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Let your light so shine before men, that they may
see your good works, and glorify your Father
which is in heaven (Matthew 5:16).
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Xac suat cua bién co va phan
phoi xac suat

“Better than a thousand days of diligent study is one day with a
great teacher.”
— Japanese Proverb, http://quotationsbook.com

Gidi thicu

Cho dén ntra dau thé ky hai muoi, 1y thuyét xac suat méi tré nén mot khoa
hoc dude xdy dung chit ché bang hé tién dé Kolmogorov. Cho dén nay, 1y
thuyét xéc suat dude tmg dung vao rat nhiéu nganh khoa hoc khéc nhau,
trong dé ¢ cac vi du dién hinh nhu sau:

e Ly thuyét xic suat dugc st dung trong di truyen hoc nhu la mot mé
hinh cho su dot bién va déng mot vai trd quan trong trong nganh
tin-sinh.

e Nhiéu nganh Iy thuyét phat trién cao xem céc loai nhiéu trong cac thiét
bi dién t&t va hé théng giao tiép nhu 1a cdc qua trinh ngau nhién.

e R4t nhiéu cic md hinh trong nghién citu bién d6i khi quyén st dung
céc khai niém ciia 1y thuyét xdc suat.

e X4c suat déng vai tro nén tdng ctia nganh 1y thuyét tai chinh.

e Xic suat dugc st dung dé nghién cttu céc hé thdng phiic hop va cai tién
do tin cay ctia cac hé thong dé, vi du nhu céc hé théng trong thuong
mai hién dai hoac khong quan.
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Trong chuong nay ching ta sé nghién cttu cac khai niém co ban cua ly
thuyét xac suat nhu khéng gian mau, bién ¢b ngau nhién, do do xac suat, xéc
suat c6 diéu kién, va tinh doc 1ap. Qua dé, ching ta sé timg bude xay dung
nén mo6 hinh toan hoc cho cac hién tuong ngau nhién va tinh xéc suat ctia
cac bién cb, xac suat cé dicu kién théng qua cac cong thitc tinh xéc suat nhu
cong thic cong xac suat, cong thitc nhan xac suat, cong thitc xdc suat toan
phan va cong thiic Bayes. Bén canh d6, chuong nay ciing gisi thiéu nhiing
kién thitc co ban vé bién ngau nhién, vector ngau nhién, ham phéan phdi, cac
phan phéi x4c suat quan trong va céc dac trung ctia bién ngau nhién nhu ky
vong, phuong sai va do léch tiéu chuan.



2

Théng ké va cac suy luin théng
ké

Gidi thidu

Trong Chuong 1, chiing ta da nghién citu vé céc bai todn mang yéu té ngau
nhién. Dua vao cdc kién thitc ctia Chuong 1, chting ta sé nghién cttu cc bai
todn clia théng ké todn hoc va xit 1y s6 licu.

Théng ké toan hoc 1a khoa hoc nghién cttu cdc phuong phap thu thap,
phan tich, xit 1y céc sb liu dé dua ra céc suy luan c6 co sé khoa hoc phuc
vu cho viéc quan 1y tu nhién, xa hoi.

N&i dung chinh ctia chuong nay bao gom:

e MAu ngau nhién

Bai todn udc lugng tham sb

Bai toan kiém dinh gia thuyét

Bai todn phén tich tuong quan va hoi quy.
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Mot s6 mod hinh toan kinh té

Trong Chuong nay, ching ta sé van dung cac kién thtc ctia ly thuyét xac
suat, théng ké, dai s6 tuyén tinh va quy hoach tuyén tinh dé nghién cttu mot
s6 mo hinh toan kinh té. Noi dung ctia chuong bao gom:

e Mot s6 mo hinh toan kinh té dién hinh nhu m6 hinh 1dp ké hoach san
xuat, md hinh bai todn vAn tai, mo hinh bai todn khau phan thic dn, md
hinh bai toan lap ké hoach kinh doanh, mo6 hinh bai todn san xuat dong bd,
md hinh bai todn can déi lien nganh, mo hinh bai todn dau tu thi trudng
chiing khoan.

e Bai toan quy hoach tuyén tinh.
e Phuong phép don hinh giai bai todn quy hoach tuyén tinh.

e Mo hinh bai todn van tai.
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Chuan dau ra cia chuong

Muc tiéu Mo ta CBbR Miic do
gidng day
G1.3 Nam ving noi dung va phuong phap giai bai | T,U

todn quy hoach tuyén tinh, cAc mé hinh todn
kinh té dién hinh.

G2.7 Van dung céc kién thitc vé xdc suat, thong | U
ké, quy hoach tuyén tinh vao giai quyét mot
s6 mo hinh toan kinh té nhu bai toan 1ap ké
hoach san xuat, bai todn van tai, bai toin
khau phan thtic &n, bai toan quyét dinh t6i
uu va cac mo hinh khac nay sinh trong thuc
té nganh kinh té.

G3.1 C6 thai do tich cuc hop tac véi gido vién va | T
cac sinh vién khac trong qua trinh hoc va lam
bai tap.

G3.2 Phén cong cong viéc trong mot nhém bai tap | U
mot cach hiéu qua.

G3.3 C6 kha nang thuyét trinh cac van deé tu hoc | U

6 nha va bao cdo ket qua lam viéc ctia ban
than va ctia nhom.

No6i dung cua chuong
3.1 Bai toan quy hoach tuyén tinh

3.1.1 MJd& dau

Trong thuc té, khi tién hanh ké hoach héa san xuat, diéu khién hé théng va
thiét ké ky thuét ching ta luon huéng dén mot muc dich tiét kiém dugc von,
stic lao dong, thdi gian va tang hiéu qua giai quyét cac van dé duge dit ra.
Van dé dat ra la: "Lam thé ndo dé con ngudi ching ta toi da héa duoc hiéu
qud gidi quyét cta cdc van de duge dat ra trong dieu kién hién cé cdc yéu to
ve vat chat, khoa hoc kij thudt va nhan su,...".

Vao nhitng nam 40 ciia thé k§ XX nhitng van dé 1y luan dé giai quyét
cic bai toan tdi wu héa dudc dat ra méi dudec quan tAm nghién ctu mot
cach c6 khoa hoc. Nam 1939, nha todn hoc ngusi Nga, Leonid Vitaliyevich
Kantorovich (1912 — 1986) da cong bd két qua nghién citu vé cdc phuong
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phép toan hoc trong to chiic va quy hoach san xuat. Kantorovich da chi ra
rang, c¢6 rat nhiéu cdc mo hinh trong thuc té déu c¢6 thé moé hinh héa béi mot
dang m6 hinh toan hoc. Tuy vay, céc két qua ctia Kantonovich da khong ducc
cong nhén & thoi d6. Nam 1941 Frank Hitchcock [3] da tng dung y tudng
nay trong nghién cttu cdc bai toan vé giao thong van tai. Nam 1945, George
Stigler da van dung 1y thuyét nay dé xéc lap khau phan &n cho mdi c4 nhan
v6i chi phi t6i thiéu. Thong qua nhitng két qua nghién cttu nay, dic biét 1a
trong céc bai toan diéu binh trong chién tranh thé gisi thit hai, da cho ngusi
ta thay 16 ¥ nghia ctia 1y thuyét quy hoach todn hoc trong viéc giai quyét
céc bai todn t6i uu héa trong thuc tién. Sau dé, nam 1951, George Dantzig
da dua ra phuong phap don hinh dé giai bai toan quy hoach tuyén tinh dugc
dé xuat bsi Kantorovich. Véi ¥ nghia to 16n ciia 1y thuyét quy hoach tuyén
tinh trong viéc t6i wu héa cdc md hinh trong thuc té Kantorovich da dugc
nhan giadi thudéng Nobel vé kinh té niam 1975.

Bai todn toan ti vu héa tong quat dugce phat biéu nhu sau:

Tim = = (21, 2s, ..., 2,) lam cac dai héa (cu ticu hoéa) ham f(x):

f(x) — max(min) (3.1)

v6i cac dieu kién

Lm (3.2)

re X CR"

Bai toan (3.2)) (3.2]) duge goi la mdt quy hoach. Ham f(z) duge goi la ham
muc tiéu, cac ham g;(z), i = 1, m dudc goi 1a cdc ham rang budc, mdi dang
thitc hodc bat dang thtic trong hé (3.2) dugce goi 1a mot rang bude. Tap hop

M = {z € R"|théa man diéu kién (3.2)} (3.3)

dudc goi 1a tap cdc phuong 4n. Mdi diém z = (21, 29, - ,1,) € M dudc goi
13 mot phuong 4n (hay mot 16i gidi chdp nhan duge). Mot phuong én x* € M
13 cuc dai (hay cuc tiéu) ham muc tiéu, cu thé 1a

f(x*) > f(x), Yo € M d6i v6i bai toan max

f(@*) < f(x), Yo € M dbi v6i bai todn min

dugc goi 1a phuong an ti wu (hay 15i gidi cia bai toan). Khi do, f(z*) duge
goi 1 gid tri t6i uu clia bai todn.
Phan loai cac bai toan

- Néu cad ham muc tiéu f(z) va ham rang budc g;(z), i = 1,m deu 1a
nhitng ham tuyén tinh ta c6 bai todn quy hoach tuyén tinh.
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- Néu ham muc tiéu f(z) hodc ham rang budc g;(x), i = 1, m phu thudc
tham sb ta c6 bai todn quy hoach tham so.

- Néu qué trinh ta xét 1a qué trinh nhiéu gia doan néi chung, hay qué
trinh phts trién theo thoi gian néi riéng thi ta ¢ bdi todn quy hoach dong.

- Néu ham muc tiéu f(z) hodc ham rang budc g;(x), i = 1, m 1a ham phi
tuyén ta c6 bdi todn quy hoach phi tuyén.

- Néu tap phuong an la tap roi rac ta c6 bai todn quy hoach roi rac. Néu
tap phuong an chi nhan cac gia tri nguyén ta co bai toin quy hoach nguyén.

- Néu trén cling mot tap phuong an ta xét cdc ham muc tiéu khéac nhau
ta c6 bai todn quy hoach da muc tiéu.

3.1.2 Bai toan quy hoach tuyén tinh

Vi du 3.1 (Bai todn vé ké hoach san xuat). Mot xi nghiép du dinh sdn xudt
n loai san pham tit m loai nguyén liéu khéc nhau. Pé san xuat 1 don vi san
pham loai j can dung a;; (i = T,m) don vi nguyén liéu loai 4 va tién 1ai thu
duge 1a ¢; don vi tién. Biét rang nguyén liéu loai 7 dugc cung cap tbi da 1a
bi, (i = I, m) va luong san pham dudc san xuat ra déu dugc tiéu thu hét.
Hay cho biét x{ nghiép nén c¢é ké hoach san xudt nhu thé nao dé thu dugc
tien 1ai 16n nhat véi diéu kién cung cap nguyén lidu thuc té.
Thiét lap mé hinh:

Goi z; 1a lugng sdn pham loai j (j = T,n) ma xi nghiép san xuét (z; > 0).
Khi do,

e Tién lai thu duge 1a f(x1, zs,...,2,) = X7, ;5.

e Ludng nguyén liéu loai ¢ phai st dung 1a >°7_; a;;z; < b; i =1,m.

