measures and () E [0,1], then (1 - ())/-l + ()v 

is also an invariant measure. 

Hint Apply the definition of an invariant measure. 
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Exercise 5.32 

Show that if f-£ is an invariant measure of a Markov chain ~n, n E N with state 
space S, then supp f-£ C S \ T, where T denotes (as usual) the set of all transient 
states. 

Hint If j is a transient state, then PnUli) -t 0 for all i E S. 

The above result shows that there is a close relationship between invariant 
measures and recurrent states. Below we shall present without proof a couple 
of results on the existence of such measures and their properties. 

Theorem 5.4 

Suppose that ~n' n E N, is a Markov chain on a state space S = T u C, where 
T is the set of all transient states and C is a closed irreducible set of recurrent 
states.3 Then there exists an invariant measure if and only if each element of C 
is positive-recurrent. Moreover, if this is the case, then the invariant measure 
is unique and it is given by f-£ = Li f-£i8i, where 

1 
f-£i = -

mi 

with mi being the mean recurrence time of the state i, see (5.44). 

Note, that by Exercise 5.32, the unique invariant measure in Theorem 5.4 
is supported by C. 

Remark 5.5 

If C = Uf=,l Cj , where each Cj is a closed irreducible set of recurrent states, 
then the above result holds, except for the uniqueness part. In fact, if each 
element of some Cj is positive-recurrent, then there exists a invariant measure 
Ilj supported by Cj . Moreover, f-£j is the unique invariant measure with support 
in Cj . In the special case when each element of C is positive-recurrent, every 
invariant measure f-£ is a convex combination of the invariant measures f-£j, 
jE{l,···,N}. 

Theorem 5.5 

Suppose that ~n' n E N, is a Markov chain with state space S. Let j E S be a 
recurrent state. 

3 Hence in the decomposition (5.46) the number N of different classes of recurrent 
states is equal to 1. 
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1) If j is aperiodic, then 

(5.50) 

Moreover, for any i E S, 

( '1') -+ Fji(l) Pn J ~ , 
mj 

(5.51) 

where Fji(l) is the probability that the chain will ever visit state j if it 
starts at i, see (5.39), and where mj is the mean recurrence time of state j, 
see (5.44); 

2) If j is a periodic state of period d ~ 2, then 

Exercise 5.33 

Pnd(jlj) -+ ~. 
mj 

(5.52) 

Suppose that ~n, n E N, is a Markov chain with state space S. Let j E S be a 
transient state. Show that for any i E S 

Pn(jli) -+ O. (5.53) 

Hint Use Exercise 5.19. 

Definition 5.11 

A Markov chain ~n, n E N, with state space S is called ergodic if each i E Sis 
ergodic, i.e. each state i E S is positive, recurrent and aperiodic. 

Exercise 5.34 

Show that if ~n, n E N, is an ergodic irreducible Markov chain with state 
space S, then Pn(jli) -+ 7rj as n -+ 00 for any j,i E S, where 7r = L:i7ri8i is 
the unique invariant measure. 

Hint Use Theorem 5.5. You may assume as a known fact that if j is recurrent and 
i +-+ j, then Fji(l) = 1. 

Exercise 5.35 

Use the last result to investigate whether the random walk on Z has an invariant 
measure. 

Hint Use Exercise 5.9. 
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Below we shall see that a converse result to Theorem 5.5 is also true. 

Theorem 5.6 

Suppose that ~n' n E N, is an irreducible aperiodic Markov chain with state 
space S. Then ~n' n E N, is ergodic if and only if it has a unique invariant 
measure. 

Proof 

The 'if' part is proved in Exercise 5.34. We shall deal with the 'only if' part. 
Suppose that 1l" = L:J 1l"j 8j is the unique invariant measure of the chain. Then 
1l"j > 0 for some j E S. Recall that due to Theorem 5.5 and the Exercise 5.33, 
limn-+ooPn(jli) exists for all i,j E S. 

Since L:i Pn(jli)1l"j = 1l"j, by the Fatou lemma (inequality (5.49)) 

L lim Pn(jli)1l"i ~ lim sup LPn(jli)1l"i = 1l"j. 
. n-+oo n-+oo . 
t t 

Hence, there exists an i E S such that limn-+oo Pn(jli)1l"i > O. Therefore 
limn-+ooPn(jli) > 0, which in view of Theorem 5.5 implies that mj < 00. 

Thus, j is an ergodic state and, since the chain is irreducible, all states are 
ergodic as well. 0 

Exercise 5.36 

Prove that if there exists an invariant measure for the Markov chain in Exer­
cise 5.14, then >.' := L:'f=o jqj < 1. Assuming that the converse is also true, 
conclude that the chain is ergodic if and only if >.' < 1. Show that if such an 
invariant measure exists, then it is unique. 

Hint Suppose that 7r = L:~o 7rjOj is an invariant measure. Write down an infinite 
system of linear equations for 7rj. If you don't know how to follow, look at the solution. 

5.4 Long-Time Behaviour of Markov Chains 
with Finite State Space 

As we have seen above, the existence of the 1l"j plays a very important role 
in the study of invariant measures. In what follows we shall investigate this 
question in the case when the state space S is finite. 
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Theorem 5.7 

Suppose that S is finite and the transition matrix P = [P(jli)] of a Markov 
chain on S satisfies the condition 

3no E N 3e > 0: PnoUli) ~ e, i,j E S. 

Then, the following limit exists for all i, j E S and is independent of i: 

lim PnUli) = 'lrj. 
n~oo 

The numbers 'Ir j satisfy 

'lrj > 0, j E S and L 'lrj = 1. 
jES 

(5.54) 

(5.55) 

(5.56) 

Conversely, if a sequence of numbers 'lrj, j E S satisfies conditions (5.55)-(5.56), 
then assumption (5.54) is also satisfied. 

Proof 

Denote the matrix pno = [Pno Uli)] by Q = [q(jli)]. Then the process 'T/k = {kno' 
kEN, is a Markov chain on S with transition probability matrix Q satisfying 
(5.54) with no equal to 1. Note that PknoUli) = qkUli) due to the Chapman­
Kolmogorov equations. Suppose that the properties (5.55)-(5.56) hold true 
for Q. In particular, limk~oo Pkno Uli) = 'lrj exists and is independent of i. We 
claim that they are also true for the original matrix P. Obviously, one only 
needs to check condition (5.55). The Chapman-Kolmogorov equations (and 
the fact that S is finite) imply that for any r = 1", " no - 1 

Pkno+r(jli) = LPkno(jls)Pr(sli) ~ L 'lrjPr(sli) 
sES sES 

= 'lrj LPr(sli) = 'lrj. 
sES 

Therefore, by a simple result in calculus, according to which, if for a sequence 
an, n E N, there exists a natural number no such that for each r E {O, 1"", no­
I} the limit limk~oo Ukno+r exists and is r-independent, then the sequence an 
is convergent to the common limit of those subsequences, we infer that (5.55) 
is satisfied. 

In what follows we shall assume that (5.54) holds with no = 1. Let us put 
PoUli) = 8ji and for j E S 

mn(j) := ~iNPnUli) 

Mn(j) := IfEClfPnUli) 
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Observe that MoU) = 1 and mo{j) = 0 for all j E S. From the Chapman­
Kolmogorov equations it follows that the sequence MnU)' n E N, is decreasing, 
while the sequence mnU), n E N, is increasing. Indeed, since Ek p{kli) = 1, 

Pn+1Uli) = LPnUlk)p{kli) 
kES 

~ mlnpnUlk) L p{kli) 
kES 

= minpnUlk) = mnU)· 
k 

Hence, by taking the minimum over all i E S, we arrive at 

Similarly, 

kES 

~ m:xPnUlk) LP{kli) 
kES 

= maxPnUlk) = MnU)· 
k 

Hence, by taking the maximum over all i E 5, we obtain 

Since MnU) ~ mnU), the sequences MnU) and mn(j) are bounded from below 
and from above, respectively. As a consequence, they both have limits. To show 
that the limits coincide we shall prove that 

(5.57) 

For n ~ 0 we have 

(5.58) 
sES 

= LPnUls) (P(sli) - ePn{slj)) + eP2nUIj) 
sES 

by the Chapman-Kolmogorov equations. The expression in square brackets is 
~ O. Indeed, by assumption (5.54), p{sli) ~ e and Pn{slj) ~ 1. Therefore, 
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Pn+l(j!i) ~ minpn(j!s} ~ [P(s!i} - cPn(s!j}] + cP2n(jlj} (5.59) 
sES L.J 

sES 

= (1 - c)mn(j} + cP2n(j!j). 

By taking the minimum over i E S, we arrive at 

(5.60) 

Recycling the above argument, we obtain a similar inequality for the sequence 
Mn(j}: 

Mn+l (j) ~ (1 - c)Mn(j} + cP2n(jIj}. (5.61 ) 

Thus, by subtracting (5.60) from (5.61) we get 

Hence, by induction 

This proves (5.57). Denote by 7rj the common limit of Mn(j} and mn(j}. Then 
(5.55) follows from (5.57). Indeed, if i,j E S, then 

To prove that 7rj > 0 let us recall that mn(j} is an increasing sequence and 
ml(j} ~ c by (5.54). We infer that 7rj ~ c. 0 

Exercise 5.37 

Show that Pn(j!i} --* 7rj at an exponential rate. 

Hint Recall that mn(j) ::;; 7rj ::;; Mn(j} and use (5.62). 

The above proves the following important result. 

Theorem 5.8 

Suppose that the transition matrix P = [p(j!i}] of a Markov chain (n, n E N, 
satisfies assumption (5.54). Show that there exists a unique invariant measure 
/L. Moreover, for some A > 0, and a: < 1 

!Pn(j!i) -7rj! ~ Aa:n, i,j E S,n E N. (5.63) 
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Proof (of the converse part of Theorem 5.7) 

Put 
1 . 

c=-mmITJ·. 2 j 

Since PnU!i) -+ ITj for all i,j E 8, there is an no E fiI, such that PkU!i) ~ c for 
all for k ~ no and (i,.i) E 8 2 • Putting k = no proves that (5.54) is satisfied. 

Let us observe that we have used only two facts: ITj > 0 for all j E 8, and 
PnU!i) -+ ITj for all i,j E 8.0 

Exercise 5.38 

Investigate the existence and uniqueness of an invariant measure for the Markov 
chain in Proposition 5.1. 

Hint Are the assumptions of Theorem 5.7 satisfied? 

Remark 5.6 

The solution to Exercise 5.38 allows us to find the unique invariant measure by 
direct methods, Le. by solving the linear equations (5.79)-(5.80). 

Exercise 5.39 

Find the invariant measure from Exercise 5.38 by calculating the limits (5.55). 

Hint Refer to Solution 5.5. 

Exercise 5.40 

Ian plays a fair game of dice. After the nth roll of a die he writes down the 
maximum outcome ~n obtained so far. Show that ~n is a Markov chain and find 
its transition probabilities. 

Hint {n+l = max{{n,Xn+l}, where Xk is the outcome of the kth roll. 

Exercise 5.41 

Analyse the Markov chain described in Exercise 5.40, but with fair die replaced 
by a fair pyramid. 

Hint A pyramid has four faces only. 
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Exercise 5.42 

Suppose that a ~ 1 is a natural number. Consider a random walk on S = 
{O, 1, ... ,a} with absorbing barriers at 0 and a, and with probability p of 
moving to the right and probability q = 1 - p of moving to the left from any 
of the states 1, ... , a - 1. Hence, our random walk is a Markov chain with 
transition probabilities 

p(jli) ~ { 

P if 1 ~ i ~ a - 1,j = i + 1, 
q if 1 ~ i ~ a - 1,j = i-I, 
1 if i=j=O or i = j = a, 
0 otherwise. 

Find, (a) all invariant measures (there may be just one), (b) the probability of 
hitting the right-hand barrier prior to hitting the left-hand one. 

Hint For (a) recall Exercise 5.30 and for (b) Exercise 5.12. 

5.5 Solutions 

Solution 5.1 

First we give a direct solution. With An and Bn being the events that the phone 
is free or busy in the nth minute, we have Yn = P(Bn). The total probability 
formula then yields, for n E N, 

i.e. 

Yn+! = P + (1 - P - q)Yn. (5.64) 

As before, assuming for the time being that Y = limn Yn exists, we find that 
Y = P + (1 - p - q)y, and so Y = p!f:q. In particular, p!f:q = p + (1 - p - q)p!f:q. 
Subtracting the last equality from (5.64), we see that {Yn - p!f:q} is a geometric 

sequence, so that Yn - ptq = (YO - ptq) (l_p_q)n. Since Yo = 1, some simple 

algebra leads to the formula 

Yn = ~ + -q-(l- p - q)n, n E N. 
p+q p+q 

The last formula can be used to prove that the limn Yn exists and is equal to 
-L. 
p+q' 
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Another approach is to use the results of Example 5.1. Since Xo = 1 - Yo, 
by (5.8) we have 

Yn 1 - Xn = 1 - -q- - (1 - Yo - -q-) (1 _ p _ q)n 
p+q p+q 

= _p_ + -q-(l _ p _ q)n, 
p+q p+q 

which agrees with the first method of solution. 

Solution 5.2 

We have to show that L':jES p(jli) = 1 for every i E S. We have 

Lp(jli) = L P(6 = ileo = i) 
jES jES 

Solution 5.3 

= P (UjEs{6 = i}leo = i) = P(6 E Sleo = i) 

= p(Dleo = i) = 1. 

Suppose that A = [aji]j,iES and B = [bji]j,iES are two stochastic matrices. If 
C = BA, then Cji = L':k bjkaki. Hence, for any i E S 

LCji 
j 

~ ~ (p; .. ,,) ~ ~ (~b;'.") 
= L (Lbjk) aki = Laki = 1, 

k j k 

where the last two equalities hold because B and A are stochastic matrices. 
We have used the well-known fact that 

LLaij = LLaij, (5.65) 
j j 

for any non-negative double sequence (aij )f.}=1 (see, for example, Rudin's book 
cited in the hint to Exercise 5.18). The above argument implies that p 2 is a 
stochastic matrix. The desired result follows by induction. 

To prove that pn is a double stochastic matrix whenever P is, it is enough 
to observe that AB is a double stochastic matrix if A and B are. The latter 
follows because (AB)t = Bt At. 
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Solution 5.4 

Some simple algebra gives 

p2 = [ (1 - p)(l - p) + qp (1 - p)q + q(l - q) ] 
p(l - p) + (1 - q)p pq + (1 - q)(l - q) 

[ 1 + p2 - 2p + pq 2q _ pq _ q2 ] 
2p - pq - p2 1 + q2 - 2q + pq . 

Solution 5.5 

121 

Put Xn = P(~n = Ol~o = 0) and Yn = P(~n = 11~o = 1). We have calculated 
the formulae for Xn and Yn in Example 5.1 and Exercise 5.1. Since also 

1- Xn _P _ _ -P-(l- P _ q)n, 
q+p q+p 

1- Yn _q _ _ -q-(l- P _ q)n, 
q+p q+p 

we arrive at the following formula for the n-step transition matrix: 

Solution 5.6 

Simplifying, we have 

[ 
-L + ....L(1- P - q)2 -L - -L(1 - P - q)2] q+p q+p q+p q+p 
....L _ ....L(1 _ P _ q)2 ....L + -L(1 _ P _ q)2 
q+p q+p q+p q+p 

[ qp - 2p + 1 + p2 - (q - 2 + p) q ] 
- (q - 2 + p) P q2 - 2q + qp + 1 ' 

which, in view of the formula in Exercise 5.4, proves that P2 = p2. 
We shall use induction to prove that Pn = pn for all n E N. We already 

know that the assertion true for n = 1 (and also for n = 2). Suppose that 
Pn = pn. Then some simple, but tedious algebra gives 

pnH = ppn 

[ l- P q ][ q{p+q:f:p(l_p_q)n q{p-q{p(l_p_q)n] 
p 1 - q q:f:p - q:f:p(1 - P - q)n q:f:p + q{p(1 _ P _ q)n 

= [ q{p + q:f:p(1 - P - q)nH q{p - q{p(1 - P - q)nH ] 
....L ....L(1 )n+l....L + -L(l )n+l q+p - q+p - P - q q+p q+p - P - q 

= Pn+l. 
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Solution 5.7 

Recall that pn+k = pn pk. Since Pn+k (j Ii) are the entries of the matrix Pn+k = 
pn+k = pn pk, we obtain (5.18) directly from the definition of the product of 
two matrices. 

Solution 5.8 

Since the rJi are independent, ~n and rJn+l are also independent. Therefore, 

Similarly, 

p (~n+! = 81~0 = 80,' .. ,~n = 8n) 

= p (~n + rJn+! = 81~0 = 80, ... ,~n = 8n) 

= p (rJn+! = 8 - 8nl~0 = 80,"', €n = 8n) 

= p (1Jn+l = 8 - 8n) . 

p (~n+l = 81~n = 8n) = P (~n + rJn+! = 81~n = 8n) 

= p (rJn+! = 8 - 8nl~n = 8n) 

= P(rJn+l = 8 - 8n). 

Solution 5. 9 

Step 1. For n = 1 the right-hand side of (5.19) is equal to 0 unless Ij -il ::; 1 
and 1 + j - i is even. This is only possible when j = i + 1 or j = i - 1. In 
the former case the right-hand side equals p, and in the latter it equals q. This 
proves (5.19) for n = 1. 

Step 2. Suppose that (5.19) is true for some n. We will use the following 
version of the total probability formula. If Hi E F, P(Hi n Hj ) = 0 for i =f. j, 
and P(Ui Hi) = 1, then 

Then the Markov property and (5.67) imply that 

P(~n+1 = jl~o = i) 
= P(~n+l = jl~o = i, ~n = j - l)P(~n = j - 11~0 = i) 

+P(~n+! = jl~o = i,~n = j + l)P(~n = j + 11~0 = i) 
= P(~n+l = j"n = j - l)P(~n = j - 11~0 = i) 

+P(~n+! = jl~n = j + l)P(~n = j + 11~0 = i) 
( n ) n+j-l-i n-j+l+i ( n ) n+j+l-i n-j-l+i = P n+j-l-i P 2 q 2 + q n+j+!-i P 2 q 2 

2 2 

(5.67) 
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Solution 5.10 

Denote the right-hand side of (5.24) by h(x). It follows by induction that 

h(k)(x) = (2k~)! (1 - 4x)-1/2-k, Ixl < ~. 

On the other hand, h is analytic and 

h(x) = f ~! h(k) (O)x k , Ixl < ~. 
k=O 

Solution 5.11 

We shall translate the problem into the Markov chain language. Denote by S 
the set of all natural numbers N = {O, 1,2", .}. Let ~n denote the number of 
males in the nth year (or generation), where the present year is called year O. If 
~n = i, i.e. there are exactly i males in year n, then the probability that there 
will be j males in the next year is given by 

(5.68) 

where (Xk)~l is a sequence of independent identically distributed random 
variables with common distribution 

P(Xl = m) = Pm, m E No 

Hence ~n, n 2': 0 is a Markov chain on S with transition probabilities 

p(jli) = P(Xl + ... Xi = j). (5.69) 

Notice that p(OIO) = 1, i.e. if ~n = 0, then ~m = 0 for all m 2': n. Dying out 
means that eventually ~n = 0, starting from some n E No Once this happens, 
~n will stay at 0 forever. 

Solution 5.12 

We shall only deal with part 2), as in part 1) there is nothing to show. Suppose 
that ~o = i. Then 6 = Xl + ... Xi, where Xj are independent identically 
distributed Poisson random variables with parameter A. Since the sum of such 
random variables has the Poisson distribution with parameter iA, (5.27) follows 
readily. 
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Solution 5.13 

Let ~n denote the number of supporters at the end of day n. Then ~n+1 - ~n is 

equal to 1 or ° and 

{ 
pq, 

p(jli) = 1 - pq, 
0, 

if j = i + 1, 
if j = i, 
otherwise. 

(5.70) 

Thus ~n is a Markov chain on a state space S = N with transition probabilities 
p(jli) given by (5.70). 

Solution 5.14 

We shall use the notation introduced in the hint. Observe that ~n+1 - ~n - Zn 
equals -1 or 0. The latter case occurs with probability p, i.e. when the car 
served at the beginning of the nth time interval was finished by the end of the 
nth time interval. The former case occurs with probability 1 - p. Therefore 

Aj-i+1 Aj-i 

P(~n+1 = jl~n = i) = p (j _ i + 1)!e-'\ + (1- p) (j _ i)!e-'\ 

for i :::: 1, j :::: i - 1. On the other hand, if j :::: 0, then 

. Aj -,\ 
P(~n+1 = JI~n = 0) = 1""e . 

J. 

Thus, ~n is a Markov chain with transition probabilities 

pUli) ~ { 
qj, 

I 
qj-HI' 
0, 

if i = O,j E N, 
if i:::: l,j ~ i-I, 
otherwise, 

I {pqk' qk = (1 - p)qk-I + pqk, 
if k = 0, 
if k ~ 1. 

