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LOI NOI DAU

Gido trinh nay dugc viét dya trén dé cuong chi tiét hoc phan xac
suat thong ké danh cho sinh vién cac nganh khdi A néi chung va cac
nganh Cong nghé noi riéng.

Gi4o trinh gom 6 chuong chia thanh 2 phan. Phan 1 gom 2 chuong,
trinh bay cac kién thic co s6 ciia 1y thuyét xac suat. Trong chuong 1,
ching toi trinh bay vé mot sdé khai niém va tinh chat md dau cia ly
thuyét xac suat: phép thi, bién cb, xac suat ciia bién co, xac suat co
diéu kién, tinh doc lap ctia cac bién cd, day phép thit Bernoulli, ... Cac
khai niém va tinh chat nay sé dude diing nhiéu 6 cac chuong sau. Chuong
2 trinh bay cac van dé lien quan dén dai luong ngau nhién va vecto ngau
nhién: Khai niém dai lugng ngau nhién, cic loai dai lugng ngau nhién,
ham phan phdi, bang phan phéi va ham mat do xac suit, cac sd dic
trung ctia dai lugng ngau nhién, mot s6 dinh 1y gidi han, ...

Phan 2 gom 4 chuong, trinh bay vé nhitng van dé co ban clia thong
ké tng dung. Cu thé 14 Chuong 3 trinh bay vé 1y thuyét mau; Chuong
4 trinh bay ve 1y thuyét uéc luong; Chuong 5 trinh bay veé 1y thuyét
kiém dinh v& Chuong 6 trinh bay vé Iy thuyét vé tuong quan va hoi quy.
Trong mdi chuong ctia phan nay, ching to6i déu cht ¥ dua ra nhitng ing
dung ciia cac van dé néu ra vao viéc gidi quyét cac van dé cia thuc té.

Cudi moéi chuong déu c6 kha nhiéu bai tap, trong d6 c6 mot so6 bai

tuong do6i kho va con it xuat hién & cac gido trinh khac. D6i véi nhiing



bai tap nay, ching toi c6 huéng dan giai & cudi gido trinh.

Dé doc duac gigo trinh nay, sinh vién da hoc xong cac hoc phan Toan
A1l (Dai s6 Tuyén tinh) va Toan A2 (Giai tich 1).

Gido trinh nay dugce viét nho sy hé tro tai chinh ctia dy 4n Viet Nam
- Ha Lan, tac gid xin cAm on Ban quan ly du an vé sy hd tro do. Tac
gid cling xin cdm on cac dong nghiép ¢ bo mon Xac suat - Thong ké va
Toan ting dung, Khoa Toan - Truong Dai hoc Vinh da quan tam dong
vién tac gia hoan thanh gido trinh nay.

Mic du tac gid da rat co6 gang nhung chic chan gido trinh van con

nhiéu khiém khuyét, mong dudc sy gép ¥ ctia ban doc.

Tac gia



PHAN I. XAC SUAT



CHUONG 1

BIEN CO VA XAC SUAT

1.1 BO tic vé giai tich to hop

Trong li thuyét x4c suat, nhiéu khi phai tinh s6 phan t1t clia mot tap
hop. Giai tich t6 hop cho ta mot phuong phap tinh sé phan ti dé mot
cach nhanh chéong va chinh xac. Trong muc nay ching to6i sé trinh bay
mot s6 van dé co ban ciia giai tich to hgp dude st dung nhiéu trong cac
muc sau.

Truée hét, ching ta nghién ctu quy tic nhan va quy tac cong. Co6
nhiéu cach trinh bai cac quy tac nay. Duéi day la cach trinh bay ma theo
ching toi 1a tuong déi don gidn va dé van dung.

1.1.1 Quy tac nhan

Quy tac. Gid st mot hanh dong co thé dugc thuc hien qua k budc lién
tiép. Budc 1 c6 thé dugc thuc hién bang ny cach, budc 2 coé thé dugc thuc
hién bang ny cdch, ..., budc k co thé duoc thuc hién bang ny, cach. Khi

do, so cdch dé thuc hién hanh dong do la
n=ny.no..Ng.

Nhu vay, khi mot hanh dong c6 thé chia nhé thanh nhiéu bude, thi
s6 cach thie hien hanh dong d6 bang tich s6 cach thuc hién cac bude.
Vi du.



1. Mot doi vin nghé da chuan bi duge 2 v6 kich, 5 bai hat, 3 dieu
mua. Hoi dién chi cho phép doi trinh dién mot v6 kich, mot bai hat, mot
dieu mua. Hoéi doi c6 bao nhiéu cach chon chuong trinh bicu dién cla
minh, biét rang chat lugng cac vd kich, bai hat, diéu maa 1a nhu nhau.
Gidi. Viéc chon chuong trinh biéu dién c6 thé duge thuc hien qua 3 budc:

Buéce 1: Chon 1 vé kich trong 2 vé kich. C6 2 cach.

Bué6ce 2: Chon 1 bai hat trong 5 bai hat. C6 5 cach.

Buéce 3: Chon 1 diéu mua trong 3 diéu mua. Co6 3 cach.

T d6, ap dung quy tac nhan suy ra doi van nghé c6 n = 2.3.5 = 30
cach chon chuong trinh bicu dién.

2. V6i cac chit s6 1,2, 3,4, 5, c6 thée lap duge bao nhiéu s6 chin gom
4 chit s6 khac nhau?

Glidi. Mbi s6 can tim c6 dang o = ajazazas voi
{ah ag, as, a4} C {17 27 37 47 5}

Mubn xac dinh z, ta phai chon ay, as,as, as (4 bude). Vi z 1a s6 chén,
nén ta chon a4 truée, roi chon aj, as, as.

Buée 1: Chon ay. Vi x 1a s6 chan nén ay = 2 hoic ay = 4. C6 2 cach
chon ay.

Buéc 2: Chon aq. Vi a; # a4 nén cé6 4 cach chon a;.

Buéc 3: Chon as. Vi as # ay, as # a1 nén con 3 cach chon as.

Buéc 4: Chon as. Vi as # ay4, ag # a1 va ag # as nén con 2 cach chon
as.

Tt do, ap dung quy tac nhan suy ra sb cac s6 can tim lan = 2.4.3.2 =
48.
1.1.2 Quy tac cong

Quy tic. Gid st cdc phan ti clia mot tap hop cé thé duoc chia thanh k
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loai khdc nhau. Loai 1 ¢6 ny phan ti, loai 2 c6 ny phan t, ..., logi k cé

nyi phan t&. Khi dé so6 phan ti¢ cia tap hop dé la
n=mn;+ng+- -+ ng.

Dua vao quy tic cong, ta c6 thé chuyen bai toan vé tinh sé phan ti
ctia mot tap hgp phic tap vé cac bai toan tinh sé phan tit ctia cac tap
hop don gian hon.

Vi du. C6 bao nhiéu s6 c6 céc chit s6 khac nhau duge lap tir 4 chit s6
1,2,3,4.

Gidi. Tap hop céc s6 can 1ap ¢ thé chia lam 4 loai:

Loai 1: Cac s6 ¢6 1 chit s6. C6 ny = 4 s6: 1,2, 3, 4.

Loai 2: Cac s6 c6 2 chit s6 khac nhau. C6 ny = 4.3 = 12 s6.

Loai 3: Céc s6 c6 3 chit s6 khac nhau. C6 ng = 4.3.2 = 24 s6.

Loai 4: Cac s6 c6 4 chit s6 khac nhau. C6 ny = 4.3.2.1 = 24 sb.

Tt do6, ap dung quy téc cong, suy ra so6 cac sO can tim Ia
n=4+4 12+ 24 + 24 = 64.

1.1.3 Hoan vi
Dinh nghia. Mdi cach sip xép n phan ti cho trudc theo mot thi tu
nhat dinh goi 14 mot hodn vi cia n phan tit do.

Ki hiéu s6 cac hoan vi ctia n phan tit da cho 1a B,.

Dinh 1y. S6 hodn vi ciia n phan ti la
P, =n!

Chiing minh. Mdi hoan vi clia n phan tit 1a két qua ctia phép chon gom
n budc.

Budc 1: Chon phan tit dau tién cho hoan vi. C6 n cach chon.
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Budc 2: Chon phan ti thit hai cho hoén vi. C6 (n — 1) cach chon.

Budc k: Chon phan tit thit & cho hoan vi. C6 (n — k + 1) cach chon.

Bud6ce n: Chon phan ti thit n cho hoan vi. C6 (n —n+1) = 1 cach chon.

Do d6, theo qui tac nhan, s hoan vi clia n phan ti 1a
P,=nn—1)..(n—k+1)..1 =nl

Vi du. Gia stt mot 16p ¢6 25 sinh vien. Khi d6, sd cach sap xép chd ngoi

cho 25 sinh vién do6 1a Py; = 25!.

1.1.4 Chinh hgp

Dinh nghia. Mbi bo sap thi tu gom & phan ti khac nhau, lay tit n phan

tt da cho goi 1a mot chinh hgp chdp k ciia n phan tt d6 (0 < k < n).
Ky hiéu s6 cac chinh hgp chap k clia n phan tit 1a A*. Bing lap luan

tuong tu nhu ddi v6i hoan vi, ta thu duge dinh 1y sau day:

Dinh 1ly. S6 chinh hop chdp k ciia n phan ti la

Aﬁ:(ni—!k)!:n(n—l)(n—kJrl).

Vi du. C6 bao nhiéu s6 khac nhau gom 3 chit s6 duge lap tir 4 chit s6
1,2, 3,47
Glidi. Mdi s6 nhu vay 1a mot chinh hop chap 3 ctia 4 phan tit. Do dé s6

cac so6 nhu vay 1a

1.1.5 Chinh hgp lap
Dinh nghia. Mot bo sdp thit tuw gom k phan tit (khong nhat thiét khac
nhau) 1ay tit n phan tit da cho goi 14 mot chinh hop lap chdp k cia n

phan tit do6 (k > 0).
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Nhu vay, khac v6i chinh hop, trong moi chinh hop ldp, khong doi hoi
cac phan t phai khac nhau. Ching han tat cd cac chinh hop lap chap
2 ctia 3 phan t1t ctia tap M = {1,2,3} 1a

(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2), (3,3).
S6 cac chinh hop lip chap k cfia n phan tit duge ki hieu la A
Dinh 1y. S6 cdc chinh hop ldp chap k ciia n phan ti da cho la

Ab — k.

n
Chitng minh. Mbdi chinh hop lap chap & clia n phan t 1a két qud cta
hanh dong chon gom k bude. Mdi bude déu ¢6 n cach thyce hien (vi khong

doi héi cac phan tit phai khac nhau). T d6, theo qui tic nhan, ta c6

AY =nn..n=n"

Trong vi du trén, ta c6 n = 3,k = 2. Vay s6 cac chinh hop lap chap
2 clia 3 phan t 1a
AZ=32=09.

Vi du. C6 bao nhiéu cach sap xép ngau nhién 15 hanh khach lén ba toa
tau?
Glidi. M6i cach sap xép nhu vay 14 mot chinh hgp lap chap 15 ctia 3 phan

tit. Do d6 sb cach sap xép 1a
i3 _ al5
Al =37,

1.1.6 T6 hop
Dinh nghia. Mot tap con (khong ké thit tu) gom &k phan ti lay tit n
phan tit da cho goi 1a mot 6 hgp chap k ctia n phan tit dé (0 < k < n).
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Ky hieu C* 1 s6 cac t6 hop chap k ctia n phan tit da cho.
Pinh 1y. S6 t6 hop chap k cta n phan ti la

oF — AF n!

W= M —Hl k)'(quy ude 0! = 1).

Chiing manh. Mbi to hop chap k clia n phan t sinh ra k! chinh hgp chap
k khac nhau ctia n phan tit d6 (cac chinh hgp nay chi khac nhau ¢ thu

tu sdp x€p cua cac phan tit). Do do ta co

Al = EIC*,
Suy ra
Ak
k n
C) = T

Dinh Iy dugc chiing minh.
T cong thitc néu trong dinh 1y trén, dé dang suy ra cic cong thic sau
day
cr=crt,

Ch=CFi4+0k
Vi du. C6 bao nhiéu cich siap xép ngau nhién 15 hanh khach len 3 toa
tau ma toa thit nhat c6 ding 3 hanh khach?
Gidi. Ta thay c6 C3s cach 1ay 3 trong 15 hanh khéch cho vao toa I. S6 cach
phan ngau nhién 12 ngudi con lai lén hai toa kia 1a 2!2. Vay s6 cich phan
ngau nhién 15 hanh khach
len 3 toa tau ma toa I c6 diing 3 hanh khéch 1a C3; - 212,
1.1.7 Cong thic nhi thic Newton

Trén tap s6 thuc, ta da rat quen thudc véi céac hing dang thic

(a+ b)* = a® + 2ab + b*.
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(a+0b)* = a* + 3a®b + 3ab® + b°.

Biang qui nap c6 thé chitng minh dudc cong thiic sau day, goi la cong

thiic nhy thic Newton
(a+b)" =X ,Cha*b"™" (Va,b € R).

Dic biet, v6ia =b =1 ta c6 2" = X1_,Ck.
Véia=1,b=—1taco0=X_,(—1)""*CF
Néu thay b bdéi —b thi ta c6 cong thric

(a—b)" =X0_o(—=1)"*C*a"v" % (Va,b € R).

1.2 Phép thit ngiu nhién va bién cé

1.2.1 Tt nhién va ngau nhién

Nhu ta da biét, cac hién tugng trong tu nhién va xa hoi ¢6 thé dude
chia lam hai loai: tat nhién va ngau nhieén.

Hién tuong tat nhién 13 hién tugng chic chan xady ra khi c6 mot ho
diéu kien nao dé duge thuc hien. Chang han, véi diéu kién ap suat binh
thuong ctia khi quyén va nhiét do 100°C nuéc chac chan soi; v6i dicu
kien cho axit clohidric (HCI) tdc dung véi natri hidroxit (NaOH) chéc
chan xuat hién mubi an v nudc, ...

Hien tuong ngdu nhién 1a hién tugng c6 thé xay ra hoac khong xay
ra khi ¢c6 mot ho diéu kien nao dé duge thuc hién. Chang han, khi ta
gieo mot dong tien can dbi dong chat, ta khong thé biét duge mit sap
hay mit ngita sé xuat hien. Nhu vay, cic hién tugng “Mat sap xuat hien”
va “Mat ngita xuat hien” 1a cic hién tuong ngau nhién. Két qua ciia mot

lan kiém tra chat lugng san pham, két qua ctia mot lan ban bia, ... ciing
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la nhitng hién tugng ngau nhién.

Tinh bat dinh ciia sy xuat hién clia cac hién tugng ngau nhién lam
nay sinh nhu cau nghién cttu kha ning xuat hién ctia ching. Day chinh
13 mot trong nhitng nguyén nhan ra dsi va phat trién ciia 1y thuyét xac
suat.

1.2.2 Phép thit ngau nhién va khéng gian bién c6 so cap

Dé nghién ctu cac hién tugng ngdu nhién, ngudi ta thuong phai tién

hanh céc phép thit ngdu nhién. Phép thi ngau nhién 1a mot hanh dong
ma két quad ctia né 1a ngdu nhién, khong thé du béo trudc duce. Khi
thuc hien phép thit ngdu nhién thi cac két qua ctia né khong thé xac
dinh truéc duge. Tuy nhién, ta co thé xac dinh duge tap hop tat ca cac
két qua c6 thé c6 ctia né. Tap hop dé dude goi 1a khong gian bién co so
cap va dude ky hiéu béi chit . Mdi phan ti w cia Q sé dude goi 1a mot
bién cb so cap (BCSC).
Vi du. Khi tung mot dong tién can doéi dong chat ta khong biét trudc
két qua la xuat hién mat sap (S) hay mat ngtta (N). Tuy nhién, c6 the
xac dinh dugc cac két qua co the c6 1a S va N. Vay hanh dong tung dong
tien 13 mot phép thit ngdu nhién va khong gian bién cb so cap cuia phép
thit nay 1a Q = {5, N'}.

Tuong tu, hanh dong tung mot con xic xac can déi dong chat, hanh
dong kiem tra ngdu nhién chat luong san pham ctia mot nha may, ...
cling 1a nhing phép thit ngau nhién.

1.2.3 Bién cb

Giad st G 14 mot phép thit ngau nhién. Mot su kién, ma viéc xdy ra
hay khong x4y ra ctia n6é phu thuoc hoan toan vao két qua ctia G, duge
goi 14 mot bién co ctiia G.

Mot BCSC w ciia G dudgc goi 1a thuan 1oi cho bién c¢6 A néu khi két
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qua cua G la w thi A xay ra.
Vi du. Xét phép thii: Tung mot con xuc xic can doi, dong chat. Goi
M; 1a bién cb “xuat hién mat ¢ cham”, C 1a bién ¢d “xuat hién mit c6 so6
cham ch&n”, L 1a bién ¢6 “xuat hién mat c6 s6 cham 1&”. Vay thi

Khong gian cac BCSC 1a Q = {My, My, Ms, My, My, M)

Tap hop cdc BCSC thuan 1gi cho C 1a { My, My, Mg}

Tap hop cdc BCSC thuan 1gi cho L 1a { My, M3, M5},

Nhan xét rang mot bién c6 dudc xac dinh hoan toan bdi tap hop céac
BCSC thuan 1¢i cho né. Vi li do d6, trong 1i thuyét xac suat, nguoi ta
dong nhat mot bién c¢d véi tap con clia Q gom ciac BCSC thuan 1gi cho

bién c6 d6. Chang han, trong vi du trén
C = {Ma, My, Mg} L ={My, M3, Ms}.

Nhu vay, c6 thé hiéu ném na 12, cac bién c¢é dugce tao nén tit cac BCSC.
Cac loai bién cb

Mot bién ¢b dude goi 1a bién cé khong thé cd, néu né khong thée xay
ra khi phép thit duge thyc hién. Nhu vay khong ¢6 BCSC nao cia 2
thuan loi cho bién c6 khong thé c6. Do do, bién c6 khong thé c6 duge
dong nhat véi tap 0.

Mot bién c¢6 dude goi 1a bién co chic chdan, néu né chiac chan xay ra
khi phép thit duge thuc hien. Moi BCSC ctia phép thit déu thuan loi cho
bién c6 chac chan. Do d6, bién cd chic chan duge dong nhat véi toan bo
tap €.

Mot bién c6 dude goi 1a bién co ngau nhién, néu né co thé xay ra
hoac khong xay ra khi phép thit dugc thue hién. Bién c¢6 ngdu nhién
thuong dugce ky hicu béi cac chit in A, B, C, ... Chang han, trong vi du
trén thi:
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Bién c6 “S6 cham xuat hién > 6 1a bién c6 khong thé co6 ().

Bién ¢6 “S6 cham xuat hien < 6”7 1a bién ¢6 chdc chan (Q).

Céc bién ¢6 C = { My, My, Mg}} va L = { My, M3, M5} 1a cac bién ¢
ngau nhién.
1.2.4 Quan hé va phép toan gitta cac bién co
Quan hé thuan 1gi. Ta néi bién c¢6 A thudn lgi cho bién c6 B néu khi
A xay ra thi B xay ra. R6 rang, A thuan lgi cho B khi va chi khi tap
hop cac BCSC thuan loi cho A 1a tap con cua tap hop cac BCSC thuan
ldi cho B. Do d6, néu A thuan loi cho B thi ta ki hieu

A C B.

Quan hé biang nhau. Hai bién c6 A va B goi 1a bang nhau (hay tuong
duong) néu A xay ra khi va chi khi B xdy ra. No6i cach khac, A va B
bing nhau khi va chi khi A C B vd B C A. Néu A va B bang nhau thi
ta ki hiéu
A=B.

Hgp cuia cac bién ¢b. Bién c¢6 A dugc goi 1a hop ctia 2 bién ¢6 B va C
néu A xay ra khi va chi khi it nhat mot trong 2 bién c6 B hosc C xay
ra. Luc do ta ki hiéu

A=BUC.

Tong qudt. Bién c¢6 A dugc goi 1a hop clia ho bién c¢6 A;(i € I) néu A
xdy ra khi va chi khi it nhat mot trong céc bién ¢6 A;(i € I) xay ra. Ki
hiéu
A=JA.
icl

Giao cac bién cb. Bién c6 A dudc goi 1a giao (tich) ctia 2 bién cd B
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va C néu A xay ra khi va chi khi B va C dong thoi xay ra. Ki hiéu
A=BnC ( A= B.0).

Tong qudt. Bién cb A dudc goi la giao (tich) ctia ho cac bién cb A;, (i € I)
néu A xdy ra khi va chi khi tat ca cac A;, (¢ € I) déu xdy ra. Ki hieu

A=A (A=]]4).

el el

Hiéu cac bién co. Bién c6 A dugc goi 1a hiéu ctia bién c¢d B véi bién

c6 C néu A xay ra khi va chi khi B x4y ra va C khong xay ra. Ki hiéu
A= B\C.

Cac bién c6 xung khiac. Hai bién ¢6 A va B dude goi 1a zung khdc
néu ching khong thé dong thoi xay ra. Noi cach khac, A va B dude goi
14 xung khic néu

A.B=10.
Bién cb d6i lap. Bién ¢d A duce goi 1a bién c6 doi lap ctia bién ¢b A

néu A xay ra khi va chi khi A khong x4y ra. Ro rang lac dé ta c6

A=A, A=0\A, A=

NN

Ho day du cac bién ¢b. Ho n bién ¢6 Hy, Ho, ..., H, ducc goi la ho day
di cdc bién co néu ching thod man dong thsi hai dicu kién sau

1. Chtung xung khic véi nhau doi mot. Tic 1a
2. Hop ctia ching 1a bién c¢6 chic chan. Tic 1a

HyUH,....UH, = Q.
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N6i cach khac, Hy, Ho, ..., H, 1a ho day du cic bién c6 néu khi phép
thtt duge thuce hién thi c6 mot va chi mot trong cac bién cd d6 xay ra.
Chang han néu A la bién c6 bat ki thi A va A lap thanh mot ho day du.
Vi du. Hai nguoi cting ban, méi ngudi ban mot vién vao bia. A; 14 bién
c6 “Nguoi thit ¢ ban trang” (¢ = 1,2). Vay thi
A1 A 1a bién ¢ “ca hai ngudi cing ban trang”.

A1 Ay U A Ay 13 bién ¢6 “c6 ding mot ngudsi ban tring”.

A A, 1a bién cb “khong ai ban trang”.

Ho day di cac bién cb la: Ay, A; hodc A; Ay, AjAs, A1 Ay, AjA,.

Chii j. Quan hé v phép toan trén tap hop cac bién ¢ c6 tat ca cac tinh
chat clia quan hé va phép toan trén cac tap hgp. Chang han

1. (AUB)UC = AU(BUC), (AB)C = A(BC).

2. A(BUC)=ABUAC, (AUB)C = ACUBC.
3 AQ—A AUQ=Q.

4. AUD=A, AD=0.

5. (Cong thiic De-Morgan) |J,.; Ai = [Lic; 4i-

1.3 Xac suat cua bién co

N6i chung, mot bién ¢ c6 thé xay ra hoiic khong xay ra khi phép
thtt duge thuc hien. Do d6, ndy sinh nhu cau do ludng kha ning xuat
hién ctia né. S6 biéu thi kha nang xuét hién ctia bién c6 A goi la xac
suat ctia bién ¢6 do va duge ki hieu 1a P(A).

C6 nhiéu cach dinh nghia xac suat. Dudi day sé trinh bay mot s6
dinh nghia quan trong.

1.3.1 Dinh nghia xic suat cb dién
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Dinh nghia. Gia sit khong gian BCSC ciia phép thi c6 n BCSC c6
ciing kha nang xuat hién; trong d6 c6 m BCSC thuan 1gi cho bién c6 A.
Khi do, sb
m
P(A) = o
dude goi 1a zdc suat clia bién c¢d A.
Céac bién c6 c6 cuing kha nang xuat hien dugde goi 1 cac bién c¢6 dong
kha nang.
Vi du.

1. Xét phép thit tung mot con xic xac can déi dong chat. Ro rang

2. Mot nhém hoc tap c6 10 hoc sinh trong dé6 c6 7 hoc sinh yéu. Kiém
tra ngau nhién 3 em. Tinh xac suat dé
a. Ca 3 em dudc kiém tra déu la hoc sinh yéu.
b. Trong 3 em dugc kiém tra c6 mot hoc sinh yeéu.
c. C6 it nhat mot hoc sinh yéu duge kiem tra.
Gidi. Goi A, B, C 1a cac bién ¢6 néu trong cac cau a, b, ¢ tuong tng. S6
cach chon 3 em trong 10 em 1a n = C5,.

a. S6 cach chon cd 3 em yéu 1a C2. Do d6

03
P(A) = =L .
Chy
b. S6 cach chon 3 em, trong d6 ¢6 1 em yéu 1la C1C3. Do d6
Cicz
P(B) = -2 |
Cio

c. Chi c6 mot cach chon 3 em déu khong hoc yéu. Do dé

3, — 1
P(C) = 183 :
10
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Cht 4. Trong dinh nghia x4c suat co dién, doi hoéi s6 BCSC ctia phép
thit phai hitu han va cdc BCSC phai c¢6 ciing kha nang xuat hién. Doi
hoi nay thuong duge thoa man trong cac tro choi may rui, hoac trong
cac phép thit ma viéc chon lua l1a vo tu, ngau nhién va cac dung cu thit 1a
can doi, dong chat. Néu s6 BCSC 1a vo han, ho#c hitu han nhung khong
dong kha nang xuat hien, thi cach tinh xéc suat co dién khong con ding
nua.

1.3.2 Dinh nghia xac suit bang tan suit

Tan suat ctia mot bién cb. Gia st phép thit G c6 thé lap di lip lai
nhiéu lan doc lap nhau; A 1a mot bién ¢6 ctia G. Thuc hien G n lan. Gia

st trong n lan do6, A xuat hien k,(A) lan. Khi d6 ti s6

dugce goi 1a tan sudt xuat hién ctia bién ¢d A trong n phép thit. Cé thé
dé dang nhan thiy rang tan suat c6 nhing tinh chat sau day

1.0 < fu(A) < 1.

2. fn(Q)) = 1.

3. Néu AB = () thi f,,(AU B) = f,(A) + fu(B).

Pinh nghia xac suat theo tan suat. Ngusi ta nhan thay ring khi
s6 phép thir tang len vo han, tan suat ctia f,(A) luon dan t6i mot gidi
han x4ac dinh. Giéi han d6 duge dinh nghia & xac suat clia bién c6 A va
dugc ky hiéu la P(A).

Trén thuye té P(A) duge tinh xap xi béi f,(A) véi n di lén. Chang
han, khi tién hanh thi nghiém tung dong tién nhiéu lan, ta thay tan suat
xuat hieén mat sap (S) xap xi 0,5. Do do6, ta dinh nghia P(S) = 0, 5.

Dinh nghia xac suat bang tan suat chi ap dung dudc cho cac phép

thit ngau nhién c6 thé lap di lap lai nhiéu lan doc lap nhau trong nhiing
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diéu kieén gidng het nhau. Ngoai ra, ta chi c¢6 thé xac dinh dude tuong
do6i chinh xac gia tri clia xac suat khi tién hanh mot s6 du nhiéu cac
phép thir; ma dicu nay doi khi khong thé lam dude vi han ché vé thoi
gian va kinh phi.
1.3.3 Dinh nghia xac suat hinh hoc

Trong truong hop khong gian BCSC Q) ctia phép thit G c6 vo sb
BCSC c6 cung kha nang xuat hién va  c6 thé biéu dién béi mot tap do
dugc thi ta c6 dinh nghia sau day.
Dinh nghia. Gia stt khong gian BCSC € ctia phép thit ¢6 vo s6 BCSC
c6 ciing kha nang xuat hien va Q dudce biéu dién bdéi mot tap do duge

Hg. Khi d6 néu bién c¢6 A dugce biéu dién bdéi mot tap do duge Hy thi

On

S
_d@dOHA

~ d6 do Hyg

ducc goi 1a zdc sudt clia bién co A.

P(A

Trong do6 “tap do duge” 1a tap trén duong thang (mat phang, khong
gian) c6 do dai (dién tich, thé tich) con “do do” clia mot tap la do dai
(dien tich, thé tich) ctia tap do.

Vi du. Hai nguoi ban hen giap nhau trong khoang thoi gian tit 7 dén 8
git. Biét rang kha nang ho dén diém hen vao moi thoi diém trong thdi
gian hen 1a nhu nhau. Ngoai ra, ngudi dén truée doi nguoi dén sau ding
20 phit, néu khong gip sé bo di. Tim xac suat dé 2 ngudi gap nhau.

Gidi. Goi thoi diém dén diém hen cia ngudi thi nhat 1a z, clia ngudi
thit 21ay (7 <2 < 8,7 <y <8). Vay thi c6 thé bi¢u dién BCSC “ngudi
thit nhat dén vao thoi diem x, ngusi thi 2 dén vao thai diém 3 béi cap

Pe

s6 (z,y). Khi d6, khong gian BCSC Q dugc biéu dién bdi hinh vuong
Ho={(x,y) : 7<x<87<y<8}.
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Bién ¢6 A = “2 ngudi gap nhau” dudce biéu dién béi tap

1
Hy={(v,y) € Hq: |z —y|l < §}’
1
( 20 phat = 3 gis ). Vay
d.tich H4 22 5
P(A) = St 1) =
d.tich HQ 3 9

1.3.4 Pinh nghia xac suat bang phuong phap tién dé

Cac dinh nghia xac suat trinh bay & trén c6 uu diém 1a kha truc
quan va rat tien Ioi trong viéc gidi mot s6 16p bai toan tng dung cu
thé. Tuy nhién, ching déu c6 han ché 1a khong tong quat va ciing khong
that chat ché. Dé khac phuc han ché nay, nam 1933, nha toan hoc ngudi
Nga Kolmogorov da xay dung xac suat biang mot hé tien dé. Trudc hét,
ching ta dé cap dén mot s6 khai niém lien quan.
o-dai sb

Gia st © 1a mot tap hop bat ki khéac rdng. Mot ho F gom céc tap
con nao do cia Q) dudce goi 1a mot o-dai s6, néu

1. Qe F,

ii. Néu A € F thi Q\A € F,

jii. Néu A, € F (n=1,2,...) thi U®, A, € F.

o-dai s6 con dugce goi 1a o-truong.
Khoéng gian do va do do xac suéat

Gia st Q 1a mot tap hop tuy ¥ khac rong, F 1a mot o-dai s6 cac tap
con cua 2. Khi do, cap (2, F) duge goi la mot khong gian do.

Gia st (€2, F) goi la mot khong gian do. Mot anh xa P : F — R dugc
goi 1a do do zdc suat trén F néu
i. P(A) > 0 véi moi A € F (tinh khong am),
ii. P(€2) = 1 (tinh chuan hoa),
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iii. Neu A, e F (n=1,2,3,...), AinNA; =AA =0 (i #7j) th

P(UX Ay =507 P(A,) (tinh cong tinh dém dugc).

Bay gio, gia sit  1a tap bat ky khac réng, F 1a mot o- dai s6 cac tap
con cia Q, P 1a do do xac suat trén F. Khi d6, bo ba (Q, F,P) dugc goi
1a khong gian zdc suat.

Tap Q dudc goi 1a khong gian bién co so cap.

o- dai s6 F dudc goi 1a o- dai so cdc bién co.

Mbéi A € F dudc goi 1a mot bién co.

Néu ANB = AB = thi A, B dudc goi la cac bién co xung khdc.

Bién c6 Q2 € F goi 1a bién co chdc chan.

Bién c6 0 € F goi 1a bién co khong thé co.

Bién ¢6 A = Q\ A dugc goi 1a bién co doi lap ciia bién cd A.

Khong gian xac suat (2, F,P) goi 1a khong gian zdc sudt day di néu
moi tap con clia bién cb c¢6 xac suat khong déu 1 bién c¢b. Dé don gidn,
tU nay vé sau, khi néi dén khong gian xac suat (2, F,P), ta luon xem
do6 1a khong gian xac suat day du.

Chu y. Dieu kién (74) trong dinh nghia trén dam bao rang bién ¢d chac
chan c6 xac suat bang 1. Tuy nhién, sau nay ta sé gip nhitng bién cb c6
xac suat bang 1 nhung chua chic da 1a bién c¢6 chic chan. Nhitng bién
c6 nhu vay goi 1a bién co hau chdc chain.

Vi du.

1. Gia stt G 1a mot phép thit ma khong gian BCSC € clia n6 gom n
BCSC c6 cuing kha nang xuat hien. Goi F 1a ho tat cd cac tap con cla

Q. V6i moi A € F ta dit

trong do6 |A| 1a s6 phan tt ciia A.

R6 rang P : F — R thod man cac tién dé xac suat. Day chinh 14 dinh
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nghia xac suat cd dién. Nhu vay, trong mo hinh ¢6 dién, moi tap A C Q
déu 1a bién cb.

2. Gia st G 1la mot phép thit ma khong gian cac BCSC ctia n6 ¢6 vo
s6 BCSC c6 cung kha nang xuat hién va dugc biéu dién béi mot tap do
duoc Hq. Goi F 1a ho tat ca cac tap con do dude cia Hg. Méi H € F
dat

P(H) do do (H) |
do do (Hg)
Dé thay (92, F,P) lap thanh mot khong gian xac suat.

Bay gio, gia st A 1a mot bién c6 ctia phép thit. Néu A duge bicu dién

béi tap do duge H,4 thi ta dat
P(A) = P(Hjy).

Day chinh 13 dinh nghia xac suat hinh hoc.
3. Gid st © 1a mot tap vo han dém duge Q = (wy,wo, ..., Wy,. .. )
con (p,) 1a mot day s6 khong am thod man dieu kien Y 7, p, = 1. Goi

F 1a o- dai s tat ci cac tap con ctia Q. V6i moéi A € F dat

P(A) - Z bi-

w;€A

Dé thay anh xa P : F — R xdc dinh nhu trén la xac suat va (2, F,P)
trd thanh mot khong gian xac suat. Mo hinh nay dudc goi 13 mo hinh
Xac suat roi rac.

Nhu vay, c6 nhiéu cach dinh nghia xac suat thod man tien dé Kol-
mogorov. Van dé 1a & chd can dinh nghia xac suat sao cho phit hgp véi
thuyc tién khach quan.

1.3.5 Cac tinh chit ctia xac suit

Gia st A, B,C, ... 1a nhiing bién c6. Khi d6, xac suat clia ching cé
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cac tinh chat sau
1. P(0) = 0.
That vay, dat A = Q; A, = 0(Vn > 1). Khi d6, st dung (i7i) ta dugc

1= P(Q) - P(UzozlAn) - iP(An) - P(Q) + iP(An)

Suy ra
> P(A,) =0.
n=2

Dicu nay, cung vdéi (i) cho ta
P(0) = P(A,) =0; (Vn > 1).

2. Néu AB = th P(AU B) = P(A) + P(B).
Tinh chat nay 1& hé qua truc tiép ciia tien dé ve tinh cong tinh dém duge

cua do do xéac suat va tinh chat 1.

3. P(A)=1-P(A).
That vay, ta co

Suy ra

4. Néu A C B thi P(B\A) = P(B) — P(A) va do dé P(A) < P(B).
That vay
B=AU(B\A), A(B\A)=10.

P(B) = P(A) + P(B\A) > P(A).
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Suy ra
P(B\A) =P(B) — P(A).
5. P(AUB) =P(A) + P(B) — P(AB).
That vay, ta co

AUB=AU(B\AB); A(B\AB)=1(; ABC B.
Suy ra
P(AUB) =P(A) +P(B\AB) =P(A) + P(B) — P(AB).

6. P( Z:lAk) - ZZ:1 P(Ak) - Z1<k<z‘<n P(AkAi)
+ D i<kcicmen P(ARAIAR,) — - + (=)™ P(A14; ... Ay).

That vay, v6i n = 2, cong thic trén chinh 1a tinh chat (5). Bang
phuong phap quy nap toan hoc, sé chitng minh dudc két qua cho truong
hop n > 2.
7B, A) < X P(A,).

That vay, dat

By = Ay, By = A\By, ..., B, = A\ U] By.

Lac do
P(U?zozlAn) - P(U?f:an) - ZP(Bn) < ZP(AH)-
n=1 n=1

8. (Tinh lién tuc cia zdc sudt)
i. Néu (A,) la day don diéu ting, nghiala Ay C Ay C--- C A, C ...,
thi ton tai

lim P(A,) = P(UA,).

n—oo
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. Néeu (Ay) la day don diéu gidm, nghia la Ay D Ay D -+ D A, D
..., thi ton tai

lim P(A,) = P(M°°,A,).

n—oo

That vay, gia st (A,) la day ting. Dat

By = Ay, By = A\By, ..., B, = A,\A,_1 = A,\ U] By.
Lac do

Up_ By = Ul Ay = Ap, U0 B, = U2 (A, BiN B = 0.

Suy ra
P(UX Ay =P(US By) =507 P(B)) = limyy 0 P(UP_ Bi) = limy, 00 P(A,,).

n=1

Bay gio gia st (A,) la day don diéu gidm. Vay thi (A,) 1a day don diéu

tang, nén theo (i) ta co

lim P(A,) = P(UX,4,) = P(M,A,) = 1 — P(N™, A,).

n=»00
Suy ra

lim, oo P(A,) = lim,oo(1 — P(4,)) = 1 — lim, oo P(4,) = 1 — (1 —
P(ﬂ%ilAn)) - P(ﬂi‘;y‘ln)-

D6 1a diéu can chitng minh.

1.4 Xac suat cé diéu kién

1.4.1 Dinh nghia va vi du

Trong thuyc té, nhiéu khi ta phai tinh xac suat cia mot bién c6 khi
biét mot bién c¢6 khac da xay ra. Xac suat do goi la xac suat c6 dieu kien
va dudc dinh nghia nhu sau.
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Dinh nghia 1. Gia st A v& B 1a cac bién c¢6. Xac suat ctia B duge tinh
v6i gid thiét A da xay ra dude goi 1a zdc suat cia B vdi dieu kién A va
duge ki hieu 1a P(B/A).