Vay ta c6 bai toan thé hién ke hoach san xuat ctia xi nghiép la

max{f(z1,x9,...,2,) = zn: ¢y} (3.4)
=1

\ iai'iﬁ'ﬁbii:lam
v6i didu kien { =1 7 (3.5)
z; >0, j=1,n

e Néu bo sung vao bai toan cac dieu kién: san pham loai j duge san xuét
ra chi ban duge ;% va mdi don vi san pham loai j ton kho x{ nghiép phai
bé ra B; don vi tien dé tiéu hiiy. Khi d6, ham muc tiéu sé bi thay doi va ta
cé bai todn sau

1 &2 1 &
max {f(a:l, To,y ..., Tpy) = 100 Z cja;T; — 100 Z (100 — ozj)x]} (3.6)
j=1 Jj=1
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. iai‘I‘Sbii:Lm
v6i didu kien { /=1 7 (3.7)
z; >0, j=1n

Vi du 3.2 (Bai todn van tai). C6 m nha phan phéi mot loai hang. Luong
hang c6 thé cung cap ¢ nha phan phéi i, i = I, m 1a a;. Can phan phéi loai
hang nay dén n cita hang tiéu thu. Cita hang thit j, j = 1,n can luogng hang
la b;. Cu6c phi van chuyén 1 don vi hang tit nha phan phdi i dén cita hang
j1a ¢, Vi =T1,m;j = I,n. Hay 14p ké hoach phan phdi hang sao cho tong
cuéc phi van chuyén bé nhat sao cho céc nha phan phdi phat hét hang va
cac ctta hang nhan du hang.
Thiét lap mo hinh:

Goi z;; 1a lugng hang duge van chuyén tit nha phan phéi i (i = T,m) dén
cita hang j (j = I,n) (x;; > 0). Khi d6,

e Tong cube phi van chuyén 1a f(z) = X7, >i CijTij

e Lugng ma nha phan phdi i phat di 1a i1 Tig =a; i

1,m.

e Luong ma cita hang j nhan duge la 337", x;; =b; j =1,n.

Viay ta c6 bai todn thé hién ké hoach phan phdi hang la

i=1j=1
ixij:ai Z:Lm
j=1
voi dieu kitn { $~ = j=Ton (3.9)

=1

Lij ZO, Vizl,m,jzl,n

Vi du 3.3 (Bai todn chiéc tti). Mot ngudi di du lich dem theo mot chiée
ti. Nguoi dé chi ¢6 thé mang chiée tii ning t6i da la b kilogram. C6 n loai
do vat ma anh ta du dinh mang theo. Mdi do vat loai j c6 khdi lugng 1a a;
kilogram va c6 gid tri 1a ¢;, ngudi du lich muén chat vao tii cdc do vat sao
cho tong gia tri dd vat dem theo 1a 16n nhat. Hdi ngudi du lich nén chon do6
vat nhu thé nao dé dat duge muc dich dat ra.
Thiét lap mo hinh:

Goi z; 1a s6 do vat loai j (j = I,n) du khach xép vao tii (z; > 0,z; € Z).
Khi do,

e Gi4 tri do vat dem theo 1a f(z1,2a,...,7,) = iy ¢
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e Tong khdi luong do vat 1a i ajzy < b

Vay ta c6 bai toan thé hién ké hoach chon dd vt bo vao tii 1a 1a
maX{f('r17I27"'7$n) — ZC]I']} (310)
j=1

Z?:l ;T S b
voi dieu kienqz; >0, j=1,n (3.11)
x; €L, j=1,n

Day la bai toan quy hoach nguyén.

Bai toan chiéc tii duge 4p dung nhiéu trong phan phdi hang héa, con
dugc goi 1 bai todn "ngudi bin hang" ching ta cé thé phat biéu lai bai toan
nay trong tinh hudng ctia ngudi ban hang nhu sau:

M6 ngudi ban hang can van chuyén céc loai hang dén céc cita hang dé
phan phdi. Trong tai ciia chiée xe, t6i da 14 b tan. Trong kho hang c6 n loai
hang can dugc dua di phan phéi. Méi don vi hang loai j c6 khéi lugng 1a a;
kilogam va c6 gid tri 1 ¢; don vi tién. Hoi trong mdi chuyén hang nha phéan
phéi nén chuyén ché nhiing loai hang nao véi s6 luong 1 bao nhiéu dé tong
gid tri mat hang phan phdi 1a 16n nhat ma khong vudt qud tai trong ciia
chiéc xe.

Vi du sau day thudng xuat hién trong cic nganh héa thuc pham, chin
nuoi. Bai todn sé dudc néu ra la khac nhau trong timg tinh hudng tng dung
khac nhau, chang han dé 1ap ké hoach dai han cho viéc phét trién cong nghiép
an uéng hodc ké hoach héa viéc phan phéi thitc &n cho tré em § cdc nha tré,
cic don vi bd doi, cac bénh vién diéu dudng ...cac bai todn sé khac nhau
néu chiing ta han ché, thém bét, thay doi tiéu chuan danh gia khau phan sé
cho ching ta nhitng bai todn khac nhau. Sau day la mot vi du cho céc tiéu
chi co ban xac dinh khau phan an

Vi du 3.4 (Bai toan vé khau phan thtic &n). Mot khau phan thiic &n ¢ khéi
lugng P, c¢6 thé dude cau tao tit n loai thitc an. Gid mua mot don vi thic
an loai j 1a ¢;. Dé ddm bao co thé phat trién binh thudng thi khau phan can
m loai chat dinh dudng. Chéat dinh dudng thit 7 can t6i thiéu cho khau phan
la b;, c6 trong mot don vi thttc an loai j 1a a,;. Hoi nén cAu tao khau phan
thitc &n nhu thé nao dé &n di no, da chat dinh dudng ma gia thanh ré nhat.
Thiét lap mé hinh:

Goi x; 1a 86 don vi thiic 4n loai j c6 trong khau phan(z; >0, j = 1,n).
Khi do,

e Gid thanh ctia khau phan 1a f(z) = ¥ ¢;x;
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e Luong dinh dudng loai i c6 trong khau phan la Y agry = by 1=
1, m.

e Khéi lugng ctia khau phan an la YTy =P

Vay ta c6 bai toan thé hién ké hoach tao khau phan an 1a

min{f(z) =Y ¢;z;} (3.12)
j=1
i T = P
j=1
voi didu kien { S~ g0 > b, i = Lm (3.13)
j=1

z; >0, Vi=1,n

Trong ké hoach cong nghiép héa va hién dai héa dat nuéec mot trong
nhitng nhiém vu qua trong la phét trién ngudn nang luong sach, trong d6 c6
ning lugng dién. Ching ta dang phai xdy dung nhimg du an, tiéu chuan veé
nhitng nha méy thiy dién va nhiét dién st dung dang chat dét khac nhau.
Khi gidi quyét cdc van dé ve dién khi héa ctia mdt viing ngudi ta can phan
b6 céac kieu nha may c6 kha ning théa man yéu cau clia viing véi chi tiéu
nhoé nhéat. Chiing ta c¢6 thé hinh dung théng qua vi du sau.

Vi du 3.5 (Quy hoach nha mdy dién). Véi diéu kién tu nhién & mot quoc
gia qua viéc khéo sat cho thiy c6 kha nang xdy dung mot kiéu nha may dién
trong n kiéu nha méy dién. Viéc b trf hé théng nha may phai dam béo cong
sudt tiéu chuan la A, cong sudt dinh B dinh trude, va mic sin xuit ning
luong ca nam dinh truée C'. Chi tiéu cho xay dung cac nha may khong vugt
qua tong cb dinh D. Cong suat tiéu chuan dé ddm bao cho mot nha mdy
kiéu j 1a a;; cong suit dinh ctia nha mdy kieu j 1 b;; ning lugng san xuat
duge ctia 1 nha may kiéu j la c¢; chi phi st dung cho viéc van hanh 1 nha
may kiéu j 1a f;. Hay cho biét nén bd tri mang ludi nha may dién nhu thé
nao dé dam bao dugc nhu cau nang luong ctia qudc gia ma chi phi vin hanh
{t nhat.
Thiét lap mo hinh:

Goi z; 1a s6 nha mdy dién loai j dugc xay dung (z; > 0, j = I,n). Khi
do,

e Téng chi phi dé van hanh 1 f(z) = ¥, ¢;z;.

Jj=1

e Cong suit tiéu chuan dat duge hang nam la Yoy ajry > A

e Cong suat dinh ctia hé théng nha may 1a i1 bjz; > B.
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e Nang luong san xuat dudc clia mang ludi 1a i cxy > C.
e Chi phi xay dung co ban 1a >°7_; djz; < D.

VAy ta c6 bai toan thé hién ké hoach xay dung mang luéi nha may dién 1a

min{ f(z Z ¢} (3.14)
jz: ajr; > A
jél bjl’j Z B
voi diéu kien 3 S~ ¢z, > C (3.15)
j=1
j;l djl'j S D
r; >0, Vi=1n

Céc vi du trén cho ta mot dang bai todn giéng nhau va dé chinh 1a céc
bai todn quy hoach tuyén tinh. Dang tong quét ctia bai toan quy hoach tuyén
tinh la

min(max){ f(z chxj} (3.16)
f:a”x] > Viel
7=1
. S oair; <b;Viel
voi didu kien {517 ’ (3.17)
> aiixr; =b; Vi€l
j=1
r; >20,Vj € Jy; x; <0,V) € Jy; zjtuy y,Vj € J3
trong dé [1 U]QU[g = {1,2,3,...m}; Jl UJQUJg = {1,2,TL}
Vi du 3.6. Xét bai toan quy hoach tuyén tinh
min{5x1 + 31132 — $3} (318)

T, — 29 + 7ZL‘3 > 10
R — 3 3 <15
véi didukign | TL T2t EES (3.19)
1+ X9 + 105173 =20
T Z 07 {o) S 07 Zs tl\ly y
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3.1.3 Cac dang dac biét
Dang chinh tic

Dang chinh tdc ctia bai todn quy hoach tuyén tinh la

min{ f(z) = Xi: cjxj} (3.20)

N iaim':biVizl,m
v6i didu kien { /=1 (3.21)
X > 0, V] = 1,71.

Mot bai toan quy hoach tuyén tinh luén dua vé dude dang chinh téc theo
quy tic sau
+) Ta ¢
max{f(X)} _ [min{-7(X)}
X e M. X e M.
+) Néu bai todn gbc cé dicu kién i a;;x; < b; (hoac i a;x; > b;) ta
j=1

J=1
dua thém an phu x,.; véi ¢,; = 0 dé cb

n n
Z ;T + Tpyi = bz (tu’dng fIIlg Z QijTj — Tpyq = bz)
j=1 j=1
+) Néu z; < 0 ta thay béi an 2 = —z;. Néu an s6 x;, chua 16 vé dau ta
thay thé né bsi hai &n méi ), z, > 0 véi 5 = 2}, — .
Vi du 3.7. Pua bai todn sau vé dang chinh tic

max{5z; + 3xs — x3} (3.22)

r1 — 229+ Tx3 > 10
—2r1+ 310+ 23 <15
1+ 29 + 1023 = 20
x1 >0, 2o <0, x3 tuy y.

(3.23)

véi dieu kién

Thay max f(X) bdi min{—f(X)}, dua thém an phu x4, z5 > 0 thay z, bdi
Tl = —xy va thay z3 = x — zf v6i 24, 25 > 0. Ta cé dang chinh tic ctia bai
toan la

min{—5z; + 3z}, + x5 — 24 (3.24)
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xy + 205 + Toy — Tah —xy =10
—x; —3xh +ah —af  +a5=15
r1 — x4 + 1025 — 1025 =20

/ / "
T1, Ty, T3,Ty,Ta,T5 > 0.

(3.25)

véi dieu kién

Cht y 3.1.1. Moi bai todn quy hoach tuyén tinh tong qudt deu cé thé viét
dugc dudi dang mot bai todn dang chinh tdc bang cdch thém cde an phu. Vi
vy, ching ta chi nghién cidu cdch gidi cho bdi todn dang chinh tdc.

Dang chuan tac

Bai toan quy hoach tuyén tinh dang chuan tic la

min{ f(z) = ilcjxj} (3.26)

N iaim‘zbiVizl,m
v6i didu kien { j=1 7 (3.27)

Bai toan khau phan thitc &n trong vi duf3.4) cho ta bai todn dang chuén tic.

3.1.4 Tinh chit ctia bai toin quy hoach tuyén tinh

Trong muc nay ching ta sé trinh bay cdc tinh chit ctia bai todn quy hoach
tuyén tinh. Céc tinh chat nay c6 sit dung dén mot sb khai niém va tinh chat
ctia t6 hop 16i. Do dé, truoc hét ching ta nhic lai mot s6 khéi niém va tinh
chit co ban ctia to hop 16i trén khong gian R™.
Tap hop M C R™ dugc goi 1a tdp hop loi néu véi bat ky hai diem X, X2 €
M ta cod
AXi+(1-MN)Xoe M, YAe]0,1].