The transition probability matrix of our chain takes the form 

qo qb ° ° ql q~ qb ° q2 q~ q~ qb ° p= q~ q~ 

(5.71) 

(5.72) 
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Solution 5.15 

If Pk(jli) > 0, then P(~n = j for some n ~ Ol~o = i) ~ Pk(jli) > O. If Pk(jli) = 0 
for all k ~ 1, then 

00 00 

P(~n = j for some n ;::: Ol~o = i) ~ L P(~n = jl~o = i) = L Pn(jli) = O. 
n=l n=l 

Solution 5.16 

Since P(~o = il~o = i) = 1, it follows that i foot i, which proves 1). Assertion 2) is 
obvious. To prove 3) we proceed as follows. From the solution to Exercise 5.15 
we can find n, m ~ 1 such that Pn(jli) > 0 and Pm(klJ) > O. Hence, the 
Chapman-Kolmogorov equations yield 

Pm+n(kli) = LPm(kls)Pn(sli) ;::: Pm(klj)Pn(jli) > O. 
sES 

Solution 5.17 

Since IPn(jli)1 ~ 1 and Ifn(jIi)1 ~ 1 for all n E N, the radii of convergence of 
both power series are ~ 1. To prove the equalities (5.40)-(5.41) we shall show 
that for n ~ 1 and any i,j E S, 

n 

Pn(jli) = L fk(jli)Pm-k(jlj)· (5.73) 
k=l 

By total probability formula and the Markov property 

Pn(jli) = P(~n = jl~o = i) 
n 

= L P(~n = j, ~k = j, 6 =f: j, 1 ~ l ~ k - 11~o = i) 
k=l 

n 

= L P(~k = j, /;'1 =f: j, 1 :::; l :::; k - 11~o = i) 
k=l 

XP(~n = jl/;,k = j, ~l =f: j, 1 :::; l :::; k - 1) 
n 

= L fk(jli)P(~n = jl/;,k = j) 
k=l 

n 

= L fk(jli)Pn-k(jlj)· 
k=l 

Solution 5.18 

Since 0 :::; Pn(jli) ~ 1 and 0 ~ fn(jli) ~ 1, the result follows readily from 
Abel's lemma. 
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Solution 5.19 

Only the case of a recurrent state needs to be studied. Suppose that j is recur­
rent. Then L~=l fnUlj) = 1. Hence, by Exercise 5.18, Fjj(x) /" 1 as x /" 1. 
Thus Pjj(x) = (1 - Fjj(X))-l -t 00 as x /" 1, and so, again by Exercise 5.18, 
L~=l Pn(jlj) = 00. Conversely, suppose that L~=l Pn(jlj) = 00. Then, by 
Exercise 5.18, Pjj(x) =-t 00 as x /" 1. Thus, Fjj(x) = 1 - (Pjj(x))-l -t 1 as 
x /" 1. Hence, L~=l fn(jl}) = 1, which proves that j is recurrent. 

To prove (5.43) we use (5.73) to get 

00 n-l 

L L fn-k(jli)Pk(jlj) 
n=Ok=O 
00 00 

k=O m=l 
00 00 

k=O m=l 
00 

< LPk(jlj). 
k=O 

This implies (5.43) when j is transient. 

Solution 5.20 

We shall show that the state 0 is recurreut. The other case can be treated in 
a similar way. From Exercise 5.8 we have Pn(OIO) =....!L+ +.J!...-+ (1 _ P _ q)n. 

00 pq pq 
Thus Pn(OIO) -t p.}q > 0, and so Ln=oPn(OIO) = 00, which proves that 0 is a 
recurrent state. 

Solution 5.21 

Suppose each j E S is transient. Then by (5.43) LnPn(jli) < 00 for all 
i E S. Let us fix i E S. Then we would have LjES L~=l Pn(jli) < 00, 

since S is finite. However, this is impossible because LjES L~=l Pn(jli) 
L~=l LjES Pn(jli) = L~=l 1 = 00. 

Solution 5.22 

Let us begin with a brief remark concerning the last part of the problem. Since 
the random walk is 'space homogenous', i.e. p(jli) = p(j-iIO), it should be quite 
obvious, at least intuitively, that either all states are positive-recurrent or all 
states are null-recurrent. One can prove this rigorously without any particular 
difficulty. First, observe (and prove by induction) that Pn(jli) = Pn(j - iIO). 
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Second, observe that the same holds for in, i.e. in(jli) = in(j - iIO). Hence, in 
particular, rni = rno. 

To show that 0 is null-recurrent let us recall some useful tools: 
00 

AlO(X) = LPn(OIO)xn, -1 < x < 1, 
n=O 

00 

L in(OIO)xn, -1 < x < 1. 
n=l 

Since, see Exercise 5.9, 

P2k(OIO) c:) 4\' 
Poo(x) = E C:) (x;) k = (1- x2) -1/2. 

Then, using (5.41), we infer that Foo{x) = 1- (1_x2?/2. Since F6o(x) /" 00 as 
x /" 1 and F6o(x) = L:~=1 nin(OIO)xn by using Abel's lemma (compare with 
Exercise 5.18), we infer that L:~=1 nin(OIO) = 00. This shows that rno = 00 

and thus 0 is null-recurrent. 

Solution 5.23 

We know that 0 is a recurrent state. From definition 

in(OIO) = p(OI1)p(111)n-2p(110) = pq(l- q)n-2. 

Since 11 - ql < 1, we infer that L:~=1 nin(OIO) = L:~=1 pq(1 - q)n-2 < 00. 

Hence rno < CXJ and 0 is positive-recurrent. The same proof works for state 1. 

Solution 5.24 

Consider a Markov chain on S = {I, 2, .. " 9} with transition probabilities given 
by the graph in Figure 5.3. Then, obviously, P4(111) = 1/2 and P6(111) = 1/2, 

Figure 5.3. Transition probabil­
ities of the Markov chain in Exer­
cise 5.24 

but Pk(111) = 0 if k :S 6 and k ~ {4, 6}. Hence d(l) = 2, but P2(111) = o. 
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Solution 5.25 

We begin with finding P2 = p 2 in an algebraic way, i.e. by multiplying the 
matrix P by itself. We have 

p. = p2 = [0 1/2] [0 1/2] = [ ! 
2 1 1/2 1 1/2 ! t ] . 

Alternatively, P2 can be found by observing that the only way one can get from 
1 to 1 in two steps is to move from 1 to 2 (with probability 1) and then from 2 
to 1 (with probability 1/2). Hence, the probability P2(111) of going from 1 to 1 
in two steps equals 1/2. Analogously, we calculate P2(112) by observing that in 
order to move from 1 to 2 in two steps one needs first to move from 1 to 2 (with 
probability 1) and then stay at 2 (with probability 1/2). Hence, P2(112) = 1/2. 
The remaining two elements of the matrix P2 can be found by repeating the 
above argument, or, simply by adding the rows so that they equal 1. In the 
latter method we use the fact that P2 is a stochastic matrix, see Exercise 5.3. 
The graph representing P2 is shown in Figure 5.4. 

3/4 

Figure 5.4. Two-step transition 
probabilities in Exercise 5.25 

U sing any of the methods presented above, we obtain 

P3 = [t f]· 
Therefore, PI(111) = 0, P2(111) = 1/2 and P3(111) = 1/4. Hence d(l) = 1 
(although PI(111) = 0). Since PI(212) = 1/2 > 0, it follows that d(2) = l. 

Solution 5.26 

Suppose that ~o = i. Denote by Tk the minimum positive time when the chain 
enters state k, i.e. 

Tk = min {n 2: 1 : ~n = k}. 

Then, P{Tj < Ti} =: C > ° if i -+ j and i =I j. If j -f+ i, then it would 
be impossible to return to i with probability at least c > 0. But this cannot 
happen as i is a recurrent state. Indeed, 

1 = P (Ti < 00) = P (Ti < 00 h < Ti) P (Tj < Ti) 

+ P (Ti < 00 h 2: Ti) P (Tj 2: Ti) . 
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The second term on the right-hand side is :S 1 - c < 1, while the first factor in 
the first term is equal to 0 (since i oTt j). This is a contradiction. The second 
part is obvious. 

Solution 5.27 

As observed in the hint, we only need to show that (5.45) holds when pUli) = 0 
for i E C and j E S \ C. We begin with the following simple observation. If 
(D, F, P) is a probability space and An E F, n E N, then P(Un An) = 0 if and 
only if P(An) = 0 for each n E N. Hence (5.45) holds if and only if for each 
k?n 

(5.74) 

In fact, the above holds if and only if it holds for k = n + 1. Indeed, suppose 
that for each n E N 

P (~nH E S \ CI~n E C) = O. (5.75) 

Let us take n E N. We shall prove by induction on k ? n that (5.74) holds. This 
is so for k = nand k = n + 1. Suppose that (5.74) holds for some k ? n + 1. 
We shall verify that it holds for k + 1. By the total probability formula (5.67) 
and the Markov property (5.10) 

P (~kH E S \ CI~n E C) 

= P (~k+l E S \ CI~n E C, ~k E C) P(~k E CI~n E C) 

+ P (~kH E S \ CI~n E C, ~k E S \ C) P(~k E S \ CI~n E C) 

= P (~k+l E S \ CI~k E C) P(~k E CI~n E C) 

+ P (~kH E S \ CI~k E S \ C) P(~k E S \ CI~n E C). 

By the induction hypothesis P(~k E S\CI~n E C) = 0 and by (5.75) (applied to 
k rather than n) P (~k+1 E S \ CI~k E C) = o. Thus, P (~kH E S \ CI~n E C) = 
0, which proves (5.74). 

The time-homogeneity of the chain implies that (5.75) is equivalent to (5.74) 
for n = O. Since P is a countably additive measure and S is a countable set, 
the latter holds if and only if p(jli) = 0 for i E C and j E S \ C. 

Solution 5.28 

Property 2) in Proposition 5.8 implies that f.L is an invariant measure. Therefore 
it remains to prove uniqueness. Suppose that /I = 2:;:1 qjOj is an invariant 
measure. It is sufficient then to show that 'Trj = qj for all j E S. 

Since O:S PnUli)qi:S qi for all i,j E Sand 2:i qi = 1 < 00, Lebesgue's 
dominated convergence theorem yields 

00 

qj = LPnUli)qi -t L 'Trjqi = 'Trj. 
i=l i 
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It follows that f-t = 1J. 

Solution 5.29 

We shall argue as in the uniqueness part of Solution 5.28. If IJ = I:~l qj 8j is 
an invariant measure, then by Lebesgue's dominated convergence theorem 

00 

qj = LPn(jli)qi -t L 7rjqi = 0. 
i=l i 

Hence IJ = 0, which contradicts the assumption that IJ is a probability measure. 

Solution 5.30 

Obviously, P = [~ ~]. Therefore equation P7r = 7r becomes 

The only solution of this system subject to the condition 7rl + 7r2 = 1 is 7rl = 
7r2 = 1/2. 

Solution 5.31 

Put f-t = I:iES f-ti 8i and IJ = I:iES lJi8i. Then, for any j E Sand n E N 

iES iES iES 

Solution 5.32 

f-tj = LPn(jli)f-ti -t 0 
iES 

by the Lebesgue dominated convergence theorem. Indeed, by Exercise 5.19 
Pn(jli) -t ° for all i E S, and Pn(jli)f-ti ~ f-ti' where I: f-ti < 00. 

Solution 5.33 

Since j is transient in view of (5.43), from Exercise 5.19 we readily get (5.53). 

Solution 5.34 

By Theorem 5.5 Pn(jli) -t n!. for all i,j E S. Put 7rj = ~., j E S. We need to 
J J 

show that 
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1) 7r = Lj 7rjOj is an invariant measure of the chain 'n, n E N; 
2) 7r is the unique invariant measure. 

Part 1) will follow from Proposition 5.8 as soon as we can show that 7rj > 0 for 
at least one j E S. But if j E S, then j is positive-recurrent and thus mj < 00. 

Part 2) follows from Exercise 5.28. 

Solution 5.35 

Let us fix i,j E Z. First suppose that j - i = 2a E 2Z. Then P2k+1(jli) = 0 for 
all kEN, and also P2k(jli) = 0 if k < lal. Moreover, if k ~ lal, then 

P2k(jli) = ( 2k )pk+al-a = (~)a ( 2k )pkqk. 
k+a q k+a 

Since (kZ:a) :S e:), it follows that 

P2k(jli) :S (~) a C:)pkqk -t 0 

by Proposition 5.4. We have therefore proven that 7rj is well defined and that 
7rj = 0 for all j E Z. Hence, we infer that no invariant measure exists. 

Solution 5.36 

Suppose that 7r = L~o 7rjOj is an invariant measure of our Markov chain. 
Then Lip(jli)7ri = 7r.i for all j E S = N. Using the exact form of the transition 
probability matrix in the solution to Exercise 5.14, we see that the sequence 
of non-negative numbers (7rj )~o solves the following infinite system of linear 
equations: 

qo7ro + qb7r1 = 7ro 

q1 7rO + q~ 7r1 + qb 7r2 = 7r1 (5.76) 
q27rO + q~7r1 + q~ 7r2 + qh7r3 = 7r2 

= 
i.e. 

k+1 
qk7ro + L q~+1-j7rj = 7rk, kEN. 

j=1 

Multiplying the kth equation in (5.76) by xk, k ~ 0, and summing all of them 
up we obtain 

G(x) ~ . 
7roQ(x) + -- w 7rjxJ = II(x), Ixl < 1, 

x j=1 
(5.77) 



132 

where for Ixl < 1, 

00 

II(x) = '""' 7r 'xj L..- J , 

j=O 

00 

Q(x) = I: qjXj , 

j=O 

00 

G(x) = I:qjx j . 

j=O 

Basic Stochastic Processes 

Since 2:~1 7rjZ j = II(x) - 7r0, we see that II, Q and G satisfy the functional 
equation 

II( ) _ G(x) - xQ(x) 
x - 7r0 G(x) _ x ' Ixl < 1. (5.78) 

Since all the coefficients 7rj in the power series defining II are non-negative, 
Abel's lemma implies that 

00 

I: 7rj = lim II(x). 
x/,1 

j=O 

It is possible to use (5.78) to calculate this limit. However, there is still some 
work be done. We have to use I'Hospital's rule. Since G(x) - x ~ 0, G(x) -
xQ(x) ~ 0, GI(x) - 1 ~ )./ - 1 and (G(x) - XQ(X))I ~ >/ - A-I (all limits 
are for x/' 1), we obtain (recall that AI = limx/'l a (x)) 
1) if)./ ...J. 1 then II(x) ~ 7r0 1+>..->..' . r , 1-~ , 

2) if )./ = 1, then II(x) ~ 00. 

In case 1) le~:' ~ 1, since 7r0 ::; 1. It follows that I!>'" ~ 0, and so )./ < 1. 
Moreover, in this case 

1- AI 
7r0 = 1- N + A' 

The above argument shows that if there exists an invariant measure, then it is 
unique. 

Now suppose that an invariant measure exists (and then it is unique). Since 
our chain is irreducible and aperiodic (check this!), it follows from Theorem 5.6 
that the Markov chain ~n is ergodic. Therefore, by Theorem 5.5, for any j E N 

Pn(jlj) ~ 7rj, as n ~ 00. 

Since Fji(l) = 1, it also follows that 

Pn(jli) ~ 7rj, as n ~ 00. 
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Solution 5.37 

We begin with the ca.se no = 1. Then Mn(j) - mn(j) ~ (I - c)n from (5.62). 
It follows that 

mn(j) ~ 1I'j ~ Mn(j), 

mn(j) ~ Pn(jli) ~ Mn(j), 

and we infer that IPn(jli) -1I'jl ~ (1- c)n, n E N. Suppose that no ~ 2. Then 
for any r = 1,···, no - 1 

IPkno+r(jli) -1I'jl = LPkno(jls)Pr{sli) - L 1I'jPr{sli) 
8ES 8ES 

sES 

Solution 5.38 

The transition probability matrix P takes the form [ 1 - P q ]. Since 
P 1-q 

all four numbers P, q, 1 - P, 1 - q are strictly positive, the assumption (5.54) 
is satisfied, and so the limits 1I'j = limnPn(jli) exist and are i-independent. 
Hence, the unique invariant measure of the corresponding Markov chain is 
equal to 11'080 + 11'181. (Recall that S = {O, I} in this example.) We need to find 
the values 1I'j. One way of finding them is to use the definition. As in Hint 5.28, 
the vector 11' = (11'0,11'1) solves the following linear equation in matrix form: 

11'0 + 11'1 = 1. 

(5.79) 

(5.80) 

Some elementary algebra allows us to find the unique solution to the above 
problem: 

q P 
11'0=--,11'1=--' 

p+q p+q 
(5.81) 

Hence, ptq80 + ~81 is the unique invariant measure of the Markov chain. 

Solution 5.39 

From (5.66) we infer that 

Pn{OIO) = -q- + -P-(l- P - qt --+ -q-, 
q+p q+p q+p 
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Pn(110) 

Pn(Oll) 

Pn(11 1) 
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_P _ _ -P-(l _ P _ q)n -+ _P_, 
q+p q+p q+p 

-q- - -q-(l- p- qt -+ -q-, 
q+p q+p q+p 

P q (1 )n p --+-- -p-q -+--. 
q+p q+p q+p 

Hence 7[0 = -fL+ and 7[1 = ---E-+ . This is in agreement with the previous solution. q p q p 

Solution 5.40 

Suppose that ~n = i. Then the value of ~n+1 depends entirely on the outcome of 
the next roll of a die, say X n+1 , and the value of ~n' Since it depends on the past 
only through the value of ~n, intuitively we can see that we are dealing with a 
Markov chain. To define ~n in a precise way consider a sequence of independent 
identically distributed random variables X n, n = 1,2,3" .. such that P(X1 = 
i) = 1/6 for all i = 1,2"",6. Then, putting ~n+1 = max{~n, Xn+d, we can see 
immediately that P(f.n+l = in+ll~O = io, ... ,~n = in) = P(~n+l = in+ll~n = 
in) and 

P(~n+l = jl~n = i) 

Thus, 

It follows that 

Solution 5.41 

= 

P(~n+l = jl~n = i, Xn+l ::; i)P(Xn+l ::; i) 

+P(~n+l = jl~n = i, X n+1 > i)P(Xn+l > i) 

- 1 i { 0 

6 0 

{ 
1 
6' 
i 
6' 
0 

if j > i, 6-i{ _1, 
if j = i, + -- 6-> 

6 0 
if j < i, 

if j > i, 
if j = i, 
if j < i. 

pUli) ~ { 

1 if j > i, 6' 
i if j = i, 6' 
0 if j < i. 

1 0 0 0 0 0 6' 
1 2 0 0 0 0 6' 6' 
1 1 3 

if j > i, 
ifj::;i, 

0 0 0 P= 6' 6' 6' 
1 1 1 4 
6' 6' 6' 6' 0 0 
1 1 1 1 5 0 6' 6' 6' 6' 6' 
1 1 1 1 1 1 6' 6' 6' 6' 6' 

The graph of the chain is given in Figure 5.5. The transition matrix is 



5. Markov Chains 

1/4 

4/4 
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Figure 5.5. Transition probabil­
ities of the Markov chain in Exer­
cise 5.41 

p=[i i i ~l 
Either from the graph or from the matrix we can see that i -t j if and only if 
i :::; j. The state i = 1 is transient. Indeed, p(111) = 1/4 and Pn(111) = (1/4)n 
by induction. Therefore, ~nPn(111) < 00 and 1 is transient by Exercise 5.19. 
The same argument shows that the states 2 and 3 are also transient. On the 
other hand, p(414) = 1, and so 4 is a positive-recurrent state. (As we know, 
that there should be at least one positive-recurrent state.) 

We shall find invariant measures by solving the system of four linear equa­
tions p1f = 1f for 1f = (1f1' 1f2, 1f3, 1f 4), subject to the condition 1f1 + 1f2 + 
1f3 + 1f4 = 1. Some elementary linear algebra shows that the only solution is 
1f1 = 1f2 = 1f3 = 0, 1f4 = 1. Thus, the unique invariant measure is 1f = 64 . 

The invariant measure can also be found by invoking Theorem 5.4. In our 
case C = {4}, and so there is exactly one class of recurrent sets. Moreover, as 
we have seen before, 4 is positive-recurrent. Therefore, there exists a unique 
invariant measure. Since its support is contained in C, we infer that 1f = 64 , 

Solution 5.42 

The graph representing the Markov chain for a = 4 is presented in Figure 5.6. 
o 

Obviously, i -t j for i E S \ {O,a} =: Sand j E S. Moreover, ° -t j if and 
only if j = ° and a -t j if and only if j = a. Since p(OIO) = p(ala) = 1, 
both states 0 and a are positive-recurrent. All other states are transient. For 

o 
if i E S were recurrent, i would be intercommunicating with ° because i -t 0, 
by Exercise 5.26. This is impossible. Therefore, by Remark 5.5 there exist an 
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Figure 5.6. Transition probabil­
ities of the Markov chain in Exer­
cise 5.42 

infinite number of invariant measures: J.L = (1 - 0)80 + 08a , where 0 E [O,lJ. 
Indeed, 8a is the only probability measure with support in the singleton {a}. 
It is possible to verify this with bare hands. Next, let ¢(i) denote the probabil­
ity that the investigated Markov chain ~n hits the right-hand barrier prior to 
hitting the left-hand one. Once ~n hits the left barrier it will never leave it, so 
¢( i) is actually the probability that ~n hits a. Put 

A = {3n EN: ~n = a}. 

Then, by the total probability formula and the Markov property of ~n, we have 
for 1 ::; i ::; a-I 

a 

¢(i) = P(AI~o = i) = L P(AI~o = i, 6 = j)P(6 = jl~o = i) 

Obviously, 

j=O 
a 

= L P(AI6 = j)P(6 = jl~o = i) 
j=O 

a 

= L ¢(j)P(6 = jl~o = i) = p¢(i + 1) + q¢(i - 1). 
j=O 

¢(O) = 0, 

¢(a) = 1. 

Therefore, the sequence (¢(i))~=o satisfies 

¢(i) = p¢(i + 1) + q¢(i - 1), 1::; i ::; a-I, (5.82) 

¢(O) = 0, ¢(a) = 1. 