X4c suat ctia B vé6i dieu kien A con dude goi 1a zdc suat cé dieu kién
ctia A doi vdi B.
Vi du. Mot 16p hoc ¢6 n hoc sinh, trong d6 c6 m hoc sinh nt (m < n).
Trong m hoc sinh nit d6 ¢6 k em hoc yéu (k < m). Kiém tra ngdu nhién
mot hoc sinh. Goi A 1a bién cb “hoc sinh d6 1a nit”, B 1a bién cd “hoc
sinh d6 hoc yéu”. Vay thi ro rang P(B/A) la ti 1¢ hoc sinh nit hoc yéu.
Do do

k
P(B/A) = —.
(B4 = 2
Mzt khac, dé dang nhan thiy ring
m k
P(A)=—, P(B)=-.
(A)=—, B(B)=—
Suy ra
P(AB)
P(B/A) =
(B/4) = S

Qua kiém nghiém thuc té, ngudi ta nhan thiy cong thic trén luon
luon dung. Diéu nay goi v cho ta di dén dinh nghia sau:
Dinh nghia 2. Gia st (Q,F,P) la khong gian x4c suat. A,B € F,
P(A) > 0. Khi d6 sb

P(AB)

P(B/A) =
dude goi 1a zdc suat cia B vdi dieu kién A.
Chii .
1. Néu P(A) = 0 thi vAn c6 P(B/A) nhung khong thé 4p dung cong

thie (1).
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2. Tuy theo tinh huéng cu thé ma cé thé tinh P(B/A) theo mot trong
hai dinh nghia trén.
1.4.2 Tinh chét.
1. P(B/A) > 0. (Hién nhién).
2. Néeu B D> A thi P(B/A) = 1. Dic biet P(Q/A) = 1.
Ching manh.

B> A= AB=A= P(B/A) = Pléf;) = ﬁgﬁ; = 1.

3. Néu (B,) la day cdc bién c6 doi mot zung khac thi
P Bo/A) = 3 P(B,/A).
n=1

Chiing minh. Trude hét nhan xét rang néu (B,,) la day bién ¢6 doi mot
xung khac thi (AB,) ciing la day bién ¢6 doi mot xung khic. Do d6

P((Uzolen)A) _ IP( ?LO:l(ABn))

P(Uzolen/A) - I[D(A) N P(A)

Tu (1) - (3) suy ra rang néu A 1a mot bién ¢, P(A) > 0 thi anh xa
P4 : F — R xac dinh béi cong thiic

P4(B) =P(B/A) (VB¢ F)

cling 1a x4c suat trén F.

1.4.3 Quy tac nhan

Dinh ly. Gid st Ay, Ag, ..., A, (n > 2), la n bién co bit ki sao cho
P(AyAs... A, 1) > 0. Khi do

P(A1As... A,) = P(A).P(As/A)).. P(Ay/Ar... Ay_i). (2)
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Chiing manh. Ta chiing minh bang phuong phap quy nap theo n. Ta c6,

v6i moi Ay, Ay € F

P(Ay/Ar) = %

Do do6
P(A14z) = P(A1).P(As).

Vay (2) ding vé6i n = 2.
Gia st (2) dang dén n = k, ta sé ching minh n6 dang véi n = k + 1.

That vay, gid sit A; € F véii = 1,2, ... k. k+ 1. Lic do
P(AyAs ... ApArey) = P(A1As . . Ap) Apod]
=P(A1Ay. . Ap) P(Ap1/A1As ... Ay).
Mzt khac, do gia thiét qui nap
P(A1 Ay ... Ay) = P(A)).P(Ay/Ay) .. . P(Ar/A1As ... Apq).
Suy ra
P(AyAs . .. ApApsr) = P(A1)P(As/Ay) .. P(Aper /A1 As ... Ay).

Vi du. Mot tht kho ¢6 mot chtim chia khoa gom 9 chiéc bé ngoai giong
hét nhau nhung chi ¢6 2 chia mé duge kho. Anh ta thit ngau nhién ting
chia (chia nao khong md duge thi bo ra). Tim xac suat dé anh ta mé
duge ctta & lan mdé thit 37

Gidi. Goi A; 1a bién c¢6 “thtt ding chia 6 lan thi 7. Ta phai tinh

P(A;AyA3). 4p dung qui tdc nhan, ta c
P(A1AzA3) = P(A1)P(A2/Ar)P(As/ A1 As).
Dé thay
_ S 6 — — 2
PO =5, P(A/A)=¢. B(Ay/A) =z
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Do dé6

— = 762 1

1.4.4 Céng thiic xac suat day da va cong thic Bayes

Dinh ly. Gid st Hy, Ho, ..., H, la ho day di cdc bién c6 va P(H;) > 0,
(Vi =1,2,...,n). Khi dé, vdi bién co A bat ki, ta cé

i) P(A) = X0 P(A/ Hi)P(Hy).

ii) NéuP(A) > 0 thi

P(Hy/A) = Z?i"%ﬁ’ﬁ%’z% (k=1.2....n).

Chiing manh.
i) Ta co

A = AQ = A(U?ZlHZ) = U;r'LzlAHiy
(AH))(AH;) = A(H;H;) = AD =0 (i # 7).

Do do

n n

P(A) = P(A(UL, Hy) = ) P(AH;) = ) P(A/H;)P(H;).
i=1 i=1
HAR) — Al H )
P(A) XL P(A/H;)P(H;)
Cong thitc (i) goi 1a cong thiic xac suat day du, con cong thic (i7) goi

ii) P(Hy/A) =

la cong thiic Bayes.

Vi du. Trong mot truong PTTH s6 hoc sinh cac khéi 10, 11, 12 tuong
tng chiém 40%, 35% va 25% tong s6 hoc sinh ctia trusng. Ty 1é hoc sinh
yeu ctia khoi 16p 10 1a 25%, khoéi 16p 11 1a 20% va ctia khoi 16p 12 1a
10%. Kiém tra ngdu nhién mot hoc sinh clia trusng.

a. Tinh xac suat dé em dé 1a hoc sinh yéu?

b. Gia st biét ring em d6 1a hoc sinh yéu. Tinh xéc suat dé em dé la
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hoc sinh khéi 127
Gidi. Ki hieu A, Hy, Ho, H3 13 cac bién c6 sau:
A “hoc sinh dugc kiém tra 14 hoc sinh yéu”.
H; “hoc sinh dugc kiém tra la hoc sinh yéu khoi 10”.
H, “hoc sinh dugc kiém tra 1a hoc sinh yéu khoi 117,
Hj; “hoc sinh dugc kiém tra 1a hoc sinh yéu khoi 127,
Khi d6 Hy, Hy, Hy 1ap thanh ho diy di va P(Hy) = 0,4; P(H,) =
0,35; P(Hy) = 0,25; P(A/H,) = 0,25; P(A/Hy) = 0,2; P(A/H;) = 0, 1.
Ta can tinh P(A) va P(H3/A).

ap dung cong thiic xac suat day du, ta co

P(A) = P(A/H,).P(Hy) + P(A/Hy).P(Hs) + P(A/Hs).P(H;)
—0,25.0,44+0,2.0,35+0,1.0,25 = 0,195 = 19, 5%.

(Day chinh 1a ti 1¢ hoc sinh yéu clia truong!).
ap dung cong thiic Bayes, ta co

P(A/Hy)P(Hs)  0,1.0,25

P(Hs/4) = P(H;) 0,195

~ 0,128 = 12, 8%.

(Diéu nay c6 nghia 1a s6 hoc sinh yéu ctia 16p 12 chiém 12,8% s6 hoc
sinh yéu ctia truong!).
1.4.5 Tinh doc lap ctia cac bién cb

Dinh nghia 1. Hai bién c6 A va B dugdc goi 1a doc lap néu
P(AB) = P(A).P(B).

Tinh chat
1. A, B doc lap khi va chi khi P(A/B) = P(A) hodc P(B/A) = P(B).
Ching minh. Gia st A, B doc lap. Khi d6

P(AB) =P(A)P(B).
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Mat khac theo cong thitc nhan
P(AB) =P(A/B).P(B) =P(B/A).P(A).
Suy ra
P(A/B) =P(A); P(B/A) = P(B).

Nguge lai, gid st chang han P(A/B) = P(A), khi d6
P(AB) =P(A/B)P(B) = P(A)P(B).

Nhdn rét. Qua chiing minh trén, ta thay ring hai dang thic P(A/B) =
P(A) va P(B/A) = P(B) déu tuong duong v6i dinh nghia doc 1ap va do
do6 tuong duong véi nhau.

2. Hai bién c6 A va B doc lap khi va chi khi mot trong cdc diéu kién sau
thoa man

i) A, B doc lap;

i ) A, B doc lap;

ii) A, B doc lap.

Ching minh. Ta sé chitng minh trusng hgp @) cac truosng hgp con lai

chiing minh tuong tu. Gia st A,B doc lap. Vay thi
P(AB) = P(B\AB) = P(B) — P(AB)

— P(B) — P(A)P(B) = P(B)(1 — P(A)) = P(A)B(B).

Do dé6 A, B doc lap. Ngudc lai néu A, B doc lap thi

P(AB) = P(B\AB) = P(B) — P(AB)

= P(B) - P(A)P(B) = P(B)(1 — P(A)) = P(A)P(B).
Do d6 A, B doc lap.
Vi du.
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1. Tung dong thoi hai dong tién can déi dong chat. Goi A 1a bién cb
“Dong tien tht nhat sap”, B 1a bién c6 “Dong tién thit hai ngta”. Ta sé
chiing minh ring A, B doc lap.

That vay, ta co

Q= {(Sv S)(Sa N)(N7 S)(N7 N)}>
A= {(S.S)(SN)} B={(SN)(N,N)} AB={(sN)}

Do doé

Suy ra A, B doc lap.
R6 rang két qua nay phtt hgp véi nhan thic tryc quan clia ching ta.
2. Hai nguoi doc 1ap nhau cting ban vao mot may bay. Xac suat ban
tring ctia nguoi thit nhat 1a 0,3; clia ngudi thit hai 1a 0,2. Biét rang may
bay sé roi khi ¢6 it nhat mot ngusi ban trang. Tim xac suat dé may bay
roi?
Gidi. Goi A 1a bién c6 “ngudi thit nhat ban tring”,
B 1a bién c¢b “nguoi thi hai ban tring”,
C'1a bién c6 “may bay roi”.

Vay thi A, B doc lap va C = AU B. Do do
P(C)=P(AUB) =P(A)+P(B) — P(AB)

= P(A) + P(B) — P(A)P(B) = 0,3+ 0,2 — 0,2.0,3 = 0, 44.

Duéi day sé trinh bay khai niem doc lap ctia mot ho bién co.
Dinh nghia 2. Ho céc bién ¢b (A;)ic; dude goi la doc lap doi mot néu
hai bién c6 bat ky ctia ho déu doc lap.

Ho cac bién c6 (A;)ic; duge goi 1a doc lap toan cuc (goi vin tat la
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doc lap), néu do6i v6i moi ho hitu han cac bién ¢d A, , A;y, ..., A; cla ho

do, ta deu co

P(A; A, ... Ai) = P(A;))P(A,)..P(A;).

ig - -

Mot ho doc lap thi doc lap doi mot. Tuy nhién dieu ngudc lai néi
chung khong dung. Vi du sau day ciia Bernstein chitng té diéu do.
Vi du. Cho mot khéi ti dién déu dong chat c6 ba mit son ba mau
trang, xanh, vang, con mat thit tu son ca ba mau d6. Tung khoéi ti dien
do6 len mit phing va chd ¥ dén mat tiép xdc véi mit phang. Goi T 1a
bién ¢6 “xuat hién mau trang”; V 1a bién ¢ “xuat hien mau vang”; X 1a

bién ¢6 “xuat hién mau xanh”. Khi do

2 1
P(T) = B(X) = B(V) = 2 = £ B(TV)
1 11
—P(VX)=P(XT) = - = ==,
vx) = B(xT) -2 - 11
Do d6 ho céac bién c6 T, V, X doc lap doi mot. Tuy nhién

P(TVX) = i £ P(T)B(V)P(X) = 1/8.

Cho nén ho trén khong doc lap.

Déi v6i day doc lap cac bién co, ta co6 tinh chat quan trong sau day,
goi la Luat 0 — 1 Borel-Cantelli.
Dinh 1y. (Luat 0 — 1 Borel-Cantelli) Gid s (A,,n > 1) la day cdc bién
co. Khi dé

i) Néu > >7 | P(A,) < oo thi P(limsup A,) = 0.

i) Néu > 2 P(A,) = oo va (A,) doc lap thi P(limsup A,) = 1,
trong do

limsup A, = N>2, UpZ,, Ag.
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Ching minh. i) Gia st >~ P(A4,) < co. Khi d6

P(limsup A,) = P(N°2, Urs,, Ak) = lim P(URZ,, Ax)

n—oo

0
< I =
< JLIQOZ]P’(A;C) 0.
k=n
i) Trude hét, nhan xét rang néu 0 < z < 1 thi
—T

l—z<e

Gia st > P(A,) = oco. Khi d6, vi day (A,) doc 1ap nén day (A,) ciing

doc lap. Do d6, v6i moin =1,2,... va moi m > n, ta co

1= P(UL,Ar) = P(UZ, Ar) = P(MiL,, Ar)

— H(1 —P(Ay)) € e Sk Pl
k=n
Suy ra
0<1-B(UR,AL) = lim (1 - P(ULL, Ay)
< lim e k= P(AR) — 0,

m—o0

Do d6 P(U2, Ag) =1 véi moi n = 1,2, .... Diéu nay kéo theo
P(limsup A,,) = lim P(U2,, Ax) = 1.
n—oo

D6 1a diéu phai chiing minh.
Nhu vay, néu (A,,) 1a day bién c¢b doc lap thi P(lim sup A,,) chi c6 thé
nhan mot trong hai gia tri 0 hodc 1 tuy theo chudi >~ P(A,) hoi tu

hay phan ky.
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1.5 Day phép thtt Bernoulli

1.5.1 Dinh nghia va vi du
Dinh nghia. Day n phép thi Gy, Gs, ..., G,, dugc goi la day n phép thu
Bernoulli doi vdi bién co A, néu
i) Céac két qua ctia ching doc 1ap véi nhau.
i1) Xac suat ctia bién c¢6 A 1a P(A) = p nhu nhau dé6i v6i mdi phép thi
trong n phép thit nay.
Vi du.

1. Tung dong tien 10 lan vA quan sat sy xuat hién ciia mit sap. D6
14 10 phép thit Bernoulli déi véi bién c6 A “xuat hien mat sap”.

2. Mot nguoi ¢6 5 vien dan, ban ting viéen mot vao muc tiéu, d6 1a 5
phép thit Bernoulli d6i véi bién c6 A “vien dan tring muc tieu”.
(Tuy nhién néu c6 5 ngudi, moéi ngudi ban mot vien vao muc tiéu thi néi
chung day khong phéi 1a 5 phép thit Bernoulli !).
1.5.2 Dinh 1y Bernoulli. Khi thyc hién n phép thit Bernoulli. Bién c6
A ¢6 thé xuat hien 0 1an, 1 1an, ..., n lan. Vay xac suat dé A xuat hién k
lan (0 < k& < n) 1a bao nhiéu? Bernoulli da tra 16i duge cau hoi d6 trong
dinh ly sau day.
Dinh 1y.Gid st xdc sudat zudat hién bién co A trong moéi phép thi la
P(A) = p. Khi dé zdc sudt dé A zuat hién k lan trong n phép thi

Bernoulli la
pa(k;p) = CipF(1—p)"™*  (0< k< n).

Chitng minh. Ky hieu A 1a bién c6 “A xuat hien dang k lan khi thuec
hién n phép thtt Bernoulli”. Vay thi A; 1a hop ciia cic bién c¢o6 dang

(w1, wWs, ..., wy), trong d6 w; c6 thée 1a A hodc A va A c6 mit & k vi tri,
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A comat & (n— k) vi tri. M&i bién ¢6 nhu vay duge xac dinh hoan toan
bdi k vi trf cia A trong n vi tri. Do d6 ¢6 C* bién c¢6 thuan lgi cho Ay.

Do tinh doc lap ciia cac phép thit nén xac suat ctia mdi bién c¢b 1a

P(w1)P(ws) . .. P(wn) = (P(A)P(A) ... P(A))(P(A)P(A) ... P(A))

Vay
P(Ay) = CEpF(1 — p)»*.

Cha 4. Trong nhiéu truong hop, ngoai viéc tinh xac suat dé A xuat hien
k lan, ta con phai tinh xac suat dé s6 lan xuat hien A nam giita hai s6
k1 va ko (0 < k1 < ko). Tiic la tinh x4c suat ctia bién ¢6 B: “S6 lan xuét
hién A 16n hon hoac bang k; va nhé hon hodic bang ky”. Xac suat nay

thuong duge ki higu 1a p,(kq, k2; p).

RO rang
B=UZ2, A, AA; =0 (i+#)).
Suy ra
ko ko
pulk1, ko;p) = P(B) = Z Ay = Z ChpF(1 — p)"*.
k=k k=k

Vi du. Tung con xtc xic 10 lan. Tim xac suat dé
1. Mat 6 cham xuat hién 2 lan.

2. Mat 6 cham xuat hién khong qua 2 lan.

1 1 1.,.5
1.p= & 1n =10, k= 21nén5ta c6 pio(2; 6) = 0120(6)2(§)8-
2. p10(0,2; 6) = Zizo C{Co(é)k(é)loik
5 1.5 1.5
_ A0 (2\10 1529 2 (12,248
—010(6) +Cm(6)(6) +Clo(6) (8) :
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Chii . Khin, k va (n—k) déu kha 16n thi viec tinh p, (k; p) va p,(k1, k2; p)
theo cac cong thic trén 1a rat nang né. Vi thé, tréen thuyc té, nguoi ta

thuong ding cic cong thic gan ding sau day:

1 k—np
pu(k;p) & (
NN
ko — np ki —np

g=1-p, 90(95):\/12766;2’ (I)(x):/; (= \/%/

Cac cong thiic trén dugce rut ra tu cac dinh 1y gidi han. Cac dinh 1y
nay sé dugc nghién citu trong Chuong 3.
1.5.3 S6 c6 kha nang nhét
Dinh nghia. S6 ky thod man diéu kieén:

Pn(ko; p) = max py(k; p)

1<k<n

dude goi 1a s6 ¢6 khd nang nhat.

Nhu vay kg 1a s6 c6 kha nang nhat néu trong cac bién c¢d A “A xay
ra klan” (k =0,1,2,...,n) thl bién c¢6 Ay, “A xiy ra ko 1an” 1a bién ¢
c6 kha nang xay ra nhat.

Dinh 1y. Néu np — ¢ nguyén thi kg = np — q vd kg = np — ¢ + 1. Néu
np — q khong nguyén thi ky = [p(n + 1)].
Ching manh. Ta c6

pu(k+1;p)  ChHpitlgn=k=l

pulkip)  Chpfgn*
n! kln—k)!'p _n—kp
(l{:—I— Din—k—=1)!" n  q k+19q
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Suy ra
po(k +1;p) > pu(kip) & (n—k)p > (k+1)g & k <np—gq,

pu(k +1;p) = pu(k;p) & k=np —q,
pu(k +1;p) < pu(k;p) & k <np—q.

T day suy ra rang:

Néu np — ¢q 1a sd nguyen thi p,(k;p) dat cuc dai tai hai gia tri cua k
laky=np—qgvako=np—q+1=np+p=(n+1)p.

Néu np—q khong nguyeén thi p, (k; p) dat cuc dai tai gia tri ctia kg 13 s6
nguyeén nam gitta np—q vanp—q+1. Tic la kg = [np—q+1] = [(n+1)p].
Vi du . Trong mot cudc thi ban qudc té, moi xa thi ban 60 vién vao bia.
Xa tht Viet Nam ban tring tam véi xac suat 0,92. Tim s6 vién trung
tam c6 kha nang nhat va xac suat tuong ing?

Giai. Ta c6
n=60,p=0,92,np —q=60.0,92 — 0,08 = 55, 12.
Suy ra

ko = [np — ¢+ 1] = [56, 12] = 56.

peo(56;0,92) = C8(0,92)°°(0,08)*.

BAI TAP
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1. Gieo dong thdi hai con xtc x#c. Tim xac suat dé

a) Tong s6 ndt xuat hien 1a 7.

b) Tong s6 not xuat hien 1a 8.

¢) S6 nét xuat hien hon kém nhau 2.

2. Mot khach san c6 6 phong don. C6 10 khach dén thué phong, trong
d6 ¢6 6 nam va 4 nit. Ngusi quan 1y chon ngau nhién 6 ngusi. Tinh xac
suat de trong do

a) C& 6 nguoi déu la nam.

b) C6 4 nam va 2 nit.

c) C6 it nhat 2 ni.

3. Mot hom ¢6 9 tam thé danh s6 tit 1 dén 9. Chon ngiu nhién ra hai
tam thé. Tinh xac suét dé tich ctia hai s6 trén hai tdm thé 14 mot sb
chén.

4. Gieo n con xtic xac. Tim xac suat dé

a) SO n6t xuat hién trén chung 1a nhu nhau.

b) Téng s6 not xuat hien bang n + 1.

c) Tong sb nét xuat hien bang n + 2.

5. Chitng minh rang, néu A, B, C 1a cac bién c6 thi

a) P(AAB) =P(A) + P(B) — 2P(AB),

b) P(AB) +P(BC) +P(CA) > P(A) +P(B) + P(C) — 1,

c) P(AB) +P(AC) — P(BC) < P(A),

d) P(AAB) < P(AAC) + P(CAB),

§ day AAB=(A\ B)U(B\ A).

6. Gia sit A, B 1a cac bién c¢6. Chiing minh rang

a) P(AU B)P(AB) < P(A)P(B).

b) [P(AB) — P(A)P(B)| < i
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7. Gid st Ay, ..., A,, C la cac bién c6. Ching minh rang
P(A; ... A,|C) = P(A|C)P(As|A1C) ... P(A,| Ay ... A, 1O)

néu vé phai xac dinh.

8. Gia st By,...,B, 1a ho day du cac bién c6, C 1a bién c6 thod man
dieu kien P(B;C) >0 (i = 1,...,n), A la bién ¢6 bat ky. Chiing minh
rang

P(A|C) =) P(A|B.C)P(B[C).
k=1
9. Gid su A va B la céc bién ¢ doc lap va P(AU B) = 1. Chiing minh

rang hoic A hodc B ¢6 xac suat bang 1.

10. Gid st A va B 1a cac bién c¢6 doc lap. Chitng minh rang néu A N B
va AU B doc lap thi hoac P(A) = 0, hoiic P(B) = 0, hoac P(A) = 1,
hodc P(B) = 1.

11. Gid sit A va B Ia céic bién ¢6 doc lap, P(AUB) = P(A)+P(B), P(AAB)
pvaP(A\ B) <p. Tinh P(A),P(B),P(A\ B).

12. Cac bién c6 A, B va C doc lap va déu c6 xac suat khac 0 va khac 1.
Chting minh rang cac bién c6 AB, BC va AC khong doc lap doi mot, do
do6 khong doc lap.

13. Gid stt A, B, C 1a cac bién c6 thod man: A doc lap véi BC va vdéi
B UC; B doc lap v6i AC ; C doc lap v6i AB; A, B, C déu c6 xac suat
duong. Chitng minh réng A, B, C doc lap.

14. Gia stt € > 0, hai bién c6 A, B dudc goi 1a hai bién c¢6 e-doc 1ap néu
IP(AB) — P(A)P(B)| < e.

Chting minh ring
a) Néu A, B la e - doc lap thi A, B va A, B ciing ¢ - doc lap.
b) Néu A 1a bién ¢6 thod man P(A) < € hodc P(A) > 1 — ¢ thi A 14 bién
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co ¢ - doc lap v6i moi bién c6 B.

¢) Néu bién ¢6 A 1a bién ¢6 ¢ - doc lap véi chinh n6 thi hosic P(A) < 2¢
hoac P(A) > 1 — 2e.

15. Ta ¢6 10 hop bi trong d6 c¢6 4 hop loai I, mdi hop c¢6 3 bi trang va 5
bi do; 3 hop loai II, mdi hop c6 4 bi trang, 6 bi dé; 3 hop loai 111, mdi
hop 2 bi trang, 5 bi do.

a) Rat hi hoa mot hop va tir d6 14y ngdu nhién ra mot vien bi. Tim xac
suat dé duoc vien bi do.

b) Ruat hit hoa mot hop va tir d6 14y ngdu nhién mot vien bi thi duge bi
trang. Tim xac suat dé vien bi dé riat ra tit hop loai II.

16. Mot nha méy san xuat bong den cé ti 16 béng den dat tieu chuan la
90%. Truéc khi xut ra thi truong, mdi béng den déu dude qua kiém tra
chat luong. Vi su kiém tra khong the tuyet déi hoan hdo nén mét béng
den t6t c6 xac suat 0,8 dude cong nhan 1a tét vA mot bong den hong
c6 xac suat 0,95 bi loai bd. Hay tinh ti 1é béng dat tiéu chuan trong sd
béng duge cong nhan 13 tot.

17. C6 hai 16 san pham. Lo I ¢6 10 san pham loai I va 2 san pham loai
II. Lo 2 c6 16 san pham loai I va 4 san pham loai II. T mdi 16 ta lay
ngau nhién ra mot san pham. Sau dé trong 2 san pham thu dudgc ta lai
lay ht hoa ra mot san pham. Tim xac suat dé san pham lay ra sau ciing
14 san pham loai I.

18. Biét rang ty lé ngusi mac bénh ndo dé § mot dia phuong 1a 2%. Nguoi
ta st dung mot phan ng ma néu ngudi bi bénh thi phan tng luon luon
duong tinh, néu ngusi khong bi bénh thi phan tng c6 thé duong tinh
v6i xac suat 0, 30.

a) Tim xac suat phan tng duong tinh.

b) Tim x4c suat bi bénh, khong bi bénh trong nhém ngusi c¢6 phan ting
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duong tinh.

19. C6 3 hop phan, trong d6 hop 1 chita 20 vién tét va 5 vien xau, hop
2 chia 10 vien tot va 5 vién xau, hop 3 chita 5 vién tot va 15 vieén xau.
Ta gieo mot con xtc xac can déi: Néu xuat hien mit 1 cham thi chon
hop 1, néu xuat hién mat 2 hoac 3 cham thi chon hop 2, néu xuat hieén
cidc mit con lai thi chon hop 3. Tt hop dude chon d6 1ay ngau nhién ra
1 vien phan. Tim xac suat do6 1a vien phan tot.

20. Mot 16 hang gdm a san pham loai I va b san pham loai II duge dong
g6i dé gt cho khach hang. Noi nhan kiém tra thay that lac mot san
pham. Chon ngau nhién ra mot san pham thi thay né l1a san pham loai
I; tinh x4c suat dé san pham that lac ciing l1a sdn pham loai I.

21. Theo két qua diéu tra vé bénh lao, ty 1é ngusi bi lao & ving no 1a
0,001. Tim xéc suat dé khi kham cho 10 ngusi thi:

a) Khong ai bi lao.

b) 5 ngudi bi lao.

c) it nhat 1 nguoi bi lao.

d) S6 ngudi khong bi lao ¢6 kha nang nhét.

22. Trong mot cudc thi ban qudc té, moi xa thi ban 60 vién vao bia. Xa
thti ctia Viet Nam ban tring tam véi xac suat 0,95. Tim xac suat dé a)
Xa tht nay ban trang tam ca 60 vien.

b) Xa thi nay bi trugt ngoai tam 2 vién.

c) Xa tht nay bi trugt it nhat 1 vien.

d) Tim s6 vién trang tam c6 kha nang nhat. Tinh x4c suat tuong tng.

23.Trong mot thanh phd nao d6 65% dan cu thich xem da béng. Chon
ngau nhién 12 ngudi, hay tinh xéc suat dé trong do c6 ding 5 ngusi
thich xem d&a bong.

24. Mot bai thi trac nghiém (multiple - choice test) gom 12 cau héi, moi
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cau hoéi c6 b cau tra 1oi, trong dé chi c6 mot cau tra 161 ding. Gia su
mdi cau tra 1oi ding dude 4 diém va mbi cau tra 16i sai bi trit 1 diém.
Mot hoc sinh hoc kém lam bai bang cach chon hi hoa mot cau tra 1oi
cho méi cau héi. Tim xac suat dé

a) Anh ta duge 13 diém.

b) Anh ta dugc diém am.

25. Hai dau thi choi c6 ngang tai ngang stc thi dau véi nhau. Héi rang
kha nang nao cao hon gitta hai kha nang:

a) Thang 2 van trong 4 van.

b) Thang 3 van trong 6 van.

26. Gia stt Ay, Ao, ... va B, Bs,. .. a hai day bién ¢6 va P(B,) — 1 khi
n — oo. Chiing minh rang

lim P(4,) = lim P(A,B,)

v6i dieu kien 1a mot trong hai gi6i han d6 ton tai.
27. Gia stt Ay, As, ... 1a day cac bién cd. Khi d6, gidi han trén va gidi

han dudi ctia day d6 duge dinh nghia nhu sau

limsup A,, = ﬁ [OJ A, va liminf A,, = G ﬁ Ay

n=1k=n n=1k=n
Chting minh ring
a. liminf A, C limsup A,,.
b. limsup A4, = liminf A,, liminf A, = limsup A4,.
c. Gia st A, B 1 hai bién c6. Dat

A néun chin

A, =

B néun lé.

Tim limsup A,, va liminf A4,,.

45



28. Chiing minh cac hé thic sau day
limsup(A, U B,,) = limsup A,, Ulimsup B,,
liminf(A4, N B,) = liminf A, Nliminf B,

limsup A, Nliminf B, C limsup(A, N B,,) C limsup 4,, N limsup B,,.

29. Gia st Ay, Ay, ... 1a day cac bién c¢6. Chitng minh ring

P(| ) An) = P(A) + P(A1Ay) + P(A Ay Ag) + - -
n=1
30. Chitng minh rang, déi v6i moi day bién c6 Ay, Ao, ..., ta co

a. P(limsupA4,) = lim P(U.2,, Ai),

b.  P(liminf A,) = nh_)ralo P(N:2,, Ai),

c. P(liminf A,,) < liminf P(4,) < limsupP(A4,,) < P(limsup A,).

31. Chiing minh réng néu ho céc bién ¢ (A;);e; doc 1ap thi ho cac bién
cd (A;)ier cling doc lap.

32. Gia st Ay, Ay, ..., A, 1a cac bién c6 doc lap. Chitng minh rang

33. Gia st Ay, Ay, ... 1a day cac bién c¢6 doc lap. Ching minh rang

P(() Ar) = [ [ P(4r).
k=1 k=1

34. Gia sit Aq, Asg, ... 1& day cac bién c¢6 doc lap. Ching minh rang chudi

Z(l - P(An))

n=1
hoi tu khi va chi khi

P(() An) >0

n=1



35. Gia stt (Q, F,P) 1a khong gian xac suit sao cho d6i véi moi bién ¢b
A, tap hop céc bién cb doc lap véi A 1ap thanh mot dai s6. Chitng minh
rang khi d6 moi ho cac bién c¢6 doc lap doi mot sé doc lap.

36. Gia su (2, F,P) 1a khong gian xac suat. Chiing minh rang can va du
dé tat cac cac bién cb ctia n6 doc lap doi mot 1a cac bién ¢d dé c6 xac
suat bang 0 hosic bang 1.

37. Quan heé doc lap gitta cac bién cb trong mot khong gian xac suat bat
ky c6 tinh bac cau hay khong ?

38. Quan he phu thuoc (khong doc 1ap) gitta cac bién ¢ trong mot khong
gian xac suat bat k¥ c6 tinh bac cau hay khong ?

39. Chiing minh rang, diéu kién can va dia dé quan hé doc lap giita cac
bién c6 trong mot khong gian xac suat co tinh bac cau 1a cac bién cb
ctia khong gian d6 cé xac suat bang 0 hosic bang 1.

40. Gid st A, B, A,,, B,(n > 1) 1a cac bién ¢6, Chiing minh rang:

a) AAB = AAB,

b) Unti AnAUpZy B € Uy (AnABy),

) Moz AnD N2y Br C Moy (AnABy).

41. Gia st (2, F, P) 1a khong gian xac suat, o-dai s6 F sinh bdi dai s6
A. Chiing minh rang, v6i moi € > 0 va moi A € F, ton tai B € A sao
cho P(AAB) < e.

42. Chttng minh rang néu hai o-dai s6 doc lap va déu chita cac bién cb
khéc 0 va khac 1 thi hop clia chiing khong thé 1a mot dai s6.

43. Gia st Ay, Ag, ... va By, B, ... 1a hai day cac bién ¢6 va P(B,) — 1

khi n — oco. Chiing minh riang néu

liminf P(A,) > a >0
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thi
P(An)

lim ——— = 1.
w0 P(A,B,)

44. Gia st Ay, Ao, ... 1a day cac bién c¢6 thod man

> P(AyAni) < 0o va P(A,) = 0 khi n— oo

n=1

Chitng minh rang P(lim sup 4,,) = 0.
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CHUONG 2

DAI LUONG NGAU NHIEN VA PHAN PHOI
XAC SUAT

2.1 Dai luong ngau nhién

2.1.1 Dai luong ngau nhién rdi rac
Dinh nghia. Mot dai lugng nhan cac gia tri bang s6, phu thuoc vao
két qua ctia phép thit duce goi 1a dai luong ngau nhién.

Mot dai luong ngau nhién goi 1a dai lwong ngdu nhién roi rac néu noé
chi nhan mot s6 hitu han hodc dém dugc gia tri.

Déi v6i dai lugng ngau nhién rdi rac, tap hop tat ca cac gia tri c¢6
thé c6 clia n6 co the dude liet ké bang mot day hitu han hay vo han
X1, L9, T3y ey Ty e

Tap hop cac gia tri c6 thé c6 clia dai luong ngdu nhien X duge ki
hiéu 1a X (92).

Vi du.

1. Tung hai dong tién can do6i dong chat. Goi X 1a s6 mit sap xuat
hién. Khi d6 X la dai lugng ngau nhién rai rac va X (Q2) = {0, 1, 2}.

2. Kiém tra ngau nhién 3 hoc sinh trong mét nhém gom 4 em hoc
kha va 5 em hoc trung binh. Goi X 1a s6 em khéa dugc kiém tra. Khi d6
X la dai lugng ngau nhién rai rac va X(Q) = {0, 1,2, 3}.
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Nhu vay, mdi dai luong nhau nhién 1a mot dic trung vé luong nao
do6 ctia cac bién co.
Bang phan phdi. Khi nghién citu vé dai luong ngdu nhién rdi rac X, ta
can biét tat ca cac gia tri clia n6 cling véi cic xac suat tuong tng. Céac
thong tin nay duge xac dinh tién lgi trong mot bang goi 1a bang phan
phoi.

Gié st dai luong ngau nhién roi rac X nhan cac gia tri x1, z9, ..., Ty, . ..
véi cac xac suat tuong ting A P(X =2;) =p; 1 =1,2,3,...,n...). Khi

do6 bang c6 dang

Xz || ... | 2,

P ipi|p2|... | pn

dugdc goi 1a bdng phan phoi cia X (cht § rang >, p; = 1).
Vi du. Tung hai dong tién can doéi dong chat. Goi X 1a s6 mit sap xuat
hien. Vay thi
2={(5,N),(5,5),(N,5),(N,N)},
X () ={0,1,2},

szmzpmuw:i
P(X = 1) = P((S, N)(N,8)) = - = .

| =

P(X = 2) = P(S, 5) =
Do d6, bang phan phdi ctia X 12

=

=~ o
DN | H =
N H o

o0



Chai 1. Trong cac bai toan thuec té, cac gia tri clia dai lugng ngau nhién
thuong gan véi cac bién c6 ctia phép thit. Khi d6, xac suat ciia cac bién
c6 d6 chinh 13 xac suat clia cac gia tri tuong tng.

2.1.2 Ham phan phéi

Dinh nghia. Ham phdn phoi clia dai luong ngau nhién X 13 ham s

F(z) = Fx(z) dugc xac dinh béi cong thic
Fx(x) =P(X < z).

Vi du. Tung hai dong tién can doi va dong chat. Goi X 1a s6 mat sap

xuat hién. Khi d6, bang phan phdi ctia X 1a

P

B~ = o

1
1
2

O o

Néu z < 0 thi khong c6 gia tri ndo ctia X nhé hon z nén:
F(z) =P(X < z) =P(0) = 0.

Néu 0 < x < 1 thi

Néu 1 < x < 2 thi
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Vay:

~

0 néux <0,
1 .
— neul0<ax <1,
Flz)=13
- mnéul<uz<2,
4
|1 néu r > 2.
Tinh chat.
1.

0< F(z) < 1.

Tinh chat nay suy ra tit dinh nghia va tinh chat tuong tng clia xac suat.
2. Neua <bthh F(b)— F(a) =P(a < X <b); do dé6 F(x) la ham khong
giam.

That vay, gia stt a < b, ta ¢6
Fb)=P(X <b)=P(X<a)+Pla< X <b) >2P(X <a)=F(a).

3. lim, o F(x) =1 va lim, , o F(x)=0.

That vay
lim F(z)= lim P(X <z)=P(X < 4+00) = 1;
r—+00 r—+00
lim F(z)= lim P(X <z)=P(X < —00) =0.
T——00 T——00

Dé thuan tieén, ngudi ta thuong dung ky hieu
F(+00) = xl_l}l_’il_loo F(x), F(—o00) = lim F(x).

Ltc d6 Tinh chat 3 c¢6 thé viét

F(400) =1, F(—o00) = 0.
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2.2.2. Dai lugng ngiu nhién lién tuc
Dinh nghia. Dai luong ngau nhien X duodc goi 1a dai luong ngau nhién
lién tuc néu ham phan phdi F(z) clia n6 13 ham lién tuc v ton tai ham
s6 p(x) sao cho
1. p(x) > 0, —00 < & < 400,
2. F(z) = [*_p(t)dt, —00 < & < +00.
Ham s6 p(x) néu trén duge goi 1a ham mat do zdc sudt cia X.
Vi du.
1. Gia st dai luong ngau nhién X c¢6 ham phan phoi 1a

(

0 néuz <0,

Flz)=<¢z nbu0<ax<l1,

1 néux>1.
\

Khi d6, dé dang kiém tra truc tiép dude ring X la dai luong ngau nhién

lien tuc c6 ham mat do xac suat 1a

0 néux ¢ (0;1),
p(x) =
1 néux e (0;1).

2. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do

0 néu z ¢ [0; g],
p(x) = / ol
sin2zx néu z € [0; 5]

Tim ham phan phoi cia X .
Gidi. Néu 2 < 0 thi p(t) = 0, V¢t < z. Khi d6

F(m):/x 0dt = 0.



m_ 1 — cos2x
- 2

0 x
~cos 2t
Flz) = / 0dt + / sin 2tdt = C;S
0

0

3
=1
0

0 z T
: —cos 2t
Flz) = / 0dt + / sin 2tdt + / 0dt = Cgs
0 b

]

Vay
)
0 néu r < 0,
1 — cos2x ) s
Flz) =9 ———= néu0<z< =,
2 2
1 Suz> o
néu r > —.
. 2

Tinh chat. Tt dinh nghia, suy ra

1. Voi moia,b: —o00o <a<b< 400 ta co
b
Pla < X <) :/ p(z)dz.

2. [T p(a)dz = 1.

3. p(x) = F(x) tai moi diém x ma p(x) lién tuc.
Chiing minh

LPla<X<b)=P(X <b)—P(X <a)=["_pt)dt — [*_p(t)dt

[P p(t)dt.

2. [ p(a)dr =P(X < +00) = 1.

3.

oy . Fla+Ar)-F@) . Ple<X <o+ An)
F(z) = Al:lg(l)@ Ax - A};IE(I)@ Az
z+Ax
[T p(t)dt
Awli%‘*‘ Ax p(l’)

o4



(theo dinh 1y gié tri trung binh ctia tich phan).

Tuong tuy

Suy ra

2.2.3. Cac dai lugng ngau nhién doc lap
Dinh nghia. Hai dai luong ngau nhién X va Y goi 1a doc lap néu véi
moi z,y € R | ta co6

PX <z,Y <y) =P(X <2)P(Y <y).
Ho céac dai lugng ngau nhien (X;);c; dude goi la doc lap doi mot néu véi
moi 4,7 € I, © # 7 thi X; va X; doc lap.

Tt dinh nghia suy ra rang néu X, Y 1a cac dai luong ngau nhién roi
rac:

X(Q)={x1,z9,...,2pn,... }, Y(Q) ={v1,v2,- -, Ym,---},
thi X va Y doc lap khi va chi khi
(1=1,2,...,n,...;7=1,2,....m,...).
Vi du.

1. Tung hai con xtc xic. Goi X 14 s6 cham xuit hién trén con xtc
xac thi nhat; Y 1a s6 cham xuat hién trén con xtc xic thit 2. Khi d6 X
va Y doc lap.

2. Hai ngudi doc 1ap nhau ban vao mot cai bia. Goi X va Y lan luot
14 s6 vien tring ctia nguoi thit nhat va ngudi thit 2. Vay thi X va Y ciing

doc lap.
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2.2 Cac sb6 dac trung cta dai luong ngau

nhién

2.3.1 Ky vong

Dinh nghia. Ky vong ctia dai luong ngau nhién X 14 s6 EX xac dinh

béi cong thiic

By — > aip; néu X roi rac va P(X = x;) = p;,

fj;o rp(x)dr néu X lien tuc ¢6 ham mat do p(x).

Vi du.

1. Cho X la dai lugng ngau nhién roi rac nhan n gia tri o1, zo, . . .

v6i xac suat nhu nhau

Khi d6

1 +To+---+Ty
- )

EX = x1p1 + 2op2 + - -+ + 2ppy =
2. Cho X la dai lugng ngau nhién lién tuc ¢6 ham mat do 1a

0 néu z € [a,b),
p(z) = 1

—7 néu x € [a, b].

Khi dé

EX — / :O op(x)dz = / " p(x)da + /  ep(e)da

a+b

b 2
€T €T
dr — dr =
+/b zp(z)de /ab—a“” 2(b— a)

7xn

(a < b)



3. Qua hai vi du trén, ta c6 suy nghi ring EX 1a gia tri trung binh
(trung binh cong) clia dai lugng ngdu nhién. Song diéu nay khong hoan

toan chinh x4c. Ching han ta xét hai dai lugng ngdu nhien

=

=~ o
B~ Gy —

I~ o
= =

Khi d6 EX = -, EY =

1
1

1w

4y nghia: Qua cac vi du trén, ta thay rang ky vong ctia dai luong ngau
nhién X 1 gia tri trung binh theo xac suat ctia dai luong ngau nhién
d6. Trong truong hop X nhan cac gia tri v6i xac suat nhu nhau thi ki
vong chinh 1a trung binh cdng cta no.
Tinh chat. K3 vong cé cac tinh chat sau day
1. Néu X >0 thhEX > 0.
2. Neu X =C thhEX = C.
3. Néu ton tai EX thi vdi moi C € R, ta ¢6 E(CX) = CEX.
4. Néu ton tai EX va EY thh E(X £Y) =EX £ EY.
5

. Néu X va'Y la hai dai luong ngau nhién doc lap th
E(XY)=EXEY.

6. Néu f:R — R la ham lién tuc va Y = f(X) thi
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(

S f(@i)pi néu X 10i rac nhan cdc gid tri x1, 9, . . .

EY =4 vdi P(X = ;) = p;.

fj;o f(x)p(z)dz néu X lién tuc cé6 ham mat do p(z).
\

7. (Bat dang thite Markov) Gid st X la dai hiong ngau nhién khong am.
Khi dé néu ton tai EX thi vdi moie > 0, ta cé

EX
P(X >¢) < — .
g

Chitng minh. Ta chiing minh cac tinh chat trén cho céc dai luong ngau
nhién roi rac.

1. Hién nhién.

2 ViP(X=C)=1nen EX =C-1=C.

3. Ta c6 P(CX = Cz;) = P(CX = Cx;) nén E(CX) = >, Cxip; - 1 =
C>  xipi = CEX.

4. Gia st
X(Q) ={z,z9, ..., Tm- -+ }; Y(Q) ={y1, 92, Yn- }

Khi d6 Z = X 4+ Y la dai lugng ngau nhién nhan cac gia tri z;; = z; +y;
v6i cdc xac suat tuong ung p; = P(X = z;Y = y;), (i = 1,2,...;
j=1,2,...). Do d¢

EZ=7) ) (wity)py=) i) pij+Y ui) vi
o i J j i
Mat khac
P(X =) =P(X =2, Y =y )+P(X =2, Y = o)+ +P(X =2, Y = yp)+- -

Tuong tuy

P(Y =y;) = me‘-

o8



Suy ra
EZ=) zP(X =z +Zy] —y;) = EX +EY.
5. Gia sit
X(Q) ={x,z2, ..., T, ... }; Y(Q) =4y, y2, -, Yn,--- }-

Khi d6 Z = X.Y nhan céc gia tri z;; = ;y; vl cac xac suat tuong tng
pij =P(X =23Y =vy;), (0 =1,2,...; 7 =1,2,...). Do X, Y doc lap

pij =P(X =Y =y;) =P(X =) P(Y =y,) = pig;.

EZ = Z Z TiYiPij = Z Z LiYjPid;
= Z Zipi Z Yiq; = EXEY.

6. Néu X nhan gid tri 7; thi Y = f(X) nhan gia tri f(z;) nen EY =

7. Gia su G la tap gia tri cua X, ta dat
Gi=[ceG: 0<c<e]; Go=[ceG: c>¢].

Khi do6

EX =) ¢PX=c]=) aPX=cl+ > aPX=c]

ceG ¢ €Gy ci€Gy
> ) PX=c¢]l>c) PX=c¢]=cP[X >¢]
c; €Ga c;€Ga

Tt do6 suy ra diéu phai ching minh.
Vi du. Cho hai dai lugng ngau nhién X, Y doc lap véi nhau c6 bang
phan phdi
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X 0 1 9
P 0,3 0,4 0,3
Y 1 1
P 0,4 0,6

Tinh EX?; E(X +Y) va E(XY).

Giai. Ta co

EX =0.0,3+1.0,4+2.0,3 =1;

EY = -1.0,4+1.0,6 =0,2;

EX? = 0%.0,3 +1%2.0,4 +2%2.0,3 = 1, 6;

E(X+Y)=EX+4+EY =1+40,2=1,2;

E(X.Y)=EX.EY =1.0,2=0,2.

9y nghia: Qua cac vi du trén, ta thiy rang ky vong cia dai luong ngau
nhién X 1a gia tri trung binh theo xac suat ctia dai luong ngau nhién
d6. Trong truong hop X nhan céac gia tri v6i xac suat nhu nhau thi ki

vong chinh 1& trung binh cong cta no.

2.3.2 Phuong sai

Dinh nghia. Gid st X 1a dai lugng ngau nhién. Khi d6, s6 DX =
E(X — EX)? (néu ton tai) dudc goi 1a phuong sai clia X.

Chii 9. Tu dinh nghia trén va tu tinh chat ctia ky vong, suy ra rang
phuong sai DX clia dai luong ngdu nhieén X c6 thé ton tai hodc khong
ton tai va néu ton tai thi c6 thé dugce tinh theo cong thiic

DY So(z; — EX)?p; néu X roi rac va P(X = z;) = p;.

[~ EX)?p(r)dr  néu X lien tuc 6 him mat do 1a p(a).
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Vi du. 1. Gia sit X 1a dai lugng ngau nhién roi rac c6 bang phan phoi

=)
i~
)

Khi do
EX =049+ 1p=np.

Suy ra
DX = (0—p)2q+ (1 —p)?=pPq¢+¢*p = pq.

2. Gid st X la dai lugng ngau nhién lién tuc c¢6 ham mat do

0 néux¢|0,2]
p(x) = 1 )
— néuz € [0,2].
2
Khi d6
EX =1
Suy ra

DX = /+OO($ — 1)*p(z)dx

:/Qm—1ﬂwﬁzm—1ﬁ2 1 1 1

, 6 6 3

2 6

¥ nghia: | X — EX| 1a do léch ctia cac gia tri cua dai lugng ngau nhién
X khéi EX. Do d6 phuong sai DX = E(X — EX)? chinh la trung binh
ctia binh phuong do léch ctia X quanh EX. Phuong sai cho biét mic do
phan tan cia cac gia tri ctia dai lugng ngau nhién X quanh ky vong ctia
n6. Tuy nhién, phuong sai DX c6 han ché 1a khong cuing thit nguyén véi
X. Do d6, cing v6i DX, ngudi ta con ding v DX dé nghién ctu miic
do phan tan cta dai lugng ngau nhien X quanh EX. VDX = oy goi la
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do léch chuan cia X. ox c6 ciing thit nguyen véi X.

Tinh chat. Phuong sai cé nhing tinh chat co ban sau day:
1. DX =EX? — (EX)2.

2. DX > 0.

3. DX =0 khi va chi khi X = EX = hdng so h.c.c.

4. D(CX)=C?*DX.

5. Néu X,Y doc lgp thh D(X £Y) = DX + DY

Tong qudt: Néu (X;) la ho doi mot doc lap tha

i=Tn
D(Xi+-+X,)=DX,+---+ DX,,.

Chiing minh.

1. DX = E(X —EX)? = E(X? - 2X.EX + (EX)?) = EX? - 2EX.EX +
(EX)? = EX? — (EX)2.
2. (X ~EX)?>0= DX =E(X —EX)? > 0.
3. DX =0 = E(X —EX)? =0 < (X ~EX)? = 0 = P(X =
EX)=1<«= X =EX h.cc.
4. D(CX) =E(CX — ECX) = E(CX — CEX)? = E(C2(X — EX)?) =
C?E(X — EX)? = C?DX.

5. DX +Y) =EX +Y)? - (E(X +Y))* = E(X? +2XY +Y?) —
(EX +EY)? = (EX?— (EX)?) + (EY2 — (EY)?) + 2(E(XY) —EXEY) =
DX + DY +2(E(XY) — EXEY) = DX + DY (vi E(XY) = EX.EY (
Do X va Y doc lap)).

Két hgp véi tinh chat 4 ta dudc

N—r

DX —Y)=D(X + (=Y)) = DX + D(-Y) = DX + DY.

Bay gio gia su (X;) 12 ho doc lap doi mot. Vay thi

i=1,n

D(Z X;) = E(Z X)? — (E(Z X)) = E(Z X;
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1<i<j<n i=1 1<i<j<n
= (EX] - (EXi)’)+2 > (E ) -EXEX;) =) DX,
=1 1<i<yi<n ;

(Vi Xz; X] d@C lﬁp nén E(XZXJ) — EXZEX] = 0)

2.3.3 Mode

Khai niém mode dugc dinh nghia riéng ré cho hai truong hgp dai
luong ngau nhién roi rac va dai luong ngau nhién lién tuc.

Néu X 1 dai lugng ngau nhién roi rac thi gia tri g dugde goi 1a mode
cia X, néu X c6 xac suat 16n nhat tai z.

Néu X 1a dai lugng ngau nhién lien tuc ¢6 ham mat do p(z) thi gia
tri xo duge goi 1a mode ctia X, néu p(z) dat gia tri 16n nhat tai .

Néu zy 1a mode ctia X thi ta viét 29 = mod X.

2.3.4 Phan vi cap p
S6 z, (0 < p < 1) duge goi 1a phan vi cdp p clia ham phan phéi F(x)

cta dai luong ngau nhien X néu

Frpy)) <p va Flz+0)=p  (F(r, +0) = lim F(z)).

T—,
R0 rang, néu F(z) la ham lien tuc thi F(x,) = p.

Néu p = 5 thi z, = T dugce goi la trung vi hay median cia X va dugc
ky higu la m(X).

2.3.5 Moment, hé sb bat d6i xitng va hé s6 nhon
Gia st X 1a dai lugng ngau nhién, khi dé s6
=EX"
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(néu ton tai) duge goi 1a moment cap k clia X, con s6
o = E(X —EX)*

(néu ton tai) duge goi 1a moment trung tam cap k cia X (moment cap
1 chinh 1a k¥ vong, con moment trung tam cap 2 chinh 14 phuong sai).

S

On

On

S

dude goi 1a hé s6 nhon cia X.

Vi du. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do

0 neu x < 0,

32

% neu 0 < x < 1,
p(a?):<3 ) 4

5(2—:{:) neu 1 <z <2,

0 néu r > 2

Hay tinh cdc moment v& moment trung tam cap 1, 2, 3, 4. Tinh hé s6

bat dbi xting va hé s6 nhon.

Giai.
my =1; mg=1,1;
3 3
my = 3 fol odx + 2 [La3(2 — 2)2de =1,3;
5 4 3 0, 22
my = §f0 20dx + §f1 22 — x)3%dx = 1£.
Tu do

e

_ _ 2 __ )
1 =0, a0 =my—m7=0,1;
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043:m3—3m1m2+2m:1)’:1,3—3(1,1)+2:O;

uy :m4—4mlmg+6m%mz—Smil = —0,2;
o
S=—==0.
a3
(7] 1
F=—-3=—=
a3 7

2.3 Mot s6 phan phbi xac suat quan trong

2.4.1 Phan phéi nhi thic
Dinh nghia. Dai luong ngau nhien X dugc goi 1a c6 phan phoi nhi
thiic v6i cac tham s6 m, p va duge ky hieu 1a X ~ B(n;p) (n > 1,
0<p<1),néu

X(Q)=1{0,1,2,...,n}

va

o =P(X = k) =CrpFg" ",

trong d6 ¢ =1 — p.

Vi du. Trong mot thanh phé nao d6 75% gia dinh c6 tivi mau. Chon
ngau nhién 12 gia dinh va goi X 1a s6 gia dinh c¢6 tivi mau.

a. Goi tén phan phdi xac suat ctia X.

b. Tinh xac suat dé c6 ding 5 gia dinh c6 tivi mau.

c. Tinh x4c suat dé trong méu cé it nhat 2 gia dinh c6 tivi mau.

Gidi.

a. X c¢6 phan phoi nhi thic v6i tham sé n = 12, p = 0, 75.

b. P(X = 5) = C5,(0,75)5(0,75)7 = 0, 0591

¢.P(X 22) = 1-P(X = 0)—P(X = 1) = 1—(0,25)12—12(0, 75)(0, 25) "

Tim k¥ vong, phuong sai va mode ctia phan b6 nhi thic.
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Dinh ly. Néu X ~ B(n;p) thi

i) EX = np,
i1) DX = npq,
iii)
Inp—q+1] néunp— q khong nguyén,
mod X =

np —q vanp — q+ 1 néu np — q nguyén.

Chiing minh.

i) Ta c6
k n k
B =3kttt = 3 ket
n—l e
—nz ,p q" —npz VA
_ npzcz 11pzqn 1—i _ np(p_|_ q>n—1 = np.
X2 — ZkQCSqun_k
k=0
"L k’nl .
- Z kl(n — k)|pkq '
— k! !
“ k(k—1) n' gt
B :1k!(n— +Zk'n— 'pq
= 51+ 9s.
Ta c6

n!

Si=he g oot ¢ = DY

Sy = np (da tinh & trén).
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Thanh thi
DX = EX? — (EX)? = n?p* — np® + np — n*p* = np(1 — p) = npq.

Dé chitng minh 4ii) ta chf cAn nhan xét ring mod X chinh 14 s6 c6
kha nang nhat.
Vi du. Ti lé ctt tri Ging ho tng c vien A trong mot cuoc bau cii tong
thong 14 60%. Nguoi ta héi ¥ kién 20 ci tri duge chon mot cach ngau
nhién. Goi X 1& s6 nguoi bo phiéu cho ting cit vién A trong 20 ngudi do.
a. Tim gia tri trung binh, do léch tiéu chuan ctia X vi mod X.
b. Tinh P(X < 10).
Gidi. a. X c6 phan phéi nhi thic B(20;0,6). Vay EX = 20.(0,6) = 12;
DX = 20.(0,6).(0,4) = 4,8; ox = VA8~ 2,2, mod X = [21.0,6]
12,6] = 12.
b. P(X < 10) = 3,0, C%(0,6)%(0,4)20-F,

2.4.2 Phan phbi Poisson
Dinh nghia. Ta néi rang dai lugng ngau nhién X c6 phan phdi Poisson

v6i tham s6 A va ki hieu 1a X ~ P(\) néu
X(Q) = {0,1,2,...}

va
M
IP)(X = k’) =€ H,

trong d6 A 1a mot s6 duong cho trudc. .

Ngudi ta da lap bang dé tinh sin P(X < k) = 37, e‘A§ v6i cac
gia tri A khac nhau. .
Vi du. Mot gara cho thué 6to thay riang s6 nguoi dén thue 6to6 vao ngay

thit Bay cudi tuan 14 mot dai luong ngau nhién X c¢6 phan phdi Poisson
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v6i tham s6 A = 2. Gid sit gara c6 4 chiéc 6t6. Hay tim xac suat dé

a. Khong phéai tat ca 4 chiéc déu dugce thue.

b. Tat ca 4 6to déu duge thue.

c. Gara khong dap tng dugc yéu cau.

d. Trung binh ¢6 bao nhiéu 6t6 dugc thueé.

e. Gara can c6 it nhat bao nhiéu 6t6 dé xac suat khong dap @ng nhu cau

thué bé hon 2%.

Gidi.
a. P(X <3)=0,857
bL.P(X>4)=1-P(X <3)=1-0,857=0,143.
c.P(X>4)=1-P(X <4)=1-0,947 = 0, 053.
d. Goi Y 1a s6 oto duge thue. Khi do6
P(Y =0) =P(X =0) =0, 135;
PY =1)=P(X <1)—-P(X =0) =0,406 — 0,135 = 0, 271;
PY =2)=P(X =2)=P(X <2)-P(X <1)=0,677—0,406 = 0, 271;
PY =3)=P(X =3)=P(X <3)-P(X <2)=0,87-0,677 =0, 18;
PY=4)=P(X>4)=1-P(X <3)=1-0,857 =0, 143.

Tt d6 EY = 1, 925.

e. Ta can xac dinh n nhé nhat dé

P(X >n)<0,02< P(X <n)>0,98.
ViP(X <4)=0,947; P(X < 5)=0,983.
Do d6 n = 5.
Ta hay tim k¥ vong, phuong sai va mode ctia phan phoi Poisson.
Dinh 1ly. Gid st X ~ P(\). Khi d6 EX =\, DX =X, mod X = [\].

Ching manh. Ta c6

68



Tl —_ 1)
— k! p (k 1)
N e P T W
— o
k=0 k=0
A2 - >\k_2 2
AN A=)\ A
e Z i —2) + +
k=2
Vay DX = EX? — (IEZX)2 =\
Dé tim modX ta xét
P(X =k A
( ) ==—>1< )\ >k

P(X=k-1) k
Vay P(X = k) 16n nhat khi k 1a s6 nguyén 16n nhat bé hon \. N6i cach
khac modX = [)].
Vi du. é mot tong dai buu dién, cac ca dién thoai goi dén xuat hien
ngau nhién, doc lap véi nhau va tdc do trung binh 2 cudc goi trong mot
phit. Tim xac suat deé:
a. C6 ding 5 cu dién thoai trong 2 phut.
b. Khong c6 ca dién thoai nao trong khoang thoi gian 30 giay.
c. C6 it nhat 1 ca dien thoai trong khoang thoi gian 10 giay.
Glidi. a. SO ct dién thoai xuat hién trong khoang thaoi gian 2 phut 1a dai
lugng ngau nhién X ~ P(4). Vay

e

P(X =5)=¢5

—P(X <5)—P(X <4)=0,785 — 0,629 = 0, 156.
b. S6 ct dieén thoai xuat hién trong khodng thoi gian 30 giay 1a dai
lugng ngau nhién X ~ P(1). Vay
P(X =0)=e¢'=0,3679.
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c. S6 cu dieén thoai xuat hién trong khodng thoi gian 10 giay 1a dai

~ 1
lugng ngau nhien X ~ P(g) Vay

1
P(X>1)=1-P(X=0)=1—¢ 3 =0,2835.

Dinh ly. Néu X ~ P(u), Y ~ P(A\) va X, Y doclap thi Z = (X+Y) ~
P(A+ p).
Ching minh. Ta c6

P(Z=k) =PX+Y =k =) PX=iY=>k—1i

1=0
k k i ,—Ay\k—1
_ AP —k— i) = S e A
—;P(X_z)IP’(Y—k z)—;e T
~(Atp) K —(A+n) k
_ ¢ i iyk—1 _ € (A + )
_TZO:C’“M - k! |

Vi du. Mot ctta hang ban do dién tit gom hai m#t hang: tivi va radio.
S6 tivi va radio ban trong mot ngay déu c6 phan phdi Poisson va ching
doc 1ap v6i nhau. Trung binh moéi ngay ban duge 1 tivi va 2 radio. Tim
x4c suat dé mot ngay cita hang ban dugce it nhét 4 chiée (radio va tivi).
Gidi. Goi X va Y tuong tng 13 s6 tivi va s6 radio ban dugce trong ngay.
Ta c6 X ~ P(1) vaY ~ P(2), X va Y doc lap. Theo dinh 1y trén thi
(X +Y)~ P(3). Vay

P(X+Y >3)=1-P(X+Y <3)=1-0,647 = 0,353

2.4.3 Phan phdi chuan
Phan phdi chuan tic. Dai lugng ngau nhién lién tuc Z duge goi la dai
lugng ngau nhién ¢6 phan phoi chuan tic néu ham mat do ctia no la

1 —n2
p(z) = p(x) = \/%67, Vx € R.
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D6 thi ham mat do ciia Z c6 dang

D6 1a mot duong cong ddi xing qua truc tung, c6 diém cuc dai tai
r = 0. Cac diém udn ctia do thi 1a = +1. Ham phan phdi cta Z, ki
hiéu béi &(x), la

o) = [ pow= g [ o

Rét tiéc rang ®(x) khong biéu dién dudc qua cdc ham so cap da biét.
Nguoi ta da lap bang tinh san cac gia tri ctia ®(z).

Chu y rang nhiéu khi ngudi ta chi cho cac gia tri ctia ®(z) véi z > 0.
Véi x < 0 ta st dung cong thic: ¢(—x) =1 — ®(z).

Chang han ®(—0,62) =1 — ®(0,62) =1 — 0, 7324 = 0, 2676.

Nhu vay ta co

P(Z <a)=®(a), P(Z>a)=1—-P(a),

Pla < Z <b) =®(b) — P(a).
1 00 z2 Z
Nz [ xe~%dr =0 (Vi ham du6i dau tich phan

1a ham 1¢). Sit dung cong thitc tich phan ting phan ta c6

Dé thay rang EZ =
1 +oo 22
DZ =EZ* = —/ e Tdr
1

Ta ciling dé thay mode va medlan ciia Z 1a 0.

Nhu vay
EZ = 0; DZ =1, mod Z = 0; m(Z) = 0.

Phan phdi chuan. Dai luong ngiu nhién lien tuc X duge goi 1a c6

phan phéi chudn vdi tham so6 p va o (trong dé6 o > 0) néu dai lugng
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ngau nhién Z = g phan phéi chuan tidc. Khi d6 ta ki hieu

X ~ N(u,o?).

o

Ta hay tim ham mat do clia dai luong ngau nhién X c¢6 phan phéi chuan.

Gid stt X ~ N(u,0?). Khi d6
X =07+ p,

trong d6 Z c6 phan phdi chuan tac. Ta cé

P(X <2)=PoZ+pu<a)=PZ <2ty =1,

Vay

x—pu, 1 1 @w?
o 0 oV2r '

Tiép theo ta tinh cac tham s6 dic trung cia X.

px(z) = @'(

Ta co

EX =E(cZ + p) =0EZ + = p.
DX =E(X — p)?=EZ(c*Z% = 0’EZ* = o°.

Dé thay mode va median ctia X déu bang p.

Nhu vay tham s6 p 14 k¥ vong, dong thoi ciing 14 mode vA median clia
phan phdi chuan N(u,0?). Tham s6 o 1a do lech chuan ciia né.

Ta c6 thé tinh dudc cac xac suat lien quan t6i X bing cach bién doi né
vé mot bién cb c6 lien quan t6i Z roi tra bang, chang han

P(X<a):1P>(Z<O‘;“):<I>(O‘_“).

P(X >a)=1-P(X <a)=1-d(——F).
P(a<X<ﬁ):P(%<Z<5; ):@(5;“)—¢(0‘;“).

Vi du.
1. Gia st X 1a dai luong ngdu nhién c6 phan phéi chuan véi ky vong

@ = 2100 v& do6 lech chuan o = 200. Hay tim
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a. P(X > 2400).

b. P(1700 < X < 2200).

c. Xac dinh a dé P(X > a) = 0,03.
Giai.

2400 — 2100
a. P(X > 2400) = 1 — ®(————) = 1~ 2(1,5)
—1-0,9332 = 0, 0668.
2200 — 2100 1700 — 2100

P(1 X < 2200) = @ )
b. P1700 < X < 2200) = &(*——) — (o)
= ®(0,5) — ®(—2) = 0,6915 — (1 — 0,9772) = 0, 6687.

— 2100
cP(X>a)=1-0(1—""")=0,03

2100 200

Tra nguge bang ®(x) ta tim duge ®(1,881) = 0,97.
Vay # — 1,881, Tit d6 a — 2476, 2.

2. Trong lugng ctia mot goi duong (déng bang may tu dong) ¢6 phan
phéi chuan. Trong 1000 géi duong c¢6 70 goi co trong luong 16n hon 1015
g. Hay udc lugng xem c6 bao nhiéu géi duong c6 trong lugng it hon
1008g, biét rang trong luong trung binh ctia 1000 géi duong 1a 1012g.
Gidi. Theo gid thiét trong luong ciia mot goéi duong X c6 phan phoi

chuan véi p = 1012¢ va do léch chuan o. Ta can udc lugng o.

Xac suat dé trong lugng géi duong lén hon 1015g 1a 000 = 0,07.
Vay ta co
1015 — 1012
P(X > 1015) = 0,07 < 1 — &( ) =0,07.
o

Suy ra

3

O(—) = P(1,476).

o

Tit d6 o = — 2.0325.

1,470
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Vay
1008 — 1012)
2,0325

= ®(—1,968) = 1 — B(1,968) = 0, 0245.

P(X < 1008) = ®(

Do dé trong 1000 goi duong sé c6 khoang 1000.0,0245 = 24,5 gobi cb
trong lugng it hon 1008g.

2.4.4 Phan phéi mii

Dinh nghia. Dai lugng ngau nhién lién tuc X dudc goi la c6 phan phoi

mid v6i tham s6 A > 0 va ki hieu X ~ E()), néu né c6 ham mat do

D6 thi ham mat do ctia phan phdi mii c6 dang sau Ham phan phdi va
cac sb dac trung

Gia sit X c6 phan phéi mii véi tham s6 A. Ham phan phéi ctia X 1a
X
F(x) = / de Mdt=1—e ™  v6iz>0
0

va

Ky vong cia X la

1

EX = )\/ ze Mdr = (—ze ) go —l—/ e Mdy = =
0 0 A

(Stt dung tich phan ting phan).
1 .
Phuong sai ctia X 1la DX = VA That vay, bang cach tich phan tung
phan ta dugc

o0 oo o0 B 2
/ e Mdr = (—2?he )|+ 2/ re Mdr = peR
0 0
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1 , 1
Thanh tht DX = v va do d6 do léch chuan ctia X laoxy = vDX = 1

Vi du. Gia stt tudi tho (tinh bing nam) clia mot mach dién tit trong
méay tinh 14 mot dai lugng ngau nhién c6 phan phéi ma véi ki vong 1a
6,25. Thoi gian bao hanh ctia mach dién ti nay la 5 nam. Hoi c6 bao
nhiéu phan tram mach dién t ban ra phai thay thé trong thoi gian bao
hanh.

Giai. Ta co A = L = L

EX 6,25

PX<5) =1—-eP=1-¢n=1-—¢"a1-0,449 ~ 0, 5506.

Vay c6 khoang 55% s6 mach dién tit ban ra phai thay thé trong thoi

gian bao hanh.

2.4.5 Phan phbi déu
Dinh nghia. Dai lugng ngau nhién lien tuc X dudc goi 1a c6 phdan phoi
deu trén doan [a, b] va ki hiéu 1a X ~ Uj,y, néu ham mat do clia né cho
béi cong thic

1
b—a

0 néu z € |a, b].

néu z € [a,b),
p(z) =

Ham phan phdi va cac sé dac trung.
Ham phan phéi F(z) ctia dai lugng ngau nhién X c6 phan phoi déu trén
doan [a, b] dugc xac dinh nhu sau
F(zx)=0néuz<a;
dx rT—a

F(w):f_moop(a:)da::ffb_a: —_— neua <z <b

F(z) =1néuxz > b.

D6 thi ctia ham mat do va ham phan phoi cia X
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b—a

0 a b X

Do thi cia p(z)

L J

0 a b X

Do thi ctia F(x)

Gia st (o, 8) C [a,b]. X4c suat dé X roi vao (a, 3) 1a

b — «

b—a’

B
Pla < X < ) :/ p(x)dx =

Nhu vay xac suat dé X roi vao mot khoang (v, 3) chi phu thude vao do
dai khoang do6 va ti lé thuan véi do dai cua khoang.
Ta hay tinh mot s6 tham s6 dac trung ciia phan phoi deéu.

Ta co

xdx 22 1 (*—a*) a+b
EX = = = :
/ —a b—a(Z)‘ b—a 2 2

Nhu vay ky vong 1 trung diém ctia doan [a, b].
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b 2 3
xedx 1 z° a-+b
DX = — (EX)? = Y L 2
S — (EX) b_a(3)|a ( 5 )

VP +ab+a® (a+Db)?  (b—a)

3 4 12

a+b

2
Mode ctia phan phéi déu 1a bat ¢t diém nao ctia [a, b].

Dé thay median ctia X 1a m(X) =

Vi du. Dai lugng ngau nhién X ¢6 phan phdi déu trén doan [—1,2]. Tim
ham phan phdi va ham mat do cta Y = X2

Giai. RO rang v6i x < 0 thi
Fy(z) =P(Y <2) =P(X*<0) =0.

V6i z > 4 thi

Vil <z <4thi

Fy(z) =P(X? <2)=P(—/z < X < V1) = \/53+1 (vi =z < —1).

V6i 0 <z < 1thi
2
Fy(x):P(—\/E<X<\/5):$ (vi —1< —Vx).

Toém lai
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Tu d6 ham mat do cua Y la

’

1 2z
—— neu 0 < x <1,
3V
1 P
py(x) =¢ —— neu 1 <z < 4,
64/
0 néu z < 0 hoac =z > 4.

\
2.4.6 Phan phéi y? va phan phéi Student
1. Phan phoi x* (Khi binh phuong)
Dai lugng ngau nhién X dugc goi 1a ¢6 phan phdi x? (khi binh

phuong) v6i n bac tu do, néu ham mat do ctia n6 c6 dang

0 néu z < 0,
p(x) - n—1 z Z
Cx2e 2 neux >0,
trong d6 C' 1a hang s6 duong.
Vai tro ctia phan phéi x? dugce thé hién qua dinh 1y sau:
Dinh ly. Néu X, Xs,..., X, l& cac dai lugng ngau nhién doc lap, c6
phan phoi chuan tac N(0,1) thi

X+ X5+ + X,

c6 phan phéi x? v6i n bac tu do.
2. Phan phoi Student
Dai lugng ngau nhién T dudc goi 1 c6 phan phoéi Student véi n bac

tu do, néu ham mat do ctia n6 c6 dang

x2 n+1

plx) =C(1+—=) %,

n
trong d6 C' 1a hang s6 duong.
Vai tro ctia phan phéi Student dugce thé hien qua dinh 1y sau:
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Dinh ly. Néu X, X1, X», ..., X, 1& cac dai luong ngau nhién doc lap, c6
phan phdi chuan tic N(0,1) thi
X

Vi i X7

c6 phan phéi Student v6i n bac tu do.

T =

Cung v6i phan phdi chuan, phan phéi x? va phan phéi Student dugc

st dung nhiéu trong théng ké toan hoc.

2.4 Vecto ngau nhién

2.5.1 Dinh nghia va vi du

Tt truée dén nay, ta chi xét ciac dai luong ngau nhién riéng 1é. Trong
ly thuyét va ting dung, nhiéu khi ta can xét dong thoi mot hé thong co
thit ty gom nhiéu dai luong ngdu nhién. Hé théng nhu thé dudc goi 1a
vectd ngau nhién.
Dinh nghia. Gid sit X1, Xo,..., X, 1a cac dai lugng ngau nhién. Khi
do, vecto ;( = (X1, Xs, ..., X,,) dugc goi 1a vecto ngau nhién n chiéu.

Céac dai luong ngau nhien X, X», ..., X, dudc goi 1a cac thanh phan
cla vectd ngau nhién ;( :

Trén thyec té, vecto ngau nhién n chiéu diing dé nghién cttu dong thai
n dic trung vé luong clia cac bién cb.
Vi du. Khi diéu tra chat luong hoc tap clia mot hoc sinh, néu ta quan
tam dong thoi dén diém toan X va diém van Y thi ta phai dé cap td6i
vectd ngdu nhién hai chiéu (X,Y). Néu can quan tam dén diém ly Z
nita thi phai xét vecto ngdu nhién ba chieu (X, Y, Z), ...

Dé tranh cac ky hiéu cdng kénh, tit nay vé sau, ta chi xét vecto ngau
nhién hai chieu.
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Phan loai vectd ngau nhién.

Vecto ngau nhieén (X,Y") duge goi 1a vecto ngau nhién roi rac néu ca
hai dai lugng ngau nhién X va Y déu la dai lugng ngau nhién roi rac.

Vecto ngau nhién (X,Y) duge goi 1a vecto ngau nhién lién tuc néu
ci hai dai luong ngau nhien X va Y déu la dai lugng ngau nhién lién
tuc.

Vecto ngau nhien (X,Y) duge goi 1a vecto ngau nhién hon hgp néu
mot trong hai dai luong ngau nhién thanh phan 1a dai luong ngau nhién
roi rac, con dai lugng ngau nhién kia 1a dai lugng ngau nhién lién tuc.

Trong pham vi gido trinh nay, ching ta chi xét hai loai vecto ngau
nhién: vecto ngau nhién roi rac va vecto ngau nhién lién tuc.

2.5. 2 Bang phan phdi ctia vectd ngau nhién rdi rac

Dinh nghia. Gid st X va Y 14 hai dai lugng ngau nhién roi rac va

X(Q)=A{x1,z0, ..., ... }; Y(Q)={vi, %2, Y-}

Ky hiéu p;; = P(X = z;,Y = y;).
Khi d6 bang chit nhat sau day ducc goi 1a bang phan phdi cia vecto
ngau nhién (X,Y).

Ny -
f\}“'“-}_ 1 Vy v,
! Py Pz =T

X, Py P . Py

'Tr 1”}'_ 1“; 2 .:t ;l::.'

Tinh chéat

Tinh chat nay hién nhien.
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2. P(X =) =3, pij; P(Y =y;) = >, pij-
That vay

Tuong tuy
P(Y =y;) = > pij.

Nhu vay, néu biét bang phan phdi ciia vecto (X,Y) thi cling biét
ducc bang phan phdi clia cac dai luong ngau nhien X va Y. Diéu ngugc
lai n6i chung khéng ding. Tuy nhién, ta co
3. Néu cdc dai luong ngau nhién thanh phan X va'Y doc lap thi khi biét
bing phan phoi clia ching, ¢ thé suy ra duge bing phan phoi clia vecto
ngau nhiéen (X,Y).

That vay

4 EBX+Y) =30 @i +ypy, BXY) =32 (iy;)pij-
Tinh chat nay dudc suy ra ngay tit cong thic tinh ky vong ciia dai
luong ngau nhién roi rac.
Vi du. Gieo ba dong tién can ddi A, B va C. Gia st X, Y 1a cac dai
lugng ngau nhién duge xac dinh nhu sau:
X: S6 mat ngtia trén cac dong tien A va B.
Y: S6 mit nglia trén ca ba dong tién A, B va C.
Hay lap bang phan phdi clia vecto ngau nhién (X, Y).

Giai. RO rang
X(@=1{012), V(@) ={0123}

81



Cac két qua ctia phép thit va gia tri tuong ting cia X va Y dudc cho béi

bang sau (N: Ngtta, S: Sap).