Tap M = {X = (z;) € R" : 3% ajjz; < biyi = 1,2,...,m} 1a mot tap
16i. Khi d6, ta goi M 1a tdp 67 da dién.

Gia st M C R™ 1a mét tap hop 16i. Diém X € M duoc goi 1a diém cuc
bién ctia M néu khong thé biéu dién thanh t6 hop 16i thuc su ciia hai diém
bat ky thuoc M. Tiic 1a khong ton tai X; va Xy thuoc M va X € (0,1) sao
cho

X =2X; 4+ (1 = )Xo.

* Tap 16i da dién khéc réng va bi chin (ton tai s6 thuc L > 0 sao cho véi
moi X = (z;) € M tadéucd |z;| < L, j=1,2,..,n) dugc goi 1a da dién 16i.
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Mot da dién 161 M cé hitu han diém cuc bién X, Xo, ..., X, va moi diém
thudc da dién 161 déu 1a t6 hop 16i ciia cac diém cuc bién, nghia la moi X € M
thi

T T
X=> NX;, A>0) \=1
j=1 j=1

Tiép theo ta s& xét mot s6 tinh chat ctia bai todn duy hoach tuyén tinh.
Khong mat tinh tong quét, xét bai todn quy hoach tuyén tinh dang chinh
téc voi cac gia thiét

min{ f(x) = zj: cjxj} (3.28)

R g:aim':bz-Vizl,m
v6i didu kien { /=1 (3.29)
X > 0, V] = 1,71.

Ta c6 ma tran hé s6 ctia hé diéu kién ([3.29) 1a

(A1) (A2) (43 ... (An)
@11 12 ais e Q1n
A= a91 a2 Qo3 e (2, (3.30)
Am1 Am2 Am3 “e (07

mXxn

trong d6 A; ky hiéu véc to cot thit j cia ma tran A. Ttc la

amj

+) m < n (trudng hop m > n thi bai todn c¢6 khong qué 1 phuong 4n.
Do d6, viéc tim phuong an t6i wu 1a khéng cé ¥ nghia).

+) Hang cia ma tran hé s6 A c6 hang bang m.

+) b > 0Vi =T, m.

+) M = {X = (x1,22,...,2,)| théa man diéu kién budc (3.29)} 1a tap
phuong an cua bai toan.

Tap phuong én ctia bai todn quy hoach tuyén tinh 13 tap 16i. Piém cuc
bién X clia tap 16i cadc phuong &n M dudc goi 1a phuong dn cuc bién cia bai
toan.

Gia st X = (x1, 29, ..., x,) la mot phuong an cuc bién cta bai toan. Khi
dé {4;| z; > 0,5 = 1,n} dugc goi 1a hé véc to co so lién két v6i phuong an
cuc bién X.
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Mot phuong an cuc bién ¢6 da m toa dd duong dudc goi la phuong dn
cuc bién khong suy bién. Bai toan c6 tat ca cac phuong an cuc bién khong
suy bién thi dugc goi 1 bai todn khong suy bién.

Tinh chit 3.1.2.

1) Tap phuong dn M cia bai todn la tdp loi da dién.

2) Néu tap phuong dn M cia bai todn khdc rong va bi chdn thi ton tai
phuong dn cuc bién toi .

8) Néu bai todn quy hoach tuyén tinh cé hai phuong dn toi wu khdc nhau
thi ¢6 vo 6 phuong dn toi wu.

4) Phuong dn X = (z;) la phuong dn cuc bién khi va chi khi hé véc to co
sd {Aj| z; > 0,7 = T1,n} lién két véi X doc lap tuyén tinh.

5) Néu bai todn cé phuong dn toi wu thi c¢é it nhat mét phuong dn cuc
bién toi .

6) So toa do duong cia phuong dn cuc bién toi da la m.

7) Sé phuong dn cuc bién cia bai todn la hitu han.

8) X € M la phuong dn cuc bién khi va chi khi X théa man chdt n dieu
kién buoc.

Chiing minh. Trong gido trinh nay ching t6i khong trinh bay chiing minh
cac tinh chat nay. Dé biét chi tiét vé céc tinh chat nay ngudi doc ¢6 thé xem
trong tai lié¢ tham khao[l]. O

Khéng méat tinh tong quéat ching ta gid thiét bai toan (3.28)(3.29) c6
dang

min{ f(X) = icjxj} (3.31)

R xi—i—Zaijxj:bi,ieI
v6i dieu kién o (3.32)
Z; 20,]':1,2,...,71,

trong d6 I = {1,2,...,m}. Khi d6 ma tran hé s6 ctia hé diéu kién 1a
(A1) (A2) ... (An) (Ams1) .. (An)
1 0 Cee 0 A1m+1 e A1y
A= 0 1 R 0 A2m+1 R Aoy, , (333)
0 0 - 1 Armm+1 . mn |

va ta ¢6 phuong an cuc bién

0,0 0 0 .
X0:<x1,x2,... x O,...,O), x, =b,1=12....m

Y m?
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v6i hé vée to co s6 1a (A4 ... A,,) tao thanh ma tran don vi

(A1) (A2) ... (An)
1 0 0
B=(A44,...A)= |0 1 ... 0 , (3.34)
0 0 1
mXxXm
Ky hiéu
Xp = (m?,xg,...,xgn) O =(c1,¢9,. .., Cm) -
Khi do,
20 A25A + -+ 20 A, = B hay BX}, = B; (3.35)
f(Xo) =C*X*B = 12} + corhy + ... cpual; (3.36)
A] = alel -+ anAg + ...+ amjAm (337)
Ky hiéu
Aj = C*AJ —C = ZCZ‘CLU — Cy. (338)
i=1

Tinh chat 3.1.3.

1) Néu tgi phuong dn cuc bién Xy 6 A; <0, Vi =1,2,...,n thi X, ld
phuong dn toi wu.

2) Néu tai phuong dn cuc bién Xo ton tai A > 0 va moi ay, < 0, (i =
1,...,m) thi bai todn khong cé phuong dn téi wu (ham muc tiéu khong bi
chan trén tap phuong dn).

3) Néu tai phuong dn cuc bién X, théa man vdi moi Ay, > 0 luon ton
tai a;, > 0 thi sé zdy dung duoc phuong dn cuc bién X, toét hon phuong dn
Xo theo nghia f(X1) < f(Xo).

Chitng minh. Trong gido trinh nay ching t6i khong trinh bay chitng minh
céc tinh chat nay. D& biét chi tiét vé cic tinh chat nay ngudi doc ¢ thé xem
trong tai lié tham khao[l]. O

3.1.5 Phuong phap don hinh giai bai toan quy hoach
Y tudng chung

Theo Tinh chét chiing ta thay rang sé phuong an cuc bién ctia bai toan
1a hitu han va néu bai todn c6 phuong 4n toi wu thi c6 phuong an cuc bién
t61 wu. Mit khac, cdc bai todn trong thuc té thudng chi yéu cau ching ta chi



20 3. MOT SO MO HINH TOAN KINH TE

ra mot chién lude t6i wu nao dé. Do vdy, v tudng ciia ching ta la chi can tim
phuong 4n cuc bién téi wu bang cach nhu sau.

- Xuat phét tit mot phuong an cuc bién X, nao dé, tim cach kiém tra
xem Xy ¢6 phai la phuong an cuc bién khong?

- Néu X, 1a t6i wu thi dimg va két luan.

- Néu khong, tim cach xay dung mdt phuong 4n cu bién méi X; t6t hon
Xo.

- Qué trinh duge lap di lap lai sau hittu han buée lap sé tim duge phuong
4n t6i wu hodic chi ra bai todn vo nghiém.

Phuong phéap tim phuong 4n cuc bién t6i wu nhu trén dude goi 13 "phwong
phdp don hinh'. Co s dé giai bai toan ching ta dua vao Tinh chéat

Thuat toan

Budc 0 (Ldp bing zudt phdt) Chon hé véc to co sé don vi va phuong an cuc
bién xuat phét.

- X4c dinh 29, i =0,m

- Xdc dinh ¢; Vi =1,n; a;; Vi=1,m;j =1,n.

- Xac dlIl},l Aj = Z;il Cﬂij —/Cj; V] = m
Buéc 1 (kiém tra tiéu chuan toi vu) A; <07, Vj=1,...,n.

- Néu cé, chuyén sang budc 6.

- Néu khéng chuyén sang buoc 2.
Buéc 2 (kiém tra khd nang khong cé téi wu). Ton tai Ay > 0 ma ag, < 0?

- Néu cé, chuyén sang budc 6.

- Néu khéng chuyén sang budc 3.
Budc 3 (chon véc to vio co sd). Ay = max{A,; : A; > 0}, dua A vao co
S0.
Bubc 4 (chon véc to ra khéi co s6). g = min{% Dayg >0} = %, dua A,
ra khoi co s6.
Buéc 5 (Xay dung phuong dn cuc bién mdi). Xay dung phuong an cuc bién
méi X, theo quy tic T. Gan X, := X quay trd lai buée 1.
Budéc 6 Két luan.

Dé bién d6i tit phuong dn X, sang phuong an X; theo thudt toan trén,
dé thuin tién ngudi ta md ta né trén bang don hinh sau
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Béng | Cosd | Hé s0 | Toa do | ¢ co || e || e
Ai C; €T; A1 A2 R Aj R An
0
A4 C1 €y Q11 | Q12 | - | A1 | | Qin
0
Ay Co Ty Q21 | Q22 | =+ | Q25 |~ | A2p
0
I A; C; Z; ;1 Qi | = | Qi | v | Qup
0
Am Cm T, Am1 | Qm2 | * Qmg | = Amn
f(X1) | A | Ay A A,
/ / / / /
Ay €1 Ty iy | Qo | =00 | Qg4 | 200 | Gy
/ / / / /
Ap C2 ) Qo1 | Qoo | "= | Qg | """ | Ggy
/ / / / /
II A; ci x; Qi | Qi | | ag | | Ay,
/ / / / /
Am Cm Lopy A1 A2 te amj e Apn
" ! / ! !
f(Xl) Al Az Aj An
Quy tac T

- Tinh todn trong bang (I) ting véi X, gom 2 budc:
+) Nhap céc s6 liéu tit bai toan.
+) Tinh f(X), A; theo quy tic

f(Xo) = ZCZZ'Z, Aj = Z CZ‘CLZ‘]' — Cj Vj = 1, n. (339)
=1 j=1

- DBé bién ddi bang (I) sang bang (II) chiing ta can chi ¥
+) Trong bang (I) cot Ay Gng véi k sao cho Ay = max{A,; : A; > 0}.
dugce goi la cot xoay.

+) Trong bang (I) hang A, tGng vé6i [ sao cho % = min{ Ii
dugce goi la hang roay.

+) Phan tit ay, 1a giao clia hang xoay va cdt xoay dugc goi 1a phdan ti
truc.

+) Trong bang (II) hang Aj vao thay cho hang A; nén duge tinh dau
tién, bang cach 1ay hang A4; & bang (I) chia cho phan tit truc az.

+) Céc gid tri trong bang (I1) duge tinh tit bang (I) nhu sau

Qi > 0}

a;

20 .
—L neut =k
I = W o ) (3.40)
l A y
T = oG Neu #+k,

, - néui =k
aj =, . (3.41)
a;j — —La;, neui #k



22 3. MOT SO MO HINH TOAN KINH TE

a .
A= Aj— LN, (3.42)
Qg
va,

f(X1) = f(Xo) = AowAyg. (3.43)

Vi du 3.8. Mot xi nghiép du dinh san xuit 2 loai san pham A va B tit 3
loai nguyén liéu I, I, 111. Dé sin xudt mot don vi sén pham A can ding 2
don vi nguyén liéu loai I, 1 don vi nguyén liéu loai I77; tién 1ai thu dugc 14
3 don vi tién. Dé san xuat 1 don vi sén pham B, can dung 1 don vi nguyén
liéu loai I, 1 don vi nguyén liéu loai I7; tién lai thu dugce 1a 5 don vi tien.
Biét rang luong du trit ting loai nguyén liéu téi da c6 trong kho lan lugt 13
8,4,3 don vi. Héi xi nghiép nén c6 ké hoach san xuat nhu thé nao dé thu
dugc tién 1ai 16n nhat ma khong bi thiéu nguyén liéu.