Since p + q = 1, equations (5.82) can be rewritten as follows: 

p [¢(i + 1) - ¢(i)J = q [¢(i) - ¢(i - l)J, 1::; i ::; a - 1. 
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Hence, 

[¢(i + 1) _ ¢(i)] = (~) i x, 

where x = ¢(1) - ¢(O) is to be determined. Using the boundary condition 
¢( a) = 1, we can easily find that 

a-I 

1 = ¢(a) = L (¢(i + 1) - ¢(i)) 
i=O 

Here we assume that p ¥ q. The case p = q = 1/2 can be treated in a similar 
way. In fact the latter is easier. It follows that 

i-I 
x=~P--

(~)a - 1 

and therefore 



6 
Stochastic Processes in Continuous Time 

6.1 General Notions 

The following definitions are straightforward extensions of those introduced 
earlier for sequences of random variables, the underlying idea being that of a 
family of random variables depending on time. 

Definition 6.1 

A stochastic process is a family of random variables ~ (t) parametrized by t E T, 
where T C lit When T = {I, 2, ... }, we shall say that ~(t) is a stochastic process 
in discrete time (Le. a sequence of random variables). When T is an interval 
in IR (typically T = [0,00», we shall say that ~(t) is a stochastic process in 
continuous time. 

For every wEn the function 

T 3 t I-t ~(t,w) 

is called a path (or sample path) of ~(t). 

Definition 6.2 

A family Ft of a-fields on n parametrized by t E T, where T C IR, is called a 
filtration if 

for any 8, t E T such that 8 ::; t. 

139 
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Definition 6.3 

A stochastic process ~(t) parametrized by t E T is called a martingale (sub­
martingale, supermartingale) with respect to a filtration :Ft if 

1) ~(t) is integrable for each t E T; 

2) ~(t) is :Ft-measurable for each t E T (in which case we say that ~(t) is 
adapted to :Ft ); 

3) ~(s) = E (~(t)I:F8) (respectively, :::; or ~) for every s, t E T such that s :::; t. 

In earlier chapters we have seen various stochastic processes, in particular, 
martingales in discrete time such as the symmetric random walk, for example. 
In what follows we shall study in some detail two processes in continuous time, 
namely, the Poisson process and Brownian motion. 

6.2 Poisson Process 

6.2.1 Exponential Distribution and Lack of Memory 

Definition 6.4 

We say that a random variable 11 has the exponential distribution of rate A > 0 
if 

for all t ~ o. 

For example, the emissions of particles by a sample of radioactive material 
(or calls made at a telephone exchange) occur at random times. The probability 
that no particle is emitted (no call is made) up to time t is known to decay 
exponentially as t increases. That is to say, the time 11 of the first emission has 
the exponential distribution, P {11 > t} = e-~t. 

Exercise 6.1 
What is the distribution function of a random variable 11 with exponential 
distribution? Does it have a density? If so, find the density. 

Hint What is the probability that 11 > O? What is the probability that 11 > t for any 
given t < O? Can you express the distribution function in terms of P {11 > t}? Is the 
distribution function differentiable? 
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Exercise 6.2 

Compute the expectation and variance of a random variable having the expo­
nential distribution. 

Hint Use the density found in Exercise 6.1. 

Exercise 6.3 

Show that a random variable 'T] with exponential distribution satisfies 

P{'T] > t+s} = P{'T] > t}P{'T] > s} (6.1) 

for any s,t ~ O. 

Hint When the probabilities are replaced by exponents, the equality should become 
obvious. 

Exercise 6.4 

Show that the equality in Exercise 6.3 is equivalent to 

P{'T] > t+SI77 > s} = P{'T] > t} (6.2) 

for any s, t ~ O. 

Hint Recall how to compute conditional probability. Observe that TJ > s + t implies 
TJ> s. 

The equality (6.2) (or, equivalently, (6.1)) is known as the lack of memory 
property. The odds that no particle will be emitted (no call will be made) in 
the next time interval of length t are not affected by the length of time s it has 
already taken to wait, given that no emission (no call) has occurred yet. 

Exercise 6.5 

Show that the exponential distribution is the only probability distribution sat­
isfying the lack of memory property. 

Hint The lack of memory property means that g(t) = P {TJ > t} satisfies the func­
tional equation 

g(t + s) = g(t)g(s) 
for any s, t > O. Find all non-negative non-increasing solutions of this functional 
equation. 
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6.2.2 Construction of the Poisson Process 

Let 'f/1, 'f/2, ... be a sequence of independent random variables, each having the 
same exponential distribution of rate A. For example, the times between the 
emissions of radioactive particles (or between calls made at a telephone ex­
change) have this property. We put 

~n = 'f/1 + ... + 'f/n, 

which can be thought of as the time of the nth emission (the nth call). We also 
put ~o = 0 for convenience. The number of emissions (calls) up to time t ~ 0 is 
an n such that ~n+l > t ~ ~n' In other words, the number of emissions (calls) 
up to time t ~ 0 is equal to max {n : t ~ ~n}' 

Definition 6.5 

We say that N(t), where t ~ 0, is a Poisson process if 

N(t) = max{n: t ~ ~n}. 

Thus, N(t) can be regarded as the number of particles emitted (calls made) 
up to time t. It is an example of a stochastic process in continuous time. A 
typical path of N(t) is shown in Figure 6.1. It begins at the origin, N{O) = 0 
(no particles emitted at time 0), and is right-continuous, non-decreasing and 
piecewise constant with jumps of size 1 at the times ~n' 

N(t) 
6 r 
5 

4 

• r , , 
: 

T' : , , 

3 

, : , 
I 

, 
0 : , , , , , , 

2 • 
1 e-4 , , , , 

I , , , 
0 ' , 

, 
~ i 

, , , , , , I , 
i , , , , , , , , 

I 
, , , , , 

I 
, 

~o e1 e2 ~4 e5 ~6 t 

Figure 6.1. A typical path of N(t) and the jump times {n 
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What is the distribution of N(t)? To answer this question we need to recall 
the definition of the Poisson distribution. 

Definition 6.6 

A random variable 11 has the Poisson distribution with parameter a > 0 if 

for any n = 0,1,2, .... 

The probabilities P {II = n} for various values of a are shown in Figure 6.2. 

0.6 0.6 0.6 

0.4 0.4 0.4 

0.2 0.2 

0123 n 012345 n 0123456789 n 
a=1/3 a=l a=3 

Figure 6.2. Poisson distribution with parameter a 

Proposition 6.1 

N(t) has the Poisson distribution with parameter >"t, 

Proof 

First of all, observe that 

P {N(t) = n} = e->.t (>"tt. 
n! 

{N(t) < n} = {~n > t}. 
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It suffices to compute the probability of this event for any n because 

P{N(t)=n} = P{N(t) <n+l}-P{N(t)<n} 

= P{~n+l > t} - P{~n > t}. (6.3) 

We shall prove by induction on n that 

For n = 1 

n-l ()"t)k 
P {~n > t} = e-)"t L --rr-' 

k=O 

P{6 > t} = P{1Jl > t} = e-At • 

(6.4) 

Next, suppose that (6.4) holds for some n. Then, expressing ~n+l as the sum 
of the independent random variables ~n and 1JnH, we compute 

P {~nH > t} = P {~n + 1JnH > t} 

= P {1JnH > t} + P {~n > t - 1JnH , t ~ 1JnH > O} 

= e-)"t+ lot P{~n >t-s}fl1,,+l(s)ds 

it n-l ().. (t ))k 
= e-)"t + e-)..(t-s) L ~ s )..e-)..Sds 

o k=O 

n-l )..kH It 
= e-)"t + e-)"t "" -- (t - S)k ds 

~ k! 0 
k=O 

_ -)..t ~ (At)k 
- e ~"k!' 

k=O 

where /11"+1 (s) is the density of 1JnH' By induction, (6.4) holds for any n. Now 
apply (6.3) to complete the proof. 0 

Exercise 6.6 

What is the expectation of N(t)? 

Hint What are the possible values of N(t)? What are the corresponding probabilities? 
Can you compute the expectation from these? To simplify the result use the Taylor 
expansion of eX . 

Exercise 6.7 

Compute P{N(s) = 1,N(t) = 2} for any 0 ~ s < t. 

Hint Express {N(s) = 1,N(t) = 2} as {111 ::; s < 111 + 112::; t < 111 + 112 + 113}. You 
can compute the probability of the latter, since 111, 112,113 are exponentially distributed 
and independent. 
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6.2.3 Poisson Process Starts from Scratch at Time t 

Imagine that you are to take part in an experiment to count the emissions of 
a radioactive particle. Unfortunately, in the excitement of proving the lack of 
memory property you forget about the engagement and arrive late to find that 
the experiment has already been running for time t and you have missed the 
first N(t) emissions. Determined to make the best of it, you start counting right 
away, so at time t + s you will have registered N(t + s) - N(t) emissions. It will 
now be necessary to discuss N(t + s) - N(t) instead of N(s) in your report. 

What are the properties of N(t+s)-N(t)? Perhaps you can guess something 
from the physical picture? After all, a sample of radioactive material will keep 
emitting particles no matter whether anyone cares to count them or not. So 
the moment when someone starts counting does not seem important. You can 
expect N(t + s) - N(t) to behave in a similar way as N(s). And because 
radioactive emissions have no memory of the past, N(t + s) - N(t) should be 
independent of N(t). 

To study this conjecture recall the construction of a Poisson process N(t) 
based on a sequence of independent random variables 'f/1, 'f/2, •.. , all having the 
same exponential distribution. We shall try to represent N(t + s) - N(t) in a 
similar way. 

Let us put 

'f/~ := ~N(t)+1 - t, 'f/~:= 'f/N(t)+n, n = 2,3, ... , 

see Figure 6.3. These are the times between the jumps of N(t+s) - N(t). Then 
we define 

~~ = 'f/~ + ... + 'f/~, 
Nt ( s) = max {n : ~~ ::; s}. 

••• "'Nt l1Nt+1 l1Nt+2 l1Nt+3 ••• 
--tc-----~-------------~---~------~--

I I I I I 
I I I I I 

: : 'TIt: 'TIt: 'TIt : 
I I "1 I "2 I "3 I : : --~------~---~------~-. 
I t I I I I 
I I I I I I 
I I I I I I 
I I I I I I 
I I I I I I 
I I I I I I 
I I I I I I • 

Figure 6.3. The random variables 7JL 7J~, 7J~, ... 
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Exercise 6.8 

Show that 
Nt(s) = N(t + s) - N(t). 

Hint First show that e~ = EN(t)+n - t. 

If we can show that 1Ji, 1J~, ... are independent random variables having the 
same exponential distribution as 1Jl, 1J2, ... , it will mean that N (t + s) - N (t) 
is a Poisson process with the same probability distribution as N(s). Moreover, 
if the 1J~ turn out to be independent of N(t), it will imply that N(t + s) - N(t) 
is also independent of N(t). 

Before setting about this task beware of one common mistake. It is some­
times claimed that the times 1Ji , 1J~, 1J~, ... between the jumps of N (t + s) - N (t) 
are equal to ~n+l - t·1Jn+2, 1Jn+3, ... for some n. Hence 1Ji, 1J~, 1J~, ... are inde­
pendent because the random variables ~n+l' 1Jn+2, 1Jn+3, ... are. The flaw in this 
is that, in fact, 1JL 1J~, 1J~, ... are equal to ~n+l - t, 1Jn+2, 1Jn+3, ... only on the set 
{N(t) = n}. However, the argument can be saved by conditioning with respect 
to N(t). Our task becomes an exercise in computing conditional probabilities. 

Exercise 6.9 

Show that 

P{ 1Jf > sIN(t)} = P{ 1Jl > s}. 

Hint It suffices (why?) to verify that 

P{l7: >s,N(t)=n}=P{l7l > s}P{N(t)=n} 

for any n. To this end, write the sets {N(t) = n} and hi > s, N(t) = n} in terms of 
~n and l7n+!, which are independent random variables, and use the lack of memory 
property for l7n+!. 

Exercise 6.10 

Show that 

Hint Verify that 

P{l7~ > SI, 17~ > S2, ... , 17k > Sk, N(t) = n} = P{1}l > sI} .. · P{l7k > sdP {N(t) = n} 

for any n. This is done in Exercise 6.9 for k = 1. 
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Exercise 6.11 

From the formula in Exercise 6.10 deduce that the random variables 11; and 
N(t) are independent, and the 11; have the same probability distribution as 11n, 
i.e. exponential with parameter A. 

Hint What do you get if you take the expectation on both sides of the equality in 
Exercise 6.10? Can you deduce the probability distribution of 17~? Can you see that 
the 17~ are independent? 

To prove that the 17~ are independent of N{t) you need to be a little more careful 
and integrate over {N ( t) = n} instead of taking the expectation. 

Because N (t + s) - N ( t) can be defined in terms of 111 , 11~, . .. in the same 
way the original Poisson process N (t) is defined in terms of 111, 112, . .. , the 
result in Exercise 6.11 proves the theorem below. 

Theorem 6.1 

For any fixed t ~ 0 

Nt(s) = N(t + s) - N(t), s ~ 0 

is a Poisson process independent of N(t) with the same probability law as N(s). 

That is to say, for any s, t ~ 0 the increment N (t + s) - N (t) is independent 
of N (t) and has the same probability distribution as N (s). The assertion can be 
generalized to several increments, resulting in the following important theorem. 

Theorem 6.2 

For any 0 ~ h ~ t2 ~ ... ~ tn the increments 

are independent and have the same probability distribution as 

Proof 

From Theorem 6.1 it follows immediately that each increment N(ti} - N(ti-d 
has the same distribution as N(ti - ti-d for i = 1, ... ,n. 

It remains to prove independence. This can be done by induction. The case 
when n = 2 is covered by Theorem 6.1. Now suppose that independence holds 
for n increments of a Poisson process for some n ~ 2. Take any sequence 

o ~ t1 ~ t2 ~ ... ~ tn ~ tn+!' 
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By the induction hypothesis 

are independent, since they can be regarded as increments of 

which is a Poisson process by Theorem 6.1. By the same theorem these incre­
ments are independent of N(td. It follows that the n + 1 random variables 

are independent, completing the proof. 0 

Definition 6.7 

We say that a stochastic process ~(t), where t E T, has independent increments 
if 

are independent for any to < tl < ... < tn such that to, t l , ... ,tn E T. 

Definition 6.8 

A stochastic process ~(t), where t E T, is said to have stationary increments if 
for any s, t E T the probability distribution of ~(t + h) - ~(s + h) is the same 
for each h such that s + h, t + hE T. 

Theorem 6.2 implies that the Poisson process has stationary independent 
increments. The result in the next exercise is also a consequence of Theorem 6.2. 

Exercise 6.12 

Show that N(t) - At is a martingale with respect to the filtration Ft generated 
by the family ofrandom variables {N (s) : s E [0, t]}. 

Hint Observe that N(t) - N(s) is independent of Fs by Theorem 6.2. 

6.2.4 Various Exercises on the Poisson Process 

Exercise 6.13 

Show that ~o < 6 < 6 < ... a.s. 



6. Stochastic Processes in Continuous Time 149 

Hint What is the probability of the event {~n-1 < ~n} = {17n > OF What is the 
probability of the intersection of all such events? 

Exercise 6.14 

Show that limn-too ~n = 00 a.s. 

Hint If limn-too ~n < 00, then the sequence 1/1,1/2, ... of independent random vari­
ables, all having the same exponential distribution, must be bounded. What is the 
probability that such a sequence is bounded? Begin with computing the probability 
P{ 171 ::; m, ... ,17n ::; m} for any fixed m > O. 

Although it is instructive to estimate P {limn-too ~n < oo} in this way, there is a 
more elegant argument based on the strong law of large numbers. What does the law 
of large numbers tell Uf; about the limit of ~ as n --* oo? 

Exercise 6.15 

Show that ~n has absolutely continuous distribution with density 

with parameters nand A. The density fn(t) ofthe gamma distribution is shown 
in Figure 6.4 for n = 2,4 and A = 1. 

0.4 

0.2 

o 4 8 t 

Figure 6.4. Density InCt) of the 
gamma distribution with parame­
ters n = 2, >. = 1 and n = 4, >. = 1 

Hint Use the formula for P {~n > t} in the proof of Proposition 6.1 to find the dis­
tribution function of ~n' Is this function differentiable? What is the derivative? 

Exercise 6.16 

Prove that 
lim N(t) = 00 a.s. 
t-too 
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Hint What is the limit of P{N(k) ~ n} as k -t oo? Can you express {limt--+oo N(t) 
= oo} in terms of the sets {N(k) ~ n}? 

Exercise 6.17 

Verify that 

P{N(t) is odd} = e-)'t sinh(,xt), 

P{N(t) is even} = e-)'t cosh(,xt). 

Hint What is the probability that N(t) = 2n + 1? Compare this to the n-th term of 
the Taylor expansion of sinh At. 

Exercise 6.18 

Show that 
. N(t) 

hm -- =,x a.s. 
t--+oo t 

if N (t) is a Poisson process with parameter ,x. 

Hint N(n) is the sum of independent identically distributed random variables N(1), 
N(2) - N(1), ... , N(n) - N(n-1), so the strong law of large numbers can be applied 
to obtain the limit of N(n)/n as n -t 00. Because N(t) is non-decreasing, the limit 
will not be affected if 11 is replaced by a continuous parameter t ~ O. 

6.3 Brownian Motion 

Imagine a cloud of smoke in completely still air. In time, the cloud will spread 
over a large volume, the concentration of smoke varying in a smooth manner. 
However, if a single smoke particle is observed, its path turns out to be ex­
tremely rough due to frequent collisions with other particles. This exemplifies 
two aspects of the same phenomenon called diffusion: erratic particle trajec­
tories at the microscopic level, giving rise to a very smooth behaviour of the 
density of the whole ensemble of particles. The Wiener process W(t) defined 
below is a mathematical device designed as a model of the motion of individual 
diffusing particles. In particular, its paths exhibit similar erratic behaviour to 
the trajectories of real smoke particles. Meanwhile, the density fW(t) of the 
random variable W(t) is very smooth, given by the exponential function 
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which is a solution of the diffusion equation 

81 1821 
8t 28x2 

and can be interpreted as the density at time t of a cloud of smoke issuing form 
single point source at time O. The Wiener process W(t) is also associated with 
the name of the British botanist Robert Brown, who around 1827 observed 
the random movement of pollen particles in water. We shall study mainly the 
one-dimensional Wiener process, which can be thought of as the projection of 
the position of a smoke particle onto one of the axes of a coordinate system. 

Apart from describing the motion of diffusing particles, the Wiener process 
is widely applied in mathematical models involving various noisy systems, for 
example, the behaviour of asset prices at the stock exchange. If the noise in the 
system is due to a multitude of independent random changes, then the Central 
Limit Theorem predicts that the net result will have the normal distribution, a 
property shared by the increments W(t) - W(s) of the Wiener process. This is 
one of the main reasons of the widespread use of W(t) in mathematical models. 

6.3.1 Definition and Basic Properties 

Definition 6.9 

The Wiener process (or Brownian motion) is a stochastic process W(t) with 
values in IR defined for t E [0,00) such that 

1) W(O) = 0 a.s.; 

2) the sample paths t t-+ W(t) are a.s. continuous; 

3) for any finite sequence of times ° < tl < ... < tn and Borel sets 
Al, ... ,An c IR 

where 

P {W(tt} E Al'"'' W(tn) E An} 

= / ... / P(tl,0,Xl)P(t2 -tl,xl,X2)'" 
·'h An 

.. ·p(tn - tn-l,Xn-l,Xn) dXl" ·dxn, 

1 (z_y)2 

P (t, x, y) = . fiL:ie- 2' 
v 21rt 

defined for any x, y E IR and t > 0 is called the transition density. 

A typical sample path of the Wiener process is shown in Figure 6.5. 

(6.5) 
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W(t) 

Exercise 6.19 

Show that 

Basic Stochastic Processes 

t 

Figure 6.5. A typical path of 
W(t) 

1 .2 

fW(t) (x) = rrc;.e-r. 
v211"t 

is the probability density of W(t) and find the expectation and variance of W(t). 

Hint The density of W(t) can be obtained from condition 3) of Definition 6.9 written 
for a single time t and a single Borel set. You will need the formula 

to compute the integrals in the expressions for the expectation and variance. 

Remark 6.1 

The results of Exercise 6.19 mean that W(t) has the normal distribution with 
mean 0 and variance t. 

Exercise 6.20 

Show that 
E(W(s)W(t)) =min{s,t}. 

Hint The joint density of W(s) and W(t) will be needed. It can be found from 
condition 3) of Definition 6.9 written for two times s and t and two Borel sets. 

Exercise 6.21 

Show that 
E (IW(t) - W(s)1 2 ) = It - sl. 
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Hint Expand the square and use the formula in Exercise 6.20. 

Exercise 6.22 

Compute the characteristic function E (exp (i'\W(t))) for any ,\ E JR. 

Hint Use the density of W(t) found in Exercise 6.19. 

Exercise 6.23 

Find E (W(t)4). 
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Hint This can be done, for example, by expressing the expectation in terms of the 
density of W(t) and computing the resulting integral, or by computing the fourth 
derivative of the characteristic function of W(t) at O. The second method is more 
efficient. 

Definition 6.10 

We call W(t) = (WI (t), ... , wn(t)) an n-dimensional Wiener process if 
WI(t), ... , wn(t) are independent JR-valued Wiener processes. 

Exercise 6.24 

For a two-dimensional Wiener process W(t) = (WI(t), W 2 (t)) find the prob­
ability that IW(t)1 < R, where R > 0 and Ixl is the Euclidean norm of 
x = (X I ,X2) in JR2, i.e.lxI2 = (X I )2 + (x2t 
Hint Express the probability in terms of the joint density of W 1(t) and W 2(t). In­
dependence means that the joint density of W 1 (t) and W 2 (t) is the product of their 
respective densities, which are known from Exercise 6.19. It is convenient to use polar 
coordinates to compute the resulting integral over a disc. 