Vay

Do d6, bang phan phdi xac suat ctia vecto (X, Y) 1a

A B C X Y
N N N 2 3
N N S 2 2
N S N 1 2
N S S 1 1
S N N 1 1
S N S 1 2
S S N 0 0
S S S 0 0
1 1
P(X=0Y=0)= PX=0Y=1=g
P(X=0,Y =2)=0, (X =0,Y =3) =0,
P(X =1,Y =0) =0, P(X:1,Y:1):§,

1
PX=1Y=2= F(X=1Y=3=0

P(X=2Y=0)=0P(X=2Y =1) =

1
P(X=2Y=2) =g P(X=2Y=3=

0

1
3

HH""-\..

v

0

2

-~
4

0
1

2

18
0
0

0
0
1/8
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2.5.3 Ham phan phdi ctia vecto ngau nhién
Dinh nghia. Gia st (X,Y) 1a vecto ngau nhién hai chiéu. Khi d6 ham
hai bién F(z,%) xac dinh bdi dang thic

Flz,y) =P(X <z,Y <y)

dugce goi 14 ham phan phoi cia (X,Y).
Ham phan phdi cia vecto ngau nhien (X,Y) con duge goi la ham
phan phoi dong thoi cla cac dai luong ngau nhien X va Y.
Tinh chat
1. F(x,y) la ham khong gidm theo tung doi so, tic la

F(z1,y) = F(x2,y) néu x1 > x;

F(x,y1) = F(x,y2) néuy; > yo.

2. F(—00,—00) = limz——o00 F(z,y) = 0;

Y——00

F(400,+00) = 1im$34+rgg F(z,y) =1.

3. F(x,+00) =limy, o F(z,y) = Fx(z);

F(y,+00) = lim, o F(z,y) = Fy(y)-

Trong dé Fx(x), Fy(y) la cic ham phan phoi cia cdc dai hiong ngau
nhien X vaY (Fx(z), Fy(y) dudc goi la ham phan phoi bién duyén ciia
cic dai luong ngau nhien X va Y tuong ing).

4. Pla< X <bec<Y <d)=F(bd)— F(bc)— F(a,d) + F(a,c).

5. Diéeu kién can va di dé cac dai luong ngau nhien X va'Y doc lap la

F(x,y) = Fx(z)Fy(y).
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Viéc chitng minh céc tinh chat trén kha dé dang, xin danh cho ban doc.
Vi du. Cho vecto ngdu nhién (X,Y’) ¢6 ham phan phoi
l—e*—e¥Y+e Y néux>0y>0,

F(z,y) =
0 néu trai lai.

Tim ham phan phdi Fx(z) cia X.
Gidi.
Ta co

l—e ™ néux>=0
Fx(z) = lim F(z,y) =

Yy—00 Z
0 neu xr < 0.

Do d6 X 1a dai luong ngau nhién c¢6 phan phdi mii véi tham s6 A = 1.
2.5.4 Ham mat do ciia vectd ngau nhién lién tuc
Dinh nghia. Gia st (X,Y) la vecto ngau nhién lién tuc, c6 ham phan

phoi F(z,y). Khi d6 ham hai bién p(z,y) > 0 thod man dang thiic

F(x,y) / / p(z,y)dxdy

duge goi 1a ham mat do xdc sudt clia vecto ngau nhien (X,Y).
Ham mat do xac suat ctia vecto ngau nhien (X,Y’) con duge goi 1a
ham mat do dong thoi clia cac dai luong ngau nhien X va Y.
Tinh chat
L7 Y p(x,y)dedy = 1.
That vay

oy
/ / p(x,y)drdy = P(X < +00,Y < +00) = 1.
+

2. px(z) = f_;o

That vay, ta co

p(z,y)dy; py(y) = [ p(x,y)dz.

/17 (/+Oop(x,y)dy)dx =P(X <z,Y < +00) =P(X < x).

—00 (0.¢]
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Do d6, ham s6

prta) = [ " pla, y)dy

oo

14 ham mat do cua dai lugng ngau nhién X.
Tuong tir, ham s6

py(y) = /_mp(:v,y)dw

o0
14 ham mat do cua dai lugng ngau nhién Y.
Nhu vay, néu biét ham mat do xac suat ctia (X, Y") thi ciing biét ham
mat do xac suat cia X va Y. Diéu ngudc lai khong dung, tuy nhién ta

CcO

3. Néu X va'Y la cic dai lugng ngau nhién doc lap thi
p(r,y) = px(2)py (y).
That vay, ta co

PX <2,V <y)=PX <2)PY <y)
~ [ vt [ priwdy

-/ : / iopmpj(y)dxdy.

Suy ra
p(z,y) = px(z)py (y)
1a ham mat do cia (X,Y).
Dang thiic trén cling 1a diéu kién du dé cac dai lugng ngdu nhién X
va Y doc lap (hay tu chiing minh diéu do).
Nhu vay, néu X va Y 1a cac dai lugng ngau nhién doc lap thi khi biét
ham mat do xac suat cia X va Y, ta cling sé xac dinh duge ham mat

do xac suat cia vecto (X,Y).
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4. Pla < X <bec<Y <d =Pa< X <bc<Y <d =

b pd
J Je p(z,y)dzdy.
Tong qudt, néu D C R? la mot mién do dugc bat ky thi

P((X,Y)e D)= //p(a:,y)d:cdy.

Tinh chat nay suy truyc tiép tit tinh chat tuong ting ciia ham phan phoi.
5. B(XY) = 17 [1 3 xyp(x,y)dzdy,
E(X +Y) = [ [T (z +y)p(x, y)dedy.
Chutng ta cong nhan tinh chat nay.
Vi du. Cho vecto ngau nhién (X,Y) ¢6 ham mat do

1 .
Cx*+zzy) ntul<zr<1,0<y<2,
p(z,y) = 2
0 néu trai lai.

Hay tim hang s6 C va tinh E(XY).

Ghiai. Ta co

+0oo +o0o 7
1—/ / xyda:dy—C//(er )d:L'dy—C—
0

Tu do C—
© 7

+0o0 +00
E(XY) / / zyp(z,y)dedy = C / / ry(z? + d:cdy
=C d dy =
/ / xy+ ray = 21

2.5.5 Phan phéi c6 diéu kién
Truong hop roi rac

Gia st (X,Y) 1a vecto ngau nhién roi rac

X(Q) ={zy;20;. . ;2m; ... | Y(Q) ={yi;92; 5 Yn;- .-}

86



Voi moi x;, y; (1=1,2,...,m; j=1,2,...,n), dit

p(i/y;) =PUX =)/ (Y = yj)l; py;/z:) =PY =y;)/(X = ;)].

Khi d6, v6i mdi y; ¢6 dinh, bang

X T To e Tm,

p(xi/y;) | p(21/y;) | p(w2/y)) |- | p(Tm/Y;)

goi 1a bdng phan phoi cé dieu kién cia dai luong ngau nhien X véi diéu
kien ¥V = y;.

Bang phan phoi cé diéu kién cia dai lugng ngau nhien X véi dieu
kién Y = y; cho biét phan phoi x4c suat clia X trong diéu kién gia thiét
rang bién ¢o (Y = y;) da xay ra.

Tuong tu, ta c6 thé dinh nghia bang phan phéi c6 diéu kién ciia dai
luong ngau nhién Y véi dieu kien X = ;.

Néu biét bang phan phdi clia vecto ngau nhién (X,Y) thi ¢6 thé tim
dugc bang phan phéi cé dieu kién ctia cac dai luong ngau nhién thanh
phan. Béi vi
P(X =2,Y =y;)

PY =y;)

p(xi/yi) = p(yi/z:i) =

Vi du. Vecto ngau nhién (X,Y") dugce cho bdi bang phan phdi

Y X JL:‘I 2

Y 0,10 0.30 0,20
Vs 0.06 0,18 0.16

Tim bang phan phdi cé diéu kién ctia dai luong ngau nhien X véi
diéu kien dai luong ngau nhién Y nhan gia tri ;.
Giai. Ta ¢
P(X =x,Y =y1) 0,1 1
P(Y = 1) 0,1+0,3+0,2 6
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Tuong tu

0,3 1
0,6 2

p(z2/y1) = plas/y) = — = 3

Tt d6 c6 phan phdi c6 dieu kién cta dai luong ngau nhién X véi diéu

kién Y = 1

X T i) x3
p(zi/y1) 1/6 1/2 1/3

Truong hop lién tuc

Gia st (X,Y) 1a vecto ngau nhién lién tuc ¢6 ham mat do 1a p(x,y).
Cac dai lugng ngau nhién thanh phan X vA Y tuong ting c6 ham mat
do 1a px () va py(y). Khi d6 cac ham s6

p(x,y)
px(z)

p(x,y)
py(y)

p(z/y) = va p(y/x) =

tuong ing dugc goi 1a ham mat do cé diéu kién clia dai luong ngau nhién
X v6i diéu kien dai luong ngau nhién Y 1ay gia tri Y = y vA ham mat
do c6 dieu kien ctia dai lugng ngau nhién Y véi diéu kien dai lugng ngau
nhien X lay gia tri X = z.

Vi du. Vecto ngau nhién (X,Y) ¢6 ham mat do

1 .
— néuz® +y* <r?
pla,y) =4 7"
0 néu x2 + % > r2.
Dé dang tinh dugc
1

plafy) = 2V =y
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1 .
T 5— Dbeu ly| < Vr?2— a2,
ply/x)=q 2V Y

0 néu |y| > Vr? — a2
2.5.6 Cac sd dac trung ctia vectd ngiu nhién
Vecto ky vong. Gia st (X1, Xo, ..., X,) l1a vecto ngdu nhién n chiéu.
Khi d6, néu véi moi ¢ déu ton tai EX; thi vecto (EX;, EXs, ..., EX))
duge goi la vecto ky vong cua (X1, Xo, ..., X,).
Covarian (Moment tudng quan). Gia st (X3, Xy, ..., X,) 1a vecto

ngau nhién. Khi d6, v6i méi cap 4, j; so
cov(X;, X;) = E[(X; — EX;)(X; — EX;)] = Aij

(néu ton tai) duge goi la Covarian (hay Moment tuong quan) cia X;,

X;. Ma tran

A1 A2 o Ap

)\2’1 )\2’2 )\Q,H
A= (Aij) =

An’l An’2 o s . A’)’L’n

duge goi la ma tran Covarian cta (X7, X, ..., X,,).
Dé thay, ma tran Covarian 1a ma tran déi xitng, xac dinh duong.
Heé s6 tuong quan. Gia st (X,Y) la vecto ngau nhién. Khi d6 sd

_cov(X)Y) E[(X-EX)(Y -EY)]
- V/DXDY /E(X —EX)’E(Y —EY)?

p(X,Y)

dude goi 1a hé 50 tuong quan clia cac dai luong ngau nhien X va Y.
Néu p(X,Y) =0 thi ta néi X va Y khong tuong quan.
Heé s6 tuong quan c6 nhitng tinh chat sau day:

i) D(X +Y) = DX + DY khi va chi khi p(X,Y) = 0.

i) —1< p(X,Y) < 1.
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i) |p(X,Y)| = 1 khi va chi khi X v& Y phu thuoc tuyén tinh, tic la

ton tai cac sb a, b, ¢ sao cho
aX +bY +c=0.

Chiing minh.
i) Suy ra tit dang thitc D(X +Y) = DX + DY + 2cov(X,Y).
i1) Suy tit bat déing thitc Schwarz |cov(X,Y)| < VDXDY.
i11) Tru6e hét ta thay ngay rang, néu X, Y phu thuoc tuyén tinh, thi bang
cach tinh tryc tiép ta c6 |p(X,Y)| = 1. Nguogc lai, gid st [p(X,Y)| =1,
chang han p(X,Y) =1, ta c6

X-EX Y -EY
VDX vDY

D( ) =2(1=p(X,Y))=0

Do do
X—-EX Y -—-FEY

VDX  VDv

Tt do6 suy ra diéu phai ching minh.

Qua cac tinh chat trén, ta thay p(X,Y) bicéu thi mic do phu thuoc
tuyén tinh gitta X va Y.

2.5 Mot sb dinh 1y gidi han

Trong phan ndy, ching ta sé nghién citu mot s6 dinh 1y gi6i han dugc
stt dung nhiéu trong théng ké. Mot s6 két qua sé duge cong nhan ma
khong ching minh chi tiét, doc gid quan tam cé thé tim doc cac chiing
minh nay trong cac tai liéu tham khao.

2.5.1 Cac dang hoi tu
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Dinh nghia. Ta néi day dai lugng ngdu nhién (X,,, n > 1) hoi tu dén

dai lugng ngau nhién X (khi n — o0)

e Hau chac chin néu P(lim |X, — X|=0) = 1.

n—oo

7 oA h. .
Ki hieu X,, =5 X.
e Theo zdc sudt néu v6i moi € > 0 thi

lim P(|X, — X| > &) = 0.

n—oo
e A P
Ki hieu X,, — X.

e Theo trung binh cap p (p > 0) néu lim E|X,, — X|? = 0.
n—o0

c
Ki hieu X, — X.
o Yéu (theo phdn phoi) néu

lim F,(z) = F(z), Vo e C(F),

n—oo

trong d6 F,(x) va F(x) tuong ting 1a ham phan phoi clia cac dai lugng
ngau nhien X, va X; C(F) la tap hop cac diém ma tai d6 F(z) lien tuc.
Ky hisu X,, 2 X.

Hoi tu hau chic chan con dude goi 1a hoi tu vdi zdc suat 1; hoi tu
theo trung binh cap p con duge goi 1a hoi tu trong L,.
Vidu 1. Cho a € R va X, 1a dai lugng ngau nhién rdi rac nhan cac gia
tri 0 va a v6i cac xac suat tuong tng 1a 1 — l va —. Khi do X, L ova

r n n
X, =2 0 (khi n — oo).
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That vay, ta c¢6 v6i moi € > 0

P(|X, — 0] >¢) =P(|X,| > ¢)

< P(IX| = |al)
=P(X,, = a)
1

= — — 0, khi n — oc.
n

Do d6 lim P(|X, — 0| > &) = 0,Ve > 0, nén X,, — 0.
n—oo
1
Mit khac, vi 0 < E|X,, — 0] = E|X,,|* = |a|* - = — 0 khi n — oo nén
n
X, 22 0.

Vi du 2. Gid st X la dai lugng ngau nhién rdi rac xac dinh béi

Day dai lugng ngau nhién (X,,n > 1) duge xac dinh nhu sau

X  néu n chén,

—X néun lé.

Ro6 rang
F.(x) = F(x) (Vz € R)
Suy ra
X, 2 X
Tuy nhién

X, b X (khi n — o0).
That vay, véin =2m + 1, ta c6

1
P(1X2m+1 — X[ > 1) = P(12X]| > 1) = P(|X] > 5) =1 /A 0
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(khi n — o).
Do dé
X2m+1 7L> 0 (khl m — OO)

Suy ra
X, A0 (khi n — 0).

Tinh chét
Dinh 1y 1. X,, 2% X khi va chi khi vdi moi e > 0

lim P(sup | X,, — X| >¢) =0.

n—oo m>n

Hé qua 1. Néu chuoi

hoi tu vdi moi € > 0, thi
X, — X h.c.c (khin — 00).
Chaing minh. Diéu khang dinh nay rat ra tit bat ding thic

P(sup | X, — X| > e}) < Y P(|X, — X| > €}).

mz=n
= m=n

Trong truong hop (X,,, n > 1) la day dai lugng ngau nhién doc lap
va X la hang s6 thi diéu ngudc lai ciing ding, cu thé 1a ta c6

Dinh ly 2. Néu (X,,, n > 1) la day dai lugng ngdu nhién doc lap va
X, — C h.c.c (khin — o0)

thi chuoi
o0

> P(X,—C| >¢)

n=1

93



hot tu vor mor € > 0.

Ching minh. Dat A, = (| X, — C| > ¢) va cht § réng
limA, C (X, = C).

T d6, ap dung Bo dé Borel- Cantelli duge diéu phai ching minh.
Dinh 1§ 3. Néu X, ““% X hodc X, =5 X thi X, 5 X,

h.c.c

Chiing minh. 1) Gia st X, — X. Khi d6, v6i moi € > 0

lim P(sup | X,, — X| >¢) = 0.

n—0o0 m>n

Mat khac

0 < P(| X, — X| >¢) <P(sup | X,, — X| > ¢).

m>n

lim P(| X, — X| >¢) =0 (Ve > 0).

n—oo

Do d6 X, & X khi n — .
i) Néu X,, = X thi X, & X. That vay, ap dung bat ding thic
Markov cho dai lugng ngau nhién | X,, — X|, ta c6, v6i moi € > 0

E|X, — X|"

Do do X, L5 X khi n — 0o. D6 1a didu cin chiing minh.
Dinh 1y 4. Néu X, 5 X. thi X, 2 X.
Ching minh. Gia st v € C(F); 2’ < x. Vay thi, do

X, 5 x (khi n — o)

lim P(X <2/, X, > z) < lim P(|X,, — X| >z —2') =0.

n—oo n—oo
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Mat khac
F@)=PX <2') <P(X, <2)+P(X <2, X, > ).

Suy ra
F(2') < lim F),(z) (V2! < ).

Ching minh tuong tu, ta dudgc
F(2") > lim F,(z) (V2" > ).

Khi 2/ T z; 2" | z thi F(2') va F(z”) hoi tu vé F(x) (vi z € C(F)) nén
ta co

F(z) = lim F,(z) (Vz e C(F)).

=00
Qua dinh 1y trén va vi du trude do, ta thay hoi tu theo phan phdi

no6i chung thuyc sy yéu hon haoi tu theo xac suat. Tuy nhién trong truong

hop dai lugng ngau nhién giéi han 13 hing s6 thi ta c6

Dinh Iy 5. Néu X, 2 X vaP(X =C) =1 th X,, = X..

Ching minh. Ta c6

0 néux<C,
Fx(x) =

1 néuzxz>C.

Do do
C(Fx) = R\{C}.

Gia su

X, 2 X (khi n — 00).

Khi do6, v6i moi € > 0
P(X,—X|>¢e)=P(|X,—-C|>¢)=1-P(|X, —C| < ¢)
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1P —e< X, <Cte)
< 1—(FXn(C—|-8)—FXn(C—€))—>1—(Fx(c+€)—Fx(C—€))
=1—-(1-0)=0 (khi n — o0).

Suy ra
X, 5 x (khi n — 00).
Dinh 1y 6. Néu X,, 2 X thi ton tai day con (Xpk>1) C (X, n>1)
sao cho X,, hee X,
Chung ta cong nhan khong chiing minh dinh 1y nay.
2.5.2 Luat s6 16n
Dinh nghia. Cho day X, X»,..., X, ... cac dai lugng ngau nhién bat
ky c6 ky vong EX; = a; (i =1,2,...). Day (X,, n > 1) goi la tuan theo

ludt so lon néu

X+ 4+ X, . ta, '
L e TS0 e e SRR N (khi n — o0).
n n

Day (X, n > 1) goi la tuan theo ludt so Idn tong qudt néu ton tai
day s6 (b,), 0 < b, 1 00 sao cho

X+ 4+ X, . ta, '
1+b 1 —a1+b T P (khi n — o0).

Trude khi thiét lap luat s6 16n, ta can dinh 1y sau day
Dinh 1y 1. (Bit diang thiic Chebyshev). Gid s X la dai lugng ngiu
nhién bat ky. Khi d6 néu ton tai DX thi v6i moi e > 0, ta c6

DX
P(IX —EX| > ) < o
€
Chiing minh. ap dung bat dang thiic Markov cho dai lugng ngau nhién
Y =|X —EX|? > 0 ta duge
EY DX

P(|X —EX|>¢) =P(Y > %) < = =
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D6 1a diéu can chitng minh.
Dinh 1y 2. (Markov) Néu (X,,, n > 1) la day dai liong ngau nhién doc
lap doi mot va thod man dieu kién
1 .
EZDXi—M) (khi n — o0)
i=1
thi (X,,, n > 1) tudn theo ludt so lon.

Ching mainh. Dat

_ X,
Xn:Z )
n
Ta co
EX, = @t tan
n
va

. 1 n 1 n
DX, = ED(Z Xi) = — > DX,
i=1 i=1
T d6, ap dung bat dang thiic Chebyshev ta c6 diéu phai ching minh.
Vi du. Cho day (X, n > 1) cac dai lugng ngau nhién doc lap doi mot
xac dinh nhu sau
1 1 1

. L P(X=0)=1———.
2v/k o D=0

Khi do, day (X, n > 1) tuan theo luat s6 16n.

P(X;, = Vk) = P(Xy = —Vk) =

=

That vay, ta co

L _ k.

1
EX, =0, DXp=k——+k
’ T VE vk

Do do
1 « 1 « 1 1
k=1 k=1
Suy ra
1 n
Jim, 7z 2 DX =
k=



Tu dinh Iy Markov, ta két luan day (X, n > 1) tuan theo luat s6 l6n.
Trong truong hop day dai lugng ngau nhién (X,,, n > 1) doc lap doi

mot c6 cung ky vong, ta c6 hé qua sau

Hé qua 1. Gid si (X,, n > 1) la day dai lugng ngau nhién doc lap

dot mot sao cho EX; = a va DX; < C vdi moi i = 1,2,... Khi do

(Xn, n > 1) tudn theo luat s6 Ién va trung binh cong X, = %Zle X;

hoi tu theo xdc sudt tdi a.

Ching minh. Ta c6

:IH

Z
— 1 nC

=1

510

ap dung dinh 1y Markov dugc dleu phai ching minh.

Tt hé qua trén, ta suy ra ngay luat s6 16n Chebyshev sau day
Hé qua 2. (Luat s6 16n Chebyshev) Gid st (X, n > 1) la day cdic dai
lwong ngau nhién doc lap doi mot, cung phdan phoi sao cho EX; = a va
DX, =C < oo wvdimoii=1,2,... Khi do (X,, n > 1) tuan theo luat
s lon

X+ X+ -+ X, '
i Aat La (khim — o0)

n

Vi du. Gieo mot con xtc xic can doi. Gia st X 14 s6 nét xuat hién &
mit trén con xtc xac. Ta c6 EX = 3,5. Mot nha thong ké da gico mot
con xtuc xac can doi 1 triéu lan (nho sy trg giap clia méy vi tinh) va ghi
lai s6 nét xuat hien & mat trén con xtdc xac. S6 trung binh ctia 1 triéu
lan gieo dugc tim thay 1a

X1 +"'+$106
10°

Sy kién nay rat pht hgp véi luat s6 16n.

~ 3,500867 ~ 3, 5.

Hé qua 3 (Bernoulli) Tan sudt f, ctia mot bién co hoi tu theo rdc suat
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vé xdc sudt cia bién co dé (khin — o0).

Chatng minh. Xét day n phép thit Bernoulli d6i véi bién c6 A va goi k,
14 s6 lan xay ra A trong n phép thit do, f, = % 13 tan suat xuat hien
A trong n phép thit do.

Goi X}, 1a dai luong ngau nhién chi sé lan xuat hién A & phép thi thi k
(1<k<n)

¥ 1 néu A xay ra 6 phép thi thi k,
k; pr—

0 néu trai lai.
Khi do
PXy=1)=p, PX,=0)=1-p,
EX, =p=P(A).
Vi cac phép thit nay doc lap nén Xq, X, ..., X,, doc lap va ta co

Xi+-+X, k

:fn

N
n n

Vay theo luat s6 16n Chebyshev, f,, hoi tu theo xac suat téi p.
Vi du. 1. Néu ta gieo mot dong tien can doi thi xac suat xuat hien mat
ngtia 12 0,5. Vao thé ky 18, nha toan hoc Phap Buffon gieo mot dong
tien nhu vay 4040 lan va ghi duge 2048 lan xuat hién mit ngia. Tan
suat 1a 0,507. Mot nha thong ké nguoi Anh gieo dong tien 12.000 lan
va thu dudge 6019 lan xuat hién mat ngta. Tan suat xuat hiéen mat ngia
trong thi nghiém nay la 0,5016. Trong mdt thi nghiém khac, 6ng gieo
dong tién 24.000 lan va thu dugc 12.012 lan xuat hién mit ngia. Tan

suat xuat hien mat ngtra 1a 0, 5005.

2. Mot ¢6 bai 36 con bai gom 18 con mau d6 va 18 con mau den.

Chia c¢d bai lam hai phan bang nhau. Dé dang thay rang xac suat cla
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bién cd6 A “Hai phan déu c6 sd con bai do va den bang nhau” 1

O C)
]P)(A) — 1818
Cs

~ 0, 26.

Mot nha thong ke da thit tién hanh viéc chia ¢ bai lam doi trong 100
lan. Tinh dén lan thi 80 tan sudt cia bién c¢d A 1a 0,25; tinh dén lan
thit 90 va 100 cho tan suat ctia bién c¢d A 1a 0, 24.

2.5.3 Ham dac trung

Trong muc nay, chiing ta sé nghién citu ham dac trung, mot cong cu
rat co hiéu luc dé nghién ctu nhiéu van dé ctia 1i thuyét xéc suat; dac
biét 1a nhitng van dé lien quan dén luat phan phéi clia tong cac dai lugng
ngau nhién doc lap va dinh 1y gi6i han trung tam.

Gia st X, Y 1a hai dai lugng ngau nhién. Khi d6 X + 7Y (i 1a don vi
40) 1a dai lugng ngdu nhién nhan gia tri trén mat phang phic. Ta dinh
nghia E(X +4Y) = EX 4+ (EY néu EX,EY xac dinh.

Dinh nghia. Gia st X 13 dai lugng ngau nhién. Khi d6 ham s6 o(t) xac
dinh béi cong thic

o(t) = px(t) = E(e™) = E(costX + isintX) teR

dugce goi la ham ddac trung cta X.
Chi y: 1. N6i chung ham dac trung ctia mot dai lugng ngau nhién nhan
cac gia tri phiic.

2. Nhiéu khi dé chi r& ham diic trung ctia dai lugng ngdu nhién cu
thé X, nguoi ta viét ox(t) thay cho p(t).

Nhu vay, néu X la dai lugng ngdu nhien roi rac: P(X = x) = py;
(k=1,2...,n,...) thi

px(t) =) " p.

k
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Néu X la dai lugng ngdu nhién lien tuc c¢6 ham mat do 1a p(z) thi

oxtt) = [ plain

(0.¢]
Vi du
1. Gia st X la dai lugng ngdu nhién biéu thi sé lan xuat hién bién c6 A

trong mot phép thit (véi P(A) = p). Vay thi
PX=1)=p, PX=0=1-p=gq.

Do do

110 it

px(t) =ePq+e™p=pe' +q.

2. Gia st X 1a dai lugng ngdu nhién c6 phan phéi chuan N(0,1). Vay
thi X c¢6 ham mat do

Do dé6

Tinh chat
L )] <1, 0(0) = 1.
That vay
p(t)] = [Ee™| < Ele"™| =E1 =1,
©0(0) = Ee™® =E1 = 1.
2. p(—t) = ¢(t).
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That vay

o(—t) = Ee'HX = B! = E(cos(—tX) + isin(—tX))

= E(cos(tX) —isin(tX)) = E(cos(tX) + isin(tX))

= EeitX = o(t).

3. paxp(t) = ePox(at).
That vay

SOaX—i—b( ) Ee! (at)X ith _ ztheti _ eitb(,OX (at).

4. Néuw X1, Xo,....X, la cic dai luong ngdu nhién doc lap
the oy x,(t) = [ x.(1).

That vay, do X1, Xo,..., X, doc lap nen e Xz eitXn ciing
doc lap. Vi thé

e, x () = B X = E(T ')
k=1

- H Ee' ¥ = H X (t)
k=1 k=1

5. (Cong thic nguge) Gia st p(t) va F(z) la ham ddc trung va ham
phan phoi cia dai luong ngdu nhién X. Néu x, y la cic diém lien tuc

cia F(x) thi

1 +00 e—zty . e—ztx
Fla) - Fly) = o- | by

Tt cong thic nguge dé dang suy ra tinh chat sau day.
6. (Dinh ly duy nhat). Ham ddc trung xdc dinh duy nhat ham phan phoi.
That vay

F(l‘) = lim (F(l') _ F(y)) _ i i 00 ity _ it

Y——00 QT y——o00

—00
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trong d6 y lay trén tap cac diém lien tuc ctia F(x).
Vi du. Gia st dai lugng ngau nhién X c¢6 ham dac trung ¢(t) = cos(t),

diing cong thiic ngude c6 thé chiing minh dude ham phan phéi ctia X 1a

F(z) =<

(Doc gia xem day nhu la bai tap).
7. Néu dai luong ngau nhien X c¢6 moment tuyét doi cap n thi ham dac

trung cé dao ham dén cap n va ta cé
©"(0) = "EXF (V< n),
That vay, ta c6
A (1) = PFEXY < [FEX Y| < EJXY| < +oo.

Do d6 ton tai o*(t) va ©*(0) = i*EXF.

Tinh chat trén cho phép ta tinh cdc moment cltia dai lugng ngau
nhién X dya vao cac gia tri cia ham déac trung ctia n6 tai t = 0.
8. Gié st day dai lugng ngau nhién (X,,, n > 1) ¢6 day ham dic trung
tuong tng 1a (¢, (1)), con dai lugng ngau nhién X c6 ham dic trung la
@(t). Vay thi

X, B X o out) = t)  VteR (khin— o).

Tinh chat nay 14 mot cong cu rat c6 hiéu qua khi nghién ctu sy hoi
tu theo phan phéi ctia diy cac dai lugng ngau nhién.
Ham dic trung ctia mot sé phan phéi xac suat thuong gip

1. Phan phoi nhy thiic B(n; p)
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Gia sit A 1a bién ¢6 clia phép thit G véi P(A) = p. Thyc hién n phép
thtt Bernoulli tit G. Goi X; 1a s6 lan xuat hién A trong phép thi thi &
(k=1,2,...,n), con X la s6 lan xuat hién A trong n phép thit Bernoulli
da cho. Vay thi X, Xy, ..., X,, doc lap, cing phan phoi

]P)(XkZ()):l—p:q, P(Xk:1)=p,

Do do

va

px(t) = oxr x,(8) = i_1ex,, (1) = (¢x, ()" = (pe" + )"

2. Phan phoi déu
Gia st dai lugng ngau nhién X c¢6 phan phdi déu trén doan [a, b]. Khi

dé X c¢6 ham mat do

0 néu z & [a, bl
plx) = 1 )
r— neu x € [a, b|.
Do d6 .
6itx 1 ) _
t) = dr = itb _ _ita .
ex(t) /a b—a" it(b—a)(e )

Dic biét, néu X c6 phan phdi déu trén doan [—a, a] thi

1

1) = eita_efita
SOX() —Qita( )
1 . .
= ——(costa —isinta — cos(—ta) — ¢ sin(—ta
———(costa — isinta — cos(—ta) — i sin(—ta))
ita
in at
— _ 2isinta = 24
2ita at
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3. Phan phoi chuan N(u,o?)
Gid st X ~ N(u,0?). Vay thi

Y = e N(0,1).
Do d6
wy (t) = e_%
Mat khac
X =o0Y +p.
Suy ra

. . o 2
@X(t) _ e’”tcpy(at) _ ezmj_( ;) .

Tt d6, 4p dung tinh chat vé ham dic trung clia tong cac dai luong ngau
nhién doc lap c6 thé ching minh dude ring: Néu cac dai luong ngiu
nhien doc lap X1, Xs, ..., X, c¢6 phan phoi chuan véi ki vong va phuong
sai tuong tng 1a p; va oF thi tong ctia ching 1a > p—; Xk cing c6 phan
phdi chuan v6i ky vong 1a >77_ px va phuong sai la Y _, o2,

That vay, véi n = 2, gid st Xy ~ N(u1,01), Xo ~ N(p2,09), X1, Xo doc
lap. Vay thi

(X1 + Xa) ~ N(uy + pa, 05 + 03).

That vay, ta co
ox, () = i3t o (1) = el

Suy ra

o0, (1) = P, (£ o, () = Ui =2 (oteod),
Nghia 1a ¢y, 4x,(t) & ham dac trung cia dai lugng ngau nhién co6
phan phéi chuan N (p; + pg, 07 + 03). Tt dinh 1y duy nhat suy ra ring
(X1 + Xo) ~ N(u1 + po, 07 + 03).
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Truong hgp n > 2, phép chiing minh hoan toan tuong tu.

Tiép theo, bang cach st dung cong cu ham dic trung, ching ta sé
nghién citu mot s6 dang dac biét ctia dinh 1y gidi han trung tam va dinh
ly Poisson; tit d6 rit ra cac cong thitc xap xi phan phdi nhi thitc B(n;p)

bdi phan phdi chuan va phan phoi Poisson khi n kha 1én.
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2.5.4 Dinh ly giéi han trung tam
Dinh 1y. Gid st (X,,, n > 1) la day dai lugng ngau nhién doc lap, cé
cung phan phoi, EX; =0, DX, = 1. Dat

X1+ Xt X

Y,
NG

Khi do
Y, & N(0,1).
Chiing minh. Gia st ¢, (t) 1a ham dic trung ctia dai lugng ngau nhién

2
Y,,. Ta can ching minh lim,, . @, (t) = e 7.

Dat
Zy=X1+Xo+ -+ Xn, ox(t)=et).
Vay thi
pz,(t) = [p(t)]"
Miit khéc

t2
ﬁ+mw:1—5+R@,

»"(0)
1! 2!

trong do
R(t) = o(t*) khi t — 0.

Suy ra



v6i X ~ N(0,1).
Vay
Y, 2 N(0,1).
Nhan xét. Tu dinh 1y trén, suy ra rang néu X, Xo, ... 1a cac dai lugng
ngau nhién doc lap, ¢6 cuing phan phéi, EX; = 0, DX, = 1, thi
X1+ Xo+--+ X,
Vn

c6 phan phéi xap xi chuan N(0,1). Do d6 néu X, Xs, ... 14 cic dai lugng

Y, =

ngau nhién doc lap, c6 cing phan phoi, EX; = u, DX; = o2, thi trung

binh cong vy Y
Y _ 1+ Ao+ -+ Ay

n

c6 phan phdi xap xi chuan N(u,0?). Ké qua nay sé duge ding nhiéu
trong thong ké. Hé qua (Dinh ly Moivre - Laplace). Gid si dai lugng
ngdu nhién S, cé phan phoi nhi thiic B(n;p).

DatY, = Sn 2P pens s
v/ pq

Y, & N(0,1).

Chiing manh. Gia st A 1a bién cb lien quan dén phép thit nao do6 véi
P(A) = p.
Thuc hién n phép thit Bernoulli tit phép thit da cho. Goi X}, 1& s6 lan
xuat hién A trong lan thit thi k. Vay thi

PX;=0=1-p PXpx=1)=p.
Dong thoi cac dai luong ngau nhien X, Xo, ..., X, doc lap cing phan
phoi
EXy=p,  DX;=pq.
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Hon nta

Sp=X1+Xo+ -+ X,

C6 phan phéi nhi thic B(n;p).
Dat
VP

Lic d6 day (Z,;n > 1) thod man dinh 1y giéi han trung tam. Do dé:

Zy;

X—np Z1+ZQ+"'+ZnD
= —
N, Vn

Y, = N(0,1).

X —np _

v pq >

ttng dung. T hé qua trén suy ra rang néu X ~ B(n;p) thi
c6 phan phoi xap xi phan phdi chuan khi n kha 16n. Do dé

ke — X - ko —
Plly < X < ky) =P(L_L 2~ Rz 7 1P

)

npq npq v/ 1pq
ko —np ki —np
~ol ) gl
rq npq
1 €T t2 Z P P 2
trong d6 ®(x) = N [* . e Z7dt1a ham phan phoi ciia phan phoi chuan
T

N(0,1).

Vi du. Tung dong tién 10000 lan. Tim xac suat dé c6 it hon 5000 lan
xuat hién mat sap.

Gidi. Goi X 1a s6 lan xuat hién mit sap khi tung dong tién 10000 lan.
Vay thi

1
X ~ B(10000; ).

Do do

0 — 5000

\/100011
22

P(0 < X < 5000) ~ P(0 < X < 5000) ~ ®(0) — & ) ~ 0, 5.
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2.5.5 Dinh ly Poisson

Nhu vay, khi n kha 16n c¢6 thé xap xi phan phéi nhi thitc béi phan
phéi chuan. Tuy nhién, xap xi dé chi t6t khi np va ng 16n hon 5 hoac
khi npg 16n hon 25. Trong truong hop npg kha bé ta c6 thé xap xi phan
phoi nhi thic béi phan phdi Poisson.
Dinh ly. (Poisson) Gid st vdi moin=1,2,..., (Xu), (k=1,2,...,n)

la day dai luong ngau nhién doc lap cung phdan phos, lay hai gid tri 0 va

1 voi
P(Xpo =1} = 24 0(3) k=12
nk =1} ==+ o(— =1,2,...,n.
g n n
Ky hieuY, = > 1_; Xuk. Khi d6, vdi moim = 0,1,... ta cé cong thic
tiem can
)\m
. o AN
nh_)rrololP’(Yn—m}—e o

Ching minh. Ta c6 ham dac trung ctua Y, la
. , A, 1 ;
Ee™ = I e = [1+ (" = 1) + o()]" — exp{A(e” — 1)}

(khi n — o0). Vi exp{A(e" — 1)} 1a ham dic trung ctia phan phoi
Poisson véi tham s6 A, nén ta suy ra diéu phai ching minh.

Dinh 1y Poisson c6 thé minh hoa nhu sau:

Xét day phép thit doc lap. Trong phép thit thit n x4c suat xuat hién
bién c¢d A 1a p, va np, — A, n — oco. Khi d6 phan phdi giéi han cua s6
lan xuat hién bién c6 A trong day cac phép thit tuan theo luat Poisson
v6i tham s6 .

Ta xét vi du.

b) Vi du. Gia sit trong 2000 chiéc banh nuéng c6 16000 hat lac. Tim
phan phoi xac suat s6 hat lac ¢6 trong mot chiée banh duge chon ngau
nhién.