Goi x; 1a lugng san pham A duge san xuat (z; > 0). Goi 5 13 luong
san pham B dugc san xuat (zp > 0). Khi d6, ta can giai bai todn quy hoach
tuyén tinh sau

max{ f(X) = 3z1 + 522} (3.44)
2I1 + X9 S 8
R <4
v6i didu kién 2= (3.45)
T S 3
x1, 19 2> 0.

Thuédt toan don hinh st dung dé gidi bai toan dang chinh tic. Do vay, viéc
dau tién clia ching ta la dua bai todn vé dang chinh tac.

min{ f(X) = =3z, — 515} (3.46)
2.%1 + 2o + 23 =38
. =4
véi didu kien T2 T (3.47)
I + Ty = 3
Ta c6 ma tran hé s6
(A1) (42) (A4s) (Aa) (4s5)
2 1 1 0 0
A= 0 ] 0 ] 0 (3.48)
1 0 0 0 1
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Chon hé véc to co sd don vi (A3A4As) lién két v6i phuong 4n cic bién xuat
phat
Xo = (0,0,0,8,4,3).

Ta c¢6 bang don hinh.

Bang | Toa do | Hé s6 | Toan do | -3 | -5 01070
Ai C; xT; Al AQ A3 A4 A5

Az 0 8 2 1 [1]o0]o0

M | <A | 0 4 0O/ 1L/]o]1]o
As 0 3 10 |0|0]|1

0 3500710

= As 4 0|1 ]-1]0

(IT) Ay -5 4 0| 1 0| 1]0
As 0 3 10 |0|0]|1

20 (34 0 [0[-5]0

A -3 2 L] o350

(IIT) | A, -5 4 0| 1 ]0]1]|0
As 0 1 0|0 |3] 351

-26 0] o0 [F[L]o0

Tai bang (/1) ta c6 A; < 0 v6i moi j = 1,5. Do d6, bai toan dang chinh
tac (3.46) va (3.47) c6 phuong an t6i wu la

X5 =(2,4,0,0,1); fauin = [(X2) = —26.

Do vay, bai todn goc (3.44) va (3.45)) c6 phuong an t6i wu 1a
X*=(2,4); fuax = f(X*) = 26.

Dén day ching ta cé thé dua ra du bdo cho mé hinh san xudt 1a xi nghiép
nén san xuat 2 san pham A va 4 san pham B thi loi nhuén thu duge 16n nhat
fmax = 26 don vi tién va khi dé tit phuong 4n t6i wu ciia bai toan chinh tic
ching ta thiy nguyén liéu loai I va II dudc st dung hét, nguyén liéu loai
IIT thta 1 don vi.

Cha y 3.1.4. Trong bing don hinh, néu A; trong co sé ching ta luon cé
Qj5 = 1,&@' = O, Vi= 1,m,i #] va Aj =0.

Trong thuét toan trén ching ta gid thiét rang da cé mét phuong an cuc
bién Xy lién két v6 mot hé vecs to co sé don vi. Dé c6 duowej diéu nay ching
ta can ma tran hé s A chita ma tran con don vi cip m. Tuy nhién rat nhiéu
bai todn khéng théa man diéu nay. Trong trusng hop dé, ching ta thém
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cac an gia tao x,y; > 0 v6i hé so ¢,.; = M > 0 du 16n, bien doi bai toan

(3.28))(3.29), thanh bai toan gid tao (M):
min{f(X) =Y cjz; + M z;} (3.49)
j=1 i=1

véi dieu kién

xni+§3aiw'=bi,i=1,m,
LR = (3.50)
r; >0,7=12,...,n,

Khi d6, ma tran hé s6 ctia (3.50)) 1

(A1) (A2) ... (A0) (Aur) (Ang2) o (Aiim)
a1 a2 Ce QA1n 1 0 e 0
A= a1 a99 ce Aon 0 1 e 0
(071 Am2 c. Amn 0 0 e 1 mx (nfm)

va ta c¢6 phuong an cuc bién

_ 0 0 0 0 _p i
Xo = (O,...,O,xn+1,xn+2,...,mn+m), Ty =0bii=1,2,....m

v6i hé véc to co sé 1a (A1 Ansa ... Apem) tao thanh ma tran don vi. Tt dé
ta giai dude bai toan bang phuong phap don hinh. T két qua
giai bai toan nay ta cé thé suy ra ducc két qua dbi véi bai todn
béi ménh dé sau

Ménh dé 3.1.5 (Mbi lién hé gifta bai todn gia tao va bai toan gbc). Ton tai
50 thuc My > 0 dii I6n sao cho vdi moi M > M,

i) Néu bdi todn gid tao khéng cé phuong dn toi wu thi bai
todn goc cing khong cé phuong dn toi uu.

ii) Néu bai todn gid tao c6 phuong dn toi wu tai phuong dn
toi wu ton tai an gid tao x,.; > 0 thi tdp phuong dn ciia bai todn
bang rong.

i11) Bai todn c6 phuong dn toi wu X khi va chi khi bai todn
gid tao c6 phuong dn toi vu X = (X, 0).

0 day (X, 0) ky hiéu cho n+m toa do, trong dé n toa dé dau la diem X,
m toa dé cudi déu bang 0.

Vi du 3.9. Mot xudng lam cita sit ¢6 nhitng thanh thép dai 17 m, can cit
thanh 64 doan dai 7 mét, 84 doan dai 5 mét va 12 doan dai 9 mét. C6 5 mau
cat sau:



3.1. BAI TOAN QUY HOACH TUYEN TINH 25

MaAu 1: 2 doan 7 mét, thita 3 mét.

MaAu 2: 1 doan 7 mét va 1 doan 9 mét, thira 1 mét.

Mau 3: 1 doan 7 mét va 2 doan 5 mét, khong thira.

Mau 4: 1 doan 9 mét va 1 doan 5 mét, thita 3 mét.

MaAu 5: 3 doan 5 mét, thita 2 mét.

Hoéi xudng lam cita sit nén chon mau cat nhu thé nao dé c6 thép thia it
nhat ma van c6 du sd luong thanh thép can dung.
Gidi. Goi x; 13 s6 lan chon mau cat 4, (z; > 0). Khi d6 ta c6 bai todn: Tim
X = (21,9, x3, T4, x5) sao cho

min{3x; + xo + 324 + 225} (3.51)
2.’L’1 + X9 + X3 =64

v6i dieu kién 203+ x4+ 315 =84 (3.52)
i) + x4 =12.

Bing mot phép bién déi don gidn hé diéu kién trén tuong duong véi

T + %ZEQ + %1’3 = 32
v6i dieu kién 2rg+ 304+ a5 =28
i) + Ty = 12.

Ta c6 ma tran hé so la

(A1) (A2) (A3) (As) (4s5)

I 0 0
— 2 2
A=do 0 2 1

0 1 0 10

3x5

T ma tran hé s6 ching ta chi méi ¢ 2 vée to don vi

1 0
A1: 0 va A5: 1
0 0

Do d6, chiing ta con thiéu 1 véc to don vi dé lap duge mdt hé véc to co s6
don vi nén chiing ta thém 1 an gia tao x vao phuong trinh thit 3 ctia hé diéu
kién ta dugce bai toan gia tao

min{3x; + x9 + 3z4 + 225 + Mxg}
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T+ %l‘g + %l’g =32
véi dicu kién %.Ig + %m + x5 =28
i) + x4 +xg = 12.

Ta c6 ma tran hé so cua bai toan gia tao la

(A1) (A2) (A3) (A1) (45) (Ae)

1 5 2 0 0 0
A= 2 2

o o0 £ & 1 0

o 1 o0 1 0 1

3x6

Chon hé véc to co sé don vi (A;A546) lién két v6i phuong 4n cuc bién xuat
phat
Xo = (32,0,0,0,0,28,12).

Ta c¢6 bang don hinh.

Bang | Toa d0 | Hé so | Toan d6 | 3 1 3 0 2
A; ci x; A | Ay | A | Ay | A5
A 3 32 1] 2 [ 3 ]0]oO
(I) As 2 28 010 | = | 3 |1
=Ag | M 12 0 0| 11]0
152 0l | £ [5F]0
12 o[1p[ 0] 1]0
A 3 6 Ll o] 3 [35]0
I | « A5 | 2 28 010 | = | 5 |1
A, 1 12 0| 1] 0] 1]0
146 0] 0 [In[=]0
A 3 5 1o o |F]|F
(IIT) | A 0 42 0 0 1| 5 | 3
A, 1 12 0| 1] 0] 1]0
27 0o o] o [=F]F

Tai bang (I11) ta c6 A; < 0 v6i moi j = 1,5 va an gid tao khong xuit hién
& bang cudi cing. Do d6, bai todn ([3.51)) (3.52)) c6 phuong an toi wu 1a

XQ = (5, 12, 42, 07 0)7 fmin = f(XZ) = 27.

Dén day ching ta c6 thé dua ra du bdo cho co sé san xuat 1a nén san sit
dung 5 lan chon mau cat 1, 12 lan mau 2, 42 lan mau 3, khong diing mau
4 va 5 sé thu s6 thanh thép nhu mong mudn va s6 thép lang phi it nhat 1a
fmin = 2Tm.
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Chi y 3.1.6. Vi chiing ta can c¢é di m véc to don vi dé tao thanh mot hé
co sd don vi. Do dé néu trong ma tran hé so6 da chita k véc to don vi thi ta
chi can thém m — k dan gid tao.

0 bang dau tién cdc véc to don vi dng vdi an gid tao luon & trong co sd
nén cic N,y = 0. Do dé ta khéng can tinh cot n +i. Néu & bdng cudi ciing
6 A; <0, Vi=T1,n mavin con A,; trong hé co sé thi bai todn goc ban
dau khong cé phuong dn toi wu (tap phuong dn bang rong).

Néu & bang cudi ciing, trong hé co s6 khong chita A,.; thi bai todn goc cé
phuong dn toi vu duoc lay ra ti bang cudi cung.

3.2 Phuong phip don hinh déi ngau
3.2.1 Cip bai toian dbi ngau

3.2.2 Phuong phap don hinh dbi ngiu

3.3 Bai tap chuong 2

Bai tap 1. Mot nha mdy san xuat phan bon cé thé san xuat 2 loai san
pham: Phan Lan va Phan Kali. Néu chi san xuat mot loai thi nha may chi
san xuat duge 40 tan phan 1an ho#c 28 tan phan Kali trong 1 gid. Loi nhuén
thu duge khi ban mot tAn phan 1an 1a 250 USD, mot tan phan Kali 1& 300
USD. Nha mdy lam viéc 40 gid trong tuan va thi trudng tiéu thu téi da 1a
1200 tan phan Lan va 812 tan phan Kali trong mét tuan. Héi nha may nén
c6 ké hoach san xuat nhu thé nao dé thu duoc lgi nhuén 16n nhét.

Bai tap 2. Mot xudng lam cita sat cé nhitng thanh thép dai 17 m, can cat
thanh 384 doan dai 7 mét, 84 doan dai 5 mét va 48 doan dai 9 mét. C6 5
mau cit sau:

MaAu 1: 2 doan 7 mét, thita 3 mét.

MAu 2: 1 doan 7 mét va 1 doan 9 mét, thita 1 mét.

Mau 3: 1 doan 7 mét va 2 doan 5 mét, khong thira.

Mau 4: 1 doan 9 mét va 1 doan 5 mét, thita 3 mét.

Mau 5: 3 doan 5 mét, thita 2 mét.

Hoéi xudng lam cita sit nén chon mau cat nhu thé nao dé c6 thép thia it
nhat ma van c6 du s6 luong thanh thép can dung.