6.3.2 Increments of Brownian Motion 

Proposition 6.2 

For any 0 ~ s < t the increment W(t) - W(s) has the normal distribution with 
mean 0 and variance t - s. 
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Proof 

By condition 3) of Definition 6.9 the joint density of W(s), W(t) is 

!W(8),W(t) (x, y) = P (8, 0, x) P (t - S, x, y). 

Hence, for any Borel set A 

P{W(t)-W(s)EA} = r p(S,O,X)p(t-s,x,y)dxdy 
J{(X,Y):Y-XEA} 

r+oo p(S,O,X) (r p(t-s,x,y) dY) dx 
} -00 J{Y:Y-XEA} 1:00 p(s,O,x) (ip(t-s,x,x+u) dU) dx 

= 1:00 p(s,O,x) (i p(t - s,O,u) dU) dx 

= !p(t-s,O,U)dU roop(s,O,x)dx 
A Loo 

= i p(t - S,O,U) dUo 

But f (u) = p (t - s, 0, u) is the density of the normal distribution with mean 
o and variance t - s, which proves the claim. 0 

Corollary 6.1 

Proposition 6.2 implies that W(t) has stationary increments. 

Proposition 6.3 

For any 0 = to :::; tl :s ... :::; tn the increments 

W(td - W(to), ... , W(tn) - W(tn-d 

are independent. 

Proof 

From Proposition 6.2 we know that the increments of W(t) have the normal 
distribution. Because normally distributed random variables are independent 
if and only if they are uncorrelated, it suffices to verify that 

E [(W(u) - W(t)) (W(s) - W(r))] = 0 
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for any 0 ~ r ~ s ~ t ~ u. But this follows immediately from Exercise 6.20: 

E [(W(u) - W(t)) (W(s) - W(r))] = E (W(u)W(s)) - E (W(u)W(r)) 

- E (W(t)W(s)) + E (W(t)W(r)) 

as required. 0 

Corollary 6.2 

= s-r-s+r 

= 0, 

For any 0 ~ s < t the increment W(t) - W(s) is independent of the a-field 

Fs = a {W (r) : 0 ~ r ~ s} . 

Proof 

By Proposition 6.3 the random variables W(t)- W(s) and W(r)- W(O) = W(r) 
are independent if 0 ~ r ~ s ~ t. Because the a-field F8 is generated by such 
W(r), it follows that W(t) - W(s) is independent of Fs. 0 

Exercise 6.25 

Show that W(t) is a martingale with respect to the filtration Ft. 

Hint Take advantage of the fact that W(t) - W(s) is independent of F. if s < t. 

Exercise 6.26 

Show that IW(t)12 - t is a martingale with respect to the filtration Ft. 

Hint Once again, use the fact that W(t) - W(s) is independent of Fs if s < t. 

Let us state without proof the following useful characterization of the 
Wiener process in terms of its increments. 

Theorem 6.3 

A stochastic process W(t), t 2: 0, is a Wiener process if and only ifthe following 
conditions hold: 

1) W(O) = 0 a.s.; 

2) the sample paths t t--t W(t) are continuous a.s.; 
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3) W(t) has stationary independent increments; 

4) the increment W(t) - W(s) has the normal distribution with mean 0 and 
variance t - s for any 0 ~ s < t. 

Exercise 6.27 

Show that for any T > 0 

V(t) = W(t + T) - W(T) 

is a Wiener process if W(t) is. 

Hint Are the increments of V(t) independent? What is their distribution? Does V(t) 
have continuous paths? Is it true that V(O) = O? 

The Wiener process can also be characterized by its martingale properties. 
The following theorem is also given without proof. 

Theorem 6.4 (Levy's martingale characterization) 

Let W(t), t ~ 0, be a stochastic process and let Ft = a(Ws, s ~ t) be the 
filtration generated by it. Then W(t) is a Wiener process if and only if the 
following conditions hold: 

1) W(O) = 0 a.s.; 

2) the sample paths t f-t W(t) are continuous a.s.; 

3) W(t) is a martingale with respect to the filtration Ft ; 

4) IW(t)1 2 - t is a martingale with respect to Ft. 

Exercise 6.28 

Let c> O. Show that V(t) = ~W(C2t) is a Wiener process if W(t) is. 

Hint Is V(t) a martingale? With respect to which filtration? Is lV(t)1 2 - t a martin­
gale? Are the paths of V(t) continuous? Is it true that V(O) = O? 

6.3.3 Sample Paths 

Let 
o = to' < tl < ... < t~ = T, 
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where 
n iT 

ti =-, 
n 

be a partition of the interval [0, T] into n equal parts. We denote by 

the corresponding increments of the Wiener process W (t). 

Exercise 6.29 

Show that 
n-l 

lim "(.1iW)2 = T in £2. 
n-+oo ~ 

i=O 

Hint You need to show that 
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Use the independence of increments to simplify the expectation. What are the expec­
tations of LliW, (LliW)2 and (LliW)4? 

The next theorem on the variation of the paths of Wet) is a consequence of 
the result in Exercise 6.29. First, let us recall that the variation of a function 
is defined as follows. 

Definition 6.11 

The variation of a function! : [0, T] -t IR is defined to be 

n-l 

lim sup L I!(ti+t} - !(ti)l, 
4t-+O i=O 

where t = (to, tt, ... , tn) is a partition of [0, Tj, i.e. ° = to < tl < .,. < tn = T, 
and where 

.1t =. max Iti+1 - til· 
~=O, ... ,n-l 

Theorem 6.5 

The variation of the paths of Wet) is infinite a.s. 
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Proof 

Consider the sequence of partitions tn = (to, tr, ... ,t~) of [0, T] into n equal 
parts. Then 

Since the paths of W(t) are a.s. continuous on [0, TJ, 

lim (._ max ILl?WI) = 0 a.s. 
n--+oo 1-0, ... ,n-! 

By Exercise 6.29 there is a subsequence tnk = (t~k, t~k, ... ,t~~) of partitions 
such that 

nk-1 

lim " ILl~kWI2 = T a.s. 
k-+oo ~ t 

t=O 

This is because every sequence of random variables convergent in £2 has a 
subsequence convergent a.s. It follows that 

while 

nk-l 
lim "ILl7kWI = 00 a.s., 

k-+oo L...J 
i=O 

lim Lltnk = lim I..- = 0, 
k-+oo k-+N nk 

which proves the theorem. 0 

Theorem 6.5 has important consequences for the theory of stochastic inte­
grals presented in the next chapter. This is because an integral of the form 

loT f(t) dW(t) 

cannot be defined pathwise (that is, separately for each W E Q) as the Riemann­
Stieltjes integral if the paths have infinite variation. It turns out that an intrinsi­
cally stochastic approach will be needed to tackle such integrals, see Chapter 7. 

Exercise 6.30 

Show that W(t) is a.s. non-differentiable at t = O. 



6. Stochastic Processes in Continuous Time 159 

Hint By Exercise 6.28 Vc(t) = ~W(e2t) is a Wiener process for any e > O. Deduce 
that the probability 

p {IWt(t)1 > eM for some t E [0, ~J} 

is the same for each e > O. What is the probability that the limit of IWt(tl! exists as 
t ~ 0, then? 

Exercise 6.31 

Show that for any t ~ 0 the Wiener process Wet) is a.s. non-differentiable at t. 

Hint Vt(s) = W(s + t) - Wet) is a Wiener process for any t ~ O. 

A weak point in the assertion in Exercise 6.31 is that for each t the event of 
measure 1 in which W (t) is non-differentiable at t may turn out to be different 
for each t ~ O. The theorem below, which is presented without proof, shows 
that in fact the same event of measure 1 can be chosen for each t ~ O. This is 
not a trivial conclusion because the set of t ~ 0 is uncountable. 

Theorem 6.6 

With probability 1 the Wiener process Wet) is non-differentiable at any t ~ O. 

6.3.4 Doob's Maximal L2 Inequality for Brownian Motion 

The inequality proved in this section is necessary to study the properties of 
stochastic integrals in the next chapter. It can be viewed as an extension of 
Doob's maximal L2 inequality in Theorem 4.1 to the case of continuous time. 
In fact, in the result below the Wiener process can be replaced by any square 
integrable martingale ~(t), t ~ 0 with a.s. continuous paths. 

Theorem 6.7 (Doob's maximal L2 inequality) 

For any t > 0 

(6.6) 

Proof 

For t > 0 and n E N we define 

Mr = I W (~!) I, 0 ~ k ~ 2n. (6.7) 
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Then, by Jensen's inequality, M'k, k = 0,···, 2n, is a non-negative square in­
tegrable submartingale with respect to the filtration F'k = F ;~ , so by Theo­
rem 4.1 

E (rs~ IM'k12) ~ 4EIM2nl2 = 4EIW(tW· 

Since Wet) has a.s. continuous paths, 

lim max IMrl2 = max IW(s)12 a.s. 
11-+00 k~2n s~t 

M . Mn M n+1 h IMn l2 1'>-T • • • oreover, smce k = 2k ' t e sequence sUPk<2n k' n E !'I, IS mcreasmg. 
Hence by the Lebesgue monotone convergence theorem maxs9IW(s)j2 is an 
integrable function and 

E (maxIW(sW) = lim E (max1MkI2) ~ 4EIW(tW, 
s~t n-+oo k~2n 

completing the proof. 0 

6.3.5 Various Exercises OJ[} Brownian Motion 

Exercise 6.32 

Verify that the transition density p(t,x,y) satisfies the diffusion equation 

8p 182p 
at = "2 8y2' 

Hint Simply differentiate the expression (6.5) for the transition density. 

Exercise 6.33 

Show that Z(t) = -Wet) is a Wiener process if Wet) is. 

Hint Are the increments of Z(t) independent? How are they distributed? Are the 
paths of Z(t) continuous? Is it true that Z(O) = O? 

Exercise 6.34 

Show that for any 0 ~ s < t 

P {Wet) E AIW(s)} = i p (t - s, W(s), y) dy. 



6. Stochastic Processes in Continuous Time 161 

Hint Write the conditional probability as the conditional expectation of lA (W (t)) 
given W(s). Compute the conditional expectation by transforming the integral of 
lA(W(t)) over any event in the a-field generated by W(s). This can be done using 
the joint density of W (s) and W (t). Refer to the chapter on conditional expectation 
if necessary. 

Exercise 6.35 

Show that ew(t)e-~ is a martingale. (It is called the exponential martingale.) 

Hint What is the expectation of eW(t)-W(s) for s < t? By independence it is equal 
to the conditional expectation of eW(t)-W(s) given Fs. This will give the martingale 
condition. 

Exercise 6.36 

Compute E (W(s)IW(t)) for ° ~ s < t. 

Hint You want to find a Borel function F such that E (W(s)IW(t)) = F (W(t)), i.e. 

! W(s)dP =! F(W(t)) dP. 
{W(t)EA} {W(t)EA} 

Either side of this equality can be transformed using the joint density of W(t) and 
W(s). 

6.4 Solutions 

Solution 6.1 

Suppose that "l is a random variable with exponential distribution of rate A. 
The distribution function of"l is 

F(t) = P {"l ~ t} = 1- P {"l > t} = { ~ _ e->.t 

Therefore"l has density 

if t < 0, 
if t > 0. 

if t < 0, 
if t ~ 0. 

The distribution function F(t) and density f(t) are shown in Figure 6.6. 

Solution 6.2 

Using the density f(t) = Ae->.t found in Exercise 6.1 and integrating by parts, 
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F(t) f(t) 
2 2 

1 1 

-2 o 2 t -2 o 2 t 

Figure 6.6. The distribution function F(t) and density f(t) of a random variable 
with exponential distribution of rate A = 2 

we obtain 

= tf(t) dt = t>.e->.t dt = - t-e->.t dt JOO 100 1 00 d 
-00 0 0 dt 

= _te->.tI OO + roo e->.tdt = 0 _ ..!:.e->.tI OO = ..!:.. 
o 10 >. 0 >. 

In a similar way we compute 

E('f/2) = roo t2 f(t) dt = roo t2 >.e->.t dt = _ roo t2 ~e->.t dt 
1-00 10 10 dt 

00 roo 2 roo 2 
= -ee->.t + 210 te->.t dt = 0 + ~ 10 tf(t) dt = >.2' 

It follows that the variance is equal to 

( 2) 2 2 1 1 
var(1/) = E 'fJ - (E('fJ)) = A2 - >.2 = >.2' 

Solution 6.3 

By the definition of a random variable with exponential distribution 

P{'f/ > s + t} = e->'(s+t) = e->,se->.t = P{'f/ > s}P{'f/ > t}. 

Solution 6.4 

By the definition of conditional probability 

P {'fJ > t + sl'f/ > s} 
P{'f/>t+s,'f/>s} 

P {'fJ > s} 
P{'f/>t+s} 

= ----::-'-;--~~ 
P{'fJ>s} , 

since {'f/ > t + s, 'fJ > 8} = {'fJ > t + s} (because 'fJ > s + t implies that 'fJ > s). 
Now it is clear that (6.1) is equivalent to (6.2). 
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Solution 6.5 

The exponential distribution is the only probability distribution satisfying the 
lack of memory property because the only non-negative non-increasing solutions 
of the functional equation 

g(t + s) = g(t)g(s) 

are of the form g(t) = at for some 0 :s; a :s; 1. 
To verify this observe that [g(m/n)]n = g(m) = [g(I)]m for any integers m 

and n f- O. Let a := g(I). It follows that 

g(q) = aq for any q E Q. 

Since g is non-increasing, 0 :$ a :s; 1 and 

at = inf g(q) ~ g(t) ~ sup g(q) = at, 
t>qEQ t<qEQ 

so indeed 
g(t) = at for any t E III 

As a result, P {77 > t} = at for some 0 :s; a :s; 1. But the distribution function 
of a random variable cannot be constant, so 0 f- a f- 1. Hence a = e-A for some 
A > 0, completing the argument. 

Solution 6.6 

Since N(t) has the Poisson distribution with parameter At we have E (N(t)) = 
At. Indeed 

00 00 (Ait 
E (N(t)) = L nP {N(t) = n} = L ne- At_, 

n=O n=O n. 
00 (Att-1 

= Ate-At,", = Ate-AteAt = At. 
L.J (n - I)! 
n=l 

Solution 6.7 

Using the fact that 771,772, •.• are independent and exponentially distributed, 
we obtain 

P{N(s) = I,N(t) = 2} = P{6 :s; s < 6 :s; t < 6} 
= P {771 :s; S < 771 + 772 :s; t < 771 + 772 + 773} 

= 18 P {s < u + 772 :s; t < u + 772 + 773} Ae-AUdu 

= 18 (l~~U P {t < u + v + 773} Ae-AVdv) Ae-AUdu 
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Solution 6.8 

Since 

it follows that 

Solution 6.9 

Basic Stochastic Processes 

= fos (l~~U e->.(t-u-v) >..e->,vdV ) >"e->,udu 

= >..2e-Jlt s (t-S). 

~; = 17f + ... + 17; 
= ~N(t)+1 - t + 'T/N(t)+2 + ... + 'T/N(t)+n 

= ~N(t)+n - t, 

Nt ( S ) = max {n : ~; ::; S} 

= max{ n : ~N(t)+n ::; t + s} 

= max{n: ~n ::; t + S} - N(t) 

= N(t + s) - N(t). 

It is easily verified that 

{N(t) = n} = {'T/n+! > t - ~n' t ~ ~n} 

{'T/f > s,N(t)=n} = {71n+l >s+t-~n,t~~n} 

Since ~n' 'T/n+1 are independent and 'T/n+! satisfies the lack of memory property 
from Exercise 6.3, 

p{71f>s,N(t)=n} = P{71n+!>S+t-~n,t~~n} 

= [too P {71n+1 > s + t - u } P~n (du) 

= P {'T/n+! > s} [too P {71n+! > t - u} P~n (du) 

= P{'T/n+! > s}P{'T/n+! > t-~n,t ~ ~n} 
= P {'T/n+! > s} P {N (t) = n} 

= P{171 > s}P{N(t) = n}. 

The last equality holds because 'T/n+!has the same distribution as 'T/1. Now 
divide both sides by P{N(t) = n} to get 

p{'T/f > sIN(t) = n} = P{'T/1 > s} 
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for any n = 0,1,2, .... As a result, 

P{ 1]f > sIN(t)} = P{ 1]1 > s} 

because N(t) is a discrete random variable with values 0,1,2, .... 

Solution 6.10 

As in Solution 6.9, 

{N(t) = n} = {1]n+1 > t - ~n,t ~ ~n}, 

{1]f > SI, N(t) = n} = {1]n+1 > SI + t - ~n, t ~ ~n} 

and, more generally, 

{1]f > SI,1]~ > s2,···,1]k > sk,N(t) =n} 

= {1]n+l > SI + t - ~n' t ~ ~n} n {1]n+2 > S2} n··· n {1]n+k > sd. 

Since ~n, 1]n+1, ... ,1]n+k are independent and 1]n+2,· .. , 1]n+k have the same 
distribution as 1]2, ... , 1]k, using Exercise 6.9 we find that 

p{1]f > SI,1]~ > S2,··· ,1]k > sk,N(t) = n} 

= P{1]n+l > SI + t - ~n, ~n ~ t}P{1]n+2 > S2}'" P{1]n+k > Sk} 
= p{1]f > sl,N(t) = n}P{1]2 > S2}" ,P{1]k > sd 

= p{1]f > sI/N(t) = n}P{1]2 > S2}'" P{1]k > sdP{N(t) = n} 

= P{1]1 > sdP{1]2 > S2}'" P{1]k > sdP{N(t) = n}. 

As in Solution 6.9, this implies the desired equality. 

Solution 6.11 

Take the expectation on both sides of the equality in Exercise 6.10 to find that 

p{1]f > sl,···,1]k > Sk} = P{1]1 > sd", P{1]k > sd· 

If all the numbers Sn except perhaps one are zero, it follows that 

P{1]~ > sn} = P{1]n > sn}, n = 1, ... , k, 

so the random variables 1]~ have the same distribution as 1]n' Inserting this 
back into the first equality, we obtain 

p{1]f > SI,···, 1]k > sd = p{1]f > sd'" P{1]k > Sk}, 

so the 1]~ are independent. 
To prove that the 1]~ are independent of N(t) integrate the formula in 

Exercise 6.10 over {N(t) = n} and multiply by P{N(t) = n} to get 

p{1]f > SI,··· ,1]k > sk,N(t) = n} = P{1]1 > sd ",P{1]k > sdP{N(t) = n}. 

But P {1]; > sn} = P {1]n > sn}, hence N (t) and the 1]; are independent. 
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Solution 6.12 

We need to verify conditions 1), 2), 3) of Definition 6.3. Clearly, N(t) - >..t is 
Ft-measurable. By Exercise 6.6 

E (IN(t) I) = E (N(t)) = >..t < 00, 

which means that N(t) is integrable, and so is N(t) - >..t. 
Theorem 6.2 implies that N(t)-N(s) is independent of Fs for any 0 S sst, 

so 

E (N(t) - N(s)IFs) = E (N(t) - N(s)) = E (N(t)) - E (N(s)) = >..t - >..s. 

It follows that 

E (N(t) - >..tIFs) = E (N(s) - >"sIFs) = N(s) - >"s, 

completing the proof. 

Solution 6.13 

Since TJn = ~n - ~n-l and P{TJn > O} = eO = 1, 

Here we have used the property that if P(An) = 1 for all n = 1,2, ... , then 
p <n:=l An) = 1. 

Solution 6.14 

Since 
00 

lim ~n = '"' TJn, 
n--7OO L.J 

n=l 
it follows that 

{ lim ~n < oo} C {TJl, TJ2, ... is a bounded sequence} 
n--7OO 

00 00 u n {TJn S m}. 
m=l n=l 

Let us compute the probability of this event. Because n~=l {TJn S m}, N = 
1,2, ... is a contracting sequence of events, 
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It follows that 

N 

lim II P{17n :S m} 
N-+oo 

n=l 

lim (1- e-Am)N 
N-+oo 

= O. 

P ( lim ~n < 00) < 
n-+oo 

= 0, 

completing the proof. 
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While it is instructive to work through the above estimates, there exists a 
much more elegant argument. By the strong law of large numbers 

1. ~n 1 
1m - = '\ a.s. 

n-+oo n A 

Here * is the expectation of each of the independent identically distributed 
random variables 17n (see Exercise 6.2). It follows that 

lim ~n = 00 a.s., 
n-+oo 

as required. 

Solution 6.15 

In the proof of Proposition 6.1 it was shown that 

n-l (At)k 
P{~n > t} = e- At L k! 

k=O 

for t ;::: 0, see (6.4). Therefore the distribution function 

00 (At)k 
Fn(t) = P{~n:S t} = 1- P{~n > t} = e- At L k! 

k=n 

of ~n is differentiable, the density in of ~n being 

d 
in(t) = dtFn(t) 

00 (A)k 00 ( )k-l = _Ae- At L _t_ + Ae-At L ""A:-t,,---:-:-
k=n k! k=n (k - I)! 

= Ae-At (Att-1 

(n - I)! 
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for t > 0, and clearly fn(t) = 0 for t :s: O. 

Solution 6.16 

Because N(t) has non-decreasing trajectories 
00 00 

t~~ N(t) = oo} = n u {N(k) 2: n}. 
n=lk=l 

Also, {N(k) 2: n}, k = 1,2, ... is an expanding sequence of events and 

P{N(k) 2: n} = e->'k f: (A~)i 
. z. 
2=n 

n-l . 