Gidi. Gia st cac hat lac dudge danh s6 tit 1 dén 16000. Ta xem viéc
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chia mot hat lac vado banh 14 mot phép thi ngau nhién. Ta c6 day gom
n = 16000 phép thi. N6i chung cac phép thi nay khong doc 1ap, nhung
néu cac hat lac xao tron t6t thi xac suat dé hat thi k roi vao chiée banh

va thuc té c6 thée xem cac phép thit 1a doc lap. Khi

N 1
da chon bang
2000
d6 s6 nhitng hat lac c6 trong chiéc banh da chon 1a dai luong ngau nhién

tuan theo luat Poisson véi tham s6 A = np = 8, tic 1a
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BAI TAP

1. Mot nhom c6 10 ngudi gom 6 nam va 4 nit. Chon ngau nhién ra 3
ngudi. Goi X 1a sb nit trong nhém. Hay 1ap bang phan phoi xac suat cua
X va tinh EX, DX, mod X.

2. Mot tti chita 10 thé dé va 6 thé xanh. Chon ngau nhién ra 3 tam thé
(khong hoan lai). Goi X la s6 thé dé dugc chon. Lap bang phan phdi
xac suat ciia X. Tinh EX va DX.

Gia st rat mdi thé d6 duge 5 diém va rat mdi thé xanh duce 8 diém.
Goi Y 1a s6 diém téng cong trén 3 thé rit ra. Lap bang phan phdi xéc
suat clia Y va tinh EY, DY

3. Hai xa thit A va B tap ban, mdi nguoi ban 2 phat. X4c suat ban tring
dich ctia A trong mdi phat 1& 0,4, con ctia B 14 0,5. Goi X 1& s6 phat
trang ctia A trr di s6 phat trang ctia B. Tim bang phan phoi xac suat
ctia X va bang phan phdi xac suat ctia Y = | X|.

4. Gid st X ~ B(2;0,4); Y ~ B(2;0,7); X va Y doc lap. Tim bang
phan phdi xic suat cia X + Y. Chitng minh rang X + Y khong c¢6 phan
phoi nhi thiec.

5. Cho X va Y la hai dai lugng ngau nhién doc lap.

a) Gid st X ~ B(1; %), Y ~ B(2; %) Viét bang phan phoi xac suat cla
X, Y. T d6 tim bang phan phéi xac sudt cia X + Y. Kiém tra ring

1
1 1 . .
b) Gid stt X ~ B(1; 5), Y ~ B(2; 5) Tim bang phan phoi xac suat cua
X +Y. Chitng minh rang X + Y khong c¢6 phan phoi nhi thrc.

6. Trong mot thanh phé nhd, trung binh mot tuan c¢6 2 ngudi chét. Tinh
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xac suat de:
a) Khong c¢6 nguoi nao chét trong vong 1 ngay.
b) Cé it nhat 3 nguoi chét trong vong hai ngay.
7. Mot tram cho thué xe ticxi c6 3 chiéc xe. Hang ngay tram phi nop
thué 1a 8 USD cho mot chiéc xe (du xe d6 ¢6 duge thue hay khong). Mai
chiéc xe cho thué vé6i gid 20 USD. Gia st s6 yéu cau thué xe ciia tram
trong mot ngay 1& dai luong ngau nhien X c6 phan phdéi Poat Xong véi
tham s6 A = 2,8. Goi Y la s6 tien thu dudc trong mot ngay clia tram
(néu khong c6 ai thué thi s6 tien thu duge 1a —24 USD). Tim bang phan
phoi x4c suat cia Y. T do tinh s6 tién trung binh thu dudc clia tram
trong mot ngdy. Giai bai toan trén trong truong hop tram co 4 chiée xe.
Tram nén c6 3 hay 4 chiéc xe.
8. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do
cx?(1 —x) néuz € [0,1],
p(x) =
0 néu z ¢ [0, 1].

Tim hing s6 ¢; modX va P(0,4 < X < 0,6).
9. a) Cho dai lugng ngdu nhien X c¢6 phan phdi déu trén [1,2]. Tinh
P2 < X <5).

b) Cho dai lugng ngau nhien X ¢6 phan phoi déu tren [—1,3]. Tinh
P(X? > 2).
10. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do

kx? néu0<x <3,

p(z) =
0 néu trai lai.

Tim hing s6 k; tinh P{X > 2}, tim median ctia X v xac dinh a dé

k; t
3
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11. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do

L A P P
~— 4+ =  néu-— x
4 2 ST
r 1 .
ple) =9 -2 4 = neu 0 < x < 2,
4 2
0 néu trai lai.

Tim ky vong va phuong sai cia X.
12. Cho dai lugng ngau nhién lién tuc X c¢6 ham mat do

(

1

/N

kxr néu0<zx

Y

p(x) =9k néul<az<A4,

0  néu trai lai.
\

Tim héng s6 k, k¥ vong, phuong sai va median ctia X.

13. Dai lugng ngau nhién lién tuc X ¢6 ham mat do

3 .
Z(l —2?) néu |z| < 1,

p(z) =
néu trai lai.
Tim ky vong v phuong sai clia Y = 2X?2.
14. Cho dai lugng ngau nhién lién tuc X ¢6 ham mat do
322 néu0<x <1,
p(z) =
0 néu trai lai.
Xét Y =2vX. Tim P(0,2 <Y < 1,5) va P(Y > 1).
15. Cho ham mat do ctia mot dai lugng ngau nhién X ¢6 dang

a/ Z
— neuz =1,

1
plr) =<7
0 néuzx<l.
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a) Xéac dinh hing s6 a.
b) Tinh P(0 < X < 5).
¢) Tinh phuong sai ctia X.

16. Cho dai lugng ngau nhién X thod man:

a(x—3)

e neu r = 3,

P(X >x) =
1 néu r < 3.
a) Xéc dinh hang s6 a.
b) Tinh ky vong ctia X.

17. Cho ham mat do ctia mot dai lugng ngau nhién X ¢6 dang:

0 néu x < 0.

a) Xac dinh hang 6 a.

b) Tinh P(-3 < X < 2).

¢) Tinh ky vong ctia X.

18. Mot nguoi hang ngay di bo tit nha dén noi lam viéc véi quang duong
600m véi van toc déu v(m/giay). Biét rang thoi gian di b clia ngudi do
14 mot dai lugng ngau nhién phan phoi déu trong khoang tit 6 phut dén
10 phut. Tim k¥ vong, do léch chuan va median ctia v.

19. Trong luong ctia mot con bo 14 mot dai lugng ngau nhién phan phdi
chuan véi ky vong 1a 250 kg va do lech tieu chuan 40 kg. Tim xac suat
dé mot con bo c¢6 trong luong:

a) Nang hon 300 kg.

b) Nhe hon 175 kg.

c¢) Trong khoang 260 kg dén 270 kg.

20. Thoi gian tit nha di dén truong cia sinh vién Binh 134 mot dai luong
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ngau nhien X c6 phan phdi chuan. Biét rang 65% sé ngay Binh dén
truong mat hon 20 phut con 8% s6 ngay mat hon 30 phit.

Tim thdoi gian trung binh va do léch tiéu chuan ctia thoi gian dén truong.
Binh xuét phat tit nha trude gis vio hoc bao nhiéu phit dé kha nang bi
muon hoc la bé hon 0, 02.

21. Chiéu cao ctia mot loai cay 1a mot dai luong ngau nhién c¢6 phan phéi
chuan. Trong mot mau gom 640 cay c6 25 cay thap hon 18m va 110 cay
cao hon 24m.

Tim ky vong va do léch tieu chuan ctia chiéu cao ciia cay.

Uéc luong s6 cay c6 do cao trong khoang tit 16m dén 20m trong mau
noi trén.

22. Cho X la dai luong ngau nhién c6 phan phéi mii véi tham s6 A = 2.
Tim k¥ vong va do léch tiéu chuan cia e .

23. Cho X 1a dai luong ngau nhién c6 phan phdi mil v6i tham s6 A = 1
VY = 2X2 Tinh P(2 < Y < 18) va P(Y < 4).

24. Cho vecto ngau nhién lién tuc (X, Y) c¢6 ham mat do 1a

Cz méu (z,y) thod man 0 <y < x < 1,
p(x,y) =
0  néu trai lai.
a) Tim C.
b) Tim cac ham mat do cia X va cua Y.
¢) X va 'Y c6 doc lap hay khong.
25. Vecto ngau nhién lién tuc (X,Y) ¢6 ham mat do la

2y
C  néu (z,y) thod man — + T < 1,
p(r,y) = )

0 néu trai lai.
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a) Tim C.
b) Tim ham mat do ciia X va Y.

26. Cho vecto ngau nhién lién tuc (X, Y) ¢6 ham mat do

C
L+a?)(1+y?)

p(r,y) = (

a) Tim C.

b) Tim ham phan phéi ctia (X,Y).

c) X vaY ¢6 doc lap khong?

d) Tim xac suat dé diém (X,Y) roi vao hinh chi nhat v6i cac dinh la
A(1,1), B(v/3,1), C(1,0) va D(1/3,0).

27. Mot diém A roi ngdu nhién vao mot hinh vuéng D c6 canh bang 1.
Gia st (X,Y) 1a toa do ctia A. Biét rang ham mat do p(x,y) cia (X,Y)

N

1a

1 néu (x,y) €D,
pz,y) =
0 néu (x,y) € D.

Tinh x4c sudt dé khodng céch tit A dén canh gan nhat né bé hon hay
biang 0, 3.

28. Gia stt X va Y la hai dai lugng ngau nhién doc lap ¢6 cdc ham phan
phdi tuong tng 1a F(z) va G(z). Tim ham phan phdi cla cac dai lugng

ngau nhién sau day

a)max{X,Y}, b)min{X,Y}, ¢)max{2X,Y}, d)min{X,Y?}.

29. Gia st X va Y la hai dai lugng ngau nhién doc 1ap c6 cung phan
phéi mii véi tham sé6 A. Tim ham phan phdi va ham mat do ctia cac dai

lugng ngau nhién sau day:

a)X?; b)max{X,Y*}; ¢)min{X,Y?}.
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30. Giai bai toan trén vdi gid thiét 1a X va Y ¢6 phan phdi déu trén doan
[0, 1].

31. Giai st X 1& dai luong ngau nhién c6 phan phdi mil v6i tham sd .
f(x) 1a ham nhan gia tri duong, khéa vi va ting nghiém ngat. Tim ham
mat do cua dai lugng ngau nhién f(X).

32. Chitng minh ring ham phan phdi ctia mot dai lugng ngau nhién cé
khong qua dém dugc diem gian doan.

33. Chiing minh rang néu ham phan phdi ctia mot dai luong ngau nhién
lien tuc trén toan truc so, thi noé lien tuc deu trén do.

34. Gia st Xq,...,X, 1a cac dai lugng ngau nhién cé ky vong hitu han.

Chting minh ring
Emax{Xy,..., X} > max{EXy, ..., EX,}

va

Emin{Xy,..., X,,} < min{EXy,...,EX,}.

35. Gia su X la dai lugng ngau nhién c¢6 phuong sai hitu han. Ching
minh rang

DX = minE(X — a)%
a€ER
36. Gia stt X, — X, X, — Y. Chting minh riing
P(X =Y)=1.
37. Gia stt X,, = X, Y, & Y. Chitng minh ring
aX, +bY, > aX +bY, abeR

38. Chitng minh rang néu lim,, .., P(X, # Y,) = 0 thi

X, 5 XeY,5X  (khin— o).
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30. Gid st X, — X, Y, & Y va P(X = Y) = 1. Chiing minh ring véi
moi € > 0 thi
lim P(|X,, — Y,| >¢) — 0.

n—>00
40. Chitng minh riing X, — X khi vi chi khi moi day con ctia né déu
chita mot day con hoi tu h.c.c dén X.

41. Gia st (X, — X)? 5 0. Chting minh riing X2 5 X2

42. Gia st (X,,,n > 1) va (Y,,n > 1) la cac day dai lugng ngau nhién
thoa man

e.¢]

> P(X, #Y,) <.

n=1
Chting minh ring
a) Néu X, 2% X thi Y, 2% X (khi n — oo).
b) Néu chudi Y7, X, hoi tu hau chic chdn, thi chudi >~ Y, hoi tu
hau chic chan.
43. Giastt X,, 2> X, Y, 2 0. Ching minh ring X, Y, > X, XY, = 0.
44. Gia st P(X,11 < X,,) = 1, v6i moi n = 1,2,... Chitng minh rang
néu X, P X thi X, hee x (khi n — 00).
45. Gia st X, > X, Y, 5 X vaP(X, < Z, < Y,) = 1, véi moi
n=1,2,... Ching minh rang Z, %X,
46. Gidst X, 5 X, Y, 5 Y vaP(X, <Y,) =1 véimoin=12,...
Chiing minh rang P(X <Y) = 1.
47. Gieo mdt con xic xac can doéi n lan. Goi X 1a s6 lan xuat hién mit

6 cham. Chiing minh réng:
]P(E—\/E<X<E+\/ﬁ)>§
6 6 ~ 36

48. Gia st X la dai lugng ngau nhién ¢c6 EX =5, DX = 0,16. Chiing

minh rang:
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a)P3< X <7)>0,9

0
b)P(2 < X <8)>0,98
X1+ Xot oo+ X,
OP(3 < 1+ X2 ;r + Xog
trong d6 Xy;...; Xg la cac dai lugng ngau nhién doc lap, c6 cung phan

>
>

<7) > 0,99,

phoi véi X.
49. Giad st X nhan gid tri —1valvsi P(X =—-1)=P(X =1) = %
Tim ham dac trung cua X.
50. Gia st X1, Xo, ..., X, 1a cac dai lugng ngau nhién doc lap cung phan
phoi va

PX=-1)=PX=1)=
Xac dinh ham dic trung caa S, = X7+ - + X,,.

51. a) Dai lugng ngau nhién X c¢6 mat do

1
—(1—- m) véi |z| < a,
a

0 véi |z| > a.

Chiting minh réng ham dic trung cta X la

1 —cosat

Pt) = 2——5
b) Dai lugng ngau nhién Y ¢6 mat do

1 — cosay

9ly) = % 5

a’y

Chting minh ring ham dac trung ciia Y 1a

t
1 - It Vi |t| < a
p(t) = a
0 Vi t] > a
52. Gid stt X, Xs 1 cac dai lugng ngau nhién doc lap. Bang phuong

phap ham dic trung chitng minh rang:
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a) X; ~ B(n;p),i=1,2= X5+ Xy ~ B(ni; +na;p).

b) Xi~ P(N),i=1,2= X7+ Xy~ P\ + \a).

¢) X; ~ N(a;,02),i=1,2= X; + X5 ~ N(ay + az,0? + 73).

53. Dat S, = X + --- + X,,. Ching minh rang v6i moi day dai luong
ngau nhién (X, n > 1) thi

Sn
a) X, -0 hcc=——=0 hcec

n
Sn
b) X, L 0= 2 By,

n
cﬁmm@wﬂio:%ﬂia
2205 x, 2o
54. nGié st (Xp,,m > 1) la day dai lugng ngau nhién doc lap
va P[X,, = 2" = P[X,, = =2"] = % Chitng minh réng (X,, n > 1)
khong tuan theo luat sé 16n.
55. Gia st (X,, n > 1) la day dai lugng ngau nhién doc lap. Trong

cac truong hgp sau, xét xem day (X,, n > 1) ¢6 tuan theo luat s6 16n

khong?

) X, = Vil = P[X, = —Vi = o, PX,=0]=1-
b) P[X, = n] = PX, = —n] :# IP’[Xn:O]:l—%.
¢) P[X, = 2] = P[X, — —27] = 2271“ PIX, = 0] = 1 — 2%

d) P[X, = n%] = P[X, = —n°] = % (0<a<1/2)

56. Gia st (X, n > 1) la day dai lugng ngau nhién doc lap, cuing phan
phdi, c6 cac phuong sai duong, hitu han. Chting minh rang

a) lim, ;oo P(a < S, <b) =0 (Va,b € R).

b) lim, oo P(S, < a) =0 (a € R) hodc bang 0; hodc bang 1; hoac bang
1/2.

Trong d6 S, =Y ,_; Xi.

57. Gia st (X,,, n > 1) la day dai lugng ngau nhién c6 cac phuong sai
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hitu han va ¢6 mot day s6 «(0), a(1),... khong am sao cho
p(Xi, Xj) < alli = g]) V(i 7),

n[a(0) + (1) 4+ - +a(n =)o+ ---+0°] =0, n— oo.

Chting minh ring day (X,,, n > 1) tuan theo luat s6 lén.
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PHAN II. THONG KE

Théng ké 1a khoa hoc vé thu thap va xt 1y s6 lieu dé tit d6 dua ra

cac két luan khoa hoc va thuc tién. So do tién hanh nhu sau:

Thu thap s6 lieu = Tong hop s6 lieu = Chuyen héa vé mo hinh

toan = X1t Iy = Dua ra két luan.
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CHUONG 3

LY THUYET MAU

3.1 Khai niém miu va phuong phap lay
mau

Trong thic té, nhiéu khi ta can quan tam dén mot sé dac diém (dinh
tinh hodc dinh lugng) ctia cac phan tir thudoc vé mot tap hop nao do,
chang han tudi tho clia mot loai dia ciing, gia thanh ban 1é ctia mot loai
mit hang nao dé, t1 1é nay mam cia mot giéng laa, ... Tap hop céc phan
ti can nghien cttu nay dude goi 1a dam dong, ky hieu 1a C.

Viéc tién hanh thu thap thong tin trén cac phan ti clia dam dong
dugc goi 1a quan sdt. Dac diém can quan tam dé thay doi tit phan ti nay
sang phan tit khac khi ta thyc hién cdc quan sat ngdu nhién trén mot
s6 phan t ctia dam dong. Dac diém thay ddi dé ctia dam dong dudc coi
nhu mot dai lugng ngau nhién, ky hiéu 1a X va duge goi 1a dai luong
ngau nhién goc dém dong C. Qua trinh di nghién citu dam dong cta C
thuc chat 1a qua trinh di tim quy luat phan phdi ctia dai lugng ngau
nhién X, nhiéu khi d6 1a qua trinh di tim cac s6 dic trung ctia X. Néu

khong gay nham l1an ta c6 thé goi ngan gon la dam dong X.

Dic diem ctia dam déng thusng dude nghién ctu dudi hai phuong
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dién:

o Phuong dién dinh luong: Khi ta can quan tam dén cac gia tri vé
lugng clia dai lugng ngdu nhién X nhu: trong luong, nang suét, tudi tho,
... v& ta thuong quan tam dén hai dic trung:

- Ky vong EX = 1 diic trung gia tri trung binh ctia dac diém dinh
luong can quan tam trén dam dong C.

- Phuong sai DX = o?: dic trung cho mtc do bién dong gia tri cia
diic diem dinh lugng can quan tam tréen dam dong C.

o Phuong dién dinh tinh: Khi ta can quan tam dén mot tinh chat A
nao do tréen dam dong, cac phan tit cia dam dong hodc c6 tinh chat A
hoiic khong c6 tinh chat A nhu: chat luong san pham, sy nay mam clia
mot giong lda, chat doc hai trong nguon nudc, ... Gia tri ma dai luong
ngau nhién X c6 thé nhan dugc

v 1 khi phan ti d6 c6 tinh chat A;

0 khi phan tit d6 khong c6 tinh chat A,

va ta thuong quan tam dén xac suat EX = p.

3.1.1 Khai niém mau

Ching ta khé c6 thé quan sat hét tat ca cac phan ti ctia dam dong
vi nhitng 1y do nhu thoi gian, chi phi ton kém, ... Chinh vi vay, nguoi ta
chi 1y ra mot s6 phan tit dai dién cho dam dong va nghién ctiu trén tap
phan tit nay, tap hop cac phan tit dai dien cho dam dong dé dugc goi
15 mau. Phuong phap nghién cttu trén mau dai dién cho ddm déng dugc
goi 1& phuong phdap mau va cach thide thuc hien qua trinh 1ay mau dugc

goi 1& phuong phdp lay mau.
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Khi can quan tam dén dac diém la dai luong ngdu nhién X ctia dam
dong C, ta chon ra mau cé n phan ti, trong dé viéc chon phan tit thit 7 1a
qué trinh thyc hién mot phép thit rat ngadu nhién mot phan ti ciia dam
dong C, gia tri ngau nhién nay duge gan cho dai lugng ngau nhién X;. V6i
cach chon nay, cac dai luong ngau nhién X; doc lap véi nhau va ¢ cling
luat phan phdi v6i dai luong ngau nhien X. Mau nay dude goi 1a madu
ngau nhién c6 kich thude n cia ddm dong C, ky hieu (X, Xo, ..., X,).
Tai lan 1lay mau thi 4, gia tri ma X; nhan dugce 1a z;, bo s6 (z1, T2, ..., T,)

duoc goi 1a mot mdu cu thé.

Vi du 1. Thong ké vé s6 cham ctia mot con xtc xac khi gieo 5 lan.

Mau ngau nhién: (X1, X», ..., X5); mau cu thé: (2, 3,1, 6, 2).

3.1.2 Cac phuong phap lay mau

Viéc lay mau dude coi 1a t6t néu nhu thong tin thu dude tit mau
phan anh cang gan v6i dic diém clia dam dong (tinh chat dai dién cao).
Chinh vi vay, trong thong ké viéc 1ay mau 14 mot cong viéc hét siic quan

trong. Nguoi ta thuong sit dung mot s6 phuong phap lay mau nhu sau:

Lay mau ngau nhién don gian

La phuong phap lay mau thoa man cac diéu kién: méi lan chi dugc
chon mot phan t tit dam dong, kha nang duge chon clia tat ca cac phan
tit trong dam dong déu nhu nhau. C6 hai cach thiic tién hanh chon, do6
la chon hoan lai va chon khong hoan lai, tuy nhién khi kich thuéc cua
dam dong 16n hon nhiéu so véi kich thudc mau thi cé thé coi hai phuong
phap chon nay 1a gidéng nhau.

Phuong phap liy mau ngau nhién don gidn & trén c6 tinh chat dai

dién cho dam dong cao, tuy nhién né khé thuc hién va can nhiéu thoi
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gian ciing nhu kinh phi. Ta c¢6 thé xem phuong phap lay mau nay la

hoan toan ngau nhién hay ngau nhién khong c6 dinh huéng.

Lay mau ngau nhién cé dinh huéng

o Lay mau theo nhém: 1a phuong phap chia dam dong thanh céac
nhém thuan nhat, tit méi nhém nay ta lay ra mot mau ngau nhién don
gidn véi mot kich thude tuong tng. Tap hop tat ca cac phan ti thu dugc

tir cdc mau ngau nhién don gidn d6 lap nén mau ngau nhién theo nhém.

o Lay mau theo chtim: 14 phuong phap chia dam dong thanh nhiéu
chum (dam dong con) sao cho gitta cdc chum c6 sy dong déu vé quy mo,
tt cic chum d6 ta lay mot mau ngau nhién don gian. Tap hop tat ca
phan tit thu dugc tit cac mau ngau nhién don gian clia cac chiim lap nén
mau ngau nhién theo chuum.

Phuong phép nay dé quy hoach, c6 thé tiét kiem dude thoi gian va

kinh phi nhung sai s6 chon mau cao hon cac phuong phap néi trén.

Vi du 2. Ching ta muén di tim hiéu vé tong thu nhap trong mot nam
cua toan bo can bo cong chic ctia mot tinh.

- Chia dam dong nay thanh cac nhém theo ting co cau nganh ngheé:
qudc phong, an ninh, gido duc, y té, kinh doanh, ... Trong mdi co cau
nganh nghé c¢6 sy thuan nhat vé mitc luong (néu c6 sy sai khac vé thu
nhan chi yéu la do tham nién va chiic vu cong tac). Nhu vay, phuong
phap lay mau bang viéc gom lai cAc mau ngau nhién don gian cla ting
nhém nganh nghé chinh 13 phuong phap lay mau theo nhém.

- Chia dam dong nay theo cac huyén trong tinh A. Gitta cac huyén,
c6 su dong deu ve quy mo (day du cac thanh phan) va phuong phap lay
mau bang viéc gom lai cAc mau ngau nhién don gian cia ting huyén

chinh 1a phuong phap liy mau theo chtim.
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3.2 Cach biéu dién mau

3.2.1 Bang tan s6 va bang tan suat

Ta thuc hién n lan quan sat trén dam dong C, khi d6 ta sé thu ducc
mau cu thé gom k gia tri khac nhau (zy, 29, ..., 71), k < n. Gia tri 2; 6
n; lan xuat hieén, n; dudc goi 1a tan so xuat hién cla z; va ti s6 % dugce
goi 1a tan sudt zudt hién cla z;, ky hiéu 1a f;. Ta c6 biéu dién két qua

ciia mau bang bang tan so va tan suat nhu sau

T, |1 T2 ... T T, | X1 T2 ... Tk

i o o fe

n;

ny mnNo ... Ng fz
trong do6

k k
n=3ons Y s
1=1 1=1

Vi du 1. Théng ké diém s6 két thic hoc phan ctia mot 16p gom 40 sinh

vién, ta co
zild 5 6 7 8 xi| 4 5) 6 7 8
n; |5 10 12 8 5 fi 15/40 10/40 12/40 8/40 5/40

Trong trusng hop mau cu thé (xq, 29, ...,2,) c6 nhidu gia tri khac
nhau, khi d6 ta thuc hién viec ghép 16p. Nguyeén tac ghép 16p dude tién
hanh nhu sau

e S6 16p chia k dugc xac dinh trén co s¢ k= min{l: 2! > n}.

gia tri 16n nhat - gia tri nho nhat

k
e Trong 2 16p lien nhau x;,_1 — x;, =; — ¥+ thi 2; thuoc 16p

e D06 dai moi 16p: [ =

Ti—1 —> X;.
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Ngoai phuong phap ghép 16p da trinh bay & trén, con c6 mot sd
phuong phap ghép 16p khac, v6i nhitng mau cu thé rdi rac ngudi ta cé
thé chia thanh céc 16p c6 do dai khac nhau, cac 16p duge chia roi nhau.
Trong pham vi gido trinh nay, ching ta khong dé cap cu thé cac kiéu
ghép 16p nay.

Vi du 2. Théng ké vé chiéu cao ctia 30 sinh vién vé6i chiéu cao nam
trong khoang tit 1m50 dén 1m75.

Nhan thay 2° > 30 va 2* < 30 nén ta chon k = 5. Bang tan sb, tan

suat nhu sau:

Lép | Gia tri | Tan s6 | Tan suat
150-155 | 152,5 4 4/30
155-160 | 157,5 7 7/30
160-165 | 1625 | 6 6/30
165-170 | 167,5 10 10/30
170-175 | 172,5 3 3/30

3.2.2 Da giac tan s6 va to chiic do

P6i véi s6 lieu chua ghép 16p

- Cham trén mit phang cac diém (z;,n;),i =1,2,...,n.

- Néi cac diem (;,0) v6i cac diem (z;,n;), ta duge bieu do tan so
hinh gay.

- Néi lien tiép diém (z;,n;) v6i cac diem (2,1, niq) ta dude biéu do
da gidc tan so.

Hoan toan tuong tu déi véi tan suat:

- Cham trén mat phang cac diem (z;, f;),i = 1,2,...,n.
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- N&i cac diém (z;,0) véi cac diém (xy, fi), ta duge biéu do tan sudt
hinh gay.
- N6i lien tiép diém (z;, f;) v6i cac diém (z,41, fiy1) ta duge biéu do

da giac tan suat.

Vi du 3. Minh hoa s6 liéu ctia vi du théng ké diém

12 .
10] .
8 ] .
6 |
4 ]
2]
0

4 5 6 7 8

Biéu do tan sb6 hinh gay

12

10: /

S N = O

4 5 6 7 8

Bicu do da giac tan sd

P6i véi sb lieu da ghép 16p.
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- Trén mdi 16p ta dyng hinh chit nhat c¢6 chiéu cao bang tan s6 (hay
tan suat) tuong ting véi 16p do.
- T6 dam hoac ké chéo bang cac dudng song song cac hinh chit nhat

nay ta thu duge to chiic do tan sé6 (hay to chic do tan suat).

Vi du 4. Minh hoa s6 liéu ctia Vi du 2.

12,
10

S N = O

150 155 160 165 170 175

Bicu do da giac tan sd

3.3 Cac dac trung cia mau

Trong noi dung Chuong 2 ching ta da duge lam quen v6i viéc tinh
cac dac trung cta dai luong ngau nhién thong qua phan phdi xac suat
da biét trudc.

Tuy nhién, trong thuec té that kho khan dé xac dinh duge tudng minh
phan phdi x4c suat ciia mot dai luong ngau nhién géc dam dong. Chinh
vi vay, trén co s cua cic thong tin thu thap duge tit cac mau, ngusi
ta dem ra mot so6 cong thitc gitp ching ta tinh dugc cac dic trung cia

mau.

131



Cac gia tri ndy rat quan trong va cé sy tuong tng véi nhitng s6 dic

trung ctia dai lugng ngau nhién da trinh bay 6 phan truée.

3.3.1 Ham phan phdi mau

X 1a dai lugng ngau nhién gbc dam dong c6 ham phan phdi xac suat

m
F(z) chua biét. Khi ta thyc hién n quan sat, goi ham F,(z) = i
n

m,: 14 s6 quan sat c6 gia tri z; bé hon z (i = 1,n) 1a ham phdan phoi
mau.

Tinh chat ctia ham phan phoi mau F,(z):

+ 0 < Fu(r) <1,

+ F,(z) 1a ham don diéu tang,

+ F,(x) la ham lién tuc bén trai.

Khi kich thudc mau 16n thi phan phéi mau F),(x) cang gan véi phan
phdi xac suat clia dai luong ngdu nhien X. Khi n di 16n, ta c6 thé ding
F,(x) thay thé cho F(x) chua biét hoac dya vao Fj,(x) ta c6 thé so lugce
ve dang diéu ctia F'(x) va dua ra nhing dy doan vé dang cua F(z) cling

nhu tinh toan céc s6 dac trung cé lien quan.

Vi du 1. Bang tan so tit vi du théng ké diém

4 5 6 7 8
5 10 12 8 5

X

1
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Ham phan phdi mau

0 véix<4,

— Wid<z<5,
— vl b < x <6,
— viib<x <7,

— wiT<ax<8,

1 vl x > 8.

3.3.2 Trung binh mau
Dinh nghia. Gid sit (X7, X5, ..., X};) la mau ngau nhién c6 kich thudc

1 n
n cua dam dong X, khi dé —ZXZ- dugc goi 1a trung binh mau va ky
n
i=1
hieu la X.

Trong thuc hanh tinh toan

D&i v6i mot mau cu thé (xq, w9, ...,2,) thi trung binh mau thuc
1 n
nghiém duge xac dinh nhu sau ¥ = EZ x;.
i=1
Truong hop méu cu thé da dude ghép bo c6 bang tan s6

T, |1 T2 ... T
n, 1Nt mno ... Nk
1 k

thi trung binh mau thuc nghiém 1a T = —Z n; ;.
o

Vi du 2. Bang tan s6 tit vi du théng ké diem
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xi|4 5 6 7 8
n; |5 10 12 8 5
1.0 238
Khi d6 7 = — L= —— = .
1dox 40;%% 10 5,95

Nhan xét. Cong thiic tinh trung binh mau & trén la dang tong quat,
tuy nhién do dic trung s6 nén ta thuong dung khi nghién cttu vé mot
dic diem dinh luong nao dé ctia dam dong. D6i véi dac diém dinh tinh

A ta c6 khai niém ti 1é mau

trong d6 X; chi nhan 2 gia tri 14 0 va 1 (bdng 1 néu quan sat d6 c6 tinh
chat A, bang 0 néu quan sat d6 khong c¢6 tinh chat A). Véim =31 | X;

m
chinh 1& s6 quan sat c6 tinh chat A, cong thitc tinh ti 1é mau 1a F =

n
3.3.3 Phuong sai mau va phuong sai hiéu chinh mau

Dinh nghia. Gid st (X1, X5, ..., X;,) 1a mau ngau nhién c6 kich thude

1" _
n cua dam dong X, khi do —Z (Xl- — X)2 dugce goi 1a phuong sai mau
n
i=1
va ky hieu la 52,

Ngoai ra, ching ta thuong dung mot dac trung mau kha quan trong la

no
phuong sai hiéu chinh mau, ky hieu 1a S?, duge xéc dinh S? = —152.
n —_—
Meénh dé. Gid st (X1, X, ..., X,) la mau ngdu nhién cé kich thudc

n cua dam dong X. Ta co

S2=X2—(X)? trong do ﬁ:izn:Xz.
nig
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Ching minh.
A2_l ,_—2_1 2 Y (V)2
S = E (XZ X) = g (X7 —2X, X +(X)

. 9= _ _
=X2-2X) X;+(X)?=X2—(X)>2
- 2; +(X) (X)

Trong thuc hanh tinh toan

D6i v6i mot mau cu thé da duce ghép bo co bang tan s6

T, |1 T2 ... T

nt no ... Nk

n;

thi phuong sai mau thuc nghiém va phuong sai hiéu chinh mau thuc

nghiém dudc xac dinh nhu sau

1 2 — 2
== ni(z;—7) =22— (2);
"
2 "My N5 2
e b L R

s duoc goi 1a do lech chuan mau.
Viéc dua ra cac khéi niém trung binh mau thuc nghiém (phuong sai
mau thyc nghiém, phuong sai hiéu chinh mau thyc nghiem) chi nham

nhan manh do 1a gia tri bang s6 cu thé, dudce xac dinh tit thuc nghiem.

Vi du 3. Bang tan s6 tit vi du thong ke diem

4 5 6 7 8
5 10 12 8 5

X

n;
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5) 20 80
10 o0 250
12 72 432
8 o6 392
5) 40 320

0|~ |lo | o |

Téng | 40 | 238 | 1474

238 ) 1474
Tact T=—= ;T4 = —— = 36,85.
acO T 10 5,95, T 10 36,

52 = 36,85 — 5,95% = 1,4475; s* ~ 1,485.
Chu y. Déi v6i mau duge ghép 16p, viec tinh cac s6 dic trung cia
mau ciing theo trinh ty tién hanh nhu trén, trong méi 16p ta st dung
Ti + Tit1

gia tri trung diém 2} = — cla 16p.

Cac phan phdi xac suat ctia cac dic trung mau
o Truong hop dam dong X c6 phan phdéi chuan N(u, 0?) va o da
biét

2 X _y

X~ N, =) Vi~ N(0, 1).

o
o Truong hop dam dong X c6 phan phéi chuan N (u, 02), o chua

biét va n < 30
X —p
S

Vn ~t(n—1).

o Truong hop dam dong X khong c¢6 phan phoi chuan va n > 30
X =
_ Khi o2 da biét: B/~ N(0, 1).

g

X; I Jn = N0, 1),

- Khi 02 chua biét:
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- Khi p da biét v np > 5; n(l —p) > 5 di 1én:

N (0, 1).

F—p
- Khi p chua biét va n du 16n: n~N(0,1).
p T v~ N(0, 1)

BAI TAP CHUONG 3

1. Cho vi du vé dam dong, mot s6 dic diem c6 the nghién ctiu va cac

phuong phap thyc hién viéc ldy mau trén dam dong d6.

2. Phan biét sy khac nhau giita mau ngdu nhién va mau cu theé, cho vi

du minh hoa.

3. Phan biét su khéc nhau giita dic diém dinh luong va dic diém dinh

tinh. Cho vi du vé hai diic diem cung nghién cttu trén mot dam dong.

4. Khi do do dai ctia 36 chi tiét duge lay ngau nhién tit mot loai san
pham, ngudi ta thu dude bang sé lieu sau day:
151416 14 1512 13 16 13 12 15 13 16 13 15

1316 1316 13 1512 15 15 14 14 15 15 16 15

a. Lap bang tan s6 va bang tan suat.
b. Vé bicu do da giac tan s6 va tan suét.
c. Tim ham phan phoi mau.
5. Dudi day 1a s6 lieu dude lay ngau nhién vé thoi gian doi cla céc
khach hanh (tinh bang giay) tai quay thanh toan tién ¢ mot siéu thi

d6i véi 48 khach hang:
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3 24 34 5 14 22 3 19 13 32 19 4 24 30 48 24
14 16 3 4 o5 14 19 41 43 16 48 4 58 13 10 60
12 14 14 22 3 16 14 4 34 32 4 19 12 24 13 26

a. Lap bang tan s6 ghép 16p va bang tan suat ghép 16p.
b. Vé bang t6 chiic do tan so va tan suat.

c. Tinh trung binh mau, phuong sai mau va phuong sai hiéu chinh

mau.

. MAu diéu tra c6 kich thuée 35 dbi v6i hai diac diem X va Y cta mot

loai san pham dudc két qua cho bdi bang s6 lieu dudi day:

X\Y 64 | 65 66
6-10 3 8 3
10-14 0 5 2
14-16 6 1 0
16-20 0 3 4

a. Lap bang tan sb, tan suat ctia Y.

b. Nhitng san pham dugc goi la dat chat luong néu X < 16 va
Y > 64. Tinh ti 16 san pham dat chat luong.

c. Lap bang tan s6 va tinh trung binh mau cta chi tieu Y doi véi

cac san pham c6 X > 10.

. Co quan quan ly thi truong 1ay s6 lieu vé gia thanh ban 1é ciia mot
loai sdn pham tai 40 dai Iy (don vi: ngan), ngudi ta thu duge bang

tan sO nhu sau:
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1920 21| 22
$ 16| 6 |10

X

n;

a. Tim ham phan phdi mau.

b. Tinh trung binh méau va do léch chuan mau.

. Tim ham phan phdéi mau, trung binh mau, phuong sai hiéu chinh

= £ 2,° . = 2
mau doi v6i hai mau cu thé sau:

460 | 480 | 490 | 505

19.2 19,8 | 20,1 | 20,3 | 20,7 o
6 | 2| 4| 2 | 6 g

5 | 6 | 10| 4

. Diéu tra ngau nhién ¥ kién ctia 2500 so6 khach hang thuong xuyén
di xe taxi vé chat lugng phuc vu ciia 3 hang taxi thu duge két qua

sau day:

Chat luong Hang taxi
phuc vu A| B | C
Rat tot | 140 | 110 | 205

Kha 230 | 150 | 350

Binh thuong | 350 | 225 | 520

Kém 80 | 15 | 125

Hay tinh dac trung mau cho timg hang taxi va néu danh gid so bo

tir sO lieu dieu tra tren.
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CHUONG 4

UGC LUGNG THAM SO

Gia st dai luong ngau nhién X c¢6 luat phan phdi phu thudc vao mot
tham s6 hodac mot vécto tham sb 6 chua biét. Khi dé dé xéc dinh hoan
toan phan phdi xac suat cia X ta phai xac dinh dugc gia tri tham sb
6. Day chinh 1& bai todn wdc luong tham so. Chang han biét X la dai
luong ngau nhién c¢6 phan phoi Poisson nhung chua biét tham s6 \ 1a
bao nhiéu hoiic Y la dai luong ngau nhién c6 phan phdi chuan nhung
chua xac dinh duge (u, o), ...