Bai tap 3. Mot nha dau tu c6 20 ti dong mudn dau tu vao 4 linh vuc:

Linh vic dau tu | Chimg khodn | Cong trai | Gui tiét kiém | Bat dong san

Lai suat trén nam 20% 12% 15% 18%
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Ngoai ra dé gidm thiéu rii ro nha dau tu cho rang khong nén dau tu vao
chimg khoadn vuot qua 30% tong s6 von; dau tu vao cong trai va tiét kiém
it nhat 14 25% tong sb von; giii tiét kiém it nhat 2 ti dong. Hay xdc dinh ké
hoach phan bé vén dau tu sao cho thu nhap hang nam 1a 16n nhét.

Bai tap 4. Mot co s6 du dinh san xuat t6i da trong mot ngay 450 6 banh
mi dai va 500 6 banh mi tron véi dicu kién nhu sau

- Gid mot 6 banh mi dai lam tir 400 g bot 1a 3250 dong, mot 6 banh mi tron
lam tit 250 g bot 1a 2200 dong.

- S6 lugng bot duge cung cap toi da trong ngay la 225 kg, véi gid mdi kg 14
3000 dong.

- Lo nuéng banh mi cho phép nuéng 75 6 banh mi dai hosic 100 6 banh mi
tron trong 1 gid nhung khong thé nuéng 2 loai cting mét lic. Lo nuéng hoat
dong t6i da 8 gio trong ngay. Hoi co sé banh mi nén t6 chitc san xuit nhu
thé nao dé thu dugc tién 16i nhidu nhat.

Bai tap 5. Mot xy nghiép c6 thé sit dung tdi da 510 gio méy can, 360 gio
méy tién va 150 gid may mai dé ché tao 3 loai san pham A, B va C. B¢ tao
ra mot san pham A can 9 gié may can, 5 gid may tién 3 git mdy mai; mot
don vi san pham B can 3 gid mdy cén, 4 gid méy tién; mot don vi san pham
C can 5 gid mdy cén, 3 gio may tién, 2 gid may mai. Mai san pham A tri gia
48 nghin dong, mdi san pham B tri gid 16 nghin dong va mdi san pham C tri
gid 27 nghi dong. Héi xi nghiép nén san xuat thé nao dé cho tong tién thu
ve nhi¢u nhat. Cho biét s6 gid con lai cia cdc may trong trudng hop t6i wu.

Bai tap 6. Nham muc dich giam thiéu chi phi dé dap timg nhu ciu vé protein,
viatimin va sit v6i mot khau phan thitc &n duge han ché trén béi tédo, chudi,
ca r6t, rau va tring. Chi phi va gia tri dinh dudng cé trong 5 loai thiic &n
dugc cho ¢ bang sau:

Thitc &n | Don vi(dv) | Protein | Vitamin | Sit | Gid thanh
g/dv g/dv | g/dv | dong/dv
Téo qua 0,4 6 0,4 8
Chubi qua 1,2 10 0,6 10
Rau kg 0,6 3 0,4 3
Tring qua 12.2 0 2,6 15

Ché d6 &n udng hang ngay doi héi t6i thiéu 70 mg protein, 50 mg Vitamin
C, 12 mg sat. Hay cho biét nén tao khau phan thitc an nhu thé nao dé du
chat dinh dudng ma gia thanh ré nhat.

Bai tap 7. Dé ddm béo cho vat nudi phat trién binh thudng ngudi chin nubi
phéi cung cip t6i thiéu cho vt noéi 60 don vi chat dinh dudng A, 84 don vi
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chat dinh dudng B, 72 don vi chat dinh dudng C mdi ngay. Ngudi chan nudi
c6 thé mua thitc &n cho vat nudi tit 3 ngudn khac nhau. Luogng chat dinh
dudng mdi loai cing nhu gid thanh ctia mot don vi thitc an ciia moéi nguon
thitc an duge cho 6 bang sau:

Thican | A | B | C | Gia
Nguon 1|3 [ 7|3 10
Nguon 2 [ 2 [ 2| 6] 4
Nguon 3 [ 5[ 3 | 4] 7

Héi ngudi chian nudi nén cé ké hoach chon thiic &n nhu thé nao dé chi phi ré
nhat ma van ddm bdo duge chat dinh dudng cho vat nuoi.

Bai tap 8. Mot nha san xudt son can tao ra mét loai san pham son nude.
Dé tao ra dugc loai son nay thi phai cé 4 loai hod chat A, B, C va D. Thanh
phan trong loai son nay phai chtta it nhat 5% hod chat A, 3% hod chat B,
26% hod chat C va khong qué 15% hoa chat D. Pé c6 dude diéu nay cic nha
san xuat phai két hop 3 loai khoang san tho. Thanh phan hoé chat cé trong
mét don vi khodng san thé va chi phi dé mua mot don vi khoang san tho
duge cho & bang sau:

Khoang san Ho4 chat Gia
A|B|C|D
I 0530120 40
II 68 (30|10 75
111 710 125]16] 30

Hay xay dung ké hoach san xuat son sao cho gi4 thanh ré nhat.

Bai tap 9. Dong tién xu dude dic chita it nhat 40% bac va it nhat 50%
dong ti 1& bac va dong c6 trong céc loai hop kim A, B, C' va D ciing nhu gié
tumng loai hop kim duge cho trong bang sau

Hopkkim | A | B | C | D
% Bac 30 | 35| 50 | 40
% Dong 60 | 35 | 50 | 45
Gia (USD) | 11| 12|16 | 14

Hay xdy dung ké hoach dic dong cu tit cdc hop kim sao cho téng chi phi bé
nhat.

Bai tap 10. Mot phu gia nguyén liéu phai c¢é it nhat 32% hoéd chat A, it
nhat 15% va khong qua 40% chat tro C. Dé san xuit phu gia ngusi ta sé
diéu ché cdc hod chat tit 4 loai nguyén licu W, X, Y va Z. Thanh phan hod
chat c6 trong mot don vi nguyén liéu va gid mot ctia méi don vi nguyén liéu
ducc cho trong bang sau.
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Nguyén liéu Wi XY | X
% Hoa chat A | 45 | 25 | 28 | 36
% Hoa chat B |22 | 10| 0 | 16
% Hoa chat C | 20 | 42 | 44 | 27
Gia (USD/dv) | 35 | 5 | 10| 15

Hoéi nén san xuat chat phu gia nhu thé nao dé chi phi ré nhat.

Bai tap 11. Mot nha may san xuat ba loai thit: bo, lon va cttu véi s6 luong
san xuat moi ngay 1a 480 tan thit bo, 400 tan thit lon, 230 tan thit cttu. Mai
loai déu c6 thé ban dude ¢ dang tuoi hodc nau chin. Tong céc loai thit c6
thé nau chin dé ban 1a 420 tan trong gi va 250 tan ngoai gid. Loi nhuan thu
dugc tit vieec ban mot tAn méi loai thit dude cho trong bang sau

Loai thit Bo | Lon | Cuu
Tuoi 8§ | 14 | 11
Nau chin trong gio | 4 | 12 7
Nau chin ngoai gio | 4 | 13 9

Héi nha may nén san xuat nhu thé nao dé thu duogce 1gi nhuén cao nhét.

Bai tap 12. Mot trai chan nu6i du dinh nuéi 3 loai bo: Bo thit, bo cay va
bo sita. S6 liéu dieu tra duge cho & bang sau véi don vi tinh nghin dong/
con:

Bo stta | Bo cay | Bo thit | Du trit
Vén 123 167 162 7020
Chi phi chan nudi 18 15 15 800
Lai 59 49 57

Héi trai chdn nudi nén ¢é ké hoach nudi bo nhu thé nao dé thu duge tién
14i nhiéu nhat. Biét rang s6 bo sita khong qua 18 con.

Bai tap 13. Mot chii noéng trai sé hitu 100 mau dat du dinh trong 3 loai
cdy Cao su, Ca phé, Ca cao. Chi phi hat giéng sé ngay cong cham séc va lgi
nhuén thu duge trén mot mau dat trong dude cho 6 bang sau

Cao su | Ca phé | Ca cao
Chi phi giéng |  40$ 20% 30%
Nhéan cong | 10 ngay | 10 ngay | 10 ngay
Lai 3009 100% 200%

Héi nong trai nén trong mdi loai bao nhiéu dé loai nhuén thu dude nhiéu
nhét. Biét rang chii néng trai c6 thé huy dong t6i da 3200$ va 160 ngay cong.
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Bai tap 14. Mot hang san xuat dd choi tré em cé thé san xuat bén loai xe
khéc nhau: xe thu, xe cau, xe 1i va xe bon. Dé san xuit ra mdi loai xe trén
can st dung 3 loai may:May dap, mdy phun son va may déng goéi. Mic tiéu
hao thoi gian (gid) cho moi loai xe va lgi nhudn thu duoc cho ¢ bang sau:

Miic tiéu hao thoi gian va 1gi nhuan | Xe thu | Xe cau | Xe ti | Xe bon
May dap 2 gio | 2,5gi6 | 2gio | 2 gio
May phun son lgiog | 1,5gio | 1gio | 2gio
May dong goi 0,5gig | 0,5 gio | 1 gio | 1 gio
Loi nhuén 0,5% 13 1,5% 2%

Cong sudt toi da/ tuan ctia: May dap 4000 gid, may phun son 1800 gio,
méy déng goéi, may déng goéi 1000 gis. Hobi co sé nén san xuat nhu thé nao
dé thu dugc loi nhuén 16n nhat.

Bai tap 15. Mot cong ty chuyén xan xuat 3 loai san pham A, B, C. Trong
dé6 nguyén liéu dé san xudt 3 loai san pham trén duge nhdp tit 2 nguon N,
va. Ny. Chi phi cho méi don vi nguyén liéu nhp tit N; 1a 100 $ va tit nguon
N, 14 90 $. Céc loai san pham san xuit can cac don vi nguyén li¢u ctia ting
nguon dude cho béi bang sau:

Nguon nguyén lidu Loai san pham
A B C
N, 100 200 | 300
Ny 200 100 | 200

Biét rang, trong thoi gian téi can san xuét t6i thiéu 20000 sén pham loai A:
18000 san pham loai B; 15000 san pham loai C. Hay 1ap ké hoach san xuét
sao cho chi phi cong ti phai bo ra la nhé nhat ma van dam bao vé yéu cau
san pham.
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4

Moét s& m6 hinh tuyén tinh dic
biét

4.1 Bai toan van tai
4.1.1 Bai toan van tai co dién
C6 m nha phan phdi mot loai hang. Luong hang c¢6 thé cung cap ¢ nha phan
phéi i, i = I,m 1a a;,. Can phan phdi loai hang nay dén n cita hang tiéu thu.
Cita hang thit j, j = 1, n can lugng hang 1a b;. Cudc phi van chuyén 1 don
vi hang tit nha phan phdi i dén cita hang j 14 ¢;;, Vi = 1,m;j = 1,n. Hay
1ap ké hoach phan phoéi hang sao cho tong cude phi van chuyén bé nhat sao
cho cdc nha phan phoi phat hét hang va cic cita hang nhan di hang.
Thiét lap mo hinh:

Goi z;; 12 lugng hang duge van chuyén tit nha phan phéi i (i = T,m) dén
cita hang j (j = I,n) (x;; > 0). Khi d6,

e Tong cude phi van chuyén 1a
flz) =3 cijzy

i=1j=1

e Luong ma nha phan phdi i phat di 1a

n
D wij=a; i=
j=1

s

Y

e Luong ma ctta hang j nhan dugc la

inj = bj j = 1,n.
i=1

33
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VAy ta c6 bai todn thé hién ké hoach phan phéi hang 14

min{ f(z) = Z

i=1j

cijxij} (41)

m n

—_

véi dieu kién

n
Lij = Q4 Z:Lm

J

m .
Exij: ' jzl,n
i=1

[y

(4.2)

Lij 20, Vi= l,m,jzl,n

Dé thudn tién cho viéc tinh todn ngudi ta cé thé biéu dién bai toan

4.1.2 Tinh chit ctia bai toan van tai

Pinh 1y 4.1.1. Bdi todn vin tdi ¢é phuong dn toi wu khi va chi kho cin bang
thu phdt, nghia la

b;.