= 1 - e->'k '" (Ak)t ~ 1 as k ~ 00. 
~ 'r 
i=O z. 

It follows that 

P LQl {N(k) 2: n}} = 1, 

so 

P {.l!.~ N(t) = oo} = p {fLQ {N(k) '" n} } = 1. 

Solution 6.17 

Since 

sinh(x) 
eX _ e-X 00 X2n+1 

2 = ~ (2n + I)!' 

eX + e-x 00 x2n 

2 = L (2n)!' 
n=O 

cosh(x) 

we have 
00 

P{N(t) is odd} = L P{N(t) = 2n + I} 
n=O 

00 (At)2n+1 
- '" e - At -'---'-----,-- 20 (2n + I)! 
= e->.t sinh(At), 

00 

P{N(t) is even} = L P{N(t) = 2n} 
n=O 

00 (>..t)2n 
'" ->.t = ~e (2n)! 
n=O 

= e->.t cosh(At). 
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Solution 6.18 

We can write 

N(n) = N(l) + (N(2) - N(l)) + ... + (N(n) - N(n - 1)), 

where N(l), N(2) - N(l), N(3) - N(2), ... is a sequence of independent iden­
tically distributed random variables with expectation 

E (N(l)) = E (N(2) - N(l)) = E (N(3) - N(2)) = ... = A. 

By the strong law of large numbers 

lim N(n) = A a.s. 
n-+oo n 

Now, if n ::; t ::; n + 1, then N(n) ::; N(t) ::; N(n + 1) and 

N(n) < N(t) < N(n + 1) . 
n+1- t - n 

By (6.8) both sides tend to A as n -+ 00, implying that 

lim N(t) = A a.s. 
t-+oo t 

Solution 6.19 

Condition 3) of Definition 6.9 implies that 

fW(t) (x) = p(t,O,x) 

(6.8) 

is the density of W(t). Therefore, integrating by parts, we can compute the 
expectation 

E(W(t)) = 1:00 
xp(t,O,x) dx 

= _1_ 1+00 xe-2~ dx 
V27rt -00 

t 1+00 d ~2 = -..,fiiri -00 dx e-r. dx 

t ~21+00 
= -..,fiiri e-r. -00 = ° 
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and variance 

E ((W(t))2) = [:00 X2 p (t, 0, x) dx 

= -- x2 e- 2T dx 1 1+00 22 
v'2rrt -00 

= --- x-e- 2T dx t 1+00 d 22 

./2rrt -00 dx 
t 221+00 t f+OO 22 

= - ./2rrt xe- 2T -00 + ./2rrt Loo e- 2T dx 

t 1+00 
u

2 = ° + fie e- T du = t. 
v2rr -00 

We have used the substitution u = 7t and the formula stated in the hint. 

Solution 6.20 

Suppose that s < t. Condition 3) of Definition 6.9 implies that the joint density 
of W(s) and W(t) is 

fW(s),w(t) (x, y) = p (s, 0, x) p (t - s, x, y). 

It follows that 

E (W(s)W(t)) = [:00 [: xy p(s,O,x)p(t - s,x,y) dxdy 

= [: xp(s,O,x) ([:00 yp(t _ s,x,y) dY) dx 

1+00 
= x2p(s,0,x)dx=s. -00 

This is because by the results of Exercise 6.19 

f+OO f+oo 
Loo yp(t - s,x,y) dy = 1-00 (x + u) p(t - s,X,X + u) du 

and 

f+oo 
= 1-00 (x + u) p(t - s,O,u) du 

= x [:00 p(t-s,O,u) du+ [: up(t-s,O,u) du 

= x+O=x 

f+OO 
1-

00 
x2p(s,0,x) dx = s. 
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It follows that for arbitrary s, t ~ ° 
E (W(s)W(t)) = min {s, t}. 

Solution 6.21 

Suppose that s s: t. Then by Exercise 6.20 

E (IW(t) - W(s)12) = E (W(t)2) - 2E (W(s)W(t)) + E (W(S)2) 

= t - 2s + s = t - s. 

In general, for arbitrary s, t ~ ° 
E (IW(t) - W(s)1 2) = It - sl. 

Solution 6.22 

Using the density iW(t) (x) = P (t, 0, x) of W(t), we compute 

E(exp(i-XW(t))) = [:00 ei>,xp(t,O,x) dx 

= -- e'>'X e-2T dx 1 1+00 . .2 
J21ft -00 

1 >.2, 1+00 (._;>.,)2 = --e-"'2 e--2-' - dx 
...tiii -00 

Solution 6.23 

171 

Using the formula for the characteristic function of W(t) found in Exercise 6.22, 
we compute 

E (W(t)4) = ::41>.=0 E (exp (i-XW(t))) 

d4
1 _1>.2t 

= d-X4 e 2 

>'=0 
= 3t2 . 

Solution 6.24 

Since W 1(t), W2(t) are independent, their joint density is the product of the 
densities of Wl(t) and W2(t). Therefore 

P{IW(t)1 < R} = ( p(t,O,x)p(t,O,y) dxdy 
i{lxl<R} 
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1 [ .2+y2 = - e- 2< dxdy 
2rrt {lxl<R} 

= _1_ rR r27r re-f.. dcpdr 
2rrt Jo Jo 

rR d .2 

= - Jo dr e- 2f dr 
R2 

=l-e-Tt. 

We have used the polar coordinates R, cp to compute the integral. 

Solution 6.25 

For any 0 :s s < t 

E (W(t)IFs) = E (W(t) - W(s)IFs) + E (W(s)IFs) 

= E (W(t) - W(s)) + W(s) 

= W(s), 

since Wet) - W(s) is independent of Fs by Corollary 6.2, W(s) is Fs-measurable 
and E (W(t)) = E (W(s» = o. 

Solution 6.26 

For any 0 :s s < t 

E (W(t)2IFs) = E (IW(t) - W(s)12IFs) + E (2W(t)W(s)IFs) 

-E (W(s)2IFs) 

= E (IW(t) - W(s)1 2) + 2W(s)E (W(t)IFs) 

_W(S)2 

= t - s + 2W(S)2 - W(S)2 

= t-S+W(S)2, 

since Wet) - W(s) is independent of Fs and has the normal distribution with 
mean 0 and variance t - s, W(s) is Fs-measurable, and Wet) is a martingale. 
It follows that 

E (W(t)2 - tlFs) = W(S)2 - S, 

as required. 

Solution 6.27 

For any 0 :s to < tl < ... < tn the increments 

V(tn) - V(tn-d,"" V(td - Veto) 
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of V(t) are independent, since the increments 

W(tn + T) - W(tn-l + T),·· ., W(tl + T) - W(to + T) 

of W(t) are independent. For any 0 ~ s < t the increment V(t) - V(s) has the 
normal distribution with mean zero and variance t-s, since W(t+T)- W(s+T) 
does. Moreover, the paths t H V(t) = W(t + T) - W(T) are continuous and 

V(O) = W(T) - W(T) = O. 

By Theorem 6.3 V(t) is a Wiener process. 

Solution 6.28 

It is clear that V(O) = ~W(O) = 0 a.s. and the paths t H V(t) = ~W(C2t) are 
a.s. continuous. We shall verify that V(t) and W(t)1 2 - t are martingales with 
respect to the filtration 

Qt = a {V(s) : 0 ~ s ~ t} 
= a {W(c2s) : 0 ~ s ~ t} 
= a{W(s):O~s~c2t} 

= Fc2 t· 

Indeed, if s < t, then c2 s < c2t, so 

and 

E(V(t)IQs) = E (~W(c2t)IFc2S) 

= ~E (W(c2t)IFc2s) 
c 
1 
-W(c2s) = V(s) 
C 

E (W(t)1 2 - tlQs) = E (c~ IW(c2t) 12 - t1Fc2S) 

c~E (IW(c2t)1 2 - c2tlFc2s) 
= c~ (IW(c2s)1 2 - c2s) 
= W(s)1 2 - s, 

since W(t) and IW(t)12 - t are martingales with respect to the filtration Ft. It 
follows by Levy's martingale characterization that V(t) is a Wiener process. 
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Solution 6.29 

Since the increments L1? Ware independent and 

E(L1?W) = 0, E ((L1?W)2) =~, E ((L1?W)4) = 3~2, 
it follows that 

as n -t 00. 

Solution 6.30 

We claim that, with probability 1, for any positive integer n there is atE [0, ~41 
such that IWjt) I > n. This condition implies that W(t) is not differentiable at 
t = O. 

Let us put 
An = {IWPll > n for some t E [0, .,t.] } 

By Exercise 6.28 
1 

Vn(t) = 2'W(n4t) 
n 

is a Brownian motion for any n. Therefore 

P (An) > P {IWD~~4)1 > n} 
P { IV(1/n4)1 } 

1/n4 > n 

P{IW(I)1 >~} -t 1 as n -t 00. 

Since Ai, A2 , ... is a contracting sequence of events, 

which proves the claim. 
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Solution 6.31 

By Exercise 6.27 vt(s) = W(s + t) - W(t) is a Wiener process for any t ~ 0. 
Therefore, by Exercise 6.30 vt(s) is a.s. non-differentiable at s = 0. But this 
implies that W(t) is a.s. non-differentiable at t. 

Solution 6.32 

Differentiating 

we obtain 

so 

as required. 

Solution 6.33 

1 (y_.)2 

p(t,x,y) = t<C;e--2t-, 

y27rt 

8 
8tP(t,x,y) = 

8 
8yp(t, x, y) 

82 
8y2 P(t, x, y) 

y2 _ 2yx + x2 - t 
2t2 p(t,x,y), 

x-y 
-t-p(t, x, y), 

y2 _ 2yx + x2 - t 
t2 p(t,x,y), 

Clearly, Z(t) = -W(t) has a.s. continuous trajectories and Z(O) = -W(O) = 
o a.s. If W(t) has stationary independent increments, then so does Z(t) = 
-W(t). Finally, 

Z(t) - Z(s) = - (W(t) - W(s)) 

has the same distribution as W(t) - W(s), i.e. normal with mean 0 and variance 
t - s. By Theorem 6.3 Z(t) is a Wiener process. 

Solution 6.34 

Let 0 :::; s < t. Then 

r lA(W(t)) dP = P {W(s) E B, W(t) E A} 
J{W(S)EB} 

= lip(s,O,x)p(t-s,x,Y)dXdY 

= l (iP(t-s,x,Y)dY)P(s,Q,X)dX 

= r ( r p( t - s, W (s), y) dY) dP J {W(s)EB} J A 
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for any Borel set B C JR. It follows that 

P {W(t) E AIW(s)} = E (lA(W(t))IW(s)) = i p(t - s, W(s), y) dy. 

Solution 6.35 

We shall prove that ew(t)e-~ is a martingale with respect to the filtration Ft. 
Clearly, it is adapted to the filtration Ft, since W(t) is. Let ° ~ s < t. Because 
W(t) - W(s) is independent of Fs and W(s) is Fs-measurable, 

E(eW(t)IFs) = E(eW(t)-W(S)eW(S)IFs) 

= eW(s) E (eW(t)-W(S) IFs) 

= eW(s)E (eW(t)-W(S»). 

The increment W(t) - W(s) has the normal distribution with mean ° and 
variance t - s, so the expectation of e W (t) - W (8 ) is equal to 

E (eW(t)-W(S») = 1:00 eXp(t - s, 0, x) dx 

It follows that 

r+oo 
= e';' i-

oo 
p(t-s,O,x-t)dx 

,-. 
= e-2 • 

E (ew(t)e-~IFs) = eW(s)e-~. 

It also follows that eW(t)e-~ is integrable. Therefore eW(t)e-~ is a martingale. 

Solution 6.36 

Let ° ~ s < t. We are looking for a Borel function F such that E (W(s)IW(t)) = 
F (W(t)) , i.e. 

1 W(s) dP = 1 F (W(t)) dP 
{W(t)EA} {W(t)EA} 

for any Borel set A in IR. The integral on the right-hand side can be written as 

1 F(W(t)) dP = j F(y)p(t,O,y)dy 
{W(t)EA} A 

and the integral on the left-hand side as 

r W(S)dP=j (r+oo xp(s,O,x)p(t-s,x,y) dX) dy i {W(t)EA} A i-oo 



6. Stochastic Processes in Continuous Time 177 

using the expression for the joint density of W(s) and W(t) in Solution 6.20. 
Let us compute the inner integral: 

r+oo roo (s (t s) s ) Loo xp(s, 0, x)p(t - s, x, y) dx = p(t, 0, y) Loo xp t 'tY' x dx 

s 
= typ(t,O,y). 

(To see that the first equality holds, just use formula (6.5) for p(t, x, y).) There­
fore 

r W(s)dP= r ~yp(t,O,y)dy. 
i{W(t)EA} iA t 

It follows that F(y) = jy, i.e. 

E (W(s)IW(t)) = ~W(t). 



7 
Ito Stochastic Calculus 

One of the first applications of the Wiener process was proposed by Bachelier, 
who around 1900 wrote a ground-breaking paper on the modelling of asset 
prices at the Paris Stock Exchange. Of course Bachelier could not have called 
it the Wiener process, but he used what in modern terminology amounts to 
W(t) as a description of the market fluctuations affecting the price X(t) of 
an asset. Namely, he assumed that infinitesimal price increments dX(t) are 
proportional to the increments dW(t) of the Wiener process, 

dX(t) = adW(t), 

where a is a positive constant. As a result, an asset with initial price X(O) = x 
would be worth 

X(t) = x + aW(t) 

at time t. This approach was ahead of Bachelier's time, but it suffered from 
one serious flaw: for any t > 0 the price X(t) can be negative with non-zero 
probability. Nevertheless, for short times it works well enough, since the prob­
ability is negligible. But as t increases, so does the probability that X(t) < 0, 
and the model departs from reality. 

To remedy the fla.w it was observed that investors work in terms of their 
potential gain or loss dX(t) in proportion to the invested sum X(t). Therefore, 
it is in fact the relative price dX(t)jX(t) of an asset that reacts to the market 
fluctuations, i.e. should be proportional to dW(t), 

dX(t) = aX(t) dW(t). (7.1) 

179 
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What is the precise mathematical meaning of this equality? Formally, it resem­
bles a differential equation, but this immediately leads to a difficulty because 
the paths of W(t) are nowhere differentiable. A way around the obstacle was 
found by Ito in the 1940s. In his hugely successful theory of stochastic integrals 
and stochastic differential equations Ito gave a rigorous meaning to equations 
such as (7.1) by writing them as integral equations involving a new kind of 
integral. In particular, (7;1) can be written as 

X(t) = x + (1 lot X(t) dW(t), 

where the integral with respect to W(t) on the right-hand side is called the Ito 
stochastic integral and will be defined in the next section. While at first sight 
one would expect the solution to this equation to be xeW(t), in fact it turns 
out to be 

X(t) = xeW(t)e-~, 
which is the exponential martingale introduced in Exercise 6.35. The intrigu­
ing additional factor 10- ~ is due to the non-differentiability of the paths of the 
Wiener process. Clearly, if x > 0, then X(t) > 0 for all t ~ 0, as required in 
the model of asset prices. In the following sections we shall learn how to trans­
form and compute stochastic integrals and how to solve stochastic differential 
equations. 

Throughout this chapter W(t) will denote a Wiener process adapted to a 
filtration F t and L2 will be the space of square integrable random variables. 

7.1 Ito Stochastic Integral: Definition 

We shall follow a construction resembling that of the Riemann integral. First, 
the integral will be defined for a class of piecewise constant processes called 
random step processes. Then it will be extended to a larger class by approxi­
mation. 

There are, however, at least two major differences between the Riemann 
and Ito integrals. One is the type of convergence. The approximations of the 
Riemann integral converge in JR, while the Ito integral will be approximated by 
sequences of random variables converging in L2. The other difference is this. 
The Riemann sums approximating the integral of a function f : [0, T] -t JR are 
of the form 

n-l 

L f(Sj}(tj+l - tj), 
j=O 
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where 0 = to < tl < ... < tn = T and Sj is an arbitrary point in [tj, tj+ll for 
each j. The value of the Riemann integral does not depend on the choice of the 
points Sj E [tj, tj+1)' In the stochastic case the approximating sums will have 
the form 

n-l 

L f(sj) (W(tj+d - W(tj)). 
j=O 

It turns out that the limit of such approximations does depend on the choice of 
the intermediate points Sj in [tj, tj+11. In the next exercise we take f(t) = W(t) 
and consider two different choices of intermediate points. 

Exercise 7.1 

Let 0 = to < tr < . .. < t~ = T, where tj = if, be a partition of the interval 
[0, Tl into n equal parts. Find the following limits in L2: 

and 

n-l 

lim "W(tj) (W(tj+1) - W(tj)) 
n-;oo ~ 

j=O 

n-l 

lim" W(tj+1) (W(tj+1) - W(tj)) . 
n-;oo ~ 

j=O 

Hint Apply Exercise 6.29. You will need to transform the sums to make this possible. 
The identities 

may be of help. 

a(b - a) 

b(b - a) 

1 (2 2) 1 2 "2 b - a -"2 (a - b) , 

1 (2 2) 1 2 "2 b - a +"2 (a - b) 

The ambiguity resulting from different choices of the intermediate points Sj 
in each subinterval [tj, tj+11 can be removed by insisting that the approxima­
tions of the integrand should consist only of processes adapted to the underlying 
filtration Ft. This amounts to taking Sj = tj for each j. The choice is motivated 
by the interpretation of F t : the value of the approximation at t may depend 
only on what has happened up to time t, but not on any future events. 

Definition 7.1 

We shall call f(t), t ~ 0 a random step process if there is a finite sequence 
of numbers 0 = to < h < ... < tn and square integrable random variables 
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"70, "71, ... , "7n-l such that 

n-l 

f(t) = L "7j 1[tj,tj+Il (t), (7.2) 
j=O 

where "7j is Ftj-measurable for j = 0,1, ... , n - 1. The set of random step 
processes will be denoted by M~ep" 

Observe that the assumption that the "7j are to be Ftj-measurable ensures 
that f(t) is adapted to the filtration Ft. The assumption that the "7j are square 
integrable ensures that f(t) is square integrable for each t. Also, Ms2tep is a 
vector space, that is, af + bg E M~ep for any f, 9 E M;tep and a, b E JR. 

Definition 7.2 

The stochastic integral of a random step process f E M;tep of the form (7.2) is 
defined by 

n-l 

l(f) = L 1}j (W(tj+d - W(tj)). (7.3) 
j=O 

Proposition 7.1 

For any random step process f E M;tep the stochastic integral 1 (f) is a square 
integrable random variable, i.e. I(f) E L2, such that 

Proof 

Let us denote the increment W(tj+d - W(tj) by LljW and tj+1 - tj by Lljt 
for brevity. Then 

E(LljW) = 0 and E (Ll~W) = Lljt. 

First, we shall compute the expectation of 

n-ln-l n-l 

11(f)12 = L L 1]j1]kLlj W LlkW = L 1]JLl~W + 2 L 1]j1]kLlj W LlkW. 
j=Ok=O j=O k<j 

Since 1]j and Llj Ware independent, 
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If k < j, then 1]j1]kLlk Wand Ll j Ware independent, so 

Therefore 
n-l 

E (11(1)12) = L E (1]J) Lljt. 
j=O 

It follows that 1(1) E L2, since 1]0,1]1, ... ,1]n-l E L2. 
On the other hand, 

n-ln-l n-l 

I/(t)1 2 = L L 1]j1]k 1[tj,tHd(t)1[tk,tk+d(t) = L 1];l[tj ,tHtl (t), 
j=O k=O j=O 

implying that 

This means that 

as required. 0 

Exercise 7.2 

Verify that for any random step processes I, g E M~ep 

E(I(I)I(g)) = E (100 I(t)g(t)dt). 

Hint Try to adapt the proof of Proposition 7.1. Use a common partition 0 = to < 
tl < ... < tn in which to represent both f and 9 in the form (7.2). 

Exercise 7.3 

Show that 1 : M;tep ~ L2 is a linear map, i.e. for any I, g E M~ep and any 
a, (3 E lR 

l(al + (3g) = al(1) + (31(g). 

Hint As in Exercise 7.2, use a common partition 0 = to < tl < ... < tn in which to 
represent both f and 9 in the form (7.2). 
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The stochastic integral I(f) has been defined for any random step process 
f E Ms2tep. The next stage is to extend I to a larger class of processes by 
approximation. This larger class can be defined as follows. 

Definition 7.3 

We denote by M2 the class of stochastic processes f(t), t ~ 0 such that 

E (100 
If(t)1 2 dt) < 00 

and there is a sequence II, h, ... E M;tep of random step processes such that 

lim E ( roo If(t) - fn(t)12 dt) = o. 
n-+oo 10 (7.4) 

In this case we shall say that the sequence of random step processes II, h, ... 
approximates f in M'l.. 

Definition 7.4 

We call I(f) E L2 the Ito stochastic integral (from 0 to 00) of f E M2 if 

lim E (II(f) - I(fn)1 2) = 0 
n-+oo 

(7.5) 

for any sequence II, h, ... E M~ep of random step processes that approximates 
f in M2, i.e. such that (7.4) is satisfied. We shall also write 

100 f(t) dW(t) 

in place of 1(1). 