Chinh vi vay bai toan uéc luong tham sb ciia dai luong ngau nhién

& rat can thiét.

4.1 Uéc luong diem

4.1.1 Dinh nghia

Gia st X la dai luong ngau nhién goc dam dong C, c¢6 tham s6 6
can u6c luong. Thuc hién n lan quan sat doc 1ap ta thu duge mau ngau
nhién (X1, Xo, ..., X,,), dé udc luong tham s6 @ ta phai tim ra mot ham
méu thong ke 6(X;, Xo, ..., X,,) "dt t6t", chi phu thudc vao céc quan sat
ma khong phu thudc vao 6 duge goi la bai toan udc luong diém ciia 0 va

0 dugc goi la wdc luong diém ciia 6.
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Do gia tri dang ciia 6 1a chua biét, nén ta khong thé so sanh truc
tiép gia tri ctia 6 va § ma chi dua ra mot s6 tieu chudn dé déanh gia udce
lugng. Trong céc loai uée luong diém, ta thudng quan tam dén bon loai
u6e lugng sau day:

o Udc luong é(Xl, Xo, ..., X)) dugc goi la wdc lugng khong chéch ctia
0, néu thoéa man E = 6.

o Uéc luong é(Xl,X2, .y X)) duge goi 1a uwdce ligng vitng cia 6, néu
v6i n 16n vo han thi @ hoi tu theo x4c suit vé 0, nghia 1a v6i moi & > 0
thy ¢ thi

lim P[]0 — 0] < ¢] = 1.

n—oo
o Uée luong é(Xl, X, ..., X,,) dugc goi 1a udc luong hop lij téi da clia

0, néu

L(z,0) = H p(X;,0)

dat cic dai tai 6. L(x,0) duge goi la ham hgp ly ctia X, trong d6 p(x, 6)
la ham mat do xac suat hodc 14 ham tinh xac suat cta dai luong ngau
nhién X.

o Udc luong é(Xl, Xo, ..., X)) duge goi la wde lugng hiéu qua cua 6,
néu nhu noé 1a uée luong khong chéch va c6 phuong sai bé nhat trong tat

ca cac udc lugng khong chéch cua 6.

Néu ham mat do xac suat cta dai luong ngau nhién X théa man

them mot s6 diéu kien nhat dinh thi ta c6 bat dang thic Cramer-Rao
* 1 % *
D(0*) > ; VO* o E(07) =6.
. Olnp(X, 0)\ 2
" ( 90 )
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do do6, wéce luong khong chéch 0 13 udc luong hiéu qua cua 6 khi

1

o= Jlnp(X, 0) 2'
B (—55 )

T bat dang thitc Cramer-Rao, ta thay mot diéu 1y tha do la: da 1a
uée luong thi phai chap nhan sai s6, bat ding thic cho ta can duéi clia

sai so.

4.1.2 Uéc luong diém cho ky vong, xac suat va
phuong sai

Uéc luong diém cho ky vong
Ménh dé. Gid st X la dai luong ngdu nhién goc ddm dong C, co
ky vong p can wdc lhiong, khi dé trung binh mdu X chinh la udc lugng

khong chéch ciua p.

Chitng minh. That vay, vi X;,i = 1,n c6 cung phan phdi v6i dai luong
ngau nhién X nén

EX; +EXs+ .. +EX,
n

EX =

EX = pu.
O]

Ngoai ra, ngudi ta con ching minh duge trung binh mau X dong

thoi con la wée lugng viing va wée lugng hiéu qua cua pu.
Vi du 1. Néu X 1a dai lugng ngdu nhién c6 phan phdi chuan N (u, o?)
thi X 1a uéc luong hieu qua clia L.

Gidi. Vi X 1a uéce luong khong chéch ctia i nén ta chi can ching minh

n6 c6 phuong sai bé nhat trong cac udc luong khong chéch khic cia u.
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O day 6 = u can udc luong, ham mat do ciia phan phdi chuan tic

c6 dang
1 _(@=p)?
p(x,,u) = e 207 .
oV 2
Khi dé
Olnp(z,p) 0 ( (x—p)’\ _z—p
SRR _ Z( —In(ov2r) — )=k
oL oL n(ov/2r) 202 o?
Vi vay
1 1 ot B o2 Y
E(X=2\?2  nDX n
Olnp(X, pu)\2 1 (52")
op

St dung bat déng thitc Cramer-Rao, ta suy ra X la udc lugng hieu

qua cua fi.
Uéc luong diém cho phuong sai

Meénh deé. Gid st X la dai luong ngdu nhién goc dam dong C, co

phuong sai DX = o2 can udc luong, khi dé phuong sai hiéu chinh mau
S? chinh la wdc lugng khong chéch cia o®.
Chitng minh. That vay, vi X;,i = 1,n c6 cung phan phdi v6i dai luong

ngau nhién X nén

ES? = ]E(n - -(X7 - (X)Q)) = i C(DEX? - nE(X)?).

Mat khac
EX? = DX, + (EX;)? = 02 + p%;

1 — o’ +u: n—1
E(X)* = —( § 1; EX? + é EX;EX)) = ———+ —— 1",
1= 17£]

suy ra ES? = —1[71(02 +u?) = (0 + 2+ (n— 1)p?)] = o O
n J—
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n—1

SZ

Nhu vay S2 1a ude luong khong chéch ctia 0. Mit khac S2? =
n

nen 52 khong phai 1a uéc lugng khong chéch ciia 0. Tuy nhién ngudi ta
ching minh duge ring cd 52 va $2 déu 1a ude luong vitng clia o,

Uéc luong hop 1y t6i da duge xac dinh cho ting truong hop cu theé.
Vi du sau la dang u6ce lugng ky vong va phuong sai cho dai lugng ngau
nhién c6 phan phéi chuan.
Vi du 2. Néu X la dai lugng ngiu nhién ¢6 phan phdi chuan N (u, o?)
thi X va 52 1an luot 1a ude lugng hop 1y t6i da clia p va 2.
Giar. Ham hop 1y

L(:C7 9) - ﬁ 6720% Z?:l(Xi*li)Q
g "

suy ra
InL(z,0) = —— Z - — 111(277) — gln o
Viéc tim cye dai ham In L(z, 0) dan dén he phuong trinh

8111L:z:t9 n X, —

Oln L(x,0 n XZ-—,u2
#Zg o,
do? 204 202

\ i=1

Do d6 X va 52 1an luot 1a ude luong hop 1y t6i da clia p va o2

Uéc lugng diém cho xac suat
Meénh dé. Gid st X la dai liong ngdu nhién goc dam dong C, ta
can quan tam dén mot tinh chat A cé zdc suat p = P(A) = EX can udc
lwong, khi dé ti lé mau F chinh la wdc luong khong chéch cia zdc suat
P.
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Khang dinh trén la hién nhién vi thuc chat ti lé mau ciing la trung
binh mau khi dic diém dinh tinh duge s6 héa dusi dang

N 1 khi phan tit d6 c6 tinh chat A:

0 khi phan tit d6 khong c6 tinh chat A,
va EF =EX =EX = p.
Ngoai ra ngudi ta con chiing minh duge F' cling chinh 1a uéc lugng

~ L 7 A
viung cua xac suat p.

4.2 Uéc luong khoang

Trong noi dung ctia phan trude, ching ta da dé cap dén uéc luong
diém ctia tham s6. Do 6 1a tham s6 chua biét nen udc luong diem chi
cho ta mot cach nhin hét stc tuong d6i va c6 phan chua théa dang. Sau
day ching ta sé suy nghi dén mot cach tiép can khac dé tim ra mién gia

tri cua 6.

4.2.1 Khai niém vé khoang tin cay

Cho X la dai lugng ngdu nhién gbc dam dong C, c6 tham so 6
can uéc luong. Can ctt vao mau ngau nhién tit n quan sat doc lap
(X1, Xo, ..., X,,), ta can dua ra khodng (61, 02) chita dugc hau hét cac

gia tri # véi xac suat 16n, nghia 13
P((91<(9<02>=1—04.

Mot s6 khai niém
o (01, 03): dugce goi la khoang tin cdy cta wée lugng.

o 01 — 0y = 2e: duge goi la do dai khodng tin cay cia udc lugng.
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o e: dudgce goi la do chinh zdc ctia wée lugng.
o 1 — a: duge goi la do tin cdy cta cha uée lugng.
o Bai toan di tim khodng tin cay cho tham s6 6 v6i do tin cay 1 — a

dugce goi la bar todn wdc luong khoang tin cay.

4.2.2 Khoang tin cay cho gia tri trung binh

Cho X la dai luong ngdu nhién goc dam dong C, c6 trung binh
EX = p can uéc luong va phuong sai DX = o2 (da biét truée hosic chua
biét), tit mau ngdu nhien (X, Xy, ..., X,,) ta xac dinh duge X.

a. Uéc luogng hai phia
Van de dat ra ¢ day 1a v6i do tin cay 1 — « cho truée, tim khoang

wée lugng (X — e, X +¢) ctia p dé

PX —e<pu<X+e=1-a

Ta chia bai toan thanh 3 trudng hop dé giai quyét:

Trudng hop 1. Phuong sai 02 da biét.
X _
Khi dé6 ,u\/_ ~ N(0,1), dat t,p = ¢ (1 — %), trong do ¢ la

o
ham phan phéi chuan N(0,1) va ¢,/2 la midc phan vi o/2 cho phan phéi

chuan. Ta co6

X —p
Vn < ta/Q] = p(tas2) — p(—tas)

Pl —t
[ /2 <
— ¢(ta/2) (1 Qp(ta/2)) =1 a,

hay P[Y—ta/gi < pu< Y—f—ta/g

Jn

Quy tac thuc hanh

%}zl—a.

¢ Xac dinh mitc phan vi t, /2
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Tinh gia tri 1 — §, tra bang ham phan phéi N (0,1) (xem bang 4
phan phu luc), tra ti gitta ra hai bien.

o Xéac dinh khodng u6ce luong (T — €, 7 + ¢) v6i do chinh xac clia ude
lugng

o
a/Q%
Chi y. Néu nhu kich thuée mau n < 30 can bo sung thém diéu kién

Xk o N0, 1),

Vi du 1. Tim khoang uéc lugng cho gia tri trung binh véi do tin cay

e=t

X tuan theo luat phan phdi chuan, khi dé

95% tit mau clia mot ddm dong tuan theo luat phan phoi chuan, o = 16.

Biét mau d6 c6 kich thuée 16 va trung binh mau 1a 15.

Gidi. 0> =16, n = 15; T = 15; a =0,05 tra bang ham phan phdi chuan

tng véi 1 — a/2 =0,975 dudgc t,/o =1,96. Do chinh xac ctia wéc lugng

o 4
g = ta/gﬁ = 1,96\/—1_6 = 1,96

Khoang uéc lugng cho gia tri trung binh:
(15— 1,96 < p < 15+ 1,96) hay (13,04 < p < 16,96).

Trudng hdp 2. Phuong sai o2 chua biét va n > 30.

X —
Khi d6 'LL\/_ ~ N(0,1), viec thiét lap tuong ty nhu & truong

hop 1, ta du’cjc

_ S S
P[X—Q/Q </L<X+ta/2 =1—-a«.

Vn Vn

Nhu vay, véi mot mau cu thé, ta sé xac dinh duge do chinh xéc clia

S

04/2%
(T -

uéc luong e =t va khoang udc lugng

)

< <T A1y

a/2\/—
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Vi du 2. Dé uéc luong khéi lugng trung binh méi bao xi ming ctia nha
may, ngudi ta kiém tra ngiu nhién 49 bao thu dugc khéi lugng trung
binh 1a 49,7kg va do6 léch chuan mau 0,5kg. V6i do tin cay 1a 94%, hay
u6c luong khoang khoi lugng trung binh ctia mot bao xi ming.

Giai. a =0,06, t,/o =1,88. Do chinh xéac cua uéc lugng

S 0,5
E = ta/2% = 1,88\/—4_9

Khoang wéc lugng cho gié tri trung binh: (49,57 < u < 49,83).

=0,13.

Trudng hgp 3. Phuong sai 02 chua biét va n < 30.
) X —
Néu X ~ N (p,0?) thi 'u\/ﬁ ~ t(n — 1). Mitc phan vi a/2 cho

S
phan phoi Student v6i n — 1 bac tu do ky hiéu 1a t(,_1 /) 1& gia tri thoa
X —
man ]P)( M\/ﬁ > t(n—l,a/?)) = 04/2. Khi do
X—pu
P[ = t(n-1,0/2) < 5 Vi < tn-1,0/9)]
X —u
=P[t(n-11-a/2) < g VN < tn1.a2)

=1l—a/2—a/2=1-a.

Quy tac thuc hanh

o Xéc dinh mic phan vi t(,_1 o/2).

Tra bang phan phoi Student (xem bang 5 phan phu luc), t(,—1,4/2) la
gia tri trong bang ing v6i gia tri hang la n — 1 va cot 1a «/2.

o Xac dinh khodng u6c luong (T — €, 7 + ¢) v6i do chinh xac clia ude
lugng

S

€= t(nfl,a/Z)\/ﬁ
Vi du 3. Do chiu lyc clia mdi tAm bé tong tuan theo luat phan phdi
chuan. Do do chiu lyec ctia 20 tAm bé tong cung loai ngudi ta thu dugce
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trung binh mau do chiu Iyc 220kg/cm? va do lech chuan mau 32,4kg/cm?.
V6i do tin cay 90%, tim khodng uéc luong trung binh do chiu lyc cta
moi tam bé tong.

Glidi. Tra bang ham phan phdi Student ta dugc ¢(19.0,05) =1,729. Do chinh

xac cua ude lugng
S
g = t(n—17a/2)% ~ 12,5
Khoang wéc lugng cho gié tri trung binh: (1875 < u < 212,5).
Cac dang toan phat sinh
Xuat phat tir cac cong thitc tuong tng véi tiing truong hop

S S

o
ta/Q% ; ta/2% ; €= t(n—l,a/Z)%‘

© Cho 1 — a va n. Tim do chinh xac ctua wéc lugng €.

g = £ =

¢ Cho 1 — a va e. Tim kich thuéc mau n.
¢ Cho ¢ va n. Tim do tin cay cua uée lugng 1 — a.

Mot sb trong s6 cac van dé nay sé dudge dé cap ¢ phan sau.

b. Uéc luong mot phia

Van de dat ra ¢ day 1a v6i do tin cay 1 — « cho truée, tim khoang
u6c lugng mot phia:

o Khoang uwéc lugng bén trai (—oo, X +e): Pl-oo<pu< X +¢] =
1—oa.

o Khoang udc lugng bén phai (X — ¢, +00): P[X —e < pu < +o0] =
1—oa.

Nhan xét. Khoang tin cay bén trai cho ta biét gia tri toi da, khoang

tin cay bén phai cho ta biét gia tri t6i thiéu ctia p véi do tin cay 1 — a.
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Ta cfing chia thanh 3 truong hop, diém khac biét 1a thay thé a/2 bdi

Truong hop 1. Phuong sai o2 da biét.
Dit t, = ¢ (1 — ), ta co

P[—ta < ;'u\/ﬁ<+oo} =1-¢(-ty) =1—a,

hay]P[—oo<u<7—l—tai} :P[Y—tai<u<+oo} =1—-oa.
n

~ ﬁ ? \/_
Nhu vay, v6i mot mau cu thé, khoang wée lugng bén trai va bén phai
o
v

Trudng hgp 2. Phuong sai o2 chua biét va n > 30.

lan lugt 14 (—00, T +€), (T — &, +00) trong d6 € = t,

Ly luan hoan toan tuong tu, khoang udc lugng bén trai va bén phai
s
v

Trudng hop 3. Phuong sai o2 chua biét va n < 30.

lan lugt 1 (—00, T +€), (T — &, +00) trong d6 € = ¢,

Khoang udc lugng bén trai va bén phai lan lugt 1a (—oo, T + ¢),
s
7

Uéc lugng khodng cho gia tri trung binh ting v6i 3 trudng hop trén

(T — ¢, +00) trong d6 € = t(,_1,9)

duge mo ta qua bang tong hop sau

Loai uée i Do chinh x4c cia uée luong: e
lugng TH1 TH2 TH3
o s s

Hai phia | (T —&,T + ¢) taj2—=

NG ta/Qﬁ t(n-1,a/2)

o
Bén tréi | (—o0,T+¢) | ta—= | ta

e

S
S tinela)——=
NN

B

Bén phai | (T — €, +00)
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Vi du 4. Dé danh gia vé mtc doanh thu hang thang tai cac dai 1y nhé
trén mot dia ban, nguoi ta lay mau gom 36 dai ly. Két qua thu duge nhu
sau: doanh thu trung binh 13 155,3 trieu dong va do lech chuan mau la
16 trieu dong. V6i do tin cay 99%, udc luong doanh thu trung binh t6i
da vi toi thiéu clia méi dai 1y.
Giai. 1 — a = 0,99; t, =2,33. Do chinh xac cia uéc lugng
S 16
€= ta% = 2,33\/§ ~ 6,21.
Doanh thu téi thieu: 7 — e =149,09;
Doanh thu t6i da: T + ¢ =161,51.

4.2.3 Khoang tin cay cho ti lé

a. Uéc luong hai phia
Dam dong X c6 ti le p can u6c luong, tit mau ngau nhién ching ta
xac dinh dugc ti le F, van dé dat ra ¢ day 1a véi do tin cay 1 — o cho

trude, tim khodng wdc luong (F — ¢, F +¢) ciia p dé

PF—-e<p<F+e=1-a.

F—p
Khi n du 16n ~ N(0, 1), dit t,0 = @ (1 — 2), ta
F(l = F) \/_ ( ) /2 =@ ( 2)
co
F—p
P[—to2 < Vi< to] = 0(tas2) — P(—taj2)

F(1_F)

= @ltas2) = (1 = @ltap)) =1 - a,

n n

myﬂF—%m PUE) < F oty ”P”}:1—m
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Quy tac thuc hanh: khi nf > 10 va n(1 — f) > 10.

¢ Xac dinh mic phan vi £, /.

o Xéac dinh khoang uée lugng (f — e, f +¢) v6i do chinh xac clia ude
lugng

€:ta/2

-1

Vi du 5. Dé uéc lugng ti 1é phé pham ctia mot kho hang. Ngusi ta kiem
tra 100 sdn pham, phat hién c6 20 san pham la phé pham. V6i do tin
cay 95%, hay uéc luong khoang ti 1é phé pham ctia kho hang.

Gidi. to o =1,96; f =0,2; n =100. D9 chinh xéc cta uéc lugng

1 _
£ = ta)s ¥ — 0,0784.

Khoang udc lugng cho ti lé phé pham: (0,1216 < p < 0,2784).

b. Uéc luong mot phia
Véi cac buée thiét 1ap tuong tu ta thu dude khodng ude luong ciia p
bén traila p < f +e va bén phailap > f — ¢, trong d6 ¢ = t, a=n,

Vi du 6. Cho gia thiét nhu Vi du 5. Hay uéc lugng ti 1é phé pham t6i
da va toi thiéu.

Giai. t, =1,64; f =0,2; n =100. Do chinh xéc ctia uéc lugng

fA=F)

n

€ =14 = 0,0656.

Ti lé san pham toi thicu: f — e =0,1344;

Ti lé san pham to6i da: f + & =0,2656.
Vi du 7. Mot 16 hang nhap cdng gom 5.000 thiét bi dién tit da qua st
dung. Co quan quan 1y kiém tra ngdu nhién 100 thiét bi tit 16 hang thi
c6 82 thiét bi co thé tiép tuc st dung dude. Vi do tin cay 90%, 16 hang

c6 toi thieu bao nhiéu thiét bi c6 thé tiép tuc st dung duge?
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Gidi. t, = 1,28; f = 0,82; n = 100; N = 5.000. Do chinh xac xiia wdc

lugng
S =)

n
Ti lé san pham t6i thidu: f — e =0,7708.

£=1t, = 0,0492.

Vay, s6 thiét bi tdi thiéu c6 thé tiép tuc sit dung duge: N(f —¢) =
4864.

Cac dang toan phat sinh
Xuat phat ti cong thic

fA=11)

Ezta/g n

¢ Cho 1 — a va n. Tim do chinh xac cia udc lugng e.
¢ Cho 1 — a va €. Tim kich thuéc mau n.

¢ Cho € va n. Tim do tin cay cua udc lugng 1 — a.

4.2.4 DO chinh xac cua uwéc luong

Trong cac noi dung trudc ching ta da gidi quyét bai toan xay dung
uéc lugng khoang cho trung binh va udce lugng khoang cho ti 16, nghia
1a tit mau cu thé, do tin cay 1 — a ta sé xac dinh duge khoang uwée lugng
cho tham s6 6 1a (01, 0s) trong d6 do chinh xac clia uéc lugng e = %.

Trong cac truong hgp da trinh bay thi € phu thudc vao kich thuée
mau n. Bay gio ta dat ra bai toan ngudce: véi do tin cay 1 — a da biét,
cho do chinh xac ctia uéc luong e, tim kich thuéec mau n can thiét dé
nhan duge uée luong véi do chinh xac da cho. Chiung ta sé gidi quyét
bai toan nay doi véi truong hgp 1 clia bai toan uée luong khoang trung

binh. Céc trudng hgp con lai 1a hoan toan tuong tu (gianh cho ban doc).
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Trong truong hop nay, khoang uée lugng 1a (T — ,7 4 ¢) va cong

o
thitc xac dinh do chinh xéac ctia udc lugng € = t,/o—= . Kich thuéc mau

vn

diéu tra can thiét néu do chinh xéac clia uéce luong gy 1a

2 2
ta/20

= 1
n[53]+’

trong d6 ky hieu [z] 1& phan nguyén ctia z, chang han [20, 36] = 20.

Vi du 8. Véi gia thiét nhu ¢ Vidu 1: 02 = 16; 1 — a =0,95. Mudn c6
uéc luong c6 do chinh xac 1a 1 thi phai diéu tra mau c6 kich thuée bao
nhiéu?
Giai. Nhu vay €9 = 1, khi do

2

2.0
n= || +1-62
€0

Ngoai ra, ching ta con gidi quyét duge bai toan ngude dang tim do
tin cay ctia u6c luong khi biét do chinh xac ctia u6c luong va kich thude

mau. Van dé nay duge dé cap trong vi du sau day:

Vi du 9. Mot mau thong ké c6 kich thuée n = 36, c6 trung binh mau
14 100 va do lech chuan mau la 5. Tim do tin cay clia uéc luong néu

khoéng uGe lugng 1a (99; 101).

e/

Giai. Tinh mtc phan vi: te = = 2. D0 tin cay cua uée lugng

S

1 —a=2p(tys) = 0,955.

BAI TAP CHUONG 4

1. Gid st (X1, Xo, ..., X;,) 1& mau ngdu nhién kich thuée n cia dam
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dong X c¢6 EX = p. Chiing minh ring

1 < 1 < —
— (X, —p)? v X; — X)?
n? n)? va n_1;< )

déu 1 cac uéc luong khong chéch ciia phuong sai DX .

. Gid st (X1, Xy, ..., X;,) 1 mau ngau nhien kich thuée n tit phan phoi
v6l ham mat do la:

e o véixz>0,60>0,
p(z,0) =

S |

voi x < 0.
Tim uéc luong hiéu qua cua 6.

. Gid st (X1, Xo, ..., X;,) 1 mau ngau nhién kich thuée n tit phan phoi
Poisson véi tham s6 EX = DX = X > 0. Tim uéc lugng hop 1y toi

da ctia \.

. Dé x4ac dinh do chinh x4c ctia mot chiéc can, nguoi ta tién hanh can

mot qua ta. Két qua thu dude sau 7 lan can nhu sau:
159,8 159,7 160,2 159.6 1604 159,5 160,6 (k)
(a) Tim u6c lugng khong chéch ctia khoi lugng qua can.
(b) Tim u6c lugng khong chéch cia phuong sai sé do trong hai trudng
hagp:
- Biét khdi lugng qua can 1a 160 kg.

- Chua biét khoi lugng clia qua can.

. Co quan quan 1y thi truong lay s6 liéu vé gia thanh ban 1é clia mot
loai san pham tai 40 dai 1y, ngudi ta thu duge bang tan s6 nhu sau:
(don vi: ngan dong)
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39 |40 | 41 | 42
8 16| 4 |12

X

n;

(a) Tinh trung binh miu Z va phuong sai mau hiéu chinh s*

(b) V6i do tin cay 95%, u6c lugng khoang gid thanh béan 1é trung

N X 2
binh moi san pham.

. Mot day chuyén san xuat nhitng thanh kim loai c¢6 chiéu dai tuan
theo luat phan phéi chuan. Ngusi ta chon ngdu nhién ra mot sb
thanh va do chiéu dai (don vi: ¢cm) ctia ching, thu duge day s6 lieu

sau:

149; 151; 148; 152; 151; 152; 149; 148; 149; 151; 152; 149; 151; 149;
152.

(a) Tinh trung binh mau T va phuong sai mau hiéu chinh s,

(b) V6i do tin cay 90%, uée lugng khoang do dai trung binh ctia moi

thanh kim loai.

. Mot day chuyén ty dong dong g6i mot loai bao gao c6 khdi luong
tuan theo luat phan phéi chuan véi do léch chuan la 0,5. Ngusi ta

can kiém tra 20 bao gao, thu duge bang tan sé nhu sau: (don vi: kg)

(a) Tinh trung binh mAu Z va phuong sai mau hiéu chinh s2.

(b) Véi do tin cay 98%, udc lugng khoang khoi lugng trung binh ctia

moi bao gao.
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8.

10.

11.

Nha san xuat mudn uée lugng khoéi luong sat trong mdi cuon duge
san xuat tit mot day chuyén cong nghé quoc gia. Theo tiéu chuan
cua cong nghé, do lech chuan 1 8 kg. Diéu tra mot mau 50 cuon

dugce khoi lugng sit trung binh 14 97kg.

(a) Vé6i do tin cay 1a 99%, uée lugng khoi lugng sit trung binh ciia
mot cuodn.

(b) V6i do tin cay 1a 99%, uéc lugng khéi lugng sit trung binh t6i
thiéu ctia mot cuon.

(¢) Néu nha san xuat mudn ude lugng khoi lugng sit trung binh clia
moi cudon dam bio do chinh xac 14 2 kg thi can diéu tra thém

bao nhiéu cudn naa.

. Mot cong ty c6 500 dai 1y, dé danh gia vé mitc doanh thu, ngusi ta

lay mau gom 36 dai ly. Két qua thu duge nhu sau: doanh thu trung
binh 1a 84,5 triéu dong va do léch chuan mau la 3 trieu dong. Vé6i do
tin cay 99%, hay udc luong doanh thu téi thiéu va t6i da clia cong

ty.

Ngusi ta do chiéu sau ctia bién bang mot loai thiét bi dien tit, két
qué do tuan theo luat phan phdi chuan c6 phuong sai 400m?. Véi do
tin cay 1a 95%, can phai do it nhat bao nhiéu lan dé két qua co sai

s6 khong vuot qua 15m.

Mot mau théng ké co6 kich thude n = 64, tuan theo luat phan phoi
chuan véi trung binh méu 1a 200, do léch chuan mau la 3. Tim do

tin cay cta udc lugng néu khodng ude lugng 1a (199, 201).
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12.

13.

14.

15.

16.

Dé danh gia hieu qua ctia mot loai thudc, ngudi ta dem sit dung cho

1000 bénh nhan thi c¢6 820 ngusi khéi bénh. Véi do tin cay 96 %,

(a) Hay u6c lugng khoang cho ti lé chita khoi bénh ctia loai thude
trén.
(b) Hay udc lugng ti 1é chita bénh t6i da va t6i thicu ciia loai thude

trén.

Ti lé chinh pham ctia mot nha may 1a 90%. Véi do tin cay 95%,
mudn uéc lugng t1 16 chinh pham ctia nha méy véi do dai khodng tin

cay khong qua 0,02 thi phai kiém tra it nhat bao nhiéu san pham?

Mot kho hang ton gom 10.000 chiée but bi. Lay mau gom 100 chiéc
bit tit kho hang ra kiém tra thi c6 75 chiéc dat chat lugng. Véi do
tin cay 95%, hay uéc lugng khoang ti 1é s6 but khong dat chat luong

va suy ra khodng tin cay s6 bt khong dat chat luong cuia kho.

Tai mot bang c6 4 trieu ngudsi tham gia bau ct, ngudi ta phong van
ngau nhién 1000 c tri thi ¢6 720 ci tri ing ho mot tng ci vien A.
Vé6i do tin cay 1a 95%, c6 it nhat bao nhiéu cit tri clia bang d6 da

ung ho tng cui vién A?

Dé danh gié trit luong ca trong mot hod nudi, ngudi ta bat 1000 con
c4d va danh dau ching, sau d6 tha lai ho. Lan thi hai nguoi ta bat
200 con thi thay c6 30 con dudgc danh dau. Vé6i do tin cay 1a 95%,
(a) Hay udc lugng trit lugng ca trong ho.

(b) Néu mudn sai s6 ctia u6c lugng giam di mot nita thi can phai bat

bao nhiéu con ca.
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CHUONG 5

KIEM DINH GIA THIET

Tuan 14, 15

5.1 Dat van dé

Trong thuc té cudc sdng ching ta thudng gip 2 quan diém trai ngudc
nhau vé mot van dé nao d6. Chang han, cic nha san xudt cho ring cé
95% san pham ciia cong ty dam bao tiéu chuan, trong khi dé cac nha
quan ly thi truong lai cho rang khong phai nhu vay thuyc té thap hon
nhiéu; trudc cuoc bau cit tong théng dang phai A cho rang c6 65% ci
tri ting ho UWCV ciia dang phai ho, trong khi d6 dang ddi lap lai cho
rang thuc té thap hon nhiéu.

Van dé dat ra 1a, thong qua so6 lieu thong ké hay chi ra chap nhan y
kién nao trong 2 ¥ kién d6 véi mot mic ¥ nghia a cho trude.

Tong quéat: Ching ta thuong cé bai toan
H: (Gid thiét) c6 tinh chat A
K : (Gia thiét) khong c6 tinh chat A

T s6 lieu thong ké hay dua ra két luan cho bai toan trén.

Trong kiém dinh gia thiét thudng gap 2 loai sai lam:

e Sai lam loai 1: Béc bo H trong khi H dung
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e Sai lam loai 2: Chap nhan H trong khi H sai.

Muc dich ciia cdc nha thong ke 1a lam gidm cd 2 loai sai lam nay. Tuy
vay diéu nay khong thé vi giam sai lam nay thi kha ning méc sai lam
loai kia tang lén.

Trong thuc té thong ke nguoi ta thiy mdi loai sai lam sé gay ra mot
tac hai khac nhau. Tuy vay nguoi ta thay can phai gidm sai lam loai 1
v6i mot xac suat xay ra bé. Chang han nhu trong xa hoi hién dai ngudi
ta cho ring "Két dn nguoi vo toi nguy hiém hon rat nhiéu so vdi viée tha
bong mot nguoi cé toi". .. Do d6, Neyman- Pearson da cho ring ching

ta chi xét nhitng bai toan thong ke véi
P(Sai 1am loai 1) = P(Bac bo H| H dung) < o (ala mot s6 bé va goi 1a mic y n,

Thong thuong o < 10%.

5.2 Kiem dinh gia thiét ve gia tri trung

binh va ve ti lé

5.2.1 Kiém dinh gia thiét vé gia tri trung binh

Day 1a mot dang bai toan kiém dinh sé dac trung EX = u ctia bién
ngau nhién gbc dam dong X (so sanh gia tri ky vong ctia dai lugng ngéu
nhién X véi gia tri g cho trude). Co6 2 dang bai toan kiém dinh gid thiét
vé gia tri trung binh. a. Kiém dinh hai phia

Van dé dat ra ¢ day 1a v6i miic ¥ nghia o va mot gia tri g cho truée,

danh gia vé cap gia thiét thong ke

H: p=ypg; K: p# po.
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Trudng hop 1. Phuong sai o2 da biét.

Khoang uéc lugng ctia i v6i do tin cay 1 — «

a/2\/— \/—)

Chép nhan gia thiét H khi Lo € [E — tOé/Q\/Lﬁ ST+ toz/Q\/Lﬁ] hay

(T —t < p<T+tym

_ o _ o
T — ta/?% <o ST+ t@/?%

|7
tuong duong véi

—B | <t
Quy tac thuc hanh

o Tit mau cu thé xac dinh gia tri kiém dinh thuc nghieém

T — o
lin = O_ILL \/ﬁ

¢ So sanh gia tri cta t;, v6i miic phan vi t, /25 néu
|tin| < toje: chap nhan H.
|tin] > taso: béc bé H, chap nhan K.
Chii ¥
- Néu nhu kich thuéc mau n < 30 thi ta can bo sung thém diéu kien
X tuan theo luat phan phéi chuan.
- Nhu vay mién bac bo W, = (—oo, — O4/2) (ta/2, +00), dieu nay la
X MO\/_NN(O 1), khi do

hop 1y. Gia st H : pu = po ding thi T' =

X —
P[T € W,|H ding] = H “O\F‘ > ta/z]
=1- (Sp(ta/2) o @(_ta/2)) = Q.
Nghia 13 xac suat pham sai lam loai 1 dugc an dinh bdi mot gia tri

tuong doéi nhé a nao do6, viee ching minh xic suat pham sai lam loai 2

cyc tieu ban doc tham khao tai lieu [5)].
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Vi du 1. M6t may tién tu dong cho ra nhiing truc may c¢6 duong kinh
1a 120mm va do lech chuan cho phép la 3mm. Kiém tra ngdu nhién 50
truc may, két qua thu duge dudng kinh trung binh 13 119,2mm. Véi miic
¥ nghia 1 10%, may tién trén c6 hoat dong binh thudng khong?

Glidi. May tien dude goi 1a hoat dong binh thudng khi né san xuat nhitng
truc may vdéi sai s6 khong vuot qua miic cho phép. Cap gia thiét thong
ke

H: p=p=120; K: p+# po.

po = 120; 0 = 3; a =0,1; t,0 = 1,64; n = 50; T = 119,2. Gia tri

kiém dinh thuc nghiém

119,2 — 120
Ly, = ’T V50 ~ —1,89,

V1 |tn| > ta/o nén ta bac bé H, chap nhan K. Nghia la chap nhan
khéng dinh cho rang may tién trén hoat dong khong binh thudng.
Trudng hgp 2. Phuong sai o2 chua biét va n > 30.

Twong tu nhu & truong hop 1, dat ¢, = el Vvn , khi dé6

tin| < toyo chap nhan H.
|tin| > ta2: béc bé H, chap nhan K.
Trudng hgp 3. Phuong sai o2 chua biét va n < 30.
Gia st X tuan theo luat phan phdi chuan N(0,1). Dt ty, = z —S,Mo Vn
khi do

tin] < tn-1,0/2): chap nhan H.

tin] > t(n-1,a/2): béc bé H, chap nhan K.
Vi du 2. Thé tich son chita trong mdi thiing son nuéc nhan hicu A 1
dai lugng ngau nhién tuan theo luat phan phéi chuan vé6i trung binh 18

lit. Kiém tra ngdu nhién 25 thiing thu dugc két qua: the tich trung binh
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1a 17,92 lit va do lech chuan méau la 0,24 lit. V6i mic ¥ nghia 5%, thé

tich son trong cac thiing son c¢6 ding tiéu chuan khong?

Gidi. Cap gia thiét thong ke
H:p=p=18; K: p# po.

po=18; s =0,24; a =0,05; t(-1,a/2) = 2,11; n =25, T=17,92.
Gia tri kiém dinh thuc nghiem

17,92 — 18
n:,— 2 %—17 )
tt 0.24 V25 67

VA |t,| < to/2 nén ta chap nhan H. Nghia la chap nhan khang dinh

cho rang thé tich son trong cac thiing son ding tiéu chuan.

b. Kiém dinh mét phia

Trong thuc té xuat hien mot s6 dang toan vé kiém dinh nhu:

- Sau chién dich quing céo, doanh s6 ban ra mot loai hang c6 ting
len hay khong? (kiém dinh 16n hon)

- Kiém tra xem khéi lugng déng géi cac bao gao ctia mot kho c6 nhé
hon gi4 tri in trén bao bi hay khong? (kiém dinh nhé hon)

Cac dang bai toan nay dudc goi la bai todn kiém dinh mot phia.

o Kiém dinh 16n hon: H : p=po; K: p> po.

o Kiém dinh nhé hon: H : p=po; K: p< po.

Giai quyét bai toan kiém dinh mot phia duge phan chia cac trusng
hop giéng nhu trong bai toan kiém dinh hai phia. Tiéu chuan kiem dinh
ting véi 3 trudng hop clia bai toan kiem dinh gié tri trung binh duge mo

ta qua bang tong hop sau day
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Trudng hop t Dieu kién chap nhan H : p = pg
K:p=p | K:p>pg | K:op<pyg

T — o

THI1 o \/ﬁ |ttn‘ < ta/? ttn < toz ttn 2 _toz
T — o

TH2 \/ﬁ |ttn‘ < ta/Z ttn < toz ttn > _ta

S

T — Mo

TH3 < \/ﬁ |ttn‘ < t(n—17a/2) lin < t(n—l,a) lin 2 _t(n—La)

Vi du 3. Mot nha may cung cap nudc sach cho rang khéi lugng trung
binh ctia mot loai chat doc hai trong mot lit nude ciia nha may 1a 14mg.
Ngusi ta nghi ngs s6 lieu nay thap hon thuc té. Kiém tra ngadu nhién véi
64 mau nudc thu duge két qua: 7 = 14,2 va s = 0,24. Hay cho két luan
vé nghi ngo noi trén véi mitc ¥ nghia 8%.
Gidi. Cap gia thiét thong ke: H @ p=po=120; K : p> pyp.

o =14; s =0,24; a=0,08; t,=14; n=064; T =14,2.