NE

i=1

n
> ;=
j=1

4.2 Bai toan san xuit dong bod

4.2.1 Bai toan

C6 m may cong cu, tham gia san xudt mot loai san pham gom n chi tiét
khéc nhau. S6 may mdi loai tham gia qué trinh dudce gid thiét 1a 1 chiéc,
s6 chi tiét dugc cAu thanh san pham dugc chia theo ti 1& 1 : 1 (do vay
c6 thé coi s6 chi tiét moi loai cAu thanh sin pham la 1). Ning suit mdy
thit i sdn xudt chi tiét thit j 14 s;; (s6 don vi chi tiét/ don vi thoi gian)
i=1,2,...,m, j=1,2,...,n. Hiy b trf thoi gian dé cdc mdy san xuit céc
chi tiét, sao cho s6 san pham di b (dong bd) duge nhidu nhat.
Thiét lap mé hinh:

Goi z;; 1a phan thoi gian trong mot don vi thdi gian ké hoach ctia may i
san xudt chi tiét j (z;; >0, i =T1,m, j =1,n).

2 , n
+) Tong thoi gian mdy ¢ thuc hién sdn xuat 1a Y x;;< 1.
i=1
+) S6 chi tiét j duge san xuat 1a

fj = Zaiﬂ?z‘j, Jj=1n.

i=1
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+) S6 san pham di bo sé 1a

f=min{f;: j=Tn} =min{d ajz;:j=1n}

=1

Bai todan dat ra la: Tim X = (z;;;4 = 1,m; j = 1,n) sao cho

f(X) =max f = max{mini a;;%i;}

=1

n ‘
N R P <1, i=1,m
voi dieu kién =1y - .
r;>20, i=1m, j=1,n.

Chu ¥ rang ti dieu kién

f = min{Zaij:Bij : ] = ]_,71} .
i=1

suy ra,

m
f S Zaijxij . j = l,n.
i=1

Hay

—Zaijajzj—i—fﬁo j=1n.

=1

Do vay bai todn dugc viét lai 1a: Tim X = (x50 =1,m; j =1,n) vd [ sao
cho
max f (4.3)

Z?:l mij S ]_, 7= 1,m
voi didu kién $ — S agz; + f <0 j=T1,n (4.4)

Tij ZO, izl,m, ]zl,n

Bai toan (4.3)) (#.4)) 1a bai toan quy hoach tuyén tinh c6 thé gidi bang phuong
phép don hinh. Ta c6 ma tran hé sb clia hé dieu kién (4.4)) 1a

1 1 1 0 0o ... 0 0 0 0

0 0o ... 0 1 1 1 0 0 0

0 0o ... 0 0 0o ... 0 1 1 1
T a1 0 0 —agy 0 0 . —Aam1 0

0 —ai2 ... 0 0 —ag92 ... 0 0 —Aam2 .- - 0
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Trong thuc té s6 an clia bai toan nay kha 16n nén viéc tinh toan trén
bang don hinh sé gip khé khan. Dé giai bai toan nay ngudi ta van dung 1y
thuyét doéi ngau va tinh chat dic biét ctia bai todn.

Dé thuén tién trong cac lap ludn, khong mat tinh tong quat ching ta ¢
thé gia thiét rang v6i moi 4, mdi j déu ton tai a;; > 0 (mdi chi tiét j phai
dugce san xuat it nhat mot may va mdi may ¢ phai san xuat it nhat mot chi
tiét).

Bdi todn doi ngau

Bai toan d6i ngau clia bai todn bai todn san xuat dong bo la:

Tim cdc b0 SO uy, Ug, ..., Unm, V1, V2, ..., Uy SGO cho

min{i u;} (4.5)

ui—a,-jijO,izl,...,m,jzl,...,n
v6i dieu kién § Y > 1, (4.6)
u; > 0,0=1,m, v; 20,7 =1,n.

Céc cap rang budc ddi ngau 1a

xijZOHui—aijijO, z:l,,m,jzl,,n

f>206> v>1

J=1

=Y ayzy+ f<00 0,20, j=Ln
i=1

Deé thuan tién cho viéc tinh toan trong viéc giai bai toan ching ta c6 thé bieu

dién thong tin bai toan (4.3))(4.4) va (4.5))(4.6) dusi dang bang sau
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4.2.2 Tinh chét ctia bai toan san xuit ddng bo
Dinh 1y 4.2.1. Gid tri f trong bdi todn sdn zudt dong bé luon duong.

Chitng minh. Theo gid thiét a;; > 0, i=1,...,m, j =1,...n, dong thoi
mdi sdn pham i at phai dude san xuat béi it nhat mot may j nén voi mdi i,
ton tai j dé x;; > 0, do vay tu

f=min f; =min{)_ayz;;, j=1,2,...,n},
i=1

cho thay f > 0. [
Dinh 1y 4.2.2. Bai todn sdin zuat dong bo luén cé phuong dn toi wu.

Chitng minh. Dé chiing minh dinh 13 ta chimg minh tdp phuong 4n ctia bai
toan khic rong va ham muc tiéu bi bi chén trén tip phuong an. That vay,
ldy X = (z45) v6i z;; = 1. Ching ta kiém tra thiy X 1a mot phuong én cla
bai toan.

Mat khac, Z?:1 zi; <1, i=1,mvax;; > 0nén 0 < z; <1. Tu doé suy
ra

f:min{Zaijxij, ] = 1,2,...,71}
i=1
Smin{Zaij, ] = 1,2,...,71} =1L

i=1
Do d6 ham muc tiéu bi chén trén tap phuong 4n khéc rong. Vay bai toan c6
phuong an t6i wu. ]

Dinh ly 4.2.3. Gid st A la ma tran hé so cia hé dieu kien (4.4). Khi dé
rank(A) = m + n.

Chiing minh. ]

4.3 Bai toan quyét dinh téi wu

Trong thuc té, ching ta luén phai lua chon moét phuong 4n nao d6 dé dua
ra quyét dinh cho hanh vi ctia minh. Lic nay, ching ta thudng xem xét cai
dugc va cai mat dua trén cic yéu to thudn lgi va khé khin cta ting hoan
canh thuc té. Xét cho cuing, ldc nay xuat hién mot quan hé tay doi gitt ngusi
dua ra quyét dinh va dbi thi. Néu quyét dinh ding thi chii thé sé thanh cong
(thang cudc), néu quyét dinh sai thi sé that bai va lgi ich sé thuoc ve d6i thi
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cach tranh. Két qua ctia ngudi dua ra quyét dinh phu thudc vao quyét dinh
ctia d6i thit canh tranh. Cudc dau tif gitta chi thé va ddi thii duge xét dén
nhu mét tro choi 2 ddu thi. Ching han nhu trong cac trd choi ¢& tudng, ¢
vua, song dé tit ti1, thiét 1ap ké hoach dau tu,.... Sau day ching ta xét dén
mot s6 tro choi

Vi du 4.1 (Tro choi sap ngtia). C6 2 dau thi P va Q ciing choi, méi ngudi
tung mot dong xu 2 mat sap (S) va ngita (N) cling lic bang mot hiéu lénh
nao dé. Néu ca 2 dong tien déu xuat hién mit sap thi (P) thang (Q) néu 2
dong tién déu xuat hién mat ngita thi (Q) thang (P) ((P) thua (Q)). Néu
c6 mot mit sip va mot mat ngia thi hoa. Néu (P) thang (Q) thi (P) nhan
dugc 1 dong. (P) thua (Q) thi (P) nhan dudc —1 dong. Néu (P) va (Q) hoa
nhau tuong thi (P) nhan duge 0 dong. Khi dé tro choi gitta (P) va (Q) duge
thé hién bdi ban sau

=2 O
=
o

-1; 1

Lic nay ta c6 ma tran

10 ~1 0
wo=lo Sae-[0]

Ma tran Ap duge goi la ma tran thang (hay ma tran thu hoach) ciia (P);
Ma trdn Ag duge goi 1 ma tran thang (hay ma tran thu hoach) ctia (Q). R6
rang ty 1¢ thing thua ctia tro choi gitta (P) va (Q) dudc thé bsi ma tran A.
Do vay tro choi nay con dudce goi la tro choi ma tran.

Vi du 4.2 (Song dé tit ti1). Hai ké bi tinh nghi 12 t6i pham bi canh sat bAt.
Canh sat khong c6 da chiing c¢6 dé két 4n ho, va da cach ly ho. Canh sat gip
timg ngudi mot va lam ciing tho thudn: néu mét ngudsi thi t6i ma ngudi kia,
im lang, nguoi im lang sé bi phat 10 nam tu va nguasi thi toi sé duge tha tu
do. Néu ca hai déu im ling, cadnh sit chi phat dugc mdi tit nhan 6 thing tu
vi mot t6i nho khac. Néu ca hai déu tha t6i, moéi ngudi sé bi phat 2 nam.
Tro chi ¢é thé duge tém tat nhu sau:

A im lang A thu to6i
B im lang C4 hai 6 thang B bi 10 nam, A dugce tu do
B tha t6i | A bi 10 nam, B dugce tu do C4a 2 bi 2 nam

Gié sit ca hai ti nhan déu ich ky va déu mudn lam gidm thiéu thoi gian ti
toi ctia minh. Mdi tlt nhan c6 2 lwa chon hop tac véi ké dong 16a va gitt im
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lang; hodc phan boi va thi to6i. Két qua ctia mdi su lua chon déu phu thudc
vao quyét dinh ctia ngudi kia. Tuy nhién khéng ngudi nao biét su lua chon
ctia ngudi kia. Ngay ca khi ho duge giap nhau ho van c6 thé khong tin tudng
nhau.

Néu ca hai ngudi nay déu tin tudng ngusi kia la im lang thi lva chon toi
wu ciia ho ta thi toi. Khi d6 hin sé dude tha tu do trong khi ngusi kia bi tu
10 nam. Nguoc lai néu han tin rang ngudi kia sé thi t6i thi Iwa chon t6i wu
cia hin 1a thi t6i vi khi d6 ca hai sé& bi ti 2 ndm néu khéng né sé bi tu 10
nam néu nhu im ling. Tuy nhién, néu ca hai hop tdc dugc v6i nhau dé git
im 1&ng thi moi ngudi chi bi 6 thang.

Vi thé ta thdy moi nguoi déu nén thi toi bat ké ngusi kia lua chon nhu
thé ndo mdi tli nhan déu dudce gidm tdi néu thu toi. Nhung khong may cho
cd hai, néu biét im ling thi ca hai cting bi tii 6 thang.

Vay néu ly luan t6t cho ca 2 ngudi thi tot nhat ca hai déu im lang béi vi
khi dé tong thoi gian tu cd 2 ngudi phai chiu 13 1 nam trong khi néu cé 1
ngudi thi toi thi tong thoi gian tl clia ca 2 ngudi t6i thiéu 1a 2 nim.

Quy téc thudng phat dudce cho béi bang sau

Q im lang | Q tha toi
P im lang | -0,5;-0,5 -10; 0
P thua to6i 0; -10 -2; -2

Ma tran thang ciia (P) va (Q) lan lugt 1a

—0,5 -10]. , _[-05 0
AP:[ 0 —21’AQ_[—10 —21'

Vi du 4.3 (Tro choi One-Two-Three). Tro choi gita (P) va (Q), moi ngudi
gio tay ra hiéu "Gidy", 'Bua', "Kéo" theo quy tac "Gidy thing Bua', "Bua
thing Kéo", "Kéo thing Gidy". Quy tic thudng phat cta tro choi dude cho
béi cong thiic.