Proposition 7.2 

For any f E M2 the stochastic integral 1(f) E L2 exists, is unique (as an 
element of L2, i.e. to within equality a.s.) and satisfies 

(7.6) 

Proof 

It will be convenient to write 
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for any f E M2 and 1/ E L2. These are normsl in M2 and L2, respectively. 
Let h, h, ... E M;tep be a sequence of random step processes approximat­

ing f E M2, i.e. satisfying (7.4), which can be written as 

lim Ilf - fnllM2 = O. 
n-too 

We claim that I(h), I(h), ... is a Cauchy sequence in L2. Indeed, for any 10 > 0 
there is an N such that IIf - fnllM2 < ~ for all n > N. By Proposition 7.1 

III(fm) - I(fn) lip III(fm - fn)lIp 

Ilfm - fnllM2 

< IIf - fmllM2 + IIf - fnllM2 
10 10 

<'2+'2=10 

for any m,n > N, which proves the claim. 
Because L2 with the norm 1I'lIp is a complete space (in fact a Hilbert 

space), every Cauchy sequence in L2 has a limit. It follows that I(h), I(h), ... 
has a limit in L2 for any sequence h, h, ... of random step processes approxi­
mating f. It remains to show that the limit is the same for all such sequences. 
Suppose that h, h, . .. and gl, g2, . .. are two sequences of random step pro­
cesses approximating f. Then the interlaced sequence h, gl, h, g2, ... approxi­
mates f too, so the sequence I(h), I(gt) , I(h), I(g2),'" has a limit in L2. But 
then all subsequences of the latter sequence, in particular, I(h), I(h), ... and 
I(gt) , I(g2), ... have the same limit, which we denote by I(f). We have shown 
that 

lim III(f) - I(fn)IIL2 = 0, 
n-too 

i.e. (7.5) holds for any sequence h,/z, ... of random step processes approxi­
mating f. 

Finally, by Proposition 7.1 

for each n, since the fn are random step processes. By taking the limit as 
n -t 00 we obtain 

But this is equality (7.6). 0 

1 To be precise, the norms are defined on classes of functions, respectively, from M2 
and L determined by the relation of equality a.s. However, we shall follow the 
custom of identifying such classes with any of their members. 
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Exercise 7.4 

Show that for any f, 9 E M2 

E (I(f)I(g)) = E (1000 f(t)g(t) dt) . 

Hint Write the left-hand side in terms of E (l1U) + l(g)n and E (11U) - l(g)n, 
the right-hand side in terms of E (fooo If(t) + g(t)12 dt) and E (fooo If(t) - g(t)12 dt) 
and then use (7.6). 

Having defined the Ito stochastic integral from 0 to 00, we are now in a 
position to consider stochastic integrals over any finite time interval [0, T]. 

Definition 7.5 

For any T > 0 we shall denote by Mf the space of all stochastic processes 
f(t), t ~ 0 such that 

l[o,T)f E M2 

The Ito stochastic integral (from 0 to T) of f E Mf is defined by 

IT(f) = I (1[O,TJ!) . (7.7) 

We shall also write 

loT f(t) dW(t) 

in place of IT(J). 

Exercise 7.5 

Show that each random step process f E M~ep belongs to Ml for any t > 0 
and 

It(f) = lot f(8) dW(8) 

is a martingale. 

Hint The stochastic integral of a random step process f is given by the sum (7.3). 
What is the conditional expectation of the jth term of this sum given F. if s < tj? 
What is it when s ~ tj '? 

The processes for which the stochastic integral exists have been defined 
as those that can be approximated by random step processes. However, it is 
not always easy to check whether or not such an approximation exists. For 
practical purposes it is important to have a straightforward sufficient condition 
for a process to have a stochastic integral. In calculus there is a well-known 
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result of this kind: the Riemann integral exists for any continuous function. 
Here is a theorem of this kind for the Ito integral. 

Theorem 7.1 

Let f(t), t 2:: 0 be a stochastic process with a.s. continuous paths adapted to 
the filtration :Ft. Then 

1) f E M2, i.e. the Ito integral J(f) exists, whenever 

(7.8) 

2) f EMf, i.e. the Ito integral IT(f) exists, whenever 

E (IT If(t)12 dt) < 00. (7.9) 

Proof 

1) Suppose that f(t), t 2:: 0 is an adapted process with a.s. continuous paths. If 
(7.8) holds, then 

f.(t) = { ~ Jf;. f(8) <Is ~ ~ t < ~ for k = 1,2, ... ,n2 - 1, 

otherwise, 
(7.10) 

is a sequence of random step processes in M;tep' Observe that for any k = 
1,2, .. . 

f:'I!- 1/.(')1' dt = n I!.~. I(.)dt[, ~ !.~. 1/(')1' d' a.s. (7.11) 

by Jensen's inequality. We claim that 

lim 100 If(t) - fn(t) 12 dt = 0 a.s. 
n-+oo 0 

This will imply that 

lim E ( roo If(t) - fn(t)12 dt) = 0 
n-+oo Jo 

by the dominated convergence theorem and condition (7.8) because 

100 If(t) - fn(t)12 dt ~ 2100 (If(t)12 + Ifn(t)12) dt 

~ 4100 If(t)12 dt. 
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The last inequality follows, since 

100 
Ifn(t)1 2 dt ~ 100 If(t)12 dt a.s. 

for any n, by taking the sum from k = 0 to 00 in (7.11). 
To verify the claim observe that 

100 If(t) - fn(t)12 dt = 1N If(t) - fn(t)12 dt + Loo If(t) - fn(t)12 dt 

< 1N If(t) - fn(t)12 dt + 2 !: (If(t)1 2 + Ifn(t)12) dt 

< 1N If(t) - fn(t)12 dt + 4 L~l If(t)1 2 dt a.s. 

The last inequality holds because 

Loo 
Ifn(t)1 2 dt ~ L~+. If(t)1 2 dt ~ L~l If(t)12 dt a.s. 

for any nand N, by taking the sum from k = nN to 00 in (7.11). The claim 
follows because 

lim roo If(t)1 2 dt = 0 a.s. N-tOO}N_l 
by (7.8) and 

lim rN If(t) - fn(t)12 dt = 0 a.s. 
n.--too io 

for any fixed N by the continuity of paths of f. 
The above means that the sequence it, h, . .. E Ms;ep approximates f in 

the sense of Definition 7.3, so f E M2. 
2) If f satisfies (7.9) for some T > 0, then l[o,T)f satisfies (7.8). Since f is 

adapted and has a.s. continuous paths, l[o,T)! is also adapted and its paths are 
a.s. continuous, except perhaps at T. But the lack of continuity at the single 
point T does not affect the argument in 1), so l[o,T)! E M2. This in turn 
implies that f EMf, completing the proof. 0 

Exercise 7.6 

Show that the Wiener process W(t) belongs to Mf for each T > o. 

Hint Apply part 2) of Theorem 7.1. 

Exercise 7. 7 

Show that W(t)2 belongs to Mf for each T > O. 
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Hint Once again, apply part 2) of Theorem 7.1. 

The next theorem. which we shall state without proof, provides a character­
ization of M2 and M:j., i.e. a necessary and sufficient condition for a stochastic 
process f to belong to M2 or Mf. It involves the notion of a progressively 
measurable process. 

Definition 7.6 

A stochastic process f (t), t ~ 0 is called progressively measurable if for any 
t~O 

(s,w) t-+ f(s,w) 

is a measurable function from [0, tJ x fl with the a-field 8[0, tJ xF to JR. Here 
8[0, tJ xF is the product a-field on [0, tJ x fl, that is, the smallest a-field con­
taining all sets of the form A x B, where A C [0, t] is a Borel set and B E F. 

Theorem 7.2 

1) The space M2 consists of all progressively measurable stochastic processes 
f(t), t ~ 0 such that 

E (10 00 If(t)12 dt) < 00. 

2) The space Mf consists of all progressively measurable stochastic processes 
f(t), t ~ 0 such that 

7.2 Examples 

According to Exercise 7.6, the Wiener process W(t) belongs to Mf for any 
T > o. Therefore the stochastic integral in the next exercise exists. 

Exercise 7.8 

Verify the equality 

loT W(t) dW(t) = ~ W(T)2 - ~T 
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by computing the stochastic integral from the definition, that is, by approxi­
mating the integrand by random step functions. 

Hint It is convenient to use a partition of the interval [0, T] into n equal parts. The 
limit of the sums approximating the integral has been found in Exercise 7.1. 

Exercise 7.9 

Verify the equality 

loT tdW(t) = TW(T) -loT W(t)dt, 

by computing the stochastic integral from the definition. (The integral on the 
right-hand side is understood as a Riemann integral defined pathwise, i.e. sep­
arately for each wEn.) 

Hint You may want to use the same partition of [0, T] into n equal parts as in 
Solution 7.8. The sums approximating the stochastic integral can be transformed 
with the aid of the identity 

c(b - a) = (db - ca) - b (d - c) . 

Exercise 7.10 

Show that W(t)2 belongs to Mj. for each T > 0 and verify the equality 

rT 1 rT io W(t)2dW(t) = aW (T)3 - Jo W(t) dt, 

where the integral on the right-hand side is a Riemann integral. 

Hint As in the exercises above, it is convenient to use the partition of [0, T] into n 
equal parts. The identity 

2 1 ( 3 3) 2 1 3 a (b-a)=- b -a -a(b-a) --(b-a) 
3 3 

can be applied to transform the sums approximating the stochastic integral. You may 
also need the following identity: 

7.3 Properties of the Stochastic Integral 

The basic properties of the Ito integral are summarized in the theorem below. 
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Theorem 7.3 

The following properties hold for any I, 9 E Ml, any a, (3 E JR, and any 0 ::; 
s < t: 

1) linearity 

lot (a/(r) + ,Bg(r)) dW(r) = a lot I(r) dW(r) + (3 lot g(r) dW(r); 

2) isometry 

E (If.' f(rl dW(rli') = E (f.' If(rll' dr) ; 
3) martingale prope7·ty 

E (lot I(r) dW(r)\ Fs) = los I(r) dW(r). 

Proof 

1) If I and 9 belong to Ml, then l[o,t)/ and l[o,t)g belong to M2, so there are 
sequences /I, 12,··· and gl, g2,··· in M;tep approximating 1[0,t)1 and l[o,t)g. It 
follows that l[o,t) (al + (3g) can be approximated by a/I + (3gb ah + (3g2, .. ' . 
By Exercise 7.3 

I (aln + (3gn) = a1(fn) + (31(gn) 

for each n. Taking the L2 limit on both sides of this equality as n -+ 00, we 
obtain 

I (I[o,t) (a/ + (3g)) = aI(I[o,t)/) + (3I(I[o,t)g), 

which proves 1). 
2) This follows by approximating l[o,t)/ by random step processes in M?tep 

and using Proposition 7.l. 
3) If I belongs to Ml, then l[o,t)1 belongs to M2. Let /I,h, ... be a se­

quence of processes in Ms;ep approximating l[o,t)/. By Exercise 7.5 

(7.12) 

for each n. By taking the L2 limit of both sides of this equality as n -+ 00, we 
shall show that 

E (I (1[0,t)/) /Fs) = I (1[O,s)/), 
which is what needs to be proved. Indeed, observe that l[o,s)/I, l[o,s)h, ... is a 
sequence in M;tep approximating l[o,s)/, so 

I (l[o,s)/n) -+ I (l[o,s)/) in L2 as n -+ 00. 
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Similarly, l[o,t)h, 1[0,1)12,· .. is also a sequence in Ms2tep approximating l[o,t)f, 
which implies that 

The lemma below implies that 

completing the proof. 0 

Lemma 7.1 

If ~ and 6,6, ... are square integrable random variables such that ~n --+ ~ in 
L2 as n --+ 00, then 

for any a-field 9 on n contained in F. 

Proof 

By Jensen's inequality, see Theorem 2.2, 

which implies that 

as n --+ 00. 0 

E(IE(~nlg)-E(~19)12) :S E(E(I~n-~12Ig)) 

= E (I~n - ~12) --+ 0 

In the next theorem we consider the stochastic integral f; f (s) dW (s) as a 
function of the upper integration limit t. Similarly as for the Riemann integral, 
it is natural to ask if this is a continuous function of t. The answer to this 
question involves the notion of a modification of a stochastic process. 

Definition 7.7 

Let ~(t) and ((t) be stochastic processes defined for t E T, where T C Ilt We 
say that the processes are modifications (or versions) of one another if 

P {~(t) = ((t)} = 1 for all t E T. (7.13) 
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Remark 7.1 

If T c lR is a countable set, then (7.13) is equivalent to the condition 

P {~(t) = ((t) for all t E T} = 1. 

However, this is not necessarily so if T is uncountable. 

The following result is stated without proof. 

Theorem 7.4 

Let 1 (8) be a process belonging to Ml and let 

~(t) = lt 1(8) dW(8) 
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for every t ~ O. Then there exists an adapted modification ((t) of ~(t) with a.s. 
continuous paths. This modification is unique up to equality a.s. 

From now on we shall always identify J~ 1(8) dW(8) with the adapted mod­
ification having a.s. continuous paths. This convention works beautifully to­
gether with Theorem 7.1 whenever there is a need to show that a stochastic 
integral can be used as the integrand of another stochastic integral, i.e. belongs 
to Mf for T ~ O. This is illustrated by the next exercise. 

Exercise 7.11 

Show that 

~(t) = lot W(8) dW(8) 

belongs to Mf for any T ~ O. 

Hint By Theorem 7.4 ((t) can be identified with an adapted modification having a.s. 
continuous trajectories. Because of this, it suffices to verify that e(t) satisfies condition 
(7.9) of Theorem 7.1. 

7.4 Stochastic Differential and Ito Formula 

Any continuously differentiable function x(t) such that x(O) = 0 satisfies the 
formulae 

X(T)2 = 21T x(t) dx(t), 
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X(T)3 = 3 loT X(t)2 dx(t), 

where dx(t) can simply be understood as a shorthand notation for x'(t) dt, the 
integrals on the right-hand side being Riemann integrals. Similar formulae have 
been obtained in Exercises 7.8 and 7.10 for the Wiener process: 

W(T)2 = loT dt + 2 loT W(t) dW(t), 

W(T)3 = 3 loT W(t) dt + 3 loT W(t)2dW(t). 

Here the stochastic integrals resemble the corresponding expressions for a 
smooth function x(t), but there are also the intriguing terms JoT dt and 

3 JoT W(t) dt. The formulae for W(T)2 and W(T)3 are examples of the much 
more general Ita /07Tnula, a crucial tool for transforming and computing 
stochastic integrals. Terms such as JOT dt and 3 JOT W(t) dt, which have no ana­
logues in the classical calculus of smooth functions, are a feature inherent in 
the Ito formula and referred to as the Ita correction. The class of processes 
appearing in the Ito formula is defined as follows. 

Definition 7.8 

A stochastic process ~(t), t 2: 0 is called an Ita process if it has a.s. continuous 
paths and can be represented as 

~(T) = ~(O) + loT a(t) dt + loT b(t) dW(t) a.s., (7.14) 

where b(t) is a process belonging to Mf for all T > 0 and a(t) is a process 
adapted to the filtration F t such that 

loT la(t)1 dt < 00 a.s. (7.15) 

for all T 2: O. The class of all adapted processes a(t) satisfying (7.15) for some 
T > 0 will be denoted by Ct. 

For an Ito process ~ it is customary to write (7.14) as 

d~(t) = a(t) dt + b(t) dW(t) (7.16) 

and to call d~(t) the stochastic differential of ~(t). This is known as the Ita 
differential notation. It should be emphasized that the stochastic differential 
has no well-defined mathematical meaning on its own and should always be 
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understood in the context of the rigorous equation (7.14). The Ito differential 
notation is an efficient way of writing this equation, rather than an attempt to 
give a precise mathematical meaning to the stochastic differential. 

Example 7.1 

The Wiener process W(t) satisfies 

W(T) = loT dW(t). 

(The right-hand side is the stochastic integral J(f) of the random step process 
f = l[O,T)') This is an equation of the form (7.14) with a(t) = 0 and b(t) = 1, 
which belong, respectively, to .c~ and Mj. for any T ~ O. It follows that the 
Wiener process is an Ito process. 

Example 7.2 

Every process of the form 

~(T) = ~(O) + loT a(t) dt, 

where a(t) is a process belonging to .c~ for any T ~ 0, is an Ito process. In 
particular, every deterministic process of this form, where a( t) is a deterministic 
integrable function, is an Ito process. 

Example 7.3 

Since aCt) = 1 and bet) = 2W(t) belong, respectively, to the classes .c~ and 
Mj. for each T ~ 0, 

W(T)2 = loT dt + 2 loT Wet) dW(t) 

is an ItO process; see Exercise 7.8. The last equation can also be written as 

d (W(t)2) = dt + 2 W(t) dW(t), 

providing a formula for the stochastic differential d (W(t)2) of W(t)2. 

Exercise 7.12 
Show that W(t)3 is an Ito process and find a formula for the stochastic differ­
ential d (W(t)3). 
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Hint Refer to Exercise 7.10. 

Exercise 7.13 

Show that tW(t) is an Ito process and find a formula for the stochastic differ­
ential d (tW(t)). 

Hint Use Exercise 7.9. 

The above examples and exercises are particular cases of an extremely im­
portant general formula for transforming stochastic differentials established by 
Ito. To begin with, we shall state and prove a simplified version of the formula, 
followed by the general theorem. The proof of the simplified version captures 
the essential ingredients of the somewhat tedious general argument, which will 
be omitted. In fact, many of the essential ingredients of the proof are already 
present in the examples and exercises considered above. 

Theorem 7.5 (Ito formula, simplified version) 

Suppose that F(t,x) is a real-valued function with continuous partial deriva­
tives Ff(t,x), F~(t,x) and F~'x(t,x) for all t ~ 0 and x E JR. We also assume 
that the process F~(t, W(t)) belongs to Mj for all T ~ O. Then F(t, W(t)) is 
an Ito process such that 

F(T, W(T)) - F(O, W(O)) loT (F!(t, W(t)) + ~F~~(t, W(t)) ) dt 

+ loT F~(t, W(t)) dW(t) a.s. (7.17) 

In differential notation this formula can be written as 

dF(t, W(t)) = (F! (t, W(t)) + ~F~'x(t, W(t))) dt + F~(t, W(t)) dW(t). (7.18) 

Remark 7.2 

Compare the latter with the chain rule 

dF{t, x(t)) = Ff (t, x(t)) dt + F~(t, x(t)) dx{t). 

for a smooth function x(t), where dx{t) is understood as a shorthand notation 
for x'(t) dt. The additional term iF~~(t, W(t)) dt in (7.18) is called the Ito 
correction. 
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Proof 

First we shall prove the Ito formula under the assumption that F and the 
partial derivatives F~ and F~~ are bounded by some C > 0. 

Consider a partition ° = to < tl < ... < t~ = T, where ti = i~, of 
[0, T] into n equal parts. We shall denote the increments W(ti+1) - W(ti) 
by LliW and ti+1 - ti by Llit. We shall also write Wr instead of W(ti) for 
brevity. According to the Taylor formula, there is a point Wr in each interval 
[W(ti) , W(t~t1)] and a point ii in each interval [ti, ti+1] such that 

n-l 

F(T, W(T)) - F(O, W(O)) = L (F(ti+1' Wi+ 1) - F(ti, wt)) 
i=O 

n-l n-l 

= L (F(tH-l' Wi+ 1) - F(ti, Wi+ 1)) + L (F(ti, Wi+ 1) - F(ti, wt)) 
i=O i=O 

n-l n-l n-l 

L FfW:, Wi+1)Lli t + L F~(ti, wt)LliW + ~ L F~'X(ti, Wt) (LliW)2 
i=O i=O i=O 

n-l n-l n-l 

= L F; (ii , Wi+dLli t + ~ L F~~(ti, Wr)Llit + L F~(ti, wt)LliW 
i=O i=O i=O 

n-l 

+ ~ L F~'x(ti, wt) ((LliW )2 - Llit) 
i=O 

n-l 

+ ~ L [F~IX(ti, Wt) - F~'Ati, wt)] (LliW)2. 
i=O 

We shall deal separately with each sum in the last expression, splitting the 
proof into several steps. 

Step 1. We claim that 

n-J T 
lim L Ff(ii, Wi+1)Llit = r Ff(t, W(t)) dt a.s. 

n-+oo i=O 10 
This is because the paths of W (t) are a.s. continuous, and F/ (t, x) is continuous 
as a function of two variables by assumption. Indeed, every continuous path 
of the Wiener process is bounded on [0, Tj, i.e. there is an M > 0, which may 
depend on the path, such that 

IW(t)1 ~ M for all t E [0, T]. 

As a continuous function, F£ (t, x) is uniformly continuous on the compact set 
[0, T] x [-M, M] and W is uniformly continuous on [0, T]. It follows that 

lim sup IF£(ii, Wi+ 1 ) - F£(t, W(t)) 1= ° a.s., 
n-+oo i,t 
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where the supremum is taken over all i = 0, ... ,n - 1 and t E [ti, ti+ll. By the 
definition of the Riemann integral this proves the claim. 

Step 2. This is very similar to Step 1. By continuity 

lim sup 1F~/X(tf, wt) - F~/x(t, W(t)) 1= ° a.s., 
n-l-oo i,t 

where the supremum is taken over all i = 0, ... ,n - 1 and t E [tf, ti+11. By the 
definition of the Riemann integral 

n-l T 
lim L F~/X(tf, wt)Lli t = 1 F~/x(t, W(t)) dt a.s. 

n-l-oo i=O 0 

Step 3. We shall verify that 

n-l T 
nl~~F~(tf,Wt)LliW= fo F~(t,W(t))dW(t) inL2. 