Gia tri kiem dinh thuc nghiem

142 — 14
tn:7— 4% ) 9
" 0.24 V6 6,67

Vi t;, > t, nén ta bac bé H, chap nhan K. Nghia la chap nhan nghi

ngo tren.

5.2.2 Kiem dinh gia thiét vé ti 1é

Day la dang bai so sanh gia tri ti Ié p cia dam dong X véi gia tri p
cho truée. C6 hai dang bai toan kiém dinh gia thiét vé ti le.
a. Kiém dinh hai phia

Van de dit ra 6 day 14 véi mic ¥ nghia o va mot gia tri py cho trudc,
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danh gia vé cap gia thiét thong ke

H:p=py; K: p#npo.
F —po

Véindalénva H: p=pydang thiT =
po(1 = po)

vn ~ N(0,1),

khi do
F —po

v/ Po(1 — po)

trong dé mien bac bé W, = (—o00, —ta/2) U (ta/2, +00).

P[T € W,|H ding] = ]P’U V| > tm} = a,

Quy tac thuc hanh: Khi npy > 5; n(1 — py) > 5.
o Xac dinh gia tri kiém dinh thuc nghiém

J — o
ttn - .
po(1 —po) vn

© So sanh gia tri clia ty, v6i mic phan vi t,/,, néu
|tin] <taso: chap nhan H.
|| > to2: bac bo H, chap nhan K.

Vi du 4. Mot hang san xuat dia ciing cong bo rang: c6 10% dia cting
ctia hang phai bdo hanh trong thoi gian 2 nam dau st dung. Ngudi ta
diéu tra ngau nhién 200 khach hang da st dung dia cting ctia hang thi
c6 29 dia cting phai bdo hanh trong thoi gian 2 nam dau st dung. Véi
mtc ¥ nghia 5%, ti 1é trong cong bd trén c6 ding véi thuc té khong?
Gidi. Cap gia thiét thong ke: H: p=py=0,1; K : p# po.

n = 200; f=0,145; po = 0,1; a=0,05; £,/ = 1,96.

Gia tri kiém dinh thyc nghiem

0,145 —0,1
t, = — /200 =~ 2.12.
T /0,1%0,9

V1 |tn| > ta/2 nén ta bac bé H, chap nhan K. Nghia la chap nhan

khang dinh cho rang ti lé trong cong bé trén khong ding véi thuc té.
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b. Kiém dinh mét phia

Tuong tu nhu bai toan kiém dinh vé gia tri trung binh, bai toan kiém
dinh ti 1é cling c6 hai dang kiém dinh mot phia nhu sau:

o Kiém dinh 16n hon: H: p=py;: K : p> po.

o Kiém dinh nhé hon: H: p=py;: K : p < po.

Bang dudi day sé trinh bay cac tiéu chuan kiém dinh ctia bai toan

kiém dinh ti 18

y Diéu kién chap nhan H : p = py
tn
K:p=py|K:p>py| K: p<po
J = Do
\/ﬁ |ttn| < ta/2 ttn < ta ttn 2 _ta
po(1 —po)

Vi du 5. Mot trung tam dao tao nghé bao cdo rang ty lé ngusi hoc tai
trung tam kiém dugce viéc lam ngay sau khi tot nghiép 1a 70%. Mot mau
ngau nhién gom 200 nguoi da tot nghiép & trung tam cho thay c6 130
nguoi kiém duge viec lam ngay sau khi t6t nghiép. V6i mic ¥ nghia 5%,
kiém dinh xem phai chang ti 1é trong bao cédo ciia trung tam 1a cao hon
thuc té.
Gidi. Cap gia thiét thong ké: H: p=py=0,7;: K : p < po.

n = 200; f=0,65 py=0,7, a=0,05; t, =1,64.

Gia tri kiem dinh thyc nghiem

0,65 —0,7
tiy = 2= /200 ~ —1,54.
0, 7Tx0.3

Vi t;, > —t, nén ta chap nhan H. Nghia 1a chap nhan y kién cho

rang ti 1é trong bao céo clia trung tam la dang thuc té.
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5.3 So sanh cac gia tri trung binh va cac
gia tri ti lé

Gia st ching ta c6 hai dam dong C; va Co c6 chung mot dic diem
can nghién cttu ndo do; hai dai luong ngdu nhién goc dam dong tuong
tng lan luot 1a X; va X,. Trong muc nay ching ta dé cap dén dang bai

toan so sanh hai gia tri dac trung ctia hai dai lugng ngau nhién nay.

5.3.1 So sanh hai gia tri trung binh

Hai dam dong C; va Cy ¢6 hai gia tri trung binh la EX; = u; va
EX, = s can so sanh. Van dé dit ra 6 day 1a véi mic § nghia a cho

trudc, danh gia vé cap gia thiét thong ke

H:pp=py; K: o # po

Gia st DX; = 02, DX, = ¢2. T hai mau cu thé (zq, zs, ..., 7,,) clia
dam dong C; va (Y1, Y2, ..., Yn,) cua dam dong C, ching ta xac dinh duge

trung binh mau va phuong sai hiéu chinh mau lan luct 1a 71, T, 3%, s%

Quy tac thuc hanh
Trudng hgp 1. o, o3 da biét.

o Xac dinh gia tri kiém dinh ti thuc nghiém

© So sanh gia tri clia t,, v6i mic phan vi t,/2, néu

tin] < toyo chap nhan H.
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|tin| > toj2: béc bé H, chap nhan K.

Chi y. Néu nhu kich thuée mau n; < 30 hodc ny < 30 thi ta can bo

sung them diéu kien X, X, tuan theo luat phan phéi chuan.

Vi du 1. Ngudi ta mudn so sanh tuoi tho clia hai loai thiét bi dien ti
(trong dicu kién hoat dong lien tuc) dude sdn xuat bdéi hai cong nghe
khéc nhau. Biét rang do lech chuan tudi tho ciia thiét bi dude san xuat
tit cong nghé thit nhat v cong nghé thit hai tuong tng 1a 120 gio va 125
gis. Thit nghiem 50 thiét bi cho mdi cong nghé trén thu duge tuoi tho
trung binh ctia ching tuong ting la 264 gic va 245 gis. V6i mic y nghia
5%, tuoi tho ctia hai loai thiét bi dién t dudc san xuat tit hai cong nghé
trén c¢6 khac nhau khong?
Gidi. Cap gia thiét thong ke: H : puy = po; K@ g # o.

o1 = 120; 09 = 125; n1 = ny = 5H0; T = 264; Ty = 245;

o = 0,05; to/3 =1,96.

Gia tri kiém dinh thuc nghiem

264 — 245

tn = ~ 0,78.
120 1257
50 50

Vi |tn| < toy2 nén ta chdp nhan H. Nghia la chdp nhan khang dinh
rang tuodi tho ctia hai loai thiét bi dién t@ ducc san xuét tit hai cong

nghé trén 13 giéng nhau.

Trudng hop 2. o}, 05 chua biét va ny; > 30, ny > 30.
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o Xac dinh gia tri kiém dinh tit thuc nghiém

st

_+_
ni no

¢ So sanh gia tri cua 4, véi mic phan vi t, /s, néu
|tin| < taje: chap nhan H.
|tin| > toj2: béc bé H, chap nhan K.
Trudng hop 3. X, X, c6 phan phdi chuan, o? = o3 chua biét va
ni < 30,n9 < 30.

o Xac dinh gi4 tri kiém dinh tit thuc nghiem

z _ 7 (ng —1)s? + (ng — 1)s3
ti, = e , trong do §? = ! ’

1 1
s? (— + —)
1 %)

© So sanh gia tri cla ty, v6i mic phan vi ¢y, 1n,-2.4/2), D€U

ny+nyg— 2

tin] < tni4ns—2.0/2): chap nhan H.
|ttn| > t(n1+n2—2,a/2): bac bo H, Chép nhan K.

Vi du 2. Hai may tu dong dung cat nhitng thanh kim loai véi ciing mot
yeu cau. Tt may thi nhat lay ra 12 san pham thu dude chiéu dai trung
binh 1a 55cm va do lech chuan méu 1a 0,3cm, tit may thit 2 1lay ra 18 san
pham c6 cac két qua tuong dng la : 55,2cm va 0,2cm. V6i mic ¥ nghia
12 0,1, danh gia vé nhan dinh: hai may dé san xuat ra cac thiét bi cling
kich c&. Gia st rang kich ¢6 san pham tit 2 may c6 phan phdi chuan va
c¢6 cung phuong sai.

Gidi. Cap gia thiét thong ke: H : puy = po; K : g # o.

s1 = 0,3cm; so =0,2; ny = 12; ny = 18; 1 = d5cm; Ty = 595,2;
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o = 0,1, t(28;0,05) = 1, 701.
Gia tri kiém dinh thuc nghiém

,  11x0,32417x 0,2

28
55 — 59,2
by = 7 ~ —2, 2.

\/0,()6 (5+%)

V1 [t4n| > t28,0,05) Dén ta bac bé H, chap nhan K. Nghia la chap nhan

S ~ 0, 006;

nhan dinh cho rang hai may d6 san xuat ra cac thiét bi khong cting kich
cO.

Déi véi bai toan so sanh 2 gia tri trung binh, c¢6 hai dang bai toan
kiém dinh mot phia nhu sau:

o Kiém dinh 16n hon: H : w1 = ey K :opp > ps.
o Kiém dinh nhé hon: H : 1 = po; K1 1 < fio.

Giai quyét bai toan kiém dinh mot phia duge phan chia cac trudng
hop giéng nhu trong bai toan kiém dinh hai phia. Tiéu chuan kiem dinh

tng v6i 3 trudng hop duge mo ta qua bang tong hgp sau:
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Truong hgp

Diéu kién chap nhan H : u; = o

K> po

K@y < o

THI1

ttn < ta

ttn 2 _ta

TH2

TH3

\

1 1
s <— + —
n1 no

)

tin < t(nl—i—ng—Q,a)

lin 2 _t(n1+n2—2,a)

Vi du 3. V6i gia thiét nhu 6 Vi du 2: s; = 0,3cm; s9 = 0,2; ny

12; ny = 18; 1 = bdbecm; Ty = 55,2. Danh gida nhan dinh: may tha hai

san xuat ra thiét bi c6 kich ¢d 16n hon may thi nhat.

Gidi. Cap gia thiét thong ke: H : py = po ;

Kty < po.

a=0,1; fog01) =1,313. Gia tri kiém dinh thuc nghiem

s~ 0,06; t, ~ —2,2.

V1 ty, < —t(s,0.1) nén ta bac bé H, chap nhan K. Nghia la chap nhan

nhan dinh cho rang may thi hai sin xuat ra thiét bi c6 kich ¢& 16n hon

may thit nhat.

5.3.2 So sanh hai ti 1é

Hai dam dong C; va Co ¢6 hai ti lé p; va ps can so sanh. Van deé dat

ra ¢ day 1a véi mic ¥ nghia o cho trude, danh gia vé cip gia thiét thong
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H:pi=py; K: p1#po.

T mau cu thé kich thuée n; ciia dam déng C; ta xac dinh dudc k;
phan tit c6 dic diém can nghién ctu, do d6 ti 16 mau 1a f; = ky/ny;
tuong tu déi v6i mau kich thuée ny ctia dam dong Cy ta xac dinh dudc
ko VA fo = ka/ns.

Quy tac thuc hanh: Khi n;,ny dt 16n.

o Xéc dinh gia tri kiem dinh tit thiyc nghiem

J1— [ ki + k
ti, = , trong d6 f = 1+ A2

\/f(l ‘f)(niﬁn%)

¢ So sanh gia tri cta t;, v6i miic phan vi t,, /25 néu

ny + N9

|tin| < tase: chap nhan H.
|tin| > tao: béc bé H, chap nhan K.

Chu y. Khi kich thuéc mau diéu tra cang lén thi két qua kiém dinh
cang chinh xac, 6 mic do tuong déi khai niem n;, ny dt 16n 6 day dugc
hiéu 12 thda man hai diéu kien: (nq + ng)f > 10, (ny +mng)(1 — f) > 10.

Vi du 4. Ngudi ta kiém tra ngdu nhién 400 san pham tit day chuyén
th nhat thi c6 24 phé pham, kiem tra 800 san pham tit day chuyéen thi
hai thay c6 42 phé pham. Véi miic ¥ nghia o = 0,05, ti 1é phé pham cta
2 day chuyén trén c6 nhu nhau hay khong ?
Gidi. Cap gia thiét thong ke: H : py = po; K : p1 # po.

tas2 = 1,96; f1 =0,06; fo=0,0525; f=0,055.

Gia tri kiém dinh thyc nghiem

0,06 — 0, 0525

tin =
/0,055 x 0,945(1,/400 + 1/800)

~ 0,537,
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Vi |tn| < ta/2 nén ta chdp nhan H. Nghia la chdp nhan khang dinh

cho ring ti 1é phé pham ctia 2 day chuyen trén la nhu nhau.

Tuong tu nhu bai toan kiém dinh vé gia tri trung binh, bai toan kiém
dinh ti 1é cling c6 hai dang kiem dinh mot phia nhu sau:
o Kiém dinh 16n hon: H : py=py; K : p1 > po.

o Kiém dinh nhé hon: H : p1 =py; K : p1 < po.

Bang dudi day sé trinh bay cac tieu chuan kiém dinh ciia bai toan

kiém dinh ti 1é:

t, Diéu kién chap nhan H : p; = ps
K:pi#p | K:pi>p| K: pr <py
fi— /o
1 1 ‘ttn| < ta/2 ttn < ta ttn 2 _ta
\/f(l -N(=+-—)
(5] 19

Vi du 5. Dung thudc A cho 200 bénh nhan thi c6 160 ngusi khéi bénh.
Dung thudc B cho 300 bénh nhan thi c¢6 210 ngusi khéi bénh. Véi miic
v nghia o = 0,04, hiéu qua ciia thudc A c6 cao hon thudc B hay khong?
Gidi. Cap gia thiét thong ke: H : p1 = po; K : p1 > po.
ta =1,75; f1=08; fo=0,7; f=0,74.
Gia tri kiém dinh thuc nghiem
o (0,8 —0,7)
\/o, 74 % 0,26(1/200 + 1/300)

~ 2,497,

Vi t;, > t, nén ta bac bé H, chap nhan K. Nghia la chap nhan khang

dinh cho rang hieéu qua ciia thudc A cao hon thude B.
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5.4 Kiém tra tinh doc lap

Gia st trén cing mot dam dong C c6 hai dic diém can nghién citu
nao doé; hai dai luong ngau nhién goc dam dong tuong tng lan luot 14 X
va Y, trong muc nay ching ta sé dé cap dén dang bai todn kiém dinh
tinh doc lap clia hai dic diém nay. Nhu vay, van dé dit ra ¢ day 1a véi
mtc ¥ nghia o cho truée, danh gia vé cap gia thiét thong ke

H: X vaY doclap; K : X vaY phu thuoc.

Thuc hién n lan quan sat tréen dam dong C, doi véi mdi phan ti clia
mau ta quan sat ca hai dic diém can kiém dinh. Gia st ¢ dic diém tha
nhat c6 k gia tri khac nhau, § dic diém thi hai c6 I gia tri khac nhau
va n;; 1a s6 quan sat c6 cung dac diem (z;,y;). Cac s6 lieu nay duge sap

xép thanh bang hai chiéu, bang nay dudc goi 1a bdng tuong lién

X\Y U Yj Y Z
I nii nlj nqy mq
€T; ni1 ’le'j ;1 m;
Tk N1 N Mg mip
> ny n; ny n

l l
m; = E Ngg; Ny = E Ngj; M= E m; = E n;.
j=1 j=1
V6i n du 16n va H ding thi
UCALND
kool (ni] —
T=-3"% (k- 1) - 1)
=1 j=1 m; 1,
n



trong d6 x?(k—1)(I—1) 1a phan phdi "khi binh phuong" v6i (k—1)(1—1)
bac tu do. Suy ra

P[T € W,|H ding] = P[T > 2 ((k— 1)(1 - 1),04)} = q,

trong d6 mién bac béo W, = (x*((k — 1)(I — 1), @), +00).

Quy tic thuc hanh

m; 1,

o Xac dinh céc gia tri tan s6 1y thuyét: ¢;; =
n
o Xéc dinh gia tri kiem dinh tit thiyc nghiém
koo nlj ti;)? koo
Sy y by o
i=1 j=1 1=1 j=1 in
o So sanh gia tri cta ty, va x*((k —1)(I — 1), ), néu
tin < X*((k—1)(I—1),a): chap nhan H.

tin > x*((k—1)(l—1),a): bac bo H, chap nhan K.
Tra bang phan phdi x? (xem bang 5 phan phu luc): x*(n, ) l1a gia
tri trong bang tng véi gia tri hang la n va cot la «.
Vi du 1. Theo déi huyét ap ctia ngusi khong hat thude 14, hat it va

nghién nang thu dugc bang sau

Huyét ap) Hut thuoc | khong hat thube | hit it | nghien ning
Binh thuong 46 26 20
Huyét ap cao 23 35 30

V6i mitc ¥ nghia a = 0,05, viéc hat thube 14 c6 anh hudng dén huyét ap
khong?
Gidi. Cap gia thiét thong ke
H : hut thudce khong anh hudng dén huyét ap; K : hat thudc anh
huéng dén huyét ap.
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n = 180;n1 = 69;n9 = 61;n3 = 50; M1 = 92; My = 88.

69-92 61-92 50-92 69-88
ty = 180((46_ o). (26— 55)* | (20— )t (23— H)°
! 69 - 92 61 - 92 50 - 92 69 - 88

(35 — 6L88y2 (30 _ 5088y
180 180 > — 1091
61 - 88 50 - 88 T

Vi t, > x%(2;0,05) = 5,991 nén ta bac bé H, chap nhan K. Nghia la
chap nhan khéng dinh cho ring viéc hit thudc c¢6 anh hudng dén huyét
ap.

Chu y. D6i v6i mau c6 kich thude 16n hon, ching ta nén lap thém
bang tan so6 ly thuyét lam bang trung gian, diéu nay kha hgp 1y khi st
dung Excel dé tinh toan.

Vi du 2. Ngudi ta lay s6 lieu mot s6 ho gia dinh vay tién lam kinh té
vuon, bang sau day thu thap thong tin theo hai phuong dién: lita tudi

chtt ho va hieéu qua st dung tién vay

Hiéu qua | Thanh | Binh | That
Lita tuoi cong | thuong | bai
Tt 20 dén 25 100 64 36
Tt 26 dén 35 156 88 56
Tt 36 dén 45 110 56 34
Trén 45 54 32 14

Véi miic ¥ nghia o = 0,01, hiéu qua viéc st dung tién vay c6 phu thuoc
vao Ita tudi cia chit ho khong?
Gidi. Cap gia thiét thong ke
H : hiéu qua st dung tién vay khong phu thuoc vao lia tudi;
K : hiéu qua st dung tién vay phu thudc vao lta tudi.
m;n;

Béang tan s6 1y thuyét: ¢;; = ——
n
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Hiéu qua | Thanh | Binh | That

my;

Lita tudi cong | thuong | bai
Tu 20 dén 25 105 60 35 || 200
Tu 26 dén 35 157.5 90 52.5 || 300
Tu 36 dén 45 105 60 35 || 200
Trén 45 52.5 30 17.5 || 100
n; 420 240 140 || 800

X4c dinh gia tri kiem dinh tit thuc nghiém

(n2~~ — ti')2
S =235,

1 j=1

4
ttn —

7

Vi t, < x%(6;0,01) = 16,812 nén ta chap nhan H. Nghia la chap

nhan khing dinh cho rang hiéu qua viéc st dung tién vay khong phu

~ N e 2. ~
thudc vao lia tuodi cta chi ho.

BAI TAP CHUONG 5

1. Quy dinh ctia mot thiét bi phai c6 chiéu dai 1a 300cm va do lech
chuan 13 3cm. T mot 16 hang nguoi ta lay ra 40 chiée, két qua thu

duge do dai trung binh 1a 301,2cm. V6i mitc ¥ nghia 5%, 10 hang

trén c6 dat tieu chuan hay khong?

2. Trong diéu kién chan nuodi binh thuong, luong sita thu dude trung
binh hang ngay ctia mot loai gidng bo stta 1a 19,4 (don vi: kg/ngay).
Lay mau 49 con bo sita ¢ mot trang trai thu duge lugng sita trung
binh cia mot con trong mot ngay la 18,9 va do léch chuan mau 1

3,24. V6i muc y nghia a = 0,08, lugng sita thu duge hang ngay tu

bo sita clia trang trai c6 dung chuan khong?
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3. Khéi lugng chuan ctia mot bao gao duge dong géi bang day chuyeén
tu dong 1a dai luong ngau nhién c¢6 phan phdi chuan véi khoi luong
moi bao la 50 kg. Sau mot thoi gian hoat dong ngudsi ta nghi ngs
khéi Iuwgng d6 c6 xu huéng gidm sit. Can 28 bao gao thu duge khoi
lugng trung binh méi bao 1a 49,8 kg va do lech chuan mau 1 0,6 kg.

Véi mitc ¥ nghia 1%, hiy két luan vé nghi ngs néi tren.

4. Thoi gian trude day, so tien gii tiét kiem trung binh ctia mdi khach
hang vao ngan hang A 1a 1000 USD. Sau dgt tang 1ai suat tiét kiem,
kiém tra ngdu nhién 36 khach hang thu ducc két qua: sb tien gii
trung binh 14 1060 USD va do léch chuan mau la 100 USD. Véi mic
v nghia 4%, viéc tang 1ai suat c6 lam tang luong tien gii tiét kiem

ciia moi khach hang khong?

5. Mot kénh truyén thong tuyén bo rang 30% khéan gia truyeén hinh yéu
thich cac chuong trinh phat séng ctia ho. Tham do ¥ kién ngau nhién
qua mang doéi v6i 800 ngusi xem truyén hinh thi c6 192 ngudi yéu
thich cac chuong trinh ctia kénh truyén thong d6. V6i miic ¥ nghia

0,08, ti le trong tuyén bd trén c6 ding vé6i thuc té khong?

6. Ti lé phé pham ctia mot nha may trude day 1a 10%. Sau khi cai tién
k¥ thuat, kiém tra 400 san pham thi thay c6 38 phé pham. Véi miic
¥ nghia 14 1%, kiém tra xem viéc cai tién ki thuat c6 mang lai hiéu

qua khong?

7. T1 le ngudi chita khoi mot loai bénh bang loai thudc cit 1a 80%. Nguoi
ta thay thé bang loai thuéc méi dé chita benh cho 1000 ngudi thi
c6 820 ngudi khoi benh. Véi mitc ¥ nghia 1%, c¢6 thé két luan thudc

m6i tot hon thude cii khong?
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8.

10.

11.

12.

?,

Hai gidng vit duge nuoi sau 4 thang. Lay mau n; = 50 & giéng vit
thit nhat, dude T; = 1.9kg va 52 = 1. Lay mau no, = 80 & giéng vit
thit hai, duge Ty = 2kg va s3 = 0.8. Véi mitc § nghia o = 10%, hai

gidbng vit nay co6 trong lugng trung binh bang nhau khong?

. Chon ngau nhién 20 dai Iy ¢6 ap dung khuyén mai thu dudc sb luong

ban trung binh mdi ngay 1a 140 san pham va do léch chuan mau la
12; con tai 20 dai 1y khong c6 khuyén méai duge 2 s6 lieu tuong ting
la 120 va 10. Gia st lugng hang ban duge c¢6 phan phéi chuan, co
cuing phuong sai. Véi mic y nghia 5%, hinh thitc khuyén mai c6 lam

tang s6 luong hang ban khong?

Mot cong ty ban hang mudn kiém tra hiéu qua tit viec thay doi kicéu
dong g6i. Chon 2 mau: mau 1 1a 35 dai Iy ban hang theo loai géi cti
va mau 2 1a 35 dai Iy ban hang theo loai g6i méi dé thong ke ve sb
gbi hang ban ra sau mot thang, thu duge 2 gia tri dac trung cho 2
mau tuong tng nhu sau: loai géi cii: 71 = 560 goi, véi s; = 20; loai
g6i méi: To = 580 gdbi, vii so = 30. V6i miic ¥ nghia 1%, hday danh

gia viec thay déi kieu déng géi c6 dem lai hiu qua hay khong?

Dé so sanh ti 1é ndy mam cta hai giéng cay trong diéu kien do am
thap. Nguoi ta dem gieo 200 hat giong loai I thi c6 150 hat ndy mam,
gieo 300 hat giéng loai IT thay c6 210 hat ndy mam. V6i miic ¥ nghia
a = 0,05, ti 1é ndy mam trong diéu kien do am thap ciia 2 gidng cay

trén c6 nhu nhau khong ?

Lay so lieu thuc té tit cac ho gia dinh vay von clia ngan hang nong
nghiép déi véi 2 huyén. Huyén A: c¢6 2000 ho vay thi c6 1692 ho st
dung tién vay c6 hieu qua; huyeén B: c¢6 1000 ho vay thi c6 810 ho
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13.

14.

15.

16.

st dung tién vay c6 hiéu qua. Véi miic ¥ nghia 5%, ti 1é ho sit dung

tién vay c6 hiéu qua ciia huyén A c6 cao hon 6 huyén B khong?

Dé danh gia vé chat luong san pham ctia nha may do 2 day chuyén
san xuat. Ngudi ta kiém tra ngau nhién 200 san pham tit day chuyén
tht nhat thi c6 15 phé pham, kiém tra 300 san pham tit day chuyén
thit hai thay c6 21 phé pham. Tu s6 lidu thu dugce c6 thé danh gia
so bo day chuyén nao lam viéc tot hon. V6i miic § nghia o = 0,08,

kiém dinh danh gia so bo do.

C6 hai phuong phap gieo mot loai hat gidng: theo phuong phap A,
gico 125 hat thay c6 90 hat ndy mam; theo phuong phéap B, gieo 100
hat thay c6 85 hat ndy mam. T s6 lieu thu dude c6 thé danh gia so
bo phuong phéap gieo nao tét hon. V6i mic ¥ nghia a = 0,05, kiém
dinh danh gia so bo do.

Tai mot nha may lam viéc theo ché do 3 ca: budi sang, buoi chiéu va
budi t6i, chon ngdu nhién mot s6 san pham dé kiém tra chat luong,

thu dude bang sb lieu sau

Chat luong Ca

Sang | Chiéu | Toi

Chinh pham | 84 64 70
Phé pham 2 8 2

V6i mitc ¥ nghia o = 0,05, c6 thé két luan chat lugng san pham phu

thudc vao ca lam viéc khong?

Tai mot nha may c6 4 phan xudng: I, II, III, IV; cling san xuat ra

mot loai san pham véi 3 tieu chi danh gia chat lugng: Loai A (t6t),
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loai B (dat), loai C (chua dat). Kiém tra 1000 san pham khi nhap

tong kho, thu duge bang sb lieu sau

Chat Iuong | Loai | Loai | Loai
Xuéng A B C
I 105 | 90 | 25
IT 135 | 102 | 13
I11 124 | 100 | 6
IV 146 | 138 | 16

V6i mtc ¥ nghia oo = 0,01, c6 thé két luan chéat luong san pham phu

thudc vao phan xudng san xuat khong?
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CHUONG 6

HOI QUY VA TUGNG QUAN

6.1 Heé sé tuong quan mau

6.1.1 MJ¢é dau

Trén cung mot dam dong C c6 hai dac diém dinh lugng can nghien
ciu, hai dai luong ngau nhién goc dam dong tuong tng lan lugt 1a X
va Y. Bai toan dit ra ¢ day la tim hiéu mic do phu thuoc giita hai dai
lugng ngdu nhién va tim biéu thic biéu dién sy lien hé gitta ching.

Day 1a mot van dé hoan toan thuc té, sy phu thuoc ciia hai dai luong
ngau nhien X va Y c¢6 thé phan thanh ba loai:

o Sy phu thudc ham sb: ton tai ham ¢ dé Y = ¢(X).

o Su phu thudce thong ke: khi X thay déi thi phan phoi xéc suat cia
Y ciing thay déi.

o Su phu thuoc tuong quan: X thay doi thi ky vong co6 dicu kien
E(Y|X) ciing thay doi, nghia 1a E(Y|X) = ¢(X) # hing sb.

Néu ¢(X) = AX + B thi ta n6i X va Y c6 tuong quan tuyén tinh,
trong truong hop ngudce lai thi ta néi X va Y c¢é tuong quan phi tuyén.

Phu thuoc tuong quan 1a trudng hop riéng ctia phu thuoc thong ke,

nghia 1a néu phu thuoc tuong quan thi cé sy phu thuoc vé phan phoi xac
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suat. Khi phan tich do phu thuoc tuong quan gitta hai dai luwong ngau

nhien X va Y thi ta khong can xét dén truong hop né doc lap véi nhau.

6.1.2 Heé sb6 tuong quan mau

Chung ta da dudc lam quen véi khai niem hé s6 tuong quan giiia hai
dai lugng ngau nhién X va Y
_cov(X,Y) E(XY)-EXEY

vDX DY DXDY

D6 1a s6 do mitc do phu thudc tuyén tinh gitta hai dai luong ngau

p(X,Y)

nhién X vd Y, nhung néu chua biét dugc phan phdi xac suat thi hé s6
tuong quan ly thuyét p(X, Y) chua xac dinh duge. Do d6 ta tim cach
uée luong p(X, Y) b6i mot gia tri thu duge tit mau quan sat, gia tri do
dude goi 1a hé s6 tuong quan mau.

Gia st ta ¢6 n cdp quan sat (x1, 1), (22, Y2), ..y (T, Yn) clia (X, Y),

hé so tuong quan mau dugde tinh theo cong thic

n

S (@~ 7)(yi — 7)

1=1

n

Z(% —T)? Z(yz’ —7)?

1=1

Do vay

1
trong d6 Ty = — TiYi-
n<
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Tuong tu nhu hé s6 tuong quan, hé s6 tuong quan mau ciing c6 tinh
chat |r| < 1. Biéu dién cac cap (74, y;) ctia mau lén mot mit phang toa
do tao thanh dam may diém. Hinh anh ctia dam may diém thé hien moi
quan hé gitta X va Y. Néu dam may diém c6 xu huéng tap trung quanh
mot dudng thang ndo dé (co he s6 goc khac 0) thi |r| cang gan 1 va ta c6
thé két luan X, Y c¢6 quan hé gan v6i quan hé tuyén tinh (tuong quan
tuyén tinh), con néu n6 phan tan thanh hinh tron hay hinh vuong thi
7| gan bang 0.

Vi du 1. Bang s6 lieu sau day 1a két qua thu thap tit mot cong ty vé
doanh thu (X) va s6 tién danh cho quang céo (Y') ctia mot s6 thang nhu
sau:

X (tidong) |5 7 8 11 9

Y (trieu dong) | 45 60 75 90 80

Hay xac dinh hé s6 tuong quan mau.

Giai. Bang tinh

b | 45 | 225 | 25 | 2025
7| 60 | 420 | 49 | 3600
8 | 75 | 600 | 64 | 5625
11 90 | 990 | 121 | 8100
9 | 8 | 720 | 81 | 6400

~

40 | 350 | 2955 | 340 | 25750

Heé s6 tuong quan mau

52955 — 40 - 350
r =
V5 - 340 — 402 /5 - 25750 — 3502

~ 0,98.
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Chi y. Truong hop s6 lieu thu thap cé kich thuée 16n, dang bang c6
tan s6 ching ta ciing 1ap bang tinh trung gian nhu trén sau dé6 st dung

TY —TY
cong thiic: r = ——— (xem bai tap 4 va 5).
SX Sy

6.2 Phuong trinh hoéi quy binh phuong trung
binh tuyén tinh thuc nghiém

6.2.1 Phuong trinh hoi quy
Ménh dé. Trong tat cd cic ham h(X) dung dé wdc higng Y thi p(X) =
E(Y|X) la ham c6 sai s6 binh phuong trung binh nhé nhat. Nghia la
E(Y - E(Y[X))’ <E(Y - h(X))"
Ching minh.
E(Y — h(X)) = E(Y —E(Y|X) + E(Y|X) — h(X))”
—E(Y — E(Y|X))? + E(E(Y|X) — h(X))*+
QE[(Y — E(Y]X)) (E(Y]X) — h(X))} .

V6i moi ham k(X)) ta ludn ¢6

B((X) E(Y1X)) = [ [a) [ yplole) dy]px(e) ds

// ) y p(y|r)px (v) dx dy

// z)yp(z, y)dedy =E(k(X)Y).
bat k(X)) =E(Y|X) — , Suy ra

E[(Y - B([X)) (B(Y]X) - h(X)| = B[(¥ = E|X)) k(¥)]

—E[k(X)Y] - E[k(X)E(Y|X)] =0.
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Do dé6

2

E(Y - h(X)) = E(Y — E(Y|X))’ + E(E(Y|X) — h(X))

WV

E(Y — E(Y]X))*.
O

Nhu vay E(Y]X) 1a ham ude lugng Y ¢6 sai s6 binh phuong trung
binh nhé nhat. Phuong trinh ¢(X) = E(Y|X) duge goi 1a phuong trinh
hoi quy cta Y theo X.

6.2.2 Udc luong hé s6 hoi quy tuyén tinh thuc nghiém

Gid st X la dai luong ngau nhién doc lap con Y 1a dai luong ngau

nhién phu thuoc va gitta chiing c¢6 tuong quan tuyén tinh
E(Y|X)=AX +B, A#0,

trong d6 A, B chua biét va dudc goi 1a hé s6 hoi quy Iy thuyét.

Bai toan. Can ctt vao n cdp quan sat (x1, 1), (T2, ¥2), ..., (Tn, yn) cla
(X, Y), ta can di tim mot phuong trinh y = az+b udc lugng cho phuong
trinh hoi quy tuyén tinh ly thuyét E(Y|X) = AX + B.

Phuong trinh y = az + b dudc goi 1a phuong trinh hoi quy tuyén tinh
thue nghiém; a va b dudc goi 1a hé so hoi quy tuyén tinh thuc nghiém
ctia Y theo X. Chiing ta st dung phuong phap binh phuong bé nhat dé
xac dinh gia tri ctia a va b.

Nhu vay, gitta gia tri thuc nghiém va gia tri xac dinh tt phuong trinh
hdi quy tuyén tinh thite nghiém tai z; c6 sai s |y; — (az; +b)|. Tiéu chuan

dé xac dinh phuong trinh hoi quy tuyén tinh thuc nghiem y = az + b 13
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dam bio duge yéu cau
F(a,b) = Z (yi — (az; + b))2 = min.

1=1

Tim cuyc tiéu ctia F(a,b) din dén he phuong trinh

OF(a, b n
¥= —ZZ(yi—axi—b) ZO,

(3 2)o (B =
<Z )a+nb—2yz

=1

A\
~
3

\
Giai he phuong trinh bac nhat déi véi a va b, ta dugc

2

a = ;
2
4 n§:x—(§;0
Zyz‘—&zﬂ%
p— =l =1
\ n

Ngoai ra, hé sé hdi quy tuyén tinh thuc nghiém con c6 thé xac dinh

nhd cong thic tuong duong

7 - T
a=— ;
4 5%
b=9y—ax




Vi du 2. Véi gia thiét nhu 6 Vi du 1:

n=>5 Y a;=40; ¥ g =350; Y a7 =340; ¥ wy; = 2955.

a. Tim phuong trinh hoi quy tuyén tinh thuc nghiém ciia y theo .
b. Néu doanh thu ctia mot thang nao dé 13 10 ti dong, hay du doan

chi phi quang cao ctia cong ty thang dé la bao nhiéu.

Gidi. a. He s6 hoi quy tuyén tinh thiyc nghiém
5 X 2955 — 40 x 350 350 — 7,75 x 40
- — 7,75 b= ’ — 8
5 % 340 — (40)2 19 5

Phuong trinh hoi quy tuyén tinh thiyc nghiem: vy = 7,75z + 8.

b. x = 10 suy ra y = 85,5 . Vay chi phi quang cao cua thang do
khodng 85,5 triéu dong.

BAI TAP CHUONG 6

1. Bang s6 lieu sau day la két qua thong ké ve tong gia tri hang nong
san (X) va tong dau tu xay dyng duong giao thong (Y) ctia mot

huyén trong 6 nam nhu sau: (don vi: ti dong)

X 160 45 75 90 80 70
Y|7 5 8 11 9 10

(a) Hay xac dinh hé s6 tuong quan mau.
(b) Tim phuong trinh hoi quy tuyén tinh thyc nghiem cta y theo .

(c) Néu tieén dau tu xay dung duong giao thong clia mot nadm nao
dé 1a 8,6 ti dong, hay du doan tong gia tri hang nong san nam

do 1a bao nhiéu?
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. Bang s6 lieu sau day 1a két qua thu dude clia mot cong ty ve sb tien
danh cho cac hoat dong cham s6c khach hang (X) va doanh thu (V)

trong 6 thang nhu sau:

X | 8 9 7 10 9 11
Y | 600 700 500 900 800 1100

(don vi: trieu dong).

(a) Hay xac dinh hé s6 tuong quan mau.

(b) Néu chi phi danh cho céc hoat dong cham s6c khach hang cla
mot thang nao dé 1a 10,5 trieu dong, hay du doin doanh thu ctia

cong ty thang dé la bao nhiéu?

. Thong ké ghi lai dan s6 ctia mot tinh qua 8 nam tit nam 1985 dén

1992 dugdc bang sb sau

Nam 1985 1986 1987 1988 1989 1990 1991 1992

Dan s6 (10000) | 50 51 51 53 o4 56 59 60

Dé thuan tien trong tinh toan ta dat x = ‘nam” — 1985 va y =
“dan s6” — 50 (don vi 10000 nguoi). Hay tim phuong trinh hoi quy

tuyén tinh thuc nghiém cta y theo x.

. Tinh he s6 tuong quan mau va phuong trinh hoi quy tuyén tinh thuc

nghiém ctia y theo  dya vao bang tan s6 sau:

2 | 1714 (12| 15|12 20
yi 131133]25 292740
ni| 2141103516
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5. Bang s6 lieu sau day chi ra sy phu thuoc clia nang suat thu hoach YV

theo lugng phan bon X ctia mot loai hoa mau trén 100 thita rudng.