Giay | Bta | Kéo
Giay | 0;0 | 1;-1]-1;
Baa | -1;1 ;
Kéo | 1;-1 |-1;1] 0;0

—_
1

Ma tran thing ciia (P) va (Q) lan ludt 1a

Ap=| -1 0 1 |; Ag=|1 0 -1
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Nhu vy trong cac tro choi nay xuat hién quan hé tay doi gitta ngusi choi
va déi thi. Loi ich ctia ngusi choi phu thude vao quyét dinh ctia déi thi.
Ngudi choi can phai lua chon quyét dinh t6i wu cho minh trong moi Iita chon
ctia dbi thi. D6 chinh 1a bai todn quyét dinh téi wu trong 1y thuyét tro choi
va duge 4p dung vao cdc mo hinh thuec té

Mo tro choi 2 dau thi dude quy dinh béi cdc quy dinh boi cdc ma tran
thang ctia Ap va Ag dudc goi la bai todn tro choi ma tran.

4.3.1 Bai toan trd choi ma tran téng bing khong

Trong muc nay ching ta xét tro choi ma tran hai d6i thi c6 tong bang khong
tttc 1a 1gi nhuén ctia ngusi choi (P) dua trén thiét hai ctia ngudsi chai (Q).

Pinh nghia 4.3.1. Cho mot ma trén A = (a;j)mxn V6l a;; € R. Mot tro
choi hai d6i thit sao cho ma tran A 1 ma tran thing ctia ngudi choi (P) va
13 ma trén tra tién ctia déi thi (Q) dudc goi 1a tro choi ma tran hai déi thi.
Trong d6, m 1a s6 chién luge don clia ngudi choi (P) va n 1 s6 chién luge
don ctia dbi thu (Q).

Dinh nghia 4.3.2. +) V6i mdi i = 1, m, mot véc to don vi

Xi=(0,...,0 ,1,0...0) € R™
N
i—1 chitsb 0

dudc goi 1a chién luge don i ctia ngusi choi (P).
+) V6i moi j = 1, n, mot véce to don vi

Y;=(0,...,0 ,1,0...0) € R"
N—_——
j—1 chit s 0

dudc goi 1a chién Iuge don j ctia ngudi choi (Q).

Chu y 4.3.3. Nguoi choi (P) ¢6 m chién lugc don, ngudi choi (Q) c¢é n
chién lugc don.

Dinh nghia 4.3.4. +) Modi véc to X = (x1,%9,...,%,) € R™ v6i z; >
0, >, x; = 1 dugc goi la chién luge hén hgp ciia ngudi choi (P). Trong dé
z; 1 xac suat dé ngusi choi (P) chon phuong an i.

+) Moi véc t6 Y = (y1,Y2, ..., Yn) € R" v6iy; >0, Y, y; = 1 duge goi
1a chién Iuge hdn hop ciia ngudi chai (Q). Trong d6 y; 1 xac sudt dé ngudi
chaoi (Q) chon phuong én j.
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Dinh nghia 4.3.5. Xét tro choi ma tran hai dau tha (P) va (Q) v6i ma
tran thang ctia (P) 1 A = (aij)mxn. Gid st X = (21,72,...,Tm) € R™ va
Y = (y1, 92, .,yn) € R™lan luct 14 chién luge hon hop cta (P) va (Q). Khi
do

E(X,Y)=XAY" =3 u; (Z aijyj) (4.7)
=1 \j=1
duge goi 14 ham thu hoach (ky vong thang) ciia (P).

Cht y 4.3.6. +) Néu E(X,Y) > 0 thi (P) c6 thing (Q); néu E(X,Y) <0
thi (P) c6 thua (Q); néu E(X,Y) =0 thi (P) va (Q) hoa nhau.

+) E(X;,Y;) = a;j. Do dé a;j la gid tri lgi nhudn ma (P) nhan duge khi
(P) chon chién lugc don i va doi thi chon chién luge don j.

Ching ta cé thé xem quyét dinh dau tu ctia mot nha dau tu 1a tro choi
2 dau tha gitta nha dau tu va bién dong ctia thi trudng ta cé vi du sau:

Vi du 4.4. Mot nha dau tu ¢é thé lua chon dau tu vao ¢b phiéu A, B, C.
Sau khi phan tich bién dong clia thi trudng ngudsi ta du bdo 1a sé xay ra 4
tinh hudng ctia thi truong 1a (1); (I1); (I11); (IV). Hiéu qua dau tu mang lai
(don vi: triéu dong) khi nha dau tu chi ra 100 triéu vao titng cd phiéu ting
v6i ting tinh hudng ctia thi trusng dude cho & bang sau.

Phuong an Hiéu qua
A 16 | 8 7 0
B -7 120 6 |15
C 91 10 | -12 | 5
Tinh huong | 1 IT I | IV

+) Y nghia kinh té ctia s6 "-12" trong bing s6 la: Néu nha dau tu chi chon
phuong 4an C dé dau tu (titc 1a ngudi choi chon chién luge don X5 = (0,0,1))
va khi d6 thi truong xuat hién tinh hudng (111) (ddi thi chon chién luge don
Y3 = (0,0,1,0) ) thi nha dau tu sé bi 16 12 triéu dong khi dau tu 100 triéu.

+) Gid s nha dau tu dua 100 triéu cia minh dau tu vao co phéu A la
30 triéu, 50 trieu dau tu cho co phiéu B con lai dau tu cho co phiéu C. Cdc
tinh hudng cia thi truong cé khd ndang zudt hién nhu nhau. Khi do,

e Chién luge hon hop ciia nha dau tu la: X = (0,3;0,5;0,2)

e Chién lugc hon hgp ciia thi truong (d6i thi) 1AY = (0, 25; 0, 25; 0, 25; 0, 25).
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e Ky vong thing ctia nha dau tu 1a

E(X,Y) = XAY"

16 8 7 0 83?
=(0,3;0,5;0,2) | =7 20 6 15 ’
9 10 —12 5 0,25

0,25

= 7,175.

4.3.2 Diém yén ngua va chién luge tbi uwu

Xét tro choi ma tran hai dbi thi (P) va (Q) v6i ma tran thang ciia (P) la
A = (aij)mxn-

Néu ngudi choi chon chién luge don i (tﬁ’c la X; = (0,...,0,1,0... 0))
khi dé nguoi choi sé quan tdm xem minh duge 1oi nhudn t6i thiéu 1a bao
nhiéu. Trong trudng hop dé néu déi thi chon chién luge hén hgp 1a Y =
(Y1, Y2, - - -, Yn) thi ky vong thang ctia (P) 1a

E(X;,Y) = Za”xj

Gia st min a;; = a;. Khi do
j=1n

Xl? Y Z Qi5Y; > Z a1Y; = A Z Y; = aq.

Do dé, néu ngudi choi chon chién luge don i thi lgi nhuén tbi thiéu ngusi

choi s€ nhan dugce 1a min a,;. RO rang, véi cach tu duy dé ngusi choi (P) sé
j=1ln

lua chon chién luge don i sao cho lgi nhudn téi thiéu ld ldn nhat tic 1a chon
chién luge don i sao cho

min a;; = max min a;.
j=1n k=1,m j=1n

Do viy, ngudi ta néi ngudi choi (P) chon chién Iuge theo nguyén 1y max min .

Déi v6i dbi thia (Q), khi c6 thong tin vé ma tran thang ctia (P), néu chon
chién luge don j va ngudi choi chon chién luge hon hop X = (x1, 29, ..., T1n)
thi ton that ma (Q) phai chiu 1a

m
Y) =2 aim
i=1
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bat max a;; = ag;. Khi do6
i=1,m

m m n
]E(X, Y;) = Zaijani S Zailmi = Qf;j ZiL‘Z = Q-
i=1 =1 j=1

Do d6, néu déi thii (Q) chon chién luge don j thi ton that t6i da ma (Q) phai
trd 1 max a;;. RS rang, voi cach tu duy d6 (Q) sé lua chon chién luge don j

i=1,m
sao cho ton that toi da la bé nhat tic 1a chon chién luge don j sao cho

max @;; = min max a;.
i=1,m l=1,ni=1m

Do vay, ta néi déi thi (Q) chon chién luge theo nguyén 1y min max .

Dinh nghia 4.3.7. Néu tro chdoi ma tran hai déi thi (P) va (Q) v6i ma tran
thing A = (@ij)mxn théa man

max min a;; = min max a;; = ay, = v (4.8)
i=1,mj=1n j=1ni=1lm

\ /. N . A , .2 A \ . s 2 e R N N
thi ta noéi tro choi ma tran cé diém yén ngua va gia cua diém yén ngua la
i = V.

Cht y 4.3.8. Néu bdi todn cé diém yén ngua vdi gid cia diém yén ngua la
UV = Qi the

+) Néu (P) chon chién lugc don 1 thi (P) sé thu duoc loi nhudn toi thiéu
la v. Khi dé néu (Q) chon mot chién hige don ndo dé khdc k thi sé c6 thé
thiét hai t6i da mot hiong lon hon hodc bang v va chi khi (Q) chon chién
luge don k thi (Q) mdi ddm bio duoc rang thiét hai téi da la v. Khi do, k la
chién luge don toi wu cia (Q).

+) Néu (Q) chon chién lugc don k thi (Q) sé thiét hai toi da la v. Khi
dé néu (P) chon mét chién lhige don nao dé khdc l thi sé cé thé thu duogc
lgi nhudn téi thicu mot higng bé thua hodc bang v va chi khi (P) chon chién
lege don L thi (P) mdi ddm bdo dugc rang lgi nhudn téi thiéu la v. Khi dé, k
la chién luge don toi wu cia (P).

Vi du 4.5. Xét tro choi ma tran hai déi tha (P) va (Q) v6i ma tran véi ma
tran thang ctia (P) la

4 2 1 13
A=14 15 5 2
6 7 7 6

ta c6 thé biéu dién lén bang sau
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(I) | (A1) | (III) | (IV) | min | max
A | 4] 2 1 13 1 13
B | 4|15 5 2 2 15
C 7716 |6 | 7
max | 6 | 15 | 12 13
min | 4 2 1 2

T bang trén ching ta thay

max min a;; = min maxa;; = az; = 6
i=1,3 j=1,4 j=1,4i=1,3

Vay bai todn c6 diém yén ngua véi gid clia diém yén ngua la v = 6. Chién
luge don t6i wu ctia (P) 1a X3 = (0,0,1) va cia (Q) 14 Y, = (1,0,0,0). Tu
bang trén ching thay

Péi véi ngudi choi (P) néu

e Chon chién luge don 1 thi lgi nhudn t6i thiéu 1a 1 va t6i da cé thé 1a
13;

e Chon chién luge don 2 thi lgi nhudn t6i thiéu 1a 2 va t6i da cé thé 1a
15;

e Chon chién luge don 3 thi 1gi nhuan t6i thiéu 1a 6 va t6i da c6 thé 1a 7.

Msc du chon céc phuong 4n khéc ¢ thé ngusi choi ¢6 co hdi ¢6 dude 1o
nhuan cao hon 7. Tuy vy ngudi choi van chon chién luge don 3 dé dam béo
loi nhuén t6i thiéu 1a 16n nhat.

Péi véi dbi thia (Q) néu

e Chon chién luge don 1 thi thiét hai t6i thiéu 1a 4 va t6i da ¢6 thé 1a 6;
e Chon chién luge don 2 thi thiét hai t6i thicu 1a 2 va tdi da 6 thé 1a 15;
e Chon chién luge don 3 thi thiét hai tdi thiéu 1a 1 va tdi da c6 thé 1a 12.
e Chon chién luge don 4 thi thiét hai t6i thidu 1a 2 va t6i da c6 thé 1a 13.

Msc du chon cac phuong an khéc c¢é thé ngusi choi cé co hoi cé duge
thiét hai thap hon 4. Tuy vay (Q) van chon chién luge don 1 dé ddm bao
thiét hai t6i da 1a bé nhat.

Pinh nghia 4.3.9. Nghiém cia tro choi ma tran hai dau thu 13 bo ba
(X,Y,v), trong d6 X 1a chién luge hdn hop ctia ngudi choi (P); Y 1a chién
litge hon hop ciia ngudi choi (Q) va v 14 gid clia tro choi théa man céac diéu
kién sau:
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1) E(X,Y)=v

2) E(X,j) > v v6i moi chién luge don j ciia (Q);

3) E(i,Y) < v véi moi chién luge don i ciia (P);

Cha y 4.3.10. Néu (P) chon chié@ luge t6i wu X thi loi nhudn téi thiéu ld
v. Néu (Q) chon chién ligc toi wu'Y thi cho di (P) chon phuong dn nao di
nia thi thiét hai toi da khong qud v.