If F~(t,x) is bounded by C > 0, then I(t) = F~(t, W(t) belongs to Mf by 
Theorem 7.1, and the sequence of random step processes 

n-l 

In = L F~(tf, Wt)l[tf,tf+l) E M~ep 
i=O 

approximates I. Indeed, by continuity 

lim I/n(t) - l(t)1 2 = ° for any t E [0, Tl, a.s. 
n-l-oo 

Because I/n(t) - l(t)1 2 ~ 4C2 , it follows that 

lim lT I/n(t) - l(t)1 2 dt = 0 a.s. 
n-l-oo 0 

by Lebesgue's dominated convergence theorem. But J: I/n(t) - l(t)1 2 dt < 
4TC2, so 

"u.~ E (( 1/.(t) -/(t)I' dt) ~ 0 

again by Lebesgue's dominated convergence theorem. This shows that In ap­
proximates I, which in turn implies that [(In) tends to [(I) in £2, concluding 
Step 3. 

Step 4. If F~/x is bounded by C > 0, then 

n-l 

J~~ L F~/x(ti, wt) ((LlfW )2 - Llft) = ° in L2, 
i=O 



7. Ito Stochastic Calculus 

since 

n-l 2 

E L F~'xW:, wt) ((LliW)2 - Llit) 
i=O 

n-l 

= L E IF~'x(ti, wt) ((LliW )2 - Llit) 12 
,=0 
n-l 

= L E IF~'x(ti, wt)12 E I (LliW)2 - Llit l
2 

,=0 
n-l n-l 

::; C2 L E I(LliW)2 - Llit l
2 = 2C2 L (Llit)2 

i=O i=O 

n-l T2 T2 
= 2C2 L"2 = 2C2 - -+ 0 as n -+ 00. 

i=O n n 

The first equality above holds because for any i < j 

E [F~~(ti, wt) (piW)2 - Llit) F~'xW;, WP) ((LljW)2 - Lljt)] 
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= E [F~'x(ti, wt) ((LliW)2 - Llit) F~'x(tj, Wn] E [(LljW)2 - Lljt] 

=0. 

This is because the expressions in the last two square brackets are independent 
and the last expectation is equal to zero. 

Step 5. By a similar continuity argument as in Steps 1 and 2 

lim sup IF~'x(ti, wt) - F~~(ti, wt) 1= 0 a.s., 
n-+oo i 

where the supremum is taken over all i = 0,1, ... , n-l. Since I:~:Ol (LliW)2 -+ 
T in L2 as n -+ 00, there is a subsequence nl < n2 < ... such that 

nk-l 
L (Ll~kW)2 -+ T a.s. 
i=O 

as k -+ 00. It follows that 

nk-l 
" (F" (f:k lV.nk) - F" (tnk W!lk)) (Ll~kW)2 L.J xx t 't xx t '" 1. 

i=O 

nk-l 
< sup IF" (t~k W!lk) - F" (t~k W!lk) I " (Ll~kW)2 -+ 0 as - xx 1 , 1+1 xx 1 , 1+1 L.J 1 .. 

i i=O 

as k -+ 00. 
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In those steps above where L2 convergence was obtained, we also have 
convergence a.s. by taking a subsequence. This proves the Ito formula (7.17) 
under the assumption that the partial derivatives F~(t, x) and F~~(t, x) are 
bounded. To complete the proof we need to remove this assumption. Let F(t, x) 
be an arbitrary function satisfying the conditions of Theorem 7.5. For each 
positive integer n take a smooth function 'Pn from IR to [0,1] such that 'Pn(x) = 
1 for any x E [-n, n] and 'Pn(x) = 0 for any x ~ [-n - 1, n + 1]. Then 

Fn(t, x) = 'Pn(x)F(t, x) 

also satisfies the conditions of Theorem 7.5 and has bounded partial derivatives 
(Fn)~(t, x) and (Fn)~:c(t, x) for each n. Therefore, by the first part of the proof 

Fn(T, W(T)) - Fn(O, W(O)) 

= loT ((Fn)~(t, W(t)) + ~(Fn)~x(t, W(t)) ) dt + loT (Fn)~(t, W(t)) dW(t). 

Consider the expanding sequence of events 

An = { sup IW(t)1 < n} . 
tE[O,T) 

Since F(t, x) = Fn(t.x) for every t E [O,T] and x E [-n,n], it follows that 
(7.17) holds on An. It remains to show that 

lim P(An) = 1 
n400 

to prove that (7.17) holds a.s. But the latter is true because of Doob's maximal 
L2 inequality, Theorem 6.7, which implies that 

n2 (1 - P(An)) = n2 P { sup IW(t)1 ~ n} 
tE[O,T] 

::; E ( sup IW(t)l) 2 
tE[O,T] 

::; 4E IW(T)1 2 = 4T, 

completing the proof. 0 

Example 7.4 

For F(t,x) = x2 we have F!(t,x) = 0, F~(t,x) = 2x and F~~(t,x) = 2. The Ito 
formula gives 

d (W(t)2) = dt + 2W(t) dW(t), 

which is the same equality as in Exercise 7.8. 
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Example 7.5 

For F(t, x) = x3 we have F;(t, x) = 0, F~(t, x) = 3x2 and F~/x(t, x) = 6x. By 
the Ito formula we obtain the same equality 

d (W(t)3) = 3W(t) dt + 3W(t)2 dW(t) 

as in Exercise 7.10. 

Exercise 7.14 (exponential martingale) 

Show that the exponential martingale X(t) = eW(t)e-~ is an Ito process and 
verify that it satisfies the equation 

dX(t) = X(t) dW(t). 

t 
Hint Use the Ito formula with F(t,x) = e"e- 2 . 

As compared with the simplified version just proved, in the general Ito 
formula below W(t) will be replaced by an arbitrary Ito process ~(t) such that 

d~(t) = a(t) dt + b(t) dW(t), (7.19) 

where a belongs to .ci and b to Ml for all t :2: 0. In the general case the proof 
will be omitted. 

Theorem 7.6 (Ito formula, general case) 

Let ~(t) be an Ito process as above. Suppose that F(t,x) is a real-valued func­
tion with continuous partial derivatives F£(t, x), F~(t,x) and F~~(t,x) for all 
t :2: 0 and x E lit We also assume that the process b(t)F~(t, ~(t)) belongs to 
Mj for all T :2: O. Then F(t, ~(t)) is an Ito process such that 

dF(t,~(t)) = (F;(t,~(t)) +F~(t,~(t))a(t) + ~F~~(t,~(t))b(t)2) dt 

+F~(t,~(t))b(t)dW(t). (7.20) 

A convenient way to remember the Ito formula is to write down the Taylor 
expansion for F(t, x) up to the terms with partial derivatives of order two, 
substituting ~(t) for x and the expression on the right-hand side of (7.19) for 
d~(t), and using the so-called Ita multiplication table 

dtdt=O, 
dW(t) dt = 0, 

dtdW(t) = 0, 
dW(t) dW(t) = dt. 
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This informal procedure gives 

dF = F' dt + F' de + ~ F," dt dt + F" dt de + ~ F" de de t x <" 2 tt tx <" 2 xx <" ." 

= F: dt + F~ (adt + bdW) 
1 1 

+ "2F:: dtdt + F:~ dt (adt + bdW) + "2F~~ (adt + bdW) (adt + bdW) 

- F' dt + F' (adt + bdW) + ~F" b2 dt - t x 2 xx 

= (FI + F' a + ~F" b2 ) dt + F' b dW t x 2 xx x' 

which is the expression in (7.20). Here we have omitted the arguments (t, ~(t)) 
and, respectively, (t) in all functions for brevity. 

Exercise 7.15 

Applying the Ito formula to F(t,x) = xn, show that 

n(n - 1) 
dW(tt = W(tt- 2 dt + nW(tt-1 dW(t) (7.21) 

2 

Hint This is a direct application of the Ito formula, but be careful with the assump­
tions, in particular make sure that nW(t)n-l belongs to Mf for all T > O. 

Exercise 7.16 (Ornstein-Uhlenbeck process) 
Suppose that a:: > 0 and a E IR are fixed. Define Y(t), t ~ 0 to be an adapted 
modification of the Ito integral 

Y(t) = ae-at lot eas dW(s) 

with a.s. continuous paths. Show that Y(t) satisfies 

dY(t) = -a::Y(t) dt + a dW(t) 

Hint Y(t) = F(t,W)) with ~(t) = u J: ea " dW(s) and F(t,x) = e-atx. 

7.5 Stochastic Differential Equations 

This section will be devoted to stochastic differential equations of the form 

d~(t) = f(~(t)) dt + g(~(t)) dW(t). 
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Solutions will be sought in the class of Ito processes ~(t) with a.s. continuous 
paths. As in the theory of ordinary differential equations, we need to specify 
an initial condition 

~(O) = ~o. 

Here ~o can be a fixed real number or, in general, a random variable. Being an 
Ito process, ~(t) must be adapted to the filtration F t of W(t), so ~o must be 
Fo-measurable. 

Example 7.6 

The stochastic differential equation 

dX(t) = X(t) dW(t) (7.22) 

was used as a motivation for developing Ito stochastic calculus at the beginning 
of the present chapter. In Exercise 7.14 it was verified that the exponential 
martingale 

X(t) = ew(t)e-~ 

satisfies (7.22). It also satisfies the initial condition X(O) = 1. This is an ex­
ample of a linear stochastic differential equation. For the solution of a general 
equation of this type with an arbitrary initial condition, see Exercise 7.20. 

Example 7.7 

In Exercise 7.16 it was shown that the Ornstein-Uhlenbeck process 

Y(t) = (fe-Ott lot eOt8 dW(s) 

satisfies the stochastic differential equation 

dY(t) = -aY(t) dt + (f dW(t) 

with initial condition Y(O) = O. This is an example of an inhomogeneous lin­
ear stochastic differential equation. See Exercise 7.17 for a solution with an 
arbitrary initial condition. 

Definition 7.9 

An Ito process ~(t), t ~ 0 is called a solution of the initial value problem 

d~(t) = f(~(t)) dt + g(~(t)) dW(t), 

~(O) = ~o 
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if ~o is an Fo-measurable random variable, the processes f(~(t)) and g(~(t)) 
belong, respectively, to C} and Mi, and 

~(T) = (0 + loT f(~(t)) dt + loT g(~(t)) dW(t) a.s. (7.23) 

for all T ~ O. 

Remark 7.3 

In view of this definition, the notion of a stochastic differential equation is 
a fiction. In fact, only stochastic integral equations of the form (7.23) have a 
rigorous mathematical meaning. However, it proves convenient to use stochastic 
differentials informally and talk of stochastic differential equations to draw on 
the analogy with ordinary differential equations. This analogy will be employed 
to solve some stochastic differential equations later on in this section. 

The existence and uniqueness theorem below resembles that in the theory 
of ordinary differential equations, where it is also crucial for the right-hand side 
of the equation to be Lipschitz continuous as a function of the solution. 

Theorem 7.7 

Suppose that f and 9 are Lipschitz continuous functions from ~ to JR, i.e. there 
is a constant C > 0 such that for any x, y E JR 

If(x) - f(y)1 < C Ix - yl, 
Ig(x) - g(y)1 < C Ix - yl· 

Moreover, let ~o be an Fo-measurable square integrable random variable. Then 
the initial value problem 

d~(t) 

~(O) 

f(~(t)) dt + g(~(t)) dW(t), 

~o 

(7.24) 

(7.25) 

has a solution ~(t), t ~ 0 in the class oflto processes. The solution is unique in 
the sense that if TJ(t), t ~ 0 is another Ito process satisfying (7.24) and (7.25), 
then the two processes are identical a.s., that is, 

P {~(t) = TJ(t) for all t ~ O} = 1. 
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Proof (outline) 

Let us fix T > O. We are looking for a process ~ E Mj such that 

~(s) = ~o + fos f(~(t)) dt + fos g(~(t)) dW(t) a.s. (7.26) 

for all s E [0, T]. Once we have shown that such a ~ E Mj exists, to obtain 
a solution to the stochastic differential equation (7.24) with initial condition 
(7.25) it suffices to take a modification of ~ with a.s. continuous paths, which 
exists by Theorem 7 A. 

To show that a solution to the stochastic integral equation (7.26) exists we 
shall employ the Banach fixed point theorem in Mj with the norm 

T 

1I~lIl = E fo e->.tI~(t)12 dt, (7.27) 

which turns Mj into a complete normed vector space. The number A > 0 
should be chosen large enough, see below. To apply the fixed point theorem 
define P : Mj -t Mj by 

p(~)(s) = ~o + fos f(~(t)) dt + fos g(~(t)) dW(t) (7.28) 

for any ~ E Mj and s E [0, T]. We claim that P is a strict contraction, i.e. 

(7.29) 

for some Cl < 1 and all ~,( E Mj. Then, by the Banach theorem, P has a 
unique fixed point ~ = p(~). This is the desired solution to (7.26). 

It remains to verify that P is indeed a strict contraction. It suffices to show 
that the two maps PI and P2, where 

P2(€)(S) = 1s g(~(t)) dW(t), 

are strict contractions with contracting constants Cll and Cl2 such that Cll +Cl2 < 
1. For PI this follows from the Lipschitz continuity of f. For P2 we need to use 
the Lipschitz continuity of 9 and the isometry property of the Ito integral. Let 
us mention just one essential step in the latter case. For any ~, ( E Mj 

IIp2(~) - P2(()1I1 = E foT e- AS lfos [g(~(t)) - g(((t))] dW(t)r ds 

= E foT e-AS fos Ig(~(t)) - g(((t))12 dtds 

~ C2 E foT e-A8 fo81~(t) - ((t)12 dtds 
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C2 E loT (iT e-ASeAt dS) e- At I~(t) - ((t)1 2 dt 

< ~2 E loT e-At I~(t) _ ((t)12 dt = ~2 II~ _ (II~ , 

since It e-ASeAt ds = t(l - e-A(T-t)) :s; t. Here C is the Lipschitz constant 
of g. If A > C2 Ie, then P2 is a strict contraction with contracting constant :s; c. 

There remain some technical points to be settled, but the main idea of the 
proof is shown above. 0 

Exercise 7.17 

Find a solution of the stochastic differential equation 

dX(t) = -aX(t) dt + (T dW(t) 

with initial condition X(O) = xo, where Xo is an arbitrary real number. Show 
that the solution is unique. 

Hint Use the substitution Y(t} = eatX(t}. 

A linear stochastic differential equation has the general form 

dX(t) = aX(t) dt + bX(t) dW(t), (7.30) 

where a and b are real numbers. In particular, for a = 0 and b = 1 we obtain the 
stochastic differential equation dX(t) = X(t) dW(t) in Example 7.6. The solu­
tion to the initial value problem for any linear stochastic differential equation 
can be found by exploiting the analogy with ordinary differential equations, as 
presented in the exercises below. 

Exercise 7.18 

Suppose that w(t), t ~ 0 is a deterministic real-valued function of class Cl such 
that w(O) = O. Solve the ordinary differential equation 

dx(t) = ax(t) dt + bx(t) dw(t), (7.31) 

with initial condition x(O) = Xo to find that 

x(t) = xoeat+bw(t). (7.32) 

(We write dw(t) in place of w'(t) dt to emphasize the analogy with stochastic 
differential equations.) 
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Hint The variables can be separated: 

~(~t; = (a + bw' (t)) dt. 

By analogy with the deterministic solution (7.32), let us consider a process 
defined by 

X(t) = Xoeat+bW(t) 

for any t 2: 0, where W(t) is a Wiener process. 

Exercise 7.19 

(7.33) 

Show that X(t) defined by (7.33) is a solution of the linear stochastic differential 
equation 

dX(t) = (a+ ~) X(t)dt+bX(t)dW(t), 

with initial condition X(O) = Xo. 

Hint Use the Ito formula with F(t,x) = eat+bx. 

Exercise 7.20 

Show that the linear stochastic differential equation 

dX(t) = aX(t) dt + bX(t) dW(t) 

with initial condition X(O) = Xo has a unique solution given by 

X(t) = Xoe(a-~)t+bw(t). 

Hint Apply the result of Exercise 7.19 with suitably redefined constants. 

(7.34) 

Having solved the general linear stochastic differential equation (7.30), let 
us consider an example of a non-linear stochastic differential equation. Once 
again, we begin with a deterministic problem. 

Exercise 7.21 

Suppose that w(t), t 2: 0 is a deterministic real-valued function of class C1 such 
that w(O) = O. Solve the ordinary differential equation 

dx(t) = Jl + x(t)2 dt + Jl + X(t)2 dw(t) 

with initial condition x(O) = Xo. 

Hint The variables in this differential equation can be separated. 
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Exercise 7.22 

Show that the process defined by 

X(t) = sinh(C + t + W(t)), 

where W(t) is a Wiener process and C = sinh-1 Xo, is a solution of the stochas­
tic differential equation 

dX(t) = ( VI + X(t)2 + ~X(t)) dt + ( VI + X(t)2) dW(t) 

with initial condition X(O) = Xo. 

Hint Use the Ito formula with F(t,x) = sinh(t + x). 

We shall conclude this chapter with an example of a stochastic differen­
tial equation which does not satisfy the assumptions of Theorem 7.7. It turns 
out that the solution may fail to exist for all times t 2': O. This is a familiar 
phenomenon in ordinary differential equations. However, stochastic differential 
equations add a new effect, which does not even make sense in the deterministic 
case: the maximum time of existence of the solution, called the explosion time 
may be a (non-constant) random variable, in fact a stopping time. 

Example 7.8 

Consider the stochastic differential equation 

Then 

dX(t) = X(t)3dt + X(t)2dW(t). 

1 
X(t) = 1 _ W(t) 

is a solution, which can be verified, at least formally, by using the Ito formula 
with F(t,x) = l~X. The solution X(t) exists only up to the first hitting time 

T = inf {t 2': 0 : W(t) = I} 

This is the explosion time of X(t). Observe that 

lim X(t) = 00. 
t,/'r 

Strictly speaking, the Ito formula stated in Theorem 7.6 does not cover this 
case, since F(t,x) = l~X has a singularity at x = 1. Definition 7.9 does not 
apply either, as it requires the solution X(t) to be defined for all t 2': O. Suitable 
extensions of the Ito formula and the definition of a solution are required to 
study stochastic differential equations involving explosions. However, to prevent 
an explosion of this hook, we have to refer the interested reader to a further 
course in stochastic analysis. 
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7.6 Solutions 

Solution 7.1 

Using the first identity in the hint we obtain 

n-l 

L W(tj) (W(tj+l) - W(tj)) 
j=O 

n-l 

= ~ L (W(tj+l)2 - W(tj)2) 
j=O 

n-l 

-~ L (W(tj+l) - W(tj))2 
j=O 

209 

n-l 

= ~W(T)2 - ~ L (W(tj+l) - W(tj))2 . 
j=O 

By Exercise 6.29 the limit is 

n-l 1 1 
nl~~ L W(tj) (W(tj+l) - W(tj)) = "2W(T)2 - "2 T . 

j=O 

Similarly, the second identity in the hint enables us to write 

n-l 

L W(tj+l) (W(tj+l) - W(tj)) 
j=O 

n-l 

= ~ L (W(tj+l)2 - W(tj)2) 
j=O 

n-l 

+~ L (W(tj+l) - W(tj))2 
j=O 

n-l 

~W(T)2 + ~ L (W(tj+l) - W(tj))2 . 
j=O 

It follows that 

Solution 7.2 

For any random step processes f, g E M~ep there is a partition 0 = to < tl < 
... < tn such that for any t ~ 0 

n-l n-l 

f(t) = L 1/j1[tj,tHIl(t) and g(t) = L (j1[tj,tHl)(t), 
j=O j=O 

where 'f/j and (j are square integrable Ftj -measurable random variables for each 
j = 0,1, ... ,n - 1. (If the two partitions in the formulae for f and g happen to 
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be different, then it is always possible to find a common refinement of the two 
partitions. ) 

As in the proof of Proposition 7.1, we denote the increment W(tj+1) - W(tj) 
by .1j Wand tj+l - tj by .1jt. Then 

n-l n--l 

1(1)/(g) = L L 1]j(k.1j W .1kW 
j=O k=O 
n-l 

= L 1]j(j l.1j WI 2 + L 1]j(k.1j W L1k W + L (j1]k L1j W L1k W, 
j=O j<k j<k 

where, by independence, 

and 

E (1]j(k..1 j W.1k W) = E (1]j(k.1 j W) E (.1k W) = 0 

E((j1]k..1jW.1kW) = E((j1]kL1jW)E(L1kW) =0 

for any j < k. It follows that 

n-l 

E (I(1)/(g)) = L E (1]j(j) .1j t. 
j=O 

Therefore, it suffices t.o show that 

E (f.oo f(.)g(.) d') = ~ E (q;(;) £I;', 

but this is true because 

Solution 7.3 

n-ln-l 

f(t)g(t) = L L 1]j(k1[tj,tj+l) (t)1[tk,tk+d(t) 
j=O k=O 
n-l 

= L 1]j(j 1[tj,ti+d (t). 
j=O 

We shall use a partition 0 = to < tl < ... < tn such that 

n-l 

f = L 1]j l[tj h+!l 
3=0 

n-l 

and 9 = L (jl[tj,ti+!l, 
j=O 
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where T]j and (j are square integrable Ftj-measurable random variables for each 
j = 0,1, ... , n - 1. (If the two partitions in the formulae for I and 9 happen 
to be different, then it is always possible to find a common refinement of the 
two partitions.) The increments W(tj+1) - W(tj) will be denoted by LljW for 
brevity. Then 

n-l 

al + (3g = L (aT]j + (3(j) I(tj,tj+tl 
j=O 

and 

n-l 

1(al+(3g) = L(aT]j+(3(j)LljW 
j=O 

n-l n-l 

= a L T]jLl j W + (3 L (jLl j W 
j=O j=O 

= a1(1) + (31(g). 