X
2012513035
400 112 5 | 1 | 1
420 6 | 18] 3 | 2
450 | 2 10 9
490 1110120

Y

Tinh hé s6 tuong quan mau v phuong trinh hoi quy tuyén tinh thyc

nghiém clia nang suat thu hoach theo luong phan bon.
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HUGNG DAN GIAI BAI TAP

Trong phan nay, ching toi sé hudéng dan gidi mot s6 bai tap tuong

d6i mdi, chua dugde trinh bay nhiéu trong cac tai lieu bang tiéng Viet.

CHUONG 1

5. a) St dung dang thitc AAB = (A\ B) U (B \ A).
b) St dung cong thic tinh P(AU B U C).

c) Nhan xét ABU AC C A.

d) St dung céac két qua a), b), c).

6. a) Chuyén vé, st dung cong thiic
P(AU B) = P(A) + P(B) — P(AB).
Sau d6 bién doi tuong duong.

b) Trude hét, nhan xét rang, néu AB = () thi

P(A) +IP>(B))2 _1
2 g

P(A)P(B) < (
Xét truong hgp A, B bat ky. Khi d6

P(AB) — P(A)P(B) < P(AB) — P(AB)P(B)

N~—

< P(AB)P(B) < i ().
P(A)P(B) — P(AB) = [P(A\ AB) + P(AB)[P(B) — P(AB) — P(A \
ABJB(B) — BAB)(B(B) - 1) < P(A\ AB)B(B) < ! (2)
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Tu (1) va (2) suy ra diéu phai ching minh.
7. St dung dinh nghia xac suit c6 diéu kien, bién ddi vé phai dé duge

diéu phai chitng minh.

8.
P(A|C) = Pléfcc)) _ Zkﬂ;g‘)&@ _
2k P(AEL%)C)]P’(BW) = " P(A|BLC)P(B|C).

k=1
9.1=P(AUB) = P(A) + P(B) — P(AB) = P(A) + P(B) — P(A)P(B) =

P(B) = ( )1 =P(B)) = 0= (1-PA)(1-PB)) = P(A) =
1 hodc P(B) =
10. P(A)P(B) = P(AB) = P((AU B)AB) = P(AU B)P(AB) = (P(AU
B))P(A)P(B) = P(A) = 0 hoac P(B) = 0 hoac P(AUB) =1 =P(A) =
0 hoac P(B) = 0 hoiic P(A) = 1 hoac P(B) = 1.
11. P(Au B) = PA + PB) = PA = 0 hoic
P(B) = 0. Ké hgp diéu nay véi dieu kien P(AAB) = p, ta duge
P(A\ B) =phoac P(B\ A) = p. Nhung P(A\ B) < p,nén P(B\ A) =
p=PA\B)=0=P(B)=p; P(A) =0.
12. P(ABBC) = P(ABC) = P(A)P(B)P(C) # P(A)P(B)*P(C) = P(AB)P(BC)
suy ra AB va BC khong doc lap. Tuong tu, AB va AC, AC va BC cung

/—\/—\

khong doc lap.
13. Ta co6
P(ABC) =P(B)P(AC) (1)

P(ABC) = P(C)P(AB) (2)
P(ABC) = P(A)P(BC) (3)

P(A)(P(B) + P(C) — P(BC)) = P(A)P(BU C) = P(ABUC)) =
P(ABUAC) = P(AB)+P(AC) —P(ABC). Diéu nay két hop véi (3) cho
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ta P(A)P(B)+P(A)P(C)—P(A)P(BC)=P(AB)+P(AC)—-P(A)P(BC)
hay

P(AB) — P(A)P(B) = P(A)P(B) — P(AC) (4).
Mat khac, tit (1) va (2) suy ra

P(AB) = P(B)P(AC)/P(C).
Thay he thiic nay vao (4), ta duge

P(B) [Pﬁgg’;) - IF’(A)} — P(A)P(C) — P(AC)

= P(C) |P(4) - PIP{?CC;)}
Twu do suy ra
! ' P(AC)
P(A) — P{C) = 0.

Hay
P(AC) =P(A)P(C).

Diéu nay cung véi (1) cho ta
P(ABC) = P(A)P(B)P(C).

Tu hai he thitc cudi cung, két hop véi (2) va (3) cho ta diéu phéi ching
minh.

14. a) Ta c6

Do d6, néu A va B e-doc lap thi

IP(AB) — P(A)P(B)| = [P(A)P(B) — P(AB)| < e.
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Tic 1a A va B e-doc lap. Tuong tu, ta cling chiing minh duge A va B,
Ava B cling e-doc lap.
b) Gia sit P(A) < e. Khi d6

IP(A)P(B) — P(AB)| < max(P(A)P(B),P(AB)} < «.

Do d6 A va B la e-doc lap.

NéuP(A) > 1—¢cthi P(A) <e. Do dé A va B la e-doc lap. Suy ra A va
B bat k¥ ciling e-doc lap.

¢) Cach 1. Chi can xét véi e < 1/4. Ta ¢6

P(AA) — P(A)P(A)| < e.

Do do

E.

P(A)(1 - P(A))

/N

Giai ra ta dugc

P(A) < 9% < 2c hosic P(A) > M= > 1-2:. Vi0 < 1—4e <

1=1-4e < v1—4e.
Cach 2. Xét hai truong hop P(A) > 1/2 va P(A) < 1/2.

27. lim P(A,) = lim (P(4,B,)+P(A,B,)) < lim P(B,)+ lim P(4,B,) =
n—0o0

n—oo n—oo n—oo

lim P(A,B,).

n—oo

Bat dang thitc ngugc lai 1a hién nhien.

i

28. a) Chting minh truc tiép.
b) Dung cong thiic d6i ngdu De-Morgan.
29. Duing tinh chat ctia cac phép toan trén cac tap hgp dé bién doi truc

tiép. Chang han:

lim sup(AnUBn) = ﬂ U (AkUBk) =

=1k=n

3
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0 [0}

SALVEEVVESE

n=1
ﬂ UAk U ﬂ UBk ) = limsup A4, UhmsupB
n=1 k=n n=1 k=n

lim sup(AnﬂBn) = ﬂ U (AkﬂBk) C

n=1 k=

ﬂ LJA/€ ) =limsup A4,, (1).

Tuong tuy
limsup (A4, U B,) C limsup B,, (2).

Tw (1) va (2) suy ra
limsup(A4, N B,) C limsup A, N limsup B,,.

¢) limsup A, = AN B; liminf A, = AU B.
30. Dat

Bl:Al,BQ:AlAQ,...,Bn:filfig"'An_lAn,....

Khi do . o
BiB; = U = JA4

n=1 n=1
T do, suy ra diéu phai ching minh.
31. a)-b) Stt dung tinh chét lién tuc clia xac suat dé chitng minh.
¢) P(liminf A,) = P(U;"; Ny, Ak) = nlg& PN, 4n)
< liminf P(4,) < limsupP(A4,,) < nh_)rgo P(Up, 4n)
=P(MNrey Upe, Ar) = P(limsup 4,,).
Vi, A C A C Ui, Ak, v6i moi | > n).
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32. Trudc hét ching minh rang véi moi ho hitu han cac bién ¢6 4;,, A;,, - . .

ctia ho (A;)ier, ta déu co

P(A; Ay, ... A;) = P(A;).P(A,)...P(A;).
33. . . .
P(|JAr) =1-P([) Ax) =1 -] P(Ax)
K1 k=1 k=1
34. Dat
B, = ﬂ Ay
k=1

Khi do, day By, Bs, ... la day giam va

ﬂAk:ﬂBk.
k=1 k=1

Suy ra
P(() Ax) =P([ ) B.) = lim P(B,)
n—oo
n=1 n=1
= lim P(() Ax) = lim [[P(4) = [ P(An).
n—o0 n—oo
k=1 k=1 n=1

35. Stt dung Bai tap 33 va két qua sau day trong Giai tich: Tich vo han
I1,2;(1+ay,) hoi tu tuyét doi t6i mot gisi han khac khong khi va chi khi

chudi Y7 | a, hoi tu tuyet doi.

36. Gia st A 1a mot ho cac bién c6 doc lap doi mot. Khi d6, véi moi

n=1,2,...vamoi A;,Ay... A, € A, ta co AsAsz--- A, doc lap véi A;

(vi ho céc bién ¢d doc lap véi A; 1ap thanh mot dai s6). Vi vay
P(A1Az - Ap) = P(A)P(A; - -+ Ay).

Ly luan tuong tu déi v6i ho AxAs ... A, ta dugc
P(A2Asz--- An) = P(A2)P(As- -+ Ay).
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Tu do ta ducce
P(A1Ay--- A,) =P(A)P(Ay) - - - P(A).

Diéu nay chiing té A 1a ho doc lap.

37. Néu tat ca cac bién cb clia khong gian xac suat déu co xac suat bang
0 hoac bang 1 thi hién nhién ching doc lap, do d6 doc lap doi mot.
Nguoc lai, gid st tap hop tat ca cac bién cb 1a tap doc lap doi mot. Khi
do, néu ton tai mot bién c¢6 A sao cho 0 < P(A) < 1 thi 0 < P(A) < 1.
Mit khac P(A)P(A) = P(AA) = P()) = 0, vo ly.

38. Khong. Chang han, xét khong gian xac suat ma trong d6 ton tai mot
bién cb c6 xac suat khac 0 va khac 1. Khi d6, theo bai trén, ton tai hai
bién c¢6 khong doc 1ap véi nhau. Tuy nhién, ca hai bién ¢6 d6 déu doc
lap v6i bién c6 0.

39. Khong. Chang han, 1ay Q = (1,2,3,4}; A = (1,2}; B = (4};,C =
(2,3};

P(1) = P(2) = P(3) = P(4) = 1/4. Khi d6 A,C khong doc lap véi
B, nhung C doc lap véi A.

40. Diéu kién du la hién nhién. Ngudc lai, gid st quan hé doc lap giita
cac bién c6 ¢6 tinh bac cau. Khi d6, néu ton tai mot bién c¢d A sao cho
0 <P(A) < 1thi0<P(A) < 1. Nhung A va A déu doc lap véi ), nén
chiing doc lap v6i nhau. Suy ra P(A)P(A) = P(AA) = P(0) = 0, vo Iy.
41. a) Hién nhieén.

b)
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c¢) Tuong tu b).
42. Dat

B=(A: AeF va Ve > 0,3B. € Asao cho P(AAB.) < ¢}.
Khi d6 B D A . Hon nita, B 1a o- dai s6. That vay

AANB = AAB = A€ Bnéu A € B.

Ta lai co
Aol )B., c LB,
n=1 n=1 n=1

va

j=1 j=1 =1 =1
Suy ra | J- A, € Bnéu A, € B (Vn > 1).
Vay B 1a o- dai s6. Do d6 F = o(A) C B.

43. Gia st A va B 1a hai o-dai s6 doc lap da cho. Khi do6, ton tai hai
bién ¢6 A va Bsaocho A € A, B e B, 0 <P(A) <1,0<PB)<
1, 0 < P(A)P(B) =P(AB) < 1. Néu AU B la dai s6 thi AB € AUB,
Do d6 AB € A hoiac AB € B. Néu AB € A thi AB doc lap véi B, do
d6 P(A)P(B) = P(AB) = P(ABB) = P(A)P(B)?. Diéu nay kéo theo
P(B) = 1, trdi v6i gid thiét. Néu AB € B thi AB doc lap véi A, do
d6 P(A)P(B) = P(AB) = P(AAB) = P(A)*P(B). Diéu nay kéo theo

P(A) = 1, cling trai v6i gid thiét.

44.

P(A) _ P(AT;) +PAB,) |
P(A,B,) P(A,B,) ~ T B@A,B,)
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45. Ta ¢6 P(limsup A,,) = li_>m P(U, Ar).
Mat khac, P(UpZ, An) = lim P(UpL)" Ay)
= lim P(( Zizl_l Akz‘_lkﬂ) UAn+m)

m—00

ﬂlg%o ( ZZI?_l P(AkAk+1) + P(An—i-m))

i P(AxAgs) + lim P(Ay)

= ZZZL_I P(AkAkJrl) — 0 khi n — oo.

NN

CHUONG 2
28. Dit Z = max(X,Y}, T =min(X, Y}, U=max(2X,Y},
V = min(X? Y}. Ta c6

Fz(z) =Pmax(X,Y} <z)=P(X <z;Y < 2)

= P(X < 2)P(Y < z) = F(2)G(z).

Fr(z) =P(min(X,Y} < 2) = 1 — P(min(X; Y} > z)
—1-PX>z;Y >2)=1-P(X > 2)PY > z)
=1-(01-F(2)1-G(z)).

Fy(z) = P(max(2X,Y} < ) = P(2X < 2;Y < 2) =
P(X < z/2)P(Y < z) = F(z/2)G(x).

Fy(z) = P(min(X, Y’} < 2) = 1 — P(min(X; Y?} > )
=1-PX>xY’>22)=1-P(X > 2)P(Y > Vr)
=1-(1-F(2))1 -G ).

29. Dat
7 =X T =max{X,Y?}, U=min{X,Y"}.
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Lap luan nhu bai trén, ta dugce

1—e ™% néuz >0

Fy(x) =
0 néu z < 0
4
%af%e*)“% néuz >0
pz(x) = <
0 néu r < 0
.
(I—e ) (1—e*V? néuz>0
Fr(r) = <
0 néu x < 0
\
(
-z -\ —2 Az -z
Ae (1 — e Vo) 4 2736 MWVE(1 — A7)
pr(z) = < néu z >0
0 néu z < 0
\
y
1—e @tV péduaz >0
FU(SIZ) =
0 néu z < 0
)
)\<1 + %:U_g)e_A(“%) néuz >0
pu(T) = < :
0 néu z < 0
\
30. Dat

7 =X T =max{X,Y?}, U=min{X,Y"}.

Lap luan nhu bai trén, ta dugc
(

0 néu r < —1

Fz(x) = < He+1)(Yr+1) néulz|<1 -

1 néu z > 1
\
1723 néu |z < 1
pz(x) =
0 néu |z| > 1
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\
(

i(%xl/g + L2 4 1) néu |z| < 1

@)

\

néu |z| > 1
y
0 néuzx< —1

| — (1 ~ Lo+ 1)) (1 — L3 4 1))
néu |z| <1

1 néuz>1

\

1,.1/3 1,.-2/3 1

= 5 neéu |z| <1

0 néu |z| > 1

31. Dat Y = f(X). Khi d6

Do do

py(z) = [FX(f_l(x))} _ 7@ ©

0 néu x < 0

32. tng voi méi k = 1,2, ..

do lap=

33. Gia st € > 0 chon tuy y. Khi d6, tim dugc s6 A > 0 du lén sao
cho 1 — F(A) <eva F(—A) <e. Tren doan [—A, A], F(x) lién tuc déu
nén tim dugc 6 > 0 sao cho v6i moi x1, 29 € [—A,A], |x1 — 23| < 9

thi |F(z1) — F(x9)| < /2. Khi d6 |F(z1) — F(x9)| < & v6i moi x1, 29 €

Fy(x) =P(f(X) <z) = Fx(f'(2)).

1A ()

F(z +0) — F(z) thod man he thic 51~ <p < %

R, |z — x| < 6.
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34. Dat
Y =max(Xy,..., X, }; Z =min(Xy,...,X,}.

Khi do

Tu do6 suy ra cac bat dang thiic can chiing minh.

35. V6i moi s6 thuc a € R, ta co
E(X —a)? -~ DX = (a —EX)*> 0.

Tt d6 suy ra diéu phai chiing minh.

36. P(IX — Y| > &) < P(|X, — X| > £/2) + P(|Y, — X| > £/2) — 0 khi

n—oo (Ve>0).SuyraP(|[ X —=Y|>¢)=0 (Ve >0).
37. Dung dinh nghia.

38. P(|Y, — X| > &) < P[(|Y,, — X| > e)(X, = V;)] + P[(|Y, — X| >

e)(Xn # Vo) <P(IX, — X[ > &) + P((Xy # V).

39. P(|X, — Y| > &) < P(|X,— X| > ¢/3) +P(IX = Y| > £/3) + P(|Y, —

Y| >¢/3).

40. St dung tinh chat: Tt mot day hoi tu theo xac suat c6 thé trich ra

dugc mot day con hoi tu hau chic chan.

41. St dung cau 40).

42. St dung b6 dé Borel-Cantelli chitng minh riang véi xac suat 1, chi cé

htu han X, khac Y,,.

13. P(X, +Y,<z) < P(X,<z+¢e)+P(Y,] >¢) (Ve >0).
P(X, Yol < &) > P(XY,| < & [X,] < 4) = B(Y,] = ¢/A4), [X,] >

A) > 1 P(Y,] > </A) — B(X.] > A)
44-46. Stt dung két qua bai 40.

54. Gia stt € < 1. Khi do

P(|Ath) > 6) > P(X, = 2", X, =2"71)
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< B( Mt Mgt 2T 2 o ) — P(X, = 20, XY = 1/4,

56. a. St dung dinh 1y giéi han trung tam
a—mn _S,—mn _b—mn
< < )
ov/n ov/n ov/n
b. Tuong tit cau a). Gidi han bang 0 néu EX; > 0, bang 1 néu EX; < 0,
bang 1/2 néu EX; = 0.

Pla < S, <b) =P( — 0.

CHUONG 3

?7. Bang tan s6 va bang tan suat

12 13 14 15 16
3 7 4 10 6 f;

12 13 14 15 16
3/30 7/30 4/30 10/30 6/30

X

n;

5.7 = 20; §%=191,67; s = 195,74

Lép | @i | n; | nyx; | nix;

0-10 | 5 | 12| 60 | 300
10-20 | 15 | 18 | 270 | 4050

20-30 | 25 | 8 | 200 | 5000
30-40 | 35| 4 | 140 | 4900
40-50 | 45| 4 | 180 | 8100
50-60 | 55 | 2 | 110 | 6050

> 48 | 960 | 28400

64 65 66 T
c. y/[x > 10] = 65

64 65 66
9/35 17/35 9/35

X
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7.7 = 20,45 s~ 1,08

8.

77.

a.z=20; s2~0,373; b.z=1484; s*>=212.5.

CHUONG 4

Vi céc dai luong ngau nhién X; doc lap véi nhau va ciing phan phéi
vOl X nén

n

E (% DX - u)Q) - %EN:IE(Xi _EX;)?

=1 =1

1 n
= E;DXZ» = o2

. Ggi ¥: Chiing minh X 13 u6c luong hieu qua cua 6.

+ Ching minh X 1a wéc lugng khong chéch ciia §: EX =EX = 4.

+ Phuong sai nhé nhat: sit dung bat dang thiic Cramer-Rao,

— DX &
trong d6 DX = — = —.
n n

. Chitng minh X 1a u6c luong hop 1y t6i da ctia A\. Vi

\ Ae™A
faN =" z=01,
Do doé
n )\XZC_)\ n
In Lz, \) =1 — N (X;InA—\—InX).
n L(z, \) ng e ;( )
Oln L(x,\) ™. x. A
Suyra T:Z(TZ—].):OD@H)\:X



11.

13.

14.

0*In L(x, \)

Két hop véi
e Jp VOl 8>\2

1 < .
=% ZXi < 0. Ta ¢6 dieu phai chiing
i=1
minh.

. Goi y: st dung Bai tap 1.

- 4
ca. T =40,5; 22=16415; s*= 3—8 (1641,5 — 40,5%) ~ 1,28 ~ 1,13

1,13

b. t, 1,96; ¢ =1,96 — = 0,35; (40,15; 40,85).
/2 — \/4—0 ( )
_ — s 15 2
ca. T =150,2; 22=22562,2; s° = 1 (22562, 2 — 150, 2%) ~ 2, 314.
S 1,52
b.e=t,_1.4 =1,761 — = 0,69; (149,53; 150, 87).
(n—1;a/2) \/ﬁ \/1—5 ( )

ca. T =498 5%~ 0,158 ~ 0,4°.

b. tn1ia/2) = 2,539; € = 0,227; (49,537; 50,027).

ca. by = 2,58; £ =2,92; (94,08;99,92).

b. t, =2,33; e =2,64; u>7— e =94,36.

2
t/2a

cn = [ } 41 =107. Didu tra them 107-50=57.

£
t, =233 ¢=1,165.

Doanh thu téi thiéu ctia cong ty: N(T — ¢) = 41.667,5 triéu;
Doanh thu t6i da ctia cong ty: N(T +¢) = 42.832,5 tricu.
Ly = # ~2,66; 1— o = 2p(ty) = 0,992,

n > 3458.

tajs = 1,96; =~ 0,0849; (f —; f +2) = (0,1651; 0, 3349).
(N(f —e); N(f +¢)) = (1651; 3349).
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15. Goi ¥: tuong tu Bai tap 14, ding udc luong ti lé t6i thicu.

16. a. f = 0,15; tos = 1,96; & ~ 0,0495

Trit luong ca: ([N/(f +¢)); [IN/(f —¢e)]) = (1819;2219).

fA=11)

b. 2o = £/2 ~ 0,02475; n — [T tfw} +1 = 800,
0

CHUONG 5

L. po =300; 0 =3; a=0,05; t,2 =1,96; n=40; T =301,2.

H:p=po; K: p# po.

301,2 — 300
tin = T V40 = 2,53,

V1 [t4n| > to/2 nén ta bac bé H, chap nhan K. Nghia la chap nhan
khéng dinh rang 16 hang trén khong ducc chap nhan.

2. up=194; s =324; a=0,08; t,/p =1,75; n=49; T =189.
H:p=po; K: p# po.

18,9 — 19,4
tin = ————"" \/49 ~ —1,08.
! 3,24

V1 [ty| < to/2 nén ta chap nhan H.
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3.

10.

11.

H: p=pup=50; K: pu<pp.

49,8 — 50
t(n—l,oz) = 2,473, tin = 70—6 V28 ~ —1,76

V1 ty, > —t(n_1,) nén ta chap nhan H. Do d6 nghi ngs trén la chua

co co sO.

GOl H: p=py=50; K: pu> .

H:p=py=03; K:p#po tapp =175 ty, = —=3,7.

V1 [tin| > to/2 nén ta bac bé H, chap nhan K. Do d6 tuyeén bo trén
khong ding vé6i thuc té.

. Goi ¥: Kiém dinh mot phia: H: p=py: K : p < po.
. Goi y: Kiém dinh mot phia: H: p=py: K : p> po.

CH o= ey Koo > e

19 x 122 + 19 x 107 140 — 120
2 _ + ~ 122; 1y, — ~ 5,73,

38
1 1
\/122 (% + %)

Vi ty, > t(28,0,05) =1, 701 nén ta bac bo H, Chép nhan K. Do do6 viéc

S

khuyén mai da mang lai hieu qua.

H: opy=po; Koy <pg.

202 302
to = 2,32; t = (560 — 580)/ St A3

Viéc thay doi kieu déng géi da mang lai hieu qua.

H: pr=py K: pr#ps.
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12.

13.

15.

16.

Gia tri kiém dinh thuc nghiém

ty = (0.75-0.7 ~1,22.
\/0, 72 % 0,28(1/200 + 1/300)
|tin| < ta2 =1,96: chap nhan H.
H:pi=py K:p>ps.
Gia tri kiém dinh thuc nghiem
46 — 1
t 0,846 — 0, 810 .

tn —

/0,834 X 0,166 (5 + 1)
tin > to = 1,64: bac bd H, chap nhan K.
Két qua: K : p1 > po; tim ~0,212; t, = 1,4; chap nhan H.

H : chat luong san pham khong phu thudc vao ca lam viéc; K : chat

lugng san pham phu thuoc vao ca lam viéc.

tin ~ 7,38 > x2(2;0,05) = 5,991: bac bd H, chap nhan K.

tim &~ 18 197 > x%(6;0,01) = 16,812: bac boé H, chap nhan K.

CHUONG 6

n=06, » x;=420; Y y;=50; » a7 =230650; » iy =

3659.

a. He s6 tuong quan mau

6 - 3655 — 420 - 50
T =
V6 - 30650 — 4202 /6 - 440 — 502

~ 0,908.
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b. He s6 hoi quy tuyén tinh thuc nghiem

6 x3655—420 x50 930

6 x 30650 — 4202 7500
50— 0,124 x 420

6
PT HQTT: y= 0,124z — 0, 3467.

=0,124;

b

~ —0,3467.

c.y=8,6 = x=7215 (ti).

2. a. He s6 tuong quan mau: r ~ 0,982.

b. PT HQTT: y = 150z — 583,33 ; z = 10,5 = y = 991,7

(trieu).
3. Bang s6 liéu chuyen doi

210123456 7
y0101 13469 10

8-182—28-34
8 - 140 — 282
Dodoy=1,bx—1.

Vay a = —1,5vab=234/8—1,5-28/8 = —1.

4. Ggi y: Su dung cac cong thic

Ty —1Y Ty —1Y _ _
r=———,a=———;b=y—ax.
51 5y S

5. Twong tu Bai tap 4.
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CAC BANG SO THONG DUNG

)\k

Bang 1: Gia tri cia ham: Py(k) = e 7
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01 02| 03] 04| 05| 06| 07| 081 0910

0,9048 0,8187 0,7408 0,6703 0,6065 0,548% 0,4966 0,4493 0,406 0,367
0,09050,1637 0,2222 0,2681 0,3033 0,3293 0,3476 0,359%5 0,3659 0,367
0,00450,01640,0333 0,0536 0,075% 0,0988 0,1217 0,1438 0,1647 0,183
0,00020,0011 0,00330,00720,0126 0,019% 0,0284 0,0383 0,0494 0,061
0,00000,0001 0,0003 0,0007 0,0016 0,0030 0,0050 0,0077 0,0111 0,015
0,0000 0,000 0,0000 0,0001 0,0002 0,0004 0,0007 0,0012 0,0020 0,003]
0,0000 0,0000 0,0000 0,000 0,0000 0,000 0,0001 0,0002 0,0003 0,005
0,0000 0,0000 0,0000 0,000 0,0000 0,000 0,0000 0,0000 0,0000 0,000]

11| 12 1,3 14] 15] 1,6 1,7 18] 19| 20

0,33290,30120,27250,2466 0,2231 0,2019 0,1827 0,1653 0,1496 0,135
0,36620,3614 0,3543 0,3452 0,3347 0,3230 0,3106 0,2975 0,2842 0,270]
0,2014.0,21690,23030,2417 0,2510 0,2584 0,2640 0,2678 0,2700 0,270]
0,07380,08670,09980,1128 0,1255 0,1378 0,1496 0,1607 0,1710 0,180
0,0203 0,0260 0,03240,0395 0,0471 0,0551 0,0636 0,0723 0,0812 0,090
0,0045 0,0062 0,00840,0111 0,0141 0,0176 0,0216 0,0260 0,0309 0,036
0,0008 0,0012 0,0018 0,0026 0,003% 0,0047 0,0061 0,0078 0,0098 0,012
0,0001 0,0002 0,0003 0,0005 0,000% 0,0011 0,0015 0,002 0,0027 0,0034
0,0000 0,0000 0,0001 0,0001 0,0001 0,0002 0,0003 0,0005 0,0006 0,000
0,0000 0,0000 0,0000 0,0000 0,0000 0,0000 0,0001 0,0001 0,0001 0,000

=

NS

3 4 5 6 7 8 9 10 11 12

> B G S O, R N == = I | EENG RO N (e R G ) G O N NS == =~ I | BN ) B ) G O, N A T =R =

0,0498 0,0183 0,006 0,0025 0,0009 0,0003 0,0001 0,0000 0,0000 0,000
0,14940,07330,0337 0,0149 0,0064 0,0027 0,0011 0,0005 0,0002 0,000
0,2240 0,1465 0,0842 0,0446 0,0223 0,0107 0,0050 0,0023 0,0010 0,000
0,22400,19540,14040,0892 0,0521 0,0286 0,0150 0,0076 0,003 0,001
0,16800,19540,17550,13390,0912 0,0573 0,0337 0,0189 0,0102 0,005
0,10080,15630,17550,1606 0,242 0,0916 0,0607 0,0378 0,0224.0,012]
0,0504.0,10420,14620,1606 0,1490 0,1221 0,0911 0,0631 0,0411 0,0255
0,0216 0,0595 0,1044 0,1377 0,1490 0,1396 0,1171 0,0901 0,0646 0,043]




Bang 2: Ham phan phdi Poisson:
e
B =) —

k=0
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01 02| 03] 04| 05| 06| 07| 081 0910

Sy Ot _~ W \} — O K

0,9048 0,8187 0,7408 0,6703 0,6065 0,548% 0,4966 0,4493 0,406 0,367
0,99530,9825 0,9631 0,0384 0,9098 0,8781 0,8442 0,8088 0,7725 0,735
0,9998 0,0989 0,9964 0,0921 0,9856 0,9769 0,9659 0,0526 0,9371 0,019]
1,00000,9999 0,9997 0,9992 0,0982 0,9966 0,0942 0,9909 0,9865 0,981
1,0000 1,0000 1,0000 0,9999 0,9998 0,9996 0,9992 0,9986 0,9977 0,996
1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 0,9999 0,9998 0,9997 0,999-
1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 0,999

11 ] 12 1,3 14] 15] 1,6 1,7 18] 1,9 20

co N O ot _~ W [\ _ K

0,33290,30120,27250,2466 0,2231 0,2019 0,1827 0,1653 0,149 0,135
0,6990 0,6626 0,6268 0,5918 0,5578 0,5249 0,4932 0,462% 0,4337 0,406
0,9004 0,879 0,8571 0,8335 0,8088 0,7834.0,7572 0,7306 0,7037 0,676
0,9743 0,9662 0,9569 0,9463 0,9344.0,9212 0,9068 0,8913 0,8747 0,857
0,9946 0,0923 0,9893 0,0857 0,9814 0,0763 0,9704 0,9636 0,9559 0,047
0,9990 0,0985 0,9978 0,096% 0,9955 0,0940 0,9920 0,0896 0,9368 0,0834
0,9999 0,0997 0,9996 0,0994 0,9991 0,0987 0,9981 0,0974 0,9966 0,9955
1,0000 1,0000 0,9999 0,9999 0,9998 0,9997 0,9996 0,9994 0,9992 0,998
1,0000 1,0000 1,0000 1,0000 1,0000 1,0000 0,9999 0,9999 0,9998 0,999

3 4 5 6 7 8 9 10 11 12

© oo N O Ot ~ W \} _ O K

0,0498 0,0183 0,006 0,002 0,0009 0,0003 0,0001 0,0000 0,0000 0,000
0,1991 0,0916 0,0404 0,0174 0,0073 0,003 0,0012 0,0005 0,0002 0,000
0,42320,2381 0,1247 0,0620 0,0296 0,0138 0,0062 0,0028 0,0012 0,0005
0,64720,4335 0,26500,15120,0818 0,0424.0,0212 0,0103 0,0049 0,002
0,81530,628% 0,4405 0,2851 0,1730 0,0996 0,0550 0,0293 0,0151 0,0076
0,91610,7851 0,61600,4457 0,30070,19120,1157 0,0671 0,0375 0,020
0,9665 0,8893 0,7622 0,6063 0,4497 0,3134.0,2068 0,1301 0,078 0,045
0,9881 0,9489 0,8666 0,7440 0,598 0,4530 0,3239 0,2202 0,1432 0,0895
0,99620,9786 0,9319 0,84720,7291 0,5925 0,4557 0,3328 0,2320 0,155
0,99890,9919 0,96820,9161 0,8305 0,7166 0,5874 0,4579 0,3405 0,2424

&

=



Bang 3: Gia tri ham Gauss: p(x) =
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0

1

2

3

4

5

6

7

8

9

0,0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

0,398
0,397
0,391
0,381
0,368
0,352
0,333
0,312:
0,280
0,266

) 0,398
0,396
0,390:

10,380

30,3661

1 0,350:

0,331

30,310]

70,287

10,263

) 0,308
50,3961
20,3894
20,379
20,3654
30,3481
0,329
10,3074
10,285
70,261

) 0,398
10,395
10,388
)0,3773
30,3631
50,346
0,327]
) 0,305

0,282
30,258

20,308
50,3951
50,387
20,3761
70,3621
70,3449
10,325
50,3034
70,2804
)0,2561

50,398
0,394
50,3867
50,375
10,360
200,342
10,323
10,301
30,278
50,254

10,308
50,303
70,385]
0,373
50,358
)0,341
)0,320
1 0,208¢

0,275(
10,251

0,398
)0,393
70,384
)0,372!
)0,357
)0,339]
)0,318]
) 0,296
50,2731
50,249

)0,397]
20,3021
70,383
50,371
20,3551
10,3374
70,316(
50,204
20,2704
0,246

70,3973
50,3918
50,3825
20,3697
50,3538
0,3352
50,3144
30,2920
) 0,2685
20,2444

1,0
1,1
1,2
1,3
1,4
1,5
1,6
1,7
1,8
1,9

0,242
0,217
0,194
0,1714
0,149]
0,129:
0,110
0,094
0,079
0,065

)0,230(
)0,215!
20,191
10,1691
70,147
50,127¢
)0,109:
)0,092!
)0,077!
50,064-

50,2371
50,2131
)0,189]
10,166
50,145
50,125
20,1074
50,090
50,076]
10,063

10,234
10,210]
50,187
)0,164’
50,143!
70,1234
10,105
) 0,080:
10,074
20,062

70,232
70,2081
20,184
70,162¢
50,141
20,121
70,104
30,087
20,0734
)0,0609

30,229
30,205
)0,182(
50,1601
50,1391
)0,120
)0,102;
20,086
10,072]
20,059

)0,227]
)0,203(
50,1804
10,158
10,1374
)0,118;
30,100
30,084
10,070]
50,0584

50,2251
50,201
10,178
0,156]
10,135
0,116
50,098
20,083
70,0694
10,057:

10,222]
0,198
10,1758
10,153
10,133
30,114
)0,097:
30,0818
10,068]
30,056

70,2203
)0,1965
20,1736
)0,1518
10,1315
50,1127
30,0057
20,0804
10,0669
0,0551

2,0
2.1
2.2
2,3
2.4
2,5
2,6
2,7
2.8

0,054
0,044
0,035
0,028
0,0224
0,017:
0,013(
0,010-
0,007

)0,052
)0,043
50,034
30,027
10,021
50,017
50,013
10,010
)0,007

0,051
0,042:
0,033
0,027
0,021
0,016’
0,012
0,009
0,007:

)0,050
0,041
)0,033

0,026
30,020
70,016
)0,012
)0,009
50,007

0,049
0,040
0,032
0,025
0,020
0,015
0,014
0,009
0,007

0,048
0,039
0,031
0,025
0,019
0,015
0,011
0,009
0,006

0,047
0,038
0,031
0,024
0,019
0,015
0,011
0,008
0,006

0,046
0,037
0,030
0,024
0,018
0,014
0,011
0,008
0,006

0,045
0,037
0,029
0,023
0,018
0,014
0,011
0,008
0,006

0,044
0,036
0,029
0,022
0,018
0,013
0,010
0,008
0,006
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3

4

5

6

7
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0,0
0,1
0,2
0,3
0,4
0,5
0,6
0,7
0,8
0,9

0,5000 0,504

)0,508

0,5398 0,5438 0,547
0,57930,5832 0,587
0,61790,6217 0,625
0,65540,6591 0,662

0,691% 0,695

)0,698

0,72570,7291 0,732
0,75800,7611 0,764

0,78810,791

0,793

0,81590,8186 0,821%

0,512

)0,516

20,5517 0,555]

10,591

0,594

50,6293 0,6331
20,6664 0,670

50,701

)0,705

10,7357 0,738
0,76730,7704
)0,7967 0,799
0,8238 0,826

0,5199 0,523
70,5596 0,563
20,5987 0,602
10,6368 0,640
)0,6736 0,677
10,70880,712;
)0,7422 0,745
10,77340,7764
50,8023 0,805

10,828

)0,831

)0,527¢
50,567
50,606
50,644
20,6801
30,715
1), 748(
10,779-
1 0,807
50,834

)0,53190,5359
50,57140,5753
10,61030,6141

30,648

30,6844 0,6879

70,719

50,7517 0,7549
10,7823 0,7852
20,8106 0,8133

0,8365 0,8389

)0,6517

)0,7224

1,0
1,1
1,2
1,3
1,4
1,5
1,6
1,7
1,8
1,9

0,84130,8438 0,846
0,8643 0,8665 0,368
0,8849 0,886 0,888

0,9032 0,904

) 0,906

0,91920,9207 0,922
0,93320,9345 0,935
0,9452 0,9463 0,9474
0,9554.0,9564 0,957
0,9641 0,9649 0,965

0,97130,971

)0,972(

10,8485 0,850
50,8708 0,872
20,8907 0,892
50,9082 0,900¢
20,9236 0,925

70,937

)0,938:

10,94840,949:
30,9582 0,959
50,9664 0,967
50,97320,9738

20,853
)0,874

10,8554

)0,877

50,8944 0,896
)0,91150,913]
10,9265 0,927¢
0,9394 0,940
50,9505 0,951

10,959

) 0,960

10,9678 0,968
20,9744 0,975

10,857
)0,879
0,898
10,914]
) 0,929
50,9419
50,952!
20,961
50,960

0,975(

70,859
)0,881

)0,8997 0,9015
70,91620,9177
20,9306 0,9319
20,9429 0,9441
50,9535 0,9545
50,9625 0,9633

30,969
50,976

10,976

)0,8621
)0,8830

)0,9706

B\

2,0
2.1
2.2
2,3
2.4
2,5
2,6
2,7
2.8

0,97720,9778 0,978
0,9821 0,9826 0,983
0,9861 0,0864 0,986
0,9893 0,0896 0,989

0,991% 0,992
0,9938 0,994

)0,992
)0,994

0,99530,9955 0,995
0,996% 0,9966 0,996
0,99740,9975 0,997

0,978
0,983
0,987
0,990
0,992
0,994
0,995
0,996
0,997

0,979
0,983
0,987
0,990
0,992
0,994
0,998
0,996
0,997

0,979
0,984
0,987
0,990
0,992
0,994
0,996
0,997
0,997

0,980
0,984
0,988
0,990
0,993
0,994
0,996
0,997
0,997

0,980
0,985
0,988
0,991
0,993
0,994
0,996
0,997
0,997

0,981
0,985
0,988
0,991
0,993
0,995
0,996
0,997
0,998

0,981
0,985
0,989
0,991
0,993
0,995
0,996
0,997
0,998