Dinh 1y 4.3.11 (Dinh 1y minimax). Moi tro choi ma trdan cé phan ti duong
bao gic cung tong tai nghiém. Tic la chung ta co dang thic sau

maxmin E(X,Y) = minmaxE(X,Y) = v.
X7y Y X

Cht y 4.3.12. +) Néu (X,Y,v) ld nghiém cia tro cho ma tran. Khi dé vdi
moi cdp chién luoe (X,Y) ta luén cé

E(X,Y)<E(X,Y)=v<E(X,Y).

+) Ta ¢

e | B =p(§:xi) (iyj)zp.

p ... p Yn =1

J=1
mxn

Do d6 v6i ma trén thing A = (@ij)mxn- Dat A, = (aij + P)mxn. Khi d6
E,(X,Y)=XAY" = XAYT + p=E(X,Y) +p.

Do viy, nghiém ciia bai tro choi ma tran v6i ma tran thang A, 1a (X,Y,v,)
khi va chi khi nghiém ctia bai trdo choi ma tran v6i ma tran thing A 1a
(X,Y,v, — p). Tit d6 suy ra: Néu ma tran thing A = (a;;) c6 phan tit &m
thi c6 thé tay né bang ma tran A, = (a;; +p) véi p=1—min{a; : a; < 0}.
Do vdy ching ta luén dua vé dugce tro choi ma trén véi ma tran thang chi
chua pha tit duong.

4.3.3 M6 ta bai toan tro chdi bdi bai toan quy hoach

Xét bai todn tro choi ma tran 2 dau thit (P) va (Q) véi ma tran thang ciia
(P) la A = (a;;). Theo Binh nghia Ngudi choi (P) tim chién luge toi
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uu X = (x1,29,...,%y) sao cho

ri+r+...+x,=1 2,20 Vi=1m.
]E(X, 1) = a1’ +a21T2 + ...+ Qp1Tm > v
E(X,2) = a12%1 + a20Ta + . . . + Aoy, >V (4.9)

E(X,n) = a1,21 + a2n®s + ... + Qpp®m >V

Chiing ta luon gid thiét a;; > 0 nén v > 0. Dat 2/ Vi = 0,n. Khi do

hé (4.9) tuong duong voi

L
v

g+ ah+ .t =1 x>0 Vi=1m.

anl'/l -+ agll',? + ..+ amlx;n 2 1
CL12.73/1 + CLQQI‘IQ + ...+ CLmQCL’;n Z 1 (410)

Muc tiéu ctia ngudi choi (P) 1a phéi tim chién luge X sao cho 14 t6i da héa
gid clia tro choi, tic 1a v cang 16n cang t6t. Do d6, bai todn ctia ngudi choi
(P) la: Tim X' = (2}, 2},...,2),) sao cho

min{z} + =5+ ...+ 2} (4.11)
CLHI‘/l + a21$/2 + ...+ amlx;n Z 1

a12%) + agexh + ...+ amazl, >1
voi dieukién ... (4.12)

Giai bai toan - ta c6 duge X' = (2, 2%, ..., m) Tu d6 tinh

dugce gia cua tro ChGl vV = ————— va chién lugc téi uu clia ngudi choi
z/ +:1:2+ A,
X = (21,29, ..., Tp) VOl ; = vai Yi=T1,m.

Déi thi (Q) tim chién luge toi wu Y = (y1, %2, . .., Yn) sao cho
yit+yet+. oy, =1, y; >0 Vji=1n.

E(1,Y) =any +anya + ... + a1y < v
E(2,Y) = anyr + anys + ...+ agnyn < v (4.13)

E(m,Y) = apn1y1 + amaya + - - - + Gnyn < v
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Dat ¢, = %, Vj =1, n. Khi dé hé¢ (4.13) tuong duong véi
J v

ittty =1 yi>0Vi=1n
(1113/1 + a12y§ 4+ ...+ alny;l S 1
anyy + azys + ...+ any, <1 (4.14)

Muc tiéu ctia d6i thii (Q) 1a phai tim chién luge Y sao cho la cue tiéu hoa
gid ctia tro choi, tiic 1a v cang bé cang tot. Do d6, bai todn cia dbi thi (Q)
la: Tim Y’ = (1,95, .., y,,) sao cho

max{y; + o+ ...+ y,} (4.15)

anyy +agys + ...+ ay, <1

azyy + a2y + ... +azy, <1

voi dieu kién ... (4.16)
1Yy + Qm2ys + -+ apnyy, <1

y; >0 Vj=1n.

Gidi bai todn (4.15) - ta co duoe Y = (y1,95,...,9,). Tu d6 tinh

duge gid clia trd choi v = ————— va chién ludc téi wu ctia dbi thu
1+y2+ An

Y = (ylay2>"'ayn) voi Y; :Vy; VJ = 1,71.

Chu y 4.3.13. 1) Bai todn cia nguoi choi (4.11) (4.12)) va bai todn clia doi
tha (4.15) ([4.16) ldp thanh cdp bai todn doi ngdu do vay, khi cdp bdi todn cé
phuong dn toi wu ta cé

max {Zy;} = max {Zz;} = -
=1 i=1

2) Ti hé dieu kién ta thay khi dua bai todn vé dang
chinh tic ma tran hé so luén chita ma tran con don vi do vdy viéc chon
phuong dn cuc bién zudt phdt cho bai todn ndy dudc thuc hién dé dang. Ddy
la mét thudn loi. Do vdy, ching ta thudng gid bai todn ciia doi thi (Q). Dung
dinh lij léch b dé tim phuong dn toi wu ciia bai todn ciia ngudi chai (P).

3) Khi gidi bai todn bing dau tién bao gio ching ta cing cé
A; =1 dng vdi A; ngodi co sé. Vé nguyén tic ching ta ¢ quyén chon mot
Ay vao co sd ing voi no A, > 0. Tuy nhién, muc dich cia ching ta lam gidm
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ham muc tiéu duge mot luong cang lén cang tot. Do vdy ta chon Ay vio co
sd ma ung vdi no A >0 va

(0)i
Aok = max{ ;| A; > 0}; vdi A\o; = min{x

- | Qij > O}

ij
Vi khi do ta co
f(1) = f(Yo) — AopAy.

4) Khi a;; > 0Vi,j thi cap bai todn (4.11)) (4.12)) va (4.15) (4.16) luon
¢ tap phuong dn khdc rong. That vay

aip = max{a;; : Vi=1,m; j=1,n}; ap =min{a;;: Vi=1,m; j=1,n}.

Khi do .
X' =(0,0,...,0,—,0,...,0) € R™
- Qpq
p-13s0 0
la mot phuong dn cua bai todn (4.11]) (4.12)) va
1
X' =(0,0,...,0,—,0,...,0) e R"
N———— Q.
k-156 0

la mot phuong dn cia bai todn (&.15) ([4.16). Do vdy, dp dung dinh lj dinh
Iy doi ngau suy ra (4.11) (#.12)) va (4.15) (4.16]) c6 phuong dn toi wu. Ngoai
ra, (0,0,...,0) € R™ khong phdi la phuong dn cia bai toan (4.11]) (4.12) nén

min{a} + 25+ ... +al,} > 0 suy ra ton tai gid cia tro choi v sao cho

1

> 0.
min{z] + 25+ ...+ 2/}

V=
Nhan zét nay mot lan nita chi ra tinh ding cia Dinh ly[].3.11].

4.3.4 Thuit toan tim chién lugc tbi wu cta tro chai

Pé tim chién luge téi wu cho ngudi choi va dbi thi ching ta thuc hién cac
buée sau:

Buéc 1 Dua bai todn tro choi vé bai todn c6 ma tran thang cta (P) c6
cdc phan ti duong. Néu ma tran thing A = (aij)mxn tOn tai a;; < 0. Dat
a = —min{a;| a;; < 0}. Khi d6 xét bai todn tro choi v6i ma tran thing
Aa = (aij + Oé)m/xn. ) )

Bubc 2 Viet bai toan quy hoach tuyén tinh cho chién lwge ctia nguci
choi (P) va déi thii (Q) v6i ma tran thang A,.
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Buéc 3 Gidi bai toan ctia d6i thit (Q) hodc ngudi choi (P) ta c6 duge
phuong 4n toi wu X' = (2}, 2%,...,2,) € R®" vAY' = (¥}, v5,...,y,) € R"
cla cap bai todn (4.11) (4.12)) va (4.15) (4.16).

Budéc 4 Tinh gid cta tro choi v = m,
(11,29, ..., Tpm) € R™ v6i 2; = v} Vi = 1T,m clia ngudi choi (P) va chién
luge t6i wu Y = (y1, 92, .., 7,) € R" v6i y; = vy; Vj =1,n cla déi tha (Q).

chién lugc t6i vu X =

Vi du 4.6. Trong Vi du chiing ta xem nha dau tu 1a nguoi choi (P) va
thi truong 1a ddu thi (Q) véi ma tran thang cia (P) la

6 8 7 0
A= -7 20 6 15
9 10 —12 5

Ta xét bai toan tro choi ma trdn v6i ma tran thing la

29 21 20 13
A= 6 33 19 28
22 23 1 18

Bai toan quy hoach ctia ngusi choi (P) 1a

min{z) + x5 + x5} (4.17)

29z + 6% 4 2225 > 1

212 + 2324 4 3325 > 1

20z} + 1925 + 24 > 1 (4.18)
132 + 28z, + 18245 > 1

! / /
Ty, Ty, T3 > 0

Bai todn quy hoach ctia d6i thi (Q) 1

max{y; + v + ys + Y4} (4.19)

2094 + 21y 4+ 2094 + 13y, < 1
6y; + 33y5 + 19y5 + 28y, < 1
22y, +23ys +y5 + 18y, < 1
Yi: Yo, Y5, Yy = 0

Bay gio ching ta giai bai toan (4.19))(4.20)).

(4.20)
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Dang chinh téc ctia bai toan ({.19) (4.20) 1a

min{—y; — v — v — Y4} (4.21)
29y; + 21y, + 20y5 + 13y, + v =1
6y; + 33y, + 19y; + 28y + v =1 (4.22)
22y + 23y5 + 4 + 18y +y, =1 '

y; >0, Vi=17.
Ta c¢6 ma tran hé s cia (4.22)) 1a

(A1) (A2) (A3) (A1) (A5) (As) (A7)
A 20 21 20 13 1 0 0
6 33 19 28 0 1 0
22 23 1 18 0 0 1

Chon hé véc to co s A5 AgA; lién két v6i phuong 4n cuc bién
Xo = (0,0,0,0,1,1,1),

ta c6 bang don hinh sau:

Bang | Cosé | Hé s6 | Toan do | -1 | -1 - -1 0 0 0
Al A | Ay TA] A5 | 4 | 4

As 3 192 1] 3] 53] 0] 07O

I Ag 2 28 o 0| s [0 5 | 1 ]0
A; M 48 0 0o |10 0|1

a; 6322 o[ 2| T TI7-T17010

B; 48 0O [1f] 0 1] 0] 07O

A 3 168 10| 3 [0] 0] 0]x

II | <4 | 2 28 o 0| s 0] & | 1 |x
A, 1 48 0] 1|0 [1] 0] 0 |x

608 | 0[O0 [En[0][—-2]0 |x

Ay 3 147 1o o0 ]o0o]—3]-3]x

I | As 0 42 oo 1 o] s | 2 |x
A, 1 438 0] 1|0 1] 0|0 |x

29 [0 0] 0 Jo[-2]-IT]x




5

M6 hinh can doi lién nganh

ol
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5. MO HINH CAN POI LIEN NGANH



6

M6 hinh phuc vu cong cong

23
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6. MO HINH PHUC VU CONG CONG



7

M6 hinh luvu tro

95
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7. MO HINH LUU TRU
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