Solution 7.4 

Consider the following scalar products in M2 and £2: 

(I, g) M2 = E (100 I(t)g(t) dt) and (T], () L2 = E (T]() 

for any I, 9 E M2 and T], ( E £2. They can be expressed in terms of the 
corresponding norms defined in the proof of Proposition 7.2, 

(I,g) M2 
1 2 1 2 = 4111 + gllM2 - 4"1 - gllM2 , 

(T], () £2 1 2 1 2 
= 4 liT] + (11£2 - 4 liT] - (11£2 . 

Therefore Proposition 7.2 implies that 

(1(1), 1(g)} £2 = (J, g) M2 , 

which is the same as the equality to be proved. 

Solution 7.5 

If I E M~ep is a random step process, then so is I(o,t)1 E M;tep C M2 for any 
t > O. This in turn implies that I E Ml for any t > O. 

We shall verify that 1t(l) is a martingale with respect to the filtration Ft. 
Let 0 :S s < t and suppose that I E M;tep can be written in the form (7.2), 
where 

0= to < h < ... < tk = S < tk+1 < ... < tm = t < tm+1 < ... < tn· 
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Such a partition to, ... ,tn can always be obtained by adding the points sand 
t if necessary. We shall denote the increment W (t i+ d - W (t j) by .:1 j W as in 
the proof of Proposition 7.1. Then 

and 

m-l 

l[o,t]! = L 1Jj l[tj ,i;+1] 
j=O 

m-l 

It(f) = I(I[o,t]J) = L 1Jj.:1j W, 
j=O 

which is adapted to F t and square integrable, and so integrable. It remains to 
compute 

m-l 

E(It(f)IFs) = E (I(I[o,t]J)IFs) = L E(1]j.:1j WIFs). 
j=O 

If j < k, then 1]j and .:1j Ware Fs-measurable and 

If j ~ k, then Fs C Ftj and 

E (7/j.:1 j WIFs) = E (E (1Jj.:1 j WIFtJ IFs) 

= E (1JjE (.:1jWIFd IFs) 

= E(1JjIFs)E(Llj W) =0, 

since 1]j is Ftj -measurable and Llj W is independent of Ftj . It follows that 

k-l 

E(lt(.f)IFs) = L1]j Llj W = I(1[o,s]J) = Is(f). 
j=O 

Solution 7.6 

By definition, W(t) is adapted to the filtration F t and has a.s. continuous paths. 
Moreover, 

E (t IW(t)I' dt) ~ t E (IW(t)l') dt 

= loT tdt < 00. 

By Theorem 7.1 it follows that the Wiener process W belongs to Mi. 
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Solution 7.7 

Since W(t) is adapted to the filtration Ft, so is W(t)z. Moreover, 

E (t IW(tll' dt) ~ t E (IW(tll') d! 

= loT 3tZ dt < 00. 

Theorem 7.1 implies that W(t)Z belongs to Mi. 

Solution 7.8 

We fix T > 0 and put 

f(t) = l[O,T)(t)W(t). 

Then f E M2 and 

loT W(t) dW(t) = 1000 
f(t) dW(t). 

Take 0 = t~ < tr < ... < t~ = T, where ti = i;:, to be a partition of [0, T] 
into n equal parts, and put 

n-l 

fn = 2: W(ti)l[ti,ti+1)' 
i=O 

Then the sequence ft,!z, ... E Ms;ep approximates f, since 

By Exercise 7.1 

~ 1;i+1 E (IW(t) - W(ti)I Z) dt 

n-l t n 

= ~ 1.:;+1 (t - ti) dt 

n-l 

1 " ( n n)2 2 ~ ti+l - ti 
i=O 

1 TZ 
-- --+ 0 as n --+ 00. 
2 n 

n-l 

[(fn) = ~ W(ti) (W(ti+l) - W(ti)) --+ ~W(T)2 - ~T 
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in L2 as n -+ 00. We have found, therefore, that 

rT 1 1 io W(t)dW(t) = 2W(T)2 - 2T. 

Solution 7.9 

Let I(t) = t. Then l[o,T]1 belongs to Mf. We shall use the same partition of 
[0, T] into n equal parts as in Solution 7.8. The sequence 

n-1 

In = L ti1[ti,ti+1) E Ms;ep 
i=O 

approximates 1 [0, T] I, since 

E (J.oo 11[0,T[f(t) - fn(t) I' dt) ~ E (t If(t) - fn( t)I' dt) 

= ~ 1;i+1 It - til 2 dt 

1 n-1 T3 

3L n3 
i=1 

T3 
= 3n2 -+ 0 as n -+ 00. 

With the aid of the identity in the hint, we can write the stochastic integral of 
In as 

n-1 

fUn) = L tf (W(ti+!) - W(ti)) 
i=O 

n-1 n-1 

= L (ti+! W(ti+!) - tiW(ti)) - L W(ti+!) (ti+! - ti) 
i=O i=O 

n-1 

= TW(T) - L W(ti+1) (ti+! - ti) . 
i=O 

It follows that 

[Un) -+ TW(T) - loT W(t) dt 

in L2 as n -+ 00. Indeed, by the classical inequality IEZ;01 ail2 :s n E7::-01 lai 
and by the Cauchy-Schwartz inequality 

( 
n-L T 2) 

E t; W(ti+!) (ti+! - ti) -10 W(t) dt 
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= E ( ~ (1.;'+' (W(t~+,l - W(t)) dt) ') 

" n ~ E ( r' (W(t?Hl - W(t)) dt ') 

" n ~ (t:+, - t~) E (1.;'+' IW(tf+') - W(tll' dt) 

n-l (t~ 1 - t~)3 n-l T3 T3 
= n L ,+ 2 ' = n L 2n3 = 2n -t 0 as n -t 00. 

i=O ,=0 

This proves the equality in the exercise. 

Solution 7.10 

Using the same partition of [0, T] into n equal parts as in Solution 7.8 and 
putting 

n-l 

In = L W(tr)21[ti,ti+1). 
i=O 

we obtain a sequencE' II, 12, ... E M;tep of random step processes which ap­
proximates I = l[o,T] W 2 • Indeed, 

E (100 I/(t) - In(t)12 dt) = ~ [;i+1 E (IW(t)2 - W(tr) 2n dt 

~ [;i+1 (3 (t - tf)2 + 4(t - tf)tf) dt 

T3 
= - -t 0 as n -t 00. 

n 

The expectation above is computed with the aid of the following formula valid 
for any 0 ~ s ~ t: 

E ((W? - W;)2) = E ((Wt - Ws)4) + 4E ((Wt - Ws )3 Ws ) 

+ 4E ((Wt - Ws )2 W;) 

= 3(t-s)2+ 4(t-S)s 
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Using the identity in the hint, we can write 
n-l 

fUn) = L W(ti')2 (W(ti'+1) - W(ti')) 
i=O 

n-l 

~ L (W(ti'+1)3 - W(ti')3) 
i=O 

n-l n-l 

- L Weti') (W(ti'+1) - W(ti'))2 - ~ L (W(ti'+1) - W(ti'))3 
;=0 ;=0 

n-l 

~W(T)3 - L Weti') (ti'+1 - ti) 
i=O 

n-l 

- L Weti') [(W(ti'+1) - W(ti'))2 - (ti'+l - ti)] 
i=O 

n-l 

- ~ L (W(ti'+1) - W(ti'))3 . 
i=O 

The L2 limits of the last three sums are 

nl~~ I: Weti') (ti'+l - ti') = loT Wet) dt 
i=O 

n-l 

}~~ L Weti') [(W(ti+d - W(ti'))2 - (ti'+1 - ti')] = 0 
i=O 

n-l 

lim "(W(ti'+1) - W(ti'))3 = 0 
n-;oo ~ 

i=O 

Indeed, the first limit is correct because 

E ( ~ W(tf) (tf., - t:) - { Wet) dt ') 

( 
n-l rt~+l 2) 

= E t; itf' (W(ti') - Wet)) dt 

n--l t n 

t; [fi+ 1 E (IW(ti') - W(t)1 2) dt 

n--l t n 

= "fo 1f
i
+

1 (t - ti') dt 

T2 
= - ---+ 0 as n ---+ 00. 

2n 
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To the second limit can be verified as follows: 

n-l 

= 22: ti (ti+l - ti)2 
i=O 

(n - 1) 'J = 2 T~ -7 0 as n -7 00. 
n 

Finally, for the third limit we have 

It follows that 

E ( ~ (W(t~+I) _ W(tf)j' ') 

n-l 

= L E ((W(ti+l) - W(ti))6) 
i=O 

n-l 

= 62: (ti+1 - ti)3 
i=O 

n-l T3 6T3 
= 6 ~ - = - -7 0 as n -7 00. ~ n 3 n 2 

i=O 

[Un) -7 ~W(T)3 -loT Wet) dt, 

which proves the formula in the exercise. 

Solution 7.11 

We shall use part 2) of Theorem 7.1 to verify that 

~(t) = lot W(s) dW(s) 

217 

belongs to Mj for any T ~ O. By Theorem 7.4 ~(t) can be identified with an 
adapted modification having a.s. continuous trajectories. It suffices to verify 
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that ~(t) satisfies condition (7.9). Since the stochastic integral is an isometry, 

Eliot W(s) dW(S)1
2 = E lot IW(s)12 ds = lot sds = t;. 

It follows that 

E loT 1~(t)12 dt = E loT I lot W(s) dW(S)( dt = loT t; dt = ~3 < 00, 

i.e. ~(t) satisfies (7.9). As a result, ~(t) belongs to M:f. 

Solution 7.12 

We shall use the equality proved in Exercise 7.10: 

W(T)3 = 3 loT W(t) dt + 3 loT W(t)2dW(t). 

The process 3W(t) belongs to .ct for any T ~ 0 because it is adapted and 
has a.s. continuous paths, so the integral JoT 13W(t)1 dt exists and is finite. 
By Exercise 7.7 the process 3W(t)2 belongs to M:f for any T ~ O. It follows 
that W(t)3 is an Ito process. Moreover, the above equation caIll be written in 
differential form as 

dW(t)3 = 3W(t) dt + 3W(t)2 dW(t), 

which gives a formula for the stochastic differential dW(t)3. 

Solution 7.13 

It has been shown in Exercise 7.9 that 

TW(T) = loT W(t) dt + loT tdW(t). 

Since the Wiener process W(t) is adapted and has continuous paths, it belongs 
to .ct, while the deterministic process f(t) = t belongs to M:f for any T > O. 
It follows that tW(t) is an Ito process with stochastic differential 

d(tW(t)) = W(t) dt + tdW(t). 

Solution 7.14 
t 1 t For F(t,x) = e"'e-:r the partial derivatives are Ff(t,x) = -'2e"'e-:r, F~(t,x) = 
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eXe-~ and F~/x(t,X) = eXe-~. Since X(t) = ew(t)e-~, the ItO formula implies 
that 

dX(t) = dF(t, W(t)) 

(F;(t, W(t)) + ~F~/At, W(t))) dt + F~(t, W(t)) dW(t) 

= (-~X(t) + ~X(t)) dt + X(t) dW(t) 

= X(t) dW(t). 

Because of this, to show that X(t) is an Ito process we need to verify that 
X(t) = ew(t)e-~ belongs to Mf for any T > o. Clearly, it is an adapted 
process. It was computed in Solution 6.35 that EeW(t) = e~, so 

E loT IX(t)ldt = loT EeW(t)e-~dt = loT dt = T < 00, 

which proves that X(t) belongs to Mf. 

Solution 7.15 

Take F(t,x) = xn. Then F;(t,x) = 0, F~(t,x) = nxn- 1 and F~/x(t,X) = n(n-
1)xn-2. The derivatives of F(t, x) are obviously continuous, so we only need 
to verify that F~(t, W(t)) = nW(t)n-l belongs to Mf for T ~ O. Clearly, it is 
adapted and has a.s. continuous paths. Moreover, 

E loT InW(t)n- 112 dt = n210T E IW(t)1 2n- 2 dt = loT a2n_2tn-1 dt < 00, 

where ak = 2k/21T-1/ 2 r( ktl) and r(x) = foOOtX-le-t dt is the Euler gamma 
function. It follows by part 2) of Theorem 7.1 that F~(t, W(t)) = nW(t)n-l 
belongs to Mf. Therefore we can apply the Ito formula to get 

n(n -1) 
d (W(t)") = W(t)n- 2dt + nW(t)"-ldW(t), 

2 

as required. 

Solution 7.16 

Some elementary calculus shows that F(t, x) = e-atx has continuous partial 
derivatives such that F£(t,x) = -o:e-atx, F~(t,x) = e-at and F~~(t,x) = O. 
Clearly, ,(t) = (1 f; eD:S dW(s) is an Ito process with 

d,(t) = (1eatdW(t). 
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Since the function aeo:t F~ (t, x) is bounded on each set of the form [0, T] x JR, 
it follows immediately that aeo:tF~(t,'(t)) belongs to M:f for any T ~ o. As a 
consequence, we can use the Ito formula (the general case in Theorem 7.6) to 
get 

dY(t) = d (e-o:t,(t)) 
= -ae-o:t,(t) dt + e-o:taeo:t dW(t) 

= -aY(t) dt + adW(t), 

which proves that Y(t) satisfies the equality 

dY(t) = -aY(t) dt + a dW(t). 

Solution 7.17 

Take F(t, x) = eo:tx and consider the process 

Y(t) = F(t, X(t)). 

Then Y(O) = Xo and 

dY(t) = dF(t, X(t)) 

= (F:(t,X(t)) - aX(t)F~(t,X(t)) + ~a2F~~(t,X(t))) dt 

+ aF~(t, X(t)) dW(t) 
= (aeo:t X(t) - aeo:t X(t») dt + aeo:t dW(t) 
= aeo:t dW(t). 

by the Ito formula. It follows that 

Y(t) = Xo + a lot eO:s dW(s) 

and 

X(t) = e-o:tY(t) 

= e-o:txo + ae-o:t lot eO: s dW(s). 

Uniqueness follows directly from the above argument, but Theorem 7.7 can 
also be used. Namely, the stochastic differential equation 

dX(t) = -aX(t) dt + adW(t) 

is of the form (7.24) with f(x) = -ax and g(x) = a, which are Lipschitz 
continuous functions. Therefore, the solution to the initial value problem must 
be unique in the class of Ito processes with a.s. continuous paths. 
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Solution 7.18 

According to the theory of ordinary differential equations, (7.31) with initial 
condition x(O) = Xo has a unique solution. If Xo = 0, then x(t) = 0 is the 
solution. If Xo "I 0, then 

In x(t) = at + w(t) 
Xo 

by integrating the equation in the hint, which implies that 

x(t) = xoeat+bw(t). 

Solution 7.19 

By the Ito formula (verify the assumptions!) 

dX(t) = d (Xoeat+bW(t») 

= (axoeat+bW(t) + ~ Xoeat+bW(t») dt + bXoeat+bW(t)dW(t) 

= (a+ b;) X(t)dt + bX(t)dW(t). 

This proves that X(t) satisfies the stochastic differential equation (7.34). As 
regards the initial condition, we have 

X(O) = Xoeat+bW(t) I = Xo. 
t=o 

Solution 7.20 

The stochastic differential equation 

dX(t) = aX(t) dt + bX(t) dW(t) 

can be written as 

dX(t) = (c + ~) X(t) dt + bX(t) dW(t), 

where c = a - ~. By Exercise 7.19 the solution this stochastic differential 
equation with initial condition X(O) = Xo is 

X(t) = Xoect+bW(t) 

= Xoe(a-~ )t+bW(t). 

The uniqueness of this solution follows immediately from Theorem 7.7. 
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Solution 7.21 

We can write the ordinary differential equation to be solved in the form 

dx(t) V = (1 + w'(t)) dt, 
1 + X(t)2 

which implies that 

sinh- 1 x(t) - sinh-1 Xo = t + w(t). 

Composing the last formula with sinh, we obtain 

x(t) = sinh(c + t + w(t)), 

where c = sinh-1 Xo. 

Solution 7.22 

Since F( t, x) = sinh( t + x) satisfies the assumptions of the Ito formula, 

dX(t) = dF(t, C + W(t)) 

= (Ff(t,C + W(t)) + ~F~~(t,C + W(t))) dt 

+ F~(t, C + W(t)) dW(t) 

(COSh(C + t + W(t)) + ~ sinh(C + t + W(t))) dt 

+ cosh(C + t + W(t)) dW(t) 

= (VI + sinh2(C + t + W(t)) + ~ sinh(C + t + W(t))) dt 

+ VI + sinh2(C + t + W(t)) dW(t) 

( VI + X(t)2 + ~X(t)) dt + ( VI + X(t)2) dW(t). 

The initial condition X (0) = sinh C = Xo is also satisfied. 

(7.35) 



a.s. see almost surely 
absolutely continuous distribution 5 
adapted process 140 
adapted sequence of random variables 

48 
almost surely 2 
aperiodic state 105 

Bachelier 179 
Borel function 4 
Borel sets 2 
Borel-Cantelli lemma 3 
Brownian motion see Wiener process 

Chapman-Kolmogorov equation 92 
closed set of states 107 
conditional density 33 
conditional expectation 17 
- and independence 29 
- given a discrete random variable 19 
- given a sigma-field 27 
- given an arbitrary random variable 

22 
- given an event 17 
- linearity of 29 
- positivity 29 
- tower property 29 
conditional probability 8, 18, 22, 27 
convex function 31 

De Morgan's law 11 
density 5 
- joint 6 
diffusion equation 150 
discrete distribution 5 

discrete time 45 
distribution 
- absolutely continuous 5 
- discrete 5 
- exponential 140 
- gamma 149 
- joint 6 
- normal 152 
- of a random variable 4 
- Poisson 143 
distribution function 4 

Index 

Doob's maximal inequality 68 
Doob's theorem 71 
Doob-Dynkin lemma 4 

ergodic Markov chain 113 
ergodic state 105 
events 2 
- contracting sequence of 3 
- expanding sequence of 2 
- independent 8 
- pairwise disjoint 2 
expectation 6 
- conditional 17,19 
explosion time 208 
exponential distribution 140 
exponential martingale 160 

Fatou lemma 109 
filtration 47,139 
first entry time 55 
first hitting time 54 
function 
- Borel 4 
- convex 31 

223 



224 

- distribution 4 
- indicator 6, 18 
- step 6 

gambling strategy 
gamma distribution 

increments 
- independent 148 
- stationary 148 
independence 8 
independent 
- events 8 
- increments 148 

52 
149 

- random variables 9 
- sigma-fields 9 
indicator function 6, 18 
inequality 
- Jensen's 31 
- Schwarz 8, 13 
- up crossings 70 
integrable random variable 6 
invariant measure 110 
inverse image 4 
irreducible set of states 107 
Ito 180 
- correction 196 
- differential notation 194 
- formula 196,201 
- multiplication table 201 
- process 194 
- stochastic integral 180, 184, 186 

Jensen's inequality 31 
joint density 6 
joint distribution 6 

Kolmogorov's zero-one law 78 

lack of memory 141 
Lebesgue measure 2 
lemma 
- Borel-Cantelli 3 
- Doob-Dynkin 4 
Levy's martingale characterization 156 

Markov chain 88 
- homogeneous 90 
- n-step transition matrix 91 
- state space of 88 
- transition matrix 90 
- transition probability 90 
Markov property 88 
martingale 49,140 

Basic Stochastic Processes 

- exponential 160 
mass 5 
measurable function 3 
measure 
- Lebesgue 2 
- probability 2 
modification of a process 192 

normal distribution 152 
null-recurrent state 104 

optional stopping theorem 
Ornstein-Uhlenbeck process 

pairwise disjoint sets 2 
path 139 
periodic state 105 

58 
202 

Poisson distribution 143 
Poisson process 142 
positive-recurrent state 104 
previsible sequence of random variables 

52 
probability 
- conditional 8, 18 
- measure 2 
- space 2 
process 
- Ito 194 
- Ornstein-Uhlenbeck 202 
- Poisson 142 
- stochastic 139 
- Wiener 151 

Radon-Nikodym theorem 28 
random step process 181 
random variable 3 
- distribution of 4 
- expectation of 6 
- integrable 6 
- sigma-field generated by 4 
- square integrable 7 
- variance of 7 
random variables 
- independent 9 
- uncorrelated 9 
random walk 50, 93 
recurrent state 101 

sample path 45, 139 
Schwarz inequality 8,13 
sequence of random variables 
- adapted 48 
- previsible 52 
- stopped 55 



Index 

- uniformly integrable 74 
set, Borel 2 
sigma-field 1 
- generated by a random variable 4 
- independent 9 
- tail 78 
square integrable random variable 7 
state space 88 
stationary increments 148 
step function 6 
stochastic differential 194 
stochastic differential equation 180, 

202 
- linear 206 
stochastic integral 180 
- of a random step process 182 
stochastic matrix 90 
- double 90 
stochastic process 139 
- adapted 140 
- in continuous time 139 
- in discrete time 139 
- modification of 192 
- sample path of 139 
- version of 192 
- with independent increments 148 
- with stationary increments 148 
stopped sequence of random variables 

55 
stopping time 54 
submartingale 51,140 
supermartingale 51,140 
symmetric random walk 50 

tail sigma-field 78 
taking out what is known 29 
theorem 
- Doob's 71 
- optional stopping 58 
- Radon-Nikodym 28 
time 
- continuous 139 
- discrete 45,139 
- first entry 55 
- first hitting 54 
- stopping 54 
total probability formula 8 
tower property 29 
transient state 101 
transition density 151 
transition matrix 90 
- n-step 91 
transition probability 90 

uncorrelated random variables 9 
uniform integrability 74 
upcrossings 69 
upcrossings inequality 70 
upcrossings strategy 69 

variance 7 
variation 157 
version of a process 192 

Wiener process 151 
- Levy's martingale characterization 

156 
- n-dimensional 153 

zero-one law 78 

225 




